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Abstract

Time series forecasting fundamentally involves
learning probability distributions over future ob-
servations. However, existing loss functions rely
on point-wise Euclidean metrics, neglecting the
intrinsic geometric structure of probability dis-
tributions. This leads to suboptimal alignment
between predicted and true distributions, particu-
larly for uncertainty quantification. We propose
InfoGeo Loss, a principled loss function grounded
in information geometry that measures distribu-
tional discrepancies on statistical manifolds. Our
approach comprises three key components: (1)
a distribution parameterization module that mod-
els predictions with learnable sufficient statistics,
(2) a Fisher information metric that quantifies in-
trinsic distributional distance, and (3) a Bregman
divergence component that captures asymmetric
prediction errors. We further introduce a natural
gradient weighting strategy for efficient optimiza-
tion on statistical manifolds. Theoretically, we
prove statistical consistency and establish con-
vergence guarantees. Extensive experiments on
seven datasets with five architectures show that
InfoGeo Loss consistently outperforms existing
losses, achieving average improvements of 6.8%
in MSE and 5.3% in MAE. The code is available
at https://github.com/fangjiayu98/
infoGeo.

1University of Sydney Business School, The University of
Sydney, Sydney, Australia 2Department of Mathematics, State
University of New York at Stony Brook, Stony Brook, NY,
United States 3School of Information Engineering, Wenzhou Busi-
ness College, Wenzhou, China 4School of Computing Science,
University of Glasgow, Glasgow, United Kingdom 5School of
Economics and Business Administration, Chongqing University,
Chongqing, China. Correspondence to: Hongwei Ma <hong-
wei.ma@sydney.edu.au>.

Proceedings of the 43 rd International Conference on Machine
Learning, Seoul, South Korea. PMLR 306, 2026. Copyright 2026
by the author(s).

1. Introduction
Time series forecasting is fundamental to climate science
(Lam et al., 2023), traffic management (Kong et al., 2024),
financial markets (Huang et al., 2024), and energy systems
(Zhou et al., 2021). Recent deep learning advances have pro-
duced sophisticated architectures—Transformers (Liu et al.,
2024a; Nie et al., 2023), MLPs (Zeng et al., 2023; Wang
et al., 2024), and CNNs (Wu et al., 2023)—that capture
complex temporal patterns with remarkable accuracy.

Despite these architectural innovations, a critical aspect re-
mains under-explored: loss function design that properly
measures forecasting quality. The overwhelming majority
of methods optimize Mean Squared Error (MSE), which suf-
fers from three fundamental limitations (as shown in Figure
1): ❶ Ignores probabilistic nature. Time series forecast-
ing inherently involves learning conditional distributions
rather than deterministic mappings. MSE treats predictions
as point estimates, failing to capture uncertainty. Two pre-
dictions with identical MSE may have vastly different con-
fidence intervals, yet MSE assigns equal loss. ❷ Neglects
distributional geometry. When predictions represent distri-
bution parameters (e.g., means and variances), the parameter
space forms a statistical manifold with intrinsic curvature
induced by the Fisher information metric (Amari, 2016).
Euclidean distances ignore this geometry—moving from a
narrow distribution to a wide one differs fundamentally from
shifting the mean, yet MSE treats them identically. ❸ Sym-
metric error penalties. MSE penalizes over-prediction and
under-prediction equally. In risk-sensitive applications (e.g.,
underestimating electricity demand causes blackouts), asym-
metric errors have different consequences that MSE cannot
capture. Recent efforts—shape-focused losses (Le Guen &
Thome, 2019; Lee et al., 2022), frequency-domain meth-
ods (Meng et al., 2023), and patch-based approaches (Ku-
drat et al., 2025)—address specific issues but lack a unified
probabilistic framework. Information geometry (Amari,
2016; Nielsen, 2020) provides a rigorous solution by study-
ing probability distributions as points on curved manifolds,
Where distances respect intrinsic structure. This perspective
has proven powerful in statistical inference (Amari, 1998)
and neural optimization (Martens, 2020), yet remains unex-
plored for time series loss design.

We propose InfoGeo Loss, a principled loss function

1

https://github.com/fangjiayu98/infoGeo
https://github.com/fangjiayu98/infoGeo


Information Geometry Loss for Time Series Forecasting

Ignores Probabilistic Nature Neglects Distributional Geometry Symmetric Error Penalties
② ③①

Equal Penalty = 1.0
(MSE sees)

Waste / Excess
Resources

Power Outage /
Critical Failure

What’s actually happening
(uncertainty,shape)

MSE = 0.25MSE = 0.25MSE = 0.25MSE = 0.25

What MSE sees
(single point estimate)

Tight confidence intervales
(uncertainty,shapes)

Tight confidence intervales
(tight confidence intervale)

Probability GEOMETRY
IGNORED

Straight Ruler
(MSE uses)

GEOMETRY
IGNORED

REAL IMPACT
IGNORED

Real Impact:

UNEQUAL CONSEQUENCES

Statistical Manifold
(complex reality,ignored)

Distribution A
N(0,1)

Distribution B
N(0,1)

Distribution C
N(1,1)

GEOMETRY
IGNORED

MSE
Perspective
(incorrect)

Flat Euclidean Plane
(simpiffication,MSE sees)

straight distance
measurement

Distribution A
N(0,1)

Distribution B
N(0,2)

Distribution C
N(1,1)

Error < 0
(Over-prediction)

Error > 0
(Under-prediction)

Figure 1. Three fundamental limitations of Mean Squared Error
(MSE) in time series forecasting.

grounded in information geometry that measures distribu-
tional discrepancies on statistical manifolds. Our design
integrates four key components: ❶ Distribution Parame-
terization. We model each prediction as a full probabil-
ity distribution with learnable parameters (mean and stan-
dard deviation), explicitly representing uncertainty. Ground
truth observations are fitted to corresponding distributions
via maximum likelihood estimation, transforming forecast-
ing into a distribution-to-distribution matching problem. ❷
Fisher Information Metric. We measure distances between
distributions using the Fisher information matrix, which en-
codes how sensitive the likelihood is to parameter changes.
This metric naturally accounts for the curved geometry of
the statistical manifold, ensuring that optimization follows
geometrically natural paths rather than arbitrary Euclidean
directions. ❸ Bregman Divergence. We incorporate asym-
metric error handling through Bregman divergences derived
from convex potential functions. For exponential family dis-
tributions, this component reduces to the Kullback-Leibler
divergence, connecting our approach to maximum likeli-
hood principles while allowing domain-specific error prefer-
ences. ❹ Natural Gradient Weighting. We employ natural
gradients—which follow the steepest descent direction on
the statistical manifold rather than in Euclidean space—by
pre-conditioning standard gradients with the inverse Fisher
information matrix. Component weights are dynamically
adjusted to balance geometric and divergence terms through-
out training. Our contributions are as follows:

❶ We introduce the first information-geometric loss for time
series forecasting that measures distributional discrepancies
on statistical manifolds rather than Euclidean space. Unlike
existing losses that operate on point predictions, InfoGeo
Loss treats forecasting as learning probability distributions,
enabling principled uncertainty quantification.

❷ We establish three key theoretical results: (i) statistical
consistency—minimizing InfoGeo Loss yields asymptoti-
cally consistent estimators of the true conditional distribu-
tion; (ii) convergence guarantees—natural gradient descent
achieves linear convergence rate under smoothness assump-

tions; (iii) reparameterization invariance—the loss remains
unchanged under coordinate transformations of the distribu-
tion family.

❸ Experiments on seven benchmark datasets demonstrate
consistent improvements. Zero-shot forecasting shows su-
perior generalization, outperforming MSE baseline in 33
out of 36 cross-dataset transfer scenarios.

Conflict of Interest Disclosure The authors declare no
financial or other substantive conflicts of interest that could
reasonably be perceived to influence the work presented in
this paper.

2. Related Work
2.1. Time Series Forecasting Architectures

Deep learning has revolutionized time series forecasting
through diverse architectural paradigms. Transformer-
based models leverage self-attention to capture long-range
dependencies: Informer (Zhou et al., 2021) introduced Prob-
Sparse attention for efficiency, FEDformer (Zhou et al.,
2022) enhanced frequency-domain modeling, PatchTST
(Nie et al., 2023) applied patching strategies, and iTrans-
former (Liu et al., 2024a) inverted attention to focus on vari-
ate relationships. MLP-based models offer simpler alterna-
tives: DLinear (Zeng et al., 2023) demonstrated that linear
layers can outperform complex Transformers, TimeMixer
(Wang et al., 2024) introduced decomposable multi-scale
mixing, and SparseTSF (Lin et al., 2024) achieved strong
performance with minimal parameters. CNN-based models
excel at local patterns: TimesNet (Wu et al., 2023) proposed
temporal 2D-variation modeling, and ModernTCN (Luo &
Wang, 2024) revitalized temporal convolutions with modern
design. LLM-based models represent an emerging fron-
tier: Time-LLM (Jin et al., 2023) reprograms large language
models for time series, while OFA (Zhou et al., 2023) and
AutoTimes (Liu et al., 2024b) leverage pre-trained trans-
formers.

2.2. Loss Functions for Time Series

Recognizing MSE’s limitations, researchers have explored
alternative objectives. Shape-focused losses emphasize
temporal alignment: Soft-DTW (Cuturi & Blondel, 2017)
makes Dynamic Time Warping differentiable, DILATE
(Le Guen & Thome, 2019) combines shape and temporal
distortion (though computationally expensive), and TILDE-
Q (Lee et al., 2022) introduces transformation invariance
for amplitude-independent shape matching. Frequency-
domain losses operate on spectral representations: FreDF
(Meng et al., 2023) learns forecasts in frequency space to
improve dependency modeling, bypassing label correlation
issues. Patch-based losses introduce local structural com-
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parisons: recent work (Kudrat et al., 2025) measures corre-
lation, variance, and mean at patch level to capture localized
patterns. Probabilistic losses model uncertainty: quantile
loss (Koenker & Bassett Jr, 1978) enables prediction inter-
vals, and negative log-likelihood maximizes probabilistic
fit.

3. Preliminaries
We introduce essential concepts from information geometry
that underpin our methodology.

3.1. Statistical Manifolds and Fisher Information

Let P = {pθ : θ ∈ Θ ⊂ Rd} be a parametric family of
probability distributions, Where θ is the parameter vector.
The setP forms a d-dimensional statistical manifold, Where
each point corresponds to a distribution.

Definition 3.1 (Fisher Information Matrix). The Fisher in-
formation matrix at parameter θ is defined as:

I(θ) = Ex∼pθ
[
∇θ log pθ(x)∇θ log pθ(x)⊤

]
(1)

Equivalently, under regularity conditions:

I(θ) = −Ex∼pθ
[
∇2
θ log pθ(x)

]
(2)

The Fisher matrix I(θ) serves as the Riemannian metric
tensor on P , measuring the local curvature of the manifold.
It quantifies how sensitive the distribution is to parameter
changes: high Fisher information indicates that small pa-
rameter perturbations cause large distributional shifts.

Definition 3.2 (Fisher Distance). The Fisher distance (or
Fisher-Rao distance) between distributions pθ and pθ′ is the
geodesic distance on the statistical manifold:

dF (pθ, pθ′) = inf
γ

∫ 1

0

√
γ̇(t)⊤I(γ(t))γ̇(t) dt (3)

Where γ : [0, 1]→ Θ is a smooth curve with γ(0) = θ and
γ(1) = θ′.

For small parameter differences, the Fisher distance can be
approximated as:

dF (pθ, pθ′) ≈
√
(θ′ − θ)⊤I(θ)(θ′ − θ) (4)

This approximation is exact for exponential families and
provides a computationally tractable metric for our loss
function.

3.2. Bregman Divergences and Convex Duality

Bregman divergences generalize Euclidean distances using
convex functions, enabling asymmetric error penalties.

Definition 3.3 (Bregman Divergence). Given a strictly con-
vex function ϕ : Θ→ R, the Bregman divergence from θ to
θ′ is:

Dϕ(θ∥θ′) = ϕ(θ)− ϕ(θ′)− ⟨∇ϕ(θ′), θ − θ′⟩ (5)

Bregman divergences are always non-negative and equal
zero if and only if θ = θ′. Unlike Euclidean distance, they
are generally asymmetric: Dϕ(θ∥θ′) ̸= Dϕ(θ

′∥θ).

**Connection to Exponential Families.** For exponential
family distributions:

pθ(x) = exp (⟨θ, T (x)⟩ −A(θ))h(x) (6)

Where T (x) is the sufficient statistic and A(θ) is the log-
partition function, the Bregman divergence with ϕ = A
yields the KL divergence:

DA(θ∥θ′) = KL(pθ∥pθ′) (7)

This connection allows us to interpret our loss function in
terms of maximum likelihood estimation.

3.3. Natural Gradients

Standard gradient descent updates parameters in the direc-
tion of steepest descent in Euclidean space:

θk+1 = θk − η∇θL(θk) (8)

However, this may not align with the manifold geometry.
Natural gradient descent (Amari, 1998) corrects for curva-
ture by pre-multiplying with the inverse Fisher matrix:

θk+1 = θk − ηI(θk)−1∇θL(θk) (9)

This ensures updates follow geodesics on the statistical man-
ifold, often leading to faster convergence.

4. Methodology
We now present the detailed design of InfoGeo Loss, com-
prising four key modules: Distribution Parameterization,
Fisher Information Metric, Bregman Divergence Loss, and
Natural Gradient Weighting. Each module is accompanied
by theoretical justifications. Figure 2 illustrates the overall
framework.

4.1. Distribution Parameterization Module

Time series data inherently contains uncertainty from noise,
incomplete observations, and chaotic dynamics. Point esti-
mates fail to capture this stochasticity, limiting expressive-
ness and robustness. Parameterizing predictions as proba-
bility distributions addresses this limitation through three
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Figure 2. The overall framework of the proposed method.

mechanisms: it enables explicit uncertainty quantification
with confidence intervals crucial for risk-sensitive applica-
tions, provides richer loss landscapes Where distributional
comparisons yield more informative gradients than point-
wise metrics, and establishes theoretical guarantees by
connecting to maximum likelihood estimation and statisti-
cal consistency.

4.1.1. DISTRIBUTION FAMILY SELECTION

We model each time step t and channel c as following
a Gaussian distribution, a natural choice for continuous-
valued time series:

pθc,t(y) = N (y | µc,t, σ2
c,t) (10)

Where θc,t = (µc,t, σc,t) are the location and scale param-
eters. For non-Gaussian data, our framework generalizes
to other exponential families (e.g., Poisson for count data,
Gamma for positive-valued series) by adjusting the Fisher
matrix and Bregman potential accordingly.

4.1.2. PARAMETER ESTIMATION

We augment the backbone model to output both mean and
variance:

µ̂c,t, σ̂c,t = fψ(X)c,t (11)

To ensure σ̂c,t > 0, we apply a softplus activation: σ̂c,t =
log(1 + exp(σ̃c,t)), Where σ̃c,t is the raw network output.

We fit the observed value yc,t to a Gaussian distribu-
tion using a sliding window approach. Specifically, for
each time step t, we collect a local neighborhood Nt =
{yc,t−w, . . . , yc,t, . . . , yc,t+w} of size 2w+1 and compute:

µc,t =
1

2w + 1

∑
s∈Nt

yc,s, σ2
c,t =

1

2w

∑
s∈Nt

(yc,s − µc,t)2

(12)

This local estimation captures time-varying statistics while
avoiding overfitting to single observations. For boundary
cases (t < w or t > T − w), we use asymmetric windows
or set µc,t = yc,t and σc,t to a small constant ϵ.

4.1.3. STATISTICAL CONSISTENCY

Our distributional parameterization connects directly to
maximum likelihood estimation, ensuring theoretical sound-
ness. We establish the following consistency result:

Theorem 4.1 (Statistical Consistency). Assume the true
data-generating process follows yc,t ∼ pθ∗c,t(y | X), Where

θ∗c,t = (µ∗
c,t, σ

∗
c,t) are the true parameters. Let θ̂(n)c,t be

the parameters obtained by minimizing InfoGeo Loss on n
samples. Under regularity conditions, we have:

θ̂
(n)
c,t

P−→ θ∗c,t as n→∞ (13)

Where P−→ denotes convergence in probability. The detailed
proof is provided in Appendix A.5.

4.2. Fisher Information Metric Module

4.2.1. FISHER MATRIX FOR GAUSSIAN DISTRIBUTIONS

For a Gaussian distribution N (µ, σ2), the Fisher informa-
tion matrix is (derivation in Appendix A.1):

I(µ, σ) =

(
1
σ2 0
0 2

σ2

)
(14)

This matrix is diagonal, indicating that µ and σ are orthogo-
nal coordinates on the statistical manifold. The (2, 2) entry
being twice the (1, 1) entry reflects the higher sensitivity of
the distribution to scale changes.
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4.2.2. FISHER DISTANCE COMPUTATION

Given predicted parameters θ̂c,t = (µ̂c,t, σ̂c,t) and ground
truth parameters θc,t = (µc,t, σc,t), the Fisher distance is:

dF (pθ̂c,t , pθc,t) =

√
(θ̂c,t − θc,t)⊤I(θc,t)(θ̂c,t − θc,t)

(15)

Expanding this:

dF =

√
(µ̂c,t − µc,t)2

σ2
c,t

+
2(σ̂c,t − σc,t)2

σ2
c,t

(16)

This metric naturally weights mean errors by the inverse vari-
ance (precision) and scale errors by a factor of 2, aligning
with the information-theoretic importance of these parame-
ters. The first-order approximation used here is justified in
Appendix A.3, Where we show it is exact for exponential
families and has error O(∥θ′ − θ∥2) in general.

4.2.3. AGGREGATION ACROSS TIME AND CHANNELS

We aggregate Fisher distances over all time steps and chan-
nels:

LFisher =
1

CT

C∑
c=1

T∑
t=1

dF (pθ̂c,t , pθc,t) (17)

This formulation ensures that the loss respects the manifold
geometry at each point, providing a geometrically principled
measure of prediction quality.

4.2.4. REPARAMETERIZATION INVARIANCE

A crucial property of the Fisher metric is its invariance under
coordinate transformations:

Proposition 4.2 (Reparameterization Invariance). Let ϕ :
Θ→ Θ′ be a smooth bijection (reparameterization). Then
the Fisher distance satisfies (The proof is provided in Ap-
pendix A.7):

dF (pθ, pθ′) = dF (pϕ(θ), pϕ(θ′)) (18)

4.3. Bregman Divergence Loss

While the Fisher metric is symmetric, many forecasting
applications exhibit asymmetric error costs. Bregman di-
vergences naturally introduce asymmetry through their def-
inition, allowing us to penalize certain error types more
heavily.

4.3.1. BREGMAN DIVERGENCE FOR GAUSSIANS

For Gaussian distributions, we use the KL divergence as the
Bregman divergence, derived from the log-partition function

A(θ) = µ2

2σ2 + log σ (derivation in Appendix A.2):

DKL(pθc,t∥pθ̂c,t) =
(µc,t − µ̂c,t)2

2σ̂2
c,t

+
σ2
c,t

2σ̂2
c,t

+ log
σ̂c,t
σc,t
− 1

2
(19)

The KL divergence is asymmetric: DKL(p∥q) ̸= DKL(q∥p).
In our formulation, we compute:

LBregman =
1

CT

C∑
c=1

T∑
t=1

DKL(pθc,t∥pθ̂c,t) (20)

This choice penalizes predicted distributions that assign low
probability to the ground truth more heavily than those that
are overly confident.

4.3.2. CONNECTION TO MAXIMUM LIKELIHOOD

The Bregman divergence with the log-partition function as
potential connects directly to maximum likelihood estima-
tion for exponential families. As detailed in Appendix A.4,
for exponential family distributions:

pθ(x) = exp (⟨θ, T (x)⟩ −A(θ))h(x) (21)

the Bregman divergence DA(θ∥θ′) equals the KL diver-
gence DKL(pθ∥pθ′). This establishes our loss as a princi-
pled probabilistic objective.

4.4. Natural Gradient Weighting Strategy

The Fisher metric and Bregman divergence operate on differ-
ent scales and have different gradient magnitudes. Naively
summing them with fixed weights may cause one compo-
nent to dominate, leading to suboptimal optimization. In-
spired by multi-task learning (Chen et al., 2018; Sener &
Koltun, 2018), we dynamically adjust weights based on
gradient magnitudes.

4.4.1. GRADIENT-BASED WEIGHT COMPUTATION

At training iteration k, let ψ denote the model parameters.
We compute the gradient norms of each loss component:

G
(k)
Fisher = ∥∇ψL

(k)
Fisher∥2, G

(k)
Bregman = ∥∇ψL(k)

Bregman∥2
(22)

The average gradient magnitude is:

G
(k)

=
G

(k)
Fisher +G

(k)
Bregman

2
(23)

We set the weights inversely proportional to gradient magni-
tudes:

α(k) =
G

(k)

G
(k)
Fisher

, β(k) =
G

(k)

G
(k)
Bregman

(24)

This ensures that both components contribute equally to the
total gradient, preventing dominance by either term.
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4.4.2. NATURAL GRADIENT CORRECTION

To further align optimization with the manifold geometry,
we apply a natural gradient correction. Let Iavg be the aver-
age Fisher matrix across all time steps:

Iavg =
1

CT

C∑
c=1

T∑
t=1

I(θc,t) (25)

The natural gradient update is:

ψk+1 = ψk − ηI−1
avg∇ψL

(k)
InfoGeo (26)

4.4.3. CONVERGENCE RATE

Natural gradient descent with InfoGeo Loss enjoys provable
convergence guarantees:

Theorem 4.3 (Convergence Rate). Assume InfoGeo Loss is
L-smooth and µ-strongly convex with respect to the Fisher
metric. Then natural gradient descent with step size η = 1

L
satisfies:

LInfoGeo(ψk)− LInfoGeo(ψ
∗) ≤ 2L∥ψ0 − ψ∗∥2I

k
(27)

Where ψ∗ is the optimal parameter and ∥ · ∥I denotes the
norm induced by the Fisher metric. The detailed proof is
provided in Appendix A.6.

4.5. Overall InfoGeo Loss

Combining all components, the final InfoGeo Loss is:

LInfoGeo = α(k)LFisher + β(k)LBregman (28)

For integration with existing models, we add InfoGeo Loss
to the standard MSE:

LTotal = LMSE + λLInfoGeo (29)

Where λ is a hyperparameter controlling the contribution of
InfoGeo Loss.

5. Experiments
We conduct comprehensive experiments to validate the ef-
fectiveness of InfoGeo Loss across diverse settings.

5.1. Experimental Setup

Datasets. We use seven real-world multivariate time series
datasets: ETT (ETTh1, ETTh2, ETTm1, ETTm2): Electric-
ity transformer temperature data with hourly and 15-minute
granularities (Zhou et al., 2021). Weather: 21 meteoro-
logical indicators recorded every 10 minutes (Zhou et al.,
2021). ECL: Hourly electricity consumption of 321 clients

(Li et al., 2019). Exchange: Daily exchange rates for 8
countries (Lai et al., 2018).

Backbones. We evaluate InfoGeo Loss on five state-of-the-
art architectures: ❶ Transformer-based: iTransformer (Liu
et al., 2024a), PatchTST (Nie et al., 2023) ❷ MLP-based:
DLinear (Zeng et al., 2023), TimeMixer (Wang et al., 2024)
❸ CNN-based: TimesNet (Wu et al., 2023)

Implementation Details. We follow the official implemen-
tations and hyperparameters of each backbone. We use
Adam optimizer with learning rate 10−3 and batch size 32.
All experiments run on NVIDIA A100-SXM4-80GB GPU.

Evaluation Metrics. We report Mean Squared Error (MSE)
and Mean Absolute Error (MAE) on test sets, averaged over
three random seeds.

5.2. Main Results

Table 1 presents comprehensive results across seven datasets
and five state-of-the-art architectures. InfoGeo Loss consis-
tently outperforms MSE baseline in 137 out of 140 cases,
achieving average improvements of 6.8% in MSE and 5.3%
in MAE. The improvements are particularly pronounced on
simpler architectures: DLinear exhibits the largest gains,
demonstrating that geometric principles can significantly
enhance even basic linear models. Across datasets, ETTm1
and ETTh1 show the strongest improvements, while the ben-
efits amplify with forecasting horizon—at T = 720, Info-
Geo Loss achieves 8.2% average MSE reduction compared
to 5.9% at T = 96, indicating that distributional alignment
becomes increasingly critical as uncertainty accumulates
over longer horizons. The three minor exceptions Where
MSE baseline performs marginally better still show Info-
Geo Loss achieving superior MAE, reflecting natural per-
formance variance rather than systematic failure. Notably,
InfoGeo Loss enhances all five architectures—Transformer-
based (iTransformer, PatchTST), MLP-based (DLinear,
TimeMixer), and CNN-based (TimesNet)—confirming its
generality as an architecture-agnostic loss function that pro-
vides consistent benefits through principled distributional
geometry. More visualizations are provided in Appendix
A.8.

5.3. Comparison with Other Loss Functions

We compare InfoGeo Loss against four advanced alterna-
tives on ETTh1 and Weather datasets with iTransformer
backbone: DILATE (Le Guen & Thome, 2019) (shape-
focused with DTW alignment), TILDE-Q (Lee et al., 2022)
(transformation-invariant shape matching), FreDF (Meng
et al., 2023) (frequency-domain learning), and Patch-wise
Structural Loss (Kudrat et al., 2025) (local pattern compari-
son). Table 2 shows that InfoGeo Loss achieves competitive
or superior performance across most settings, particularly
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Table 1. Long-term multivariate forecasting results. The table reports MSE and MAE for different forecasting lengths T ∈
{96, 192, 336, 720}. The input sequence length is consistent with the backbone setting. Better results are highlighted in bold.

Models iTransformer (2024a) PatchTST (2023) TimeMixer (2024) DLinear (2023) TimesNet (2023)

Loss Functions MSE InfoGeo MSE InfoGeo MSE InfoGeo MSE InfoGeo MSE InfoGeo

Metric MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE

ETTh1

96 0.387 0.405 0.361 0.387 0.370 0.391 0.348 0.375 0.358 0.383 0.336 0.365 0.375 0.399 0.344 0.372 0.384 0.402 0.362 0.385
192 0.429 0.441 0.398 0.418 0.413 0.428 0.387 0.407 0.396 0.413 0.372 0.395 0.405 0.420 0.371 0.391 0.421 0.436 0.395 0.415
336 0.491 0.462 0.456 0.441 0.432 0.436 0.405 0.418 0.512 0.470 0.478 0.448 0.447 0.448 0.418 0.427 0.494 0.471 0.467 0.456
720 0.509 0.494 0.465 0.467 0.450 0.466 0.421 0.445 0.497 0.476 0.461 0.453 0.504 0.515 0.459 0.478 0.504 0.515 0.471 0.488

Avg 0.454 0.450 0.420 0.428 0.416 0.430 0.390 0.411 0.441 0.435 0.412 0.415 0.433 0.445 0.398 0.417 0.451 0.456 0.424 0.436

ETTh2

96 0.301 0.350 0.283 0.335 0.274 0.336 0.265 0.325 0.291 0.342 0.277 0.328 0.290 0.353 0.274 0.338 0.330 0.367 0.312 0.351
192 0.380 0.399 0.361 0.384 0.339 0.380 0.325 0.367 0.376 0.396 0.352 0.378 0.388 0.422 0.356 0.393 0.405 0.415 0.383 0.398
336 0.424 0.432 0.402 0.418 0.331 0.380 0.318 0.368 0.437 0.439 0.408 0.419 0.463 0.473 0.428 0.445 0.454 0.451 0.421 0.428
720 0.430 0.447 0.432 0.441 0.378 0.421 0.367 0.410 0.464 0.464 0.431 0.442 0.733 0.606 0.612 0.551 0.434 0.448 0.425 0.439

Avg 0.384 0.407 0.369 0.394 0.331 0.379 0.319 0.367 0.392 0.410 0.367 0.392 0.469 0.463 0.418 0.432 0.406 0.420 0.385 0.404

ETTm1

96 0.342 0.377 0.319 0.355 0.288 0.342 0.275 0.329 0.328 0.364 0.308 0.345 0.301 0.345 0.286 0.332 0.334 0.375 0.318 0.361
192 0.383 0.396 0.361 0.378 0.334 0.372 0.318 0.358 0.364 0.382 0.345 0.367 0.336 0.366 0.320 0.352 0.406 0.413 0.381 0.395
336 0.418 0.418 0.392 0.399 0.367 0.393 0.348 0.376 0.387 0.402 0.369 0.386 0.372 0.389 0.352 0.371 0.415 0.422 0.389 0.402
720 0.487 0.457 0.453 0.432 0.417 0.422 0.392 0.405 0.472 0.449 0.437 0.425 0.427 0.423 0.401 0.406 0.511 0.472 0.474 0.448

Avg 0.408 0.412 0.381 0.391 0.352 0.382 0.333 0.367 0.388 0.399 0.365 0.381 0.359 0.381 0.340 0.365 0.417 0.421 0.390 0.401

ETTm2

96 0.186 0.272 0.173 0.256 0.164 0.253 0.157 0.244 0.175 0.257 0.167 0.248 0.172 0.267 0.161 0.251 0.189 0.266 0.178 0.254
192 0.254 0.314 0.238 0.298 0.221 0.291 0.211 0.281 0.240 0.302 0.229 0.290 0.237 0.314 0.219 0.294 0.263 0.312 0.244 0.296
336 0.316 0.351 0.295 0.334 0.277 0.329 0.263 0.316 0.303 0.343 0.286 0.327 0.295 0.359 0.272 0.330 0.326 0.354 0.301 0.335
720 0.414 0.407 0.387 0.388 0.365 0.384 0.348 0.371 0.396 0.400 0.374 0.383 0.427 0.439 0.385 0.405 0.418 0.405 0.395 0.392

Avg 0.292 0.336 0.273 0.319 0.257 0.314 0.245 0.303 0.278 0.326 0.264 0.312 0.283 0.345 0.259 0.320 0.299 0.334 0.279 0.319

Weather

96 0.176 0.216 0.165 0.204 0.151 0.198 0.146 0.191 0.165 0.212 0.158 0.202 0.174 0.233 0.167 0.221 0.172 0.220 0.166 0.213
192 0.227 0.260 0.214 0.247 0.196 0.242 0.188 0.233 0.211 0.254 0.202 0.242 0.218 0.278 0.207 0.261 0.225 0.264 0.218 0.256
336 0.282 0.299 0.268 0.287 0.248 0.282 0.239 0.272 0.263 0.293 0.253 0.281 0.263 0.314 0.251 0.296 0.281 0.304 0.274 0.297
720 0.357 0.348 0.341 0.336 0.319 0.335 0.308 0.323 0.343 0.345 0.329 0.332 0.332 0.374 0.316 0.352 0.359 0.354 0.347 0.345

Avg 0.261 0.281 0.247 0.268 0.228 0.264 0.220 0.255 0.245 0.276 0.235 0.264 0.247 0.300 0.235 0.282 0.259 0.285 0.251 0.278

ECL

96 0.148 0.239 0.142 0.233 0.130 0.223 0.126 0.218 0.153 0.245 0.147 0.239 0.140 0.237 0.135 0.231 0.168 0.272 0.161 0.265
192 0.167 0.258 0.159 0.250 0.149 0.240 0.143 0.234 0.166 0.257 0.160 0.251 0.154 0.250 0.148 0.243 0.186 0.289 0.177 0.279
336 0.178 0.271 0.171 0.264 0.165 0.257 0.158 0.250 0.185 0.275 0.178 0.268 0.169 0.268 0.162 0.261 0.196 0.297 0.188 0.289
720 0.211 0.300 0.202 0.292 0.208 0.296 0.198 0.287 0.224 0.312 0.216 0.304 0.204 0.300 0.196 0.291 0.235 0.329 0.224 0.318

Avg 0.176 0.267 0.168 0.260 0.163 0.254 0.156 0.247 0.182 0.272 0.175 0.265 0.167 0.264 0.160 0.256 0.196 0.297 0.187 0.288

Exchange

96 0.086 0.206 0.088 0.204 0.093 0.214 0.089 0.209 0.086 0.204 0.083 0.201 0.085 0.209 0.081 0.201 0.105 0.235 0.101 0.229
192 0.181 0.304 0.174 0.298 0.194 0.315 0.186 0.306 0.187 0.306 0.180 0.300 0.162 0.296 0.155 0.287 0.232 0.351 0.221 0.340
336 0.338 0.422 0.325 0.413 0.355 0.436 0.340 0.423 0.386 0.454 0.361 0.432 0.333 0.441 0.318 0.427 0.393 0.462 0.374 0.447
720 0.853 0.696 0.821 0.677 0.903 0.712 0.905 0.709 0.928 0.727 0.887 0.702 0.898 0.725 0.843 0.693 1.011 0.768 0.968 0.741

Avg 0.364 0.407 0.352 0.398 0.386 0.419 0.380 0.412 0.397 0.423 0.378 0.409 0.381 0.420 0.349 0.402 0.435 0.454 0.416 0.439

excelling at shorter horizons Where distributional precision
is critical. At T = 96, InfoGeo Loss attains the lowest
MSE on both datasets, demonstrating effective uncertainty
quantification. While Patch-wise loss occasionally matches
InfoGeo Loss at longer horizons, InfoGeo Loss maintains
consistent advantages in MAE, reflecting better alignment
of predicted distributions with ground truth. Notably, In-
foGeo Loss outperforms frequency-domain (FreDF) and
shape-focused (DILATE, TILDE-Q) methods by 2-4% on
average, validating that information-geometric principles
provide a more principled framework than heuristic shape or
spectral metrics. The performance gap narrows at T = 720
as all methods face increased uncertainty, yet InfoGeo Loss
remains among the top performers, confirming its robustness
across forecasting horizons.

5.4. Ablation Study

Table 3 dissects the contribution of each InfoGeo Loss com-
ponent on ETTm1 with DLinear backbone. Removing the
Fisher metric causes the largest performance drop, confirm-
ing that geometric distance on statistical manifolds is the

core mechanism. Ablating the Bregman divergence yields
smaller but consistent degradation, demonstrating that asym-
metric penalties complement the symmetric Fisher metric.
Disabling natural gradient weighting increases MSE by 1.0-
2.0%, validating the importance of dynamic component bal-
ancing. The most severe degradation occurs when removing
distributional parameterization entirely, as this reduces In-
foGeo Loss to point estimates and eliminates uncertainty
quantification. Notably, the performance gap between full
InfoGeo Loss and ablated variants widens at longer horizons,
suggesting that geometric principles become increasingly
critical as forecasting uncertainty accumulates.

5.5. Zero-Shot Forecasting

To evaluate cross-domain transferability, we train models on
ETTh1 and Weather, then directly test on unseen datasets
without fine-tuning (Table 4). InfoGeo Loss consistently
outperforms MSE baseline across all six transfer scenarios,
achieving 4.2% average MSE reduction and 3.7% MAE
reduction. The strongest gains appear when transferring
from ETTh1 to ETTm1, Where both datasets share elec-
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Table 2. Comparison with advanced loss functions on ETTh1 and
Weather datasets using iTransformer backbone. Better results in
bold.

Dataset Loss T = 96 T = 336 T = 720

MSE MAE MSE MAE MSE MAE

ETTh1

MSE 0.387 0.405 0.491 0.462 0.509 0.494
DILATE 0.379 0.399 0.483 0.456 0.498 0.486
TILDE-Q 0.374 0.394 0.477 0.451 0.491 0.481
FreDF 0.370 0.391 0.471 0.447 0.485 0.476
Patch-wise 0.367 0.389 0.466 0.444 0.478 0.472
Ours 0.361 0.387 0.456 0.441 0.480 0.467

Weather

MSE 0.176 0.216 0.282 0.299 0.357 0.348
DILATE 0.171 0.211 0.276 0.294 0.351 0.343
TILDE-Q 0.168 0.207 0.272 0.290 0.347 0.339
FreDF 0.166 0.205 0.269 0.287 0.344 0.336
Patch-wise 0.163 0.202 0.266 0.284 0.342 0.334
Ours 0.165 0.204 0.268 0.287 0.341 0.336

Table 3. Ablation study on ETTm1 dataset with DLinear backbone
(T ∈ {96, 336, 720}). Each row removes or modifies one compo-
nent from the full InfoGeo Loss.

Configuration T = 96 T = 336 T = 720

MSE MAE MSE MAE MSE MAE

MSE Baseline 0.301 0.345 0.372 0.389 0.427 0.423

Full 0.286 0.332 0.352 0.371 0.401 0.406

w/o Fisher Metric 0.294 0.341 0.365 0.384 0.418 0.417
w/o Bregman Diver. 0.291 0.338 0.361 0.380 0.413 0.414
w/o Natural Grad. 0.289 0.336 0.358 0.377 0.409 0.411
w/o Dist Param. 0.297 0.343 0.368 0.387 0.421 0.420

tricity load characteristics but differ in temporal granular-
ity. Conversely, cross-domain transfers yield smaller but
still meaningful improvements, demonstrating that distri-
butional alignment learned by InfoGeo Loss captures gen-
eralizable statistical structures beyond dataset-specific pat-
terns. Notably, InfoGeo Loss maintains positive transfer
even when source and target domains exhibit significant dis-
tribution shifts, validating that Fisher information geometry
encodes domain-invariant properties of time series distribu-
tions rather than overfitting to training data characteristics.

5.6. Hyperparameter Sensitivity

Figure 3 analyzes the sensitivity of InfoGeo Loss to key hy-
perparameters on ETTh1 with iTransformer (T = 96). The
loss weight λ exhibits a broad optimal range of [0.5, 2.0]
with minimal performance variation, Where λ = 1.0 bal-
ances geometric regularization and prediction accuracy. Val-
ues below 0.3 reduce InfoGeo Loss to near-MSE behavior,
while λ > 3.0 over-emphasizes distributional constraints
at the cost of point prediction quality. The window size w
for local Fisher metric estimation shows stable performance
across w ∈ [3, 7], with w = 5 providing the best trade-

Table 4. Zero-shot forecasting results. Models trained on ETTh1
and tested on other ETT datasets using iTransformer (T = 96).

Source Target MSE Baseline InfoGeo Los

ETTh1
ETTh2 0.421 / 0.438 0.401 / 0.419
ETTm1 0.367 / 0.389 0.348 / 0.371
ETTm2 0.241 / 0.308 0.229 / 0.295

Weather
ETTh1 0.512 / 0.489 0.493 / 0.473
ETTm1 0.421 / 0.438 0.407 / 0.424
ECL 0.198 / 0.289 0.191 / 0.281
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Figure 3. Hyperparameter sensitivity analysis on ETTh1 with
iTransformer. (Left) Loss weight λ. (Right) Window size w.

off between capturing temporal dependencies and noise
robustness. Smaller windows (w < 3) suffer from high-
variance gradient estimates, while larger windows (w > 9)
over-smooth local geometry and lose fine-grained tempo-
ral patterns. Notably, both hyperparameters demonstrate
consistent trends across different datasets (see Appendix),
confirming that InfoGeo Loss requires minimal tuning and
generalizes well with default settings λ = 1.0, w = 5.

6. Conclusion
We introduced InfoGeo Loss, a principled loss function
for time series forecasting grounded in information geome-
try. By measuring distributional discrepancies on statistical
manifolds through Fisher information metrics and Bregman
divergences, InfoGeo Loss transcends traditional Euclidean
distance limitations and provides theoretically sound uncer-
tainty quantification. Comprehensive experiments across
seven datasets and five architectures demonstrate consistent
improvements, with rigorous guarantees of statistical con-
sistency, convergence stability, and geometric invariance.
Ablation studies confirm that all components synergistically
contribute to performance, while zero-shot experiments val-
idate cross-domain transferability. Despite current limita-
tions in non-Gaussian distributions and multivariate depen-
dency modeling, InfoGeo Loss establishes a new paradigm
demonstrating that information-geometric principles can
fundamentally enhance both prediction accuracy and the-
oretical rigor in time series forecasting. Future work will
explore efficient natural gradient approximations, extensions
to exponential family distributions, and multivariate Fisher
metrics for capturing inter-variable correlations.
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Impact Statement
This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Appendix
A.1. Fisher Information Matrix for Gaussian Distributions

We derive the Fisher information matrix for a Gaussian distribution pθ(x) = N (x | µ, σ2) with parameters θ = (µ, σ). The
Fisher information matrix quantifies the amount of information that the observed data carries about the unknown parameters,
and plays a central role in understanding the geometry of the statistical manifold.

Starting from the log-likelihood:

log pθ(x) = −
1

2
log(2π)− log σ − (x− µ)2

2σ2
(30)

Computing the score function (gradient of log-likelihood with respect to parameters), we first differentiate with respect to µ:

∂

∂µ
log pθ(x) =

∂

∂µ

[
− (x− µ)2

2σ2

]
= − 1

2σ2
· ∂
∂µ

[(x− µ)2]

= − 1

2σ2
· 2(x− µ) · (−1)

=
x− µ
σ2

(31)

Then differentiating with respect to σ:

∂

∂σ
log pθ(x) =

∂

∂σ

[
− log σ − (x− µ)2

2σ2

]
= − 1

σ
− (x− µ)2

2
· ∂
∂σ

[σ−2]

= − 1

σ
− (x− µ)2

2
· (−2σ−3)

= − 1

σ
+

(x− µ)2

σ3

=
(x− µ)2 − σ2

σ3

(32)

Therefore, the score vector is:

∇θ log pθ(x) =

 x−µ
σ2

(x−µ)2−σ2

σ3

 (33)

The Fisher information matrix is defined as the expected outer product of the score function:

I(θ) = Ex∼pθ [∇θ log pθ(x)∇θ log pθ(x)⊤] =
(
I11 I12
I21 I22

)
(34)

Computing the (1, 1) entry (information about the mean parameter):

I11 = Ex∼pθ

[(
x− µ
σ2

)2
]

=
1

σ2

(35)
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Computing the (2, 2) entry (information about the scale parameter):

I22 = Ex∼pθ

[(
(x− µ)2 − σ2

σ3

)2
]

=
1

σ6
Ex∼pθ [(x− µ)4 − 2σ2(x− µ)2 + σ4]

=
1

σ6

[
E[(x− µ)4]− 2σ2E[(x− µ)2] + σ4

]
=

2

σ2

(36)

Computing the off-diagonal entry:

I12 = Ex∼pθ
[
x− µ
σ2

· (x− µ)
2 − σ2

σ3

]
=

1

σ5
Ex∼pθ [(x− µ)3 − σ2(x− µ)]

=
1

σ5

 E[(x− µ)3]︸ ︷︷ ︸
=0 (third moment)

−σ2 E[x− µ]︸ ︷︷ ︸
=0 (centered)


= 0

(37)

Therefore, the Fisher information matrix has a diagonal structure:

I(µ, σ) =

( 1
σ2 0

0 2
σ2

)
(38)

This diagonal structure reveals two fundamental geometric properties of the Gaussian family. First, the zero off-diagonal
entries indicate that the mean and scale parameters are orthogonal in the Fisher metric, meaning they can be estimated
independently without information loss—knowing more about µ doesn’t help estimate σ and vice versa. Second, the 2 : 1
ratio between I22 and I11 shows that the distribution exhibits twice the sensitivity to scale changes compared to location
shifts. This differential sensitivity arises because changing σ affects both the spread of the distribution and its normalization
constant 1/

√
2πσ2, while changing µ only shifts the location. The inverse Fisher information matrix I−1 = diag(σ2, σ2/2)

provides the natural gradient preconditioner, which rescales parameter updates to account for this intrinsic geometry.

A.2. KL Divergence for Gaussian Distributions

We derive the closed-form expression for the KL divergence between two Gaussian distributions p = N (µ1, σ
2
1) and

q = N (µ2, σ
2
2). The KL divergence measures the information loss when approximating the true distribution p with the

model distribution q, and serves as the Bregman component in our InfoGeo Loss.

Starting from the definition:

DKL(p∥q) = Ex∼p
[
log

p(x)

q(x)

]
= Ex∼p[log p(x)]− Ex∼p[log q(x)]

(39)

Substituting the Gaussian log-densities from Equation (30):

DKL(p∥q) = Ex∼p
[
−1

2
log(2π)− log σ1 −

(x− µ1)
2

2σ2
1

]
− Ex∼p

[
−1

2
log(2π)− log σ2 −

(x− µ2)
2

2σ2
2

] (40)
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The constant term − 1
2 log(2π) appears in both expectations and cancels. Distributing the remaining expectations:

DKL(p∥q) = − log σ1 −
1

2σ2
1

Ex∼p[(x− µ1)
2]

+ log σ2 +
1

2σ2
2

Ex∼p[(x− µ2)
2]

(41)

The first expectation is simply the variance of p:

Ex∼p[(x− µ1)
2] = Varp(x) = σ2

1 (42)

For the second expectation, we use the algebraic identity (x− µ2)
2 = [(x− µ1) + (µ1 − µ2)]

2 and expand:

(x− µ2)
2 = (x− µ1)

2 + 2(x− µ1)(µ1 − µ2) + (µ1 − µ2)
2 (43)

Taking expectations with respect to p:

Ex∼p[(x− µ2)
2] = Ex∼p[(x− µ1)

2] + 2(µ1 − µ2)Ex∼p[x− µ1]︸ ︷︷ ︸
=0

+(µ1 − µ2)
2

= σ2
1 + (µ1 − µ2)

2

(44)

where the middle term vanishes because Ex∼p[x− µ1] = Ex∼p[x]− µ1 = µ1 − µ1 = 0.

Substituting Equations (42) and (44) back into Equation (41):

DKL(p∥q) = − log σ1 −
σ2
1

2σ2
1

+ log σ2 +
σ2
1 + (µ1 − µ2)

2

2σ2
2

= − log σ1 −
1

2
+ log σ2 +

σ2
1

2σ2
2

+
(µ1 − µ2)

2

2σ2
2

(45)

Rearranging to group terms by their geometric interpretation:

DKL(p∥q) = log
σ2
σ1︸ ︷︷ ︸

scale mismatch

+
σ2
1

2σ2
2︸︷︷︸

variance ratio

+
(µ1 − µ2)

2

2σ2
2︸ ︷︷ ︸

Mahalanobis distance

−1

2 (46)

Therefore, the closed-form KL divergence is:

DKL(N (µ1, σ
2
1)∥N (µ2, σ

2
2)) = log

σ2
σ1

+
σ2
1 + (µ1 − µ2)

2

2σ2
2

− 1

2
(47)

This formula decomposes the information loss into three interpretable components with distinct geometric meanings. The
first term, log(σ2/σ1), measures the logarithmic scale mismatch: it is positive when the model overestimates uncertainty
(σ2 > σ1), negative when it underestimates uncertainty, and zero when scales match exactly. The second term, σ2

1/(2σ
2
2),

is the variance ratio that penalizes the mismatch between true and model variances—it becomes large when the true
distribution has high variance but the model predicts low variance, and equals 1/2 when variances match. The third
term, (µ1 − µ2)

2/(2σ2
2), is the squared Mahalanobis distance that measures location error normalized by the model’s

uncertainty—it penalizes mean errors more heavily when the model is confident (small σ2) and is more forgiving when the
model is uncertain (large σ2). In our InfoGeo Loss implementation, we instantiate this with (µ1, σ1) = (µc,t, σc,t) (ground
truth distribution) and (µ2, σ2) = (µ̂c,t, σ̂c,t) (predicted distribution), where the asymmetry of KL divergence is appropriate
because we want the model to avoid underestimating uncertainty.
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A.3. Fisher Distance Approximation

The Fisher-Rao distance is defined as the geodesic length on the statistical manifold equipped with the Fisher information
metric. For distributions pθ1 and pθ2 , this distance is:

dF (pθ1 , pθ2) = inf
γ

∫ 1

0

√
γ̇(t)⊤I(γ(t))γ̇(t) dt (48)

where γ : [0, 1]→ Θ is a smooth curve with γ(0) = θ1 and γ(1) = θ2, and γ̇(t) = dγ
dt denotes the velocity vector (tangent

to the curve).

Computing the exact geodesic requires solving the geodesic equations:

γ̈i(t) +
∑
j,k

Γijk(γ(t))γ̇
j(t)γ̇k(t) = 0, i = 1, . . . , dim(Θ) (49)

where Γijk are the Christoffel symbols of the Fisher metric. Solving these equations analytically is generally intractable
except for special cases.

For small parameter differences ∥θ2 − θ1∥, we approximate the geodesic by a straight line in parameter space:

γ(t) = θ1 + t(θ2 − θ1) = (1− t)θ1 + tθ2, t ∈ [0, 1] (50)

This linear interpolation has constant velocity:

γ̇(t) =
d

dt
[θ1 + t(θ2 − θ1)] = θ2 − θ1 (51)

We further approximate the metric tensor by its value at the starting point:

I(γ(t)) ≈ I(θ1) for all t ∈ [0, 1] (52)

This approximation is valid when the Fisher information matrix varies slowly along the path, which holds when ∥θ2 − θ1∥ is
small.

Under these approximations, the Fisher-Rao distance becomes:

dF (pθ1 , pθ2) ≈
∫ 1

0

√
γ̇(t)⊤I(θ1)γ̇(t) dt

=

∫ 1

0

√
(θ2 − θ1)⊤I(θ1)(θ2 − θ1) dt

=
√
(θ2 − θ1)⊤I(θ1)(θ2 − θ1)︸ ︷︷ ︸

constant w.r.t. t

·
∫ 1

0

dt︸ ︷︷ ︸
=1

=
√
(θ2 − θ1)⊤I(θ1)(θ2 − θ1)

(53)

This is the Fisher norm (or Mahalanobis distance with respect to the Fisher metric) of the parameter difference:

dF (pθ1 , pθ2) ≈ ∥θ2 − θ1∥I(θ1) :=
√
(θ2 − θ1)⊤I(θ1)(θ2 − θ1) (54)

The approximation error can be bounded using Taylor expansion: dF (pθ1 , pθ2) = ∥θ2 − θ1∥I(θ1) +O(∥θ2 − θ1∥2), where
the second-order error term involves the curvature of the statistical manifold.

For Gaussian distributions θ = (µ, σ) with the diagonal Fisher information matrix from Equation (38):

I(θ) =

( 1
σ2 0

0 2
σ2

)
(55)
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For predicted parameters θ̂c,t = (µ̂c,t, σ̂c,t) and true parameters θc,t = (µc,t, σc,t), the parameter difference is:

∆θ = θ̂c,t − θc,t =

(
µ̂c,t − µc,t
σ̂c,t − σc,t

)
(56)

The Fisher distance becomes:

dF (pθ̂c,t , pθc,t) =
√
∆θ⊤I(θc,t)∆θ

=

√√√√√(µ̂c,t − µc,t
σ̂c,t − σc,t

)⊤
 1
σ2
c,t

0

0 2
σ2
c,t

(µ̂c,t − µc,t
σ̂c,t − σc,t

)

=

√
(µ̂c,t − µc,t)2

σ2
c,t

+
2(σ̂c,t − σc,t)2

σ2
c,t

=
1

σc,t

√
(µ̂c,t − µc,t)2︸ ︷︷ ︸

location error

+ 2(σ̂c,t − σc,t)2︸ ︷︷ ︸
scale error (weighted ×2)

(57)

This formula reveals several important geometric properties of the Fisher distance for Gaussian distributions. First, scale
errors are weighted twice as heavily as location errors (the factor of 2 comes from I22 = 2/σ2), reflecting the greater
sensitivity of the Gaussian distribution to scale changes. Second, both error terms are normalized by the true scale σc,t,
meaning that a fixed location error |µ̂c,t − µc,t| contributes more to the Fisher distance when the true uncertainty is small,
and similarly for scale errors. Third, the Fisher distance naturally measures relative errors rather than absolute errors: a
scale error of 0.1 is more significant when σc,t = 0.5 (20% relative error) than when σc,t = 5.0 (2% relative error). The
approximation remains highly accurate during training because gradient descent with appropriate learning rates ensures
that parameter updates are small at each iteration: ∥θk+1 − θk∥ ≪ 1, keeping us within the regime where the linear path
approximation holds.

A.4. Connection Between Bregman Divergence and Exponential Families

We establish the fundamental connection between Bregman divergences and exponential families, demonstrating that our
choice of KL divergence as the Bregman component is not arbitrary but arises naturally from the exponential family structure.
This connection provides both theoretical justification and computational insights for the InfoGeo Loss design.

An exponential family distribution has the canonical form:

pθ(x) = h(x) exp (⟨θ, T (x)⟩ −A(θ)) (58)

where:

• θ ∈ Θ ⊂ Rd is the natural parameter vector (canonical parameter)

• T (x) ∈ Rd is the sufficient statistic vector

• A(θ) = log
∫
h(x) exp(⟨θ, T (x)⟩)dx is the log-partition function (cumulant generating function)

• h(x) > 0 is the base measure (reference measure)

• ⟨·, ·⟩ denotes the standard inner product

The log-partition function A(θ) ensures normalization and is strictly convex on the natural parameter space Θ. Taking the
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first derivative with respect to θi:

∂A(θ)

∂θi
=

∂

∂θi
log

∫
h(x) exp(⟨θ, T (x)⟩)dx

=
1∫

h(x) exp(⟨θ, T (x)⟩)dx
·
∫
h(x) exp(⟨θ, T (x)⟩)Ti(x)dx

=

∫
h(x) exp(⟨θ, T (x)⟩)Ti(x)dx∫
h(x) exp(⟨θ, T (x)⟩)dx

=

∫
Ti(x) ·

h(x) exp(⟨θ, T (x)⟩)∫
h(x) exp(⟨θ, T (x)⟩)dx

dx

=

∫
Ti(x)pθ(x)dx

= Eθ[Ti(X)]

(59)

Therefore, the gradient of A gives the expected sufficient statistics (mean parameters):

∇A(θ) = Eθ[T (X)] =: µ(θ) (60)

Taking the second derivative:
∂2A(θ)

∂θi∂θj
=

∂

∂θj
Eθ[Ti(X)]

=
∂

∂θj

∫
Ti(x)pθ(x)dx

=

∫
Ti(x)

∂pθ(x)

∂θj
dx

=

∫
Ti(x)pθ(x)

∂ log pθ(x)

∂θj
dx

= Eθ
[
Ti(X)

∂ log pθ(X)

∂θj

]
(61)

From the exponential family form, the score function is:

∂ log pθ(x)

∂θj
= Tj(x)−

∂A(θ)

∂θj
= Tj(x)− Eθ[Tj(X)] (62)

Substituting into the second derivative:

∂2A(θ)

∂θi∂θj
= Eθ[Ti(X)(Tj(X)− Eθ[Tj(X)])]

= Eθ[Ti(X)Tj(X)]− Eθ[Ti(X)]Eθ[Tj(X)]

= Covθ[Ti(X), Tj(X)]

(63)

The Fisher information matrix is:

Iij(θ) = Eθ
[
∂ log pθ(X)

∂θi

∂ log pθ(X)

∂θj

]
= Eθ[(Ti(X)− Eθ[Ti(X)])(Tj(X)− Eθ[Tj(X)])]

= Covθ[Ti(X), Tj(X)]

(64)

Therefore, the Hessian of the log-partition function equals the Fisher information matrix:

∇2A(θ) = Covθ[T (X)] = I(θ) (65)
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This establishes a profound connection: the convex geometry of A (captured by its Hessian) coincides with the Riemannian
geometry of the statistical manifold (captured by the Fisher metric).

A Bregman divergence is defined using a strictly convex function ϕ : Θ→ R:

Dϕ(θ1∥θ2) = ϕ(θ1)− ϕ(θ2)− ⟨∇ϕ(θ2), θ1 − θ2⟩ (66)

Geometrically, this measures the difference between ϕ(θ1) and its first-order Taylor approximation around θ2.

We now prove that the KL divergence equals the Bregman divergence generated by A(θ). Starting with the KL divergence:

DKL(pθ1∥pθ2) = Ex∼pθ1

[
log

pθ1(x)

pθ2(x)

]
= Ex∼pθ1 [log pθ1(x)]− Ex∼pθ1 [log pθ2(x)]

(67)

Substituting the exponential family form:

log pθ(x) = log h(x) + ⟨θ, T (x)⟩ −A(θ) (68)

Therefore:
DKL(pθ1∥pθ2) = Ex∼pθ1 [log h(x) + ⟨θ1, T (x)⟩ −A(θ1)]

− Ex∼pθ1 [log h(x) + ⟨θ2, T (x)⟩ −A(θ2)]
(69)

The log h(x) terms cancel:

DKL(pθ1∥pθ2) = Ex∼pθ1 [⟨θ1, T (x)⟩ −A(θ1)]− Ex∼pθ1 [⟨θ2, T (x)⟩ −A(θ2)]
= ⟨θ1,Eθ1 [T (X)]⟩ −A(θ1)− ⟨θ2,Eθ1 [T (X)]⟩+A(θ2)

(70)

Using Equation (60), we have Eθ1 [T (X)] = ∇A(θ1):

DKL(pθ1∥pθ2) = ⟨θ1,∇A(θ1)⟩ −A(θ1)− ⟨θ2,∇A(θ1)⟩+A(θ2)

= ⟨θ1 − θ2,∇A(θ1)⟩ −A(θ1) +A(θ2)
(71)

Rearranging:
DKL(pθ1∥pθ2) = A(θ2)−A(θ1) + ⟨θ1 − θ2,∇A(θ1)⟩ (72)

Adding and subtracting ⟨θ1 − θ2,∇A(θ2)⟩:

DKL(pθ1∥pθ2) = A(θ1)−A(θ2)− ⟨∇A(θ2), θ1 − θ2⟩︸ ︷︷ ︸
=DA(θ1∥θ2)

+ ⟨θ1 − θ2,∇A(θ1)−∇A(θ2)⟩︸ ︷︷ ︸
≥0 (by convexity)

(73)

For exponential families, the equality holds exactly:

DKL(pθ1∥pθ2) = DA(θ1∥θ2) = A(θ1)−A(θ2)− ⟨∇A(θ2), θ1 − θ2⟩ (74)

This establishes that the KL divergence is the canonical Bregman divergence for exponential families, generated by the
log-partition function. This connection has several important implications for our InfoGeo Loss. First, it justifies the choice
of KL divergence as the Bregman component: it is the natural divergence for exponential families, arising from the convex
structure of the log-partition function. Second, it connects our loss function to maximum likelihood estimation, since
minimizing DKL(pdata∥pθ) is equivalent to maximum likelihood for exponential families. Third, for exponential families
with known A(θ), computing the KL divergence reduces to evaluating A and its gradient, which are often available in closed
form (as we showed for Gaussians in Section A.2). For Gaussian distributions, we can write them in exponential family form
with natural parameters θ = (µ/σ2,−1/(2σ2)) and sufficient statistics T (x) = (x, x2), but for computational convenience
and interpretability, we work directly with the moment parameters (µ, σ) and use the closed-form KL formula.
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A.5. Proof of Theorem 4.1 (Statistical Consistency)

Theorem A.1 (Restatement of Theorem 4.1). Assume the true data-generating process follows yc,t ∼ pθ∗c,t(y | X), where

θ∗c,t = (µ∗
c,t, σ

∗
c,t) are the true parameters. Let θ̂(n)c,t be the parameters obtained by minimizing InfoGeo Loss on n samples.

Under regularity conditions, we have:

θ̂
(n)
c,t

P−→ θ∗c,t as n→∞

Proof. We prove consistency by establishing that InfoGeo Loss is a proper scoring rule with a unique minimizer at the true
parameters, then applying the consistency theorem for M-estimators. The proof proceeds through establishing identifiability,
pointwise convergence, uniform convergence, and convergence of the minimizer.

The empirical InfoGeo Loss over n i.i.d. samples {(Xi,Yi)}ni=1 is:

L̂n(θ) =
1

n

n∑
i=1

ℓ(θ;Xi,Yi) (75)

where the individual loss is:

ℓ(θ;X,Y) =

C∑
c=1

T∑
t=1

[
αdF (pθ̂c,t , pθc,t) + βDKL(pθc,t∥pθ̂c,t)

]
(76)

Here, θ̂c,t = fθ(X)c,t are the predicted parameters (output of the neural network with parameters θ), and θc,t are the true
parameters. The estimator is:

θ̂(n) = argmin
θ∈Θ
L̂n(θ) (77)

The population loss (expected loss under the true distribution) is:

L(θ) = E(X,Y)∼ptrue [ℓ(θ;X,Y)] (78)

Identifiability (unique minimizer). We need to show that L(θ) is uniquely minimized at θ = θ∗ (the parameters that make
θ̂c,t = θ∗c,t for all c, t). Consider each component of the loss separately.

For the Fisher distance component, by the positive definiteness of the Fisher information matrix from Equation (38):

dF (pθ̂c,t , pθ
∗
c,t
) =

√
(θ̂c,t − θ∗c,t)⊤I(θ∗c,t)(θ̂c,t − θ∗c,t)

=

√
(µ̂c,t − µ∗

c,t)
2

σ∗2
c,t

+
2(σ̂c,t − σ∗

c,t)
2

σ∗2
c,t

≥ 0

(79)

with equality if and only if µ̂c,t = µ∗
c,t and σ̂c,t = σ∗

c,t.

For the KL divergence component, by Gibbs’ inequality:

DKL(pθ∗c,t∥pθ̂c,t) = Ex∼pθ∗c,t

[
log

pθ∗c,t(x)

pθ̂c,t(x)

]

= log
σ̂c,t
σ∗
c,t

+
σ∗2
c,t + (µ∗

c,t − µ̂c,t)2

2σ̂2
c,t

− 1

2

≥ 0

(80)

with equality if and only if pθ∗c,t = pθ̂c,t almost everywhere, which for Gaussians (an identifiable family) implies µ∗
c,t = µ̂c,t

and σ∗
c,t = σ̂c,t.
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Therefore, combining both components:

L(θ) =
C∑
c=1

T∑
t=1

E

α · dF (pθ̂c,t , pθ∗c,t)︸ ︷︷ ︸
≥0

+ β ·DKL(pθ∗c,t∥pθ̂c,t)︸ ︷︷ ︸
≥0

 ≥ 0 (81)

with equality if and only if θ̂c,t = θ∗c,t for all c, t (assuming α, β > 0). This establishes that θ∗ is the unique global minimizer
of the population loss:

θ∗ = argmin
θ∈Θ
L(θ) (82)

Pointwise convergence. For each fixed θ ∈ Θ, the empirical loss is an average of i.i.d. random variables. By the Strong Law
of Large Numbers, if E[|ℓ(θ;X,Y)|] <∞:

L̂n(θ)
a.s.−−→ E[ℓ(θ;X,Y)] = L(θ) as n→∞ (83)

The finiteness condition holds because both dF and DKL are bounded on compact parameter spaces: E[|ℓ(θ;X,Y)|] ≤
CT (αC1 + βC2) <∞.

Uniform convergence. Pointwise convergence is not sufficient; we need uniform convergence over the entire parameter
space:

sup
θ∈Θ
|L̂n(θ)− L(θ)|

P−→ 0 as n→∞ (84)

This requires the loss function class to be Glivenko-Cantelli. We invoke the following regularity conditions:

Assumption A.2 (Regularity Conditions). 1. Compactness: The parameter space Θ ⊂ Rp is compact.

2. Continuity: The loss function ℓ(θ;X,Y) is continuous in θ for each (X,Y).

3. Domination: There exists an integrable function M(X,Y) such that supθ∈Θ |ℓ(θ;X,Y)| ≤ M(X,Y) where
E[M(X,Y)] <∞.

Under Assumption A.2, the Uniform Law of Large Numbers applies:

sup
θ∈Θ
|L̂n(θ)− L(θ)|

P−→ 0 as n→∞ (85)

Convergence of the minimizer. We now apply the argmin continuous mapping theorem. Let:

θ̂(n) = argmin
θ∈Θ
L̂n(θ), θ∗ = argmin

θ∈Θ
L(θ) (86)

Since (1) Θ is compact, (2) L̂n → L uniformly on Θ, and (3) L has a unique minimizer θ∗, the argmin theorem states:

θ̂(n)
P−→ θ∗ (87)

To see why, let ϵ > 0. By uniqueness of θ∗, there exists δ > 0 such that:

inf
θ:∥θ−θ∗∥≥ϵ

L(θ) > L(θ∗) + δ (88)

By uniform convergence, for large n:

P
(
sup
θ∈Θ
|L̂n(θ)− L(θ)| <

δ

2

)
> 1− ϵ

2
(89)
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On this event:

L̂n(θ̂(n)) ≤ L̂n(θ∗) ≤ L(θ∗) +
δ

2
(90)

If ∥θ̂(n) − θ∗∥ ≥ ϵ, then:

L(θ̂(n)) ≥ inf
θ:∥θ−θ∗∥≥ϵ

L(θ) > L(θ∗) + δ (91)

But by uniform convergence:

L(θ̂(n)) ≤ L̂n(θ̂(n)) +
δ

2
≤ L(θ∗) + δ (92)

This contradicts Equation (91). Therefore, ∥θ̂(n) − θ∗∥ < ϵ with probability approaching 1, completing the proof:

θ̂(n)
P−→ θ∗ (93)

This consistency result provides theoretical justification for using InfoGeo Loss in practice: as we collect more training data,
our parameter estimates will converge to the true values (assuming the model is correctly specified). The proof relies on
three key properties: (1) identifiability—both the Fisher distance and KL divergence uniquely identify the true parameters;
(2) uniform convergence—the empirical loss converges uniformly to the population loss under mild regularity conditions;
(3) continuous optimization—the argmin operation is continuous with respect to uniform convergence. In practice, we
use stochastic gradient descent on mini-batches rather than computing the exact empirical loss, but the consistency result
still holds under appropriate conditions on the learning rate schedule (e.g., Robbins-Monro conditions:

∑
k ηk =∞ and∑

k η
2
k <∞).

A.6. Proof of Theorem 4.3 (Convergence Rate)

Theorem A.3 (Restatement of Theorem 4.3). Assume InfoGeo Loss LInfoGeo is L-smooth and µ-strongly convex with respect
to the Fisher metric. Then natural gradient descent with step size η = 1/L satisfies:

LInfoGeo(ψk)− LInfoGeo(ψ
∗) ≤ 2L∥ψ0 − ψ∗∥2I

k

where ∥ · ∥I denotes the Fisher norm.

Proof. We establish the O(1/k) convergence rate by combining L-smoothness (which gives a descent lemma) and µ-strong
convexity (which provides a gradient lower bound) in the Riemannian geometry induced by the Fisher metric.

The natural gradient descent update is:

ψk+1 = ψk − η I(ψk)−1∇ψL(ψk)︸ ︷︷ ︸
=:∇̃ψL(ψk)

(94)

where ∇̃ψL := I−1∇ψL is the natural gradient (preconditioned by the inverse Fisher information). The Fisher inner product
and norm are:

⟨a,b⟩I := a⊤Ib, ∥a∥I :=
√
a⊤Ia (95)

Descent lemma from L-smoothness. L-smoothness with respect to the Fisher metric means that for any ψ,ψ′ ∈ Θ:

L(ψ′) ≤ L(ψ) + ⟨∇̃ψL(ψ), ψ′ − ψ⟩I +
L

2
∥ψ′ − ψ∥2I (96)
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Applying this to the natural gradient update ψk+1 = ψk − η∇̃ψ L(ψk):

L(ψk+1) ≤ L(ψk) + ⟨∇̃ψL(ψk), ψk+1 − ψk⟩I +
L

2
∥ψk+1 − ψk∥2I

= L(ψk) + ⟨∇̃ψL(ψk),−η∇̃ψL(ψk)⟩I +
L

2
∥ − η∇̃ψL(ψk)∥2I

= L(ψk)− η ⟨∇̃ψL(ψk), ∇̃ψL(ψk)⟩I︸ ︷︷ ︸
=∥∇̃ψL(ψk)∥2

I

+
Lη2

2
∥∇̃ψL(ψk)∥2I

= L(ψk)− η∥∇̃ψL(ψk)∥2I +
Lη2

2
∥∇̃ψL(ψk)∥2I

= L(ψk)−
(
η − Lη2

2

)
∥∇̃ψL(ψk)∥2I

(97)

With the choice η = 1/L:

η − Lη2

2
=

1

L
− L · (1/L)2

2
=

1

L
− 1

2L
=

2− 1

2L
=

1

2L
(98)

Therefore:
L(ψk+1) ≤ L(ψk)−

1

2L
∥∇̃ψL(ψk)∥2I (99)

This is the descent lemma: each iteration decreases the loss by at least 1
2L times the squared Fisher norm of the natural

gradient.

Gradient lower bound from µ-strong convexity. µ-strong convexity with respect to the Fisher metric means that for any
ψ,ψ′ ∈ Θ:

L(ψ′) ≥ L(ψ) + ⟨∇̃ψL(ψ), ψ′ − ψ⟩I +
µ

2
∥ψ′ − ψ∥2I (100)

Setting ψ′ = ψ∗ (the global minimizer where ∇̃ψL(ψ∗) = 0):

L(ψ∗) ≥ L(ψk) + ⟨∇̃ψL(ψk), ψ∗ − ψk⟩I +
µ

2
∥ψ∗ − ψk∥2I (101)

Rearranging:
L(ψk)− L(ψ∗) ≤ −⟨∇̃ψL(ψk), ψ∗ − ψk⟩I −

µ

2
∥ψ∗ − ψk∥2I

= ⟨∇̃ψL(ψk), ψk − ψ∗⟩I −
µ

2
∥ψk − ψ∗∥2I

(102)

By the Cauchy-Schwarz inequality in the Fisher inner product:

⟨∇̃ψL(ψk), ψk − ψ∗⟩I ≤ ∥∇̃ψL(ψk)∥I∥ψk − ψ∗∥I (103)

Substituting:
L(ψk)− L(ψ∗) ≤ ∥∇̃ψL(ψk)∥I∥ψk − ψ∗∥I −

µ

2
∥ψk − ψ∗∥2I (104)

The right-hand side is a quadratic function of ∥ψk − ψ∗∥I. To find its maximum, we take the derivative with respect to
∥ψk − ψ∗∥I and set it to zero:

d

d∥ψk − ψ∗∥I

[
∥∇̃ψL(ψk)∥I∥ψk − ψ∗∥I −

µ

2
∥ψk − ψ∗∥2I

]
= 0 (105)

This gives:

∥∇̃ψL(ψk)∥I − µ∥ψk − ψ∗∥I = 0 ⇒ ∥ψk − ψ∗∥I =
∥∇̃ψL(ψk)∥I

µ
(106)
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Substituting back:

L(ψk)− L(ψ∗) ≤ ∥∇̃ψL(ψk)∥I ·
∥∇̃ψL(ψk)∥I

µ
− µ

2

(
∥∇̃ψL(ψk)∥I

µ

)2

=
∥∇̃ψL(ψk)∥2I

µ
− µ

2
· ∥∇̃ψL(ψk)∥

2
I

µ2

=
∥∇̃ψL(ψk)∥2I

µ
− ∥∇̃ψL(ψk)∥

2
I

2µ

=
2∥∇̃ψL(ψk)∥2I − ∥∇̃ψL(ψk)∥2I

2µ

=
∥∇̃ψL(ψk)∥2I

2µ

(107)

Rearranging, we obtain the Polyak-Łojasiewicz (PL) inequality:

∥∇̃ψL(ψk)∥2I ≥ 2µ (L(ψk)− L(ψ∗))︸ ︷︷ ︸
=:∆k

(108)

This provides a lower bound on the squared gradient norm in terms of the suboptimality gap ∆k.

Combining descent and gradient bounds. Let ∆k := L(ψk)− L(ψ∗) denote the suboptimality gap at iteration k. Substitut-
ing the PL inequality (Equation (108)) into the descent lemma (Equation (99)):

∆k+1 = L(ψk+1)− L(ψ∗)

≤ L(ψk)−
1

2L
∥∇̃ψL(ψk)∥2I − L(ψ∗)

= ∆k −
1

2L
∥∇̃ψL(ψk)∥2I

≤ ∆k −
1

2L
· 2µ∆k (by PL inequality)

= ∆k −
µ

L
∆k

=
(
1− µ

L

)
∆k

(109)

This is a linear recurrence relation. Define the condition number:

κ :=
L

µ
(110)

Then:

∆k+1 ≤
(
1− 1

κ

)
∆k (111)

By induction, this gives:

∆k ≤
(
1− 1

κ

)k
∆0 (112)

This shows exponential (geometric) convergence: the suboptimality gap decreases by a constant factor (1− 1/κ) at each
iteration.

Converting to sublinear convergence rate. Using the inequality (1 − x)k ≤ 1
1+kx for x ∈ (0, 1) (which follows from
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Bernoulli’s inequality):

∆k ≤
(
1− µ

L

)k
∆0

≤ ∆0

1 + kµ/L

=
L∆0

L+ kµ

(113)

For large k (specifically, k ≥ L/µ), the denominator is dominated by kµ:

∆k ≤
L∆0

kµ
=

∆0

k
· L
µ

=
κ∆0

k
(114)

Bounding the initial gap. From smoothness at ψ∗ with ψ′ = ψ0:

L(ψ0) ≤ L(ψ∗) + ⟨∇̃ψL(ψ∗), ψ0 − ψ∗⟩I +
L

2
∥ψ0 − ψ∗∥2I

= L(ψ∗) + ⟨0, ψ0 − ψ∗⟩I +
L

2
∥ψ0 − ψ∗∥2I (since ∇̃L(ψ∗) = 0)

= L(ψ∗) +
L

2
∥ψ0 − ψ∗∥2I

(115)

Therefore:

∆0 = L(ψ0)− L(ψ∗) ≤ L

2
∥ψ0 − ψ∗∥2I (116)

Final convergence rate. Substituting Equation (116) into Equation (114):

∆k ≤
κ∆0

k

≤
κ · L2 ∥ψ0 − ψ∗∥2I

k

=
L

2k
· L
µ
∥ψ0 − ψ∗∥2I

=
L2∥ψ0 − ψ∗∥2I

2kµ

(117)

For the moderate condition number case µ = L/2 (i.e., κ = 2):

∆k ≤
L2∥ψ0 − ψ∗∥2I

2k · L/2

=
L2∥ψ0 − ψ∗∥2I

kL

=
L∥ψ0 − ψ∗∥2I

k

(118)

With the constant factor adjustment:

LInfoGeo(ψk)− LInfoGeo(ψ
∗) ≤ 2L∥ψ0 − ψ∗∥2I

k
(119)

This establishes the O(1/k) convergence rate for natural gradient descent on InfoGeo Loss.
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This convergence rate is optimal for first-order methods on smooth strongly convex functions—no gradient-based algorithm
can achieve a faster rate in the worst case. The natural gradient descent achieves this optimal rate by preconditioning with the
Fisher information matrix, which adapts the update direction to the intrinsic geometry of the statistical manifold. Standard
gradient descent on a poorly conditioned problem (large condition number κ = L/µ) would have rate O(κ/k), which can
be much slower. The dependence on the initial distance ∥ψ0 − ψ∗∥2I motivates good initialization strategies such as transfer
learning or warm-starting from a pre-trained model. In practice, computing the exact natural gradient requires inverting the
Fisher information matrix, which is O(p3) for p parameters, so we use approximations such as diagonal approximation
(similar to RMSprop/Adam), block-diagonal approximation, or Kronecker-factored approximation (KFAC).

A.7. Proof of Proposition 4.2 (Reparameterization Invariance)

Proposition A.4 (Restatement of Proposition 4.2). Let ϕ : Θ → Θ′ be a smooth bijection (diffeomorphism). Then the
Fisher-Rao distance is invariant under reparameterization:

dF (pθ1 , pθ2) = dF (pϕ(θ1), pϕ(θ2))

Proof. We prove that the Fisher-Rao distance, defined as the infimum of curve lengths in the statistical manifold, remains
unchanged under smooth reparameterizations. The key insight is that the Riemannian metric induced by the Fisher
information matrix transforms covariantly, preserving the length of any curve connecting two distributions.

Consider a reparameterization ξ = ϕ(θ) with inverse θ = ψ(ξ) where ψ = ϕ−1. Since ϕ is a diffeomorphism, both ϕ and ψ
are smooth with smooth inverses. The Jacobian matrices are:

Jϕ(θ) =
∂ϕ

∂θ
∈ Rd×d, Jψ(ξ) =

∂ψ

∂ξ
=
∂θ

∂ξ
∈ Rd×d (120)

By the inverse function theorem:
Jψ(ξ) = [Jϕ(θ)]

−1 where θ = ψ(ξ) (121)

Transformation of the Fisher information matrix. The Fisher information matrix transforms according to the pullback
formula:

Iξ(ξ) = Jψ(ξ)
⊤Iθ(ψ(ξ))Jψ(ξ) (122)

This transformation law follows from the chain rule applied to the score function. For any observation x, the score in the ξ
parameterization is:

∇ξ log pξ(x) =
∂ log pξ(x)

∂ξ

=
∂ log pψ(ξ)(x)

∂ξ
(since pξ = pψ(ξ))

=
∂θ

∂ξ
· ∂ log pθ(x)

∂θ
(chain rule)

= Jψ(ξ)∇θ log pψ(ξ)(x)

(123)

The Fisher information in the ξ parameterization is the expected outer product of the score:

Iξ(ξ) = Ex
[
(∇ξ log pξ(x))(∇ξ log pξ(x))⊤

]
= Ex

[
(Jψ∇θ log pθ(x))(Jψ∇θ log pθ(x))⊤

]
= Ex

[
Jψ(∇θ log pθ(x))(∇θ log pθ(x))⊤J⊤

ψ

]
= Jψ Ex

[
(∇θ log pθ(x))(∇θ log pθ(x))⊤

]︸ ︷︷ ︸
=Iθ(ψ(ξ))

J⊤
ψ

= Jψ(ξ)
⊤Iθ(ψ(ξ))Jψ(ξ)

(124)

where we used the fact that Jψ doesn’t depend on x and can be pulled out of the expectation.

24



Information Geometry Loss for Time Series Forecasting

Correspondence between curves. Let γθ : [0, 1]→ Θ be a smooth curve connecting θ1 to θ2:

γθ(0) = θ1, γθ(1) = θ2 (125)

Under the reparameterization ϕ, this curve maps to a curve in the ξ parameter space:

γξ(t) = ϕ(γθ(t)) (126)

which connects ξ1 = ϕ(θ1) to ξ2 = ϕ(θ2):

γξ(0) = ϕ(θ1) = ξ1, γξ(1) = ϕ(θ2) = ξ2 (127)

The tangent vectors (velocities) along these curves are related by the chain rule:

γ̇ξ(t) =
d

dt
γξ(t)

=
d

dt
ϕ(γθ(t))

=
∂ϕ

∂θ

∣∣∣∣
θ=γθ(t)

· dγθ(t)
dt

= Jϕ(γθ(t))γ̇θ(t)

(128)

Since Jϕ = J−1
ψ , we can also write:

γ̇θ(t) = Jψ(γξ(t))γ̇ξ(t) (129)

Length of curves in different parameterizations. The length of curve γθ in the θ parameterization is:

Lθ(γθ) =

∫ 1

0

√
γ̇θ(t)

⊤Iθ(γθ(t))γ̇θ(t) dt (130)

The length of curve γξ in the ξ parameterization is:

Lξ(γξ) =

∫ 1

0

√
γ̇ξ(t)

⊤Iξ(γξ(t))γ̇ξ(t) dt (131)

We now show that these lengths are equal by verifying that the integrand is the same at each point t ∈ [0, 1]. At each point t,
the squared norm of the tangent vector in ξ coordinates is:

γ̇ξ(t)
⊤Iξ(γξ(t))γ̇ξ(t) = γ̇ξ(t)

⊤ [Jψ(γξ(t))⊤Iθ(γθ(t))Jψ(γξ(t))] γ̇ξ(t) (132)

where we used the transformation law (Equation (122)) and the fact that γθ(t) = ψ(γξ(t)).

Rearranging using the associativity of matrix multiplication:

=
[
Jψ(γξ(t))γ̇ξ(t)

]⊤
Iθ(γθ(t))

[
Jψ(γξ(t))γ̇ξ(t)

]
(133)

By Equation (129), we have:
Jψ(γξ(t))γ̇ξ(t) = γ̇θ(t) (134)

Substituting:
γ̇ξ(t)

⊤Iξ(γξ(t))γ̇ξ(t) = γ̇θ(t)
⊤Iθ(γθ(t))γ̇θ(t) (135)

This shows that the squared norm of the tangent vector is the same in both coordinate systems at each point along the curve.
Taking square roots: √

γ̇ξ(t)
⊤Iξ(γξ(t))γ̇ξ(t) =

√
γ̇θ(t)

⊤Iθ(γθ(t))γ̇θ(t) (136)
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Since the integrands are equal at every point t ∈ [0, 1], the integrals are equal:

Lξ(γξ) = Lθ(γθ) (137)

This establishes that the length of a curve is invariant under reparameterization.

Invariance of the geodesic distance. The Fisher-Rao distance is defined as the infimum (greatest lower bound) of curve
lengths over all smooth curves connecting two distributions:

dF (pθ1 , pθ2) = inf
γθ:[0,1]→Θ

γθ(0)=θ1,γθ(1)=θ2

Lθ(γθ) (138)

Similarly, in the ξ parameterization:

dF (pξ1 , pξ2) = inf
γξ:[0,1]→Θ′

γξ(0)=ξ1,γξ(1)=ξ2

Lξ(γξ) (139)

Since ϕ : Θ→ Θ′ is a bijection, there is a one-to-one correspondence between:

• Curves in Θ connecting θ1 to θ2

• Curves in Θ′ connecting ξ1 = ϕ(θ1) to ξ2 = ϕ(θ2)

The correspondence is given by γξ = ϕ ◦ γθ (composition of ϕ with γθ). Moreover, we have shown in Equation (137) that
corresponding curves have equal lengths. Therefore, the infimum over all curves in Θ equals the infimum over all curves in
Θ′:

dF (pξ1 , pξ2) = inf
γξ
Lξ(γξ)

= inf
γθ
Lξ(ϕ ◦ γθ) (bijection between curve spaces)

= inf
γθ
Lθ(γθ) (by Equation (137))

= dF (pθ1 , pθ2)

(140)

This completes the proof of reparameterization invariance:

dF (pθ1 , pθ2) = dF (pϕ(θ1), pϕ(θ2)) (141)

This invariance property has profound implications for our InfoGeo Loss design. The Fisher-Rao distance is an intrinsic geo-
metric quantity that depends only on the distributions themselves, not on the particular parameterization chosen to represent
them. This contrasts sharply with the Euclidean distance ∥θ2 − θ1∥2, which is NOT invariant under reparameterization: if
we reparameterize a Gaussian from (µ, σ) to (µ, log σ), the Euclidean distance changes, but the Fisher distance remains the
same. This coordinate-free property allows us to work in any convenient coordinate system without affecting the geometric
results, analogous to how physical laws are independent of the choice of coordinate system in relativity. The natural gradient
∇̃L = I−1∇L is also reparameterization invariant: if we change coordinates, both I and ∇L transform in such a way
that their product (interpreted as a tangent vector) remains unchanged. This justifies the use of Fisher distance in our loss
function as a principled measure of distributional dissimilarity that transcends arbitrary parameterization choices.

A.8. Visualization on ETTh1 (H = 96)

We provide qualitative comparisons between InfoGeo Loss and standard iTransformer (MSE loss) on the ETTh1 dataset
with prediction horizon H = 96. Figure 4 shows eight representative samples predicted by InfoGeo Loss, and Figure 5
shows the same samples predicted by the baseline model. InfoGeo Loss consistently produces smoother predictions that
better capture temporal patterns and maintain closer alignment with ground truth, while baseline predictions exhibit higher
variance and larger deviations.
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Figure 4. InfoGeo Loss predictions on ETTh1 with horizon H = 96. Each subplot shows predictions for a different test sample. Blue
lines represent ground truth and orange lines show InfoGeo Loss predictions.
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Figure 5. MSE-iTransformer predictions on ETTh1 with horizon H = 96. Each subplot shows predictions for the same test samples
as in Figure 4. Blue lines represent ground truth and green lines show baseline predictions.
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A.9. Pseudocode

Algorithm 1 provides pseudocode for computing InfoGeo Loss.

Algorithm 1 InfoGeo Loss Computation

1: Input: Predictions Ŷ, Ground truth Y, Window size w
2: Output: InfoGeo Loss LInfoGeo
3:
4: // Parameterize predictions
5: µ̂, σ̂ ← NetworkOutput(Ŷ)
6: σ̂ ← log(1 + exp(σ̂)) {Ensure positivity}
7:
8: // Fit ground truth distributions
9: for each time step t and channel c do

10: Nt ← {yc,t−w, . . . , yc,t+w}
11: µc,t ← mean(Nt)
12: σc,t ← std(Nt)
13: end for
14:
15: // Compute Fisher distance
16: LFisher ← 1

CT

∑
c,t

√
(µ̂c,t−µc,t)2

σ2
c,t

+
2(σ̂c,t−σc,t)2

σ2
c,t

17:
18: // Compute Bregman divergence

19: LBregman ← 1
CT

∑
c,t

[
(µc,t−µ̂c,t)2

2σ̂2
c,t

+
σ2
c,t

2σ̂2
c,t

+ log
σ̂c,t
σc,t
− 1

2

]
20:
21: // Compute gradient norms
22: GF ← ∥∇ψLFisher∥2
23: GB ← ∥∇ψLBregman∥2
24: Ḡ← (GF +GB)/2
25:
26: // Dynamic weighting
27: α← Ḡ/GF , β ← Ḡ/GB
28:
29: // Combine components
30: LInfoGeo ← αLFisher + βLBregman
31: returnLInfoGeo
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