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Abstract

We consider the privacy amplification properties
of a sampling scheme in which a user’s data
is used in k steps chosen randomly and uni-
formly from a sequence (or set) of t steps. This
sampling scheme has been recently applied in
the context of differentially private optimization
(Chua et al., 2024a; Choquette-Choo et al., 2025)
and communication-efficient high-dimensional
private aggregation (Asi et al., 2026), where it
was shown to have utility advantages over the
standard Poisson sampling. Theoretical analyses
of this sampling scheme (Feldman & Shenfeld,
2025; Dong et al., 2025) lead to bounds that are
close to those of Poisson sampling, yet still have
two significant shortcomings. First, in many prac-
tical settings, the resulting privacy parameters are
not tight due to the approximation steps in the
analysis. Second, the computed parameters are ei-
ther the hockey stick or Rényi divergence, both of
which introduce overheads when used in privacy
loss accounting. In this work, we demonstrate that
the privacy loss distribution (PLD) of random al-
location applied to any differentially private algo-
rithm can be computed efficiently. When applied
to the Gaussian mechanism, our results demon-
strate that the privacy-utility trade-off for random
allocation is at least as good as that of Poisson
subsampling. In particular, random allocation is
better suited for training via DP-SGD. To support
these computations, our work develops new tools
for general privacy loss accounting based on a
notion of PLD realization. This notion allows
us to extend accurate privacy loss accounting to
subsampling which previously required manual
noise-mechanism-specific analysis.

1Apple, Cupertino, CA, US 2School of Computer
Science and Engineering, The Hebrew University of
Jerusalem, Israel. Correspondence to: Moshe Shenfeld
<moshe.shenfeld@mail.huji.ac.il>.

Proceedings of the 43 rd International Conference on Machine
Learning, Seoul, South Korea. PMLR 306, 2026. Copyright 2026
by the author(s).

1. Introduction
Privacy amplification by data sampling is one of the cen-
tral techniques in the analysis of differentially private (DP)
algorithms. In this technique, a differentially private al-
gorithm (or a sequence of DP algorithms) is executed on
a randomly chosen set of data elements without revealing
which of the elements were used. As first demonstrated
by Kasiviswanathan et al. (2011) this additional random-
ness can significantly improve the privacy guarantees of the
resulting algorithm, that is, privacy amplification.

Privacy amplification by sampling has found numerous ap-
plications, most notably in the analysis of the differentially
private stochastic gradient descent (DP-SGD) algorithm
(Bassily et al., 2014) for training neural networks with dif-
ferential privacy. In DP-SGD the gradients are computed on
randomly chosen batches of data points and then privatized
through Gaussian noise addition. Privacy analysis of this
algorithm is based on the so-called Poisson sampling: ele-
ments in each batch and across batches are chosen randomly
and independently of each other. The absence of dependence
implies that the algorithm can be analyzed relatively easily
as an independent composition of single step amplification
results. This simplicity is also the key to accurate numerical
accounting of the privacy parameters of DP-SGD that are
crucial for all existing practical applications of DP-SGD.

The downside of the simplicity of Poisson sampling is that
independently resampling every batch is less efficient and
harder to implement within the standard ML pipelines. As
a result, in practice typically some form of data shuffling
is used to define the batches in DP-SGD even though the
privacy analysis relies on Poisson sampling (e.g., (Mckenna
et al., 2025)). Data shuffling in which the elements are
randomly permuted before being assigned to steps of the
algorithm is also known to lead to privacy amplification.
However, the analysis of this sampling scheme is more in-
volved and nearly tight numerical results are known only
for relatively simple pure DP (δ = 0) algorithms (Erlings-
son et al., 2019; Feldman et al., 2021; 2023; Girgis et al.,
2021a;b). In particular, for the case of Gaussian noise addi-
tion there is no practically useful method of computing the
privacy parameters of DP-SGD with shuffling.

The discrepancy between the implementations of DP-SGD
and their analysis has been explored in several recent works
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demonstrating that shuffling can be less private than Poisson
subsampling (Chua et al., 2024b;c; Annamalai et al., 2026).
Motivated by these findings, Chua et al. (2024a) study train-
ing of neural networks via DP-SGD with batches sampled
via balls-and-bins sampling. In this sampling scheme, each
data element is assigned randomly and independently (of
other elements) to exactly one out of t possible batches.
Their main results show that from the point of view of util-
ity (namely, accuracy of the final model) such sampling
is essentially identical to shuffling and is noticeably better
than Poisson sampling. Concurrently, Choquette-Choo et al.
(2025) considered the same sampling scheme for the matrix
mechanism in the context of DP-FTRL. The privacy analysis
in these two works reduces the problem to analyzing the di-
vergence of a specific pair of distributions on Rt. They then
used Monte Carlo simulations to estimate the privacy pa-
rameters of this pair. This estimation method was improved
in a follow-up work by Dong & Ganesh (2026), by framing
it as a dynamic programming problem. These simulations
provide strong evidence that privacy guarantees of balls-
and-bins sampling for Gaussian noise are similar to those
of the Poisson sampling with rate 1/t. While very encour-
aging, such simulations do not establish formal guarantees.
In addition, achieving high-confidence estimates for small δ
and supporting composition appear to be computationally
impractical.

Another important application of privacy amplification is
for reducing communication in private federated learning
(Chen et al., 2024; Asi et al., 2026; Dong et al., 2025). In
this application, each user subsamples the coordinates of
the vector it holds (typically representing a model update)
and then communicates the selected coordinates. Secure
aggregation protocols are used to ensure that the server does
not learn which coordinates were sampled by which user,
thereby achieving privacy amplification. In this setting, it
is also typically necessary to limit the maximum number of
coordinates a user sends due to computational or commu-
nication constraints on the protocol. Poisson subsampling
results in a random (binomial) number of coordinates to
communicate and thus does not allow to fully exploit the
available limit. Thus in (Asi et al., 2026), a natural alter-
native sampling scheme is considered in which each user
contributes a random k out of the total t times (but with
users still doing this independently). For k = 1 this sam-
pling scheme corresponds to the balls-and-bins sampling
(Chua et al., 2024a).

Motivated by the applications above, Feldman & Shenfeld
(2025) propose and analyze a general sampling scheme
where each element participates in exactly k randomly cho-
sen steps out of the total t, independently of other elements,
referred to as k-out-of-t random allocation. They show a
reduction of the general k scheme to k = 1 and describe
several ways to analyze the 1-out-of-t sampling scheme for

general differentially private algorithms. Dong et al. (2025)
independently derived an additional analysis of the privacy
of k-out-of-t random allocation for Gaussian noise addi-
tion via Rényi divergence. Recently, Schuchardt & Kalinin
(2026) proposed an efficient version of the Rényi divergence
computation using dynamic programming.

The analyses in (Feldman & Shenfeld, 2025; Dong et al.,
2025) and the numerical methods they entail demonstrate
that in most practical settings the privacy amplification
achieved by random allocation is comparable to that of Pois-
son sampling with the best results being typically within
20% increase in ε. While reasonably close, these bounds
are worse than the bounds estimated via Monte Carlo sim-
ulations (Chua et al., 2024a; Choquette-Choo et al., 2025;
Dong & Ganesh, 2026) and bounds that can be computed
exactly in some special cases (Feldman & Shenfeld, 2025;
Schuchardt & Kalinin, 2026). Further, these analyses bound
either the (ε, δ) parameters (Feldman & Shenfeld, 2025) or
the Rényi DP parameters (Feldman & Shenfeld, 2025; Dong
et al., 2025; Schuchardt & Kalinin, 2026) of the resulting
algorithm. Both of these bounds have important limitations
when used with additional processing steps. For example,
the algorithm used in (Asi et al., 2026) relies on random
allocation to reduce communication for each user but on top
of it uses DP-SGD to sample batches of users using Poisson
sampling and composition (for batches and epochs). In such
an application, using an (ε, δ)-bound for random allocation
would require performing composition for general (ε, δ) al-
gorithms which is known to be suboptimal1. On the other
hand, the general subsampling bounds based on Rényi DP
are typically loose. Further, conversion from Rényi DP to
final (ε, δ) guarantees also typically introduces overheads.

1.1. Our Contribution

We demonstrate how to overcome both shortcomings of
the existing numerical methods for computing the privacy
parameters of random allocation. Specifically, we show a
method that, given a privacy loss distribution (PLD) for a
pair of distributions that dominates the privacy loss of each
step of some sequence of t differentially private algorithms,
computes an upper bound on the PLD of the 1-out-of-t
random allocation applied to that sequence of algorithms.

Our algorithm is efficient in that, for the Gaussian mech-
anism, its running time is O(log3(t) · log(t/β)/(σ2α2))
(Theorem 4.3 gives the general bound in terms of the in-
terquantile range), where α is the approximation parameter
of the loss (roughly corresponding to the error in ε) and β is
an additional probability of unbounded loss (translating to
an increase in δ), as demonstrated in Figure 4. Combining

1Suboptimality of (ε, δ) composition is the main reason for the
introduction of moment accountant technique and the development
of numerical composition tools.
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this with the reduction from the general k case to k = 1
(Lemma B.8), we also obtain an algorithm for computing
the PLD of the k-out-of-t random allocation.

PLD is now the standard representation of privacy loss used
in privacy accounting libraries (e.g., (Google, 2022; Mi-
crosoft, 2021; Meta, 2021)) when computing composition.
Its primary benefit is that it can be efficiently and losslessly
composed as well as converted to other notions of DP such
as (ε, δ)-DP and Rényi DP. We demonstrate that PLD-based
computations can be used for more general privacy account-
ing (and not just composition). Specifically, we show how
to implement Poisson subsampling directly on PLDs.2 Our
implementation crucially relies on ensuring that the approx-
imate representation of a PLD we aim to compute is itself
a PLD realization; that is, it corresponds to a PLD of some
pair of distributions that dominates the algorithm. We also
point out that our algorithm for random allocation naturally
supports PLD-based accounting. Together, these algorithms
enable accurate privacy accounting for more complex algo-
rithms, such as the nested sampling used in DP-SGD with
the PREAMBLE scheme (Asi et al., 2026). An implementa-
tion of these algorithms can be found at (PLD, 2026). See
Section 3 for a detailed overview of this contribution.

Technical overview: We now briefly outline our approach.
As in the prior work, the starting point of our result is a rel-
atively simple fact that a dominating pair of distributions3

for a 1-out-of-t random allocation applied to a t-step algo-
rithm M is the pair of distributions Qt (the t-wise product
distribution) and

P̄t =
1

t

∑
i∈[t]

Qi−1 × P ×Qt−i,

where Q and P are a dominating pair of distributions for M .
Equivalently, we can reduce the analysis of a potentially very
complicated algorithm like DP-SGD where steps can depend
on the outputs of previous steps to the analysis of random
allocation applied to a fixed randomizer (specifically, one
that samples from a distribution P when its input contains
the user’s data and samples from distribution Q otherwise).
As discussed in prior work, this reduction is tight for many
private algorithms that include DP-SGD with sufficiently
rich loss functions (Chua et al., 2024a; Choquette-Choo
et al., 2025; Feldman & Shenfeld, 2025).

Now, our goal is to compute the PLD, or the distribution
of ln(P̄t(x)/Q

t(x)) for x ∼ P̄t. Somewhat more formally,
we need to produce a sufficiently accurate upper bound on

2In contrast, existing privacy accounting of subsampling re-
lies on analytic expressions of the PLD of subsampled Gaus-
sian/Laplace mechanism.

3Informally, a pair of distributions is dominating for M if it
realizes (an upper bound on) all the worst case privacy parameters
of M (see Defn. B.5).

this random variable to allow computation of the privacy
parameters for both directions of the divergence. In general,
computing a PLD of a mixture of high-dimensional distribu-
tions is unlikely to be computationally tractable. Our main
observation is that the PLD of the mixture arising in random
allocation can be represented as the (logarithm of) a sum of
exponentiated PLDs (or exp-PLDs) of the dominating pair
(see Theorem 4.2 for a formal statement) and its inverse.
We are dealing with an asymmetric add/remove notion of
privacy, and therefore this result needs to be proved for
both directions. This reduces our computation to t-wise
convolutions performed on exp-PLDs and their inverses.

We then describe how to appropriately discretize the exp-
PLDs and compute the t-wise convolutions for both direc-
tions in time logarithmic in t and inverse quadratic in the
desired accuracy (see Theorem 4.3 for a formal statement).
The dependence on accuracy is quadratic since ensuring
tightness of our estimation requires multiplicative discretiza-
tion of exp-PLDs which is equivalent to the standard addi-
tive discretization of the PLD. Such discretization has an
extremely large dynamic range. As a result implementing
FFT that relies on additive discretization requires a grid
that is often too large for efficient computation4. At the
same time, in some specific regimes, FFT over an additive
grid might still be more efficient than the multiplicative grid
approach. We discuss these computational considerations
in Section 5. The logarithmic dependence on t is achieved
using the standard exponentiation-by-squaring approach of
doubling the number of steps via self-convolution and then
using the binary representation of t to compute the result of
t-step convolution.

To compute an upper bound on the PLD for general k-out-
of-t random allocation, we use a slightly tighter variant
of the reduction from k-out-of-t random allocation to k
compositions of 1-out-of-t/k random allocation in Feldman
& Shenfeld (2025), better accounting for the case where t is
not divisible by k (Lemma B.8).

Numerical evaluation: We compare our approach to ex-
isting techniques as well as Poisson subsampling in a variety
of parameter settings. While our technique is general, we fo-
cus our evaluation on Gaussian noise addition since it is the
motivating application and the only case handled by most
prior works. We note that we do not provide explicit results
on the utility of random allocation, as such results can be
found in prior work (Chua et al., 2024a; Choquette-Choo
et al., 2025; Feldman & Shenfeld, 2025; Dong et al., 2025;
Asi et al., 2026). Our privacy bounds only require knowing
the noise and sampling parameters used there. However, we

4For comparison, FFT is the standard approach for computing
the PLD of composition via convolution of PLDs since PLDs
are discretized additively (Koskela et al., 2020; 2021; Koskela &
Honkela, 2021; Gopi et al., 2021).
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repeat the privacy-utility trade-off toy experiment in (Feld-
man & Shenfeld, 2025), showing that random allocation
improves on Poisson subsampling in this setting (Fig. 9).
Additional details of these numerical evaluations can be
found in Section 5 and Appendix F, where we provide an
extensive comparison of Poisson and random allocation pri-
vacy bounds in various parameter regimes and for other
local algorithms as well.

We start with a basic comparison with existing analysis
methods for k = 1 and a range of t and σ (Figure 1). As can
be seen from the plots, our results improve upon all prior
bounds and are never worse than the bounds for Poisson
subsampling, which matches recent asymptotic analysis by
Dong & Özgür (2026). They also match those obtained
via Monte Carlo simulations in the regimes where the latter
produce reliable results (Figure 2). We remark that the
privacy bounds for these sampling techniques are generally
incomparable (see Figure 10).

1.2. Related Work

Our work is most closely related to a long line of research
on privacy amplification by subsampling and composition.
This combination of tools was first defined and theoreti-
cally analyzed in the setting of convex optimization (Bassily
et al., 2014). Applications of DP-SGD in machine learn-
ing were spearheaded by the landmark work of Abadi et al.
(2016) who significantly improved the privacy analysis via
the moments accounting technique formalized via Rényi DP
(Mironov, 2017). This work has also motivated the develop-
ment of more advanced techniques for analysis of sampling
and composition. A more detailed technical and historical
overview of subsampling and composition for DP can be
found in the survey by Steinke (2025).

Our work closely aligns with the PLD-based numerical ac-
counting techniques (Meiser & Mohammadi, 2018; Sommer
et al., 2019; Koskela et al., 2020; 2021; Koskela & Honkela,
2021; Gopi et al., 2021) which are now the standard ap-
proach for the analysis of DP-SGD supported by several
libraries (Google, 2022; Microsoft, 2021; Meta, 2021). We
note that while our computation also involves convolutions,
we are adding probability ratios and not their logarithms
while ensuring the same kind of approximation guarantees.
As a result, our algorithm is substantially different. At the
same time, our algorithmic results fit naturally with the rest
of the PLD toolkit and expand it to random allocation and
general (single step) subsampling.

Two recent works give formal analyses of k-out-of-t ran-
dom allocation (Feldman & Shenfeld, 2025; Dong et al.,
2025). Feldman & Shenfeld (2025) describe three approxi-
mation approaches that are incomparable and also analyze
the asymptotic behavior of random allocation, based on the
hockey-stick and Rényi divergences (DP and RDP). A RDP-

based approach was independently proposed in (Dong et al.,
2025), and later computationally improved by Schuchardt
& Kalinin (2026). They provide upper bounds on the RDP
parameters of the dominating pair of distributions in the
Gaussian case for both add and remove directions. Methods
based on RDP parameters are particularly well-suited for
subsequent composition (which simply adds up the RDP
parameters). The primary disadvantage of this technique is
that the conversion from RDP bounds to the regular (ε, δ)
bounds is known to be somewhat lossy. The RDP bounds in
(Feldman & Shenfeld, 2025; Dong et al., 2025; Schuchardt
& Kalinin, 2026) are also harmed by the restriction α ≥ 2
since lower order α lead to the best (ε, δ) parameters in
some cases. An extended discussion of related work can be
found in App. A

2. Preliminaries
We briefly present the definitions and notation that we use
in this work. Detailed preliminaries with formal definitions
can be found in Appendix B. In this work we consider t-
step algorithms defined using an algorithm M that takes
some subset of the dataset and a sequence of previous out-
puts—views—as an input. We denote the domain of its input
elements by X and the set of its possible outputs by Y . Such
algorithms include DP-SGD, where each step consists of a
call to the Gaussian noise addition with (clipped) gradient
vectors adaptively defined as a function of previous outputs.
In this work, we consider the random allocation scheme
parametrized by a number of selected steps k ∈ [t], which
uniformly samples a set of k distinct indices i1, . . . , ik ∈ [t]
for each element j and adds element j to the correspond-
ing subsets si1 , . . . , sik . For a t-step algorithm defined by
an algorithm M , we denote by At,k (M) : X ∗ → Yt the
resulting algorithm when M is used with the random alloca-
tion scheme. When k = 1 we omit it from the notation for
clarity.

We focus on the description that is based on the distribution
of the privacy loss random variable (Dwork & Rothblum,
2016) and the closely related notion of the hockey-stick
privacy profile (Balle et al., 2018). Given two distributions
P,Q, the privacy loss random variable LP,Q is defined

by ℓ (ω;P,Q) := ln
(

P (ω)
Q(ω)

)
where ω ∼ P . We refer to

its distribution as the privacy loss distribution (PLD). For
κ ∈ [0,∞], the κ-hockey-stick divergence between two
distributions P,Q is defined as

Hκ (P ∥ Q ) := E
[[
1− κ · e−LP,Q

]
+

]
,

where [x]+ := max{0, x} (Barthe et al., 2012). We note
that this definition extends to any random variable L, that is,
Hκ (L) := E

[[
1− κ · e−L

]
+

]
.

The dataset adjacency notion we consider is the standard
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Figure 1. Upper and lower bounds on privacy parameter ε as a function of the noise parameter σ for various values of t, all using the
Gaussian mechanism with fixed δ = 10−6. We compare our upper and lower bounds (which are nearly identical) to upper bounds on
random allocation (Feldman & Shenfeld, 2025; Dong et al., 2025), and to the Poisson scheme with λ = 1/t.

add/remove notion in which datasets s, s′ ∈ X ∗ are adjacent
if s can be obtained from s′ via adding or removing a single
element. Given an algorithm M : X ∗ × Y∗ → Y , the
privacy profile δM : R→ [0, 1] is defined to be the maximal
hockey-stick divergence between the distributions induced
by any adjacent datasets and past view. Since the hockey-
stick divergence is asymmetric in the general case, we use
δ⃗M to denote the remove direction where ⊥ ∈ s′ and ⃗δM
to denote the add direction when ⊥ ∈ s. Consequently,
δM (ε) = max{δ⃗M (ε), ⃗δM (ε)}. Given ε > 0; δ ∈ [0, 1],
an algorithm M will be called (ε, δ)-differentially private
(DP), if δM (ε) ≤ δ (Dwork et al., 2006).

A key concept for characterizing the privacy guarantees
of an algorithm is that of a dominating pair of distribu-
tions (Zhu et al., 2022). Given distributions P1, Q1, P2, Q2,
we say LP1,Q1 dominates LP2,Q2 if for all κ ≥ 0 we
have Hκ (P2 ∥ Q2 ) ≤ Hκ (P1 ∥ Q1 ), and if δM (ε) ≤
Heε (P ∥ Q ) for all ε ∈ R, we say (P,Q) is a dominating
pair of distributions for M . A dominating pair defines a
dominating randomizer R : {⊥, ∗} → Y , which captures
the privacy guarantees of a t-step algorithm independently
of its algorithmic adaptive properties, letting R(∗) = P de-
note the case where some specific data element was used by
the algorithm and R(⊥) = Q if not (Feldman & Shenfeld,
2025).

The definition of the random allocation scheme naturally
extends to the case where the internal algorithm is a ran-
domizer, At,k (R) : {∗,⊥} → Yt, and the domination of
R extends to this scheme (B.7). Random allocation of a ran-
domizer with k > 1 can be further reduced to a composition
of single allocations, that is δAt,k(R)(ε) ≤ δ⊗k

A⌊t/k⌋(R)(ε)

where ⊗k denotes the composition of k runs of the algo-
rithm (Feldman & Shenfeld, 2025) (we use a slightly tighter
variant that better handles t not divisible by k, B.8). The
dominating pair of distributions for random allocation with
k = 1 has a simple explicit form; At (M ;⊥) is distributed
as Qt and At (M ; ∗) is distributed as P̄t where Qt is the

product distribution of t independent draws from Q and
P̄t :=

1
t

∑
i∈[t]Q

i−1 × P ×Qt−i (B.9). Combining these
results, the analysis of general algorithms with random allo-
cation scheme reduces to the analysis of the (composition
of) random allocation of a single pair of distributions with a
single allocation, which we do in the next sections.

3. PLD-Based Privacy Accounting
One of the key properties of domination in hockey stick di-
vergence (via the dominating pair) is that such domination is
maintained under composition and subsampling. This prop-
erty ensures that in order to compute a valid upper bound on
the privacy profile of a complex algorithm like DP-SGD it
suffices to compute the hockey stick divergence of a single
pair of distributions. At the same time, composition, which
is the main operation of privacy accounting, is significantly
easier to compute numerically using operations on the PLD
of the dominating pair of each step since composition cor-
responds to addition of the privacy losses, or, equivalently,
convolution of PLDs. This numerical accounting relies on
maintaining a discrete approximation of the PMF of the
privacy loss.

Discrete approximations of PLDs are also central to our
numerical computation of the privacy profile of random allo-
cation. In this section, we demonstrate that such PLD-based
representations can be used for privacy accounting beyond
composition. The key property of a discrete representation
we introduce for this purpose is that of a PLD realization.
Namely, a random variable X represented by a discrete
PMF is a PLD realization if it corresponds to the privacy
loss random variable for some pair of distributions PX , QX .
The goal in PLD-based accounting is to compute a PLD-
realization X such that PX , QX dominates the analyzed
algorithm. To achieve this we ensure that accounting steps
performed on PLD realizations preserve this property.

We describe how to perform the basic (Poisson) subsam-
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pling operation directly on a PLD realization in a way that
preserves domination. Our algorithm for approximately
computing a PLD of random allocation can also be seen as
a domination-preserving computation on a PLD realization.
Altogether, we provide the first accurate numerical privacy
accounting for a class of algorithms that includes subsam-
pling and random allocation, in addition to composition. In
particular, it implies that accounting for DP-SGD can be
done for any noise distribution for which a valid dominat-
ing PLD realization can be constructed, whereas existing
libraries rely on using an analytic expression of the PLD
of a (Poisson) subsampled Gaussian or Laplace mechanism
(Google, 2022; Microsoft, 2021; Meta, 2021). We use this
PLD-based accounting method to obtain improved privacy
accounting for the DP-SGD algorithm in (Asi et al., 2026),
where the noise distribution itself results from random al-
location applied to the Gaussian mechanism (Fig. 3). All
proofs and additional claims can be found in Appendix C.

We now define PLD realization formally.

Definition 3.1. A random variable L over [−∞,∞] is a
PLD realization if E

[
e−L

]
≤ 1 and fL(−∞) = 0.

Given a PLD realization L with measure fL its PLD
dual is the random variable D (L) defined by the measure
fD(L)(l) = fL(−l) · el with probability atom at∞ defined
as fD(L)(∞) := 1− E

[
e−L

]
.

It is not hard to show that (1) LP,Q is always a PLD realiza-
tion (C.2); (2) if L is a PLD realization, then fL is the PLD
for the pair of distributions fL and f−D(L); and (3) D (L)
is a PLD realization as well (C.3). From the definition, the
PLD dual of LP,Q is LQ,P . It is known that if L dominates
L′ then D (L) dominates D (L′) as well (Zhu et al., 2022,
Lemma 28). The term dual PLD follows (Sommer et al.,
2019, Definition 3). The relation between LP,Q and LQ,P

was pointed out in (Gopi et al., 2021, Remark 3.4).

In practical terms, these facts imply that the privacy profile
of any algorithm can be upper-bounded using a single ran-
dom variable, which represents a pair of distributions that
dominate that algorithm. Since domination is transitive, any
dominating transformation of the random variable is a valid
dominating pair (albeit, not necessarily tight).

We first recall that domination is maintained under compo-
sition and subsampling (Zhu et al., 2022), that is, if (Pi, Qi)
dominate Mi (or another pair) then (P1 × P2, Q1 × Q2)
dominates the composed algorithms and its PLD is the sum
LP1,Q1

+ LP2,Q2
. The dominating pair of distributions

for Poisson subsampling is obtained by taking the corre-
sponding convex combination of the dominating pair of
distributions for the original algorithm, so if P,Q dominate
M then (Pλ, Q) dominate its Poisson subsampling.

We now show how the subsampling operation transforms

the PLD realization itself.

Theorem 3.2. Given λ ∈ (0, 1] and a PLD realizationL, we
define the two transformed random variables φ⃗λ(L), ⃗φλ(L)
via their PMF,

fφ⃗λ(L)(l) := λfL (ϕλ(l)) + (1− λ)f−D(L) (ϕλ(l))

f ⃗φλ(L)
(l) := fL (−ϕλ(−l)) ,

where ϕλ(l) := ln(1 + (el − 1)/λ). Given two distribu-
tions P,Q we have, LPλ,Q = φ⃗λ(LP,Q) and LQ,Pλ

=
⃗φλ(LQ,P ).

The definition of the transformation over PLD realizations
results from a direct analysis of the distribution, similar
in spirit to the hockey-stick transformation in (Balle et al.,
2018, Theorem 2). By explicitly writing the privacy loss
between a mixture of P and Q and one of its components in
terms of the privacy loss between P andQ, subsampling can
be treated as a PLD transformation, and the amplification as
its resulting improved hockey-stick functional.

Theorem 3.2 directly implies a practical approach for com-
puting an upper bound on the PLD of any subsampled al-
gorithm M dominated by a pair of distributions (P,Q), in
time linear in the size of the support of LQ,P . Given the
PLD realization LP,Q, compute its dual LQ,P (in the re-
move case), transform the relevant supports according to ϕλ,
and compute the probability mass under LP,Q and LQ,P

(Alg. 8, 9). The resulting random variable dominates the
subsampled algorithm.

4. PLD Estimation for Random Allocation
In this section we derive the PLD of random allocation and
show how to compute it numerically. To reason about the va-
lidity and tightness of our bounds, we introduce another nat-
ural notion of domination for PLD realization—stochastic
domination. We quantify the tightness of domination using
approximation parameters α governing the shift in the pri-
vacy loss (corresponding to ε), and β governing the gap in
probability (corresponding to δ). All proofs and additional
claims can be found in Appendix D.

Definition 4.1. A random variable U (first order) stochas-
tically dominates V (denoted by V ⪯ U ), if F̄U upper
bounds F̄V , that is ∀x ∈ [−∞,∞]; F̄V (x) ≤ F̄U (x), where
F̄X = 1 − FX is the complementary CDF (CCDF) of X .
Given α ≥ 0; β ∈ [0, 1], we say U (α, β)-approximately
stochastically dominates V and denote it by V ⪯(α,β) U ,
if ∀x ∈ [−∞,∞] : F̄V (x) ≤ F̄U (x − α) + β. We say U
(α, β)-tightly stochastically dominates V if V ⪯ U ⪯(α,β)

V .

It is known that (approximate) stochastic domination im-
plies (approximate) domination in the hockey-stick sense

6
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(Gopi et al., 2021), that is if V ⪯(α,β) U , then Heε(V ) ≤
Heε−α(U) + β.

Consequently, if LP,Q ⪯(α,β) L, then Heε (P ∥ Q ) ≤
Heε−α(L) + β.

Next we show how random allocation with k = 1 can be
viewed as a transformation operating over a PLD realization,
in the form of a convolution of the exponentiated PLDs (or
exp-PLDs).

Theorem 4.2. For t ∈ N and any PLD re-
alization L, we define two transformations on L,
ψ⃗t(L) := ln

(
1
t

(
eL0 +

∑t−1
i=1 e

−D(Li)
))

and ⃗ψt(L) :=

− ln
(

1
t

∑t
i=1 e

−Li

)
, where L0, L1, . . . (and D (Li)) de-

note independent copies of L (and its PLD dual, respec-
tively).

Given two distributions P,Q we have, LP̄t,Qt = ψ⃗t(LP,Q)

and LQt,P̄t
= ⃗ψt(LQ,P ).

Similar to subsampling, this theorem states that an amplifi-
cation operation can be represented as a transformation
of the base PLD between two distributions. This iden-
tity results from two facts. First, we note that for any
ω̄1:t = (ω1, . . . , ωt) ∈ Ωt, we have ℓ

(
ω̄1:t; P̄t, Q

t
)

=

ln
(

1
t

∑
i∈[t] e

ℓ(ωi;P,Q)
)

. In the case of LQt,P̄t
we have

ωi ∼ Q for all i, but LP̄t,Qt is defined by ωi ∼ P for a
single uniformly sampled index i and ωj ∼ Q for all j ̸= i.
The second insight is that from symmetry, the privacy loss
is identically distributed regardless of the index i sampled
from P , so we can fix ω1 ∼ P and ωi ∼ Q for all i > 1.

Theorem 4.2 directly implies an approach for computing an
upper bound on the PLD of the random allocation scheme
of any algorithm by convolving the appropriate dominating
PLDs. Naturally, these computations cannot be performed
exactly for arbitrary continuous random variables. How-
ever, we show that a tight upper bound can be computed
efficiently. Our analysis relies on the fact that convolution of
exp-PLDs preserves the tightness of stochastic domination
(Lemma D.5).

This lemma implies that unlike the convolution used in com-
position (Claim D.4), the original discretization (or binning)
error of L does not increase under this convolution. This
error can be controlled while ensuring a manageable upper
bound on the number of bins in a standard way. Specifi-
cally, to get a discrete random variable that (α, β)-tightly
stochastically dominates a random variable L we first de-
fine a finite evenly-spaced grid of width α over the range
[qβ (L) , q1−β (L)], where qa(X) is the a quantile of the
random variable X . We then round up the values of the
random variable to the grid points with all the points above
q1−β (L) rounded to∞.

Evenly spaced bins of the PLD correspond to constant ra-
tio of its exponent. This representation is not well-suited
for FFT-based convolution which operates on an additive
grid. Therefore our algorithm relies on direct numerical
convolution of pairs of distributions. The number of com-
puted convolutions can be minimized using exponentiation
by squaring. We also apply a discretization step after each
convolution to ensure an upper bound on the number of
bins that the algorithm maintains. Overall, this leads to the
algorithm we outline below. Full implementation details
can be found in Appendix E.

Algorithm outline (Alg. 1, 2). Given target accuracy pa-
rameters α, β and PLD realizations L⃗ ( ⃗L): (1) Compute the
dual D

(
L⃗
)

of the input, and discrete random variables L⃗′

dominating L⃗ and D
(
L⃗
)′

dominated by D
(
L⃗
)

for the re-

moval direction ( ⃗L
′

dominating ⃗L for the add direction), by
discarding the extreme quantiles on both ends and discretiz-
ing to constant width (Alg. 6). The discretization step needs
to preserve domination and can be done via simple rounding
up or via the more precise connect-the-dots construction of
Doroshenko et al. (2022); see Remark E.2. The exact dual
can then be derived from the result. (2) Compute the convo-

lution of exp
(
L⃗′
)

with t − 1 copies of exp
(
−D

(
L⃗
)′)

for the remove direction (t copies of exp
(
− ⃗L

′)
for add)

in ≤ 2⌈log2(t)⌉ convolution steps, using exponentiation by
squaring (Alg. 3). (3) Directly compute the convolution and
discretize (while ensuring the correct direction of domina-
tion for each direction) into a new geometrically spaced grid
(Alg. 4). (4) Return the logarithm of the convolved random
variable divided by t for the remove direction (the negation
of that log for the add direction).

We can now formally state the properties of this algorithm.

Theorem 4.3. There exists an algorithm that receives
α > 0; β ∈ [0, 1]; t ∈ N, and two PLD re-
alizations L⃗, ⃗L as input, and returns two PLD real-
izations L⃗t, ⃗Lt such that: L⃗t (α, β)-tightly stochasti-
cally dominates ψ⃗t(L⃗), ⃗Lt (α, β)-tightly stochastically
dominates ⃗ψt( ⃗L), and the runtime of the algorithm is

O

((
IQRβ/t

α

)2
· log3(t)

)
, where for any η ∈ [0, 1/2],

IQRη := max{IQRη(L⃗), IQRη(D
(
L⃗
)
), IQRη( ⃗L)} and for

any random variableX , IQRη(X) := F−1
X (1−η)−F−1

X (η)
is the distance between the η and 1− η quantiles of X .

In the case of the Gaussian mechanism with sensitivity 1,

IQRβ/t = O

(√
ln(t/β)

σ

)
. In particular, the runtime of the

algorithm is O
(

log3
2(t) ln(t/β)
σ2α2

)
.
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Combining this theorem with Theorem 4.2, the derivation
of the dominating pair of distributions for random allocation
(Claim B.9), and the fact that stochastic domination implies
domination in the hockey-stick sense (Claim D.2), we get
a computationally efficient transformation on PLD realiza-
tions for random allocation. The validity of this algorithm’s
output is maintained by re-discretizing in a domination-
preserving manner, the tightness–by accounting for the
stochastic approximation error of each factor entering the
log-sum-exp transformation separately and combining them
via Lemma D.5, and runtime–by tracking the number of
convolutions and the induced grid size.

5. Numerical Results
Privacy profile. To emphasize the advantage of our
numerical accounting method for the random allocation
scheme, we compare it in Figure 2 to the combined analytic
methods in (Feldman & Shenfeld, 2025) (using the tight-
est bound over all the methods they provide), the Monte
Carlo-based estimation of the privacy profile (both mean
and high probability bounds), the lower bound by Chua
et al. (2024a), and the numerical accounting of the Poisson
sampling scheme. The chosen parameters match those used
by Chua et al. (2024a), corresponding to their experimental
setting. Results for additional parameter regimes and full
experiment details can be found in Appendix F.

Figure 2. Comparison of the privacy profile of the Poisson scheme
and various bounds for the random allocation scheme; the com-
bined methods in Feldman & Shenfeld (2025), the high probability
and the average estimations using Monte Carlo simulation and the
lower bound by Chua et al. (2024a), and our numerical method,
following the setting in Chua et al. (2024a) (detailed description
can be found in Appendix F).

Our results are nearly indistinguishable from the lower
bound, closely match the expected MC-based estimation in
the regime where it is statistically stable, are tighter than the
MC-based high-probability bound for our simulation setting,
and are significantly tighter than the analytical bounds. We
also note that the privacy profile of the random allocation
scheme is lower than that of Poisson for nearly the entire
range. This is the case for nearly all parameter regimes (Fig.

7), except when ε≪ 1 as depicted in Figure 10, matching
the asymptotic analysis by Dong & Özgür (2026) for σ → 0
and σ →∞, and the theoretical limits ε→ 0 and ε→∞
proven by Chua et al. (2024a).

We note that in the case of the Laplace mechanism the rela-
tion between Poisson and random allocation is more com-
plex. Generally speaking, random allocation’s privacy guar-
antees are better than Poisson’s in the low privacy regime
(small σ and t), slightly worse than Poisson’s in the high
privacy regime, and converge as ε tends to 0 (Fig. 11, 12).
A full characterization of the relation between Poisson and
random allocation for various algorithms is left to future
work.

DP-SGD with PREAMBLE: To illustrate the accuracy
of our PLD computations and our general approach to
PLD-based accounting, we revisit the DP-SGD with low-
communication noise addition algorithm (PREAMBLE)
(Asi et al., 2026). In this setting, a model is trained on a
dataset of n users for E epochs, each consisting of 1/q gra-
dient updates for some q ∈ (0, 1] via a variant of DP-SGD.
Each update is calculated using a batch of users chosen
via Poisson subsampling with probability q using PREAM-
BLE mean estimation algorithm. In this algorithm the d-
dimensional gradient is split into blocks of size B and each
user in the update batch samples k = C/B (out of the d/B)
blocks of the gradient. Here C is an overall communication
constraint for each user. Each user then adds Gaussian noise
to their blocks and the blocks from all the users in the batch
are sent to secret-sharing servers and aggregated.

In this algorithm each gradient update corresponds to run-
ning the k = C/B out of t = d/B random allocation
scheme with Gaussian noise, followed by Poisson subsam-
pling with rate q and thenE/q composition. Asi et al. (2026)
used the RDP-based accounting derived from (Feldman &
Shenfeld, 2025; Dong et al., 2025), combined with amplifi-
cation by subsampling for RDP and standard composition
bounds.

We perform the privacy analysis for this setting using our
PLD accounting methods, combining the results of Theo-
rems 4.3 and 3.2 and Lemma B.8. Figure 3 provides the
results and compares them to the RDP-based bounds for
all the settings in (Asi et al., 2026). The sample size is
n = 6 · 105, the model dimension is d = 220, the commu-
nication constant is C = 215, and the number of epochs is
E = 10, where the expected batch size is nq. The y-axis
represents the ratio between the noise σ required to ensure
(ε = 1, δ = 10−6)-DP using the PREAMBLE method and
the standard private mean estimation via Gaussian noise ad-
dition (which corresponds to standard DP-SGD). As can be
seen from the results, our accounting significantly improves
on RDP-based bounds even in the relatively challenging
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Figure 3. The ratio between the noise level required to achieve
(ε = 1, δ = 10−6)-DP using the PREAMBLE method and simple
Gaussian noise addition for DP-SGD calculated via RDP ((Feld-
man & Shenfeld, 2025)) and numerical accounting.

setting where composition over numerous rounds amplifies
approximation errors.

Runtime. In Figure 4 we depict the runtime on a personal
laptop as a function of the gap between upper and lower
bounds computed on the same parameter, as controlled by
the tightness parameter α for several values of possible
allocations t. As shown in Figure 14, this gap is proportional
to the discretization α, which is inversely proportional to
the grid size. The results match the theoretical derivation in
Theorem 4.3, with runtime scaling ∼ α−2. They also show
that this method is practical and requires at most a few tens
of seconds in most reasonable parameter regimes.

Figure 4. Runtime as a function of discretization α and number of
steps t on Apple MacBook Pro M1 averaged over 10 runs (shaded
area depicts the standard deviation).

Privacy-utility trade-off. Chua et al. (2024a) demon-
strated the utility advantage of the random allocation scheme
relative to Poisson subsampling. In their experiments they
train neural networks on a dataset of size n using DP-
SGD with a fixed noise level σ and expected batch size
b, and show that sampling using random allocation with
k = 1, t = n/b results in better utility than Poisson sam-
pling with q = b/n (Figures 2 and 5 correspond to the
parameters of these experiments). This improvement is
mainly attributed to the reduced variance in the number of
times any single element participates in a training epoch.
As mentioned above, our numerical bounds indicate that the
privacy parameters of the random allocation scheme with
the Gaussian mechanism are slightly better than those of
Poisson for the same noise level and expected batch size
for nearly all parameter regimes. The combination of these
results directly implies that the utility-privacy tradeoff of the
random allocation scheme is better than the corresponding
one for Poisson in the explored settings.

The privacy-utility trade-off was additionally investigated
in (Feldman & Shenfeld, 2025, Appendix H) in a synthetic
setting. Specifically, a dataset s ∈ {0, 1}n is sampled i.i.d.
from a Bernoulli distribution with expectation p ∈ [0, 1],
at each iteration, the algorithm reports a noisy sum of the
elements in the corresponding subset yi, and the estimated
expectation p̂ := 1

n

∑
i∈[t] yi is compared to the true value

of p. Their results were based on weaker analytical bounds
for random allocation and showed that in some settings Pois-
son sampling has an advantage due to tighter privacy anal-
ysis. Our new bounds demonstrate that random allocation
achieves higher accuracy for all privacy settings considered
in their example (Fig. 9).

In Appendix F we provide a number of additional numerical
evaluations, including runtime/accuracy trade-offs, compar-
ison with MCMC-based privacy bounds, bounds for k > 1
and comparison with an FFT-based implementation of con-
volutions for random allocation.

6. Discussion
Our work introduces the first efficient and tight numeri-
cal privacy accounting method for random allocation. The
resulting privacy bounds, together with utility bounds for
this sampling scheme, establish random allocation as a bet-
ter and more practical alternative to Poisson subsampling,
which had previously been the only sampling approach used
for DP-SGD with valid privacy bounds. We also formalize
PLD realization as a natural representation of privacy loss
bounds for numerical accounting, and demonstrate how sub-
sampling and random allocation can be computed directly
on this representation.
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A. Additional Related Work
Our work is most closely related to a long line of research on privacy amplification by subsampling and composition. This
combination of tools was first defined and theoretically analyzed in the setting of convex optimization (Bassily et al., 2014).
The resulting DP-SGD algorithm has found numerous applications in both theoretical and practical work and is currently the
state-of-the-art method for training LLMs with provable privacy guarantees (VaultGemma Team, 2025). Applications of
DP-SGD in machine learning were spearheaded by the landmark work of Abadi et al. (2016), who significantly improved
the privacy analysis via the moments accounting technique formalized via Rényi DP (Mironov, 2017). This work has
also motivated the development of more advanced techniques for analysis of sampling and composition. A more detailed
technical and historical overview of subsampling and composition for DP can be found in the survey by Steinke (2025).

One of the important tools that emerged for the analysis of DP-SGD is privacy accounting via numerical tracking of the
privacy loss random variable. Meiser & Mohammadi (2018); Sommer et al. (2019) coined the term privacy buckets to
describe the quantization of the PLD into a distribution over a finite set of values, which can then be numerically composed.
Interestingly, they did not use FFT based composition due to numerical stability related challenges, and instead used direct
numerical convolution as we do, as well as exponentiation by squaring for achieving logarithmic dependence of the runtime
on the number of compositions. Later, Koskela et al. (2020; 2021); Koskela & Honkela (2021) introduced an FFT based
composition method, which significantly improved the runtime of the convolution for a given approximation target. The
asymptotic dependence of the runtime on the desired approximation accuracy was tightly analyzed by Gopi et al. (2021).
This approach to composition improved on the moments accountant technique since it avoids the somewhat lossy conversion
from RDP parameters to (ε, δ) and is now the standard approach for the analysis of DP-SGD supported by several libraries
(Google, 2022; Microsoft, 2021; Meta, 2021).

We first note that while our computation also involves convolutions, we are adding probability ratios and not their logarithms
while ensuring the same kind of approximation guarantees. As a result, our algorithm is substantially different. At the same
time, our algorithmic results fit naturally with the rest of the PLD toolkit and expand it to random allocation and general
(single step) subsampling.

The shuffle model was first proposed by Bittau et al. (2017). The formal analysis of the privacy guarantees in this model
was initiated in (Erlingsson et al., 2019; Cheu et al., 2019). The sequential shuffling scheme we discuss here was defined
by Erlingsson et al. (2019) who proved the first general privacy amplification results for this scheme, albeit only for pure
DP algorithms. Improved analyses and extensions to approximate DP were given in (Balle et al., 2019; 2020; Feldman
et al., 2021; 2023; Girgis et al., 2021a;b; Koskela et al., 2022). The privacy amplification guarantees of shuffling also apply
to 1-out-of-t random allocation. Indeed, random 1-out-of-t allocation is a special case of the random check-in model of
defining batches for DP-SGD in (Balle et al., 2020). Their analysis of this variant relies on the amplification properties of
shuffling and thus does not lead to better privacy guarantees for random allocation than those that are known for shuffling.

Two recent works give formal analyses of k-out-of-t random allocation (Feldman & Shenfeld, 2025; Dong et al., 2025).
Feldman & Shenfeld (2025) describe three approximation approaches that are incomparable and also analyze the asymptotic
behavior of random allocation. In the first analysis, they show that the approximate DP (ε, δ) privacy parameters of random
allocation are upper bounded by those of the Poisson scheme with sampling probability ≈ k/t up to lower order terms
which are asymptotically vanishing in t/k. This analysis does not lead to tight bounds when t/k is small and can at best
match the bounds for the Poisson sampling. In the second analysis, they show that ε of random allocation with k = 1 is at
most a constant (≈ 1.6) factor times larger than ε of the Poisson sampling with rate 1/t for the same δ. This analysis gives
better bounds for small t, but is typically worse by the said factor than Poisson sampling.

Feldman & Shenfeld (2025) also describe a direct analysis of the divergence for the dominating pair of distributions. In the
remove direction, they derive a closed form expression and relatively efficient algorithm for computing the integer α ≥ 2
order RDP parameters of random allocation in terms of the RDP parameters of the original algorithm. For the add direction,
they give an approximate upper bound directly on the (ε, δ) parameters. While this bound is approximate, the divergence
for the add direction is typically significantly lower than the one for the remove direction and therefore even reasonably
loose approximation of the add direction tends to not harm the overall bound. A similar approach to the analysis of random
allocation was independently proposed in (Dong et al., 2025), and later computationally improved by Schuchardt & Kalinin
(2026). They provide upper bounds on the RDP parameters of the dominating pair of distributions in the Gaussian case for
both add and remove directions. Their efficiently computable bound is exact for α = 2 for the add direction and general k
and is approximate otherwise.
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Methods based on RDP parameters are particularly well-suited for subsequent composition (which simply adds up the
RDP parameters). The primary disadvantage of this technique is that the conversion from RDP bounds to the regular (ε, δ)
bounds is known to be somewhat lossy (typically within 10-20% range in multi-epoch settings). The bounds in (Feldman &
Shenfeld, 2025; Dong et al., 2025; Schuchardt & Kalinin, 2026) are also harmed by the restriction α ≥ 2 since lower order
α lead to the best (ε, δ) parameters in some cases.

B. Full Preliminaries
In this work we consider t-step algorithms defined using an algorithm M that takes some subset of the dataset and a
sequence of previous outputs as an input. We denote the domain of its input elements by X and the set of its possible outputs
by Y . Formally, denoting Y<t =

⋃
i<t Yi, M takes a dataset in X ∗ and a view v ∈ Y<t as its inputs, and outputs a value

in Y . A t-step algorithm using M first uses some scheme to define t subsets s1, . . . , st ⊆ s, then sequentially computes
yi =M

(
si,v1:i−1

)
, where v1:i := (y1, . . . , yi) are the intermediate views consisting of the outputs produced so far, and

v1:0 = ∅. Such algorithms include DP-SGD, where each step consists of a call to the Gaussian noise addition with (clipped)
gradient vectors adaptively defined as a function of previous outputs.

The assignment of the elements in s to the various subsets can be done in a deterministic manner (e.g., s1 = . . . = st = s),
or randomly using a sampling scheme. In this work, we consider the random allocation scheme parametrized by a number
of selected steps k ∈ [t], which uniformly samples a set of k distinct indices i1, . . . , ik ∈ [t] for each element j and adds
element j to the corresponding subsets si1 , . . . , sik . For a t-step algorithm defined by an algorithm M , we denote by
At,k (M) : X ∗ → Yt the resulting algorithm when M is used with the random allocation scheme. When k = 1 we omit it
from the notation for clarity. We use the Poisson scheme, which includes each element in each subset with probability k/t
independently of other elements and subsets, as the baseline for our numerical comparison.

Given a random variableX we denote its PDF by fX , its CDF by FX , and its complementary CDF (CCDF) by F̄X = 1−FX .
We also consider random variables with ±∞ values.

B.1. Differential privacy and Privacy loss distribution

The privacy properties of a differentially private algorithm can be described in a number of different ways (see (Chourasia
et al., 2025) for an overview of the relationships). Here we focus on the description that is based on the distribution of the
privacy loss random variable (Dwork & Rothblum, 2016) and the closely related notion of the hockey-stick privacy profile
(Balle et al., 2018). The privacy loss random variable can be defined for an arbitrary pair of distributions P and Q, but it is
typically instantiated with P and Q being the output distributions of an algorithm on two adjacent datasets.

Definition B.1 (PLD (Dwork & Rothblum, 2016)). Given two distributions P,Q over some domain Ω, the privacy loss
random variable LP,Q is defined by ℓ (ω;P,Q) := ln

(
P (ω)
Q(ω)

)
where ω ∼ P . We refer to its distribution as the privacy loss

distribution (PLD).

Given the PLD we can define the standard hockey-stick divergence between distributions and extend it to random variables
more generally.

Definition B.2 (Hockey-stick divergence (Barthe et al., 2012)). Given κ ∈ [0,∞], the κ-hockey-stick divergence between
two distributions P,Q is defined as

Hκ (P ∥ Q ) :=

∫
Ω

[P (ω)− κQ(ω)]+ dω = E
[[
1− κ · e−LP,Q

]
+

]
,

where [x]+ := max{0, x}. We note that this definition extends to any random variable L defining its κ-hockey-stick

functional as Hκ (L) := E
[[
1− κ · e−L

]
+

]
.

The dataset adjacency notion we consider is the standard add/remove notion in which datasets s, s′ ∈ X ∗ are adjacent if s can
be obtained from s′ via adding or removing a single element. To define sampling schemes that operate over a fixed number
of elements appropriately, we augment the domain with a “null” element⊥, that is, we define X ′ := X ∪{⊥}. When a t-step
algorithm assigns ⊥ to M we treat it as an empty set, that is, for any s ∈ X ∗, v ∈ Y∗ we have M(s,v) =M((s,⊥),v).
We say that two datasets s, s′ ∈ Xn are adjacent and denote it by s ≃ s′, if one of the two can be created by replacing a
single element in the other dataset by ⊥.
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Using this notion, we define the privacy profile of an algorithm and use it to define differential privacy.

Definition B.3 (Privacy profile (Balle et al., 2018)). Given an algorithm M : X ∗ × Y∗ → Y , the privacy profile
δM : R→ [0, 1] is defined to be the maximal hockey-stick divergence between the distributions induced by any adjacent
datasets and past view. Formally,

δM (ε) := sup
s≃s′∈X∗,v∈Y∗

(Heε (M(s,v) ∥M(s′,v) )) .

Since the hockey-stick divergence is asymmetric in the general case, we use δ⃗M to denote the remove direction where
⊥ ∈ s′ and ⃗δM to denote the add direction when ⊥ ∈ s. Consequently, δM (ε) = max{δ⃗M (ε), ⃗δM (ε)}.

We can now formally define the standard notion of DP.

Definition B.4 (Differential privacy (Dwork et al., 2006)). Given ε > 0; δ ∈ [0, 1], an algorithm M will be called
(ε, δ)-differentially private (DP), if δM (ε) ≤ δ.

One of the most common DP algorithms is the Gaussian mechanism Nσ. This algorithm is defined using some function
f : X ∗ → Rd of bounded L2 sensitivity. Namely, for any pair of adjacent datasets s ≃ s′, ∥f(s)− f(s′)∥2 ≤ c for some
value c. For example, in DP-SGD, f is the average of norm-clipped gradients on all elements in s. For the noise scale σ,
the mechanism outputs the value of f on the input dataset perturbed by Gaussian noise scaled to the sensitivity, namely a
random sample from N (f(s), c2σ2Id).

B.2. Dominating Pair for Random Allocation

A key concept for characterizing the privacy guarantees of an algorithm is that of a dominating pair of distributions (Zhu
et al., 2022).

Definition B.5 (Dominating pair (Zhu et al., 2022)). Given distributions P1, Q1 over some domain Ω1, and P2, Q2 over Ω2,
we say LP1,Q1

dominates LP2,Q2
if for all κ ≥ 0 we have Hκ (P2 ∥ Q2 ) ≤ Hκ (P1 ∥ Q1 ). If δ⃗M (ε) ≤ Heε (P ∥ Q )

for all ε ∈ R, we say (P,Q) is a dominating pair of distributions for M in the remove direction. Similarly, if ⃗δM (ε) ≤
Heε (P ∥ Q ) for all ε ∈ R, we say (P,Q) is a dominating pair of distributions for M in the add direction.

For example, a dominating pair of distributions for the Gaussian mechanism Nσ is simply N (1, σ2) and N (0, σ2) (Zhu
et al., 2022), so the privacy loss of Nσ is ℓ

(
x;N (1, σ2),N (0, σ2)

)
= x

σ2 − 1
2σ2 and its PLD is simply N

(
1

2σ2 ,
1
σ2

)
.

The notion of dominating pair can be used to define a dominating randomizer, which captures the privacy guarantees of a
t-step algorithm independently of its algorithmic adaptive properties.

Definition B.6 (Dominating randomizer). Let R : {⊥, ∗} → Y be a randomizer and let P and Q denote its output
distributions on ∗ and ⊥, respectively. We say that a t-step algorithm M : X ∗ × Y<t → Y is dominated by the randomizer
R if (P,Q) are a dominating pair of distributions for M(·, ·) w.r.t. the remove direction over all indexes i ∈ [t] and input
partial views v1:i−1.

When there exists a pair of datasets s ≃ s′ and a view v ∈ Y∗ such that P = M(s,v), Q = M(s′,v) then the privacy
profile of R is identical to that of M .

The definition of the random allocation scheme naturally extends to the case where the internal algorithm is a randomizer,
At,k (R) : {∗,⊥} → Yt, and the domination of R extends to this scheme, as formalized in the next claim.

Lemma B.7 (Allocation reduction to randomizer (Feldman & Shenfeld, 2025)). Given t ∈ N; k ∈ [t] and an algorithm M

dominated by a randomizer R, we have δ⃗At,k(M)(ε) ≤ δ⃗At,k(R)(ε) and ⃗δAt,k(M)(ε) ≤ ⃗δAt,k(R)(ε) for all ε ∈ R.

A special case of this result for Gaussian noise addition can also be found in (Chua et al., 2024a; Choquette-Choo et al.,
2025; Dong et al., 2025). The domination given by this reduction is tight for many natural choices of M whenever R is the
tightly dominating randomizer for M (see (Feldman & Shenfeld, 2025) for a more detailed discussion).

Random allocation of a randomizer with k > 1 can be further reduced to a composition of single allocations. Feldman &
Shenfeld (2025) proved that the privacy profile of the k-out-of-t random allocation is upper bounded by that of 1-out-of-
⌊t/k⌋ random allocation self-composed k times. If t is not divisible by k this reduction is somewhat lossy. To overcome it
we prove a slightly tighter variant of this lemma.
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Lemma B.8 (Reduction to a single allocation). For any t ∈ N and k ∈ [t], we have δAt,k(R)(ε) ≤ δAf (R)⊗Ac(R)(ε) for
all ε ∈ R, where Af (R) (Ac(R)) denotes the composition of mf (mc) runs of the random allocation scheme with ⌊t/k⌋
(⌈t/k⌉) steps, and mf ,mc are the solutions of the equations mf +mc = k , mf · ⌊t/k⌋+mc · ⌈t/k⌉ = t.

Proof. The proof is identical to that of Lemma 3.2 in (Feldman & Shenfeld, 2025), using a more refined decomposition of
the random allocation of k indexes out of t into a two-step process: first randomly split t into mf subsets of size ⌊t/k⌋ and
mc subsets of size ⌈t/k⌉, then run A⌊t/k⌋,1 (R) on each of the mf copies of the scheme and A⌈t/k⌉,1 (R) on each of the
mc copies.

While this reduction may still be somewhat lossy, we remark that an analogous reduction for Poisson sampling is exact.
Namely, sampling independently at the rate of k/t for t steps is equivalent to sampling at the rate of k/t for t/k steps
(which is the analog of 1-out-of-t/k random allocation) composed k times. Thus, this reduction implies that the relationship
between k-out-of-t random allocation and t rounds of k/t-rate Poisson subsampling is the same as the relationship between
1-out-of-t/k random allocation and t/k rounds of 1-out-of-t/k Poisson subsampling whenever t is divisible by k.

The dominating pair of distributions for random allocation with k = 1 has a simple explicit form (Feldman & Shenfeld,
2025) (for the special case of Gaussian noise addition this result can also be found in (Chua et al., 2024a; Dong et al., 2025)).

Claim B.9 (Dominating pair of distributions for random allocation (Feldman & Shenfeld, 2025)). Given an algorithm M
dominated by a randomizer R as in Defn. B.6, we denote by Qt the product distribution of t independent draws from Q and
by P̄t :=

1
t

∑
i∈[t]Q

i−1 × P ×Qt−i. Then we have that At (M ;⊥) is distributed as Qt and At (M ; ∗) is distributed as P̄t,
which implies that for any ε > 0

δ⃗At(M)(ε) ≤ δ⃗At(R)(ε) = Heε
(
P̄t

∥∥ Qt
)

and ⃗δAt(M)(ε) ≤ ⃗δAt(R)(ε) = Heε
(
Qt
∥∥ P̄t

)
.

Combining these results, the analysis of general algorithms with random allocation scheme reduces to the analysis of the
(composition of) random allocation of a single pair of distributions with a single allocation, which we do in the next sections.
Unless specified otherwise, random variables are assumed to be independent.

C. Missing Details from Section 3
It is known that the dominating pair of distributions for Poisson subsampling is obtained by taking the corresponding convex
combination of the dominating pair of distributions for the original algorithm.5

Lemma C.1 ((Zhu et al., 2022)). Given λ ∈ (0, 1] and an algorithm M , denote by M ◦ P the algorithm that, given a
dataset s, constructs a subset s′ by independently including each element in s with probability λ and then releases M(s′).
If M is dominated by the pair of distributions (P,Q) in the remove direction, then M ◦ P is dominated by (Pλ, Q) in the
remove direction and by (Q,Pλ) in the add direction, where Pλ := λP + (1− λ)Q.

We start by stating some properties of PLD realizations.

Claim C.2. For any two distributions P,Q over the same domain, LP,Q is a PLD realization.

Proof. From the definition,

E
[
e−LP,Q

]
= E

ω∼P

[
e−ℓ(ω;P,Q)

]
= E

ω∼P

[
Q(ω)

P (ω)

]
= E

ω∼Q

[
1P (ω)>0

]
≤ 1,

and ℓ (ω;P,Q) = −∞⇒ P (ω) = 0.

Claim C.3. Given a PLD realization L, we have (1) for any l ∈ R, ℓ
(
l; fL, f−D(L)

)
= l; (2) the PLD between fL and

f−D(L) is fL; and (3) fD(L) is a PLD realization as well.

Proof. From the definition of PLD realization fLfL,f−D(L)
(−∞) = fL(−∞) = 0, and from the definition of the PLD dual

f−D(L)(∞) = 0 so fLfL,f−D(L)
(∞) = fL(∞).

5Similar bounds can be derived for sampling a fixed number of elements with and without replacement following the same analysis.
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Combining the definition of the privacy loss and the PLD dual we have,

ℓ (l;L,−D (L)) = ln

(
fL(l)

f−D(L)(l)

)
= ln

(
fL(l)

fL(l)e−l

)
= ln

(
el
)
= l.

The second part is a direct result of the fact,

fLfL,f−D(L)
(l) =

∫
R
δ(ℓ
(
x; fL, f−D(L)

)
− l)fL(x)dx =

∫
R
δ(x− l)fL(x)dx = fL(l).

Similarly, for the third part,

E
[
e−D(L)

]
=

∫
R
e−lfD(L)(l)dl =

∫
R
fL(−l)dl ≤ 1,

and by definition fD(L)(−∞) = 0.

Proof of Theorem 3.2. We first provide an explicit relation of the privacy losses.

ℓ (ω;Pλ, Q) = ln

(
Pλ(ω)

Q(ω)

)
= ln

(
λP (ω) + (1− λ)Q(ω)

Q(ω)

)
= ln

(
1 + λ

(
eℓ(ω;P,Q) − 1

))
Using this identity we get,

FLPλ,Q
(l) = P

ω∼Pλ

(ℓ (ω;Pλ, Q) ≤ l)

= P
ω∼Pλ

(
ln
(
1 + λ

(
eℓ(ω;P,Q) − 1

))
≤ l
)

= P
ω∼Pλ

(
ℓ (ω;P,Q) ≤ ln

(
1 +

(
el − 1

)
/λ
))

= P
ω∼Pλ

(ℓ (ω;P,Q) ≤ ϕλ(l))

= λ P
ω∼P

(ℓ (ω;P,Q) ≤ ϕλ(l)) + (1− λ) P
ω∼Q

(ℓ (ω;P,Q) ≤ ϕλ(l))

= λ P
ω∼P

(ℓ (ω;P,Q) ≤ ϕλ(l)) + (1− λ) P
ω∼Q

(−ℓ (ω;Q,P ) ≤ ϕλ(l))

= λFLP,Q
(ϕλ(l)) + (1− λ)F−LQ,P

(ϕλ(l)),

which implies,
fLPλ,Q

(l) = λfLP,Q
(ϕλ(l)) + (1− λ)f−LQ,P

(ϕλ(l)).

We note that this is an identity between probability masses: f denotes the law of the realization (its PMF in the discrete case,
or the pushforward of its distribution in general), and ϕλ merely relabels the loss axis. A monotone relabeling relocates mass
between values but neither creates nor destroys it, so the CDF—and hence f read as mass—composes without a Jacobian.
The ϕ′λ factor would appear only if f were interpreted as a Lebesgue density (mass per unit loss), a representation we do not
use.

Similarly,

FLQ,Pλ
(l) = P

ω∼Q
(ℓ (ω;Q,Pλ) ≤ l)

= P
ω∼Q

(
− ln

(
1 + λ

(
eℓ(ω;P,Q) − 1

))
≤ l
)

= P
ω∼Q

(
ℓ (ω;P,Q) ≥ ln

(
1 +

(
e−l − 1

)
/λ
))

= P
ω∼Q

(
ℓ (ω;Q,P ) ≤ − ln

(
1 +

(
e−l − 1

)
/λ
))

= P
ω∼Q

(ℓ (ω;Q,P ) ≤ −ϕλ(−l))

= FLQ,P
(−ϕλ(−l)),

which implies, fLQ,Pλ
(l) = fLQ,P

(−ϕλ(−l)).
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D. Missing Details from Section 4
Claim D.1. If a random variable U stochastically dominates a PLD realization L then it is a PLD realization as well.

Proof. From the definition of stochastic domination fU (−∞) = 0, and from the monotonicity of the function e−x we
have that e−U is dominated by e−L so E

[
e−U

]
≤ E

[
e−L

]
≤ 1 (in the probability literature this is typically referred to as

“stochastically smaller than”).

Claim D.2. Given α ≥ 0; β ∈ [0, 1] and two random variables U, V , if V ⪯(α,β) U , then Heε(V ) ≤Heε−α(U) + β.

Proof. Using the fact that

Heε (X) = E
[[
1− eε−X

]
+

]
=

∫ 1

0

P
([

1− eε−X
]
+
> t
)
dt

=

∫ 1

0

P (X > ε− ln(1− t)) dt

=

∫ 1

0

F̄X (ε− ln(1− t)) dt,

we have,

Heε (V ) =

∫ 1

0

F̄V (ε− ln(1− t)) dt ≤
∫ 1

0

F̄U (ε− α− ln(1− t)) + βdt = Heε−α (U) + β.

Claim D.3. Stochastic domination is not maintained under some of the transformations we consider even for PLD
realizations, but its approximate form does.

1. There exist two PLD realizations V,U such that U stochastically dominates V but D (U) neither stochastically
dominates D (V ) nor is stochastically dominated by it.

2. There exist λ ∈ (0, 1] and two random variables V,U such that U stochastically dominates V but φ⃗λ(U) neither
stochastically dominates φ⃗λ(V ) nor is stochastically dominated by it.

3. For any two PLD realizations V,U , if V ⪯ U then D (U) ⪯(0,c) D (V ) where c := fD(U)(∞) − fD(V )(∞) =

E
[
e−V

]
− E

[
e−U

]
.

Proof. First part: Consider the random variables V,U over {ln(2), ln(4)}, such that fV (ln(2)) = fU (ln(4)) = 0.6
and fV (ln(4)) = fU (ln(2)) = 0.4. Clearly, both are PLD realizations, and U stochastically dominates V . Their duals
are fD(V )(− ln(4)) = 0.1, fD(V )(− ln(2)) = 0.3, fD(V )(∞) = 0.6, and fD(U)(− ln(4)) = 0.15, fD(U)(− ln(2)) =
0.2, fD(U)(∞) = 0.65 which do not stochastically dominate each other.

Second part: Consider the random variables V,U , such that fV (0) = fU (1) = 1. Clearly, both are PLD realizations,
and U stochastically dominates V . Their duals are fD(V )(0) = 1, and fD(U)(−1) = 1/e, fD(U)(∞) = 1− 1/e. Setting
λ = 0.5 we have fφ⃗0.5(V )(0) = 1 and fφ⃗0.5(U)(ln((e + 1)/2)) = (e + 1)/2e, fφ⃗0.5(U)(ln(1/2)) = (e − 1)/2e which do
not stochastically dominate each other.

Third part: Denoting gl(x) := e−x · 1{x≤−l} we have for W ∈ {V,U},

FD(W )(l) =

∫ l

−∞
fD(W )(t)dt =

∫ ∞

−l

e−tfW (t)dt = E
[
e−W

]
− E [gl(W )] = 1− fD(W )(∞)− E [gl(W )] .
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Using the fact that for any two random variables V,U if V ⪯ U and φ is a non-increasing function then E[φ(U)] ≤ E[φ(V )],
assuming both expectations exist (See e.g., (Shaked & Shanthikumar, 2007) Eq. 1.A.7), we get

F̄D(U)(l) = E [gl(U)] + fD(U)(∞) ≤ E [gl(V )] + fD(U)(∞) = F̄D(V )(l) + fD(U)(∞)− fD(V )(∞).

Claim D.4. Given random variables Ui, Vi for i ∈ {1, 2}, if Vi ⪯(αi,βi) Ui, then V1 + V2 ⪯(α1+α2,β1+β2) U1 + U2.

Consequently, if Mi is dominated by LPi,Qi
and LPi,Qi

⪯(αi,βi) Ui, then LP1×P2,Q1×Q2
⪯(α1+α2,β1+β2) U1 + U2.

Proof. From the definition, for any l ∈ (−∞,∞),

F̄V1+V2(l) =

∫ ∞

−∞
fV1(x)F̄V2(l − x)dx

≤
∫ ∞

−∞
fV1

(x)(F̄U2
(l − x− α2) + β2)dx

= β2 + F̄V1+U2
(l − α2)

= β2 +

∫ ∞

−∞
fU2

(x)F̄V1
(l − α2 − x)dx

≤ β2 +
∫ ∞

−∞
fU2(x)(F̄U1(l − α2 − x− α1) + β1)dx

= F̄U1+U2(l − (α1 + α2)) + (β1 + β2).

It remains to verify the two endpoints. For l = −∞, note that V1 + V2 > −∞ if and only if both V1 > −∞ and V2 > −∞
(and likewise for U1, U2), so by independence

F̄V1+V2
(−∞) = F̄V1

(−∞) · F̄V2
(−∞)

≤ min{F̄U1
(−∞) + β1, 1} ·min{F̄U2

(−∞) + β2, 1}
≤ F̄U1

(−∞) · F̄U2
(−∞) + β1 + β2

= F̄U1+U2
(−∞) + β1 + β2,

where the second inequality uses F̄Vi
(−∞) ≤ F̄Ui

(−∞) + βi together with F̄Vi
(−∞) ≤ 1.

For l =∞ the bound is immediate, since F̄V1+V2
(∞) = F̄U1+U2

(∞) = 0.

Proof of Theorem 4.2. From the definition,

ℓ
(
ω̄1:t; P̄t, Q

t
)
= ln

(
P̄t(ω̄1:t)

Qt(ω̄1:t)

)
= ln

(
1
t

∑
i∈[t]Q

i−1(ω̄1:i−1)× P (ωi)×Qt−i(ω̄i+1:t)

Qt(ω̄1:t)

)

= ln

1

t

∑
i∈[t]

P (ωi)

Q(ωi)


= ln

1

t

∑
i∈[t]

eℓ(ωi;P,Q)

 .

From symmetry, the random variable defined by ℓ
(
ω̄1:t; P̄t, Q

t
)

where ω̄1:t is sampled from Qi−1×P ×Qt−i is identically
distributed for any i ∈ [t], so WLOG we choose ω̄1:t ∼ P ×Qt−1 and get

ℓ
(
ω̄1:t; P̄t, Q

t
)
= ln

1

t
eℓ(ω1;P,Q) +

1

t

∑
i∈[2:t]

e−ℓ(ωi;Q,P )

 .
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Combining this with the fact D (LP,Q) = LQ,P (Claim C.3) this implies,

LP̄t,Qt = ln

1

t

eLP,Q +
∑

i∈[t−1]

e−L
(i)
Q,P

 = ln

1

t

eLP,Q +
∑

i∈[t−1]

e−D(LP,Q)(i)

 ,

where the superscript (i) denotes independent copies.

Similarly, sampling all elements from Qt we have,

ℓ
(
ω̄1:t;Q

t, P̄t

)
= −ℓ

(
ω̄1:t; P̄t, Q

t
)
= − ln

1

t

∑
i∈[t]

e−ℓ(ωi;Q,P )


which implies LQt,P̄t

= − ln
(

1
t

∑
i∈[t] e

−L
(i)
Q,P

)
.

Lemma D.5. Given α, β1, β2 > 0, and random variables U1, U2, V1, V2, if Vi ⪯(α,βi) Ui for i ∈ {1, 2}, then
ln
(
eV1 + eV2

)
⪯(α,β1+β2) ln

(
eU1 + eU2

)
.

Proof. We first notice that,

F̄eVi (e
x) = F̄Vi (x) ≤ F̄Ui (x− α) + βi = F̄Ui+α (x) + βi = F̄eUi+α (ex) + βi.

Using this bound we get,

F̄ln(eV1+eV2)(x) = F̄eV1+eV2 (e
x)

=

∫ ∞

−∞
feV1 (y)F̄eV2 (e

x − y) dy

≤
∫ ∞

−∞
feV1 (y)

(
F̄eU2+α (ex − y) + β2

)
dy

= F̄eV1+eU2+α (ex) + β2

= F̄eV1−α+eU2

(
ex−α

)
+ β2

= β2 +

∫ ∞

−∞
feU2 (y)F̄eV1−α

(
ex−α − y

)
dy

≤ β2 +
∫ ∞

−∞
feU2 (y)

(
F̄eU1

(
ex−α − y

)
+ β1

)
dy

= F̄eU1+eU2

(
ex−α

)
+ (β1 + β2)

= F̄ln(eU1+eU2) (x− α) + (β1 + β2),

and from Claim D.4,

F̄ln(eV1+eV2)(∞) = F̄eV1+eV2 (∞) ≤ F̄eU1+eU2 (∞) + β1 + β2 = F̄ln(eU1+eU2)(∞) + β1 + β2.

Proof of Theorem 4.3. We start by pointing out two simple facts:

1. The number of times Algorithm 4 is called with input t equals the number of pairwise convolutions performed by
exponentiation by squaring in Algorithm 3, namely ⌊log2(t)⌋+ popcount(t)− 1 ≤ 2⌈log2(t)⌉, where popcount(t)
is the number of nonzero bits in the binary representation of t.
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2. If both input distributions to Algorithm 4 are defined over the grids
[
a · eα·i

]
i∈[n+1]

,
[
b · eα·i

]
i∈[n+1]

, then the

output distribution is defined over the grid
[
(a+ b) · eα·i

]
i∈[n+1]

. This is because by definition, the output grid

is supported over the range ((a + b) · eα, (a + b) · e(n+1)α), and it is spaced with constant ratio eα, so its size is

logeα
(

(a+b)·e(n+1)α

(a+b)·eα

)
= ln (eαn) /α = n.

We state the analysis first in terms of the remove direction, then point out the slight changes for the add direction.

Validity: In the remove direction the algorithm computes the exact dual D
(
L⃗
)

of the input PLD realization; hence, from

Theorem 4.2, if all discretization and convolution steps were lossless, then L⃗t = ψ⃗t(L⃗) and ⃗Lt = ⃗ψt( ⃗L). From Claim D.2
it suffices to implement all re-discretization steps in a stochastically dominating manner to complete the proof. The first
step consists of the construction of a random variable dominating the input PLD realization and, in the remove direction, a
random variable dominated by its exact dual, whose negation therefore dominates the negated dual. At each step of the
convolution, the output random variable dominates the exact convolution of the two input random variables. Since the
exponent and logarithm are monotonically increasing functions, they preserve domination. The proof of the add direction is
identical, except that we compute dominated random variables at each step, since the last part applies the monotonically
decreasing transformation − ln(x). Note that the two remove factors are discretized independently and are therefore no
longer exact duals of one another. Finally, ψ⃗t(L⃗) and ⃗ψt( ⃗L) are PLD realizations by Claim B.9, so the returned random
variables, which stochastically dominate them, are PLD realizations as well (Claim D.1).

Tightness: We note that there are two points in the process where the domination is not tight. The first is in the construction
of the random variables dominating the input PLD realization and its negated dual, and the second is the re-discretization
at each convolution step. From the first fact, there are ≤ 2⌈log2(t)⌉ convolution steps which, together with the initial
discretization, are the only stages where accuracy degrades. We account for the two separately. Algorithm 6 is (α′, β′)-tight
in either direction, and lower-discretizing the exact dual before negating it gives the required (α′, β′) guarantee for the
negated-dual factor. Thus each of the t factors entering the transformation of Theorem 4.2—the input and t − 1 copies
of the negated dual in the remove direction, t copies of the input in the add direction—carries error (α′, β′). Repeated
application of Lemma D.5 yields a total initial error of (α′, tβ′) = (α′, β) in both directions; in particular the effect of the
tail truncation grows with the number of factors, but it takes place only in the initial discretization. The re-discretization of
Algorithm 4 takes no tail parameter: it moves mass within a single bin and its boundary bins absorb all outlying products,
so each convolution step adds α′ to the loss parameter and nothing to the tail parameter. Summing, the overall error is
((2⌈log2(t)⌉+ 1)α′, β) = (α, β).

Computational complexity: Since we directly compute the convolution, each one requires O(n ·m) steps where n,m are
the number of bins in the two discrete random variables. From the second fact, the grid size remains identical to the initial
size n0. Combining this with the first fact implies the computational complexity of this algorithm is O

(
n20 · log2(t)

)
. Using

the fact that the bins were evenly spaced in the PLD between the β′ and 1− β′ quantiles with width α′ and the definition of
α′, β′ we get,

n0 =
IQRβ′

α′ =
IQRβ/t

α
· (2 ⌈log2(t)⌉+ 1) ,

which completes the proof.

The next claim shows how two bounds can be combined to form a tighter one. A fact that can be used to provide tighter
bounds by combining two convolution techniques, as discussed in the first part of Section 5.

Claim D.6. Given three random variables V1, V2, X , if V1 ⪯ X and V2 ⪯ X then V1 ⪯ V ⪯ X and V2 ⪯ V ⪯ X ,
where V is defined via its CCDF, ∀l ∈ [−∞,∞]; F̄V (l) := max{F̄V1(l), F̄V2(l)}. Similarly, if X ⪯ U1 and X ⪯ U2 then
X ⪯ U ⪯ U1 and X ⪯ U ⪯ U2, where ∀l ∈ [−∞,∞]; F̄U (l) := min{F̄U1(l), F̄U2(l)}.
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E. Full Implementation Details
In this section we provide detailed description of the algorithm implementation. We represent discrete random variables
X as a pair (l̄, fX), where l̄ is an array of increasing values and fX is their corresponding probabilities. We use 0-based
indexing notation and denote the last cell as l[−1]. We note that if X is a PLD realization l[0] = −∞, l[−1] = ∞, and
fX [0] = 0. In the context of exp-PLDs we have el[0] = e−∞ = 0 and el[−1] = e∞ =∞. This affects the convolution since
for any scalar x±∞ = ±∞ but x+ 0 = x. Throughout we use notation such as exp(L) and ln(L) to denote the operation
over the loss values that keeps the PDF unchanged, and in the case of monotonically decreasing operation—reverses the
order of the losses and PDF.

We start by describing the main functions, with remove (1) and add (2) variants as separate algorithms, followed by
their building blocks. Our implementation uses the exact number of pairwise convolutions in exponentiation by squaring,
⌊log2(t)⌋+ popcount(t)− 1, where popcount(t) is the number of nonzero bits in the binary representation of t. In the
pseudocode and analysis we use the simpler upper bound 2 ⌈log2(t)⌉.

Algorithm 1 Random allocation numerical accounting (re-
move) rand-alloc-rem(L⃗, t, α, β)

Require: L⃗-PLD realization, t-number of alloca-
tions, (α, β)-domination tightness parameters

Ensure: L⃗t-PLD realization dominating ψ⃗t

(
L⃗
)

α′ ← α
2⌈log2(t)⌉+1 , β′ ← β

t

L← disc-dist(L⃗, α′, β′, upper)
if t = 1 then

return L⃗t = L
end if
D ← PLD-dual(L⃗)
D′ ← disc-dist(D,α′, β′, lower)
eL1 ← exp(L), eD1 ← exp(−D′)
eDt−1 ← self-conv (eD1, t− 1, upper)
eLt ← conv (eDt−1, eL1, upper)
return L⃗t = ln(eLt/t)

Algorithm 2 Random allocation numerical accounting (add)
rand-alloc-add( ⃗L, t, α, β)

Require: ⃗L-PLD realization, t-number of alloca-
tions, (α, β)-domination tightness parameters

Ensure: ⃗Lt-PLD realization dominating ⃗ψt

(
⃗L
)

α′ ← α
2⌈log2(t)⌉+1 , β′ ← β

t

L← disc-dist( ⃗L, α′, β′, upper)
eL1 ← exp(−L)
eLt ← self-conv (eL1, t, lower)
return ⃗Lt = − ln(eLt/t)

Remark E.1. A lower-bound variant of the algorithm produces tight numerical lower bounds on the PLD by reversing every
directional choice in disc-dist, conv, and self-conv, and all results of Theorem 4.3 extend to this direction. In both variants
the dual is extracted from the original input before either factor is discretized, so the construction remains well defined even
though a lower discretization need not itself be a PLD realization and therefore need not have a dual.

The main component of these two algorithms is convolution, which is computed in Algorithm 3 recursively using exponen-
tiation by squaring. Given a number of steps t ∈ N we decompose it into a sum of powers of 2, so we can compute the
t-times self convolution as a convolution of the 2i-times self convolutions using Algorithm 4. For example, for t = 13 we
can compute the 2, 4 and 8 convolutions, then convolve the random variable with its 4th and 8th convolution, for a total of 5
convolutions.

Each convolution is computed in Algorithm 4 by direct multiplication of the two input random variables, and discretized
into a new grid computed by Algorithm 5. It assumes both input random variables are defined over the same number
of points (in the remove direction, where the two factors are discretized separately and may span different quantile
ranges, the narrower one is padded with zero-probability bins to match), and that if l[0] = −∞ and l[−1] = ∞ then
fX [0] · fX′ [−1] = fX [−1] · fX′ [0] = 0 since∞−∞ is not defined. Since we convolve exp-PLDs whose minimal value
corresponds to 0, this is never a problem. First it computes the output grid using Algorithm 5, then it computes the PMF of
fconv as the sum of fX [j] · fX′ [k] over all pairs j, k such that l̄[j] + l̄′[k] belongs to the relevant bin, with the probability
mass assigned to its left or right depending on the domination direction.
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Algorithm 3 Self convolution self-conv(X, t, dir)

Require: X-random variable, t number of convolutions, dir-domination direction (upper/lower)
Ensure: Xacc-convoluted random variable
Xbase ← X
init← False
while t > 0 do

if t is odd then
if init then
Xacc ← conv(Xbase, Xacc, dir)

else
Xacc ← Xbase
init← True

end if
end if
t← ⌊t/2⌋
if t > 0 then
Xbase ← conv(Xbase, Xbase, dir)

end if
end while
if init then

return Xacc
else

return Xbase
end if

Algorithm 4 Convolve two random variables conv(X,X ′, dir)

Require: X,X ′-two random variables, dir-domination direction (upper/lower)
Ensure: Xconv-convoluted random variable
l̄conv ← range-renorm(X,X ′)
l̄← values of X , l̄′ ← values of X ′, n← (size of l̄)− 2
if dir = ’upper’ then
fconv[0]←

∑
l̄[j]+l̄′[k]=l̄conv[0]

fX [j] · fX′ [k],

fconv[1 : n]←

[ ∑
l̄[j]+l̄′[k]∈(l̄conv[i−1],l̄conv[i]]

fX [j] · fX′ [k]

]
i∈[n]

fconv[n+ 1]←
∑

l̄[j]+l̄′[k]>l̄conv[n]

fX [j] · fX′ [k]

else
fconv[0]←

∑
l̄[j]+l̄′[k]<l̄conv[1]

fX [j] · fX′ [k],

fconv[1 : n]←

[ ∑
l̄[j]+l̄′[k]∈[l̄conv[i],l̄conv[i+1])

fX [j] · fX′ [k]

]
i∈[n]

fconv[n+ 1]←
∑

l̄[j]+l̄′[k]=l̄conv[n+1]

fX [j] · fX′ [k]

end if
return Xconv = (l̄conv, fconv)
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Algorithm 5 is used to define the new grid for the convolution step. It assumes the two random variables are defined
over the same number of points, l̄[0] = l̄′[0], l̄[−1] = l̄′[−1], and the rest of the points are exponentially spaced with the
same ratio, that is l̄[i]/l̄[i − 1] = l̄′[j]/l̄′[j − 1] = r for some ratio r > 1 and all i, j except for the two ends. Under
these two assumptions, the sum of the two random variables is bounded in [l̄[1] + l̄′[1], l̄[−2] + l̄′[−2]] and we have
l̄[−2]+l̄′[−2]

l̄[1]+l̄′[1]
= l̄[1]rn−1+l̄′[1]rn−1

l̄[1]+l̄′[1]
= rn−1, so we split the range into n − 1 exponentially spaced bins with ratio r (i.e., n

interior grid points).

Algorithm 5 Re-normalize the range for convolution range-renorm(X,X ′)

Require: X,X ′-two random variables to be convolved
Ensure: l̄conv-the grid for the convolved random variable
l̄← values of X , l̄′ ← values of X ′, n← (size of l̄)− 2 {Using the equal length assumption}
lmin ← l̄[1] + l̄′[1]
r ← l̄[2]/l̄[1] {Using the constant ratio assumption}
l̄conv[1 : n]←

[
lmin · ri−1

]
i∈[n]

l̄conv[0]← l̄[0], l̄conv[n+ 1]← l̄[n+ 1] {Using the identical min and max values assumption}
return l̄conv

The implementation also requires an algorithm (6) for discretizing a PLD realization to an evenly spaced grid. The direction
parameter specifies whether values are rounded upward or downward. The upper output is again a PLD realization by Claim
D.1; the lower output is used only as an auxiliary random variable and need not be a PLD realization.

Algorithm 6 Discretize a PLD realization disc-dist(X,α, β, dir)

Require: X-PLD realization, (α, β) tightness parameters, dir-domination direction (upper/lower)
Ensure: U -discretized random variable; U (α, β)-tightly dominates (dominated by) X if dir is upper(lower)
(lmin, lmax)← (qX(β), qX(1− β)) {Quantiles of the finite part of X}
n←

⌈
lmax−lmin

α

⌉
+ 1

l̄← {−∞} ∪ [lmin + (i− 1) · α]i∈[n] ∪ {∞}
ρupper(x)← min{g ∈ l̄ : g ≥ x}, ρlower(x)← max{g ∈ l̄ : g ≤ x}
fU (g)← Pr[ρdir(X) = g] for every g ∈ l̄
return U = (l̄, fU )

Remark E.2 (Connect-the-dots rediscretization). Rediscretization of a PLD realization into a dominating distribution—such
as the initial projection in random allocation and the final projection in subsampling—may be tightened by replacing the
stochastically dominating construction of Algorithm 6 by the pessimistic connect-the-dots (CtD) construction of Doroshenko
et al. (2022). Given a PLD realization L and a target grid ℓ0 < · · · < ℓm, CtD returns a PLD realization L′ whose privacy
profile (hockey-stick curve) interpolates the points

(
eℓi ,Heℓi (L)

)
, with the residual value at the right endpoint carried by

an atom at∞.

The validity of the domination directly results from combining two claims; Claim C.3 implies that a PLD realization
corresponds to a pair of distributions and consequently - to a randomizer, and using this perspective, Claim B.9 essentially
states that domination is maintained under the random allocation transformation. We do not provide tightness guarantees for
this variant, but empirically observed that it yields upper bounds that are dominated by the stochastic domination-based
ones described in the pseudo code. The re-discretizations inside the convolution and the whole lower-bound path keep the
stochastic domination-based implementation.

We note that in the context of the remove branch of random allocation, using this method requires an additional change.
Rather than computing the dual then discretizing L⃗ upward and its dual downward, build L′ using CtD, then compute its
D (L′).

The computation of random allocation and subsampling in the remove direction requires extracting the dual from a PLD
realization.
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Algorithm 7 Extract the dual PLD PLD-dual(L)

Require: L-PLD realization
Ensure: D-PLD dual
l̄← values of L, n← (size of l̄)− 2

fD ←
[
e−l̄[i] · fL[i]

]
i∈[n]

fD[n+ 1]← 0, fD[0]← 1−
∑

i∈[n] fD[i]

return D = −(l̄, fD)

The next two algorithms (8, 9) compute the subsampling transformation of the PLD via Algorithm (10). Since the subsam-
pling transformation ϕλ is non-linear, an exact lossless transformation results in a varying-width grid. Our implementation
combines the transformation and re-discretization steps, subsampling directly into the re-discretized grid. We present the
simpler lossless support transformation here for clarity.

The expression w · L1 + (1− w) · L2 should be interpreted as a new distribution supported on the union of the loss values
of L1 and L2 and the probability vector is assigned by the corresponding distribution (if the same value appears in both
distributions, its new probability is the weighted sum of its probabilities under the two distributions).

Algorithm 8 Subsample PLD (remove) PLD-subsam-
remove(L, λ)

Require: L-PLD realization, λ-sampling probability
Ensure: Lλ-subsampled PLD
L1 ← subsam-core(L, λ)
D ← PLD-dual(L)
L2 ← subsam-core(−D,λ)
return Lλ = λ · L1 + (1− λ) · L2

Algorithm 9 Subsample PLD (add) PLD-subsam-
add(L, λ)

Require: L-PLD realization, λ-sampling probability
Ensure: Lλ-subsampled PLD
L1 ← subsam-core (−L, λ)
return Lλ = −L1

Algorithm 10 Subsample core subsam-core(L, λ)

Require: L-Random variable, λ-sampling probability
Ensure: Lλ-subsampled random variable
l̄← values of L, n← (size of l̄)− 2
l̄λ[0]← ln(1− λ)
l̄λ [1 : n]←

[
ln
(
1 + λ(el̄[i] − 1)

)]
i∈[1:n]

l̄λ [n+ 1]← l̄[n+ 1]
fLλ
← fL

return Lλ = (l̄λ, fLλ
)
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F. Experimental Results
In this section we provide several additional results.

Figure 5 is an extended version of Figure 2. It follows the setting used by Chua et al. (2024a) to showcase their results. The
number of steps is derived from the size of the training set and choice of batch size in their experimental results for Criteo
Display Ads pCT (top) and Criteo Sponsored Search Conversion Log dataset (bottom) with batch sizes 1, 024 (left) and
8, 192 (right).

The Monte Carlo results were computed using importance sampling with 106 samples and 95% confidence. We note that
the computation for the results derived by Chua et al. (2024a) was performed in parallel on a cluster of 60 CPU machines.

Figure 5. Comparison of the privacy profile of the Poisson scheme and various bounds for the random allocation scheme; the combined
methods in Feldman & Shenfeld (2025), the high probability and the average estimations using Monte Carlo simulation and the lower
bound by Chua et al. (2024a), and our numerical method, following the setting in Chua et al. (2024a).
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Beyond k = 1. The next two figures depict the effect of
changing k, the number of allocations. Figure 8 extends the
results of the main figure (Figure 1) to the k > 1 regime, and
Figure 6 depicts the effect of increasing k on ε. We note that
the “zigzag” present in the FS25 line in the latter figure results
from cases where the remainder t mod k is comparable to the
partition size t/k. Our PLD results rely on our more careful
reduction in Lemma B.8.
The superiority of the random allocation privacy guarantees
over the Poisson scheme holds in nearly all parameter regimes,
as depicted in the next two plots. Figure 7a depicts the pri-
vacy parameter ε for various t, σ, and δ, after a single random
allocation run or 100 compositions, and Figure 7b depicts
the gap between the upper bounds computed for random al-
location and Poisson sampling. We note that there is no case
where the upper bound on the privacy parameter ε of Poisson
is smaller than the lower bound on random allocation. The
gray cells correspond to settings where the gap between the
methods is smaller than the gap between the bounds. These
cells are more prevalent for the 100 epoch plots as the gap be-
tween our bounds is higher in this setting due to computational
constraints.

Figure 6. Upper and lower bounds on privacy parameter ε as a
function of the number of allocations k. We compare our upper
bound to upper bounds on random allocation (Feldman & Shenfeld,
2025; Dong et al., 2025), and to the Poisson scheme with λ = 1/t.

(a) Upper bound on the privacy parameter ε values of random
allocation.

(b) Gap between the upper bounds on the privacy parameter ε
induced by random-allocation and Poisson schemes. Gray repre-
sents values where upper bound on ε for Poisson is between the
upper and lower bounds for allocation.

Figure 7. Privacy parameter ε for various noise scales σ, number of allocation steps t, values of δ, and repeated composition (epochs).
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Figure 8. Upper and lower bounds on privacy parameter ε as a function of the noise parameter σ. We compare our upper and lower
bounds (which are nearly identical) to upper bounds on random allocation (Feldman & Shenfeld, 2025; Dong et al., 2025), and to the
Poisson scheme with λ = 1/t.

Privacy-utility trade-off. Figure 9 presents the improved tradeoff under the same setting considered in (Feldman &
Shenfeld, 2025) (Appendix H) as discussed in Section 5.

Figure 9. Analytical and empirical square error for the Poisson and random allocation scheme using both the combined method in
Feldman & Shenfeld (2025) and our PLD accounting, for various values of ε and d (which corresponds to an increase in sensitivity). We
set p = 0.9, t = 103, δ = 10−10.
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No domination between Poisson and allocation. While
most numerical examples in this work show superior privacy
guarantees for random allocation relative to Poisson sampling,
the Poisson scheme is not dominated by random allocation,
nor does it dominate it for other parameter regimes. This was
first proven theoretically by Chua et al. (2024a) for the limit of
ε→ 0 and ε→∞. Figure 10 provides a clear demonstration
of this fact.
We note that this near-total domination is unique to the Gaus-
sian mechanism. Repeating the experiment with the Laplace
mechanism results in more complex dynamics, as shown in
Figures 11 and 12. In the low privacy regime (small σ and t),
random allocation is significantly more private than Poisson
sampling. For smaller ε, the roles flip and Poisson provides
better privacy guarantees. As is the case with the Gaussian
mechanism, the two become nearly identical as σ and t be-
come sufficiently large.

Figure 10. Privacy profile of the Poisson and random allocation
schemes, clearly demonstrating they do not dominate each
other.

Figure 11. Comparison of the privacy parameter ε for δ = 10−6 induced by random allocation (nearly identical upper and lower bounds)
and Poisson scheme with λ = 1/t (upper bound) as a function of the noise parameter σ for the Gaussian and Laplace mechanisms.

Figure 12. Comparison of the privacy parameter ε for δ = 10−6 induced by random allocation (nearly identical upper and lower bounds)
and Poisson scheme with λ = 1/t (upper bound) as a function of the number of steps t for the Gaussian and Laplace mechanisms.
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FFT convolution. While it is also possible to implement the convolution using FFT, it turns out that in many reasonable
settings, it is hard to achieve high accuracy (in stochastic domination and the implied privacy evaluation) using reasonable
computational resources. This is because FFT requires a constant discretization, and the convolution is carried over the
exponent of the loss which implies a significantly larger range. For example, in the case of the Gaussian mechanism the
PLD is a Gaussian random variable and its exponent is a lognormal, so setting σ = 1 and β = 10−10 induces a width of
≈ 12.5 on the discretized PLD and ≈ 950 on its exponent.

While we do not provide explicit tightness guarantees for this method, our validity analysis of the bounds it produces holds
nevertheless, and it provides superior bounds in some extreme cases in the remove direction. The difference between the
add and remove directions results from the fact FFT bins are evenly spaced in the exponent of the privacy loss space, which
implies higher resolution for large positive losses and lower resolution for large negative losses. Consequently, the FFT
yields a tighter privacy profile in the remove direction, which roughly corresponds to the right tail bound on the PLD, than
in the add direction, which roughly corresponds to the left tail bound. We elaborate on these points in Appendix F, where
we show that combining the two methods may lead to superior bounds (Fig. 13).

We note that combining the FFT-based and direct convolution methods on the same random variable can result in a tighter
bound than either one (Claim D.6). FFT based convolution requires evenly spacing the bins in the eℓ space, which results
in smaller bins (and thus—tighter bound) for LP,Q ≫ 1 and larger bins (and thus—looser bound) for LP,Q ≪ −1.
Since δ⃗(ε) ≈ P (LP,Q > ε) approximately corresponds to the right tail in the remove direction, while ⃗δ(ε) approximately
corresponds to the left tail in the add direction, this implies that FFT’s results are tighter in the remove direction for a given
number of bins.

Figure 13 portrays this phenomenon. Since the FFT-based convolution typically requires more memory while the direct
multiplicative-based method results in longer runtime, there is no natural comparison between the two. We chose to use
the number of bins as the comparison value, with the range of FFT bin counts at the top of each subplot and the number
of multiplicative bins at the bottom. The privacy parameter ε is presented separately for the add, remove, and combined
directions. In this range, the multiplicative method is tighter than the FFT in the add direction for the entire range, and only
for a large number of bins in the remove direction, but the true profile of the remove direction is typically larger than add.
As such, the combined method is tighter than either one in the actual privacy parameter (both).

Figure 13. Comparison of ε for δ = 10−10 using FFT and direct multiplicative-based PLD accounting techniques for the random
allocation scheme with σ = 2, t = 130, presented separately for the add, remove, and both (max of the two) directions. The x-axis
represents the number of bins (bottom - multiplicative, top - FFT), both with tightness parameter β = 10−12.
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Table 1. Parameters and epsilon bounds for the k = 1 dominates-gap subplot.

Point σ t δ Discretization Tail truncation εupper εlower εgap
1 1.5 25 10−5 5× 10−3 10−7 5.74× 10−1 5.7× 10−1 4.25× 10−3

2 1.7 40 10−5 5× 10−3 10−7 3.6× 10−1 3.57× 10−1 3.61× 10−3

3 1.5 25 10−5 10−2 10−7 5.76× 10−1 5.68× 10−1 8.24× 10−3

4 0.85 120 10−5 2× 10−2 10−7 9.92× 10−1 9.83× 10−1 8.78× 10−3

5 2.6 60 10−6 5× 10−3 10−8 1.98× 10−1 1.95× 10−1 3.41× 10−3

6 1.7 40 10−5 10−2 10−7 3.62× 10−1 3.55× 10−1 7.03× 10−3

7 1.5 25 10−5 2× 10−2 10−7 5.8× 10−1 5.64× 10−1 1.62× 10−2

8 2.6 60 10−6 10−2 10−8 2× 10−1 1.93× 10−1 6.72× 10−3

9 1.7 40 10−5 2× 10−2 10−7 3.65× 10−1 3.51× 10−1 1.39× 10−2

10 1.3 2000 10−5 5× 10−3 10−7 6.1× 10−2 5.79× 10−2 3.16× 10−3

11 1.8 150 10−7 2× 10−2 10−9 2.22× 10−1 2.07× 10−1 1.52× 10−2

12 2 100 10−6 2× 10−2 10−8 2.12× 10−1 1.97× 10−1 1.51× 10−2

13 1.7 40 10−5 5× 10−2 10−7 3.75× 10−1 3.41× 10−1 3.43× 10−2

14 1.3 2000 10−5 10−2 10−7 6.26× 10−2 5.63× 10−2 6.27× 10−3

15 1.8 150 10−7 5× 10−2 10−9 2.33× 10−1 1.96× 10−1 3.78× 10−2

16 1.7 40 10−5 10−1 10−7 3.92× 10−1 3.24× 10−1 6.81× 10−2

17 1.3 2000 10−5 2× 10−2 10−7 6.57× 10−2 5.32× 10−2 1.25× 10−2

18 1.8 150 10−7 10−1 10−9 2.53× 10−1 1.78× 10−1 7.49× 10−2

19 2 100 10−6 10−1 10−8 2.43× 10−1 1.69× 10−1 7.45× 10−2

20 0.9 1000 10−5 10−1 10−7 2.12× 10−1 1.49× 10−1 6.29× 10−2

Discretization. In Figure 4, we compare the runtime to the gap between the computed upper and lower bounds, as
determined by the discretization parameter α. This comparison relies on the implicit assumption that the gap is indeed
approximately equal to the discretization. This requires verification, as our implementation contains several rescalings of the
input parameter, which is interpreted as the target final discretization. Figure 14 demonstrates that this is indeed the case
by comparing the two across various parameter regimes. Because the discretization α should bound the gap between the
true value and the upper and lower bounds, the gap should be at most 2 · α. The full configuration parameters and resulting
bounds can be found in Tables 1 and 2.

Figure 14. Gap between upper and lower bounds as a function of the discretization parameter for various parameter configurations. Values
are normalized by ε to align the scale of the different settings.
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Table 2. Parameters and epsilon bounds for the k > 1 dominates-gap subplot.

Point σ t k δ Discretization Tail truncation εupper εlower εgap
1 0.8 6 3 10−5 5× 10−3 10−7 9.11× 100 9.11× 100 5.5× 10−3

2 1.2 512 64 10−4 5× 10−2 10−6 1.34× 101 1.34× 101 3.39× 10−2

3 0.8 230 7 10−5 2× 10−2 10−7 4.48× 100 4.46× 100 1.52× 10−2

4 1.2 512 64 10−4 4× 10−2 10−6 1.34× 101 1.34× 101 2.77× 10−2

5 2 350 20 10−5 2× 10−2 10−7 2.32× 100 2.3× 100 1.79× 10−2

6 1.2 8 4 10−5 2× 10−2 10−7 6.03× 100 6.01× 100 1.63× 10−2

7 0.75 180 4 10−6 2× 10−2 10−8 4.34× 100 4.33× 100 1.22× 10−2

8 1.9 200 5 10−5 5× 10−3 10−7 7.31× 10−1 7.27× 10−1 3.79× 10−3

9 1 4 2 10−5 5× 10−2 10−7 5.32× 100 5.29× 100 3.86× 10−2

10 2.2 150 3 10−5 5× 10−3 10−7 4.09× 10−1 4.05× 10−1 4.25× 10−3

11 1.1 280 8 10−6 5× 10−2 10−8 2.65× 100 2.61× 100 4.25× 10−2

12 0.9 120 2 10−6 5× 10−2 10−8 1.92× 100 1.9× 100 2.43× 10−2

13 1.6 384 32 10−5 2× 10−1 10−7 5.08× 100 4.95× 100 1.35× 10−1

14 0.7 5 2 10−5 5× 10−1 10−7 8.55× 100 8.25× 100 3.08× 10−1

15 2 350 20 10−5 2× 10−1 10−7 2.39× 100 2.22× 100 1.72× 10−1

16 0.75 180 4 10−6 5× 10−1 10−8 4.46× 100 4.18× 100 2.77× 10−1

17 1.1 280 8 10−6 5× 10−1 10−8 2.83× 100 2.41× 100 4.17× 10−1

18 0.9 120 2 10−6 5× 10−1 10−8 2.02× 100 1.79× 100 2.35× 10−1

19 2.2 150 3 10−5 2× 10−1 10−7 4.86× 10−1 3.26× 10−1 1.6× 10−1

20 1.9 200 5 10−5 5× 10−1 10−7 8.98× 10−1 5.55× 10−1 3.43× 10−1

General combination of sampling schemes. The PREAMBLE setting (Fig. 3) represents one possible way random
allocation and Poisson sampling can be combined. Figure 15 compares all 4 possible combinations of two consecutive
sampling schemes. This plot demonstrates the versatility of our accounting method and provides further evidence that the
two sampling schemes give comparable privacy amplification. For example, Poisson→ Allocation represents a k2-out-of-t2
random allocation scheme, where the local algorithm itself is a Poisson scheme with t1 steps and a sampling probability of
λ = k1/t1, using a Gaussian mechanism as its local algorithm.
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Figure 15. Comparison of the four possible combinations of two consecutive random allocation and Poisson sampling for δ = 10−8
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