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Abstract

We consider an online learning problem in envi-
ronments with multiple change points. In con-
trast to the single change point problem that is
widely studied using classical “high confidence’
detection schemes, the multiple change point en-
vironment presents new learning-theoretic and al-
gorithmic challenges. Specifically, we show that
classical methods may exhibit catastrophic failure
(high regret) due to a phenomenon we refer to
as endogenous confounding. To overcome this,
we propose a new class of learning algorithms
dubbed Anytime Tracking CUSUM (ATC). These
are horizon-free online algorithms that implement
a selective detection principle, balancing the need
to ignore “small” (hard-to-detect) shifts, while
reacting “quickly” to significant ones. We prove
that the performance of a properly tuned ATC al-
gorithm is nearly minimax-optimal; its regret is
guaranteed to closely match a novel information-
theoretic lower bound on the achievable perfor-
mance of any learning algorithm in the multiple
change point problem. Experiments on synthetic
as well as real-world data validate the aforemen-
tioned theoretical findings.

s

1. Introduction
1.1. Background

Online learning studies sequential decision-making prob-
lems in which a learner observes a stream of noisy data and
selects actions to optimize some objective (typically, mini-
mize regret) (Cesa-Bianchi & Lugosi, 2006). In many real-
world settings, the data-generating process is non-stationary
and often manifests as distribution shifts at unknown points
over the problem horizon (Hartland et al., 2006). A simple
instance of this problem is where the mean undergoes abrupt
changes; identifying the latter is the subject of a vast litera-
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Figure 1. Effect of endogenous confounding on detection signal-
to-noise ratio (SNR). Top: After a change at ¢ = 20, accumulating
post-change samples increases the SNR of the detection statistic.
Bottom: After the second change at ¢ = 40, failing to discard
outdated samples from fy causes the reference statistic to be com-
puted from a mixture of fo and f; (right), reducing statistical
separability with respect to po, thereby degrading the SNR for
detecting fo.

ture on change point detection (Siegmund & Venkatraman,
1995; Liang & Veeravalli, 2022).

This paper adopts an online learning perspective to study
the fundamental trade-offs in the multiple change point set-
ting. While the single-change problem is well understood
(Basseville et al., 1993), multiple changes introduce new
difficulties, and existing extensions remain limited and typ-
ically rely on detectability assumptions such as minimum
spacing between changes or minimum jump sizes (Maillard,
2019; Yu et al., 2023). Such difficulties are particularly
pronounced in non-parametric settings, where the reference
distribution used for testing is not known a priori and must
be estimated from past samples.

To illustrate some of the challenges facing the learner in
such problems, consider first the single change point setting.
Standard learning and detection methods (e.g., §-PAC) focus
on quickly identifying with high probability that a change
has occurred; this is akin to the best arm identification under
fixed confidence in the multi-armed bandit setting. When
the pre- and post-change distributions are separated by a
“statistical gap” (e.g., difference in mean) A, the sample
complexity to reach confidence level 1 — § typically scales
as A~?1og(1/6) (Garivier & Kaufmann, 2016).
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A salient property of the single change point problem is that
once a change has taken place, the post-change distribution
remains fixed, so the more time “passes” after the change
point has manifested, the greater the likelihood of identi-
fying that the distribution has shifted. In contrast, in the
multiple change point problem, if a detection algorithm fails
to identify a change, then from that point on the reference
distribution is no longer correctly specified. Consequently,
additional data that is collected after said change-point may
act as “noise”, confounding the ability to detect the next
change point. This artifact may cascade into subsequent de-
tections, progressively degrading the power of the learning
algorithm, and ultimately causing a breakdown in detection
performance.

We illustrate this phenomenon in the mean-shift setting
(Fig. 1). With a single change (top panel), samples collected
before the change are informative as they provide a clean
reference for distinguishing the post-change distribution f;
from the pre-change distribution fy, e.g., via estimating the
mean pug. However, after a change to f> (bottom panel),
these same samples degrade detection: when incorporated
into the reference statistics, they induce a mixture of f and
f1 that reduces separability for detecting fo. This consti-
tutes a form of endogenous confounding: the learner’s own
failures to detect changes and discard outdated data deter-
mine the reference statistics used subsequently, possibly
exacerbating the difficulty of detecting the next change.

To the best of our knowledge, (Yu et al., 2023) are among
the first to point out that, absent highly restrictive assump-
tions, methods that focus on high-confidence detection do
not extend meaningfully to multiple change-point settings.
In the present paper we offer a slightly different perspec-
tive: rather than imposing such assumptions, we propose a
learning-theoretic perspective that assigns a cost to incorrect
detections, and evaluates performance via cumulative regret.
The latter naturally encapsulates the fundamental costs of
learning in the presence of multiple change points. This
includes detection delays, which depend on the intrinsic
difficulty of each shift, false alarms, and, importantly, the
endogenous confounding induced by missed detections, a
phenomenon that is ruled out by the high-confidence as-
sumptions typically imposed in the change-point literature.

We study this model through an online tracking problem
under a dynamic regret formulation (i.e., where the oracle
dynamically tracks the true underlying statistical model at
all points in time), which serves as a canonical setting for
capturing these considerations. A learner sequentially ob-
serves noisy sub-Gaussian samples {X;}7_, whose mean
1t evolves in a piecewise-constant manner with S change
points over a horizon T. The mean sequence {u;} and
the parameters 7" and S are unknown to the learner. At
each time step, the learner predicts the mean /i;, and per-

formance is measured by the expected cumulative squared
error E [Zthg (it — p1¢)?| , corresponding to dynamic re-
gret with respect to the time-varying mean sequence (Jad-
babaie et al., 2015). Extant work on learning under abrupt
changes typically imposes detectability assumptions (Mail-
lard, 2019; Yu et al., 2023; Huang & Veeravalli, 2025). In
contrast, we impose no assumptions on minimum shift mag-
nitude or spacing between change points; instead, we frame
the problem in a minimax (worst-case) regret framework. In
this setting, missed detections may be unavoidable, and the
resulting confounding poses both analytical and algorithmic
challenges.

This formulation arises in a wide range of applications,
including demand tracking for real-time resource allocation
in online platforms (e.g., ride-hailing), where abrupt shifts
may be caused by exogenous environmental shocks (e.g.,
extreme weather events), multi-period control problems,
and online data compression. We further discuss concrete
application scenarios and extensions to higher-dimensional
problems in later sections.

1.2. Main contributions

Minimizing dynamic regret in our setting requires managing
the trade-off between adaptivity and stability: rapidly dis-
carding past data after genuine shifts are detected reduces
bias; but overly reactive behavior (discarding informative
data) increases variance. Endogenous confounding adds a
new dimension to this tension: decisions made under one
regime influence the statistical landscape faced by future
detection and estimation tasks. Our central insight is that
attempting to detect every change is neither necessary nor
desirable. 'We show that the regret cost associated with
missed detections is not uniform - “small” mean shifts or
shifts that last for a short duration do not incur a high cost.
The challenge is to appropriately classify said changes. Our
algorithm employs a time-varying detection threshold that
effectively executes this classification: it detects sufficiently
large shifts quickly and incurs minimal cost due to missed
changes. In particular, changes whose magnitude remains
below the statistical resolution induced by the uncertainty
of the current reference estimate need not be detected, as
their contribution to the regret remains controlled.

Our main contributions are summarized below.

An anytime tracking algorithm. We propose the Anytime
Tracking CUSUM (ATC) algorithm (Section 3) that tracks
the evolving mean, without knowledge of the horizon 7" or
the number of changes S. The key design feature here is
a fully data-driven adaptive restart with a selective detec-
tion mechanism, which enables stability (few unnecessary
restarts), adaptivity (fast detection when shifts are genuine),
and robustness to missed detections.
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Endogenous confounding. We quantify the cost of missed
detections, causing outdated data to act as noise, and affect-
ing future detection power and regret performance. The key
to this analysis is bounding the induced reduction in signal
to noise ratio (Proposition 3.1).

Logarithmic upper bound on regret. We prove a non-
asymptotic upper bound on the dynamic regret (Theo-
rem 4.1) showing that, even in worst-case environments
where shifts may be statistically undetectable, the dynamic
regret grows at most on the order of O(c2(S + 1) log T) up
to problem-dependent constants.

A lower bound on achievable performance and minimax
optimality. We complement the upper bound with a novel
information-theoretic lower bound (Theorem 4.2) of order
Q(c?(S+1)log(T/(S +1))), showing that ATC is nearly
minimax optimal.

We validate the theory with extensive experiments on both
synthetic and real data (Section 5).

1.3. Related literature

We discuss related work from two complementary perspec-
tives.

Online learning in non-stationary environments. Early
formulations of non-stationary online learning were devel-
oped under adversarial models, where performance is mea-
sured relative to the best fixed comparator in hindsight (Auer
et al., 2002; Zinkevich, 2003). In many cases, the dy-
namic regret is a stronger performance criterion (Jadbabaie
et al., 2015) and has been extensively considered in recent
years (Zhao et al., 2024; Qian et al., 2024), with squared
loss naturally arising, as in online non-parametric regres-
sion (Baby & Wang, 2019). Without additional structure, ob-
taining a bound on dynamic regret is not possible; however,
with suitable regularity of the comparator sequence (Besbes
et al., 2015), sublinear regret guarantees are achievable. A
widely studied form of regularity is piecewise stationarity,
which provides a structured statistical observation model
and has been investigated in various online learning formu-
lations (Chen et al., 2022; Hou et al., 2024). Huang & Wang
(2025) develop an adaptive window-selection principle for
statistical learning under gradual non-stationarity via quasi-
stationary segmentation. In contrast, our focus is on abrupt
multiple change points and the effect of missed detections in
restart-based procedures. Another particularly relevant line
of work is multi-armed bandits in piecewise-stationary en-
vironments, where the learner must also account for partial
feedback and action selection. Existing approaches in this
setting typically fall into two broad classes. Passively adap-
tive strategies discard past observations through discounting
or sliding-window schemes (Garivier & Moulines, 2011).
Active adaptive strategies combine a base learner with ex-

plicit restarts triggered by an online change-detection mod-
ule (Liu et al., 2018; Cao et al., 2019; Besson et al., 2022).
These methods rely on high-probability detection guaran-
tees, typically derived under detectability assumptions, as
the key ingredient in the regret analysis. Our formulation
isolates the statistical change-point component and studies
performance in the absence of any detectability assumptions.
This perspective may help inform the design of active adap-
tive methods for piecewise-stationary bandits without such
assumptions.

Quickest change detection (QCD). QCD studies abrupt
distribution shifts with the goal of minimizing detection
delay under constraints on false-alarm probability. Classical
foundations go back to Page’s cumulative-sum (CUSUM)
procedure (Page, 1954), with minimax formulations intro-
duced in (Lorden, 1971); see (Poor & Hadjiliadis, 2009;
Xie et al., 2021) for surveys and monographs. Much of the
literature addresses a single change point under a known pre-
change distribution, with extensions allowing unknown pre-
and post-change distributions (Lai & Xing, 2010). Com-
putationally efficient CUSUM-type procedures have also
been developed for unknown post-change parameters, e.g.,
using sliding-window estimates within recursive CUSUM
updates (Xie et al., 2023). Extensions to multiple change
points are studied in (Maillard, 2019; Yu et al., 2023). These
works also rely on separability conditions to guarantee de-
tectability of each change. To the best of our knowledge, a
minimax formulation of online QCD with multiple change
points, without detectability assumptions, has not been stud-
ied. Our procedure is also distinct from joint detection-and-
estimation formulations (Moustakides et al., 2012; Chen
et al., 2013), where estimation of a parameter or state is
part of the terminal inferential task. In contrast, we use
the squared tracking error criterion to quantify the learning
cost induced by detection delays, missed detections, and
confounding.

We finally note a vast literature on offline multiple change-
point detection, as well as Bayesian and Markovian for-
mulations of related problems. While these works share
conceptual similarities in modeling regime changes, their
settings, analytical goals, and methodological approaches
differ from those considered here.

2. Problem formulation

We study online tracking of a system mean parameter that
undergoes abrupt shifts over time. The learner observes a
sequence of real-valued random variables { X7, ..., X1}.
The mean shifts are induced by an unknown deterministic
sequence of S change points 1 =79 < 7y < -+ < Tg <
Ts+1 = T + 1, such that the observations {X;}_, are
independent, and for each j € {0,...,S}, the segment
Z; := [715,7j4+1) consists of independent and identically
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distributed samples with mean E[X;] = u;, where y; is
unknown. For convenience, we define the time-varying
mean 1, := f1; whenever t € Z;, so that y; = E[X;] for all
t. We assume that the centered variables (X; — p;) are sub-
Gaussian with known variance proxy o2 !. As is standard in
online learning to ensure finite regret bounds (Hazan et al.,
2007), we assume that there exists an unknown constant
M € (0, 00) such that

max

Adiam =
0<u,v<S

|/1*u_/f“v‘ S M. (1)

Figure 2 (top) illustrates a typical environment of this form.

Let F; := 0(X1, ..., X;) be the natural filtration, and let IT
denote a class of (possibly randomized) policies, where each
m € 1I outputs a prediction /if at time ¢ that is measurable
with respect to F;_1 (and the policy’s internal randomness).
An environment v is specified by the change points and
segment means, i.e., v = ({7;}5_,, {1;}5_), and we write
E . for expectation under this data-generating process and
the policy’s internal randomness. We evaluate 7 in environ-
ment v by its expected cumulative squared error (a dynamic
regret criterion):

T
Ro(mv) =Enu[ S (7 — ). @
t=2
For a policy 7 € II and an environment class &, define the
worst-case regret Rr(m;E) = sup,ce Rr(m,v). The
minimax regret over & is

Ry(E) = iIelfHRT(w;E) = inf supRr(mv). (3)

mell ,cg

Let Es1(0?, M) denote the class of piecewise-stationary
mean environments with at most S change points over hori-
zon T, sub-Gaussian noise with proxy o2, and satisfying
Eq. (1). Throughout, we take £ = Eg (02, M).

2.1. Illustrative Examples of the Model

The piecewise-stationary mean-tracking formulation arises
in a broad range of domains, including large-scale online
platforms (e.g., ride-hailing, food delivery, and e-commerce)
where demand is tracked for real-time resource alloca-
tion (Chen et al., 2021), and data-center resource moni-
toring (Maghakian et al., 2019). Closely related problems
also arise in other research domains, such as universal com-
pression of piecewise-stationary sources (Shamir & Merhav,
2002) and adaptive design in multiperiod control (Lai &
Robbins, 1979; Jedra & Proutiere, 2022). We next present
two illustrative examples.

Example 1 (Ride-hailing). Consider a ride-hailing plat-
form (e.g., Uber/Lyft) that tracks local demand in a fixed ge-
ographic zone over time slots t = 1,...,7T (e.g., 5S-minute

'That is, there exists a known constant 2 > 0 such that, for

allt > Tandall A € R, E[?Xt7#0] < exp(222).

intervals) to support real-time driver positioning and dis-
patch. Let \; denote the latent request intensity (demand
rate) in that zone, which can change over time due to ex-
ogenous factors such as weather, public events, or transit
disruptions (Xu et al., 2025). A standard abstraction is that
A is piecewise constant with unknown change points {7; }.

In time slot ¢ (of length §), let V; be the number of incom-
ing ride requests and define the observation X; := N; /.
Then E[X;] = )¢, so identifying u; = A reduces demand
tracking to our mean-tracking formulation. Operationally,
the platform uses an online estimate ;\t to set supply targets
(e.g., how many drivers to reposition into the zone). Under
smoothness/curvature conditions on a convex mismatch cost
that penalizes under- and over-supply (e.g., via waiting time,
lost requests, and driver idle time), the incremental perfor-
mance loss from using ;\t instead of )\ is locally quadratic
in the estimation error and therefore scales as (5\15 — )2
Consequently, ]E[ZtTZQ(j\t — A\¢)?] serves as a meaningful
proxy for cumulative operational loss.

Example 2 (Piecewise-stationary source coding). Con-
sider a streaming compressor that losslessly encodes a bi-
nary sequence X; € {0,1} whose distribution changes
abruptly, e.g., a sensor toggling between operating modes
(Chittam et al., 2018). In each stationary segment, sym-
bols are independent with P(X; = 1) = 0;, where the
parameter 6, is piecewise constant with unknown change
points. A strongly sequential encoder (e.g., arithmetic
coding with online probability assignment) maintains an
estimate 6, and incurs the per-symbol ideal codelength:
b = flog(étxt(l — ét)lfxf). The expected excess
codelength relative to the true (unknown) model equals the
Kullback—Leibler (KL) divergence between two Bernoulli
distributions with success probabilities #; and ét, which is
locally quadratic in |ét — 0| when 6; is bounded away from
0 and 1. Thus, controlling ]E[Zthg(ét — 6;)?] serves as a
meaningful proxy for controlling cumulative redundancy.
Missing a change causes the estimator to mix samples across
segments, resulting in a mismatched probability model and
degraded compression performance.

3. The Anytime Tracking CUSUM (ATC)
algorithm

In this section, we present the Anytime Tracking CUSUM
(ATC) algorithm. ATC is an anytime online algorithm that
only requires knowledge of the sub-Gaussian proxy o. In
particular, it does not require prior knowledge of the horizon
T or the number of change points S. We describe the struc-
ture of ATC in Section 3.1, analyze the stability—adaptivity
trade-off in Section 3.2, and quantify the endogenous con-
founding effect of missed detections in Section 3.3.
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Figure 2. Example of an online tracking instance with multiple
change points. The top panel shows the underlying piecewise-
stationary environment, while the bottom panel illustrates the evo-
lution of the detection statistic, the decision thresholds, and the
alarms raised by the algorithm.

3.1. Algorithm structure

Detection phase: ATC uses a CUSUM-style statistic to
determine whether a change has occurred. At time ¢, the
algorithm has access to observations up to time ¢ — 1 and
maintains a restart time r < ¢, corresponding to the most
recent detected change. For each “split point” k with r <
k < t, define the two block averages

1 k-1 1 t—1
Xpg—1 = k_rZXu X1 = mZsz

Inspired by generalized likelihood ratio (GLR) tests for un-
known means (Lai & Xing, 2010), we use the standardized
two-sample mean-difference statistic

. 1 kE—r)(t—Fk) | = _
et = p ((tr)—(r)) ‘Xr:kzq—Xk:tq, 4)

to define the ATC statistic

Cr o= Dy, 5
b= o Dl 9

Intuitively, ﬁ; . compares samples before and after a can-
didate split point k, and the scan over k searches for the
strongest evidence of a change since the last restart.

The corresponding ATC test that determines the alarm and
restart time (stopping time) is

NG = inf{t>r: C[Zv[}, 6)
with the time-varying threshold

A= \/6log(t — r) + 2log(1/a,) + 2log(w2/3), (7)

where o, == 54 for v € (0,1) 2. The term 6 log(t — )
provides uniform control over the scan statistic across all

2o is a user-specified tuning parameter. Our logarithmic regret

bound holds for any fixed « € (0, 1) independent of T and S.

times ¢ and split points k within a fixed restart interval, while
the summable allocation o, ensures that this control holds
uniformly over the possible restart times of the algorithm.
After an alarm at time ¢, ATC restarts by setting r < ¢ — 1.

Prediction phase. At each time ¢ > r, ATC outputs the
running average since the last restart r,

t—1

1
T X;.
A= ®)

=T

Ideally, we want an alarm to occur immediately after each
mean shift to eliminate bias from outdated samples, while
no alarms should occur during stationary periods, allowing
the algorithm to retain all data and thereby reduce variance.

The detection statistic of ATC can be viewed as a generaliza-
tion of the classical CUSUM procedure (Lorden, 1971) to
a fully online setting with multiple change points and with
unknown pre- and post-change distributions. Algorithm 1
summarizes the proposed procedure, and Figure 2 illustrates
a representative run of ATC. The bottom panel plots the de-
tector C} together with the threshold ;. Detected changes
correspond to sharp increases of C that cross the thresh-
old, after which i} rapidly re-centers around the new mean.
In contrast, some changes do not trigger a restart (missed
detections), reflecting ATC’s selective detection principle.

3.2. Balancing the stability-adaptivity trade-off

ATC raises an alarm when the scan statistic C] exceeds
the time-varying threshold ~;. To understand how this rule
balances stability and adaptivity, it is helpful to consider the
population analogue of the two-sample statistic:

r 1 (k’_r)(t_k) _ _
kt T . 7(75—@ ‘Mr:kq — Mk:t—1

)

where fip, n = n_;mﬂ Z:lzm ;. We define the SNR gov-
erning detection as the population analogue of C}:

2
SNR(t;r) = ( DY ) . 10
(tr) = s, D (10)
This quantity characterizes the power of the ATC test at time
t, given the last restart time . In the Gaussian case, it is
closely related to the KL divergence.

Stability. When no change occurs during [r, ), the mean
is constant and Dy, , = 0 for all k. The logarithmic growth

of v{ guarantees uniform concentration of 152 , around its
population value over all split points k, ensuriflg that false
alarms, and hence unnecessary restarts, occur with low prob-
ability. This behavior is illustrated by stationary segments
in Figure 2, where C} fluctuates below the threshold.
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Adaptivity. Consider a change at time 7;. In the ideal case
where the previous change was detected and the algorithm
restarted at 7;_; (matching the single-change setting), the
SNR is attained at the aligned split £* = 7; and equals

(= m-)(t—75) A
t—Tj,1

SNR;(t) = SNRj(t; Tj_1) =

?7
(11)
with Aj := |p; — p1—1]. As expected, Eq. (11) implies that
larger shifts induce higher SNR. As post-change samples
accumulate, the SNR increases, allowing sufficiently large
shifts to cross the threshold within a logarithmic delay. At
the same time, ATC remains selective in the sense that it
does not require every shift to be detected before the next
change: shifts whose accumulated evidence remains below
the threshold may remain undetected to preserve stability,
and their effect is accounted for through the confounding
analysis discussed below. This behavior is visible in Fig-
ure 2, where C rises sharply and triggers a restart for large
shifts, while smaller or short-lived shifts, such as those at 7
and 74, are missed.

3.3. SNR degradation due to missed detection

When a shift is missed, ATC does not restart, and subsequent
detection statistics are computed using data spanning multi-
ple regimes. As a result, future tests are no longer performed
against the nominal pre-change mean, but against an effec-
tive pre-change mean formed by a mixture of past regimes
(Figure 1). Concretely, suppose the j-th change occurs at
time 7;. We are at time ¢ > 7, and the preceding changes
Ti,...,Tj—1 were missed. In this case, the segment since
the last restart (say segment ¢) contains multiple station-
ary regimes with means i, ..., u;_1 and corresponding
lengths n;, ..., n;_1. The reference pre-change mean used
by the test is the length-weighted average,

i—1
off (o . Dot—i T
Mpre(’rvj) T j—1 .
D oi—i ne

Detection of 7; is now governed by an effective mean gap
A?H(r) = |u§§e(r,j) — p;|- This gap may be substan-
tially smaller than the nominal gap obtained if outdated
samples were discarded. To quantify this effect, define the
corresponding effective SNR for detecting 7; at time ¢ as

12)

(15 —7)(t —T5) (A;H(T’))Q '

t—r

SNRST(t;7r) = (13)
Recall the example in Figure 1. The gap A, between s
and p; is large and easily detectable. However, missing
the g — w1 change substantially reduces the effective
gap AST since the reference becomes a mixture of 1y and
1. This leads to a significant SNR degradation, and may
cause the shift to u to be missed, even though it would be

detected had p; been identified. This SNR reduction may
further cause cascading missed detections. The following
proposition shows that, under ATC, the SNR reduction is
controlled.

Proposition 3.1 (Controlled SNR degradation). Fix a deter-
ministic restart index r. Then there exists a universal con-
stant C > 0 such that, with probability at least 1 — «,., the
following holds for every change index j € {1, ..., S} satis-
fyingr < 1j_1 <Tj andeveryt € {T; +1,..., 741 —1}:
if the ATC detector has not raised an alarm by time t, i.e.,
NG > t, then

*ipy off /. T;—r+1
(SNRj(t) SNRS (t,r))+ < Clog (a > (14)

r

The proof is given in Appendix A.6. Proposition 3.1 shows
that, under the ATC detection rule, the degradation in effec-
tive SNR caused by outdated samples remains controlled,
growing at most logarithmically with the elapsed time since
the last restart. Intuitively, persistent contamination can oc-
cur only when the statistical evidence for the missed change
is itself weak. Consequently, the effective SNR cannot
deteriorate arbitrarily fast. This property is central to the
analysis, since it implies that ATC can still “recover” and
detect subsequent changes.

Computational considerations. ATC requires evaluating
the test for each candidate split k € {r +1,...,¢t — 1},
i.e., on the order of (¢ — r) candidates per time step. With
standard maintenance of cumulative (prefix) sums over the
current segment, each candidate evaluation can be carried
out in O(1) time, yielding O(t — r) per-step complexity.
To improve computational efficiency in practice, the maxi-
mization can be accelerated by restricting & to a multiscale
grid (Lai & Xing, 2010). For ATC, we consider geomet-
ric offsets d € {1,[b],[v*],...},b > 1 and include the
candidates k = r + d and k = t — d, yielding at most
2[log,(t — )] + 1 = O(log(t — r)) candidates per time
step. As indicated in our simulations, such an approximation
preserves the logarithmic scaling of ATC, though it affects
finite-sample behavior. A systematic study of computation-
ally optimized algorithms is left for future work.

High-dimensional extension. ATC extends to vector-
valued observations X; € R? by replacing scalar av-
erages with vector averages and replacing the absolute
mean-difference in the statistic by an ¢;-norm: lA)',’%’t =

1 [(k=r)(t—k)
o t—r

changed, but each candidate evaluation now costs O(d) time.
The anytime threshold is identical to the scalar case, up to
an additional v/d term accounting for high-dimensional con-
centration. Full details are given in App. A.7.

| Xyk—1 — Xg:t—1||2. The restart logic is un-
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Algorithm 1 Anytime Tracking CUSUM (ATC)

1: Inputs: sub-Gaussian proxy o, error budget o € (0,1)
2: Go < 0; observe X1; G1 + X3

3. r 1, +— 72?2

4: fort =2,3,...do

5. ift > r + 2 then

6: AR \/610g t—r)+ 210g(ai) +21og(”—2)

"

. (k=r)(t—=k) | Gr—1=Gr—1 _ G Gk
T: DZ,t o2(t—r) | Ilf T - = 1 1|
8: C} < max, <<t Dy,
9: if C > ~/ then
10 ret—1 o 5%
11: end if
12:  endif

13:  predict ji; < w

14:  observe X;; Gy < Gt 1+ Xy
15: end for

4. Regret Analysis
4.1. Upper bound

Theorem 4.1 (Regret upper bound for ATC). Fix o € (0,1).
For any environment v € Eg (0%, M), the regret of ATC,
given in Algorithm 1, satisfies

RATC < Cy 0*(S+1+a)(1+1logT)
+Cp o?Slog(T/a) + CpyrM*(a+ S),  (15)

where Cy,,Cp and Cy; are universal positive constants.

The proof is given in App. A.3. A novel aspect of the analy-
sis lies in its treatment of missed detections: rather than rul-
ing them out, the analysis exploits the characterization of the
resulting SNR degradation, formalized in Proposition 3.1, to
control the induced contamination. For fixed o € (0, 1) and
M, Th. 4.1 implies RFT¢ = O (02(S + 1) log T + M?>5S).

Proof sketch. The proof is based on five lemmas in
App. A.3; we summarize the main ideas.

Step 1: Regret decomposition. Lemma A.1 shows that
the dynamic regret decomposes as RATC = Ry + Rbias,
where R corresponds to the cumulative estimation vari-
ance and R corresponds to the cumulative bias incurred
after a change and only until the next alarm.

Step 2: Confidence bound. Lemma A.2 establisheAs that,
for each deterministic restart index r, the deviation | Dy, , —
Dy, | is uniformly controlled over all split points % and times
t with total budget .. Since the restart times generated by
ATC are random, whenever a deviation event is evaluated at
arealized restart time, we upper bound its indicator pathwise
by the sum of the corresponding events over all deterministic

restart indices 7. Summing these probabilities and using the
allocation ZT o, < « controls the expected contribution of
such deviations.

Step 3: Bounding the bias term. Lemma A.3 controls the
bias term R%as by separating two contributions:

(i) deviation events where the empirical statistic underes-
timates its population counterpart. By Step 2, the sum of
the probabilities of these events, over all relevant times and
realized restart indices, is at most «. Since each such event
contributes at most M2, their total contribution to the ex-
pected bias regret is at most M2q. (third term in Eq. (15)).
(ii) a deterministic drift term governed by the population
statistic: If ATC detects the change, then maxy, Dy, , crosses
the threshold ~; within O(log(T/«)) steps, so the detec-
tion delay contributes only logarithmic bias regret. If ATC
does not detect a change, we show that the resulting con-
tribution to regret is at most logarithmic. Moreover, using
the argument underlying Proposition 3.1, we show that the
contamination carried into subsequent segments is likewise
capped. As a result, the analysis can be repeated at the next
change using the same detectable/undetectable dichotomy,
yielding an overall bias term of order 025 log(T /) (second
term in Eq. (15)).

Step 4: Bounding the variance term. Lemma A.4 uses
Step 2 to show that the expected number of false alarms
is at most «, and therefore the expected number of restarts
K is upper bounded by E[K] < S + 1+ a. Lemma A.5
shows that within a restart block of length L, summing the
per-step variance over the block yields a contribution of
order 0%(1 + log L), where L < T. Summing over all K
blocks and using the bound on E[K] yields a bound of order
0%(S+ 1+ a)(1+log(T)) (first term in Eq. (15)).

4.2. Lower bound

Theorem 4.2 (Regret lower bound). Assume M > cyo.
There exists a universal constant ¢ > 0 such that for all
T>3and1 < S<T,

RA(E) > co?(S+1) (1+1ogqsilJ +1)>
(16)

The proof is given in App. A.5. The linear dependence on
the number of changes S and the logarithmic dependence
on 7T in Eq. (16) reflect an inherent cost of non-stationarity:
each change induces an unavoidable logarithmic regret due
to the time required to accumulate sufficient evidence for
detection and to re-estimate the segment mean. The condi-
tion M > cyo is a non-degeneracy condition ensuring that
the model class contains mean shifts of order the noise scale.
Th. 4.2 implies R%(€) = Q (02(S + 1) log(T/(S + 1))).
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Proof sketch. We lower bound the minimax regret by iso-
lating two unavoidable contributions that mirror the upper
bound: (i) a bias cost incurred after changes, and (ii) an
estimation-variance cost. To lower bound the bias from
a single change of magnitude A, we partition the horizon
into m windows of length ¢, inducing an m-ary hypothe-
sis test over the change location. The window length must
balance two effects: it should be large enough that miss-
ing the change incurs substantial regret, yet short enough
to prevent sufficient information accumulation to distin-
guish a change from the no-change instance. Using a data-
processing inequality, we show that any policy with con-
trolled false alarms cannot reliably adapt to the change un-

less £ 2 "—22 log T'. Since delayed adaptation incurs squared-
loss regret of order A? per step, this yields a lower bound
of order 2(02log T'). Repeating this argument over S dis-
joint blocks of length ©(T/.S) gives a cumulative bias re-
gret of order (025 log(T'/S)). For the variance term, we
reduce to sequential mean estimation on each stationary

segment. A Bayes—minimax argument yields a lower bound
of Q <02 Zf:o log(|Z;] + 1)) , which is maximized by an
equal-length partition, giving Q(o%(S+1) log(T/(S+1))).

4.3. Discussion

* Comparing Theorems 4.1 and 4.2 reveals a gap of or-
der log(S) in the leading term between the upper and
lower bounds. We conjecture that if the learner has prior
knowledge of the horizon 7" and the number of changes
S, then a regret of order O(02S log(7T'/S)) is achievable,
for example by restarting the estimator and test statistic
after at most 7'/(.S + 1) rounds. Whether such a bound is
achievable without knowledge of T" and S remains open.

* The lower bound admits a clean characterization in terms
of the density of changes. Specifically, it scales as
Qo Slog(T/S)). which is sublinear whenever the num-
ber of changes satisfies S = o(T'), and becomes linear in
the regime S = O(T'). This suggests that the information-
theoretic cost of non-stationarity remains sublinear for
any vanishing change density S/T.

* The logarithmic dependence on 7' is tied to the squared-
loss criterion, which is natural for mean estimation. For
alternative losses, the rate can be different: for instance,
under L loss, one can prove a minimax lower bound of
Q(v/ST) (details omitted). Establishing regret guarantees
under different loss functions is left for future work.

+ In RY, the regret decomposition remains the same, but
the concentration bound introduces an additional v/d term
in the threshold and the within-block estimation variance
scales as do?/(t — r). Consequently, the variance part
scales as O(do®(S+1) log(T')) and the bias part gains an
additive O(02S d) term, yielding an overall dynamic re-

gret bound that matches the scalar logarithmic dependence
on T up to natural d-dependent factors. More details are
given in App. A.7.

5. Numerical results

We evaluate the proposed ATC algorithm on both synthetic
and real-world data. Full implementation details, along
with additional comprehensive experiments, are provided in
App. A.1.3

Synthetic experiments. Our primary goal is to empiri-
cally validate the theoretical regret scaling in Th. 4.1 and to
examine ATC’s behavior under abrupt, unstructured mean
shifts. We consider a piecewise-stationary environment with
a fixed number of S = 5 changes and vary the horizon 7.
Figure 3 summarizes the results. Fig. 3(a) shows a repre-
sentative realization with 7' = 1200, and Fig. 3(b) shows
the cumulative regret on this environment. Each change
induces a transient regret increase due to bias from aggre-
gating samples across regimes. When a change is missed
(e.g., the second and third shifts), the estimator operates on
mixed-regime data, inducing endogenous confounding and
consequently increasing the regret in that segment. Despite
missed detections, the information loss remains controlled
and does not prevent subsequent detection (near ¢t ~ 900),
consistent with the theory. Fig. 3(c) reports cumulative re-
gret averaged over 5000 Monte Carlo runs as a function of
log T" for ATC and its computationally efficient variant (Sec-
tion 3.3). In both cases, regret grows linearly with log T',
confirming the theoretical scaling. The curves differ by a
constant offset, indicating that the approximation preserves
asymptotic behavior up to constant factors.

Due to space limitations, additional simulation results are
deferred to App. A.1. These experiments examine: (i)
dense-change regimes, characterizing the change-point den-
sities for which sublinear regret is no longer observed, in
line with the theory (App. A.1.2); (ii) long-horizon behav-
ior, highlighting the anytime nature of ATC and showing
that constant thresholds may be preferable in some finite
known-horizon regimes, whereas the ATC threshold be-
comes advantageous when the horizon is long or unknown
(App. A.1.4); (iii) sensitivity to variance misspecification
(App. A.1.5); and (iv) adversarial environments, illustrating
the segment lengths and jump magnitudes that lead to large
regret (App. A.1.6).

Real-world data: NAB benchmark. To complement the
synthetic experiments, we evaluate ATC on a benchmark
derived from the Numenta Anomaly Benchmark (NAB)
dataset (Lavin & Ahmad, 2015), which records CPU usage
from Amazon Web Services (AWS) by measuring average

3The implementation used in this paper is pub-
licly available at https://github.com/gafnito/
cost-of-learning-multiple-change-points.
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Figure 3. Synthetic environment and regret scaling for ATC.

utilization across a cluster (Fig. 4(a)). Non-stationarity may
arise from software upgrades and configuration changes that
occur at arbitrary times and alter system behavior. Accurate
tracking is operationally important, since sustained high
utilization triggers machine allocation, while low utilization
leads to de-allocation. We compare ATC against sliding-
window and discounted-mean baselines, with parameters
tuned offline (see App. A.1). Fig. 4(b) shows that ATC
achieves the lowest cumulative regret by explicitly detecting
change points and restarting, thereby preventing old-regime
samples from biasing the estimate. In contrast, the baselines
adapt more slowly and incur large regret spikes after shifts,
most notably following the large jump near the end. Over-
all, explicit resets enable faster adaptation and improved
robustness to abrupt regime changes.
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Figure 4. Cumulative regret on the NAB CPU dataset.

6. Conclusion and Future Work

We present a learning-theoretic formulation for multiple
change-point environments, which gives rise to an under-
explored phenomenon: unavoidable missed detections in-
duce endogenous confounding, in which the reference distri-
bution used for detection becomes a mixture of past regimes.
We formulate this through a regret-minimization framework
for online tracking, without imposing lower bounds on sep-
arability or spacing between changes. We quantify the cost
of confounding via a reduction in the detector SNR, which
requires a novel analysis exploiting the mixture structure of
the learner’s statistic and motivates a time-varying detection
threshold that is robust to missed detections. Leveraging
these insights, our proposed ATC algorithm achieves nearly
minimax-optimal regret without knowledge of the horizon
or the number of changes.

There are several natural extensions of this work. The mean-
tracking model was chosen as a canonical setting that iso-
lates the statistical difficulty imposed by multiple change
points themselves; nevertheless, the same perspective may
extend to broader observation models. For example, in
exponential-family models, an ATC-type procedure could
track the expectation parameter through empirical sufficient
statistics, with the analysis depending on concentration and
local curvature properties of the model. Similar ideas may
also extend to regression or dynamical settings with time-
varying parameters and temporally dependent observations.
Another important direction is to relax the assumption that
the variance proxy is known, by incorporating online vari-
ance calibration into both the estimator and the detection
threshold. Finally, gradually changing environments raise
a related but distinct bias-variance tradeoff: past samples
remain useful while the accumulated drift over a window is
below the statistical estimation scale, but become harmful
once this drift dominates the variance reduction from pool-
ing. Developing regret guarantees for these extensions, as
well as for broader decision-making settings, is an interest-
ing direction for future work.
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Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Appendix
A.1. Extended Simulations

We present additional simulation results that further illustrate the behavior of ATC under challenging non-stationary
environments and clarify the tradeoffs underlying its design. We first describe the full details to reproduce the simulations
presented in Section 5.

A.1.1. IMPLEMENTATION DETAILS FOR MAIN SIMULATIONS.

Synthetic experiments. We describe here the components required to reproduce the experiments in Fig. 3. The observation
sequence satisfies X; = p; + 0Z; with o0 = 1 and Z; ~ N(0,1) i.i.d. The mean process has S = 5 changes placed at
fixed fractions of the horizon: 71 = |0.2T| + 1, 7 = [0.4T'] + 1,73 = 72 + 10, 74 = [0.75T'| + 1, and 75 = [0.9T'] + 1,
with 79 = 1 and 74 = T + 1. The third segment has fixed length 10, creating a short-lived regime designed to induce
missed detections and illustrate endogenous confounding. The corresponding segment means are (0, 2,0.5,2.5, —1.5,1.5),
as visualized in Fig. 3(a). We use o = 0.05 throughout.

Figure 3(b) shows the cumulative squared-error Z';:l(ﬂs — ps)? for a single realization with 7' = 1200. For Fig. 3(c),

we estimate the expected regret R = Zthl (fir — 11¢)? by averaging over 5000 independent Monte Carlo replications for
each T' € {600, 1200, 2400, 4800, 7000, 9000}, and we report 95% confidence intervals (41.96 standard errors). For the
efficient variant of ATC we set b = 2 (Section 3.3).

NAB benchmark. We use the NAB time series ec2_cpu_utilization_ac20cd.csv from the NAB dataset (Lavin & Ahmad,
2015), which includes AWS server metrics as collected by the Amazon CloudWatch service, and extract the CPU utilization

values from the second CSV column, yielding a sequence X7, ..., X7 of length T'. To define a reproducible reference target
for regret evaluation, we convert a fixed, manually specified list of change-point indices 7 = {377, 420,592, 3575} into a
piecewise-constant mean sequence p; by segmenting the series at 7o = 1, 71,...,7s € T, and 7g41 = T + 1, and setting
1 Tj+1—1
py = —— X, fort € 15, Tj41).
Ti+1 = Tj 5;

For a fair comparison, baseline parameters and ¢ were tuned offline on a separate collection of environments and then fixed
when evaluating on the specific NAB time series shown in the figure. The sliding-window baseline uses a fixed window
length W = 30:

t—1

1
~SW
- X,
He min{W,t} Z
i=max{1,t—W+1}

and the discounted-mean baseline uses an exponentially weighted average with discount factor p = 0.98:

=1 4

ﬂDM _ > im1 p' X

t = —1 ;. °
Zi:1 pt=t

For ATC we use the same thresholding rule as in the synthetic experiments, with user-level @ = 0.05 and ¢ = 1. Regret
traces in Panel 4(b) are computed for each algorithm from its estimate /i; and the fixed reference p; above.

A.1.2. REGRET UNDER DENSE CHANGE POINTS.

We examine how the density of changes affects regret by allowing the number of change points S to grow with the horizon
T. Theorem 4.1 predicts a transition around S = O(7'/logT'). When S is of this order, the upper bound permits regret
linear in T', whereas if S = o(T'/ log T') the regret is expected to remain sublinear (see Section 4.3). Figure 5a illustrates
this transition by comparing a dense regime S(T) < T'/log T to a slightly sparser scaling S(7) = T%% /1log T'. Consistent
with the theory, the dense regime exhibits near-linear growth in 7', whereas the sparser regime remains sublinear over the
simulated horizons.

Implementation details. Both scenarios in Figure 5a use the same observation model as in the synthetic experiments,
X; = pt + 0Z; with Z; ~ N(0,1) i.i.d. and o = 1, but the number of change points S grows with the horizon 7" and the

12
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jump size is calibrated to the (shrinking) segment length, where
T € {1200, 2400, 4800, 7000, 9000, 12000, 15000, 18000, 20000, 22000, 25000}.

For each T', change points are placed evenly by partitioning {1, ...,7'} into S+1 consecutive segments of lengths differing
by atmost 1 (i.e., 7o = 1, 7941 =T+ 1, and 7541 — 7; € {[a], [a]} where a = T'/(S + 1)). The mean alternates between
two levels with amplitude A(T):

0, j even,

so every change has magnitude A(7'). The dense regime uses

whereas in the sparser regime we set

In both cases the jump amplitude is calibrated as

16002 loga T
A(T) = | ———— =
1) = (FRTRE

which keeps the per-segment signal-to-noise ratio at the detection boundary as segment lengths shrink. For each 7', we run
1000 independent Monte Carlo replications, and evaluate ATC with a = 0.05 and o = 1. Figure 5a plots the Monte Carlo
mean of Ry against T" with 95% confidence intervals (41.96 standard errors).

A.1.3. COMPARISON WITH PASSIVE ALGORITHMS.

We further compare ATC in the same synthetic environment as in Section 5 to the passive baselines as in App. A.1.1. Fig. 5b
shows that ATC achieves the lowest cumulative regret by explicitly detecting change points and restarting, whereas the
baselines adapt more slowly. Overall, explicit resets enable faster adaptation and improved robustness to abrupt regime
changes.

Implementation details. All experiments use the same synthetic environment as in Section 5, with a fixed number of
S = 5 change points and horizon values

T € {600, 1200, 2400, 3000, 3800, 4800, 5500, 6300, 7000, 8000, 9000} .

We report cumulative squared-error regret averaged over 1000 Monte Carlo replications.

A.1.4. TIME-VARYING VERSUS CONSTANT THRESHOLDS.

We now isolate the role of the time-varying threshold in the anytime setting by comparing ATC with several constant-
threshold detectors. Specifically, we consider three fixed thresholds of the form v = co, including the aggressive choice
v = 4.810 suggested by finite-horizon tuning, as well as more conservative alternatives. Figure 6 summarizes the comparison
in terms of average regret (left) and false-alarm (FA) rates (right) as a function of the horizon 7T'.

As shown in Figure 6a, the threshold v = 4.81¢ achieves the lowest regret for small and moderate horizons. This behavior
is explained by its high detection rate: early in the horizon, rapid alarms lead to short detection delays and reduced bias after
each change. However, this improved adaptivity comes at the cost of an increasing false-alarm rate, shown in Figure 6b. In
particular, the FA rate of v = 4.810 grows steadily with 7". In contrast, ATC maintains a near-zero FA rate uniformly over
the horizon by increasing its threshold over time, illustrating its anytime guarantee.

As T increases, the accumulation of false alarms under v = 4.81¢ leads to excessive restarts and therefore to information
loss (since discarding samples increases the estimator variance), which ultimately degrades performance and causes its
regret to surpass that of ATC. In contrast, ATC adaptively raises its threshold over time, preserving a controlled false-alarm
rate while still detecting sufficiently strong changes.

13
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Figure 6. Comparison between ATC and constant-threshold detectors in the anytime setting.

Implementation details. Figure 6 is generated using a single-change synthetic environment designed to emphasize
early—time behavior. For each run we simulate observations X; = u; + 0 Z; with Z; ~ N(0,1) i.i.d. and ¢ = 1, where the
mean is piecewise-constant with a single change point at

0, 1<t <,

71 = 50, =
! Fe= Yo7, m<t<T,

s0 .S = 1 and the jump magnitude is 0.75, and
T € {5000, 10000, 15000, 20000, 30000}.
We average all reported quantities over 1000 Monte Carlo replications.

A.1.5. REAL-WORLD DATA: VARIANCE-PROXY MISSPECIFICATION.

We examine the sensitivity of ATC to misspecification of the sub-Gaussian noise parameter o. Since the noise variance is not
known a priori for real-world data, we evaluate ATC under several fixed choices of o, including ¢ = 1, which is estimated
offline from the data and yields the best empirical performance. As shown in Figure 7b, when o € {1,4}, ATC reliably
tracks the evolving mean and incurs only transient bias following each change. In contrast, under the underestimated choice
o = 0.5, the algorithm triggers an excessive number of false alarms, leading to frequent restarts and diverging cumulative
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(a) CPU usage time series with change points. (b) Cumulative regret of ATC for different noise variance choices.

Figure 7. ATC on real-world data from the NAB benchmark (AWS CPU usage).

regret. This highlights the sensitivity of change detection to variance misspecification in real data. Developing adaptive or
robust mechanisms to mitigate the impact of variance misspecification is an interesting direction for future work.

A.1.6. ADVERSARIAL ENVIRONMENT.

We construct a deliberately “hard” (adversarial) environment for ATC by placing change points at equal spacing a ~
T/(S + 1) and alternating the mean across segments by a gap A. This construction exposes a fundamental tradeoff in regret.
On the one hand, smaller values of A reduce the instantaneous loss incurred after a change, but lead to longer detection
delays. On the other hand, larger values of A are detected more rapidly, but induce larger losses before the restart.

A simple expectation-level calculation highlights the most challenging regime. Let a denote the number of pre-change
samples and b, the number of post-change samples observed since the shift. Then the cumulative regret accumulated up to
time ¢ after the change satisfies

R(t) < min {aAz, 02(7[)2},

where the first term reflects the intrinsic ceiling R(t) < aA?, while the second term arises from the drift-threshold

ab, A?
a+b; o2

bound is maximized near the boundary aA? < o2 (47')?, suggesting that the most adverse shifts are those calibrated close to
this regime. In our simulations, we instantiate this stress test by setting

comparison: before an alarm is triggered, the effective information cannot exceed (+7)2. This deterministic upper

2
o“loga
A2 = (T80
a
The constant ¢ controls proximity to the boundary: smaller values push the shifts toward missed detection, whereas larger
values make detection easier but increase the instantaneous loss.

The resulting environment is illustrated in Figure 8a. Figure 8b compares the performance of ATC on this adversarial
construction with the milder environment shown in Figure 3. As predicted by the theoretical analysis, both environments
exhibit logarithmic regret growth. However, the adversarial instance incurs noticeably higher regret, since each change
is deliberately placed near the deterministic detection boundary, where the bound min{aA2, o%(y/')?} is largest. In this
regime, detection is delayed long enough for bias to accumulate over a non-negligible fraction of each segment, leading to
sustained information dilution prior to each restart. As a result, each change contributes close to its maximal admissible
regret, and these contributions aggregate across the .S changes. By contrast, in the milder environment, many changes are
detected earlier and therefore contribute substantially less to the cumulative regret.

Implementation details. The adversarial experiment fixes the number of change points to S = 5 and places them evenly
along the horizon, with segment length a ~ T'/(S + 1). For each

T < {600, 1200, 2400, 4800, 7000, 9000},

we construct a piecewise-constant mean sequence with alternating levels p; € {0, A} across segments with A chosen as
described above. The constant ¢ controls the difficulty of detection: the non-adversarial experiment corresponds to ¢ = 1000,
whereas the adversarial setting uses ¢ = 160, which optimizes the tradeoff described above. For each (7', ¢) pair we generate
1000 independent Monte Carlo replications.
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Figure 8. Adversarial environment.

linear fit: y=64.65+45.9 »
1200 $ ATC algorithm o

1000

®
3
3

Cumulative regret
m
S

IS
3
S

200

2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Number of change points S

Figure 9. Empirical scaling of cumulative regret with the number of change points .S.

All runs use ATC with the time-varying threshold +; and confidence parameter o = 0.05. Figure 8breports the Monte Carlo
average of Ry over 1000 runs of as a function of T" for the two choices of c.

A.1.7. REGRET SCALING IN THE NUMBER OF CHANGES

Finally, we empirically validate the linear dependence of the regret on the number of change points S, as established
in Theorem 4.1. As shown in Figure 9, the cumulative regret scales linearly with S, matching the predicted order and
supporting the tightness of the bound. We use the same observation model as in the previous experiments, with ¢ = 1 and
o = 0.05. The number of change points is varied from 2 to 20 in increments of 2, while the horizon is fixed at " = 1000.
All results are averaged over 1000 Monte Carlo runs.

A.2. Notations

Recall that N, in Eq. (6) denotes the alarm time (i.e., stopping time) of the ATC test when started at time 7. After each
alarm, the algorithm restarts both the threshold and the estimator by setting r <— ¢t — 1. We denote the total number of
alarms to be K. Starting from r := 1, we define the (random) sequence of restarts recursively by

Fmg1 = (NG —1)AT, m=0,1,..., (17)

and stop at the first K such that rx = T'. For each restart r,,, withm =0, ..., K — 1, define the corresponding block

By = {te{2,....,T}: rpy <t <rpi}. (18)
By construction, the random sets { B,, } X~} are disjoint and form a partition of {2,...,T}: forevery t € {2,...,T} there

is a unique m such that t € B,,. Let r(j) denote the last alarm before 75, i.e.,

r(j) = max{ry, : r, < 75} (19)
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Figure 10 illustrates the notation used in the construction of the upper bound proof.
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Figure 10. Schematic Illustration of the block and restart structure used in the upper-bound analysis. The blue solid line shows the
underlying piecewise-stationary mean j; with true change points {7; }. Red dashed lines denote alarm times { N } at which the algorithm
restarts, inducing blocks B,. A block may contain several true change points. Z; = [7;, 7j+1) as defined in Section 2.

A.3. Proof of Theorem 4.1

In this section we prove the regret upper bound for ATC using the notations introduced in App. A.2. The argument proceeds
in five steps. First, we decompose the regret into a global variance term and a bias term, aligned with the block structure
induced by the alarms of the algorithm. Second, we prove a fixed-restart anytime deviation inequality for the GLR statistic
Dy, ; in Eq. (4). This inequality is used through its summable probability budget: in the regret analysis, events evaluated
at random restart times are bounded pathwise by sums over deterministic restart indices, and their probabilities are then
summed. This controls the contribution of rare deviation events. We use this result to bound the bias regret and the expected
number of false alarms, which is then leveraged to bound the variance regret. When there is no ambiguity, we write
R = RHC. Since the estimate at the first time step is unspecified, we evaluate the regret starting from ¢ = 2.

Lemma A.1 (Regret upper bound decomposition). The regret can be decomposed as

R < 2Erzl > (i —ﬂIm)Z]

m=0 teB,,
s ( ff TJ+1*1 o 2 "
e L 77
+ 2E ZA Z <(])+b> 1{N, >t}]
j=1 t=1; t
— var + Rblas’ (20)

with K and r(j) defined in App. A.2, ;™ defined in Eq. (26), a(Lj) and by defined in Eq. (29) and Aggﬂ) defined in Eq. (31).
The proof is given in App. A.4.1. The term R} is a global variance-like term that collects all noise contributions around

the block means. The term R‘%ias captures the error due to distribution shifts: it is nonzero only on blocks containing true
change points and only before the algorithm has raised an alarm and restarted the estimator.

The next lemma provides a uniform high-probability bound on the deviation between the empirical statistic bg,t and its
population version Dj , defined in Eq. (9).
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Lemma A.2 (High-probability confidence bound). For eachr,t € [T| witht > r + 1, let 7] be defined as in Eq. (7). Then,
for each fixed r we have

]P(Elk,te 1), r<k<t:|Dj,—Di,| > 7;) < a. 1)

The proof is given in App. A.4.2. Lemma A.2 provides an upper bound of «, on the deviation probability for each
deterministic restart index 7, uniformly over all split points & and times ¢. In the regret analysis below, we use this result
through the resulting summable probability budget. In particular, when a bad event is evaluated at a random restart time, we
dominate its indicator by the sum of the same events over all deterministic restart indices and then sum the corresponding
probabilities. This avoids conditioning on a random restart time and yields expectation-level control of the stochastic bias
term and of the number of false alarms.

Lemma A.3 (Bias regret upper bound). Under the bounded mean diameter A iz < M (Eq. (1)), we have

foa T
REss < 2M2a +2M%S + Cp o2Slog(a), 22)

for some universal constant Cg > 0.

The proof is given in App. A.4.3. The first term in Eq. (22) corresponds to the contribution of rare deviation events where the
empirical statistic substantially underestimates its population version; it is controlled by the confidence level «.. The second
and third terms capture the accumulated regret before ATC detects a change and restarts its estimator: each change point
contributes at most a logarithmic factor o2 log(T'/«) in bias regret, leading to the overall O(c2Slog(T/r)) dependence.

We next show, using Lemma A.2, that the expected number of false alarms is upper bounded by «.

Lemma A.4 (Expected number of blocks). Let Npa denote the total number of false alarms produced by the ATC algorithm
up to time T', and let K be the total number of blocks (restarts). Then

[es)
]E[NFA] S Zar S «,
r=1

and hence
EIK] < S4+1+a.

The proof is given in App. A.4.4. Lemma A .4 will be used to bound the variance term in Eq. (20).

Lemma A.5 (Variance regret upper bound). There exists an absolute constant C; > 0 such that

RE < Cyo®(S+1+a)(l+logT). (23)

The proof is given in App. A.4.5. Here, within each block between two alarms, the running average noise can be controlled
by a harmonic-series argument, so its variance at age s is of order o2 /s, with the selected restart sample handled separately.
Summing over a block of length L yields a harmonic series of order 1 + log L, and summing over all blocks leads to the
stated bound once we control the expected number of blocks by S + 1 + a.

Combining Lemma A.3 and Lemma A.5, we obtain the claimed regret bound in Theorem 4.1.

A.4. Proofs of Lemmas
A.4.1. PROOF OF LEMMA A.1

Proof. We first write the regret as the sum over the disjoint blocks induced by the algorithm

K-1
Re = E| Y S (A — )’ (24)

m=0teB,,

18



The Cost of Learning Under Multiple Change Points

Next, for any ¢ € B,,, we decompose the squared error as

2
(g = ) = [ = ) + (= )|
<2(iy — ) 2 — ), (25)
with

7Tm

My = _

(26)

T="m

Summing over all blocks and all times and taking expectations gives

R = E[Kzl 3 (- ut)gl

m*OtEBm
<28 S S G -] 4 2B 3 3 (- . @)
m=0teB,, m=0teB,,

The first term in Eq. (27) collects all variance-like contributions around the block means fi;™. The second term is a pure
bias term, and it is nonzero only at times ¢ for which the block mean fi;™ differs from the segment mean i, i.e., only after a
true change point within the block.

Recall that () denotes the last alarm before ;. For any ¢ € [7;, 7;41), if an alarm occurs after 7;, the subsequent restart

N 1 . . . .
time satisfies N r0) g > 7;, hence [i; = ; and the bias term vanishes; consequently, the bias on segment j is

nonzero only on {XV, G(J ) > t}.

Since before the first change point the bias term is zero, we can write the second term in Eq. (27) as:

K—-1 S Ti+1—1 .
S ()| =2E| S Y (Y - ) NG > 4. (28)
m=0tEB, Jj=1 t=7;

()

On the interval Z;, define the pre-change effective size a;’ and the post-change size b; to be

o) =7y —r(j),  bi=t—1j @

Define the effective pre-change mean to be
Ti—1

pi) = Z i, (30)

i=r(j)

so that u( 7 is the average of the true means over the left (pre-change with respect to 7;) part of the block, i.e., indices
i €{r(4),...,7; — 1}. Finally, define the effective mean gap

A = |1 — ). 31)

Therefore, for ¢t € Z; we have

(@)
_r(j a u )+ b I
Mt(]) ( E Hi + E Mg) :—L L Ly
+bt Cl

1=r(j) i=T;j L +bt

and hence
(J )

=r(d) _ @ _ .
fie " = h (Mb (ni’ = hj), (32)
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so that
r(J) 2 a(Lj) : (eff)\2
(B —w)” = | (&), teI; (33)
t

Summing over all segments yields

S Tit+1—1 S Ti+1—1 a(j) 2 )1 2 .
B2y 2 e >t}1 [Z <<>> (A AN =1y e
j=1 t=r, =1 i= \ap b
O
A.4.2. PROOF OF LEMMA A.2
Proof. Fixr > land o, € (0,1). Forr < k < t define
1 PR 1/2 k—1 1 b 1/2 t—1
v = - |7 Xl — ;) — =\ le i) 35
b s (i) e - o (o) B w e

=7 i=k

By construction, ]E[Az,t] = 0. Define Z; = X; — u;. By the sub-Gaussian assumption, for every i and every A € R,

2y2
E [eAZi] < exp (02)\ ) .

Write A7, , = 207" a;Z; with

t—k 1/2 '
a~:l (m) ’ TSZSk—l’

1/2
g k—r .
(o) - ksistoL

Since {Z;} are independent we obtain

t—1 t—1
E [e)‘AZ,t} = H )‘“L Hexp ( (Aas) 2) = exp <U22)\2 Za?) .

A direct computation yields

— 2 1 t—k 1 k—r  1gt—k k—ry 1
>dd= G-t A Ve~ 2 ) T o

Therefore, E [e’\Az’t} < exp(%z), which shows that szt are 1-sub-Gaussian. Applying the Chernoff bound, for any £ > 0,

A2 %
P(AL, >§) < ir;%exp( X+ ) = exp <_2> 7

and similarly for ]P’(A}c"t < —¢). Consequently for any £ > 0,

2
P(|A;,| >¢€) < 2exp(52>. (36)
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Next, for a fixed » > 1 and any nonnegative sequence (7 )¢~, we have, by the union bound 4

P(Hk,teN, r<k<t:|A},| 27;)

> P4z ) <2 3 <t—r>exp<—(”§)2>. 37

t=r4+2 k=r+1 t=r+2

Lett:=t—r € {1,2,...}, and write 7; for 7/'. To ensure that the right-hand side of Eq. (37) is at most c,, it is sufficient
to choose (7;);>1 such that

ie.,

7 = /6log i + 2log(1/ar) + 2log(n2/3)

In terms of ¢, this yields

A5 = /6log(t — ) + 2log(1/a,) + 2log(n2/3). (38)
With this choice,
T T - 3 -
IP’(EIk:,teN, r<k<t:|Aq] 2%) <23 (t-r) Sa(t—r"
t=r+2
6 =-, 6 w2
:;a,«Zt < oo =on (39)

Finally, relate AJ, , to D, , and DJ, ,. Write

T i=k
:iBZ,t
and
1 ik 1/2 k-1 1 k—r 1/2t—1
DI :‘f S — S (R — 1.
bt a<<k—r><t—r>> 2# a(u—k)(t—r)) 2”
::b;gt
Then

1=r
Using the inverse triangle inequality,
!DZ,t - DZ,J = HBIQJ - \bi,tl\ < \BZ,t - Z,tl = ‘Az,t|~
Thus,

P(Hk,te[T], r<k<t:|Dy,—Dp,| > 7;') <SPEkteEN, r<k<t: A |>4]) < an,  (40)

where we used Eq. (39) in the last step. O

A more refined peeling argument could sharpen the constants, but it would not change the logarithmic scaling of the threshold.
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A.4.3. PROOF OF LEMMA A.3

Proof. Recall the bias term

' S Ti+1—1 (J) 2 9 .
R am| 33 () ) ) @

j=1 t=7; (J)+b

The proof consists of three steps.

Step 1 - Decomposition into deterministic and stochastic terms. First define, for each t € Z;,
() = {vhe {rli) + L.t =1y DI <[}

By definition of the stopping time

Né(j) _ mf{t > r(j) : C r(5) > ,YT(J)} Ctr(j) — (I?a? tDk(g)’
r(7)<k<

we have ‘
(N > 1y € Bi(r(),  t>r(j).

J)

That is, if the alarm was not raised by time ¢, then none of the split-point statistics D k(t exceeds the threshold at time ¢. For

t € T, define
() = {Fefr()+1,...t=1}: DY < DY — 47O, 42)
Hy(r(j)) = {Vk e {r(j)+1,....t—1}: D,:j) < 27;“(”}. 43)
For every t € 7,
Ey(r(7)) € &(r(4) U He(r(5)). (44)

The idea here is that if an alarm is not raised at time ¢, this can only be due to one of two mechanisms. Either stochastic
fluctuations cause the empirical statistic to underestimate the population statistic by at least ; @) (arare “bad” event), or the

population statistic itself is upper bounded by 2, G ), which we will later show implies a small contribution to the regret.
Mathematically, to establish this inclusion, suppose E;(r(4)) holds but Hy(r(j)) fails. Then there is some k € (r(j),t)

with DT(]) > 2979 while Ey(r(j)) implies D (J) <D, 50

D;f) DZ(Z) > DT(J) %T(j) > Q%T(j)_%r(j) :7:@)>

ie., D ( ) < DT(J) ~9) | and therefore & (r(5)) holds.

@7)

Substituting Eq. (44) into the corresponding term in Eq. (41) and using ( (?)Ler
ay +

2
> < 1, we obtain

H 277+1—1 a(]) 2 )
AF) 3 (| e > 1

t=T; aL +bt
(o) 27j+1*1 a9 2 (o) QTHl*l
< (A Y <<>+b> LHGG)}Y + (A5 3 Hae6) ) @s)
t=T; t=7;

The first term is deterministic for a fixed () and will be bounded by analyzing the population statistic Dz(f ). To cope with

the randomness of () we will upper bound the term inside the expectation path-wise by a quantity that does not depend on

22



The Cost of Learning Under Multiple Change Points

r(7), which will allow us to remove the expectation operator. The second term is stochastic, capturing deviations of D (j )

from D k(g ), and will be bounded using Lemma A.2. We therefore obtain:

' s Ti+1—1 a9 2
RS < 9 Z (ALY S [ SL ) 1 H (r(j)}
7j=1 t=T; a( ) + bt
S 7']+1_1
+ () Y 1{&@(3‘))}]. @0
j=1 t=T;

Step 2 - Bounding the deterministic term. This step highlights the main novelty of our analysis in explicitly accounting

for prior missed detections. We control both the bias regret and the detection power in the presence of such missed detections.

Their impact is captured by A;Eff) and a(J) which may aggregate weighted contributions from earlier, undetected segments.

The resulting bounds remain tractable despite this confounding.

In light of this, we bound the first term inside the expectation in Eq. (46) path-wise for each j, i.e., we bound

(eff)\ 2 iy a(Lj) ’ .
(A5 > Oy | O (47)
t=T;

Define the set of times
Y ={te{r,7+1,..., 7541 — 1} : Hi(r(j)) holds}.
If Y; = () then Eq. (47) is zero; hence assume Y; # (). Let
tmax = maxY; (largest time in the segment where H(r(j)) holds),
and let B; be the corresponding b; value (i.e., the number of post-change samples)
Bj :=by,, = tmax — Tj-

ThenY; C {7;,7; +1,...,tmax} s0 the set of b; for which 1{H,(r(j))} = 1l is asubset of {0, ..., B;}. Using the integral
test > we get

@ \? B W \? G0 B
() < (o) s @
fev, \ap’ +b; =0 +b af’ + B;
therefore Eq. (47) is upper bounded by
i1 @\ 2 ) .
(AlM)? —— | ()} < (AFT)? + (AFT)? L2 (49)

If B; =0, then tyax = 7j and Y; C {7;}. In this case Eq. (49) gives directly

(a) 7S <U> L)) < (AF7) < %

t=1; a(Lj) + bt

This is already bounded by the desired bound. Hence, in the remainder of the argument, we may assume B; > 1. Then
tmax > Tj, and the split k* = 7; is admissible at time ¢,,,x. The final step is to relate the above bias regret term to the
ATC detection statistic, which allows us to control the bias through the detection threshold. Let £* = 7; be the split point 6

>Specifically, we use ;" <a+2;>2 < aiz)2 dr = am
SThe contribution from the edge point b; = 0, corresponding to ¢ = 7;, is accounted for by the first term in Eq. (49). The CUSUM

comparison below is used only when B; > 1, so that k* = 7 < tmax.
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aligned with the true change point 7;, comparing samples drawn on opposite sides of the change and thus reflecting the
intrinsic signal induced by the shift 7. The statistic at the split k* = 7; and time pax iS

1 a(L)BJ

j 1)\ 2
(ngclfzmax)2 = () (A.ge )) ? (50)
ap’ + Bj
therefore, Eq. (49) is further upper bounded by:
oo PETE O g\ ? o+ _
DY (ﬁ) L{H,(r(j))} < (A7) +62(D}Y) )2 (51)
t=7; aL +bt

Note that Y; C {¢ : T(J) < 2979}, and since £y, € Y, we have ngg <2y ') 8 hence

m.

Ti+1~1 @ \?
e 2 a e r(j
CHEDY (mﬂ b) L{H(r()} < (AF9)7 4407 0))? (52
ar +

t=T7;
Finally, we bound the sum involving v, () Recall that

(%T(j)) (6 log(t —r(j)) + 2log(1/cy(;)) + 2log(m 2/3)>

Fort € {7j,...,7j41 — 1} we have t — r(j) < 741 — (), so for some absolute constant C, > 0,
0 =)+ 1
() < ¢, log(mlac(_‘jH), t=1j i1 — 1. (53)
r(j

Combining this with Eq. (52), we conclude that there exists an absolute constant Cp > 0 such that

411 G \? ,
(A§eﬂ))2 Z ( ay, ) H,(r(j))} < (Ageﬁ))2+c~,BO_210g(Tj+1—T(j)+1)

= \af +b Qr(j)

IN

M? 4+ Cgo? log< f“) (54)
r(5)

where in the last inequality we used 7,11 — r(j) < 7511 and r(j) > 1. This bounds the deterministic CUSUM component
of the bias regret for change j from restart r(j). We therefore have:

s , Tt G \?
} : (eff 2 : aL }: 2 Ti+1
j=1 t=7; ar (4)

Since 1 < r(j) < 75 < Tj41 < T+ 1, and recall that o, = 62 "3, 80 Qi (j) > ca/T? for all j (for some absolute ¢ > 0).
Therefore, there exists an absolute constant C, > 0 such that

- T
log(T'7+1) < C’alog(—), j=1,...,5.
«Q

Qr(5)

Thus, pathwise, and denoting C'p := C B Cy

i(M2+CBU log( JH)) < M2S+C'302510g(§>. (55)

j=1 ar(])

Taking expectations preserves this upper bound and concludes the contribution of the deterministic bias term to the overall
dynamic regret.

"If 7,1 was detected, the split k* = 7; maximizes the population contrast between the two segments. When earlier changes are
missed and the effective pre-change mean becomes a mixture, other split points may yield larger contrasts; nevertheless, the split at
k* = 7; remains a natural and interpretable reference for assessing the detectability of the change and bounding its contribution to the
regret.

8These steps rely on arguments similar to those in Proposition 3.1. For clarity, we present the derivation explicitly here rather than
invoking Proposition 3.1 directly.
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Step 3 - Bounding the stochastic term. We now bound the second term in Eq. (46). Using A;eﬂ) < Adiam < M,

S Tj+1—1 S Ti+1—1
E[ S (A ST 1{g(r(j ] LVED D AT (56)
j=1 t=T; j=1 t=7;

Define
EP3(r) == {Hk e{r+1,...,t—1}: |ﬁ£7t —Di 4l = ’y{}

Since & (r) C £2P3(r), we have

Tit1—1 Ti+1—1

S
> 2 PECGN <D Yo PETEG))-

We do not apply Lemma A.2 conditionally on the random restart index r(j). Instead, we use the following pathwise
domination by events indexed by deterministic restart times. For each fixed ¢, the (random) index r(j) appearing above
satisfies 1 < r(j) < ¢ — 1, hence pathwise

1{5abs }<Zl{gabs

and therefore

(gabs < ZIP) 5abb
Summing over ¢ and using that Ule[Tj, Ti+1) € {2,...,T}, we obtain
S Tiy1— 1 T t—1
>S5 BN < 35 B
j=1 t=7; t=2 r=1

Finally, for fixed (r, t), the same calculation as in the proof of Lemma A.2 yields

r\2
P(E%(r)) < 2(t — 1) exp<_<%>> = Sa-n.

2

Therefore,

T t—1 T—-1 oo oo

ZZPgabs Z 2%@_7,)—2<Z%:a

t=2 r=1 r=1 t=r+2 r=1
Combining with Eq. (56), we obtain

S 02 Tj+1—1
E| Y (A Y 1ar()| < MR,
j=1 t=T;

and thus its contribution to R is at most 2M 2a.

Together with Eq. (55), this completes the proof.

25



The Cost of Learning Under Multiple Change Points

A.4.4. PROOF OF LEMMA A .4

Proof. In the proof below, we use a pathwise argument to replace the random restart times by a sum over all deterministic
restart indices r € {1,...,T}. For fixed r € {1,...,T}, let 77 (r) be the first change after r:

77(r) :== min{t >r: t = 7; forsome j} A (T + 1).

Define the false-alarm event

FA, = {N@ < 7‘+(r)}.
On the interval (r, 77 (r)) the mean is constant and hence the population GLR statistic is identically zero: Dy , = 0 for
allr < k <t < 77(r). If FA, occurs, then by definition of N/, there exists some k with 7 < k < t < 77 (r) such that
Dy, ; > 74 . Therefore

FA, C {3r<k<t§7‘+(r): D,gtzy;} C {3r<kz<t§T: |fj;7t—D;,t|27{}.

By Lemma A.2 we thus have, for each r,
P(FA,) < a;.

Let Npa be the number of false alarms produced by the algorithm. Since the restart times r,, are strictly increasing, the
algorithm can use each time r € {1,...,T} as a restart at most once, and any false alarm at a restart » implies the event
FA,. occurs. Hence, for every realization,

T
Nea < ) 1{FA.}.
r=1

Using again the fact that o, = % is summable over r, we have

T T 0o

E[Npa] < > P(FA) < > ap < Y on < a

r=1 r=1 r=1

Next, decompose the restarts into detections and false alarms. Each change point can generate at most one detection before
the next change (subsequent alarms before the next change point are false alarms), so pathwise
K — 1 = #{detections} + Ngp < S + Npa,

and thus
K <S+1+ Npa.

Taking expectations and using the bound on E[Npa] gives

E[K] < S4+1+E[Ngs] < S+1+a.

O
A.4.5. PROOF OF LEMMA A.5
Proof. Let Z, := X; — p;. By assumption, (Z;);>1 are independent, mean-zero, and o2-sub-Gaussian. In particular,
2
E[Z?] <¢® and  P(|Z] > x) < 2exp (—;2) for all z > 0. (57)
g

Recall the variance term

K-1
Ry =2E Y > (4" - ﬂimf] :
m=0 tE€B,,
For a restart time r and ¢ > r, we have
= =
fiy — fy = mZ(Xi—M) = mzZi-
i=r i—r
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Step 1 - A blockwise bound. Fix a block index m and write r = r,,. Let L,,, := | By,| = rm+1 — 7 be the block length.
For s > 1, define the partial sum

r+s—1 1
Z Z;, so that flyy s = Hyys = gM;“

Condition on F,. (note that the alarms are stopping times). Then Z,. is F,.-measurable and (Z, 1, Zy42, . . . ) are independent
of F,. with mean zero (Williams, 1991). Hence, for any s > 1,

E[(. — 1) | 7] = SE[00) | fr]

1 2
=5 | 2 +E ZZ,+u )
1 9 VA (s=1) z?  o?
SQ(ZWZE +> R
Using nonnegativity and L,,, < T', we bound
) L )
Elz (ﬂ:iﬂ:) ‘-FT‘| =E Z(ll’r—&-siﬂ:—&-e) ‘FT]
tEBm, s=1
T
= ZE[([)‘:+S MrJrs) 1{L 2 S} ’ i|
s=1
d 2
S ZE[([LHS MrJrs) ’ ]:r]
s=1
=1 1 w2
<72y 402y 2 < - Z246%(1+1ogT),
< TS;SQM ;S < 5 Zi+ ot (1+1ogT)
where we used >, s7% = 72/6 and Hy = Zé <1+ 1ogT.

Applying the tower property and summing over blocks yields

2

1
SR < o?(1+1og T) E[K] + % E

K-1
> me] . (58)

m=0

Step 2 - Controlling the Z, term. For any deterministic u > 0, since {ro,...,7x—1} C {1,...,T}, we have pathwise

K-1 K—-1 T
Nozk <> (u (22 - u)+) <uK + 3 (27 —u);.
m=0 m=0 t=1

Taking expectations and using Eq. (57),

B[22 -] = [ Bz 2oz [

u

o0

x U
2€Xp(—§) dr = 402 exp( 202).

Therefore,
K—1 "
2 2
E LZO Z] < uE[K] + 40T exp(— 55 ) (59)
Choose u := 202 log(eT), so that exp(—u/(202)) = (eT)~! and hence 40%T exp(—u/(20?)) = 402 /e. Plugging into
(59) gives
K-1 4
E|>" 72 | <20%log(eT) E[K] + —o>. (60)
m=0 " €
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Step 3 - Combining Lemma A.4. Combining (58) and (60) yields
ar 2 m’ 2 4
RET <20°(1+1ogT)E[K] + 3 20°log(eT)E[K]+ —0° ] .
e

Since log(eT") = 1 + log T', there exists an absolute constant Cy > 0 such that
RYT < Coo? (1 +1logT)E[K] 4 Cyo?.

Finally, by Lemma A4, E[K] < S+ 1+ a. Since (S + 1+ «)(1 4+ logT) > 1 for T > 2, we can absorb the additive
constant into the main term, yielding (23) for an absolute constant Cy > 0. L]

A.5. Proof of Theorem 4.2

The two main sources of the regret are the variance term (the cumulative estimation error due to the noisy nature of the
observations) and the bias term (due to the bias in the estimator after a change, which persists until the policy raises an
alarm). In deriving the lower bound, we bound each term separately and then combine the results. To keep notation simple,
we prove the lower bound for deterministic policies. The same results also hold for randomized policies by representing the
internal random seed of the learner by an auxiliary random variable (independent of the data under every environment), and
defining the appropriate filtration. Throughout, we work with an unstructured piecewise-stationary model in which there is
no information sharing across segments. Throughout the lower-bound proof we assume M > cyo for a sufficiently large
universal constant cy. Under this non-degeneracy condition, all constants below can be chosen universal.

We start with the bias error. For ease of presentation, we first provide the lower bound for the case of a single change point.
We then extend in App. A.5.2 to the case of a general number of change points .S, and in App. A.5.3 we provide the lower
bound for the variance error.

A.5.1. SINGLE CHANGE POINT: BIAS REGRET LOWER BOUND

For lower bounds it suffices to consider a subclass of environments. Fix, without loss of generality 11 > p and denote
A = |1 — po| and A := (g + p11)/2. Consider the Gaussian subclass in which X; ~ N (u¢, 02) with piecewise-constant
mean f;. This subclass satisfies the sub-Gaussian assumption with variance proxy o2. Moreover, when proving a lower
bound we may give the learner extra information: in the arguments below we assume the learner knows {19, 111 }, which can
only reduce risk. Hence any lower bound proved in this setting applies to the original problem with unknown means.

Let v, denote the no-change instance (u; = po Vt € [T), and for 7 € [T let v, denote the single-change instance
with iy = po fort < 7and py = py fort > 7. Write P, Eo and P, E; for the corresponding probability laws and
expectations. We next lower bound R (7, ;) on this known-means subclass; since the means are revealed, this lower
bound purely captures the bias incurred due to delayed adaptation.

Lemma A.6. For the single-change point case, there exists a universal constant ¢ > 0 such that for all T > 3,

inf sup  Rp(mv.) > co’logT.
mEIl reTIu{oo}

Proof. The argument formalizes the stability-adaptivity trade-off. Intuitively, a policy that is too unstable incurs regret
under v, (by frequently behaving as if a change occurred), whereas a policy that is too stable cannot reliably react “fast
enough” when the change truly happens, and must then incur regret under a suitably chosen v.

Step 1 - Partition of the horizon. Fix a window length 1 < ¢ < T and define m := |T/¢] disjoint windows
TLZ:(’L—].)g-l-]., WZ:{nl,nZ—l—l,,nz—i—[—l}, z:l,,m,

as illustrated in Figure 11. For each window W;, define the event that the policy “behaves as if the mean is ;" for at least
half of the window length:

A; = {ﬂt > A for at least £/2 time steps in Wi}. (61)
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This event allows us to lower bound regret in two complementary regimes:

R 1
On Al Z (ﬂt - MO)2 > g ZAQ, (62)
tew,
R 1
On A§: Z (i — p1)* > 3 (A2, (63)

teWw;

Indeed, on A; there are at least £/2 indices t € W; with ji; > A, hence ji; — 10 > A/2 and (jfi; — p10)? > A%/4 on those
indices, which yields Y,y (fir — p0)* > (¢/2)(A*/4) = £A®/8. The bound in Eq. (63) is symmetric.

A

wi W 1 Wi o W

——! l—! |l ¢—!

? I ? | oo e I 4 I os o I 4 I

I I 1 I 1 1

“1 ------------------ | ------------------ ] ----------------------- .I ------------------- r ------------------------------ 1 ------------------- I

1 1 1 I 1 I

Al TR T [ Lo T 1

Al 1 1 1 1 1

1 1 1 1 1 I

#0 .................. I. .................. i.......................i ................... i ...............................i .................. I
1 1 1 | 1 | >

nj n]- +4-1

Figure 11. Partition of the horizon

Step 2 - Stability under no change. We next show that if the policy triggers A; with non-negligible probability in every
window under v, then it already suffers large regret even when no change occurs. Fix o € (0,1) °. If Po (4;) > o/m for
every i € [m], then as a direct consequence of Eq. (62) we have:

Rr(m,veo) > ;]Eoo[ Z(ﬂt_’uo)ﬂ > ZIP’OO(Ai).gAZ > %mz (64)

teWw; =1
By Eq. (64), if Poo (A;) > «/m for all windows, then choosing ¢ = O((0? log T') / A?) yields a regret lower bound of order

o2 log T. Hence, in what follows we restrict attention to policies for which there exists a window index j € [m] such that

q=Ps(4;) < % (65)

We view q as quantifying the stability of the policy on window W; under the “no-change” instance.

Step 3 - Information constraint (stability limits adaptivity). We now consider the environment in which the change is
at the beginning of this conservative window, i.e., we consider Up,; . Let

p =Py, (4).
On v, the true mean on W is y1, hence by Eq. (63),
« 2 Y N
R (m,vm,) > Enj[ S (i — m) ] > P, (A9)- A2 = (1—p) A2 (66)
tEWj 8 8

Thus, to avoid large regret under v, the policy must make p close to 1; i.e., it must reliably behave as if the mean is y11
within ;. However, since the policy is stable under v, on W; (meaning g is small), distinguishing v;,; from v, within a
window of length ¢ requires sufficient statistical information. We now formalize this via the data-processing inequality.

“Here a is a proof parameter we choose for the lower bound analysis, and not a property of the policy.

29



The Cost of Learning Under Multiple Change Points

Claim A.7. If ¢ is chosen so that
{ < —log—, (67)
!

thenp < 1/2.

Proof. Since A; € Fy,; 441, the data-processing inequality implies

n;j+0— n;+0—
D(Bern(p) || Bern(q)) < D(]P’,SL]_ st Pt (68)
where P=" denotes the law of the prefix (X1, ..., X,,), and Bern(:) is the Bernoulli distribution. Under v, and v, the

first n; — 1 samples have the same law; the only difference on the prefix up to n; + ¢ — 1 is the £ samples in W, whose
mean is gy under vy, ; and o under vo.. Using additivity of KL divergence for independent Gaussians yields

<nj+—1 || p<n;+£—1 A?
D(Pﬁjanr B ||Pgonj+ B ) = 952 (69)
Combining Eq. (68) and Eq. (69) gives
A2
D(Bern(p) | Bern(q)) < 252 L. (70)
o

We now relate this inequality to the desired conclusion p < 1/2: For fixed ¢ € (0,1/2], the map p — D(Bern(p) || Bern(q))
is convex, minimized at p = ¢, and non-decreasing on [1/2, 1]. Hence, if p > 1/2, then

D(Bern(p) || Bern(g)) > D(Bern(1/2) || Bern(q)).

Using Eq. (65), we have ¢ < a/m < 1/2 (for m large enough), and

D(Bern(1/2) || Bern(q)) = % logm > 1 log4— > % log%. (71)
Therefore, if Eq. (67) holds, then Eq. (70) forces
D(Ben(p) || Bern(q)) < D(Bern(1/2) || Bern(q)),
which implies p < 1/2. O
Plugging Claim A.7 into Eq. (66) yields
Roy(m,vn,) > %6 A2, (72)
Step 4 - Choosing ¢. For convenience, fix & = 1/2, then Eq. (67) is
0'2 m
< A2 log 5 (73)

Since we are proving a minimax lower bound, it suffices to consider any hard subclass of environments. In particular, we
may fix a constant jump size, e.g. A = 20 (equivalently, pg = 0 and py = 20), which yields universal constants and
ensures the window length below satisfies 1 < ¢ < T forall T' > 3.19 Choose

0= [J— logT—‘ - [%6 logT—‘, (74)

andrecall m = | % | > Z,. We have

10See Remark A.8 for more details.
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With £ = ©(log T'), we have log(4¢) = O(loglogT'), and hence
log % > logT — O(loglogT).

Therefore, for T' large enough (and by adjusting constants for smaller T"), the choice in Eq. (74) satisfies Eq. (73).

Finally note the following: either Eq. (64) applies, giving R (7, Vs ) = (A2 < 02 log T, or there exists j with ¢ < a/m,
in which case Eq. (72) gives R (7, vp;) 2 ¢A? < o2 logT. Taking the supremum over 7 and then the infimum over 7
proves Lemma A.6 (absorbing the O(loglog T') term into constants). O

Remark A.8. In Step 4 we fixed a constant jump size (e.g., A = 20) to keep ¢ = O(logT) and thus ensure 1 < ¢ < T
and m = |T/£] > 1. This is without loss of generality for the minimax lower bound, since restricting to any subclass of
environments can only decrease the supremum over v, and hence any lower bound proved for a fixed A = ©(co) applies to
the full class. Moreover, unlike other lower bounds (e.g., (Garivier & Moulines, 2008)) where one optimizes a gap parameter
to maximize the derived bound, here optimizing over A cannot improve the order of the worst-case bound in 7', since the
information constraint in Claim A.7 depends on the window length only through the KL term %E, while the window
contribution to squared loss scales as /A2, Thus taking ¢ < (02 /A?)log T makes the lower bound £A? of order o2 log T,
i.e., the dependence on A cancels up to constants (and lower-order log log T" terms). Extremely small or extremely large
A only make the problem easier (because the two means are nearly indistinguishable in squared loss, or because changes
become quickly detectable), so the hardest regime is A = ©(o).

A.5.2. MULTIPLE CHANGE POINTS (BIAS REGRET LOWER BOUND)

We next extend the above results to the multiple change points case. Let E<s (02, M) be the class of environments with at
most S change points'' 1 =79 < 7 < -+ <79 < 7941 =T + 1 with

X; ~ N(pj,0%) forallt € [1j,Tj+1),

independently across ¢. Since this is a subclass of the sub-Gaussian model, any lower bound over E< g (0%, M) also applies
to the original environment class.

As in Section A.5.1, we prove the bias regret lower bound by restricting E<s (0%, M) to a hard known-means subclass.
Specifically, we fix two means jy # j41, reveal them to the learner, and consider environments whose means take values in
{ 1o, p11} with at most one change per block (hence at most S changes overall). Consider A and A as defined before. We
next lower bound Rz (7, v/) on this class.

Lemma A.9. For the multiple-change point case, there exists a universal constant ¢ > 0 such that for all T > 3,

T
inf  sup Rp(mv) > co?Slog =.
mell ). 5)<s T( ) S

Proof. Step 1 - Block decomposition. Fix S > 1 and define the block length H := |T/S]|. For s = 1,..., S, define
disjoint blocks
Bs:={(s—1)H+1,...,sH}.

For each s, let v(1*=1) denote a fixed (before observing data) specification of the environment on blocks B1, ..., B,_1.
We define P3¢ (respectively, [E5€) as the probability (expectation) law under the continuation environment that agrees with
v(1:=1) up to time (s — 1) H and has no change on block B, i.e.,

e = pbre forall t € By,

which makes explicit that the probability P2¢(A; ;) is computed under the history distribution induced by the previously
fixed blocks.

Within each block B, we further partition time into windows of length ¢ (similarly to App. A.5.1):

H
m = {?J, Tei=(s—1)H+ (i—-1)¢+1, Wei=A{Tsjir- -, Tsi +L—1}, 1=1,...,m.

""The construction uses environments with at most S changes, which is sufficient because the minimax risk over the full class is lower
bounded by the risk over any subclass.
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Next, define the event
As = {([Lt — A)(pbr® — A) < 0 for at least ¢/2 time steps in WSJ}. (75)

Thus, A, ; indicates that during at least half of window W, ; the estimator behaves as if the mean has switched to the
opposite side of A relative to the pre-block mean. Exactly as in Eq. (62) and Eq. (63), this event implies a window-wise
squared-loss lower bound of order /A2 under the corresponding (pre- vs post-change) mean.

Step 2 (Per-block analysis) Fix « € (0, 1) and consider block Bj. First, consider the no-change continuation in which
e = pbre throughout B. If
P2(As:) > a/m forall i € [m] (76)

under this “no-change” instance, then exactly as in the single-change analysis (Eq. (64)), the expected loss incurred on block
By is at least

!
— (A2, 1
3 (77)
Otherwise, there exists an index j, € [m] such that
gs :==P5(As5,) < a/m (78)

under the no-change continuation. In this case, we consider the continuation environment in which, on block By, a change is
inserted at time 7, ;,, flipping the mean from pP*® to the other value in {0, p1 }, and keeping the mean constant thereafter
on B,. Denote the resulting continuation environment on block B, by v/(*) (and let it agree with v(}**=1) on earlier blocks).

Let
ps =Py (As 4, )-

On window W ;_, the true mean is now the post-change value, and by the same argument as in Eq. (63), the expected loss
contributed by W ;. is at least

1
1—ps)- =A%
(1—ps) 5

Step 3 - Information-theoretic bound. Conditioned on the history up to time 75 ;, — 1, the distributions under the
no-change continuation and under v(*) differ only on the ¢ observations in W ;.. Therefore, exactly as in Claim A.7, the
data-processing inequality yields

A?
< =
D(Bern(ps) || Bern(gs)) < 52 14

Choosing ¢ to satisfy the analogue of Eq. (73) with m = | H/{] forces ps < 1/2, and hence the expected loss on block Bj
is at least

1
— 0N,
16
Step 4 - Choosing ¢. As in the single change case, take « = 1/2 and A = 20, and choose!2

= [Ggrost] = [mrogn]. me=|Y. 79)

Since m = |H/¢| > H/(2¢), we have
logm > log H —log(2¢) = log H — O(loglog H),

and therefore the KL condition in Step 3 holds for H large enough (and otherwise can be absorbed into universal constants).
Thus, in each block By, the construction guarantees an expected loss of at least ¢ ¢A? for some universal constant cog > 0,
either due to instability under no change or due to detection delay after an inserted change.

'2We focus on the regime where H = |T/S] is larger than a sufficiently large universal constant; when H = O(1) (dense-change
regime), the variance lower bound in Lemma A.10 already yields the claimed order in Theorem 4.2.
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Finally, define a single global environment v by specifying it block-by-block as follows: starting from block s = 1 and
proceeding to s = .9, given the already fixed behavior on blocks By, ..., Bs_1, if the instability condition holds on block s
we set block s to have no change; otherwise we insert a change at 7, ;_ as above. This produces at most one change in each
block and therefore at most .S change points overall.

Since the blocks are disjoint and losses are nonnegative, summing over s = 1, ..., S yields

T
inf  sup Rp(mv) > ¢gSIA? < 0*SlogH = Q(o%‘log ),
mell ). 5)<s S

up to the same lower-order O(loglog(T/S)) effects as in the single-change proof.

A.5.3. VARIANCE REGRET LOWER BOUND

We lower bound the variance contribution (estimation error). We first consider the relaxation in which the learner is told all

change points 71, . .., g, but the segment means {; }f:o are unknown. Conditioned on the change points, the horizon

decomposes into S + 1 stationary segments with lengths
Lj=7jy1—75, j=0,...,5, and Y L;=T.

Revealing the change points can only help the learner, hence any lower bound for this relaxed problem also applies to the
original minimax risk. The lower bound on this class is given in the next lemma.

Lemma A.10. There exists a universal constant ¢ > 0 such that for all T > 3,

T
inf R > co2(S+1)(1+1log —— 80
Inf, {NSJ_ul;:0 r(mv) > co”(S+ )< + OgSJrl), (80)

where {1; 35:0 satisfy Eq. (1).

Proof. Step 1 - Sequential estimation lower bound. We first lower bound the variance contribution incurred within a
single stationary segment of length n > 2, in which the mean is constant and equal to . That is, the observations are i.i.d.

2
X1y, Xn NN(NHO— )
Our goal is to obtain a minimax lower bound on the expected cumulative squared estimation error, i.e., on

Z(ﬂt - N)gl )

t=1

inf sup E.
{fe}io pel—M/2,M/2)

where each fi; is measurable with respect to o(X1, ..., X¢_1). Throughout this step, we restrict y to lie in [-M /2, M /2];
this restriction defines a valid subclass of the original problem and will later be used to ensure that the diameter constraint in
Eq. (1) is satisfied.

By the Bayes-minimax inequality, for any prior p supported on [—M /2, M /2] we have
S G- ).
t=1

We therefore choose a convenient prior p = pjys supported on [—M /2, M /2], and show that there exists a constant ¢ > 0
(universal when M > cyo) such that

inf sup E,
{Be}ioy pel—M/2,M/2)

N

po (ki

n

inf E,p E, lZ(ﬂt — W] > co’log(n +1). 81)

{ﬂt}:":1 =1
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Proof of Eq. (81). Consider the Bayes model in which p ~ pjs has density

2
par () = - cos? (22 ) 11l < az/2},
and conditionally on y the observations are i.i.d. X1,..., X,, ~ N (u,c?). Since pyy is supported on [—M /2, M /2] and
satisfies par(£M/2) = 0, van Trees applies. Let I(pas) denote the Fisher information of the prior. A direct computation
gives

%logpM(u) = —%tan(%) I(pr) Z/(ixEZ;)sz(M)dﬂz %-

We first write

inf E

E
(o yi, a

H~pnm

Z(ﬂt - “)2] = inf Epipns Epu (e — )] -

=1 {aedie 141

For the Gaussian model, the Fisher information in ¢ — 1 samples equals (¢ — 1) /0. Thus, for any estimator /i; based on
t — 1 samples, van Trees yields
1 o2 o? 4?02
E,p, Eu (e — p)?] > = = , = )
pevon Bl (e = )] = (t—1)/c2+1(py) t—1+02I(py) t—1+4a “ M2

Summing over ¢ and using the harmonic series lower bound gives

n

. . i 1 n—1+a
inf E,w,,E, lZ(,ut - M)Q] > o? Z T ita > o? log(i) = Q(o*log(n +1)).
t=1

{Aedi, =1
If M > cgo, then a < ag is an absolute constant. By the Bayes—minimax inequality, this implies that
inf sup E, Z(ﬂt — )| > co?log(n +1).
{Ae}ior pel—M/2,M/2) =

Step 2 - Summing over segments. Place an independent product prior on segment means:

Loy 1 R par, so that u; € [-M/2,M/2] as.

This construction is consistent with the restriction imposed in Step 1 and defines a valid hard subclass satisfying the diameter

constraint, since under this prior we have max,, , |ty — o] < M almost surely.

Recall Z; = [1,7;41) and let L; = |Z;| = 741 — 7. For t € Z;, write s :=t — 7; + 1. At prediction time ¢, the learner
has observed only the first s — 1 samples from segment j. Since the prior factorizes across segments and observations
outside segment j are independent of u;, data outside segment j carries no information about 4;. Thus the prediction at
time ¢ is no easier than the s-th prediction in the single-segment estimation problem of Step 1.

Therefore, applying Step 1 with n = s < L; and summing over segments yields

T

S
Li+1+a
Z — ) ] > 0221 ( T a ) > CQOQZlog(Lj—Fl),
=0

t=2

inf E
mell

for a constant co > 0 that is universal when M > cyo (since then a < ag is an absolute constant). By the Bayes—minimax
inequality, the same lower bound applies to the minimax risk under this fixed segmentation.

Step 3 - Choosing a hard partition. Choose change points so that the S + 1 segments have (approximately) equal length,
eg. L; e {|T/(S+1)],[T/(S+1)]}forall j. Thenlog(L; + 1) > log(|T/(S +1)] + 1) for all j, and hence

s
T T
log(L; +1) > 1)1 ({ J 1) > (141 ,
jz:;)og(jJr)_(SJr)og S—|—1+ > (S+1) +0g5+1
up to absolute constants. Plugging into the previous display yields Lemma A.10. O
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Since Lemma A.9 is proved on a subclass (revealed means) and Lemma A.10 is proved under a relaxation (revealed change
points), both bounds apply to R4 (E<s (02, M)); taking the maximum yields Theorem 4.2.

Remark A.11. The argument above provides a minimax lower bound by combining two relaxations, and hence guarantees at
least the larger of the detection and estimation costs. Constructing a single instance in which both mechanisms contribute
additively is possible but results in the same lower bound rate; thus, we omit it.

A.6. Proof of Proposition 3.1

We first show a deterministic algebraic inequality. This is the key calculation showing that the loss of SNR caused by using
a contaminated pre-change reference is controlled by the population evidence of the previous missed change.

Claim A.12. Fix ng,n1,ny > 0 and three means g, i1, po. Let

No o + N1
Mol i=m ————————.
no +ny
Define
g . mnz (2 —m)?
' ni + no o2 ’
gett _ (o na)na (p2 — por)’
" (no+mn1)+ne o2 ’
and
gore __Tom_ (i — pio)?
’ ng + ny o2 ’
Then

(S* _ Seff)+ < Sgprev.

Proof. It suffices to prove the claim with o = 1, since all three quantities are divided by the same factor o2,

Let

n
0 1= p1 — o, A= g — iy, nr :=ng + ni, wi= -2
nr
Then
Hot = pt1 — wd, p2 — por = A+ wd.
Define "
A= T2 , B := M, P:=—€(0,1).
n1 + no nr + no B
Thus

S* = AAN%, S = B(A 4 wd)?,

and therefore
S* — 8§ = B (PA? — (A + wd)?).

Let b := wd. Then
PA? — (A +1b)* = (P —1)A? — 2bA — b,

Since P < 1,setc :=1 — P > 0. Completing the square gives

2 2
_ 4+ — < .
(P—l)A 2bA b° = C<A+C> c 1

Multiplying by B and using BP = A, we get

Ab?

* _ qeff ~ )
S*—S <{-p
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A direct calculation gives

A
1-P=1-2~= fonz .
B (ng +n1)(ny +ng)
Therefore,
’I’L2
Aw? _ n11+7jz ) m _ Ton
1-P (n0+7l7i(;?’frf1+n2) no +m
Since b = wd, this implies
S* o Seff < &52 _ Sprev
T no+ny

when o = 1. Restoring the common normalization by o? gives the claim. Finally, applying (-)y to the left-hand side
completes the proof. O

We now prove Proposition 3.1. Fix a deterministic restart index r. Define the fixed-restart confidence event

G, = {Vk,t e [T withr < k <t: ]ﬁ;;,t - Dy,

< 7[} .
By Lemma A.2,
Pu(gr) Z 1- Q.

We show that on G,., the claimed implication holds simultaneously for all relevant j and ¢. Fix a change index j such that
r<Tj—1 <Ty, and fix
t e {Tj +1,...,Tj+1 — 1}
Assume that N, > t. Since ¢ > 7;, this implies in particular that N/, > 7;. Hence the detector initialized at r has not raised
an alarm by time 7;, and therefore
Cr, <7,

Since r < 71 < Tj, the split k = 7;_; is admissible at time 7;. Thus,

Dr < C:j < 'y:j.

Ti—1,Tj

On the event G,., we also have

‘DTJ,l,Tj - D:j,ln'j < 777:1
Therefore,
vy S D5 | Dy = D | < 205
and hence

(D1 <4022
It remains to relate this population CUSUM statistic to the SNR degradation. Let
ng :=Tj_1—T, nyi=T; — Tj-1, ng :=t—1j.
Since ¢ > 7;, we have ny > 0. Define

Tj—1—

1
po = ————

The effective pre-change mean for detecting 7; from restart r is

1
His M1 = Hj—1, M2 = My

nopo + N1
no+mni
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With these definitions,
ninz (Mz - Ml)2
ny + no o2 ’

SNR?(¢) =

and
(no +n1)na  (p2 — po1)?
(no +n1) +ne o2 '

eff (.
SNRE (t;7) =

Applying Claim A.12 gives

nony (g1 — pio)?
el

(SNR;(t) - SNR;ﬁ‘(t;r))+ < e

The right-hand side is exactly the squared population CUSUM statistic at time 7; and split & = 7;_:

nony  (p1 — po)? D 2
ng + Ny o2 o Ti=17j '

Consequently, on G,, whenever N/, > t,

Ti—1Tj

2
(SNR;(t) - SNR§H(t;r))+ < (D’” ) < 4(y7)2.
Finally, by the definition of the threshold,

P — 1
(75,)? = 6log(r; — ) + 2log(1/a,) + 2log(n*/3) < C'log <TJO:”+)
for a universal constant C' > 0. Therefore, on G,.,

, P — 1
N&>t = (SNR;(t) - SNR;?H (t;r))Jr < Clog (T]H—> .

T

Since P, (G,) > 1 — a,., the proof is complete.

A.7. Extension to vector-valued observations

This subsection summarizes how the ATC algorithm and the upper-bound analysis extend to the case X; € R? with
piecewise-constant mean j; € R?. We focus on the key changes (statistic, threshold, confidence bound, and the resulting
bias/variance scaling), and omit the full proofs.

Vector-valued model and regret. Assume the same change-point structure as in Section 2, except that Xy, i; € R, We
measure performance by the squared Euclidean dynamic regret

T
Re(m,v) = Bry| D7 — melld]- (82)
t=2

We assume an isotropic vector sub-Gaussian noise model with proxy o2 forallt > 1, all A € R, and all u € R¢ with
[ull2 =1,

E[exp (AuT (X, — )| < exp(52). (83)

Algorithmic structure. ATC maintains restart times r and outputs the running mean since the last restart:

t—1
) 1
f = t_TZXi e R% (84)

=T

Implementation uses vector prefix sums G; = Zle X; € RY sothat iy = (Gy_1 — Gr_1)/(t — 7).
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Vector CUSUM/GLR statistic. For r < k < ¢, define the block averages

_ 1 - 1
Xrigp—1 1= ZXz; Xiit—1 1= — Xi;

and the (standardized) two-sample mean-difference statistic

A 1 J[(k=r)t—k) | = -
Dk,t = ; W ||X7-:k—1 —Xk:t—1||2~ (85)

The scan statistic and stopping time remain

Cy = DT, NL =inf{t >r: C] >~}
t Trgfji(t k.t G inf{ r L > )

Computationally, each candidate evaluation is now O(d), so the naive scan is O(d(t — r)) per time step, and the multiscale
approximation yields O(dlog(t — r)) candidates per time step.

Population statistic and effective gaps. Define the population analogue

. L [(k=7r)t—k) | _ i
kt = ; ((tr)—(r)) HMT:k—1—Mk:t—1H2' (80)

All “effective mean” definitions in Appendix A.4.1 extend by replacing absolute values by || - |
7; inside a block started at r, the effective gap becomes

2; in particular, for a change

AP = g = ], (87)

Confidence bound and threshold. The key modification is a uniform concentration inequality for the vector statistic. Let
Ap, € R be the vector analogue of App. A.4.2:

i=r i=k
Then by the reverse triangle inequality, R
|D£,t - D£7t| < ||A2,t|\2- (88)
Under (83), A;)t is a 1-sub-Gaussian vector (in the standard sense that all one-dimensional projections are o2-sub-Gaussian),
which implies a tail bound of the form P(|| A}, ||z > C (v/d 4 /) < e~* (for some universal constant C). Combining this
tail bound with the same union bound over (k, t) as in App. A.4.2 yields the following threshold:
6 «
a2 2’

vi = Cy (\/E—&- V6log(t —r) + 2log(1/a,) + 210g(7r2/3)> ) ay = (39)

for some universal constant Cy > 0. Following the same arguments as in App. A.4.2, we can show that for each fixed
deterministic r, with v; as in Eq. (89),

P(Hk,te [T, r<k<t:|Dj,—Dj,l 27;) < a. (90)

As in the scalar case, this implies E[Npa] < >, < aand hence E[K] < S+ 1 + o (where K is the number of restart
blocks).

Effect on variance regret. Within a block, fi; — fif is an average of independent centered sub-Gaussian vectors. Under
Eq. (83), one obtains a pointwise bound

N _ do?
Efljn — 3] < o5
for a universal constant ¢ > 0. Summing over time within each block (using arguments similar to those in the d = 1 case)
yields harmonic series terms as in App. A.4.5, and using E[K] < S + 1 + « gives

oD

RE < CW¥do® (S+1+a)(1+logT), ©2)

for some absolute constant C‘(/d ) >0 (absorbing universal constants).
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Effect on bias regret. The regret decomposition in Lemma A.1 carries over with (+)? replaced by || - ||3 and effective gaps
as in Eq. (87). The deviation event contribution is controlled as before, using the vector confidence event M2« (where here
M is defined as the natural extension to the d-dimensional setting). The deterministic drift-threshold argument is unchanged
except that it now compares Dy, , to the larger threshold in Eq. (89). Since (v7)* < d + log((t — )/a), the corresponding
regret contribution scales as 02(77)? < o%(d + log((t — r)/a,)) (beyond the scalar O(c? log(T/cv)) term). Concretely,
for some absolute constant C](Bd) >0,

RE*S < M2(a+S) + C U2S(d+log Z:) ©3)

Resulting regret upper bound in RA. Combining Eq. (92) and Eq. (93) yields the vector analogue of Theorem 4.1: there
exist constants C‘(/d ), Cfgd) > 0 such that

T
RATC(d) < CWdo?(S+1+a)(1+1ogT) + Cj(gd)UQS<d+1og) + M*(a+S). 94)
«Q

For fixed a € (0, 1), the dominant scaling is RAT¢ = O(do?(S + 1) log(T')), up to constants.
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