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Abstract

Dynamic relational data arise in many machine
learning applications, yet their evolving struc-
ture poses challenges for learning representations
that remain consistent and interpretable over time.
A common approach is to learn time varying
node embeddings, whose usefulness depends on
well defined stability properties across nodes and
across time. We introduce Unfolded Laplacian
Spectral Embedding (ULSE), a principled ex-
tension of unfolded adjacency spectral embed-
ding to normalized Laplacian operators, a setting
where stability guarantees have remained out of
reach. We prove that ULSE satisfies both cross-
sectional and longitudinal stability under a dy-
namic stochastic block model. Moreover, the
Laplacian formulation yields a dynamic Cheeger-
type inequality linking the spectrum of the un-
folded normalized Laplacian to worst case con-
ductance over time, providing structural insight
into the embeddings. Empirical results on syn-
thetic and real-world dynamic networks validate
the theory.

1. Introduction

Relational data arise in many machine learning applica-
tions, including recommendation systems (Raza et al.,
2026), social networks (Singh et al., 2024), biological net-
works (Kiani et al., 2021), and knowledge graphs (Galkin
et al., 2024). In many settings these relationships evolve
over time, motivating methods that represent dynamic net-
work structure for tasks such as clustering, prediction, and
anomaly detection. A central approach is to learn dy-
namic node embeddings: low-dimensional representations
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of nodes that vary over time and summarize evolving con-
nectivity patterns.

For temporal comparisons to be meaningful, dynamic em-
beddings must satisfy basic stability requirements. Cross-
sectional stability requires that nodes with identical con-
nectivity behavior at a fixed time be embedded identically,
while longitudinal stability requires that a node whose con-
nectivity behavior does not change over time be embedded
consistently across snapshots. Without these properties,
temporal comparisons become unstable and difficult to in-
terpret.

Although stability is often implicitly assumed, it has only
recently been formalized. Gallagher et al. (2021) introduce
precise definitions of cross-sectional and longitudinal stabil-
ity and show that unfolded adjacency spectral embedding
(UASE) satisfies both properties by jointly factorizing ad-
jacency matrices across time. UASE remains one of the
few dynamic embedding methods with rigorous stability
guarantees.

At the same time, a fundamental gap remains. Many widely
used spectral operators fall outside the scope of existing
stability theory. In particular, normalized Laplacians are
central in spectral graph theory due to their robustness to
degree heterogeneity and their connection to clustering and
conductance analysis. However, naive unfolding of normal-
ized Laplacians can induce spurious temporal drift, since
degree normalization varies across time even when a node’s
underlying connectivity behavior remains unchanged. Exist-
ing approaches based on perturbation, dilation (Zhao et al.,
2021), or supra-Laplacian constructions (Silva et al., 2018;
Froyland et al., 2024) do not resolve this issue and fail to
enforce node level longitudinal stability.

In this paper, we address this gap by introducing Unfolded
Laplacian Spectral Embedding (ULSE), a dynamic embed-
ding framework that extends the unfolding paradigm of
UASE to normalized Laplacian based operators while pre-
serving both cross-sectional and longitudinal stability under
explicit and verifiable conditions. Here, “unfolding” refers
to concatenating graph operators across time, rather than
algorithm unrolling or a learnable neural architecture. We
study two variants, ULSE-n1 and ULSE-n2, correspond-
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ing to distinct normalization strategies across time. Under
a dynamic stochastic block model (Holland et al., 1983),
we prove that ULSE embeddings converge to well defined
population limits and satisfy the desired stability properties.

Beyond stability guarantees, ULSE admits a structural in-
terpretation grounded in classical spectral graph theory.
For ULSE-n1, we derive a dynamic Cheeger-type inequal-
ity (Chung, 1997; Nica, 2018) linking the spectrum of the
unfolded normalized Laplacian to worst case conductance
across time. Since ULSE embeddings are constructed from
the corresponding singular vectors, this result connects
dynamic cuts, spectral values, and dynamic node embed-
dings within a single unfolded Laplacian framework. To
our knowledge, this is the first such result for unfolded
normalized-Laplacian embeddings with cross-sectional and
longitudinal stability guarantees. Experiments on synthetic
and real-world dynamic networks support the theory and
demonstrate strong performance, particularly under degree
heterogeneity.

The main contributions of this paper are:

* We introduce Unfolded Laplacian Spectral Embedding
(ULSE), extending unfolded adjacency spectral em-
bedding to normalized Laplacian based operators in
dynamic graphs.

* We establish convergence and prove both cross-
sectional and longitudinal stability for ULSE under
a dynamic stochastic block model.

* We derive a dynamic Cheeger-type inequality connect-
ing dynamic cuts, spectral values, and dynamic node
embeddings within the unfolded normalized Laplacian
framework.

* We empirically validate the stability guarantees of
ULSE and demonstrate strong clustering performance
across synthetic and real-world dynamic networks, par-
ticularly under degree heterogeneity.

2. Problem Setup and Stability Requirements
2.1. Dynamic Network Embedding Setup

We observe a dynamic network as a sequence of 7' graph
snapshots G = {G(D, ..., G(M)}, where each snapshot G'*)
is defined on a common vertex set of size n. Let A(*) ¢
{0, 1}™*™ denote the symmetric adjacency matrix at time ¢,
where AS) = 1 indicates the presence of an edge between
nodes ¢ and j. Throughout, we consider undirected graphs
and enforce symmetry by setting Al(;) = A;?.

Each snapshot is modeled as an inhomogeneous random
graph (Jones & Rubin-Delanchy, 2020). For ¢ < j, edges

are generated independently according to
Ag;.) ~ Bernoulli (Pg?) ,

where P(*) € [0,1]"*" is a symmetric matrix of edge prob-
abilities at time ¢. Conditional on {P®)}T | edges are
independent across node pairs and time steps.

Given G, our objective is to learn two types of node represen-
tations: (i) a time invariant anchor embedding X € R4,
and (ii) a sequence of time varying dynamic embeddings
YO, .., Y™ ¢ R"*d The anchor embedding captures
persistent node specific structure shared across time, while
each dynamic embedding captures snapshot specific varia-
tion. We require that the dynamic embeddings are intrinsi-
cally aligned across time so that comparisons across snap-
shots are meaningful without post hoc Procrustes alignment.
This alignment is achieved by constructing embeddings
jointly across all snapshots.

For theoretical analysis, we also consider population (noise-
free) quantities obtained by replacing A () with P®*) in the
same construction. Population objects are denoted with a
tilde, for example X and Y®, and similarly for degrees,
Laplacian type operators, and associated spectral subspaces.

We use standard asymptotic notation O(-), Q(-), ©(-), o(+),
and w(-), with asymptotics taken as n — oo unless oth-
erwise specified, and write poly (k) for a polynomial in .
Unless otherwise stated, || - ||2 denotes the spectral norm for
matrices, || - || # the Frobenius norm, and ||x|| the Euclidean
norm of a vector x. We repeatedly use standard norm in-
equalities, including || X2 < [|X||r < y/rank(X)||X]|2
for a matrix X. Bounds are understood to hold almost
surely. Table 2 in the appendix summarizes the notation
used throughout the paper.

2.2. Stability Conditions

A central requirement for dynamic embeddings is that they
support consistent comparisons both within a snapshot and
across snapshots. Following the stability framework of Gal-
lagher et al. (2021) (with a slightly relaxed formulation that
does not require identical error distributions), we seek dy-
namic embeddings Y ® that converge to population limits
Y ® as n — oo, and whose population counterparts satisfy
the following properties:

1. Cross-sectional stability: If Pl(f) = ng), then Yg) =

()

Y.

2. Longitudinal stability: If P") = P{*), then Y{" =
Y.

I8

Here P(t) denotes the i-th row of P(®). Cross-sectional sta-

bility ensures that nodes with identical connectivity behavior
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at a fixed time are embedded identically, while longitudinal
stability ensures that a node whose connectivity behavior
does not change over time receives a consistent embedding.
These conditions are imposed at the population level and de-
scribe the target behavior that consistent estimators should
recover asymptotically.

The stability conditions above are defined directly in terms
of the underlying connectivity profiles Pl(f) and are therefore
agnostic to the specific embedding construction. While
unfolded adjacency based methods can be shown to satisfy
both properties under mild conditions, enforcing the same
guarantees for Laplacian based operators is substantially
more delicate. Normalized Laplacians depend explicitly
on degree matrices, so equality of probability rows does
not generally imply equality of normalized rows unless the
corresponding degrees are also matched. This observation
highlights that longitudinal stability cannot be achieved
without imposing explicit conditions on the degree structure
across time. We formally establish and analyze the necessity
of such conditions in later sections.

2.3. Dynamic Stochastic Block Model (DSBM)

To obtain explicit stability guarantees, we specialize the in-
homogeneous random graph model to a dynamic stochastic
block model (DSBM) (Holland et al., 1983). At each time
t, every node i € {1,...,n} is assigned a (possibly time
varying) community label th) e{l,...,K®}, where K(*)
denotes the number of communities present at time ¢, with

marginal community proportions 7r(*) = (7r§t), . 77"§?<t>)
(t)

satisfying 7" > 0 for all k. Let n,(;) denote the num-
ber of nodes assigned to community £ at time ¢. We as-
sume that the collection of label trajectories {zgt)}thl ad-
mits only K distinct temporal patterns. These patterns
correspond to K latent trajectories, each describing how
a node’s community membership evolves over time. Let
7w = (m,...,7K) denote the distribution over these latent
trajectories, where each node independently follows the k-th
trajectory with probability 7. Accordingly, we associate
eachnode i € {1,...,n} with a community trajectory label
z; € {1,..., K}, drawn independently according to 7. To
map latent trajectories to time-specific communities, for
each time ¢ we introduce a mapping

W [K] = [KW)],

where ¢ (k) specifies the community index at time ¢ cor-
responding to the k-th latent trajectory. Under this formu-
lation, the community label of node ¢ at time ¢ is given
by

t=1 T.

yeeey

ZZ(.t) =c® (z;),

Conditional on the community assignments at time ¢, edges
are generated independently according to a sparsity param-

eter p = p(n) € (0,1] and a symmetric block probability
matrix B® € [0, 1]5" %K 5o that

®) _ (®)
P,y = PBzmz(_t)-
i J

We allow either the dense regime p = 1 or a sparse regime
in which p — 0 as n — oo, and assume throughout that
p = w(logn/n). In addition, we assume a strictly positive
minimum block probability at each time step,

) .

min "7

min B,(:Z) > 0.
kyee{l,.. . K(®)}

Under the DSBM, equality of connectivity profiles Pl(-:t) cor-

responds to equality of block-level connectivity patterns at
time ¢, independent of the specific labels assigned to nodes
at other times. This observation allows the stability condi-
tions of Section 2.2 to be formulated and verified entirely
in terms of P(®) and B(®, without requiring any persis-
tence or temporal coupling of the community labels {zgt) 1.
Consequently, the population embeddings and finite-sample
convergence guarantees for unfolded spectral methods de-
rived in subsequent sections depend only on the sequence
of edge probability matrices {P(*)}7_,, and not on the tem-
poral evolution of individual node memberships. For the
theoretical analysis, equivalence classes are defined by the
K distinct label trajectories and have fixed sizes n. Nodes
assigned to different trajectories may coincide in the same
community at a given time ¢, i.e., zgt) = z(.t), even though
their trajectories differ over the full time horizon.

2.4. Unfolded Adjacency Spectral Embedding (UASE)

We briefly review unfolded adjacency spectral embedding
(UASE) (Gallagher et al., 2021), which provides a baseline
unfolded spectral method with established stability guaran-
tees. The unfolded adjacency matrix is formed by concate-
nating the 7" adjacency matrices horizontally:

A=[AD |...] AD)] e RmxnT,

Let A admit a rank-d truncated singular value decomposi-
tion A = UV + U, %, V], where U € O (n x d),
V € O(nT x d), and & € R?*? contains the d largest
singular values. Here, O (n x d) denotes the set of all
real n X d matrices with orthonormal columns, that is,
O(mxd) ={U € R4 : U'U = 1;}. Partition V
into T consecutive blocks V(*) € R™*¢, UASE defines the
anchor and dynamic embeddings as
X=Uux"2 YO =vOs/2 =1 T

UASE is one of the few dynamic embedding constructions
for which both cross-sectional and longitudinal stability can



Unfolded Laplacian Spectral Embedding

be established under an explicit probabilistic model. By
jointly factorizing all snapshots, the unfolding construction
intrinsically aligns embeddings across time and avoids the
need for post hoc alignment procedures. UASE therefore
serves as the conceptual and technical foundation for our
goal of extending the unfolding paradigm to Laplacian based
operators while preserving the same stability requirements.

3. Unfolded Laplacian Spectral Embedding

This section introduces Unfolded Laplacian Spectral Em-
bedding (ULSE), a dynamic network embedding framework
that extends unfolded adjacency spectral embedding (UASE)
to normalized Laplacian type operators. ULSE produces
both a time invariant anchor embedding and a sequence of
time dependent dynamic embeddings, while preserving the
stability guarantees established theoretically in Section 4.

3.1. Degree Quantities and Notation

For each snapshot t € {1,...,T}, define the degree vector
and degree matrix

d® — A1, D® — diag(du)) :

where 1 € R" denotes the all-ones vector and dl(-t) is the
degree of node ¢ at time . We also define the aggregated
degree quantities across time,

4 — id(t), DT — diag<d(1:T)> '
t=1

Throughout, we assume that the degree matrices used for
normalization are invertible. Under the DSBM and the
assumed sparsity regime this holds with high probability,
and in practice diagonal regularization may be applied when
necessary.

3.2. Unfolding Normalized Laplacian Operators

ULSE replaces the adjacency matrices used in UASE with
normalized Laplacian type operators and constructs a joint
embedding across all time steps by horizontally unfolding
these operators. We consider two normalization strategies,
leading to two variants: ULSE-nl and ULSE-n2. The two
variants differ only in how degree normalization is handled
across time and are designed to address distinct sources of
instability. For either variant, we form an unfolded matrix
of the form

L= [L(l) ‘ . ‘ L(T)] c RTLXHT7

and compute a rank-d truncated singular value decomposi-
tion, yielding an anchor embedding shared across time and
a sequence of snapshot specific dynamic embeddings that
are intrinsically aligned.

3.3. ULSE-n1: Per-Snapshot Normalization

ULSE-n1 applies normalization independently at each time
step. For each snapshot ¢, define the normalized Laplacian

Lgltl) —I-_DBO-1/2ABOpH)-1/2
The unfolded normalized Laplacian is then
Lo = Ly |- | LEY].
We compute a singular value decomposition
Ly =UXV'+U, 2, V],

where U € Q"*?, V € Q"T*4_ and let ¥ € R%*4 be the
diagonal matrix containing the singular values o3, . .., 0441
of L1, ordered increasingly. Although these singular val-
ues may in principle be zero, we assume they are positive.
Partition V into 7" consecutive blocks V(*) € R"*?_ The
anchor embedding and dynamic embeddings are defined as

X =Ux!/?,

YO =vOn2_un-V2 t=1,...T.

The subtraction of UX~'/2 is essential for achieving
cross-sectional stability under normalized Laplacian em-
beddings and admits a direct operator level interpreta-
tion at the population level. Since each block satisfies
L% =1 - D®-1/2A0OD®-1/2 the reconstructed em-
bedding Y ® contains a node specific shift induced by ag-
gregating information across all snapshots, arising from the
identity component. ULSE-n1 explicitly removes this node
wise shift, thereby restoring cross-sectional stability so that
each snapshot embedding reflects only contemporaneous
degree-normalized connectivity.

3.4. ULSE-n2: Partially Aggregated Normalization

ULSE-n2 incorporates time aggregated degree information
into the normalization in order to enforce longitudinal stabil-
ity without requiring an explicit correction term. For each
snapshot ¢, we define the partially normalized Laplacian
type operator

Lfth) _ 7D(1:T)71/2A(t)D(t)71/27

where D7) denotes the degree matrix aggregated across
all time steps. Unlike the standard normalized Laplacian,
LEB couples snapshot specific adjacency information with
a global, time aggregated degree normalization on the left
and a snapshot specific normalization on the right, thereby
fixing node wise scaling across time.

The unfolded operator is constructed by horizontal concate-
nation,

Cur= (L3 | - 1] e
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We compute a truncated singular value decomposition
Li=UXV' +U, %, V],

where 3 contains the d largest singular values of L,5. Par-
titioning V into 7' consecutive blocks V® e R"*4_ the
anchor embedding and dynamic embeddings are defined as

X=Ux? YO =vOs/2 =1 T

In contrast to ULSE-n1, ULSE-n2 does not require an ex-
plicit centering or correction term. The use of a common
left normalization by D7) ensures that the scale of each
node’s embedding is fixed across time, while the snapshot
specific right normalization preserves sensitivity to temporal
variation. As a result, nodes whose connectivity profiles
remain unchanged across snapshots are embedded consis-
tently, guaranteeing longitudinal stability under the dynamic
stochastic block model without requiring equality of snap-
shot specific degrees.

ULSE is a nonparametric spectral method whose dominant
cost is a truncated SVD of the unfolded matrix. With T’
snapshots on n nodes, the unfolded matrix has size n x nT,
and a d-dimensional embedding is obtained from its rank-d
truncated SVD. Thus, ULSE has essentially the same com-
putational structure as UASE: there is no iterative training
or learned-parameter optimization, and the computational
bottleneck is a single spectral decomposition. In practice,
standard sparse or iterative truncated-SVD routines can be
used, so the runtime is governed by repeated matrix-vector
products and depends primarily on the target dimension d
and the sparsity of the unfolded matrix. The two variants,
ULSE-nl and ULSE-n2, differ only in how the unfolded
matrix is normalized, not in the overall computational bot-
tleneck.

The two ULSE variants are intended for complementary
regimes. ULSE-nl is closest to the classical normalized
Laplacian and therefore retains a direct connection to stan-
dard spectral clustering and Cheeger-type theory. Its longi-
tudinal stability, however, requires the relevant population
degree structure to remain unchanged across time, reflect-
ing the fact that per-snapshot normalization can introduce
temporal rescaling. ULSE-n2 is designed to remove this
obstruction by using a common time-aggregated left normal-
ization, and is therefore preferable when degree levels vary
substantially across snapshots but node connectivity profiles
should still be compared over time. In practice, ULSE-nl is
useful when preserving the standard normalized-Laplacian
interpretation is important, whereas ULSE-n2 is the more
robust choice when temporal degree variability or a het-
erophilous regime is expected.

4. Theoretical Guarantees

This section presents the main theoretical guarantees for Un-
folded Laplacian Spectral Embedding (ULSE). Under the
dynamic stochastic block model introduced in Section 2.3,
we show that ULSE produces dynamic embeddings that (i)
converge to well defined population (noise free) limits and
(ii) satisfy both cross-sectional and longitudinal stability as
defined in Section 2.2. Results are established separately
for ULSE-n1 and ULSE-n2, followed by a structural inter-
pretation based on a dynamic Cheeger-type inequality.

4.1. Stability Guarantees for ULSE-n1

We work under the dynamic stochastic block model intro-
duced in Section 2.3 and the notation established in Sec-
tions 2 and 3. Let P(®) denote the edge probability matrix at
time ¢, and let iffl) be the corresponding population normal-
ized Laplacian defined using P*) and the population degree
matrix D(®). Define the unfolded population operator

Lo = [y |- | L)

To characterize the informative spectral structure of Enl, we
also consider the associated community level operators. Let
Q® € [0,1)5*K and Q) € [0,1]5* X be the community
level edge probability matrices at time ¢, defined as

A1) _ Tk TU () AB _ ()

KL= T T Ded (ke (1) Q. = TTIB ) (ke 1)
Let Mfltl) and 1\7153 be the normalized Laplacians con-
structed from Q® and Q®, respectively. We further define
M1 and My as the unfolded normalized Laplacians, and
denote their singular values as follows

AM<A< <Ak, M<h< <Ak

The results below show that ULSE-n1 recovers stable dy-
namic embeddings provided that these informative singular
values are well separated from the high multiplicity singular
value v/T induced by the identity components of the normal-
ized Laplacian. This separation condition ensures that the
informative bottom singular subspace of ‘an is identifiable
and robust to sampling noise.

Theorem 4.1 (Stability of ULSE-nl). Suppose that the
community level singular values satisfy

0< A <A< <A <VT.

Set the embedding dimension d = K — 1. Then there exist
matrices YO € R"*4 t = 1,....T, such that

max

te{l,...,T}HY(t) o Y(t)Hz = O((Pn)ﬂm) a.s.,

and the following stability properties hold:
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* Cross-sectional stability: If P,E:t) = P;t:), then Yg) =
Y
g

« Longitudinal stability: If P\ = P'®) anda DO =
D), then Yf_t) = Y,(_S).

Theorem 4.1 establishes that ULSE-n1 produces stable dy-
namic embeddings. Cross-sectional stability follows from
invariance of population connectivity profiles, while lon-
gitudinal stability is guaranteed when population degree
matrices remain unchanged across time. This requirement is
not an artifact of the analysis but a fundamental consequence
of per-snapshot left degree normalization: no method based
on independently left normalized Laplacians can achieve
exact longitudinal invariance when degrees vary over time.
ULSE-n1 therefore characterizes the strongest form of sta-
bility achievable under per-snapshot left side normalization
and serves as a theoretically transparent baseline.

The proof follows a two step argument. We first establish
uniform convergence of the empirical ULSE-n1 embeddings
to their population counterparts at rate (pn)~/2. We then
show that the population embeddings satisfy the desired
stability properties exactly. Combining these two results
yields the stated stability guarantees.

Theorem 4.2 (Convergence of ULSE-nl). Assume d =
K — 1. There exists an orthogonal matrix W € O(d x d)
such that, for each t € {1,...,T},

YO - YOW|, = O((pn)_1/2> as.

The bound in Theorem 4.2 implies consistency of the em-
pirical embeddings. Here, “uniform” refers to control that
holds over all time steps t € {1,...,T}, while the error
within each snapshot is aggregated across nodes through the
spectral norm. This differs from stronger row-wise notions
of consistency, such as two-to-infinity consistency. When
combined with the population level stability properties of
Y () established below, this yields the stability guarantee
stated in Theorem 4.3.

Theorem 4.3 (Stability of noise-free ULSE-nl). The popu-
lation embeddings Y ®) satisfy:

. t) _ p) () _ ~r(®)
IfP,” = Pj: ,thenY,’ = Yj: .

. IfPEt) = PE:S) and D® = D), then Yl(t) = Yl(s)
Setting Y® = YW and applying a union bound over
t € {1,...,T} completes the proof of Theorem 4.1. To
establish Theorem 4.2, we analyze the unfolded normalized
Laplacian operator using a standard spectral perturbation
strategy. The proof proceeds in three steps: we first bound
the deviation between the empirical unfolded operator £,

and its population counterpart L1 (Lemma 4.4); we then
characterize the singular value structure of £,,; and identify
the informative subspace (Lemma 4.5 and Corollary 4.6);
finally, we apply a Davis—Kahan perturbation argument com-
bined with row-wise norm control to bound the deviation of
the empirical singular subspaces (Lemma 4.7).

Lemma 4.4 (Deviation bound).

|Ln1 — ﬁmHz = 0((pn)_1/2> a.s.

This bound shows that unfolding per-snapshot normalized
Laplacians does not amplify sampling noise: the empirical
unfolded operator remains a small perturbation of its noise-
free counterpart, even after concatenation across time.

Let Z € R"*¥ denote the indicator matrix of equivalence
classes of nodes with identical population connectivity pro-
files across all time steps, and let S = span(Z).

Lemma 4.5 (Spectral structure of the population operator).
Assume the community size matrix N = diag(n) is invert-
ible. Then L1 has (i) a singular value /T with multiplicity
n — K, whose left singular vectors span S+, and (ii) K
remaining singular values \1, . .., Ak, whose left singular
vectors lie in S.

Lemma 4.5 implies that all informative population level
structure is confined to a K -dimensional subspace, while
the orthogonal complement corresponds to a high multiplic-
ity, non-informative singular value induced by the identity
components of the normalized Laplacian.

Corollary 4.6. Under the separation condition on
A1, - -, Ak, the singular values of L1 satisfy
on = 0(1), o9 — o1 = Q(1),

ox+1—orx = Q1) as.

The constant spectral gaps in this corollary ensure that the
informative singular subspace is well separated from the
remainder of the spectrum, which is essential for the stability
of the subsequent subspace perturbation analysis.

Lemma 4.7 (Projection deviation bound).
|lUUT —UUT||p = O((pn)_1/2) a.s.,
IVVT —VVT || = 0((pn)*1/2) as.
Lemma 4.7 converts the operator level deviation and spectral
separation into quantitative control of the empirical singular

subspaces, enabling uniform convergence of the resulting
node embeddings.

4.2. Stability Guarantees for ULSE-n2

ULSE-n2 employs partially time aggregated degree normal-
ization, which removes the need for per-snapshot degree
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matching in order to achieve longitudinal stability. Let £,2
denote the unfolded operator constructed using the ULSE-
n2 normalization, and let £,5 denote its community level
population counterpart under the dynamic stochastic block
model.

Theorem 4.8 (Stability of ULSE-n2). Suppose that the com-
munity level operator L5 has rank K, and set the embed-
ding dimension d = K. Then there exist matrices Y €
R4 ¢ = 1,...,T, such that maxe(1, 1} Y@ —
Y®|y = O((pn)~?) almost surely, and the following
stability properties hold:

* Cross-sectional stability: If Pl(-f) = P;f), then th ) =
(t
Y,

. T e ® _ pls) ® _
Longitudinal stability: If P,” = P,”, then Y,’ =
Y.

In contrast to ULSE-n1, ULSE-n2 retains all K informa-
tive dimensions and does not require equality of snapshot
specific degree matrices to ensure longitudinal stability. By
using a common, time aggregated degree normalization,
ULSE-n2 fixes node wise scaling across snapshots at the
population level, so that nodes with unchanged connectivity
profiles are embedded consistently over time. Since the
proof is analogous to that of ULSE-n1, we omit the details.

4.3. Structural Interpretation via a Dynamic Cheeger
Inequality

Beyond stability guarantees, ULSE admits a structural in-
terpretation that links its spectrum to graph partition quality
over time. Let G = {G™), ..., G(T)} denote the dynamic
graph, and define its dynamic k-way conductance by

¢x(G) = max }qﬁk(G(t)),

te{1,...,T

where ¢y, (G®) is the standard k-way conductance of snap-
shot G®).

Let o denote the k-th smallest nontrivial singular value
of the unfolded normalized Laplacian £,,;. The following
result relates the spectrum of the unfolded operator to the
worst case partition quality across time.

Proposition 4.9 (Dynamic Cheeger bound).

\/max{ai —mingeq,.. 7} HEHH; , 0}
2
< ¢r(G) < poly(k) /o,

where L} denotes the unfolded normalized Laplacian with
the block corresponding to snapshot t removed.

Proposition 4.9 provides a dynamic analogue of the higher
order Cheeger inequality. The lower bound quantifies the
extent to which the k-th singular structure of the unfolded
operator is supported uniformly across time. If for all snap-
shots ¢,

op < [|l£51
then the lower bound becomes vacuous. In this case, the
unfolded spectrum cannot rule out the possibility of a low
conductance k-way partition shared across time.

2
2 )

The upper bound follows by applying the higher order
Cheeger inequality to each snapshot individually and taking
a worst case maximum over time. Together, the bounds
show that small singular values of the unfolded normal-
ized Laplacian correspond to the existence of partitions that
achieve low conductance simultaneously across snapshots,
while large singular values indicate temporal inconsistency
in partition structure. The proof combines Weyl’s inequality
with the higher order Cheeger inequality and is provided in
the appendix.

5. Related Work

Dynamic network embedding methods aim to learn low-
dimensional representations of evolving graphs that are
comparable across time. Early approaches embed snap-
shots independently and rely on post hoc alignment, which
does not guarantee intrinsic temporal consistency.

Joint spectral constructions provide a more principled al-
ternative. Unfolded adjacency spectral embedding (UASE)
(Gallagher et al., 2021) is one of the few methods with for-
mal cross-sectional and longitudinal stability guarantees.
Ceccherini et al. (2025) study attributed dynamic network
embeddings with stability guarantees, whereas ULSE fo-
cuses on purely structural dynamic embeddings and ad-
dresses a distinct technical gap: the absence of a normalized-
Laplacian analogue of unfolded spectral embedding with
provable cross-sectional and longitudinal stability. However,
existing theory does not extend to normalized Laplacian op-
erators or account for the role of degree normalization in
dynamic settings.

Deep learning approaches for temporal graphs, including
JODIE (Kumar et al., 2019), DyRep (Trivedi et al., 2019),
TGN (Rossi et al., 2020), and DyGFormer (Yu et al., 2023),
achieve strong predictive performance but lack stability guar-
antees for time varying embeddings.

Normalized Laplacians are central in static spectral graph
theory (Chung, 1997) and have been extended to temporal
graphs via supra-Laplacian constructions (Silva et al., 2018;
Froyland et al., 2024), but these methods do not enforce
node level temporal stability. ULSE fills this gap by pro-
viding a Laplacian based unfolded embedding with explicit
stability guarantees.
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6. Experiments

We evaluate ULSE with two goals: (i) validating the cross-
sectional and longitudinal stability properties predicted by
our theory, and (ii) assessing downstream utility via node
clustering, with particular emphasis on robustness under
degree heterogeneity. We focus on clustering because it
most directly evaluates the stability properties established
in our theory.

6.1. Datasets

We construct two synthetic dynamic networks from a dy-
namic stochastic block model observed over T = 3 time
steps. Node memberships are governed by K = 3 latent
community trajectories that map deterministically to observ-
able communities, with the number of communities varying
over time (K1) = 3, K?) = 2, K®) = 2). The two syn-
thetic settings differ only in community size distributions,
inducing substantially different levels of degree heterogene-
ity, with the second setting exhibiting a pronounced small
community. We fix the intra- and inter-community proba-
bilities at p = 0.4 and ¢ = 0.2, respectively. Ground truth
community labels are available at each time step. Additional
details and extended results are provided in the appendix.

We evaluate ULSE on three real-world dynamic graph
datasets: Brain (dynamic brain connectivity), School (stu-
dent interaction), and Stock (financial dependency network).
We refer to Liu et al. (2024) for detailed descriptions of the
Brain and School datasets, and discretize the School data
into five snapshots using equal length time bins. For the
Stock dataset (Silva et al., 2018), we construct one graph per
quarter from S&P 500 log returns using a nonparanormal
transformation (Liu et al., 2009) and graphical lasso with a
fixed regularization parameter A = 10~ (Friedman et al.,
2008).

6.2. Experimental Setup and Stability Diagnostics

We apply K-means clustering to the node embeddings at
each time step (following Cheng et al. (2025)) and evalu-
ate performance using accuracy (ACC), normalized mutual
information (NMI), adjusted Rand index (ARI), and macro-
averaged F1 score (F1). The source code is publicly avail-
able at https://github.com/hisanor013/ULSE,
and implementation details are provided in the supplemen-
tary material.

For ULSE and other spectral baselines, the embedding di-
mension is selected using a standard eigengap heuristic. In
the synthetic experiments, where the latent rank is known,
we use the theoretical choices d = K — 1 for ULSE-nl
and d = K for ULSE-n2. For real-world datasets, where
the population rank is unknown, we select the dimension
from the empirical spectrum and report additional sensitivity

analyses in the appendix.

For neural temporal-graph baselines, we use the official
implementations and follow the publicly documented eval-
uation protocols, including the recommended or default
hyperparameter settings. This protocol provides a repro-
ducible comparison against standard baseline configurations
and avoids introducing additional dataset-specific tuning
degrees of freedom across methods with different objectives
and different numbers of tunable parameters. Key hyperpa-
rameters are reported in Appendix J.1.

We use the synthetic dataset to empirically verify that
ULSE satisfies both cross-sectional and longitudinal sta-
bility, whereas supra-Laplacian embeddings may not (Silva
et al., 2018). Figure 1 visualizes embeddings across two
time steps for ULSE-n1, ULSE-n2, and TempCut-N. Both
ULSE variants preserve consistent representations for nodes
whose connectivity profiles remain unchanged across time,
in accordance with the stability requirements. In contrast,
TempCut-N fails to maintain alignment across snapshots.

6.3. Node Clustering Results

Table 1 reports node clustering performance across all
datasets, with clustering metrics averaged over all snap-
shots. ULSE-n1 and ULSE-n2 are consistently among the
top performing methods on both synthetic and real-world
graphs. In balanced settings, ULSE performs comparably
to adjacency based spectral methods such as UASE, while
in the presence of substantial degree heterogeneity ULSE
significantly outperforms all baselines across evaluation
metrics. On real-world datasets, ULSE variants achieve
strong and stable performance and consistently outperform
supra-Laplacian methods, which perform poorly on stability-
sensitive structure.

The performance gap observed on Synthetic 2 highlights a
regime in which Laplacian normalization is particularly ben-
eficial. The presence of a substantially smaller community
induces systematic degree imbalance, causing adjacency
based spectral methods to suppress information from low-
degree nodes and distort community recovery (Krzakala
et al., 2013). In contrast, ULSE explicitly normalizes by
degree, yielding substantially improved robustness under
degree heterogeneity. While deep temporal models such
as JODIE, DyRep, TGN, and DyGFormer can be compet-
itive on some datasets, they do not enforce stability by de-
sign. Additional qualitative analyses in the appendix show
that these methods often fail to preserve consistent commu-
nity structure across time, unlike ULSE-n1 and ULSE-n2.
The displacement-based diagnostics in Appendix K further
show that ULSE-n2 yields stronger longitudinal stability
than ULSE-n1 under temporal degree variability and het-
erophilous regimes.
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Figure 1. Comparison of ULSE-n1, ULSE-n2, and TempCut-N (the supra-Laplacian embedding method of Silva et al. (2018)) on the
synthetic dataset using the first two embedding dimensions. The synthetic experiment consists of three snapshots, and the first two time
points are visualized here for clarity. Nodes with the same color and marker belong to communities whose connectivity patterns evolve
identically over time. Longitudinal stability is illustrated by Community 3 (red crosses), whose connectivity pattern remains unchanged
between Times 1 and 2 and should therefore preserve its embedding position across time. Cross-sectional stability is illustrated by
Communities 1 (blue circles) and 2 (green triangles), which become connectivity-equivalent at Time 2 and should therefore coincide in
the embedding space. Both ULSE variants satisfy these stability properties, whereas TempCut-N fails to preserve longitudinal stability

across snapshots‘

Dataset Metric | OMNI  UASE  TempCut-N  TempCut-S Node2Vec JODIE DyRep TGN DyGFormer | ULSE-nl ULSE-n2
Brain ACC 0.246  0.324 0.129 0.131 0.303 0205  0.179  0.228 0.157 0.376 0.358
Brain NMI 0.196  0.291 0.003 0.005 0.220 0.110  0.065 0.152 0.028 0.292 0.283
Brain ARI 0.087  0.161 -0.000 0.001 0.103 0.045  0.031 0.065 0.012 0.164 0.153
Brain Fl1 0.201  0.309 0.111 0.111 0.334 0200 0.159 0.214 0.140 0.387 0.362
School ACC 0.411  0.853 0.201 0.204 0.978 0.194  0.194 0.216 0.176 0.994 0.997
School NMI 0.472  0.813 0.066 0.066 0.965 0.089  0.085 0.108 0.056 0.987 0.994
School ARI 0.250  0.655 0.011 0.010 0.954 0.028  0.020 0.024 0.006 0.985 0.993
School Fl1 0.360  0.867 0.188 0.194 0.977 0.148  0.154 0.202 0.109 0.994 0.997
Stock ACC 0.225  0.389 0.170 0.168 0.247 0.173 0213 0.192 0.156 0.453 0410
Stock NMI 0.125  0.300 0.069 0.059 0.185 0.060  0.109 0.106 0.000 0.385 0.337
Stock ARI 0.038  0.155 0.006 0.002 0.065 0.002  0.028 0.022 0.000 0.185 0.154
Stock Fl1 0.177 0412 0.156 0.149 0.281 0.159  0.180 0.175 0.036 0.477 0.430
Synthetic 1 | ACC 0.780  0.997 0.587 0.557 0.695 0512 0497 0.510 0.500 1.000 0.997
Synthetic 1 | NMI 0.442  0.984 0.078 0.051 0.269 0.007  0.013  0.023 0.011 1.000 0.977
Synthetic 1 | ARI 0.489  0.990 0.074 0.039 0.313 0.008  0.008 0.019 0.008 1.000 0.988
Synthetic 1 | F1 0.774  0.997 0.578 0.543 0.688 0475 0460 0.496 0.480 1.000 0.997
Synthetic 2 | ACC 0.765  0.772 0.563 0.508 0.630 0.532 0522 0.575 0.478 0.980 0.983
Synthetic 2 | NMI 0.482  0.551 0.076 0.008 0.169 0.003  0.057 0.104 0.004 0.865 0.936
Synthetic 2 | ARI 0.463  0.542 0.066 -0.000 0.198 0.001  0.042 0.086 -0.005 0.922 0.964
Synthetic 2 | F1 0.786  0.670 0.521 0.434 0.560 0476 04838  0.497 0.419 0.949 0.966

Table 1. Node clustering results across datasets. Best results are in bold, and second best are underlined.

7. Conclusion

We introduced Unfolded Laplacian Spectral Embedding
(ULSE), a principled framework for dynamic network rep-
resentation based on normalized Laplacians. ULSE satisfies
both cross-sectional and longitudinal stability under a dy-
namic stochastic block model, extending prior guarantees
for unfolded adjacency embeddings to a broader class of
spectral operators.

Our analysis yields a dynamic Cheeger-type inequality link-
ing the spectrum of the unfolded normalized Laplacian to
conductance over time, and experiments support the theory
and demonstrate strong clustering performance, particularly
under degree heterogeneity. Together, these results estab-
lish ULSE as a stability guaranteed unfolded Laplacian
framework that connects dynamic cuts, spectral values, and
dynamic node embeddings while retaining the benefits of
normalized Laplacian representations.

Future work includes extensions to directed and weighted
graphs, dynamic settings with node arrivals and departures,
and theoretical extensions to time varying degree-corrected
stochastic block models (Karrer & Newman, 2011).



Unfolded Laplacian Spectral Embedding

Acknowledgements

We thank Yuki Takazawa, Ryoma Kondo, Kohei Miyaguchi,
Tilmann Altwicker and Zhivko Taushanov for helpful dis-
cussions. R.H. is supported by JST FOREST Program (JP-
MIJFR216Q), JST PRESTO Program (JPMJPR2469), Grant-
in-Aid for Scientific Research (KAKENHI, JP24K03043),
JSPS International Joint Research Program (JRPs with
SNSF: 20251501), and the UTEC-UTokyo FSI Research
Grant Program.

Impact Statement

This paper presents work whose goal is to advance the field
of machine learning through improved methods for analyz-
ing dynamic graphs. The proposed techniques are general
purpose and are not tied to any specific application involv-
ing human subjects or sensitive data. As such, we do not
identify any unique ethical concerns or foreseeable negative
societal impacts arising specifically from this work.

References

Ceccherini, E., Gallagher, 1., Jones, A., and Lawson, D. J.
Unsupervised attributed dynamic network embedding
with stability guarantees. In Chiappa, S. and Maglia-
cane, S. (eds.), Proceedings of the Forty-first Conference
on Uncertainty in Artificial Intelligence, volume 286 of
Proceedings of Machine Learning Research, pp. 540-567.
PMLR, 21-25 Jul 2025.

Cheng, J., He, C., Feng, P., Liu, W., Han, K., and Tang, Y.
Community-aware variational autoencoder for continuous
dynamic networks. In AAAI Conference on Artificial
Intelligence, volume 39, pp. 16001-16009, 2025.

Chung, F. R. K. Spectral Graph Theory. American Mathe-
matical Society, Providence, RI, 1997. ISBN 978-0-8218-
0315-8.

Davis, E., Gallagher, 1., Lawson, D. J., and Rubin-Delanchy,
P. A simple and powerful framework for stable dynamic
network embedding. arXiv, 2023. arXiv:2311.09251.

Deng, S., Ling, S., and Strohmer, T. Strong consistency,
graph laplacians, and the stochastic block model. Journal
of Machine Learning Research, 22(117):1-44, 2021.

Friedman, J., Hastie, T., and Tibshirani, R. Sparse inverse
covariance estimation with the graphical lasso. Biostatis-
tics, 9(3):432-441, 2008.

Froyland, G., Kalia, M., and Koltai, P. Multi-set spectral
clustering of time-evolving networks using the supra-
laplacian. arXiv, 2024. arXiv:2409.11984.

10

Galkin, M., Yuan, X., Mostafa, H., Tang, J., and Zhu, Z. To-
wards foundation models for knowledge graph reasoning.

In International Conference on Learning Representations,
2024.

Gallagher, 1., Jones, A., and Rubin-Delanchy, P. Spectral em-
bedding for dynamic networks with stability guarantees.
In Advances in Neural Information Processing Systems,
volume 34, pp. 10158-10170, 2021.

Holland, P. W., Laskey, K. B., and Leinhardt, S. Stochastic
blockmodels: First steps. Social Networks, 5(2):109-137,
1983.

Jones, A. and Rubin-Delanchy, P. The multilayer random
dot product graph. arXiv, 2020. arXiv:2007.10455.

Karrer, B. and Newman, M. E. J. Stochastic blockmodels
and community structure in networks. Physical Review
E, 83:016107, Jan 2011.

Kiani, N., Gomez-Cabrero, D., and Bianconi, G. Networks
of Networks in Biology: Concepts, Tools and Applica-
tions. Cambridge University Press, 2021.

Krzakala, F., Moore, C., Mossel, E., Neeman, J., Sly, A.,
Zdeborova, L., and Zhang, P. Spectral redemption in
clustering sparse networks. Proceedings of the National
Academy of Sciences, 110(52):20935-20940, 2013.

Kumar, S., Zhang, X., and Leskovec, J. Predicting dynamic
embedding trajectory in temporal interaction networks. In
ACM SIGKDD International Conference on Knowledge
Discovery and Data Mining, pp. 1269-1278, 2019.

Liu, H., Lafferty, J., and Wasserman, L. The nonparanor-
mal: Semiparametric estimation of high dimensional
undirected graphs. Journal of Machine Learning Re-
search, 10:2295-2328, 2009.

Liu, M., Liu, Y., Liang, K., Tu, W., Wang, S., Zhou, S., and
Liu, X. Deep temporal graph clustering. In International
Conference on Learning Representations, 2024.

Nica, B. A Brief Introduction to Spectral Graph Theory. Eu-
ropean Mathematical Society, Ziirich, Switzerland, 2018.
ISBN 978-3-03719-188-0.

Raza, S., Rahman, M., Kamawal, S., Toroghi, A., Raval, A.,
Navah, F., and Kazemeini, A. A comprehensive review
of recommender systems: Transitioning from theory to
practice. Computer Science Review, 59:100849, 2026.

Rossi, E., Chamberlain, B., Frasca, F., Eynard, D., Monti,
F., and Bronstein, M. Temporal graph networks
for deep learning on dynamic graphs. arXiv, 2020.
arXiv:2006.10637.



Unfolded Laplacian Spectral Embedding

Silva, A., Singh, A., and Swami, A. Spectral algorithms
for temporal graph cuts. In The Web Conference, pp.
519-528, 2018.

Singh, S. S., Muhuri, S., Mishra, S., Srivastava, D., Kumar,
H. S., and Kumar, N. Social network analysis: A sur-
vey on process, tools, and application. ACM Computing
Surveys, 56(8):1-39, 2024.

Stewart, G. W. and Sun, J.-g. Matrix Perturbation Theory.
Computer Science and Scientific Computing. Academic
Press, Boston, 1990. ISBN 978-0-12-670230-9.

Trivedi, R., Farajtabar, M., Biswal, P., and Zha, H. DyRep:
Learning representations over dynamic graphs. In Inter-
national Conference on Learning Representations, 2019.

van der Maaten, L. and Hinton, G. Visualizing data using
t-SNE. Journal of Machine Learning Research, 9:2579—
2605, 2008.

Yu, L., Sun, L., Du, B., and Lv, W. Towards better dynamic
graph learning: New architecture and unified library. In

Advances in Neural Information Processing Systems, vol-
ume 36, pp. 67686-67700, 2023.

Yu, Y., Wang, T., and Samworth, R. J. A useful variant of
the Davis—Kahan theorem for statisticians. Biometrika,
102(2):315-323, 2015.

Zhao, Y., Lin, Y., Wu, Z., Wang, Y., and Wen, H. Context-
aware distance measures for dynamic networks. ACM
Transactions on the Web, 16(1):2:1-2:34, 2021.

11



Unfolded Laplacian Spectral Embedding

A. Appendix

This appendix contains additional theoretical analysis, counterexamples, proofs, and experimental details that support the
main paper.

B. Notation Summary

Table 2 summarizes the notation used throughout the paper. Superscripts (¢) always index time and are written explicitly
when a quantity varies across snapshots. In particular, node level community labels zz(.t) may vary with ¢, while the matrix Z
denotes equivalence classes of nodes with identical population connectivity profiles and is not time indexed. Tildes - denote

population (noise-free) quantities. All matrices are written in boldface for clarity.

12
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Meaning

Symbol

Indices and dimensions
n, T

i, €{1,...,n}
s,te{l,...,T}

K

d

Number of nodes; number of time steps.

Node indices.

Time indices.

Number of latent communities / equivalence classes.
Embedding dimension.

Dynamic graphs and observed quantities
G={GW,...,¢"}

A(t) c {0’1}n><n

A= [A(1>| e |A(T>]

da®, al"

D® = diag(d¥)

d(l:T>,D(1:T)

Dynamic graph as a sequence of snapshots.
Adjacency matrix at time ¢.

Unfolded adjacency matrix.

Degree vector at time t; degree of node .
Degree matrix at time ¢.

Aggregated degrees across time.

Population (noise-free) quantities
P(t) c [0’ 1]n><n

d® g

D® = diag(d®)

Edge probability matrix at time ¢.
Population degree vector; population degree of node .
Population degree matrix at time ¢.

Dynamic stochastic block model (DSBM)
2 e {1,... K}"

7 e RE

n® e N¥

p
B® ¢ [0, 1]5*K
P(t) _ pB(t)

iJ zEt)zy('t)

Community assignment vector at time ¢.
Marginal community proportion vector.

Community size vector at time ¢ (used only in the generative model).
Sparsity parameter.

Block probability matrix at time ¢.
DSBM edge probability.

Equivalence classes and block structure
z c {O, 1}n>< K

S = span(Z2)

n, N

Indicator matrix for equivalence classes of nodes with identical
population connectivity profiles.
Subspace spanned by the columns of the equivalence-class indicator

matrix Z.
Equivalence class size vector and diagonal matrix, with
N = diag(n).

ULSE-n1 operators

Lx(]tl) —I-D®-1/2AMOPpH-1/2
[fnh E;lt

Ly}, Lo

Cnl

Normalized Laplacian at time ¢.

Unfolded normalized Laplacian; with block ¢ removed.
Population counterparts.

community level population ULSE-n1 operator.

ULSE-n2 operators
Lx(1t2) — _DID-1/2 A (1) -1/2

£n2

ULSE-n2 operator at time ¢.
Unfolded ULSE-n2 operator.

f_:fé) , En2 Population counterparts.

Lo community level population ULSE-n2 operator.

Spectral quantities

Ok, 0k k-th smallest nontrivial singular value of an unfolded Laplacian;

A << g

empirical and population versions.
Nontrivial singular values of a community level population operator.

Conductance and Cheeger-type quantities

é1(G), 1 (G1)

k-way conductance of the dynamic graph; of snapshot ¢.

Embeddings and SVD conventions
X, Yy®

X, Y®

W € 0(d x d), O(n x d)

Anchor embedding; dynamic embedding at time ¢.

Population embeddings.
Orthogonal matrices and Stiefel manifolds (orthonormal columns).

Norms and asymptotics

- M2 Il - e
9,Q0), w(-

poly(k)

Spectral and Frobenius norms.
Asymptotic notation (a.s. when stated).
Polynomial in k£ with fixed degree.

Table 2. Summary of notation.
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C. Limitations of Context-Aware Perturbation Embedding

Zhao et al. (2021) propose a context-aware spectral embedding framework for dynamic graphs, in which each snapshot G'*)
is modeled as a perturbation of a shared global context graph G°**. Let A(*) denote the adjacency matrix at time ¢, and
define the context adjacency matrix by entrywise averaging

ASx = ZA“).

Let D be the associated degree matrix, and define the normalized Laplacian of the context graph as

Lot =1 — (DCtx)_1/2ACtX(DCtX)_1/2.

Each snapshot Laplacian is written as
L) =L+ A,

snap

where A(®) is assumed to be a small symmetric perturbation. Suppose that L has a nontrivial spectral gap 6°** > 0 and
that the perturbations satisfy
€:= _max |\A(t)H2 < 00.
te{l,...,
Standard matrix perturbation theory (Stewart & Sun, 1990) yields first-order approximations for the eigenvalues and
eigenvectors of Lbnap Let A$*™ and u$™ denote the eigenpairs of L. For each i,

)\(t) — )\gtx (uth)TA(t) ctx + O(E), 1)
Ctx TA( ) ctx
t x l X
( Ct + Z AGER _ xctx u;’t + o(e). )
J#i J
These expansions suggest constructing the embedding at time ¢ using the perturbed eigenvectors ugt), .. ( ) . However,

even when stability notions are relaxed to allow time varying communities or time varying connectiv1ty proﬁles this
perturbative construction does not induce an injective map from graph snapshots to embeddings: structurally distinct
snapshot Laplacians may yield identical collections of perturbed eigenvectors (up to the usual orthogonal indeterminacy).
Consequently, the context-aware perturbation framework cannot, in general, guarantee cross-sectional stability or longitudinal
stability.

This limitation appears explicitly in the proof of Theorem 4.1 of Zhao et al. (2021), which claims that

= L® 10

snap snap’

U(S) _ U(t)

ctx ctx

where U( )

ctx
condition

denotes the matrix whose columns are the embedding eigenvectors at time ¢t. The argument relies on the
(uf™) "L, — LEL )uf™ =0 forall i,
but this condition is insufficient to conclude equality of the two Laplacians. The vectors {u$**} do not determine a symmetric

matrix uniquely: there may exist nonzero symmetric components of Léfl)ap Lén)ap that are orthogonal to all rank-one
projectors u$*u$*". Therefore, equality of the embedding eigenvectors (or their span) does not imply equality of the

underlying snapshot Laplacians, and the claimed injectivity step fails.

C.1. Counterexample

To illustrate the failure of injectivity in the context-aware perturbation framework, we construct two non-isomorphic graphs
whose context-aware spectral embeddings coincide. Consider two three-node graphs G(*) and G(®), shown in Figure 2, with
normalized snapshot Laplacians

1 0 —/12 1 ~J1/2 0
LU =1 0 1 ~Vi2|, L& = |-/1)2 1 ~/1/2] . ?3)
~J12 —\/1/2 1 0 /12 1
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Figure 2. Counterexample demonstrating the failure of Theorem 4.1 in Zhao et al. (2021). Despite structural differences between GW
and G, their spectral embeddings under the context-aware perturbation model are identical.

These graphs are not isomorphic, as their adjacency patterns differ.

The context Laplacian is defined as the entrywise average of the snapshot Laplacians,

L VT T

L/t 2 e
LCtX - 5 (Lén)ap Lén)ap) == 1/6 _2/3
~/1/6 f2/3 1
Its eigendecomposition yields the eigenpairs A{™ = 0 with u{™ = (3, \/g, )T, A = 2 with u§™ =

ctx __ ctx __ T
\/;,[ ,and A§™ = 2 with u§ 7(0,*E,ﬁ),

Define the perturbation matrices AW = Lé?ap — L. Explicitly,

[ 0 1/6 V1/6 —+/1/2]
AW = | I
F—ﬁ 2/3—/1/2 o

V1/6-/1/2 1/6 ]
AP = \T/—\/m 0 2/3—/1/2] . 5)
1/6 2/3—+/1/2 0 |
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We apply the first-order eigenvalue perturbation formula
AN = uTAOuex =123, ©)
Substituting A into (6) and evaluating the quadratic forms yields

1 1 1
(AXD, AN, AN = (1-22 -8, P12 22,

Repeating the same computation with A gives

(2) (2) (2)y _
(AN, AT AND) = (1- 2 - o SE - 2 2 ),

Thus, the first-order eigenvalue shifts coincide for¢ = 1 and ¢ = 2.

An analogous substitution into the first-order eigenvector perturbation formula

ctxT A (t)4Ctx
0 _ N W AT
Au; " = \CtX _ )\ctx u; Q)
J#i ¢ J

shows that the first-order eigenvector corrections are also identical for t = 1 and ¢ = 2. Consequently, the perturbed
eigenvalue matrices coincide, A" = A(?), and the corresponding context-aware embedding eigenvector matrices satisfy

U _y®

ctx ctx*

Therefore, under the context-aware perturbation model, two non-isomorphic graphs produce identical spectral embeddings.
This contradicts the injectivity claim of Theorem 4.1 in Zhao et al. (2021) and demonstrates that the perturbative construction
fails to uniquely encode snapshot level graph structure, even in this minimal three-node example.

D. On Theorem 5 of Davis et al. (2023)

Theorem 5 of Davis et al. (2023) claims that the dynamic embeddings Y produced by the dilated unfolded embedding are
both cross-sectional (spatially) and longitudinal (temporally) stable. We show that the key permutation argument used to
justify this claim fails: the required permutation matrix does not, in general, map the class of dilated unfolded adjacency
matrices to itself. Consequently, the asserted invariance (and hence the theorem) does not hold in full generality.

Let A € {0, 1}(nT)x(n+nT) denote the dilated unfolded adjacency matrix, and let A denote the set of all matrices with
this dilated unfolded structure. Davis et al. (2023) argue that for a permutation matrix II that swaps node ¢ at time u with
node j at time ¢, one has

ZPr(YS) =y, Yj(t) = vy ‘ A= a) Pr(A=a)
acA
= Z Pr(YEf) = Ug, Y;t) = ‘A = HaHT) Pr(A=TIaIl").
acA

For this identity to be valid, it is necessary that ITaII" € A whenever a € A, i.e., that conjugation by IT preserves the
dilated unfolded structure.

However, the permutation IT required by the argument must swap the embedding of node ¢ at time u with that of node j at
time ¢, while leaving all other components unchanged, i.e.,

X X
viv| vy
el e
YESP Y<>
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Such a permutation necessarily places ones at indices (nt + 7, nu + j) and (nu + 7, nt + i), has identity entries elsewhere
except at these indices, and zeros in all remaining positions. But conjugating a dilated unfolded adjacency matrix a € A by
this IT generally destroys the dilation pattern (i.e., the prescribed block placement of within-time and cross-time entries).
Therefore TIaIl' need not belong to A, and the set invariance claim

{acA:TIall’ € A} = A
is false in general. The equality above is thus not justified, and the subsequent stability conclusion does not follow.

This structural failure yields violations of both spatial and temporal stability. For spatial stability, one may take

@ _[03 03 @ 11
P [03 0.3 PP=1 o)

For temporal stability, a counterexample is given by

1 03 1 03
W @) _
P [0.3 1 ] P [0 3 0 } '

In both cases, the dilated unfolded embedding fails to satisfy the corresponding stability condition, contradicting the claim
of Theorem 5.

E. Proof of Theorem 4.2

Lemma E.1 (Lower bound for the minimum degree). For eacht € {1,...,T}, the minimum population and sample
degrees satisfy
d") = min Ell(-t) =Q(pn) as., d") = min dz(-t) =Q(pn) as.

i€[N] e [N

Proof. We treat the population degrees and the sample degrees separately.
Since d¥) = P(")1, we have d =20 P . Under the DSBM, Pl(-;-) = pB(i)t) (> and therefore, for every 1,

d;" = ZB(m o Z B

min*

Hence &fﬁ}n > pn B | and since B >0 by assumption, it follows that d® = = Q(pn) (deterministically, hence a.s.).

min? min min

Fix i. Because d\" = i AE; and AZ(-;-) ~ Bernoulli(PZ(;)) are independent conditional on P(), E[d{"] = d'".
Moreover,
¢ ¢ ¢ ¢
Var(Az(’j)) = Pz('j)(]‘ - ng)) < Pz(‘j) <p

SO

ZVar A(t) < np.

Bernstein’s inequality implies that for any s > 0,

|

Applying a union bound over i € {1,...,n} yields

dl” —av

oo )

Pr (max — &E” >

2/2
s) < 2nexp<—nps+/s/3> .

Fix a > 0. To guarantee that the right-hand side is at most n~¢, it suffices to choose s such that

) 22\
nexp| — n=“.
P np+s/3) ~

17
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Taking logarithms and rearranging yields

s2

——— > (a+1)logn + log 2.
2(np+s/3)*( ) log &

Since p = w(logn/n), one can verify that
6 — @<p1/2n1/2 log!/2 n)

satisfies this inequality. Moreover, since p = w(logn/n), we also have

v/nplogn = o(pn),

and thus ~
max ’dgt) — dz(-t)

=o(pn) as.

Combining this with a® = Q(pn) gives

min

d’ > &Efjn — max ‘dgt) - &Et)‘ =Q(pn) as.

min =
[

By Lemma E.1, the degree matrices D® and D® are almost surely invertible, so the unfolded normalized Laplacians £~n1
and L,; are well defined.

Lemma E.2 (Deviation bound for the unfolded normalized Laplacian).

L1 — Eanz = O((pn)_l/Q) a.s.

Proof. Write L1 = [L$11)| e |Lg)] and L, = [I:fll)\ e |I:g)] Then
5 ) f0 T) (T
Lon = L = [L LY |- | L - L],

Using the triangle inequality for spectral norm,
T
5 6 F(t
L1 = Larlle < D7 ILGY =L 2,
t=1

so it suffices to control ||Lflt1) - Ilﬁff |l2 uniformly over ¢.

Fix ¢t. Under the DSBM, max; ; Pl(;) < p, and by Lemma E.1,

min(d{") ,d¥) ) =Q(pn) as.
()

Moreover, since B, ;. > 0 and p = w(log n/n), there exist constants N, co > 0 such that for all n > N,

(®)

n max Pg) >npB, i, > cologn.
0.

Therefore, Theorem 3.1 of Deng et al. (2021) applies and yields

. p(t)y5/2

- nmax; ; P,

LY L8 - o o) %3 as.
min(d,; ,d

) a) 3
min’ min

Substituting n max; ; PE;) < np and min(d(t) a')

min’ “min

. np)5/2 -
HLES) - Lflt1)H2 = O<((ppf)z)3 ) = O((pn) 1/2) a.s.
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Finally, combining over t = 1,...,7 yields

[£n1 — Latll2 < Z ||L(t) (t) = O((pn)*l/Q) a.s.,

absorbing the (fixed) factor T into the O(-) term. O
Lemma E.3 (SVD of the noise-free unfolded normalized Laplacian). Assume N = diag(n) is invertible and let S =
span(Z). The unfolded population operator L, = [L(1)| |Lnl | has the following singular-value structure:

* A singular value /T with multiplicity n — K, whose left singular space is S*.

* The remaining K singular values are M, ..., k. Their left singular vectors lie in S and can be written as 1) =

ZN-12%0) where {x(DYE | is an orthonormal set in RE.
Proof. We decompose R" =S @ S+.
Step 1: singular vectors in S* Let {x(1), ..., x("=%)} be an orthonormal basis of S*. Fix t € {1,...,T}. Recall that
LY =1-DO-1/2ptpH-1/2,
For x( € 8§, the rth coordinate of D()~1/2P()D(*)~1/2x () jg
n (t)

'rj i

d(t)d(t)

pB(t)

K
=5y 2y et (k) @
J
k=1j:z;=k \/ K

(®) K ()
(X me1 nmp Bzg)c(t)(m)) (X1 2mp B (k)c(t)(m))
(t)

K Bz(rt)c(ﬂ(k) (1)
=2 > %

b= \/(Zgl ntiz)Cm(m)) (e ntSZ)(k)C(t)(m)) Ja=k

[

Since x(V € S*, we have I x;i) = 0 for every k, and therefore

DO-1/2pOPHH)-1/243) — .
Hence
£050 — O
Since I:fltl) is symmetric,

LOEOTR0 — X0,

nl

Summing over ¢ yields
Lo ﬁT x() = Z x(0) =
Thus each x(*) is a left singular vector with singular value /7. Since dim(S+) = n — K, this singular value has multiplicity
n— K.
Step 2: singular vectors in S. Let {x(V), ..., %)} be an orthonormal basis of R* and define
1 = zN—1/2%(@)

Using Z7 Z = N, we obtain
Tl =

ij
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so {@™}X | is an orthonormal basis of S.

Fix t. The (r, £) entry of D) =1/2P(OD®~1/2 g

" pY pBY

zg)c(t)(l)
> = Z= ),
— (f) O] K 0) K ()
=t/ drd; ga=t \/(Zm_1”mPBz<Tt>c<,>(m))(Z =1 "mP B (9o (m ))
(t)
e Bzg,t)(:(i) ©)

\/(Zfi—l "mB(tm <t>(m)) (25:1 ntEjz)(ﬁ)c(t)(m))

Comparing with the (k, ¢) entry of I — N—1/2M")N'/2 shows that
DO-1/2pHPHH-1/2 7 _ Z(I _ Nfl/szltl)Nl/Q).

Therefore,
L9a® = zN-1/2M) %0,

Since L(1 is symmetric,
LYTLYa = zN—1/2m()°% 0.

Summing over t gives

T
Lo L] a0 = ZN~1/2 (Z Mﬁfﬁ)i(i).

t=1

Recall ./\;lnl satisfy ./\;lnl/\;lnl Zt 1 (t)2 and x(9) is a left singular vector of Mnl with singular value /N\l Therefore

nl ’
For£T a0 = 3250,
Thus a(? is a left singular vector of [an with singular value :\l O

Corollary E.4 (Bounds for the population singular values &;).

Gn=0(1), Ga—-61=0(1), Gxs1—ox=0(1) as
Proof. Since the labels {z;}_; are drawn independently with Pr(z; = k) = m, the random variables 1{z; = k} are i.i.d.
Bernoulli(7 ). Hence
W= E{z; =k} =) m =nm.
i=1 i=1

By Hoeffding’s inequality, for any s > 0,

52

Pr(|n;C — mrk’ > 5) < 26Xp() .

n

Fix a > 0 and choose s = /(. + 1)nlogn. Then

Pr(|nk — mrk’ >/ (a+1)nlog n) < op~(et1),

Applying a union bound over k € {1,..., K} yields
Pr <k {1 |7”Lk - TL7Tk| >/ (a+1)nlog n) < 2K n~(oFD),
€
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Since 0% | 2K n~ (@1 < oo, the Borel-Cantelli lemma implies

ke{ql,.affl{} |nk — mrk‘ = (’)(nl/2 logl/2 n) a.s.

Because 7, > 0 forall k € {1,..., K}, it follows that
ng = nmy + O(n1/2 log!/? n) =Q(n) as.

Consequently, the matrix N = diag(nq,...,nk) is invertible almost surely.

By Lemma E.3, the noise-free unfolded normalized Laplacian L1 has singular value VT with multiplicity n — K, and its
remaining K singular values coincide with those of the community level matrix M.

By the triangle inequality,

T
HMnl - Man2 S Z ||M§1t1) - MES)HQ
t=1
Following the argument of Theorem 3.1 in Deng et al. (2021), foreach t € {1,...,T},

() aor(®) 1Q® — QW||,
||Mn1 Mnl ||2 S C‘l“(t)
N K(1Q® —QWla +2IQ"[5)|QM — QW;

2min(d®, d(®))3

where () and d®) denote the minimum degrees of Q(*) and Q(®), respectively.

Since Q) depends only on 7 and B®), we have
QW =0(1), 4 =9(1).

Moreover, using ny = Q(n) a.s. and B") > 0, we obtain

min

M= mi M e B (@)
= B 2w P
min n
> BSQHM =Q(1) as.
n
Next, since || - [|2 < || - || 7
K K oo " o o\ /2
Nt _ oM g Mg (it - ,
“ @l = (ZZ ( n n Bc<”(k)c<t><z) ”W@chw)aw(m) )

k=1¢=1

maXge{1,...,K} Ny — nag
n .

=2K

Using the earlier concentration bound,

~ - logl/ Zn
||Q(t) _ Q(t)H2 = (9( i a.s.
Substituting this into the previous inequality yields

_ ~ logl/2
||MSB—MEf32=O<°g %) as

nl/2
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and hence, since 7' is fixed,

~ - log1/2n
||Mn1 - Man2 =0 (TLI/Q a.s.

By Weyl’s inequality, ~ - R B
Ai = Al < [ Mut — Muall2,  ie{l,..., K}

Since 0 < A\ < Ag < -+ < Mg < /T, define
A12 = XQ_S\l >O, AK’T :\/T—XK > 0.

On the almost sure event where HJ\;lm — M1l — 0, there exists ng such that for all n > ng,

- _ A A
M1 = M [l> < ming =2, =55 6
3 2
Hence, for all n > ng,
2A1 + A A1+ 22 A T
o < 1t 2, 1+ 2<5i<¢7 =2,....,K,
3 3 2
and oy = =0y, = V/T. This completes the proof. ]
Corollary E.5 (Bounds for the empirical singular values o;).
on = O(1), o2 =9Q(1) as.
Proof. By Weyl’s inequality, ~ ~
Gi = |1Ln1 — Lutll2 < 03 <G+ [[La1 — Lat |2
Applying Lemma E.2 and Corollary E.4 yields the claim. O

Lemma E.6 (Deviation bound for the projection matrices). Ler U,V € R"*(K=1) denote the empirical left and right
singular vector matrices associated with the informative singular values of the unfolded operator, and let U,V denote their
population counterparts. Then

. 1
T T —
HUU - Uu H2 O(W) a.s.,

. 1
T T|| — L
Ivv VV’L O(wﬂmw> as.

Proof. The unfolded normalized Laplacian £ and its population counterpart an satisfy the deviation bound || £, — an Iz =
O((pn)~1/?) almost surely by Lemma E.2. Moreover, Corollary E.4 ensures that the informative singular values are
separated from the remainder of the spectrum by a constant gap. Applying Theorem 4 of Yu et al. (2015) to the singular
subspaces corresponding to the (K — 1) informative components yields

~ WK —1(20, + || Loy — Ly Lo1 — Lo
HUUT_UUTH . ﬁ(.altﬂ 1 1|2|2)H21 il
2 min (o, — 0%, 03 —o?)

The denominator is bounded below by a positive constant due to spectral separation, while o,, = O(1) and ||£,1 — Lo l2 =
O((pn)~1/?). Substituting these bounds gives

_ 1
T T _

The same argument applies verbatim to HVVT —-VVT H ) 0O
2
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Lemma E.7 (Existence of a common orthogonal alignment). There exists an orthogonal matrix W €
O((K —1) x (K — 1)) such that

~ 1
Uu_-wl =
H a HF =0 <p1/2n1/2> “

- 1
T _
[viv-w], -0 (p/n/>

Proof. Consider the matrix UT U + VTV and let its singular value decomposition be
U'U+V'V=WXW/],

where W1, W, € O((K — 1) x (K —1)). Define W = W; W, which belongs to O ((K — 1) x (K — 1)). This
choice minimizes ~ ~
[oTu-af, +[[v7v-qf,

overallQ e O ((K —1) x (K —1)).
Next, write the singular value decomposition of U'Uas
U'U =Wy, Sy Wi,

and define
Wy =Wy Wi, e0((K-1)x (K -1)).

Let the singular values be o, = cos(6y). Then

IZy —Tllg

[oTu Wy
F

K—1
(1—-0}) < lfcr
k=1

k=1
Similarly,
[vTv - Wyl <[[vTV =0T+ [[0TU - wy|
F F F
- - . 2
< (K 1) HVTV - UTUH2 F (K - 1) HUUT - UUTH2 .
Therefore,

~ - - ~ - 2
HUTU . WHF ¥ HVTV - WHF < (K 1) HVTV - UTUH2 F2AK —1) HUUT - UUTH2 .

By Lemma E.6, both terms on the right-hand side are of order ( pn)*l/ 2 almost surely, which completes the proof. O
Corollary E.8.
~ o 1 ~ s 1
T T _ T T _
Moreover,

- - 1
T T _
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Proof. By Lemma E.2, we have
|[0TUS — SVTV||p = [0 (Lt — L) VIr
<VEK —1|U (L1 — L) V]2
<VK—-1|Ln — En1||2

1
= O(p1/2n1/2> a.s.

The same argument applies to | SUTU — VI VY| 5.

Next, observe that

UTU-VV= [(I}TUE —SVTV)+(S0TU - VTVE)} 1 _SU0TU-VTVv)sL

(1+2)
g3

< (I0TUS - SVTV|p + [EUTU - VTVE|p) =72,

Therefore, for each pair of indices (4, j),

‘(GTU ~VTV);

< ’(fJTU ~ VTV,

Taking the Frobenius norm on both sides yields

07U = VTV|p < (J0TUS = SVTV]p + [[EUTU - VIVE|p ) £ o
From the first part of the proof and Corollary E.5, we have
=742 =0(1) as.,

and therefore

. N 1
T T _

This completes the proof.
Corollary E.9.

- - 1
[U-TOT U, [V-VVTV]o= O(W)

Proof. By Lemma E.6,
IU-UUU|; = (UUT - 0TUT)U|;
<[UUT -~ BT, U]
<|UUT - 00T,
<|UUT -UU"|p

1
= O<p1/2n1/2) a.s.

where we used ||U||2 = 1. The same argument applies to V, since ||V = 1.

Corollary E.10.

- . 1
U - OW,, ||V—VW||2:O(W)
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Proof. Write ~ o o
U-UW=(U-UU'U)+U(U'U-W).

Taking spectral norms and applying the triangle inequality gives
|U-UW|l; <[[U-UU Ul + U] [TTU - W|3.
Since U has orthonormal columns, |[U||; = 1, and |[UTU — W/, < |[UTU — W|| . Therefore,
|U-UOW|> < |[U-UU Uz +[[UTU - W||p.

The first term is O((pn)~'/?) a.s. by Corollary E.9, and the second term is O((pn)~'/2) a.s. by Lemma E.7, proving the
claim. The same argument applies to V. O

Corollary E.11. Almost surely, the following bounds hold:

I [WE = SW| = O((pn)1/2),
2. [WEY2 - S12W || = O((pn)~2),
3 [WE12 - 512W] e = O((on)1/2).

Proof. 1. Decompose
WE-SW=W-U'U)Z+U'US-SV'V)+Z(VTV-W).
By the triangle inequality and | AB||r < ||Al| ¢ B2,
IWE —SW|p <|[W-TU'U|p|[Z]:+ [0TUS -V V|p
2l [VTV - W]|p.

Using ||Z]l2 = 0, = O(1) and |Z|]z = &, = O(1) (Corollaries E.4 and E.5), together with Lemma E.7 and
Corollary E.8, yields R
WS — SW||p = O((pn)~Y?)  as.

2. Let opin := 02 and Gyin := G2. By Corollary E.5, oin = (1) a.s., and by Corollary E.4, &p,;, = (1) a.s. For
each i, j,

(W2 - SV2W),;| = (Wil |o)/? — 67

|oj — il

= Wyl At
T
(WX — EW),|

Ortin + i

Squaring and summing over ¢, j gives
- [WE — SW| 7 _
[WE2 - S2W || < e e - Oln) 12) s,

using part (1) and ol 4 5l Q(1) as.

min min

3. Similarly, for each i, 7,

(WE/2 = S 2W) | = (Wil o * 6,1

3

jo}* =57
— J ?
= (Wil 1/2.1/2
i i
(W12 - S12W),|
= 01/2~1/2 ’

min~ min
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Therefore,
(Wx!/2 - B2W||p
1/2 -1/2

min~ min

IWE—Y2 512w < | = O((pn)"Y?) as,,

since o2 5H2 = (1) a.s. and part (2) holds.

min"~ min

Finally, we complete the proof of Theorem 2.

Proof. By Corollary E.5, Corollary E.10, and Corollary E.11, we bound
HY(t) —~YOW|, = H(V(t)§;1/2 — U2 - (viOsl/2 - ﬂ2—1/2)w|’2
< [VORY2 _vOBL2W|, + |[US™Y2 - US~2W|,.
We control these two terms separately.
Step 1: Bounding the V(®) term. Using the fact that V(*) is a block of V,
VOS2 _vOS2W|, < |[VEY2 - VEV2W ||,

=[[(V-VW)Z/2 1 V(WE/2 - S1/2W)||,
<V = VW[ [Z2 ]y + [ V|2 [WE? - =2W |,
< a2V = VW] +[|[WE2 - S2W||

= O((pn)ﬂm) as.,

where we used | V]jz = Tand || - |2 < || - || .
Step 2: Bounding the U term. Similarly,
US~Y2 —US 12W|, = |(U-UW)E 2L U(WE2 - 5 12W)|,

< U -OW| [ + U] [[WET2 - £712W |,
<o, PU-UW|y + [WE/2 -7 2W |

=0 ((pn)_l/Q) a.s.,

where we used | U2 = 1, r, and Corollary E.5 to ensure || 2~1/2||5 = 02_1/2 = O(1) almost surely.

2=l

Combining the two bounds gives
YO - YOW|, = O((pn)71/2> as.

F. Proof of Theorem 4.1
Proof. Using the identity ZLfJ = V3, the noise-free dynamic embedding admits the representation
YO = vOR/2 _gxn-1/2
= (8) Fre— ~ o
=LOOs- 12 _pn-12
— (I- DO-12pOPO-1/2gH-1/2 _ gE-1/2
— _D®O-12pOpB-1/2(05-1/2,
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Consequently, for each i € {1,...,n},
Y(_t) _ _a(t)*l/QP(_f)ﬁ(t)—1/2ﬂ2—1/2
_ _(P(_t)Tl)_uz P(__t)]j(t)—uzﬁg—ug

This expression depends on node ¢ only through its population connectivity profile Pz(f)

D®. It follows immediately that

and the population degree matrix

PO —pl) o YO _y0 i _pe) BO _ PO o yO _ g
I8 Y i VR i 0 [N [
Therefore, the noise-free dynamic embedding satisfies both cross-sectional and longitudinal stability. O

When nodes with identical population connectivity profiles tend to connect more strongly to each other at a given time step
(.e., Pz(:t) = ng) implies large Pg)), mild violations of the equal-degree condition have limited impact. In this regime,

the discrepancy between Y\ and Y* is governed by the difference between P!/ D®~1/2 and P{'D(*)~1/2 The jth

t)

coordinate of this difference vanishes when ng) = P;t:) and remains small otherwise, since Pl(- ;/ is small in that case.

G. Proof of Proposition 4.9

Proof. Each matrix Lfltl) Lffl)—r is symmetric and positive semidefinite. By Weyl’s inequality,

o () > (el o (ST

s#t

Since > £t Lr(fl)L(S)T is positive semidefinite, its smallest eigenvalue is nonnegative. Moreover, each normalized Laplacian

L a1 18 symmetric and positive semidefinite, so
Ak (Lﬁ) L] T) = A (Lﬁ) ) :

Thus, forall¢t € {1,...,T},
oK > Mg (LEQ) .

Applying the higher order Cheeger inequality yields

ér(G0) < poly(k)y /A (L) < poly (k) v/,

ox(G) = max_ ¢n(GY) < poly(k)\/ok.

te{1,....T}

and therefore

For the reverse inequality, Weyl’s inequality gives

o< (TEET) o LT
s#t

Using

2
LT = ez e (THTET) = (L)
s#t
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we obtain

") —t)2
o < )\k(Lm) + [1£a1 13-
Applying the higher order Cheeger inequality again gives
(L)) < 200G,

and hence

or </ (201(G0))? + |IL113
Rearranging yields
i = 1£:1115 < (26w(GM))*.
Taking the minimum over ¢ on the left-hand side and the maximum on the right-hand side gives

N

2
B : —t2 ®y) — 2
ot min NCIB< (2 mx a6) = @0,

which completes the proof. O

H. Stability Properties of the Anchor Embedding

Under the same assumptions as in Theorem 1, there exists a matrix X € R™*4 guch that

N 1
and the following stability property hold: if z; = z;, then X;; = Xj;..

In particular, setting X = XW satisfies the desired stability properties. The result follows by combining a convergence
statement for the empirical anchor embedding with an exact noise-free stability property.

Corollary H.1. There exists W € O((K — 1) x (K — 1)) such that

|X — XW|y = 0(1> a.s.

p1/2n1/2

Proof. By Corollary E.5, Corollary E.10, and Corollary E.11,
X - XW|, = [[US!2 - USY2W|,
< (U -TW)s2 + O(WE2 - 512W)|,
<[[U - OW| =2 + O]z [WEY2 - Z2W |,
<0,2|U - UW||z + [[WEY? - S2W|

1
= O(W) a.s.

Corollary H.2. The noise-free anchor embedding X is constant within communities:
Z; = Zj = Xz = Xj:.
Proof. By Lemma E.3 and Corollary E.4, the left singular vectors U corresponding to the K* — 1 nontrivial components lie

in the subspace S. Hence each column of U is of the form Zq for some q € R¥, so U is piecewise constant across the
rows indexed by the same community label. In particular, if z; = z;, then

U, =T,
Since X = UX1/2, multiplying by the common matrix »1/2 preserves row equality, and therefore

X, = U512 - 0,512 - X,.
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I. Details of Synthetic Datasets

We consider two synthetic dynamic network settings generated from a dynamic stochastic block model observed over T' = 3
time steps. The number of communities varies over time and is given by

KM =3, K® =2 KO =2

Although the number and composition of communities change over time, we assume that this evolution can be explained by
K = 3 distinct community trajectories, each describing how a node’s community membership evolves over time.

The temporal evolution is governed by deterministic mappings {c(¥)}3_,, where c(*) (k) denotes the community index at
time ¢ associated with the k-th trajectory. These mappings are given by

AMay=1, M2)=2 V3)=3,
AD1)y=1, 22 =1, 23) =2
A1)y=1, Q) =2 I3)=2

Equivalently, the correspondence between latent trajectories and observable communities at each time point can be described
as follows:

e Attime ¢t = 1, all trajectories correspond to distinct communities: trajectory k forms community &k for k = 1,2, 3.
e Attime t = 2, trajectories 1 and 2 merge and jointly form community 1, while trajectory 3 alone forms community 2.

e Attime ¢ = 3, trajectory 1 alone forms community 1, while trajectories 2 and 3 merge and jointly form community 2.

The two experimental settings differ only in the distribution 7r over latent trajectories:

Experiment 1: 7 = (0.3, 0.4, 0.3),
Experiment 2: 7 = (0.4, 0.5, 0.1).

The second configuration introduces a substantial imbalance in community sizes, resulting in markedly increased degree
heterogeneity across nodes. This setting is designed to assess the robustness of Laplacian based dynamic embeddings in
comparison to adjacency based methods under heterogeneous degree regimes.

J. Additional Experimental Details
J.1. Baseline Implementations and Hyperparameters

For the temporal deep learning baselines, we used the official implementations and followed the hyperparameter settings
and evaluation protocols recommended in the corresponding repositories or papers. Our goal was to compare ULSE against
standard, reproducible baseline configurations rather than introduce additional dataset specific tuning choices. This choice is
particularly important because these baselines optimize predictive objectives, such as link prediction, whereas ULSE is an
unsupervised spectral embedding method designed to recover a stable latent geometry. Extensive per dataset tuning of the
baselines could therefore introduce task and dataset dependent variability that is not directly tied to the stability properties
studied in this paper.

In our DyGLib based implementation, the shared training configuration used batch size 32, Adam optimizer with learning
rate 1073 and weight decay 5 x 10~%, dropout 0.1, two layers, four attention heads, time-feature dimension 32, uniform
temporal-neighbor sampling with five neighbors, time scaling factor 10.0, random negative sampling, and 50 training epochs
with patience 5. For DyGFormer, we used patch size 16, channel embedding dimension 12, and maximum input sequence
length 10. No validation or test split was used in this stage, since the trained models were used to extract node embeddings
for downstream clustering rather than to tune predictive performance.
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Figure 3. Clustering performance (NMI and ARI) for Experiments 1 and 2 as the intra-community probability p varies.
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Figure 4. t-SNE visualizations of dynamic embeddings for the second synthetic dataset with p = 0.4. Top: ULSE-nl. Bottom: UASE.
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K. Further Comparison among ULSE-n1, ULSE-n2 and UASE

In the second synthetic dataset, the imbalance in community size distributions leads to substantially lower degrees for nodes
in the smallest community. As reported in Table 1 of the main paper, this degree heterogeneity has a markedly stronger
negative impact on UASE than on ULSE.

To further examine this effect, Figure 3 reports the performance of ULSE-n1, ULSE-n2, and UASE in terms of NMI and
ARI as the intra-community connection probability p varies, with the inter-community probability fixed at ¢ = 0.2. For
the second synthetic dataset, UASE performance degrades sharply in the range p € [0.4, 0.45], while both ULSE-n1 and
ULSE-n2 remain stable. This behavior explains the superior performance of ULSE observed in the main experimental
results.

The statistical significance of this performance gap is summarized in Table 3, which reports one-sided p-values comparing
ULSE against UASE for both NMI and ARI on the second synthetic dataset.

Table 3. One-sided p-values comparing ULSE and UASE on the second synthetic dataset

Method Metric p=04 p=10.45

ULSE-nl NMI 1.535x 1077 4.899 x 10~7
ARI 2441 x 1072 1.952x 1076

ULSE-n2 NMI 7.8x1071 2347 %1077
ART <1x107'2 1.552x10°F

The root cause of this discrepancy lies in the design of UASE, which is known to suppress information from low-degree
nodes by treating it as noise (Krzakala et al., 2013). In contrast, ULSE-n1 incorporates degree normalization and leverages
smaller singular values of the unfolded normalized Laplacian, thereby preserving informative structure associated with
low-degree nodes.

For additional qualitative insight against UASE, Figure 4 shows t-SNE (van der Maaten & Hinton, 2008) projections of
the learned embeddings for the second synthetic dataset with p = 0.4. ULSE-n1 produces well separated and temporally
consistent clusters, whereas UASE misplaces nodes from the smallest community (shown as red crosses), scattering them
across the embedding space. This misalignment directly contributes to the degraded clustering performance of UASE in this
regime.

However, ULSE-n1 may exhibit degradation in low-p regimes when the graph becomes increasingly heterophilous (p < ¢).
In this setting, informative community structure in the normalized Laplacian shifts toward larger eigenvalues. Since ULSE-nl
relies on the smaller singular values of the unfolded normalized Laplacian, the resulting embeddings become less informative.
In contrast, UASE and ULSE-n2 retain informative spectral structure in their respective operators and therefore maintain
stronger performance in this regime.

To further clarify the difference between ULSE-nl and ULSE-n2, we examine regimes in which aggregated normalization
is beneficial. The two variants differ in how degree normalization is handled across time. ULSE-nl uses per snapshot
normalization and is therefore closely tied to the spectrum of each individual normalized Laplacian. This is effective when
degree distributions are relatively stable and the informative structure is captured by the smaller nontrivial singular directions.
In contrast, ULSE-n2 uses a time-aggregated left normalization, which stabilizes node-wise scaling across snapshots. We
therefore expect ULSE-n2 to be preferable when degree distributions vary substantially over time or when the community
structure is heterophilous.

To quantify longitudinal stability, we compute community-level displacement statistics. For each community whose
connectivity profile is preserved between two snapshots, we compute the average Euclidean displacement of its embedded
nodes across the corresponding time points. We define the displacement ratio as

. . average displacement of community £ when its connectivity profile is unchanged
DispRatio(k) =

average displacement of community & when its connectivity profile changed

A smaller displacement ratio indicates stronger longitudinal stability.

Figure 5 compares ULSE-n1 and ULSE-n2 as the intra-community probability p varies from 0.1 to 1.0, with the inter-
community probability fixed at ¢ = 0.5. When p > ¢, the main source of instability is temporal degree variation, and
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Displacement Ratio vs p (q=0.5)
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Figure 5. Displacement ratios for ULSE-n1 and ULSE-n2 as the intra-community probability p varies, with inter-community probability
fixed at ¢ = 0.5. Smaller values indicate stronger longitudinal stability. We report results for communities whose connectivity profiles are
preserved across the relevant time points.

ULSE-n2 yields slightly smaller displacement ratios than ULSE-n1. When p < ¢, the graph becomes heterophilous and the
informative structure shifts away from the smaller singular directions used by ULSE-n1. In this regime, ULSE-n2 achieves
substantially smaller displacement ratios, indicating stronger longitudinal stability.

The embedding visualizations in Figure 6 provide a qualitative explanation for this behavior. In the heterophilous regime
p < g, ULSE-nl1 fails to clearly distinguish communities because the smaller singular directions of the unfolded normalized
Laplacian become less informative. By contrast, ULSE-n2 retains the relevant structural information through its aggregated
normalization and produces embeddings with clearer community separation. These results support the use of ULSE-n2 in
settings with strong temporal degree variability or heterophilous community structure.

L. Stability Results Including UASE

For completeness, we report the full set of stability experiments presented in the main paper, now including a direct
comparison with UASE in Figure 7. All embeddings (UASE, ULSE-n1, and ULSE-n2) are three-dimensional. The figure
displays two coordinates corresponding to the two largest singular values for UASE and ULSE-n2, and the two smallest
nontrivial singular values for ULSE-n1.

Across the evaluated synthetic settings, all three methods recover the expected temporal evolution of communities and
exhibit consistent alignment across snapshots. In particular, UASE also satisfies the stability conditions in this controlled
regime, consistent with its theoretical guarantees under dynamic latent position models. This experiment highlights that
ULSE preserves stability properties comparable to UASE while extending them to Laplacian based operators.

M. Stability Analysis of Deep Learning Methods

We evaluate whether representative deep learning models for temporal graphs satisfy the stability conditions studied in
this thesis using the synthetic dynamic networks described earlier. For qualitative assessment, we apply t-SNE (van der
Maaten & Hinton, 2008) to project learned node embeddings into two dimensions. Although t-SNE does not preserve global
geometry, it is sufficient to reveal violations of cross-sectional stability and to visually assess whether community structure
remains coherent across time.

As stable baselines, we include t-SNE visualizations of ULSE-n1 and ULSE-n2. We compare these against embeddings
produced by four widely used deep learning approaches for temporal networks: JODIE (Kumar et al., 2019), DyRep (Trivedi
et al., 2019), TGN (Rossi et al., 2020), and DyGFormer (Yu et al., 2023). All models are trained and evaluated using their
standard, publicly documented protocols.

Figures 8 and 9 show that ULSE-n1 and ULSE-n2 yield embeddings with clearly separated communities that remain
aligned across time steps, reflecting both cross-sectional and longitudinal stability. In contrast, the deep learning methods
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Figure 6. Embedding visualizations comparing ULSE-n1 and ULSE-n2 in a regime where p < ¢g. ULSE-n1 fails to clearly separate the
communities, whereas ULSE-n2 better preserves community separation and temporal alignment.

exhibit substantial instability: community clusters fragment, overlap, or drift across snapshots, indicating that the learned
embeddings are not comparable over time.

These results are consistent with the design objectives of existing deep temporal graph models. Such methods are primarily
optimized for downstream predictive tasks (e.g., link prediction or event forecasting) and do not impose geometric constraints
that enforce temporal alignment or invariance. Consequently, their embeddings generally fail to satisfy the stability properties
required for principled longitudinal analysis.

33



Unfolded Laplacian Spectral Embedding

USE_ULSE-n1 at Time 1

USE_ULSE-n1 at Time 2

USE_ULSE-n1 at Time 3

004 ® Community 1 o4 0.04 0.04
A Community 2
. Slid
0034 ® Community3 ¢ 0.03 003
L)
L
0.02 0.02 0.02
A
Ao
0.01 0.01 ' ﬁ e 0.01
. Dahens.
0.00 . 0.00 Ak 0.00
» P L4 i 4 . " w15y ? .
L oo A
PR £ P
o001 2 . ‘.M A aa —0.01 L I * ‘:'ﬂf —0.01 wibw ‘:“A
'y A A ™ » L] ", .
o aw aa ta kA o = A <
-0.02 4 - -0.02 -0.02
Y T Al s
ARt w miy ’t.‘“ X
-0.03 A Al -0.03 —0.03 i A e
a AA A
a
—0.04 —0.03 —0.02 —0.01 0.00 0.01 0.02 —0.04 —0.03 —0.02 —0.01 0.00 0.01 0.02 —0.04 —0.03 —0.02 —0.01 0.00 0.01 0.02
USE_ULSE-n2 at Time 1 USE_ULSE-n2 at Time 2 USE_ULSE-n2 at Time 3
e Community 1 N AL Gl
0.044 a Community2 i 0.044 0.04 A A
A
® Community3 |, Lam,
A A
0.02 0.02 4 3 = 0.02
" = A
5 . A
. 5 ., &
[ = ~
0.00{ #* 000 w 0.00
s * N
.o
.
—0.02 —0.02 -0.02
A
~0.04 ~0.04 -0.04
0.030 0035 0.040 0.045 0.050 0.030 0.035 0.040 0.045 0.050 0030 0.035 0.045 0.050
USE_UASE at Time 1 USE_UASE at Time 2 USE_UASE at Time 3
. e Community 1
L Community 2
S . * ¥ o
0.4 ™ & .-‘ ® % Community3 0 0%
® e Po
Piese
whit "
L] o A L]
0.2 o ) 024 @ o 0.2
. a n-i""
-x‘ % ® o @u's &
. 5 % & (] 4°
. * * * }' ° 6w
b »
0.0 & - " 0.0 e 0.0
. % DAY of SR .
a *‘l t+ Yy a :“A L * ey RS a
= A
atadui “rty . .o . anet
-0.2 4,4 ML ~0.2 e a4 -0.2 Nr % y 4
N A . EIY N 73
A aafiaast ‘f? £
Y
LAY o~ N ﬁ‘ 2
—0.4 Ax —0.4 0.4 A F
A ata
a 3
—0.6 —0.5 —-0.4 -3 —-0.2 —0.6 —05 —0.4 —0.3 —0:2 —0.6 -0.5 -0.4 -0.3 —-0.2

Figure 7. Three-dimensional dynamic embeddings on the synthetic dataset. Top: ULSE-n1. Middle: ULSE-n2. Bottom: UASE.
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Figure 8. t-SNE projections of dynamic embeddings produced by ULSE. Top: ULSE-n1. Bottom: ULSE-n2.
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Figure 9. t-SNE projections of dynamic embeddings learned by deep temporal graph models. From top to bottom: JODIE, DyRep, TGN,

and DyGFormer.
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