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Abstract

Estimating heterogeneous treatment effects is cen-
tral to data-driven decision-making, yet industrial
applications often face a fundamental tension be-
tween limited randomized controlled trial (RCT)
budgets and abundant but biased observational
data (OBS) collected under historical targeting
policies. Although observational logs offer the
advantage of scale, they may suffer from severe
policy-induced imbalance and overlap violations,
rendering standalone estimation unreliable. We
propose a budgeted active experimentation frame-
work that iteratively collects informative random-
ized samples for causal effect estimation via ac-
tive sampling. By leveraging observational sig-
nals, we develop an acquisition function targeting
uplift estimation uncertainty, domain discrepancy,
and overlap deficits to select the most informative
units for randomized experiments. We establish
finite-sample deviation bounds, asymptotic nor-
mality via martingale CLTs, and minimax lower
bounds showing near-optimality in the linear rep-
resentation setting. Experiments on synthetic
datasets support our theoretical findings, and fur-
ther extensions to industrial neural network-based
uplift modeling scenarios show that active sam-
pling can improve sample efficiency over random
sampling under limited RCT budgets.
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1. Introduction

Estimating heterogeneous treatment effects (HTE), such as
the conditional average treatment effect (CATE), is a cen-
tral problem in causal inference and data-driven decision
making. Accurate HTE estimation underpins personalized
marketing, recommendation systems, clinical decision sup-
port, and public policy design, where decisions must be
tailored to individual characteristics rather than population
averages. In large-scale real-world systems, however, HTE
estimation is constrained by a fundamental asymmetry in
data sources: randomized controlled trials (RCTs) provide
unbiased and reliable causal signals, but are expensive, slow
to deploy, and severely limited in sample size; observational
data (OBS), in contrast, are abundant and high-dimensional,
but are generated under historical targeting policies that in-
duce selection bias, policy-driven imbalance, and violations
of overlap (Hatt et al., 2022; Colnet et al., 2024).

This asymmetry has motivated a growing literature on learn-
ing treatment effects from multiple data sources. Classical
work focuses on causal identification from observational
data under strong assumptions such as ignorability and posi-
tivity, while more recent approaches seek to combine OBS
and RCT data through reweighting or doubly robust estima-
tors (Cheng & Cai, 2021). In industrial settings, however,
these approaches face a critical limitation: historical policies
are often near-deterministic, creating regions of the covari-
ate space where observational data provide essentially no
counterfactual information. In such regimes, directly using
OBS outcomes for identification is potentially unreliable,
while running large-scale uniform RCTs is prohibitively
costly.

This tension naturally shifts the focus from estimation to
experiment design. Rather than asking how to extract causal
effects from biased observational logs, a more operational
question is: given abundant observational data and a strict
budget for randomized experiments, where should one run
RCTs to most efficiently learn heterogeneous treatment ef-
fects? This question lies at the intersection of causal infer-
ence and active learning, but differs fundamentally from
classical active learning: here, querying a unit does not
merely reveal a label, but requires actively assigning a treat-
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ment and observing a causal outcome.

Existing active learning approaches have explored this prob-
lem from two largely separate perspectives. One line of
work studies active or budgeted sampling within experimen-
tal settings (Zhang et al., 2025; Kato et al., 2024; Ghadiri
et al., 2023), where treatments can be freely assigned but
the RCT sample size is limited. Related work on sequential
experimental design for A/B testing further studies how to
adaptively allocate treatments to improve estimation effi-
ciency under finite-sample imbalance and model misspeci-
fication (Wen et al., 2026). Another line focuses on active
learning within observational studies (Wen et al., 2025; Gao
et al., 2025), where treatment assignments are fixed and
the budget corresponds to labeling or outcome acquisition.
In contrast, the practically relevant regime where observa-
tional data and experimental design coexist— abundant
biased logs alongside a small, adaptively collected RCT—
has received comparatively little theoretical and method-
ological attention. In particular, it remains unclear how
observational data should guide adaptive experiment design
while retaining finite-sample validity and statistical infer-
ence guarantees.

In this paper, we propose a budgeted active experimentation
framework that addresses this gap by cleanly separating the
roles of observational and randomized data. The core idea
is that observational data inform experiment design, while
randomized experiments provide causal estimation. Specif-
ically, observational logs are used to learn a shared repre-
sentation, to diagnose overlap deficits induced by historical
policies, and to identify covariate regions under-represented
in the current experimental sample. These signals are com-
bined into a multi-criteria acquisition function that actively
selects which units to enroll into RCTs. The final estimator,
however, is identified purely by randomized experiments,
ensuring robustness to arbitrary confounding in the observa-
tional source.

This design induces a nontrivial statistical regime: the ex-
perimental data are adaptively collected, non-i.i.d., and de-
pend on past outcomes. We show that, despite adaptivity,
randomization induces a martingale structure that protects
unbiasedness, while active sampling shapes the information
matrix and governs statistical efficiency. Perhaps counter-
intuitively, we prove that even the most aggressive active
experimentation strategy cannot beat a /d/ B rate in gen-
eral, where d is the effective dimension of heterogeneity and
B is the RCT budget. Active sampling cannot improve the
minimax rate for this class, but it can improve finite-sample
constants through better conditioning of the experimental
design. Our main contributions are summarized as follows:

(i) We propose a principled framework for budgeted ac-
tive experimentation that integrates observational and ran-
domized data by separating experiment design from causal

identification.

(ii) We provide theoretical guarantees for adaptively col-
lected RCT data, including finite-sample deviation bounds,
asymptotic normality via martingale CLTs, and minimax
lower bounds establishing near-optimality.

(iii) We clarify the precise role of observational data in
causal learning: OBS improves where to randomize, not
what is identified, yielding a robust and interpretable path
to cost-efficient HTE estimation.

The remainder of the paper is organized as follows. Sec-
tion A reviews related work on active learning and treat-
ment effect estimation. Section 2 formalizes the two-source
causal learning problem. Section 3 presents the proposed
active experimentation algorithm. Section 4 develops the
theoretical guarantees under adaptive, non-i.i.d. experimen-
tation. Section 5 reports empirical results on large-scale
real-world data. Section 6 concludes with implications and
future directions.

Conflict of Interest Disclosure. This work is a collabora-
tive research outcome between DiDi Chuxing and Shang-
hai University of Finance and Economics, and the use of
DiDi Chuxing’s industrial data was reviewed and approved
through DiDi Chuxing’s internal data governance and com-
pliance process.

2. Problem Formulation

Notation. Uppercase letters denote random variables and
lowercase denote their realizations. Let X € X C R? be
covariates, T € {0, 1} a binary treatment, and Y € {0, 1}
a binary outcome (the formulation extends to any bounded
Y € [0,1]). For any distribution Q, we write Eg[-] and
Po(+) for expectation and probability under Q. We adopt
the Neyman—Rubin potential outcomes framework (Rubin,
2005). Each unit has potential outcomes Y (1) and Y'(0)
under treatment and control, respectively. The observed
outcome follows Y = Y'(T).

Assumption 2.1. (SUTVA). (i) No interference: a unit’s po-
tential outcomes are unaffected by other units’ assignments.
(ii) Consistency: Y =TY (1) + (1 —=T) Y (0).

For the target estimand and evaluation metric, our estimand
is the conditional average treatment effect (CATE) (Shalit
et al., 2017; Zhong et al., 2022; Gao et al., 2025):

() = E[Y()-Y(0)| X =2], z€X. (1)

Define i;(z) £ E[Y(t) | X = ] fort € {0,1}, so that
7(x) = p1(x) — po(x). We evaluate generalization over
a target population whose covariate marginal distribution
is Px. Given an estimator 7, we evaluate its performance
using the Precision in Estimation of Heterogeneous Effect
(PEHE) risk (Hill, 2011; Wen et al., 2025; Gao et al., 2025).
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Figure 1. Overview of the proposed Budgeted Active Exper-
imentation framework for OBS-RCT fusion. We first train a
CATE learner using abundant observational logs, then iteratively
select a batch of units from an unlabeled candidate pool D01 for
randomized experiments under a fixed budget. At each iteration,
a multi-criteria acquisition function S(u) scores and ranks can-
didates by balancing three signals: epistemic uncertainty (v,),
domain discrepancy (d,,), and overlap deficit (o, ). We select the
top-ranked units to run RCTs, add the new outcomes to the labeled
set, and update the learner to reduce CATE estimation error.

In particular, we report its square root, defined as:

7) £ VEx~p, [(F(X) - 7(X))2]. @

We have access to two-source data:
(i) Observational log (OBS). An observational dataset

Dops = {(XPPs, TPbs, yobs)}liobs - P,.s, collected un-
der a historical (p0551b1y non-random) assignment policy.
Let the induced observational propensity be eops() £
Pobs(T°P = 1 | X°" = z), which may be highly im-
balanced and even (nearly) deterministic in some regions.
We write P, as shorthand for Pp_, _.

(i1) Unlabeled candidate pool (RCT-POOL). An unlabeled

1 Mpoot 1. d.
pool Dpool = {ijoo };’p i Py, from which we may
query a small subset of units to run randomized experiments.
Units in Dp,1 receive no treatment unless queried.

Because OBS treatments follow a historical policy, global
positivity in Dops (i-e., 0 < eops(x) < 1 for all ) may
fail. We therefore do not assume global overlap for OBS;
instead, we will use randomized experiments on queried
units to obtain counterfactual information in weak(non)-
overlap regions.

Npool

Moreover, we view Dpoo1 = {X]POOI} ;297 as an unlabeled
sample from the target covariate marginal Px, whereas
Dops = {(X2P5, TEPs Y,oPs)}iobe is drawn from a differ-
ent joint law P,,¢ induced by a historical (possibly near-
deterministic) targeting policy. Accordingly, the covariate
marginals need not match: in general Pyon. # Py and
supp(Pxons) C supp(Px), reflecting selection bias and
potential overlap violations in the OBS log. Our design
therefore treats D01 as the population whose risk is eval-
uated, while using D,,s only to guide where to randomize
(and not for causal identification in weak-overlap regions).

Active Experimentation Protocol (Adaptive RCT). We
sequentially run experiments for K rounds (or until the
budget is exhausted). Let Dmt = () initially. At round k,
an adaptive strategy selects an index set C, C [npo01] from
the remaining pool. For each selected unit with covariate
X, we assign treatment 17" ~ Bern(p;€ (X)), pE X —
[ fmins fmax|, where the randomization probability p(-) is
known and satisfies 0 < fiin < fmax < 1. We then observe
Y™ and record the quadruple (X, 7**, Y** p,(X)). The
experimental dataset is updated as:

DY) « DT VU{(XP Tty e,

rct

Pr(XPN) : j € G
3

(k) i adap-

rct

Since Cy, and py(-) may depend on the history, D
tively collected and thus non-i.i.d.

Assumption 2.2. (Randomization and positivity in RCT).
Conditioned on the history up to round &k and covariates X,
the RCT assignment is randomized:

T 1 (Y(0),Y(1)) | (X, history),

4
1| X, hlstory) = pr(X) € [fmin, fmax]-

P (Trct

Assumption 2.3. (Outcome invariance across sources). The
conditional potential outcome distributions are shared across
sources: foreacht € {0,1} and z € &,

Pons(Y(t) | X =2) =Px (Y(t) | X =2).  (5)

Equivalently, the target CATE 7(x) is common to both
sources.

Assumption 2.4. (Ignorability for OBS; used when lever-
aging OBS causally). When we use OBS for causal identifi-
cation (e.g., via propensity-based corrections), we assume
conditional ignorability under the OBS distribution Pgps:

(Y(0),Y(1)) L T°% | X%, (6)

Objective. Let 7 denote an adaptive experiment design
that generates the sequence {(C, p) }x>1 based on the ob-
served history. Given a total experimental budget B (the
number of queried units), we aim to design 7 and a corre-
sponding estimator 7, such that the target risk (2) is min-
imized. The estimator 7, is defined as the RCT-identified
CATE estimator obtained from the adaptively collected ran-

domized dataset D'%) under the design policy 7:

rct
P = Acst (Diet)190) ™

where ¢ is a representation or design feature map that may
be learned from pre-randomization data, including D, and
the unlabeled candidate pool. In this core formulation, Dg,s
affects the design policy 7 and the representation ¢, but
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does not directly enter the identifying estimating equations
for 7. The objective is therefore

K

min R(7) st > [Ck| <B. (8)
k=1

Equivalently, one may consider the sample complex-
ity Nrcr(e): the minimum budget required to achieve
R(#r) < € with high probability.

Assumptions 2.1-2.4 are standard in causal learning but
play distinct roles here: (i) SUTVA ensures a well-defined
unit-level causal model; (ii) Assumption 2.2 guarantees
unbiased identification from queried RCT samples and pre-
vents extreme-variance estimators via [ fmin, fmax); (ii) As-
sumption 2.3 enables pooling information across sources
(diagnosable by comparing covariate distributions and out-
come model residuals across domains); (iv) Assumption 2.4
is only needed if OBS is used for causal correction—if it is
questionable, OBS can be used more conservatively (e.g.,
for representation / warm-starting), while identification and
calibration rely primarily on the randomized samples.

3. Methodology

We study a two-source setting where (i) a large observa-
tional log D,ps provides abundant but potentially biased
and weak-overlap supervision, and (ii) an unlabeled pool
Dpool Tepresents the target population from which we may
enroll a small number of units into randomized experiments.
Our objective is to leverage a limited experimental budget
B to acquire an adaptively designed RCT dataset D,, and
then learn a final CATE estimator 7.

The key difficulty is where to run RCTs. Running experi-
ments uniformly at random wastes budget on regions where
OBS already provides reliable information, while failing
to repair regions where OBS is systematically uninforma-
tive (e.g., extreme propensities) or where the learned model
extrapolates. We therefore cast experiment design as a pool-
based active learning problem for causal effect estimation:
each queried unit provides both a randomized treatment as-
signment and an outcome label, which can directly reduce
CATE error.

Algorithm 1 summarizes our procedure. Below we explain
the intuition behind each module, focusing on three canoni-
cal sources of CATE estimation error that are particularly
severe in OBS—RCT fusion:

(i) Epistemic uncertainty of the CATE model due to finite
data and high-dimensional covariates;

(i) Domain discrepancy between the biased OBS log and
the actively collected RCT sample (and thus the target pool);
(iii) Overlap deficit in OBS, where near-deterministic his-
torical targeting makes counterfactual information essen-
tially absent.

Algorithm 1 Active Sampling for OBS-RCT Fusion

Require: Observational Data Dy,s, Unlabeled Pool Dpq1,
Max Query Batch Size M, Budget B, Max Rounds K.
Ensure: Final CATE Estimator 7.
1: Initialize: D,o; + 0, k < 1.
2: Representation Learning: Train feature encoder ¢ :
X — Hon Dy U Dpool~
3: while |D,.t| < Band k < K do
4:  myg + min(M, B — | Dyet])
5.
6

1. Update Scoring Components:
Train domain classifier g¢(¢(z)) to discriminate
Dpool (1abel 1) from Dy U D,y (label 0).
7: Estimate propensity éops(¢(7)) & Pops (TP =
1] ¢())
8: 2. Acquisition Scoring:
9:  for candidate u € Dyo01 do

10: vy, ¢ Uncertainty(¢(u)) {CATE disagreement
or ridge leverage}

11: dy < 0(ge(od(u)))  {o(-): Sigmoid Function}

12: 0y 2+ |€obs(P(u)) — 0.5

13: Compute Score: {n(-): Rank Function}

14: S(u) < a-n(vy) + B n(du) +7 - nlow)

15:  end for

16: 3. Selection & Experimentation:

17:  Select candidates Cj, < Top-m(S(-), Dpool)-

18: for X, € C;. do

19: Perform RCT: Assign 77" ~ Bern(px(X;)), ob-
serve Yt

20: Drct ¢ Dret U {(XZ; CrirCta }/;rCtapk(Xi))}-

21:  end for

22: 4. Update: D01 < Dpool \ Ck;

23: end while

24: Return 7 = Aest (Dyet; @)-

k+ k+1.

Each error source is addressed by an explicit design choice:
covariate shift is handled by querying from the unlabeled
pool Dy, to restore coverage of the target marginal Py ;
weak or missing overlap is mitigated by targeted random-
ization rather than reweighting observational outcomes; and
adaptivity bias is controlled by design-based randomiza-
tion guarantees. Here, uncertainty refers not only to esti-
mation variance conditional on a fixed design, but also to
design-induced uncertainty arising from which regions of
the covariate space receive randomized evidence. Our active
strategy reduces this uncertainty by allocating experimental
budget to covariate regions with the largest marginal contri-
bution to CATE risk, yielding tighter error bounds for a fixed
RCT cost. As a result, uncertainty is actively shaped—and
provably reduced—by the experimental design, rather than
passively inherited from OBS—RCT fusion. Our acquisi-
tion score explicitly combines proxies for these three error
sources, so that each RCT query yields maximal marginal
value toward reducing the target PEHE risk.
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To mitigate instability in high-dimensional industrial set-
tings, we employ a shared Multilayer Perceptron (MLP)
encoder, defined as ¢ : X — H, to map raw covariates into
a dense latent representation. This shared backbone serves
as a common foundation for (i) propensity estimation, (ii)
CATE modeling, and (iii) domain discrimination, so that all
components operate in a unified lower-dimensional space.

v,: CATE learner disagreement for epistemic uncer-
tainty. Since a single CATE learner may provide over-
confident estimates in regions with limited evidence, we
quantify epistemic uncertainty through the disagreement
among a set of plausible CATE learners. For neural mod-
els, this can be approximated by ensemble or MC-dropout
variance (F: # of stochastic passes):

v, = Var ({7(6(u)} ). ©)

For the linear pseudo-outcome ridge estimator, the same
uncertainty has a closed-form leverage-score proxy. At
round k, we use

o= o) (V) o),
v 2o+ Y e(X)e(Xi)T

iep—1

rct

(10)

A large v, indicates limited evidence around wu, either
through disagreement among plausible CATE learners or, in
the linear ridge case, through poor coverage in the current
RCT design. Querying u is therefore expected to reduce
epistemic uncertainty.

d,: Domain discrimination for representativeness and
distributional alignment. To prevent the active set from
drifting solely towards decision boundaries and to mitigate
the selection bias inherent in Dy, we explicitly enforce
distributional alignment. We employ a domain classifier g
operating on the representation space, trained to distinguish
the target pool Dyeol from the current training set Deyrrent =
Dobs U Drt- The score is defined as the predicted probability
of belonging to the target pool (label 1):

d, £ P(domain = 1 | ¢(u); &) = o(ge(d(u))) (11

where g¢(-) denotes the logit output and o (+) is the sigmoid
function. Theoretically, g¢ acts as a density-ratio estimator
where the logit approximates 1og(Ppool (¢) /Peurrent (¢)). Con-
sequently, prioritizing high d,, targets samples in regions
under-represented by the current source data, minimizing
covariate shift and ensuring robust generalization.

0,: Propensity-based overlap deficit from OBS. To miti-
gate estimator instability caused by extreme observational
propensities (positivity violations), we explicitly target re-
gions lacking common support. We utilize a propensity

model éops(d(1)) = Pops(T°" = 1| ¢(u)), pre-trained
on Dy, to define the deficit score:

0u = 2+ |éobs(@(u)) — 0.5]. (12)

Samples with high o,, correspond to regions where the his-
torical policy was deterministic. Prioritizing these instances
for RCT labeling effectively “repairs” the overlap deficit
by injecting counterfactual information exactly where the
observational signal is weakest.

Rank-Normalized Multi-Criteria Acquisition Function.
The three signals (vy, dy, 0,,) can have very different scales
and may change over rounds. Instead of brittle scale-
dependent normalization, we use a simple rank-based map
7n(+), computed over the current pool:

! I((aw) < $(aw) € [0,1],

|Dp001 ‘ u’ erool

n(au) =

(13)
where 1)(+) is a monotone transform used for ranking. Since
the constructed signals v,,, d,,, and o,, are all non-negative
and positively correlated with the informativeness of a sam-
ple, we simply use identity transform v)(a) = a for ranking.
For each pool candidate u, we compute acquisition score:

S(u) £ a-n(v.) + B-nldy) + v-n(0n), (14)

and select the top-my, candidates. «, /3, and ~y balance the
trade-off between uncertainty , discrepancy, and counter-
factual coverage. To ensure scale consistency across these
heterogeneous metrics, we apply rank normalization prior
to weighted aggregation.

3.1. Adaptive RCT execution and dataset update

After selecting Cy, we conduct randomized experiments
for each X; € C;. We allow a covariate-dependent ran-
domization policy fx(:) (e.g., to incorporate operational
constraints), and enforce positivity by clipping:

Di é Clip(fk(Xi)afminufmax)7 (15)

where Clip(z,a,b) = min{max{z,a},b}. We then draw
T; ~ Bern(p;), observe Y;, and update as in (3). Stor-
ing p; is essential for downstream learning/inference when
randomization probabilities are not constant. Finally, we re-
move C, from Dy,,.1 and repeat until the budget is exhausted.
We discuss the optimal choice of p in Proposition B.15.

4. Theoretical Analysis

This section gives theoretical guarantees for the estimation
component of Algorithm 1 under adaptively collected RCT
data. Our goal is to state three results precisely:

(i) Finite-sample validity: a nearly unbiased effect estima-
tor, together with a non-asymptotic error bound that remains
valid under adaptive, non-i.i.d. RCT sampling.
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(ii) Asymptotic inference: a central limit theorem (CLT)
that establishes asymptotic normality and supports confi-
dence intervals.

(iii) Fundamental limits: a minimax lower bound showing
that the achieved rate is information-theoretically optimal
up to logarithmic factors. The central observation is that
randomization protects unbiasedness, whereas active selec-
tion shapes the information matrix and therefore the error
rate. We first formalize an analyzable estimator that fol-
lows the RCT protocol in Algorithm 1 and is standard in
modern causal ML: it regresses a pseudo-outcome onto a
representation.

A tractable estimator for adaptively collected RCT sam-
ples Let B denote the total RCT budget and index queried
units in chronological order ¢ = 1,..., B. Write the ¢-th
queried sample as (Xy, Ty, Y;, p;) where py € [ fuin, fmax)
is the (known) assignment probability used when unit ¢ was
experimented. Let {F; };>¢ be the filtration where F; con-
tains Dy, the full covariate pool Dp,601, and all RCT data
up to time t. The adaptive querying policy, through Cj, and
fx, implies that both X; and p; may depend on the past
filtration F;_;. For each queried unit, we define the RCT
pseudo-outcome as

S . LY, (1-T)Y,

Y; £ (16)
Dt 1—p;

Intuitively, Y, converts a single randomized observation into
a noisy but unbiased label for the treatment effect at X;.
Let ¢(z) € R? be a fixed feature map (e.g., the learned
embedding ¢ in Algorithm 1). For theory, we analyze a
realizable linear CATE model in this representation: 7(z) =
0., 9(x)), 0, € R

This linear specification isolates the statistical effect of adap-
tive sampling under limited budgets. (When 7(-) is not ex-
actly linear, the bounds below become bounds on the best
linear approximation plus an approximation error term.)
Given {(X;, Ty, Yy, pi) Y2 |, we estimate 6, by (optionally
regularized) least squares on pseudo-outcomes:

B

~ 4 )
0, = arg min

~ 2 )
pems 2 (Vo= 0.0(x0))" + A6l a7

and output 7 (z) 2 (05, ().

Algorithm 1 specifies how the X,’s are chosen (active sam-
pling) and how p; is assigned (bounded randomization).
Algorithm 2 specifies a transparent estimator for analyz-
ing the statistical consequences of that adaptive design. In
practice, one may replace the linear regressor by a neural
CATE learner; the key objects in the proofs below are (i)
the unbiased pseudo-outcome, and (ii) an information ma-
trix that quantifies how well the queried points cover the
representation space.

Algorithm 2 Orthogonalized Linear CATE Estimation on
Adaptive RCT Data

1: Input: Adaptive RCT data {(X;, T}, Y:, pt) } 2., fea-
ture map ¢(-), ridge A > 0.

2: Output: CATE estimator 7 (-).

3: fort=1,...,Bdo

4:  Compute pseudo-outcome Y, Tt—z/t — (1%;114'

5: end for

6: Form V) «+ M\ + Zle H(X)d(Xy)" and b
Yl (XY

7: Solve 0 + V)\_lb.

8: Return 7 (2) < (B, ¢(2)).

Role of observational data in the estimator. It is impor-
tant to clarify that the causal identification of 7(x) is carried
exclusively by randomized experiments. Observational data
are not directly used in the estimating equations. Instead,
Db enters the procedure in two structural ways: (i) it de-
fines the representation ¢(+) in which the CATE is approxi-
mated, and (ii) it shapes the adaptive experiment design that
determines the queried covariates { X;} 2 ;. All theoretical
guarantees are therefore design-adaptive but identification-
robust: they remain valid even when the observational as-
signment mechanism is arbitrarily confounded.

4.1. Unbiasedness and finite-sample error bounds

We now state the first main result: despite adaptive, non-
1.i.d. selection of X;, the RCT pseudo-outcome yields a
martingale estimating equation. This leads to a finite-sample
self-normalized deviation bound for the ridge estimator with
A > 0, and recovers conditional unbiasedness of the OLS
estimator when A = 0 and the queried design is fixed in
advance or generated independently of the RCT outcomes.

Assumption 4.1. (Predictable adaptive design). For each ¢,
the queried covariate X; and assignment probability p; are
JFi_1-measurable.

Assumption 4.2. (RCT randomization and boundedness).
Conditioned on (X, pt, Ft—1), treatment is randomized as
Tt ~ Bern(pt) and Tt 1 (Y}(O),Yt(l)) ‘ (Xtypty‘/rt—l)-
Outcomes are bounded: Y;(0), Y;(1) € [0, 1] almost surely,
and Dt S [fmina fmax] Wlth 0 < fmin S fmax < 1.
Assumption 4.3. (Linear realizability in representation
space). There exists 6, € R such that 7(z) = (0, ¢(x))
for all z. Moreover, ||0,]2 < S and ||¢(x)|2 < L for all z.

Lemma 4.4 (Unbiased pseudo-outcome under adaptive sam-
pling). Under Assumptions 4.1-4.2,

E{ﬁ|Xt,pt,]-},1} — (X)), t=1,...,B. (18)

Y| < el I 7
|Yt| - max{ fmin, 1_fmax Lp
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Equation (18) shows that selection need not be random. If
treatment is randomized for each selected unit, the queried
unit gives an unbiased single-sample estimate of its own
CATE. For example, we may target hard coupon users, but
a randomized coupon/no-coupon decision still yields a valid
causal contrast for that user. The lemma does not make the
observational estimator or neural training unbiased. It relies
only on RCT randomization and bounded outcomes. Adap-
tive selection changes which X;’s we query, not whether
the queried contrast is valid.

Although the learner selects X; adaptively based on past
observations, the unbiasedness statement in (18) is condi-
tional on (X, py, Fr—1). Thus, the adaptive rule affects the
distribution of X, but does not invalidate unbiasedness be-
cause T} is randomized after selection and is conditionally
independent of potential outcomes. Technically, Y; — 7(X;)
forms a martingale difference sequence. Under this prepara-
tion, we introduce the finite-sample bound as follows:

Theorem 4.5 (Finite-sample martingale validity and devia-
tion bound). Assume 4.1-4.3. Let

B
Vi £+ o(X)e(X0)T, (19)

t=1

and let @ be defined in (17). Then:

(i) Martingale estimating equation. Let ¢, = Y, — 7(Xy)
and ¢y = ¢(Xy). Then

E[¢t€t ‘ft—laXtvpt]:Oa t:177B

Consequently, E[Zf:1 ¢tet} = 0. If, in addition, the

queried covariates { X }2 | and assignment probabilities
{p:} ., are fixed in advance, or are generated indepen-
dently of the RCT outcomes, then the OLS estimator with
A = 0 is conditionally unbiased given the design.

(ii) High-probability self-normalized bound. Fix § € (0,1)
and any X > 0. There exists a constant o < 2L, depending
only on fmin, fmax and the boundedness of Y such that,
with probability at least 1 — 0,

~ det(V)\ ) 1/2
0y — 0, < 2log ————— AS
16 6.1, < J % G 775 T L5
regularization bias
stochastic term
(20)

Consequently, for every x € X,

[Pa(z) — 7(2)| < B(6)\/o(x) TV o(x), @D
where
N det(Vy)1/2
Bp(6) & g\/ 2log PRTYVALEY +VAS. (22

Theorem 4.5 characterizes how the experimental budget
controls estimation error under adaptive experimentation.
In particular, the error is governed by the information matrix
V\, which is constructed from the queried covariates. The
only price paid for adaptivity is that the X;’s are not i.i.d.;
the deviation bound still holds because the noise is a martin-
gale difference. It is easy to confuse (21) with classical i.i.d.
regression bounds. The crucial difference is: the X;’s can
be adversarially chosen by the learner itself, based on past
outcomes. Theorem 4.5 remains valid in that setting; it does
not require i.i.d. sampling of X;.

For very small B, V| can be ill-conditioned. This motivates
our statement of (20) for ridge A > 0: the bound separates
a stochastic term from an explicit regularization bias. The
tradeoff is therefore easy to inspect in practice. When 1
is poorly conditioned, increasing A stabilizes the estimate,
while the bound quantifies the bias introduced by this choice.

Corollary 4.6 (Finite-sample PEHE bound). Under the
conditions of Theorem 4.5, with probability at least 1 — 6,

R(7) < Bp(6) - /Exery [6(X) TV 10(X)]. (23)

In particular, if the queried design is well-conditioned
in the sense that Vo = kB I, for some v > 0, and
Yx 2 Epy [¢(X)d(X)"T] = L2, then (taking A = 0
for simplicity),

Te(Sx) _ Lo [dlog(B/)
kB~ k B

R(70) < Bp(9) - .4

Corollary 4.6 shows that the PEHE risk is governed by an
integrated leverage term Ep, [¢(X) TV, ' ¢(X)]. Active
sampling is useful precisely because it can shape V): select-
ing points that increase eigenvalues of V) reduces this term.
This provides a theoretical rationale for using an uncer-
tainty proxy (Algorithm 1, v,,): in linear models, predictive
variance is proportional to ¢(u) "V, ' $(u), and ensemble
disagreement is a practical surrogate for that quantity.

4.2. Asymptotic normality under adaptive sampling

Finite-sample concentration ensures “small error with high
probability.” For statistical inference (e.g., confidence inter-
vals), we further need a CLT. The non-i.i.d. nature of active
sampling prevents a direct appeal to the classical i.i.d. CLT,
but a martingale CLT applies.

Assumption 4.7. (Stabilizing design and moments). As
B — o0, the normalized information matrix converges in
probability:

%qu(Xt)qS(Xt)T 2y, E.-0.

t=1

(25)
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Moreover, the conditional variances stabilize:

ool
M ®

E[(¥: - (X)) 6(X)0(X0)T | Fia] £ 0,

t=1

(26)
and a Lindeberg condition holds for the martingale differ-
ences {Y; — 7(X;) hi>1.

Theorem 4.8 (Asymptotic normality (martingale CLT)).
Suppose Assumptions 4.1-4.7 hold and A = 0. Then

VB -6,) & N(0, 510,550, @D
Consequently, for any fixed x € X,

VB(7o(z) - m(z)) 2 N(0, 6(2)T=710,5; d(x)) .
(28)

Theorem 4.8 says: even though the RCT data are collected
adaptively and are non-i.i.d., the final estimator still ad-
mits classical v/ B-asymptotics. In practice, this supports
uncertainty quantification: one can estimate the sandwich
variance ¥ 1€, ¥~ from data and form approximate con-
fidence intervals for 7(z) at business-critical segments (e.g.,
new users or high-value users).

Notably, the technical challenge for constructing CLT be-
yond i.i.d is the martingale structure created by randomiza-
tion: Y; — 7(X4) is conditionally mean-zero given the past.
Assumption 4.7 requires that the design does not degener-
ate (the information matrix stabilizes), which is exactly the
failure mode active learning must avoid. This also clarifies
why our acquisition score includes representativeness/shift
terms (d,,): they discourage pathological designs where >
becomes nearly singular.

4.3. Minimax lower bound and (near) optimality

Upper bounds by themselves do not establish optimality.
We therefore compare our guarantees against a minimax
lower bound. This comparison leads to a tight conclu-
sion: even with perfect adaptivity and access to unlim-
ited observational logs and unlabeled pools, one cannot
beat the \/d/ B rate in general. Consider the linear class
Fin(S) £ {me(z) = (0,6(x)) : 0 € R, [|0]l2 < S}
Assume PPy puts equal mass on d covariate {z(1), ... z(®}
such that ¢(2(7)) = e; (the j-th standard basis). This cap-
tures a realistic situation where the population is a mixture
of d distinct segments and CATE differs by segment.

Theorem 4.9 (Minimax lower bound for active RCT un-
der bounded randomization). Under the hard instance de-
scribed above, suppose that B > cod and that the parameter
radius satisfies S > cgd/ VB for sufficiently large universal
constants cg, cg > 0. Then there exists a universal constant
¢ > 0 such that, for any adaptive querying policy T possibly

using Dqns and Dyool, and any estimator T based on B
RCT samples, infr infzsup cr, () (Ex [1’%(?)2})1/2 >

cy/ %. Here the expectation is over the randomness of the

adaptive experiment, the treatment assignments, outcomes,
and any internal randomness of the estimator.

Theorem 4.9 formalizes the key point: if 7(-) has d inde-
pendent degrees of freedom, such as d user segments with
genuinely different causal responses, then a budget of B
samples cannot yield a root-mean-square PEHE rate better
than order y/d/B in general. Active learning can reallocate
samples to reduce constants, but it cannot create information
where none exists. It does not say that active sampling is
useless. It says that the best possible scaling in B is 1/ VB
for this class. Active sampling is still valuable because it
improves the information matrix and prevents degeneracy,
especially when OBS coverage is heavily imbalanced.

Corollary 4.10 (Near-minimax optimality of the orthog-
onalized estimator). Under Assumptions 4.1-4.3, a well-
conditioned design Vy = kB, and the nontrivial radius
regime S 2 d/ VB, the upper bound in (24) matches the
root-mean-square minimax lower bound in Theorem 4.9 up
to logarithmic factors and the conditioning constant k. In
this sense, the estimator in Algorithm 2 is minimax-rate
optimal for Fii, (9).

Also, we justify using fx(z) = 1/2 as a default in Algo-
rithm 1 could minimize the conditional variance, and using
clipping [ fmin, fmax] @s a principled safeguard when p must
vary by covariates.

S. Experiments

We evaluate the framework in two complementary settings.
We first use a synthetic benchmark with known ground-
truth CATE to measure PEHE and verify the theory-aligned
behavior of active RCT design. We then conduct real-world
industrial experiments to test whether the same active ex-
perimentation principle extends to practical uplift modeling
and yields reliable gains under deployment conditions.

Synthetic benchmark. We construct synthetic benchmarks
with dimensions d € {20, 50, 100, 150}, biased OBS data
Dobs, and a shifted candidate pool Dp,01. The OBS treat-
ment follows a strong historical policy, creating imbalance
and weak overlap, while queried pool samples are random-
ized to form D,.¢. OBS is used only to build design signals,
and the final CATE estimator is fitted on selected RCT sam-
ples via pseudo-outcome ridge regression.

Real-world industrial dataset. We further evaluate the
method on a large-scale ride-hailing dataset collected at
the order level. Each instance contains 468 features. The
treatment 7 € {0, 1} indicates whether a “free upgrade”
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service was triggered, and the outcome Y € {0, 1} denotes
order completion. We use an Out-of-Time (OOT) protocol
over 44 days. The first 30 days provide the RCT pool D01
and observational training data, either DP1** or D!, The
remaining 14 days are used as an unbiased RCT test set
Drest. Additional analyses, including ablation studies, sen-
sitivity analysis, and experiments with different proportions

of observational data, are reported in the appendix C.6.

Baselines & Metrics. (i) For the synthetic benchmark,
we compare active sampling with random sampling under
the same RCT budget and report vV PEHE. Each synthetic
experiment is repeated 30 times, and results are reported as
mean =+ standard deviation. (ii) For the real-world indus-
trial experiments, we evaluate DragonNet, DESCN (Zhong
et al., 2022), and DRCFR under active versus random sam-
pling. Since PEHE cannot be directly computed without
counterfactual outcomes, we report AUUC (Gutierrez &
Gérardy, 2017). Following (Zhong et al., 2022), each real-
world experiment is repeated 5 times, and results are re-
ported as mean + standard deviation.

Main results on the industrial dataset. As shown in Fig-
ure 2, active sampling yields higher mean AUUC than ran-
dom sampling in most cases. For example, DRCFR with
50k active RCT samples reaches an AUUC of 0.6534, ex-
ceeding random sampling with 300k samples (0.6466). This
indicates better sample efficiency under the evaluated exper-
imental protocol.

Main results on the Synthetic dataset. Across the 20D,
50D, 100D, and 150D settings, vV PEHE decreases as the
RCT budget grows, while errors increase with dimension.
This trend is consistent with the O(1/d/B) dependence
in our finite-sample bound. Active sampling gives lower
v PEHE than random sampling in most cases, especially
for small budgets or high-dimensional covariates, suggest-
ing that active design reduces finite-sample constants by
improving the conditioning of the information matrix.

6. Conclusion

We study heterogeneous treatment effect estimation under
a pervasive real-world constraint: randomized controlled
trials are scarce and costly, while OBS data are abundant
but biased. In our framework, OBS data inform where ran-
domized experimentation should occur, while causal identi-
fication is carried exclusively by randomized experiments.
We formalize this perspective as a budgeted active experi-
mentation problem and propose a multi-criteria acquisition
strategy that leverages OBS data to diagnose uncertainty,
overlap deficits, and covariate shift, thereby directing lim-
ited RCT budget to the most informative regions.

Our theoretical analysis shows that randomization induces
a martingale structure, which preserves unbiasedness un-

=—@— DRCFR (AL) ==f—— DESCN (AL)
=@ = DRCFR (Rand) 4 — DESCN (Rand)

DragonNet (AL)
DragonNet (Rand)

0.680

0.675
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0.665 -

0.660 -
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0.655 -

0.650 -

0.645 -

0.640 -

0.635 T T T T T
iw 5w iow 30w 50w

RCT sample size

Figure 2. Performance comparison of Active Learning (AL) versus
Random Sampling (Rand) strategies across varying RCT sample
sizes (10k to 500k). The curves display the AUUC scores for
DRCFR, DESCN, and DragonNet models. The experiments are

conducted on the biased observational set D%, demonstrating

the improved sample efficiency of active sampling (solid lines)
compared to random sampling (dashed lines) under distribution
shifts.

der adaptive sampling and leads to finite-sample deviation
bounds and asymptotic normality. We further establish min-
imax lower bounds showing that the achieved \/d/B rate
is near-optimal in the linear representation setting. These
results clarify the role of active experimentation: it improves
finite-sample efficiency by producing a better experimental
design, rather than changing the fundamental statistical rate.

The experiments support these theoretical findings. On syn-
thetic benchmarks, active sampling achieves lower vV PEHE
than random sampling, especially under small RCT bud-
gets and high-dimensional settings. We further apply the
framework to industrial neural uplift models, where active
sampling improves AUUC across multiple CATE backbones
and can reduce the RCT budget required to reach compara-
ble performance. These results suggest that the proposed
design is effective for improving RCT sample efficiency in
large-scale OBS—RCT fusion scenarios.

Future work. A natural direction is to sharpen the theory
for nonparametric and deep function classes, for example by
making the approximation and sequential-complexity terms
explicit beyond the linear-head analysis used here. Practical
deployment also calls for designs that balance unit selec-
tion, treatment randomization, and operational constraints.
These goals become harder in multi-source settings, where
randomized trials, observational records, and historical logs
may differ in bias, coverage, and treatment support, espe-
cially when covariates and treatment responses shift over
time. Addressing these issues would make active experi-
mentation more useful for cost-efficient causal learning.
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A. Related Work

Industrial CATE estimation often faces a central challenge: limited RCT budgets versus abundant but biased OBS data. This
motivates us to develop an OBS & RCT data fusion framework that casts experiment design as a budgeted active learning
problem. In this section, we discuss related work on (i) active sampling for budget-limited experiments, (ii) active sampling
in observational studies, and (iii) active learning with neural networks, which is also based on our previous work (Zhang
et al., 2025; Wang et al., 2026; Zhang & Wang, 2026)

(i) Active sampling for budget-limited experiments. In sample-constrained RCT settings, the unlabeled pool is available
but only a small subset of individuals can be enrolled, and the goal is to minimize estimation error via selective recruitment.
Addanki et al. (2022) utilize leverage-based selection and balanced assignment to optimize ATE deviation under fixed budgets.
Similarly, Zhang et al. (2025) propose adaptive sampling with reweighting (RWAS) to achieve stable, sample-efficient ATE
estimation within a limited draw budget.

(ii) Active sampling in observational studies. In observational settings, treatment is pre-assigned, and the budget restricts
label queries. Wen et al. (2025) prioritize enhancing factual and counterfactual coverage to improve overlap and reduce
PEHE. Alternatively, Causal-EPIG (Gao et al., 2025) employs an information-theoretic approach, selecting samples that
maximize expected predictive information gain to minimize CATE uncertainty under a limited labeling budget.

(iii) Active learning with neural networks. In neural settings, acquisition is often driven by disagreement or uncertainty.
Zhu & Nowak (2022) propose Neural CAL, which queries points in the disagreement region of plausible predictors to reduce
label complexity. Its extension, Neural CAL++, further integrates abstention mechanisms and confidence intervals to reach
target error rates with significantly fewer queries.

Table 1. Comparison of related works in Active Learning (AL) for Treatment Effect Estimation.

AL Methods Data gb].;(:&t;i Glll;g:lsglr?f P- Ag;]::ts;tgl;m Evaluation Metric
Ours. .
OBS + RCT Obj: Min. CATE v Ours: Top-k b PEHE (For CATE)
(AL for RCT&OBS TE) Errgr uncertainty p+ disy- AUUC (For CATE)
Budget: RCT Ex- crepancy + overlap
periment Budget deficit.
(S/i‘;(f;ﬁi(?z?:tlragggz)m Est RCTonly  Obj: Min. ATE/ATE v SCTE: Top-k infor-  RMSE (For ITE)
v Error mative units with  Deviation (For ATE)
Budget: Limited covariate-balanced
Sample Size assignment.
?zcﬁgleggis,t'zozs) RCTonly  Obj: Min. ATE Er- v RWAS: Probability  Deviation (For ATE)
ror sampling + inverse-
Budget: Limited propensity reweight-
Sample Size ing.
f\;};";‘f Tz%fss)t OBSonly  Obj: Min. CATE X Coverage: Top-k  RMSE (For ITE)
v Error maximizing fac- PEHE (For CATE)
Budget: Labeling tual/counterfactual
Budget coverage.
Causal- EPIG OBSonly  Obj: Min. CATE X Causal-EPIG: Top- PEHE (For CATE)
(Gao et al., 2025)
Error k by expected pre-
Budget: Labeling dictive information
Budget gain.
(AzlﬂrghNIif:gﬁl 12\163;\;)0 rks Supervised Obj: Optim. Label X Neural CAL(++): Excess Error
’ Complexity and Top-k by disagree- Label Complexity
Excess Error ment/ambiguity
Budget: Query (with abstention).
Count

Note: OBS = Observational Data, RCT = Randomized Controlled Trial. Guides Exp. Design?: Indicates if the method actively assigns
treatments (v') or only queries labels (X).

12
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B. Theoretical Analysis

This section gives theoretical guarantees for the estimation component of Algorithm 1 under adaptively collected RCT data.
Our goal is to state three results precisely:

(i) Finite-sample validity: a nearly unbiased effect estimator, together with a non-asymptotic error bound that remains valid
under adaptive, non-i.i.d. RCT sampling.

(i) Asymptotic inference: a central limit theorem (CLT) that establishes asymptotic normality and supports confidence
intervals.

(iii) Fundamental limits: a minimax lower bound showing that the achieved rate is information-theoretically optimal up to
logarithmic factors. The central observation is that randomization protects unbiasedness, whereas active selection shapes the
information matrix and therefore the error rate. We first formalize an analyzable estimator that follows the RCT protocol in
Algorithm 1 and is standard in modern causal ML: it regresses a pseudo-outcome onto a representation.

B.1. Setup: adaptive RCT stream and pseudo-outcome regression

Let B denote the total RCT budget and index queried units in chronological order t = 1,..., B. Write the ¢-th queried
sample as (X¢, Ty, Y, pr) where py € [ fmin, fmax] i the (known) assignment probability used when unit ¢ was experimented.
Let {F; }+>0 be the filtration where F; contains Dops, the full covariate pool Dpo01, and all RCT data up to time ¢. The
adaptive querying policy (via Cy, fi) implies that X; and p; may depend on F;_1.

We define the RCT pseudo-outcome
= T, Y 1-T,) Y,
Y—t é t Lt _ ( t) t . (29)
Dt 1—p

Intuitively, Y, converts each single randomized trial into a noisy but unbiased “label” of the treatment effect at .X;.

Let ¢(x) € R be a fixed feature map (e.g., the learned embedding ¢ in Algorithm 1). For theory, we analyze a realizable
linear CATE model in this representation:

T(x) = (bu,d(z)), 0. €RL (30)

Given {(X¢, Ty, Yy, pi) } 2., we estimate 6, by (optionally regularized) least squares on pseudo-outcomes:

B

R - 2
O 2 argmin > (Y~ (0.6(X0)) " + A6, GD)
OER? t=1

and output 7 (z) £ <§ z, @(x)). Algorithm 2 summarizes this estimator.

Algorithm 1 specifies how the X,’s are chosen (active sampling) and how p; is assigned (bounded randomization).
Algorithm 2 isolates a transparent estimator for analyzing the statistical consequences of that adaptive design. In practice,
one may replace the linear regressor by a neural CATE learner; the key objects in the proofs below are (i) the unbiased
pseudo-outcome, and (ii) an information matrix that quantifies how well the queried points cover the representation space.

B.2. Unbiasedness and finite-sample error bounds

We now state the first main result: despite adaptive, non-i.i.d. selection of X, the RCT pseudo-outcome yields a martingale
estimating equation. This leads to a finite-sample self-normalized deviation bound for the ridge estimator with A > 0, and
recovers conditional unbiasedness of the OLS estimator when A = 0 and the queried design is fixed in advance or generated
independently of the RCT outcomes.

Assumption B.1. (Predictable adaptive design). For each ¢, the queried covariate X; and assignment probability p; are
Fi_1-measurable.

Assumption B.2. (RCT randomization and boundedness). Conditioned on (X, p;, F;—1), treatment is randomized as
T, ~ Bern(p;) and Ty L (Y2(0),Y:(1)) | (X¢,pt, Fe—1). Outcomes are bounded: Y;(0),Y:(1) € [0, 1] almost surely, and
Dt S [fmin7fmax] with 0 < fmin S fmax <L

Assumption B.3. (Linear realizability in representation space). There exists , € R? such that 7(z) = (0, ¢(x)) for all .
Moreover, ||64|l2 < S and ||¢(z)||2 < L for all z.

13



Budgeted Active Experimentation for Treatment Effect Estimation from Observational and Randomized Data

Lemma B.4 (Unbiased pseudo-outcome under adaptive sampling). Under Assumptions 4.1-4.2,
E[Vi| Xopo Fioa| = 7(X),  t=1,....B. (32)

Moreover, f’t is uniformly bounded:

1
|Yt| < max{f =7 } £ L,. (33)

Proof. Fixt € {1,..., B}. By consistency and Y; = T;Y;(1) + (1 — T3)Y;(0),

TY, =TY,(1),  (1-T)Y, = (1 - T,)Y,(0).

Hence,
s _ Y1) (1-T)Yi(0)
t = — .
Dt L —py
Taking conditional expectation given (X;, p;, F;—1) and using Assumption 4.2,
T.Y:(1 T;
E[ ¥l 'Xtaptaft 1} _E{E[pt Ptaftl,Yi(l)] Y—t(l)‘Xtaptaft1:|

{ [Tt|Xf7pf;ff 1
Y43

E ’Xtyptv}_t 1}
]E[Yt( ) |Xt7pt7]:f 1}

where the second line uses conditional independence 7; L Y;(1) | (X, pt, Fi—1) and the last line uses E[T} |
Xt, pt, Ft—1] = p¢. Similarly,

1-T,)Y;(0
E[m ‘Xt’pt’]:t 1} = E[Y,(0) | X4, pt, Fi1] -
— Pt
Therefore,
E[E \ Xt,pt’ft—l] = E[Y;(1) = Y,(0) | X4, pe, Fi1] = E[Y;(1) = Y3(0) | Xy] = 7(Xy),

where the second equality uses the randomization/ignorability in Assumption 4.2 and the last equality is the definition of
CATE.

For boundedness, note that exactly one of the two terms in the pseudo outcome is nonzero: if 7; = 1, then 37} =Y:/p: €
[0,1/p¢];if Ty = 0, then Y; = =Y; /(1 —p) € [-1/(1 — p¢),0]. Using py > fmin and 1 — py > 1 — froax gives (33). O

Equation (18) shows that selection need not be random. If treatment is randomized for each selected unit, the queried
unit gives an unbiased single-sample estimate of its own CATE. For example, we may target “hard” coupon users, but a
randomized coupon/no-coupon decision still yields a valid causal contrast for that user. The lemma does not make the
observational estimator or neural training unbiased. It relies only on RCT randomization and bounded outcomes. Adaptive
selection changes which X;’s we query, not whether the queried contrast is valid.

A natural concern is that, because the learner chooses X, based on past outcomes, the resulting estimator may suffer from
selection bias and no longer be unbiased. The resolution is that unbiasedness in (18) is conditional on (Xy, ps, Fi—1):
the selection may change the distribution of X;, but T} is randomized after selection and is conditionally independent of
potential outcomes. Technically, Y; — 7(X}) forms a martingale difference sequence.

A key martingale object. Define the centered pseudo-outcome noise
e £ Y —7(Xy), (34)
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and the (predictable) feature vector ¢; £ ¢(X;). By Lemma 4.4, E[e; | Fi_1, X¢,p¢] = O and || < 2L, (since both }71‘
and 7(X;) € [—1, 1] are bounded). Let

B B
Vi 2 ML+ > did,  Mp 2> g (35)
t=1

t=1

Then { M, },>¢ with M, = 22:1 @sEs 1s a vector-valued martingale with respect to {3 }.

A self-normalized concentration lemma (proved in full). The finite-sample bound relies on a vector-valued self-
normalized martingale inequality. Because this step is often cited as a black box, we provide a complete proof to make the
non-i.i.d. aspect fully transparent.

Lemma B.5 (Conditional sub-Gaussianity of €,). Under Assumptions 4.1-4.2, for each t and any A € R,
A2o2
2

]E[exp()\at) ‘]—'t_l,Xt,pt} < exp( ) , with o £ 2L,. (36)
Proof. Condition on (F;—1, X, pt). By Lemma 4.4, E[e; | F;—1, X4, pt] = 0. Moreover, Y; € [0,1] and p; € [fimin, fmax)
imply Y| < L, by (33). Also 7(X;) = E[Y(1) —Y(0) | X¢] € [-1,1] because Y'(1),Y(0) € [0,1]. Hence |e;| <
Y|+ |7(Xy)| < L, +1<2L,since L, > 1.

Now apply Hoeffding’s lemma in conditional form: if Z is zero-mean and almost surely lies in [a, b] given a sigma-field,
then E[e*? | -] < exp(A%(b—a)?/8). Here Z = ¢, and [a, b] = [~2L,, 2L,], s0 (b—a)?/8 = (4L,)?/8 = 2L2. Thus (36)
holds with ¢ = 2L,,. O

Lemma B.6 (Self-normalized martingale inequality (vector form)). Assume \ > 0 and let V), and My be defined in (35).
Suppose €, satisfies the conditional sub-Gaussian property (36) with parameter o and ¢, is Fy_1-measurable. Then for any
0 € (0,1), with probability at least 1 — 4,

det(V3)1/2
M -1 < 21 — . 37
1Ml < ”\/ Og(det()\ld)l/26 7

Here ||z|| 4 = V2T Az for any positive semidefinite A.

Proof. The proof proceeds by constructing an exponential supermartingale and applying a mixture (Gaussian integration)
argument.

Step 1: exponential supermartingale for a fixed direction. Fix any v € R? and define fort =0, 1,..., B,
1 1 :
Zi(u) = eXp(JuTMt — QUT(2¢S¢J)1¢> , (38)

with the convention My = 0 and the empty sum equals 0.

We claim that {Z;(u)}£, is a nonnegative supermartingale w.r.t. {F;}. Indeed, using M; = M;_; + ¢;&; and ¢, being
Fi_1-measurable,

Zi(u) = Zy—1(u) - exp(iu—rqﬁt £ — ;u—r(btqb;ru)

1

~ Zis(w)-ep( HT o e - 5Ta?).

Taking conditional expectation given F;_; and applying (36) with A = (u' ¢;) /o yields
1 1
E[Zi(u) | Fie1] = Zi—1(u) - exp <—2(uT¢>t)2> -E [exp<0(uT¢>t)5t) ‘ }'tl}

< Zia() e (-5 (076)?) - exp (50760 ) = Zia(w)

15
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Thus {Z;(u)} is a supermartingale and in particular E[Z 5 (u)] < Zp(u) = 1.

Step 2: mixture over u to obtain a uniform bound. Let U ~ N (0, A\~11;) be independent of everything else. Define the
mixture random variable

Zp 2 E[Zp(U)|Fs).

Since Zp(u) > 0 for all u, by Fubini’s theorem and the supermartingale property,
E[Zp] =E[E[Z5(U) | 5] =E[Zp(U)] = E[E[Z5(U)]] < 1.

Step 3: explicit evaluation of the Gaussian integral. Write Y5 = Zi 1 ¢t¢tT so that V), = Ay + X p. Using the
definition (38) att = B,

1 1
Zg(u) = exp(uTMB — uTEBu) .
o 2
The density of U ~ N(0,\"11,) is

(27) =2 det(A\ 1) "2 exp (;UT(Md)u> = (2m) "2 det(N ) "/? exp <;UT(ALI)U) .

Therefore, conditioning on Fp5 (so Mp and X p are fixed),

— 1 1 1
Zp = / exp(uTMB — 2uTZBu> - (2m) " Y2 det(Mg)'/? exp (QuT(/\Id)u> du
R4 g

= (2m)~ Y2 det( M)/ /

1 1
exp(uTMB — iuT(EB + )\Id)u> du
Rd

g

— (2m) 2 det (AL) /2 /

1 1
exp(uTMB — uTVAu> du.
Rd g 2

Applying the standard Gaussian integral identity
1 1
/ exp (bTu - QuTAu> du = (27)%/? det(A)~1/? exp(QbTA_1b> , A=0,
Rd

with A =V, and b = Mp/o gives

— det(\y)'/? 1+ det(\Iy)'/? 1 )
= ——" — MgV, "Mp | = ——7 — || M, 1 39
B= Qet(vyi/z TP\ 202 B A B det(Vy)12 P 552 MBIy (39)

Step 4: apply Markov’s inequality. Since E[Z 5] < 1, forany § € (0,1),

]P<ZB > ;) <.

On the complement event (probability at least 1 — §), combine with (39) to obtain

det(\I4)"/? 1 ) 1
_ — _ < -.
det(V)172 P\ 252 IMBl[7- ) < 5

Taking logarithms and rearranging yields exactly (37). O

Main finite-sample theorem. We can now prove the finite-sample guarantee in full detail.

Theorem B.7 (Finite-sample martingale validity and deviation bound). Assume B.1-B.3 and define V as in (35). Let @\,\ be
defined by (31). Then:
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1. (Martingale estimating equation). Let ¢; = f’t —7(X}) and ¢ = ¢(Xy). Then
Eloier | Feo1, Xty pt] =0, t=1,...,B.
Consequently,

E

B
Z ¢t€t] =0.
t=1

If, in addition, the queried covariates {X;}2 | and assignment probabilities {p;}E_, are fixed in advance, or are
generated independently of the RCT outcomes, then the OLS estimator with A = 0 is conditionally unbiased given the
design.

2. (High-probability self-normalized bound). Fix 6 € (0,1) and any \ > 0. With probability at least 1 — 9,

~ det(Vy)1/2
He)‘_e*HV,\ < U\/210g(det()\fd)1/25 + \/XS y (40)

regularization bias

stochastic term

where o can be taken as 2L, (Lemma B.5). Consequently, for every x € X,

det(Vy)1/2

[Pa() = (@) < Bp(6) -1/ éx) Vi o), 63(5)%%1%((%%;

> +VAS. @D

Proof. Part (i): martingale estimating equation. By Lemma B.4,
Ele; | Feo1, Xi,p¢] = 0.
Since ¢, = ¢(X}) is measurable with respect to o (F;—1, X, p¢), it follows that
E[prer | Fi1, X, pe] = 0.

Summing over ¢ gives
B
E [Z ¢t€t] =0.
t=1

If the design is fixed in advance, or is generated independently of the RCT outcomes, then conditioning on the full design
does not reveal any information about the martingale increments. In that special case,

Ele | {X¢,pe}iia] =0,
and the usual OLS conditional-unbiasedness calculation applies.

Part (ii): high-probability self-normalized bound (A > 0). From the ridge normal equations, the closed form is

B B B B
=Vt Yo = Vit Y 0u(o] 0+ 2) = Vi (DD 6u0] )0u+ Vit g
t=1 t=1

t=1 t=1
Since Zi L bed) = Vi — Ay, we get the exact identity
O — 0, =V Mg — AV, 6, (42)
where Mg = Zfil ¢4 as in (35). Take the V) -norm:
163 = ullvs < IV3 " My, + AlVy Oulvs

17
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Using [|Vy ' Mallv, = | M|y and N|V5 0l = /070, < MBI (M)~ 10, = VA||0. ]2 < VAS, we
obtain
[10x — Ox]lv, < ||MBHV;1 +V\S. (43)

By Lemma B.5 and Lemma B.6, with probability at least 1 — 6,

det(V)1/2
1My, < U\/210g<det(>\ld)1/26 :

Plugging into (43) proves (20).
Finally, for any x € X,

A(@) = (@) = 6(2) T (Bx = 0.)] < 103 = Oullva - [ @(@) 1y = 103 = Oullvs, - /() TVy (),

which combined with (20) yields (21). O]

Theorem 4.5 quantifies a clean “budget = error” tradeoff under adaptive experimentation: the estimation error is controlled
by an information matrix V) built from the queried covariates. The crucial difference from classical i.i.d. regression is that
the X;’s may be chosen adaptively based on past outcomes; nevertheless, the deviation bound remains valid because the
centered pseudo-outcome noise forms a martingale difference sequence.

Corollary B.8 (Finite-sample PEHE bound). Under the conditions of Theorem 4.5, with probability at least 1 — 6,

R(F) < B(0) - \/Exes [6(X) TV 0(X)]. (44)

In particular, if the queried design is well-conditioned in the sense that Vi = kB 1, for some k > 0, and ¥x =
Ep, [0(X)p(X) ] = L2y, then (taking X = O for simplicity and assuming Vj is invertible),

Tr(Xx) < Lo dlog(B/9d)

R(70) < B(9) - KB~k 2]

. (45)

Proof. For any fixed x, by Cauchy—Schwarz in the V)-inner product,
(Fa@) = 7(2))* = (6(2) (02 = 0.))* < 105 = .17, - &(2) TV ().
Taking expectation over X ~ Px gives
Ex iy [(TA(X) = 7(X))?] < 110x = 04T, - Exry [0(X) TV (X)) -
Taking square roots and using the high-probability bound ||5 A — Oxllvy < Bp(0) from Theorem 4.5 yields (23).
For the “well-conditioned” simplification, Vjy >~ «kBI,; implies VO_1 = (nB)’lld. Hence

TI‘(E)()
kB

Ex~ry [¢6(X) Vo 'o(X)] = Tr(Vy ' Ex) < Tr((kB) 'y - Bx) =

If additionally ¥ x =< L2I,, then Tr(Xx) < dL?, which yields the final scaling in (24) (up to the log factor hidden in
B5(9)). 0

Corollary 4.6 shows that the PEHE risk is governed by an integrated leverage term Ep . [#(X) TV ' ¢(X)]. Active sampling
is useful precisely because it can shape V) : selecting points that increase eigenvalues of V) reduces this term. This provides
a direct theoretical rationale for using an uncertainty proxy (Algorithm 1, v,): in linear models, predictive variance is
proportional to gb(u)TV)fqu(u), and ensemble disagreement is a practical surrogate for that quantity.

18
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B.3. Asymptotic normality under adaptive sampling

Finite-sample concentration ensures small error with high probability. For statistical inference (e.g., confidence intervals),
we further need a CLT. The non-i.i.d. nature of active sampling prevents a direct appeal to the classical i.i.d. CLT, but a
martingale CLT applies.

Assumption B.9. (Stabilizing design and moments). As B — oo, the normalized information matrix converges in
probability:

B

1

EE L YR Y. = 0. (46)
t=1

Moreover, the conditional quadratic variation stabilizes:
1B
5 2 Elef o] [Fia] & Qn, (47)
t=1

and a Lindeberg condition holds: for every n > 0,

1 iE[e?ll@H% A ledllledle > B} | F] 2 0. 48)
t=1

ol

Theorem B.10 (Asymptotic normality (martingale CLT)). Suppose Assumptions 4.1—4.7 hold and A = 0. Then
VBl - 6.) = N(0, 510,51 (49)
Consequently, for any fixed x € X,

VB(7o(z) — 7(z)) 2 N(0, ¢(2) 5105, 6(x)) . (50)

Proof. Recall Mg = Zf; 1 ¢eg¢ from (35) and Vg = Zf: 1 gbtd);r . From (42) with A = 0 we have the exact representation

b0 — 0, = V; ' Mp. (51)

Step 1: multivariate martingale CLT for B—!/2M 3. We apply the Cramér—Wold device. Fix any deterministic vector
a € R? and define the scalar martingale difference array

B
&.pla) 2 a’ drey, Sp(a) & Z&t,g(a) =a' Mg.
=1

Since ¢, is F;_1-measurable and E[e; | Fi—1] = 0, we have E[§; g(a) | F;—1] = 0. The predictable quadratic variation of
Sp(a)is

B B B
(S(a)p=> E[&5(a) | Fia] =D E[ef (a"¢)* | Fra] =a’ (ZE[Ef@@T | 71&—@) a.

t=1 t=1 t=1
By Assumption 4.7 (specifically (47)),

§<S(a)>B 54" Qra.

Moreover, the Lindeberg condition (48) implies the (scalar) Lindeberg condition for &; p(a): for any n > 0,

;EBJE[&,B(a)? fgnp@] > VB | Fioa] < ||a%-;ij[fs?n¢tn% {ledligellz > nVB/llalls } | Foes] 2 0.
t=1 t=1
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Therefore, by a martingale central limit theorem for triangular arrays (e.g., the Hall-Heyde martingale CLT),

1 1
Sp(a) = aTﬁMB N N(O, aTQﬁa) .

Since this holds for every fixed a, the Cramér—Wold device yields the multivariate convergence

1 d
—M Q). 2
NG B = N(0,Q) (52)

Step 2: Slutsky with the stabilizing design. By Assumption 4.7 in (46), we have B~V & ¥, and &, > 0. By the
continuous mapping theorem, (B~175)~" £ £-1. Now multiply (51) by v/B:

VB —6,) = (;V()) - (\}EMB> .

Combine the convergence in probability of (B~1V;)~! with the distributional convergence (52) and apply Slutsky’s theorem
to obtain R 4
VB —0,) = 2717, Z~N(0,Q),

which implies ¥-1Z ~ NV (0,210, 3-1).

Step 3: pointwise CATE normality. For any fixed z, 7 () — 7(z) = qb(x)T(@\o — 0,). Apply the continuous mapping
theorem to the linear functional z +— ¢(z) " z to conclude the second statement. O

Theorem 4.8 says: even though the RCT data are collected adaptively and are non-i.i.d., the final estimator still satisfies the
usual y/B-asymptotic normality. The CLT invoked here does not require i.i.d. observations; In this setting, i.i.d. assumptions
are sufficient but not necessary. The deeper requirement is the martingale structure created by randomization (mean-zero
increments) and a non-degenerate stabilizing design.

B.4. Minimax lower bound and (near) optimality

Upper bounds alone do not establish whether a method is optimal. We therefore complement them with a minimax lower
bound. The lower bound shows that: even with perfect adaptivity and access to unlimited observational logs and unlabeled
pools, one cannot beat the \/d/ B scaling in general.

A hard instance family. We consider a discrete covariate space {z(!), ..., z(?} with
, 1 ‘
Px(z?)) = o =l .d, and  ¢(z)) =¢; € R (53)

Define the parameter set On = {—A, +A}? for some A € (0,1). For each § € O, define potential outcomes
(conditionally independent across units and over time) by

Y1) | X =20 ~ Bern(; + HQJ) , Y(0)| X =z ~ Bern(é — 927> , (54)

Then 7(x()) = 6; and ||0]2 = V/dA. (If the function class enforces |||z < S, we choose A < S/v/d so that
©a C {||0]l2 < S}.) This family lies entirely within the binary-outcome potential-outcomes model and is compatible with
bounded randomization.

A basic two-point inequality. We will use the following standard reduction from estimation to testing.

Lemma B.11 (Two-point lower bound via total variation). Let P and Q be two probability measures and let a # b be two
real numbers. For any (possibly randomized) estimator u based on an observation distributed as either P or Q),

max {Ep[(@ — a)?], Eq[(@—b)?]} > @(1 —TV(P,Q))7 (55)

where TV(P,Q) = sup 4 |P(A) — Q(A)|.
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Proof. Let1) be the testyp = 1if |[u — a| < |u — b| and ¢ = 0 otherwise. If ¢) = 1, then |t — b|] > |a — b|/2; if yp = 0, then
|t — a|] > |a — b|/2. Hence,

@-ap 2 Pag=oy,  @ovz o,
Therefore,

- - a—b)?
Epl(i - ) + Eolla— 17 > “— X (Bo(w=0) + Bo(u = 1)).
By the Neyman—Pearson characterization of total variation, for any test ¢, Pp(¢) = 0) +Pg(yp = 1) > 1 — TV(P, Q).
Thus
b)?

Ep((@— a)?] + Eql(@— b)?] > (“_4 (1-Tv(P.Q)).

Taking the maximum of the two terms on the left-hand side yields (55). O]

A chain rule for KL under adaptive designs. Let Z;.p denote the entire observed data stream generated by a fixed
adaptive policy 7: Z; includes (X, py, T}, Y:) (and can include any extra bookkeeping variables). Write PJ for the induced
law of Z1.5 under parameter 6 and policy 7.

Lemma B.12 (Sequential chain rule for KL under a fixed policy). For any 6,6 € © A and any fixed policy T,

B
KL(P] | P7) =Y Ef[KL(PF(Zi | For) | PF (20 | Fin))] - (56)

t=1

Proof. This is the standard KL chain rule for a joint law written as a product of conditionals. Because the policy 7 is fixed,
both PJ and Pj admit the same filtration {F; }, and their joint densities (w.r.t. a suitable product dominating measure)
factorize as py(z1.5) = Hthl po(2t | #1:t—1) and similarly for ’. Then

AR
— T po(Zy | Ziw-1)

po(Z1. B)]
KL(PJ||P}) = Ej |lo E;
(7|75 = 5 og 21722

po(Zy | Fi1) ’ ”
Eg |Ej |lo F
{ gpe/ Zt\]:tl =t

MEVE

Ef [KL(P§ (Z: | Fir) || PE(Ze | Fioa))]
1

which is (56). O]

~
I

Theorem B.13 (Minimax lower bound for active RCT (rate optimality)). Consider the hard covariate construction in (53).
Suppose that B > cod and S > cgd/ VB for sufficiently large universal constants cq, cs > 0. Then there exists a hypercube
subfamily © . C Fiin(S) of the form (54), with A? < d/ B, such that for any adaptive querying policy T possibly using
Dobs and Dyo01, and any estimator T based on B RCT samples,

infinf sup (ET [R(?)Z])1/2 > \/gv

T 7—E]:lin(s)

for a universal constant ¢; > 0. In particular, the \/d/ B scaling in Corollary 4.6 is information-theoretically unimprovable
in root-mean-square PEHE in this regime.

Proof. We prove a lower bound on the expected squared PEHE risk and then take square roots.

Step 1: reduce minimax risk to a Bayes risk over a hypercube prior. Let IT be the uniform prior over O = {—A, +A}%.
For any policy 7 and estimator 7, by Jensen and the fact that supy > Egr1,

sup Ef [R(7)?] > EonEj[R(7)?].
ASSIN
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Thus it suffices to lower bound the Bayes risk under IT uniformly over 7 and 7.

Under (53) and ¢(2)) = e;, the PEHE squared is

R(7)? = Exnpy [(F(X) — 7( = ;Zd: ( () )2.

~

Define 0; £ 7(x(7)). Then

d
Z 6, —6;) (57)

Step 2: apply the two-point bound coordinate-wise (Assouad-style). For each j, define the “flipped” parameter (/)
by 05»3) = —0; and 0((5” = ¢, for £ # j. Let Pj and P},

;) be the laws of the entire adaptive data stream under these two
parameters.

Apply Lemma B.11 with a = A and b = —A to the estimation of coordinate j, and then average over the uniform prior on
6. A standard symmetrization argument yields
~ 9 A2
EonEj (0 —0,)%] > = (1= Eoun [TV(P]. P))]) (58)

Summing (58) over j = 1, ..., d and dividing by d, and using (57), we get

AQ

d
EonE§ [R(7)*] > Z o~11 [TV (PG, Piiy)] | - (59)

&.M—‘

Step 3: bound total variation by KL and control KL under adaptivity. By Pinsker’s inequality, TV(P, Q) <

VKL(P||®@)/2. Thus

KBTI PR

&M—‘

d
§ GNH

d
> Eounn [TV(P]. Pjy)
=1

IS
o

Since z — /x is concave on R, Jensen gives

AKLET 1 PR

< ZEM [KL(PF || PJi,))]- (60)

L
EZE9~H

It remains to bound the average KL. Fix j and apply Lemma B.12. Because # and #) differ only at coordinate j, the
conditional distributions of Y; coincide whenever X; # 2(), Hence the conditional KL contribution at time ¢ is zero
if Xy # 2. If X, = 209, then the conditional distribution of (7}, Y;) differs only through the Bernoulli parameters
(1/2+ A/2) in (54). A direct computation (or the standard Bernoulli KL bound) shows that for A < 1/2 there exists a

universal constant Cky, > 0 such that
1 A
B -+ = < Ckr, A%
GI‘D(2 + 5 )) S KL
(6

1 A 1 A 1 A
— —_ - — — < 2 - —
KL(BeHl(2 + 2) HBern(2 2)> < Ckr A%, KL(Bern(2 2) ‘

(For instance, one may take Ck;, = 16/3 since the Bernoulli parameters lie in [1/4, 3/4] and KL(Bern(p)||Bern(q)) <
(r—a)?/(a(1 - q)))
Therefore, the one-step KL between the conditional laws of (T}, Y;) under 6 and 0() is at most Cxr, A2 whenever X; = (7).

Let N; = Zle 1{X; = £(9)} be the (random) number of times type j is queried. Combining with the chain rule (56)
yields

KL(P§ || Pyyy) < Cxi A®EF[N;]. (62)
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Now average (62) over 6 ~ II and sum over j: since ijl N; = B deterministically (exactly one X; is queried per round),
we have for every 6, E?Zl EZ[N;] = B, and thus

1< CkrA? & . , B
p E E9~n KL(Py || 9(]))] < yi E EgnEj [N;] = CkLA v (63)
= j=1
Plugging (63) into (60) gives
d
1 CxLA%B
d Z 9~H TV (PO ) 9(1))} < 2d : (64)

Step 4: choose A. Choose A? = m Since B > ¢od for a sufficiently large universal constant ¢, we have A < 1/2.
Since S > cgd/ /B for a sufficiently large universal constant cg, we also have VdA < S. Hence O C Fiin(5).

With this choice of A, it gives

d
Cx1.A%2B 1
ZEQNH TV<P97 9(]))] S I(LT Z’

&\H
IN

after adjusting constants if necessary. Plugging this bound into the above yields

~ A? 1 d
EHNHE;F I:R(T)Q} = 8 (1 — 4) Z CE

for a universal constant ¢ > 0.

Since the supremum over 6 € O is at least the Bayes average under the uniform prior II, and since © o C Fiin (S), we
obtain for arbitrary 7 and 7,
N d
sup ET [R(7)*] > c—.
TE€Fiin(S) B

Taking the infimum over 7 and 7, and then taking square roots by monotonicity of the square-root map, gives

infinf sup (ET [R(?)Q])I/Q > \/g

T T 1€Fia(S)

This proves the claimed root-mean-square PEHE lower bound.

O

Theorem 4.9 formalizes a simple but important reality: if there are d independent degrees of freedom in 7(-), then with
budget B, no adaptive design can achieve a root-mean-square PEHE rate faster than order /d/B in general.

Corollary B.14 (Near-minimax optimality of the orthogonalized estimator). Under Assumptions 4.1-4.3, a well-conditioned
design Vy = kB, and the nontrivial radius regime S 2 d/ V/B, the upper bound in (26) matches the root-mean-square
minimax lower bound in Theorem B.13 up to logarithmic factors and the conditioning constant k. In this sense, the estimator
in Algorithm 2 is minimax-rate optimal, up to logarithmic factors, for the linear class.

Proof. Corollary 4.6 gives an upper bound of order 4/d/B, up to logarithmic factors and the conditioning constant «, under
a well-conditioned queried design. Theorem B.13 shows that no adaptive querying policy and no estimator can improve the
\/d/B scaling in root-mean-square PEHE over Fi;,(S) in the nontrivial radius regime S > d/v/B. Combining the two
results gives the claimed near-minimax optimality. O
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B.5. How the main results connect

We close the theory section by clarifying the logical flow:

* Lemma 4.4 is the foundation: it isolates the causal “truth” created by randomization, even under adaptive selection.

* Lemmas B.5-B.6 provide the technical engine: self-normalized martingale concentration that remains valid for non-i.i.d.
adaptive designs.

* Theorem 4.5 is the strongest finite-sample guarantee: a deviation bound controlled by the information matrix V).
 Corollary 4.6 translates this into the paper’s target metric (PEHE risk), revealing the central role of integrated leverage.
* Theorem 4.8 upgrades consistency to inference: asymptotic normality under a stabilizing adaptive design.

* Theorem 4.9 provides the impossibility result: in root-mean-square PEHE, no method can beat the y/d/ B scaling in
general in the nontrivial radius regime S > d/v/B.

e Corollary 4.10 combines the finite-sample upper bound and the root-mean-square minimax lower bound to conclude
near-minimax optimality up to logarithmic factors and conditioning constants.

Choosing the randomization probability. If operational constraints permit, one may ask how to choose p to minimize
the pseudo-outcome variance. The exact variance-optimal choice depends on second moments of potential outcomes:

Proposition B.15 (Variance-optimal randomization for the pseudo-outcome). Fix x and denote A(z) = E[Y (1)? | X = x]
and B(z) £ E[Y(0)? | X = z]. Under Assumption 4.2, the conditional variance Var(Y | X = x,p) is minimized at

_ VA(z) 65)
VA(x) + /B(x)

In particular, if A(x) = B(x) (e.g., comparable outcome scales across arms), then p*(x) = 1/2.

p*(z)

Proof. Condition on X = x and p € (0, 1). Using the definition of pseudo outcome and the randomization 7' ~ Bern(p),

—Y(0)/(1—p), T=0.
Hence
Y (1)
P2

E[Y’QIX:ﬂc,p]:p-]E[

Y (0)°
X=x2|+(1-p)-E [
|« 0-nE[ 5
Since IE[Y/ | X = x,p] = 7(z) does not depend on p (Lemma 4.4), minimizing Var(Y | X = x,p) over p is equivalent to
minimizing f(p) = A(z)/p + B(z)/(1 — p) over p € (0, 1). This is a strictly convex function on (0, 1) with derivative
f'(p) = —A(z)/p* + B(x)/(1 — p)2. Setting f'(p) = 0 yields (1 — p)/p = \/B(z)/A(x), which rearranges to (65). The
special case A(x) = B(x) gives p*(z) = 1/2. O

] _ AW B
e

Proposition B.15 justifies p ~ 1/2 as a robust default when outcome scales are comparable across arms, and motivates
clipping [ fmin, fmax] as a principled safeguard when p must vary by covariates.

C. Real-world Industrial Experiment Details

In the real-world industrial experiments, we further extend the proposed active experimentation strategy to a production-
oriented hybrid neural estimator. Specifically, we train a neural CATE estimator using both the observational data and the
actively collected randomized data:

Fhyb _ g (Dobs u D, ) . (66)

™

Unlike the estimator 7, used in the theoretical analysis, this hybrid version is designed to better match large-scale
industrial settings, where flexible neural uplift models are commonly used for CATE estimation. The basic idea is to
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initialize the model using abundant OBS data and then iteratively augment its training set with RCT samples selected by the
proposed active experimentation strategy. As more randomized data are collected, the neural estimator is repeatedly updated,
allowing the RCT data to progressively correct observational bias and strengthen model performance in regions where
OBS provides limited causal support. Here, Dl(g ) denotes the randomized data collected after K active experimentation
rounds, and w; denotes the alignment weight assigned to sample ¢, which gives higher importance to randomized samples

that repair observational blind spots.

C.1. Industry-Oriented Active Learning Extension

Algorithm 3 Industry-Oriented Active Learning for OBS—RCT Fusion

Require: Observational data D, unlabeled pool D001, maximum query batch size M, budget B, maximum rounds K.

Ensure: Final CATE estimator 727,

1: Initialize: D.c; < 0, k < 1.

2: Representation learning: Train feature encoder ¢ : X — H on Dgops U Dpool.

3: while |D.c¢| < Band k < K do

my < min(M, B — |Dyct).

1. Update scoring components.

Train domain classifier g (¢(x)) to discriminate Dpoo1 from Dopbs U Drct.

Update CATE prediction ensemble M = {7;(z)}Z,. {E: number of stochastic passes}
Estimate observational propensity

AR

Bona(6(7)) 7% Pons (T = 1] 6(a) ).

9: 2. Acquisition scoring.
10:  for candidate u € Dpoo1 do

11: vy  Var({7j(¢(u))}Z1). {model uncertainty}
12: du + o(ge(p(u))). {domain discrepancy}
13: 0u 2 [€obs(¢p(u)) — 0.5]. {observational imbalance }
14:

S(u) = an(ve) + Bn(du) +vn(ow),
{n(-): normalization function}
15:  end for
16: 3. Selection and experimentation.

17:  Select candidates
Ck < Top-mk (S(), Dpool) .

18: for X; € Ci do

19: Perform RCT: assign 7;°* ~ Bern(px(X;)) and observe Y;*°*.
20: Dret = Dree U {(Xi, TV, Y7, pi (X)) }.
21:  end for

22: 4. Update pool and round index.
23:  Dyool  Dpoot \Cr, k< k+1
24: end while

25: Return 72" trained on Dobs U Dret.

C.2. Detailed Design of the Acquisition Strategy

In this section, we provide a rigorous formulation of our proposed active learning framework, specifically designed to
enhance the Disentangled Representations for CounterFactual Regression (DRCFR) model. We adopt DRCFR as the
foundational backbone not merely for its theoretical properties, but due to its proven efficacy as our deployed production
engine, where it demonstrates superior stability in uplift estimation across diverse industrial scenarios. Building on this
robust baseline, our methodology integrates two core components: a multi-faceted acquisition function for strategic sample
selection and a reverse alignment weighting mechanism for model optimization.

C.2.1. MULTI-FACETED ACQUISITION FUNCTION

To select the most informative samples from the unlabeled candidate pool D1, We design a composite acquisition function
that addresses three challenges in causal inference: epistemic uncertainty, domain discrepancy, and overlap deficit. For any
candidate sample u € Dy, the total acquisition score S(u) is defined as:
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S(u) = a-n(vy) + 8- nldu) +7 - 1(0u), (67)

where «, 3,y are hyperparameters balancing the trade-off between uncertainty reduction, domain discrepancy, and overlap
deficit. We detail each component below.

1. Epistemic Uncertainty Score (v,). To measure the model’s lack of knowledge regarding the Conditional Average
Treatment Effect (CATE), we employ Monte Carlo (MC) Dropout (Gal & Ghahramani, 2016) as a Bayesian approximation.
Unlike standard output variance, we focus specifically on the variance of the predicted uplift. Let fy denote the inference
network with dropout enabled. We perform E stochastic forward passes for each sample u, obtaining a set of CATE
predictions {7; (u)}le. The uncertainty score is quantified as the variance of these predictions:

oo = Var ({5 }) = 2 3 (75(0) = 7)), (68)

where 7(u) is the empirical mean. A higher variance implies high epistemic uncertainty, suggesting that observing a
randomized outcome for u would yield significant information gain.

2. Domain Discrepancy Score (d,). To ensure the selected samples effectively cover the feature space of the target pool
(exploration) and mitigate domain shift, we introduce a Domain Classifier. This module, parameterized by &, discriminates
between the current training distribution (Deyrrent = Dobs U Dyct) and the unselected pool (Diarget = Dpool)-

Crucially, the classifier operates on the disentangled representation ¢(u) € R » extracted from the DRCFR backbone,
rather than raw features. Structurally, g, is designed as a two-layer Multilayer Perceptron (MLP). It consists of a linear
transformation to a hidden dimension dp;q4er, followed by an Exponential Linear Unit (ELU) activation and a Dropout
layer. The final layer maps the hidden features to a scalar logit. Formally, the forward pass for a sample u is defined as:

h = Dropout(ELU(W1¢(u) + by)). (69)

ge(d(w)) = Wah + by. (70)

where W and W, are learnable weights. The discrepancy score is then defined as the predicted probability of belonging to
the target pool (label 1):

dy = P(domain = 1| ¢(u);§) = o(ge(¢(u))) (71)

where o (+) is the sigmoid function. A higher d,, indicates that « lies in a region under-represented by the current training set,
necessitating active sampling for distribution alignment.

3. Overlap Deficit Score (0,,). To explicitly target samples heavily affected by selection bias in the observational data,
we define a metric based on propensity extremity. We utilize a propensity head é,ps(¢(u)), pre-trained strictly on Dyps, to
capture the historical assignment mechanism. The score targets samples where the observational policy is deterministic (i.e.,
propensity close to 0 or 1):

0y = |éobs(d(u)) — 0.5] x 2. (72)
Samples with o,, =~ 1 represent individuals who, historically, almost exclusively received one specific treatment (either
control or treated). Querying these samples in an RCT context (where e(¢(u)) = 0.5) provides counterfactual evidence to

correct the learned bias.
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C.2.2. OPTIMIZATION VIA COUNTERFACTUAL ALIGNMENT AND SAMPLE REWEIGHTING

After selecting and labeling a batch of samples to form D, we add these samples to D, and retrain the uplift models.
Directly pooling the two datasets does not make full use of the RCT samples. We therefore use a counterfactual alignment
strategy, which assigns higher weights to instances that conflict with the bias in the observational data. This update places
greater emphasis on counterfactual evidence that is underrepresented in Dops.

We define the Propensity-Assignment Gap, A(u,t), as the absolute divergence between the realized randomized treatment
assignment ¢, and the historical observational propensity é,ps(¢(u)):

A(u»trct) = ‘trct - éobs(¢(u))|' (73)

A large gap (e.g., A > 0.5) signifies that the RCT assignment acts as a counter-balance to the observational tendency. For
instance, assigning control (¢ = 0) to a user who historically had a high probability of being treated (é,ps =~ 1) exposes
outcomes in a region of the joint distribution that was previously a blind spot.

To focus model training on these information-rich samples and debias the uplift estimator under a finite RCT budget, we
apply the following weights w; to the loss function:

~J 10, if A(ust;) > 0.5 (Counterfactual-aligned sample).

= 74

' {0.27 otherwise (Lower-gap complementary sample). 79
Motivation. Samples with larger counterfactual-alignment gaps provide information that is largely missing from Dgps.
These samples are therefore given higher weights. Samples with smaller gaps are closer to the historical assignment pattern
and mainly reinforce information already present in the observational data. We assign them lower weights so that the
gradient updates depend more on the counterfactual-alignment signal.

Taking DRCFR as an example, the total training objective incorporates these alignment weights:

EDRCFR = Z wy - epred (yh ZQ'L) + >\disc . MMD(QS(U)\t:Oa ¢(u)|t:1) + /\71' : Eprop- (75)

1€Dcurrent

where the first term is the weighted factual prediction loss, the second term enforces representation balance via Maximum
Mean Discrepancy (MMD), and the third term is the propensity regularization. In our experiments, we set the regularization
coefficients Agisc = Ar = 1.0.

C.3. Detailed Description of the Dataset

Our empirical evaluation utilizes a large-scale real-world industrial dataset derived from a ride-hailing platform. The
dataset is collected at the order level, where each instance corresponds to an individual order characterized by 468 features.
Formally, let T € {0, 1} denote the treatment indicator, where 7' = 1 means that a “free upgrade” service was triggered for
the passenger, and let Y € {0, 1} denote the binary outcome indicating whether the order was completed.

To comprehensively assess the proposed active learning framework under extreme distribution shifts, realistic deployment
scenarios, and temporal variations, we organize the data into distinct components following a strict Out-of-Time (OOT)
evaluation protocol spanning 44 days, from Nov. 25 to Jan. 07. During the initial 30-day phase, we construct the RCT Pool
Dpoo1 and concurrently collect observational samples to form the training set, denoted as either DPias or DU depending on
the observational sampling strategy. Generalization is then strictly evaluated on the Unbiased RCT Test Set D:E, which
consists of RCT data collected during the remaining 14 days.

« Biased Observational Set (DPi%): Collected from the training phase (Nov. 25 — Dec. 25), we curate a subset of
approximately 4.5 million historical OBS logs. Generated by deterministic production policies, this dataset exhibits
severe selection bias and violations of the overlap assumption. We utilize this dataset for: (i) comparative analysis
between active sampling strategies and random baselines, and (ii) ablation studies on our proposed acquisition functions

to evaluate robustness against sample imbalance.
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¢ Full-Scale Observational Set (Df)“blsl): To validate the framework’s efficacy in a real business environment, we employ
a larger dataset Df)‘g; of approximately 6.5 million logs from the same training period (Nov. 25 — Dec. 25). Compared
to DPi2s it shows much lower distributional shift and sample imbalance. Experiments on this set focus on evaluating

performance sensitivity across varying ratios of OBS data.

* RCT Candidate Pool (Dy,.1): Coinciding with the training phase (Nov. 25 — Dec. 25), this dataset comprises
approximately 1.2 million samples representing the candidate pool for RCTs. Under our experimental setting, only
covariate information X is available beforehand, while treatment 7" and outcome Y remain masked until explicitly
queried. The active learner selectively queries labels subject to budgets B € {10k, 50k, . .., 500k} to rectify covariate
distribution shifts, yielding the labeled dataset D,.t.

* RCT Test Set (D!SY): To evaluate generalization capability beyond historical biases, we employ a dedicated test set of
approximately 1.3 million samples collected from the future period (Dec. 26 — Jan. 07). Unlike the training data, this
set consists exclusively of randomized experimental data, representing an unbiased sample of the full population’s
covariate distribution.

C4. Training Settings

Hyperparameter Settings. In our real-world setting, excessive training epochs often lead to overfitting or result in the
model learning to distinguish between the treatment and control groups rather than capturing the true uplift signal. Thus, we
train all models for 5 epochs to ensure robustness and use the Adam optimizer with learning rate 0.001 and batch size 512.
We detail the other hyperparameter settings used in our experiments in Table 2.

Table 2. Hyperparameter specifications for the proposed active learning framework.

Parameter Value Description

Acquisition Function

a (Uncertainty weight) 0.5 Controls epistemic uncertainty v,

B (Discrepancy weight) 1.0 Controls distributional discrepancy d.,

v (Bias weight) 0.7 Controls propensity-based bias 0.,

K (MC-Dropout Passes) 15 Stochastic passes for uncertainty estimation
M (Acquisition Batch Size) {2k, 10k, 20k, 60k, 100k} ~ Number of queried samples per round
Reverse Alignment Weighting

Wyold 1.0 Weight for high-gap counterfactual samples
Wisilver 0.2 Weight for low-gap counterfactual samples
Wobs 0.3 Weight for observational training samples
Domain Classifier & Optimization

Representation Dim (R%e») 128 Dimension of shared representation ¢ (u)
Hidden Width 64 Hidden-layer size of the classifier

Dropout Rate 0.2 Dropout for main and domain models
Domain Classifier Learning Rate 0.001 Learning rate for classifier updates
Domain Classifier Updates per Round 100 Maximum classifier updates per round
Active Learning Loop

RCT Budget (B) {10k, 50k, 100k, 300k, 500k} Total randomized samples allowed
Maximum Rounds 5 Maximum active-learning iterations
Training Epochs per Round 1 Training epochs after each acquisition

Active Sampling and Training Protocol. During the iterative learning phase, the model selects a subset of informative
samples from Dy, based on the acquisition function. We denote this actively queried subset as D;, representing the
Randomized Controlled Trial data where unbiased treatment effects are observed. Consequently, the final model is trained
on the union of the biased historical data and the unbiased queried data:

Dtrain = Dobs ) Drct- (76)

This hybrid construction allows the model to leverage the scale of D5 while correcting for bias using the high-quality
signals from D,.;.
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Computational Infrastructure. All experiments are conducted on NVIDIA GPUs with mixed-precision support. We
deploy computationally intensive active sampling strategies on high-performance units (L20 and RTX A6000), while
assigning random sampling baselines to P40s.

C.5. Evaluation Metrics

C.5.1. NORMALIZED AREA UNDER THE UPLIFT CURVE (AUUC)

To evaluate the performance of our uplift model, we assess the ranking quality across the entire test set D, of size V. Let
T; € {0, 1} represent the treatment assignment and Y;°** denote the observed outcome for individual i.

The evaluation process begins by ranking the test instances based on their predicted uplift scores, 7 (), from highest to lowest.
Let the sequence of indices i1, iz, . . ., iy correspond to this sorted order, satisfying 7(z;,) > 7(x4,) > -+ > F(Tipy)-

The Uplift Curve value at rank k (1 < k < N), denoted as f(k), quantifies the cumulative incremental gain obtained by
targeting the top k individuals. It is defined as (Gutierrez & Gérardy, 2017):

T C
10 = (S — ) 5L+ N0, )

where ;' = Z YObST

vy

among the to samples, respective Wit an efined analogous or the control group usin —1;.).
g the top k p1 pectively (with ;¢ and NS defined analogously for th 1 group using 1 — T5,)

and NI = Zle T;, are the cumulative outcome sum and the count of treated individuals

To facilitate model comparison, we calculate the Normalized AUUC. This metric approximates the integral of the normalized
uplift curve (over the population percentile from O to 1) by averaging the scaled gains across all ranks:

N
AUUC ~ / 1 ‘ J{ ((I) Z () (78)

Here, f(N) corresponds to the global lift observed on the entire test set. A higher normalized AUUC indicates that the
model effectively prioritizes individuals with the highest treatment effects.

C.6. Experimental Results and Analysis

In this appendix, we detail the experimental protocols for the three settings introduced in the main text. Furthermore, we
report supplementary findings regarding data scalability and conduct a comprehensive ablation analysis.

C.6.1. EXP 1: PERFORMANCE UNDER EXTREME SELECTION BIAS

In this scenario, we focus on evaluating the model’s ability to rectify learned policies under severe selection bias using a
limited budget of active feedback. We initialize all base models using the Biased Observational Set (DPi2%).

obs

To simulate the active learning process, we iteratively query labels from the RCT Candidate Pool (D). The acquisition
budget B is varied across the range {10k, 50k, 100k, 300k, 500k} to analyze the performance trajectory as the ratio of
experimental data increases. Upon completion of retraining on the augmented dataset in each round, the updated model
is evaluated on the out-of-sample RCT Test Set (D!%"). We report the performance of various base learners across these
budget levels. The comparative results are visualized in Figure 2 and detailed numerical metrics are provided in Table 3.

C.6.2. EXP 2: ROBUSTNESS TO OBSERVATIONAL DATA SCALE

To validate the criticality of active sampling within our real-world production environment, we conduct a sensitivity analysis
using the Full-Scale Set (th)‘éli) We simulate varying data availability scenarios by down-sampling the historical business

logs at different ratios p and mixing them with the actively acquired samples:
Dirain = Sample(DIY o) U Dy (79)

Table 4 reports the AUUC of DRCFR under different observational-data mixing ratios and RCT budgets. Active Sampling

gives the clearest gains when observational data are limited. In the 0.2D! + D, setting, it outperforms Random Sampling
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Table 3. AUUC of all backbones on the real-world dataset under active and random sampling. Results are reported as mean £
standard deviation. Bold values indicate that Active Learning outperforms Random Sampling under the same model and budget.

Model Sampling 1w SW 10W 30w 50w

DRCFR Active 0.6501 + 0.0052 0.6534 + 0.0028 0.6568 + 0.0029 0.6590 + 0.0023 0.6618 + 0.0016
DRCFR Random 0.6430 £0.0018  0.6423 £0.0040  0.6457 £0.0029  0.6466 + 0.0075  0.6604 £ 0.0044

DESCN Active 0.6573 £ 0.0068 0.6598 +0.0079 0.6616 £+ 0.0092 0.6650 + 0.0077 0.6600 + 0.0076
DESCN Random 0.6563 £ 0.0068  0.6544 £ 0.0073  0.6522 £ 0.0011  0.6506 £ 0.0008  0.6584 + 0.0055

DragonNet Active 0.6632 £+ 0.0064 0.6679 +£0.0020 0.6689 £ 0.0026 0.6691 +0.0026 0.6696 + 0.0043
DragonNet Random 0.6614 +0.0071  0.6652 £ 0.0009  0.6725+0.0011  0.6654 & 0.0100  0.6689 £ 0.0013

at every budget. The improvement is especially clear from 50k to 500k, with the largest gap at 100k, where AUUC increases
from 0.6215 to 0.6428.

When more observational data are available, the gap between the two sampling strategies becomes smaller. In the 0.3 and
0.5 settings, Active Sampling improves AUUC only at some budgets, and several differences are small. With 0.8D£‘§};,
Active Sampling still gives higher mean AUUC in most cases, but the gains are modest. In the Group Sampling setting,
where the observational data are biased, Active Sampling shows a clear improvement at 100k. These results suggest that
active acquisition is most useful when the observational data have poor coverage or strong selection bias, since it can direct
RCT samples toward regions that are not well represented by the historical data.

02D + D, 03D + Dy 0.5DM! 4+ Dy,
0.67 4 0.67 4 0.67 4
0.66 1 0.66 1 0.66 1
 uss v  nss M
= = =
2 0.64 2 0641 2 0.64
0.63 4 0.63 4 0.63
0.62 1 0.62 1 0.62 1
T T T T T T T T T
10k50k 100k 300k 500k 10k50k 100k 300k 500k 10k50k 100k 300k 500k
Selected RCT sample size Selected RCT sample size Selected RCT sample size
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Figure 3. AUUC comparison between Active Sampling and Random Sampling under varying OBS data mixing ratios.

C.7. Exp 3: Ablation Study on Acquisition Components

We study the contribution of each term in the acquisition score S(u) (Eq. 14) through an ablation experiment on DRCFR.
The comparison includes single-component scores, pairwise combinations, and the full score. Table 5 shows that no single
component is uniformly best across all RCT budgets. Sampling by uncertainty alone is weak in the low-budget setting,
which suggests that epistemic uncertainty by itself can place too much weight on noisy or poorly represented samples.

Adding distributional and bias-related information gives more stable performance. The overlap term is competitive at
medium budgets, indicating that samples from weak-overlap regions are useful for reducing bias from historical assignments.
Pairwise scores further improve the results, with v,, + o,, performing best at 10k and 50k.

The full score v,, + d,, + 0, i strongest, or close to strongest, at larger budgets, and gives the best AUUC at 100k and 500k.
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Table 4. AUUC results of the DRCFR model across varying observational (OBS) data mixing ratios, reported as mean+standard deviation.
Bold values indicate that Active is significantly higher than Random in the corresponding Active/Random pair under a one-sided paired
t-test at the 5% significance level.

Data Setting Sampling 10k 50k 100k 300k 500k
0.2DMll L Active 0.6428+0.0033  0.6454+0.0042 0.6428+0.0072 0.6469+0.0031 0.6531+0.0020
" obs 't Random 0.6330+0.0108  0.6346+£0.0004 0.6215+£0.0008 0.63954+0.0040 0.6422+0.0047
0.3D | D Active 0.6469+0.0072  0.6497+0.0062 0.6490+0.0080 0.65424+0.0067 0.6556+0.0031
" obs ® " Random 0.6279+0.0105  0.63924+0.0021 0.6368+0.0055 0.6495+0.0003  0.6549+0.0022
05D | D Active 0.6477+0.0071  0.6509+0.0034 0.6504£0.0063 0.6529+0.0029  0.6568+0.0033
" obs ® " Random 0.6494+0.0082 0.6448+0.0036 0.6517+0.0023  0.65064+0.0094 0.6534+0.0017
0.8DMI 1 D Active 0.6569+0.0059 0.6584+0.0064 0.6613+0.0027 0.6639+0.0034 0.6636-:0.0024
" obs ¢ Random 0.6500+0.0096  0.6523+0.0011  0.6572£0.0005 0.6580£0.0022 0.658140.0042
Group Sampling ~ Active 0.6426+£0.0067 0.6468+0.0015 0.6505+£0.0010 0.65374+0.0035 0.6578+0.0027
D4 D, Random 0.6433£0.0044  0.64724+0.0010  0.6448+0.0046 0.65164+0.0047 0.6546+0.0011

These results suggest that uncertainty, domain discrepancy, and overlap deficit capture different aspects of sample value.
Combining them gives a sampling rule that balances informativeness, coverage of the target distribution, and counterfactual
evidence.

Table 5. Ablation study of DRCFR score components on the real-world dataset. Entries report mean =+ standard deviation AUUC at
each RCT sample size. Bold values indicate the best-performing strategy at the corresponding budget.

Acquisition Strategy RCT Sample Size

10k

50k

100k

300k

500k

Baseline (Random)

0.6430 4+ 0.0018

0.6423 + 0.0040

0.6457 = 0.0029

0.6466 + 0.0075

0.6604 + 0.0044

Single-Component
Uncertainty (vs,)

Discrepancy (d..)
Overlap Deficit (ou)

0.6377 = 0.0062
0.6328 £ 0.0112
0.6382 £+ 0.0025

0.6421 £ 0.0075
0.6460 £ 0.0051
0.6485 + 0.0026

0.6490 £ 0.0046
0.6498 £ 0.0049
0.6551 + 0.0017

0.6561 £ 0.0047

0.6596 + 0.0041

0.6565 £ 0.0038

0.6586 £+ 0.0035
0.6578 £ 0.0043
0.6588 + 0.0035

Pairwise Combinations

Uy + dy 0.6468 + 0.0053  0.6524 +0.0040  0.6533 £0.0037 0.6578 =£0.0041 0.6615 4+ 0.0012

Uy + Oy 0.6538 + 0.0024 0.6569 £+ 0.0019 0.6561 £ 0.0006 0.6593 +0.0016  0.6582 % 0.0043

du + 0u 0.6456 +0.0044  0.6538 £0.0019  0.6549 £ 0.0022  0.6582 £ 0.0037 0.6601 £ 0.0039
Full Strategy

Full Score (vy + du 4+ 04) 0.6501 £ 0.0052  0.6534 £ 0.0028 0.6568 £+ 0.0029 0.6590 +0.0023 0.6618 +0.0016
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Figure 4. DRCFR ablation study on the real-world dataset: AUUC comparison of each score component variant against Random Sampling
across different RCT sample sizes. Shaded areas denote £ standard deviation.

C.8. Exp 4: Sensitivity Analysis

To examine the robustness of our method to hyperparameter choices, we conduct a sensitivity analysis on DRCFR under a
fixed RCT budget of 100k. We separately vary the acquisition-score weights («, 3, ) and the sample reweighting parameters
(Wgold, Wsilver)» While keeping the remaining parameters fixed at their default values. The evaluated parameter ranges and
default settings are summarized in Table 6, and the corresponding AUUC results are reported in Table 7.

Table 6. Hyperparameter settings for the DRCFR sensitivity analysis. Bold values denote the default configuration used in the main
experiments.

Module Parameter Values Tested Role
« {0.0,0.25,0.5,0.75,1.0} Uncertainty weight.
Acquisition Score 8 {0.0,1.0,1.5,2.0} Domain discrepancy weight.
~ {0.0,0.35,0.7,1.0,1.4}  Overlap-deficit weight.
Weold {0.5,0.75,1.0,1.5,2.0} Weight assigned to high-gap counterfactual samples.
Sample Reweighting  wsiiver {0.0,0.1,0.2,0.5,1.0}  Weight assigned to lower-gap complementary samples.
Wobs {0.3} Observational sample weight.

The results show that the proposed method remains stable across a range of parameter settings.

(i) For the acquisition score, moderate values of «, 3, and - tend to give competitive performance. This suggests that
uncertainty, domain discrepancy, and overlap-related signals each help select useful samples. Reducing any one of these
terms too much can hurt performance, which indicates that the three components capture complementary information.

(ii) For sample reweighting, the method is also not very sensitive to the choices of wgo1qa and Wgiiver. A small but nonzero
weight for silver samples gives stable results, while a larger wgo1q can improve AUUC in some settings. The default
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configuration used in the main experiments falls in a stable and competitive region, which supports the proposed acquisition
and reweighting design.

Table 7. Sensitivity analysis of DRCFR on the real-world dataset at a fixed RCT budget of 100k. The left table studies the
weight parameters (c, 3, ) in the score function. The right table studies the weights (wgo1d, Wsilver) used in Counterfactual Alignment
and Sample Reweighting. The default active parameter setting is («, 8,7) = (0.5,1.0,0.7), and the default reweighting setting is
(wgold, Wsilver) = (1.0, 0.2) with weps = 0.3, following the same configuration as in the main paper. Results are reported as mean +
standard deviation.

Parameter Value AUUC
Baseline (Random) — 0.6457 + 0.0029 Parameter Value AUUC
a (?~205 82232 i g-gggg Baseline (Random)  —  0.6457 = 0.0029
a 0.75 0.6544 + 0.0059 Wsilver 0.0 0.6541 £ 0.0031
a 1.0 0.6538 4+ 0.0038 Wsilver 0.1 0.6530 £ 0.0078
Wsilver 0.5 0.6534 4+ 0.0050
g (l).g 8.22;’? i g-ggig Wsilver 1.0 0.6519 4 0.0053
B 2.0 0.6515 4+ 0.0067 Wgold 0.5 0.6511 4+ 0.0055
Weold 0.75 0.6517 + 0.0049
v 0.0 0.6524 +0.0023 Wgola 1.5 0.6535 4 0.0043
7y 01»305 g‘gggg i 88821 Wgold 20  0.6547 + 0.0043
¥ 1.4 0.6536 + 0.0048
a (range=0.0021) p/ (range=0.0020) y (range=0.0030)
0.660 0.660 - 0.660
O 0.655 l /_.\I © 0.655 ] I ‘ O 06557 /I I I
g L 1 g L g ! 1\,/‘
= 0.650 | j = 0.650 | l J 20650 1 |
0.645 == T 0.645 === T 0.645 4 3= ==
0 025 075 1 0 15 2 00 035 14
a p 4
Wsilver (range=0.0022) Weold (range=0.0036) Sensitivity summary
0.660 0.660 o 0.004{0.0036
24 0.0030
O 0.655 1 I I O 0.655 1 I/ g 00031 hdad
=} SNe——— '\. =] ./° | | 0.0022 .0021 0.0020
3 0.650 | 2 0] T l 8 0.002 1 o
' =] | 2 el I L1
0.645 === 1 eeas{T T e | | | | | | | |
— : : — : : 0.000 = : : : :
0 0.1 0.5 1 050 0.75 1.50 2.00 Weold 7 Wine @ f
Wsilver Weold
---- Random baseline Paper default ~—®— Mean =+ std

Figure 5. Sensitivity analysis of DRCFR on the real-world dataset at a fixed RCT budget of 100k. The five line plots show the
AUUC under different settings of «, 3, 7, Wsilver, and wgo1d, respectively, with error bars and shaded bands indicating mean =+ standard
deviation. The horizontal dashed line denotes the Random Sampling baseline.
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D. Synthetic Dataset Experiments

We include the synthetic benchmark used to validate the theory under controlled ground-truth treatment effects. All results
in this appendix are reported over 30 independent repeats. All tables report mean =+ standard deviation of vVPEHE, and
lower values indicate better individual treatment effect estimation. Figure bands are generated from mean =+ standard error.

D.1. Experimental Protocol and Reproducibility

Data-generating process. For each feature dimension d € {20, 50, 100, 150}, we generate an observational set, an RCT
candidate pool, and a held-out test set. Observational covariates are sampled as X,ps ~ N (0, Xg 3), while candidate-pool
and test covariates are sampled as X001, Xtest ~ N (Kshift, Z0.5), Where 3, ;; = pl*~7|. The shift vector is nonzero only
in the first ten coordinates, with values (1.2,1.0,0.8,0.6,0,—0.3,0.5,—0.2,0.4, —0.1).

Given randomly drawn linear coefficients 6y, 6., 6, ~ N (0, I), the conditional means are

z % () = 0.15 all (2) = o() +7(x). (80)
, 7(z)=0. , () = po(z)+7(x).
MaXg' € XopsUXpool |x/T90| MaXg' € XopsUXpool ‘wlT0T| : s

po(z) =0.5+0.15

The scaling reference intentionally excludes the test covariates, so the held-out test set remains unused during data-
generation calibration. Potential outcomes are then sampled as Y (0) ~ Bernoulli(uo(X)) and Y (1) ~ Bernoulli(p; (X)).
Observational treatment follows e(X) = clip(c(8X " 60,./v/d),0.01,0.99), while queried RCT labels use randomized
assignment with probability 0.5.

Table 8. Synthetic benchmark data and evaluation settings.

Item Value Description

Feature dimensions {20, 50, 100, 150} Low- to high-dimensional synthetic covariates

Observational samples 1,200,000 Biased historical data used for propensity and warm-start estimation

RCT candidate pool 500,000 Unlabeled pool from which active or random sampling queries labels
Held-out test set 20,000 Test covariates are generated but not used for DGP scaling

Acquisition budgets {10k, 50k, 100k, 200k, 300k, 400k, 500k}  Total queried RCT labels

Batch size 10,000 Number of newly queried units per active-learning round

Repeats and seeds 30 repeats; base seed 42 + 10007 Active and random samplers use offsets of +1 and +2, respectively
Evaluation metric vPEHE Computed against the known ground-truth CATE 7(z) on the held-out test set

Table 9. Hyperparameter and computational settings for the synthetic experiments.

Category Setting Value

Estimator Ridge regularization A 1.0

Estimator Pseudo-outcome Y=TY/p—(1-T7)Y/(1—p)

Propensity / domain models ~ Classifier Logistic regression with a maximum of 500 iterations

Propensity clipping (Pmin, Pmax) (0.01,0.99)

RCT assignment Pret 0.5

Acquisition score Default (a, 3, ) (0.3,1.0,0.7)

Sensitivity grid Values tested {0,0.25,0.5,0.75,1.0}

Feature preprocessing Standardization Fit on Dons U Dpool

CPU Processor Dual Intel Xeon Gold 6530 CPUs (64 physical cores in total)

Memory RAM 503 GiB system memory

Compute backend Execution device CPU

Software Python / key packages  Python 3.10.20; NumPy 2.2.6; scikit-learn 1.7.2; SciPy 1.15.3; Matplotlib 3.10.9
Parallelism Worker configuration ~ Up to 64 concurrent workers, each using single-threaded BLAS operations
Reproducibility Environment controls ~ Python hash seed fixed at O; BLAS backends restricted to one thread per worker
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D.2. Fixed-Weight Setting

Figures 6 and 7 compare active sampling and random sampling with fixed acquisition weights («, 8,7) = (0.3,1.0,0.7) in
the 20D, 50D, 100D, and 150D synthetic settings. Across all dimensions, v PEHE decreases as the RCT budget grows,
in line with the theoretical rate O(/d/B). The errors are also larger in higher-dimensional settings, which reflects the
increased difficulty of estimating CATE in a higher-dimensional representation space.

Active sampling gives lower vV PEHE than random sampling in most cases. The gains are more visible when the RCT budget
is small and when the covariate dimension is high, suggesting that the acquisition rule selects more useful experimental units
and improves the conditioning of the design matrix. As the budget increases, the gap between the two sampling strategies
becomes smaller. This behavior is consistent with the theory: active sampling improves the finite-sample constants through

a better design, but it does not change the underlying +/d/B convergence rate.

Fixed-Weight Setting (¢=0.3, $=1.0, y=0.7, d=20)

Fixed-Weight Setting (¢=0.3, $=1.0, y=0.7, d=50)

il —e— Active . —e— Active
0.06 4 ~#- Random 0.10 4 R
0.020 4 \
0.030' 4~
0.05 4 0.015 - 0.08 4
0.016 o 0.025 4
0,014
W 0.04 0.012 w g-020 1
T T o.06
E 0.010 | —— ‘5—_‘ 0.015
0.008 -
0.03 100k 200k 300k 400k 500k 100k 200k 300k 400k 500k
0.04 4 \
0024 N | ____________________________________________T_
\ i i \
— | 0.02 - ! . \
0.01 h"‘“‘*‘vﬁﬁ—-—._“é E e e
10k 50k 100k 200k 300k 400k 500k 10k 50k 100k 200k 300k 400k 500k

RCT sample size

(a) 20-dimensional covariate setting.

RCT sample size

(b) 50-dimensional covariate setting.

Figure 6. PEHE comparison between active and random sampling under the 20D and 50D synthetic covariate settings with fixed weights
(v, B,7) = (0.3,1.0,0.7).
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Fixed-Weight Setting (2¢=0.3, =1.0, y=0.7, d=100)
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RCT sample size

(a) 100-dimensional covariate setting.

Fixed-Weight Setting (¢=0.3, $=1.0, y=0.7, d=150)

10k 50k 100k 200k 300k

RCT sample size

400k

(b) 150-dimensional covariate setting.

Figure 7. PEHE comparison between active and random sampling under the 100D and 150D synthetic covariate settings with fixed
weights (a, 8,7v) = (0.3,1.0,0.7).

35



Budgeted Active Experimentation for Treatment Effect Estimation from Observational and Randomized Data

Table 10. Fixed-weight PEHE across synthetic dimensions with 30 repeats. Entries report mean + standard deviation of vPEHE
over 30 repeats; lower is better. Bold indicates that Active is lower than Random and significant at the 5% level using the one-sided
summary-statistic test.

Dimension Strategy 10k 50k 100k 200k 300k 400k 500k

Active 0.0590 4+ 0.0103  0.0269 + 0.0032  0.0197 &£ 0.0027 0.0139 +0.0020 0.0118 + 0.0018 0.0102 £ 0.0016  0.0094 4 0.0015
Random  0.0622 £ 0.0092  0.0261 £ 0.0050 0.0196 + 0.0033 0.0144 +0.0021  0.0116 £ 0.0019 0.0102 £ 0.0018  0.0091 £ 0.0015

Active 0.0939 + 0.0097 0.0426 £+ 0.0051 0.0297 £+ 0.0038 0.0213 +0.0025 0.0178 £ 0.0019 0.0154 £+ 0.0015 0.0139 + 0.0014

20D

0D Random  0.1014 #+ 0.0127 0.0439 4 0.0044 0.0317 £ 0.0028  0.0225 4+ 0.0018 0.0184 £ 0.0015 0.0160 £ 0.0015 0.0145 % 0.0015
100D Active 0.1387 £ 0.0122 0.0621 4 0.0044 0.0441 £ 0.0025 0.0312 4+ 0.0023  0.0256 + 0.0015 0.0220 £ 0.0016  0.0200 % 0.0013

Random  0.1418 £ 0.0102 0.0618 4 0.0039  0.0436 + 0.0029  0.0313 £ 0.0017  0.0257 £ 0.0019 0.0224 £ 0.0018  0.0202 £ 0.0017
150D Active 0.1686 + 0.0097 0.0767 +0.0042 0.0545 £ 0.0035 0.0384 +0.0031  0.0316 + 0.0024 0.0272 £ 0.0022  0.0244 4 0.0016

Random  0.1758 £ 0.0123 0.0778 4 0.0052  0.0545 4 0.0035 0.0387 +0.0019  0.0315 + 0.0016 0.0275 4 0.0016  0.0247 4 0.0015

D.3. Sensitivity Analysis

We vary the acquisition weights («, 3,7) to study the robustness of the proposed sampling rule. The results show that
performance is relatively stable around the default setting, and that the three components play complementary roles:

(i) o encourages querying samples with high CATE uncertainty, but overly large values may overemphasize noisy regions;
(ii) 8 improves coverage by selecting samples underrepresented in the current training distribution;

(iii)  directs RCT queries toward weak-overlap regions where observational data provide limited counterfactual support.
Using the three terms together gives the best overall performance, which is consistent with our theory that active sampling

improves finite-sample efficiency by producing a better-conditioned experimental design.

D.3.1. PARAMETER o SENSITIVITY ANALYSIS

Sensitivity Analysis: varying a (8=1.0, y=0.7, d=20) Sensitivity Analysis: varying a (8=1.0, y=0.7, d=50)
~o~ Active a=0 =&~ Active a=0.5 Active a=1 ~o~ Active a=0 =&~ Active a=0.5 Active a=1
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(a) 20-dimensional covariate setting. (b) 50-dimensional covariate setting.

Figure 8. Sensitivity analysis with respect to o under the 20D and 50D synthetic covariate settings; the remaining acquisition weights are
fixedto § = 1.0,v = 0.7.
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Sensitivity Analysis: varying a (8=1.0, y=0.7, d=100) Sensitivity Analysis: varying a (3=1.0, y=0.7, d=150)

[—e— Activea=0  —4— Activea=05 == Activea=1 0.18 [—e— Activea=0  —4- Activea=05 == Active a=1
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(a) 100-dimensional covariate setting. (b) 150-dimensional covariate setting.

Figure 9. Sensitivity analysis with respect to o under the 100D and 150D synthetic covariate settings; the remaining acquisition weights
are fixed to § = 1.0,y = 0.7.

Table 11. « sensitivity across synthetic dimensions with 30 repeats. Entries report mean =+ standard deviation of v PEHE over 30
repeats; lower is better. Bold marks the best active setting at each budget when it is significantly lower than Random at the 5% level using
the one-sided summary-statistic test.

Dimension «

10k

50k

100k

200k

300k

400k

500k

20D

0.00
0.25
0.50
0.75
1.00
Random

0.0605 £ 0.0107
0.0601 £ 0.0089
0.0580 + 0.0099
0.0582 £ 0.0076
0.0587 £ 0.0087
0.0622 £ 0.0092

0.0276 £ 0.0047
0.0268 £ 0.0034
0.0268 £ 0.0043
0.0264 £ 0.0038
0.0263 £ 0.0050
0.0261 £ 0.0050

0.0186 £ 0.0025
0.0192 £ 0.0024
0.0186 4 0.0030
0.0196 £ 0.0029
0.0189 £ 0.0029
0.0196 £ 0.0033

0.0139 £ 0.0023
0.0144 £+ 0.0019
0.0134 + 0.0023
0.0140 £ 0.0028
0.0137 £ 0.0025
0.0144 £+ 0.0021

0.0119 £+ 0.0017
0.0116 + 0.0021
0.0110 £ 0.0017
0.0118 £ 0.0019
0.0116 £ 0.0020
0.0116 £+ 0.0019

0.0106 £ 0.0015
0.0101 £ 0.0015
0.0097 £+ 0.0016
0.0105 £ 0.0015
0.0102 £ 0.0013
0.0102 £ 0.0018

0.0095 £ 0.0017
0.0091 £ 0.0012
0.0090 £ 0.0014
0.0096 £ 0.0015
0.0094 £ 0.0014
0.0091 £ 0.0015

50D

0.00
0.25
0.50
0.75
1.00
Random

0.0965 £ 0.0085
0.0977 £ 0.0103
0.0942 £ 0.0078
0.0953 £ 0.0077
0.0937 £ 0.0088
0.1014 £+ 0.0127

0.0448 £ 0.0051
0.0441 £ 0.0042
0.0431 4+ 0.0041
0.0425 £ 0.0036
0.0430 £ 0.0043
0.0439 £ 0.0044

0.0317 £ 0.0036
0.0311 £ 0.0028
0.0313 £ 0.0032

0.0225 £ 0.0025
0.0224 £ 0.0020
0.0219 £ 0.0021

0.0295 + 0.0032 0.0211 + 0.0021

0.0308 £ 0.0026
0.0317 4 0.0028

0.0218 £+ 0.0026
0.0225 £ 0.0018

0.0185 £ 0.0023
0.0189 £ 0.0019
0.0180 £ 0.0017
0.0178 &£ 0.0016
0.0181 £ 0.0020
0.0184 £+ 0.0015

0.0160 £ 0.0019
0.0161 £ 0.0016
0.0157 £ 0.0015
0.0155 £ 0.0017
0.0155 £ 0.0016
0.0160 £ 0.0015

0.0145 £ 0.0016
0.0147 £ 0.0014
0.0144 4+ 0.0012
0.0140 £ 0.0015
0.0141 £+ 0.0015
0.0145 £ 0.0015

100D

0.00
0.25
0.50
0.75
1.00
Random

0.1388 £ 0.0094
0.1349 £ 0.0101
0.1341 £+ 0.0101
0.1351 £ 0.0111
0.1340 + 0.0085
0.1418 £ 0.0102

0.0638 £ 0.0044
0.0610 £ 0.0043
0.0617 £ 0.0047
0.0607 £ 0.0052
0.0611 £ 0.0041
0.0618 £ 0.0039

0.0446 £ 0.0036
0.0431 £ 0.0026
0.0433 £ 0.0033
0.0426 £ 0.0033
0.0436 £ 0.0030
0.0436 £ 0.0029

0.0320 £ 0.0024
0.0310 £ 0.0021
0.0313 £ 0.0025
0.0305 £ 0.0027
0.0309 £ 0.0025
0.0313 £ 0.0017

0.0259 £ 0.0020
0.0258 £ 0.0020
0.0254 £ 0.0021
0.0251 £ 0.0020
0.0254 £ 0.0022
0.0257 £+ 0.0019

0.0224 £ 0.0020
0.0222 £ 0.0015
0.0221 £ 0.0015
0.0223 £+ 0.0017
0.0222 £ 0.0019
0.0224 £+ 0.0018

0.0201 £ 0.0016
0.0201 £ 0.0014
0.0200 £ 0.0014
0.0201 £ 0.0016
0.0204 £ 0.0016
0.0202 £ 0.0017

150D

0.00
0.25
0.50
0.75
1.00
Random

0.1743 £ 0.0095
0.1660 £ 0.0095
0.1697 £ 0.0109
0.1645 £ 0.0091
0.1683 £ 0.0093
0.1758 £ 0.0123

0.0768 £ 0.0045
0.0763 £ 0.0046
0.0769 £ 0.0043
0.0743 £ 0.0043

0.0750 £+ 0.0037 0.0529 + 0.0028

0.0778 £ 0.0052

0.0556 £ 0.0031
0.0546 £ 0.0030
0.0547 £ 0.0030
0.0539 £ 0.0019

0.0545 £ 0.0035

0.0388 £ 0.0023
0.0383 £ 0.0023
0.0383 £ 0.0019
0.0381 £ 0.0016
0.0382 £ 0.0021
0.0387 £ 0.0019

0.0314 £+ 0.0019
0.0316 £+ 0.0019
0.0316 £ 0.0017
0.0312 £ 0.0016
0.0313 £ 0.0021
0.0315 £+ 0.0016

0.0271 £ 0.0015
0.0273 £ 0.0015
0.0270 £ 0.0014
0.0272 £ 0.0017
0.0270 £ 0.0015
0.0275 £ 0.0016

0.0244 £ 0.0015
0.0246 £ 0.0012
0.0247 £ 0.0014
0.0245 £ 0.0014
0.0242 £ 0.0015
0.0247 £ 0.0015
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D.3.2. PARAMETER (3 SENSITIVITY ANALYSIS

Sensitivity Analysis: varying 8 (¢=0.3, y=0.7, d=20)

Sensitivity Analysis: varying 8 (a=0.3, y=0.7, d=50)
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(a) 20-dimensional covariate setting. (b) 50-dimensional covariate setting.

Figure 10. Sensitivity analysis with respect to S under the 20D and 50D synthetic covariate settings; the remaining acquisition weights are
fixedtoa = 0.3,y = 0.7.

Sensitivity Analysis: varying 8 (¢=0.3, y=0.7, d=100)

Sensitivity Analysis: varying g (a=0.3, y=0.7, d=150)
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Figure 11. Sensitivity analysis with respect to 8 under the 100D and 150D synthetic covariate settings; the remaining acquisition weights
are fixed toa = 0.3,y = 0.7.
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Table 12. (3 sensitivity across synthetic dimensions with 30 repeats. Entries report mean + standard deviation of v/ PEHE over 30
repeats; lower is better. Bold marks the best active setting at each budget when it is significantly lower than Random at the 5% level using

the one-sided summary-statistic test.

Dimension 3

10k

50k

100k

200k 300k 400k 500k
0.00 0.0570 £+ 0.0097 0.0256 + 0.0039 0.0183 £ 0.0026 0.0140 4+ 0.0022  0.0117 £ 0.0018 0.0101 £ 0.0014 0.0092 £ 0.0012
0.25 0.0587 + 0.0080  0.0274 4+ 0.0044  0.0185 4+ 0.0023 0.0129 £+ 0.0021 0.0107 £ 0.0015 0.0096 4+ 0.0018 0.0087 + 0.0016
20D 0.50 0.0584 4 0.0090  0.0267 £ 0.0052  0.0194 £ 0.0031  0.0141 +£0.0019  0.0119 £ 0.0021 0.0103 £ 0.0020  0.0097 £ 0.0019
0.75 0.0592 + 0.0106  0.0274 4+ 0.0045  0.0201 +0.0029  0.0134 +£0.0021  0.0112 £ 0.0019 0.0097 4+ 0.0015 0.0088 + 0.0013
1.00 0.0590 4+ 0.0103  0.0269 £ 0.0032  0.0197 £ 0.0027  0.0139 +0.0020  0.0118 £ 0.0018 0.0102 £ 0.0016 0.0094 £ 0.0015
Random  0.0622 £ 0.0092  0.0261 4 0.0050  0.0196 £ 0.0033  0.0144 £+ 0.0021  0.0116 +0.0019 0.0102 4 0.0018 0.0091 £ 0.0015
0.00 0.0897 + 0.0091 0.0414 + 0.0049 0.0298 £ 0.0030  0.0213 £+ 0.0029 0.0175 £ 0.0020 0.0154 +0.0018 0.0138 £ 0.0016
0.25 0.0958 4+ 0.0078  0.0433 £ 0.0040  0.0297 £+ 0.0032  0.0217 +0.0023  0.0179 £ 0.0020 0.0154 + 0.0011 0.0140 % 0.0010
50D 0.50 0.0993 4+ 0.0086  0.0433 £ 0.0035  0.0301 £ 0.0032  0.0220 +0.0026  0.0179 £ 0.0019 0.0156 + 0.0015 0.0141 4 0.0016
0.75 0.0962 4 0.0094  0.0427 £ 0.0045  0.0307 £ 0.0030  0.0213 +0.0026 ~ 0.0179 £ 0.0018 0.0160 £ 0.0016 0.0141 % 0.0014
1.00 0.0939 + 0.0097  0.0426 4+ 0.0051 0.0297 +0.0038 0.0213 +0.0025 0.0178 £0.0019 0.0154 +0.0015 0.0139 &+ 0.0014
Random 0.1014 £+ 0.0127  0.0439 £ 0.0044  0.0317 £ 0.0028  0.0225 £ 0.0018  0.0184 £+ 0.0015 0.0160 4+ 0.0015 0.0145 + 0.0015
0.00 0.1309 4+ 0.0080 0.0590 4+ 0.0038 0.0435 4+ 0.0030  0.0310 £ 0.0026  0.0256 £ 0.0021 0.0221 4+ 0.0019 0.0200 % 0.0015
0.25 0.1342 +0.0092  0.0601 £ 0.0047  0.0435 £ 0.0027  0.0311 £ 0.0020  0.0255 £ 0.0012 0.0222 + 0.0013  0.0200 % 0.0015
100D 0.50 0.1373 +0.0091  0.0619 £ 0.0045  0.0436 £ 0.0029  0.0314 4+ 0.0024  0.0260 £ 0.0018 0.0226 + 0.0015 0.0203 £ 0.0013
0.75 0.1408 4+ 0.0096  0.0610 £ 0.0049  0.0437 £ 0.0035  0.0306 + 0.0020 0.0249 £ 0.0017 0.0218 +0.0017 0.0200 % 0.0017
1.00 0.1387 +0.0122  0.0621 £ 0.0044  0.0441 £ 0.0025  0.0312 4+ 0.0023  0.0256 £ 0.0015 0.0220 + 0.0016  0.0200 % 0.0013
Random 0.1418 +0.0102  0.0618 4 0.0039  0.0436 4+ 0.0029  0.0313 £ 0.0017  0.0257 £ 0.0019 0.0224 4+ 0.0018 0.0202 % 0.0017
0.00 0.1668 4+ 0.0105  0.0749 £ 0.0045  0.0538 £ 0.0028  0.0383 & 0.0021  0.0312 £ 0.0017 0.0274 £ 0.0015 0.0246 4 0.0017
0.25 0.1667 + 0.0104 0.0742 4+ 0.0042 0.0528 +0.0032 0.0380 £+ 0.0023  0.0313 £ 0.0020 0.0276 4+ 0.0017 0.0247 + 0.0014
150D 0.50 0.1665 + 0.0098 0.0750 £+ 0.0051  0.0532 4 0.0035 0.0377 £+ 0.0021 0.0310 £ 0.0017 0.0271 4+ 0.0014 0.0242 + 0.0012
0.75 0.1717 £ 0.0110  0.0764 £ 0.0041  0.0542 £ 0.0033  0.0380 + 0.0023  0.0318 £ 0.0021 0.0276 + 0.0013  0.0244 4 0.0011
1.00 0.1686 4+ 0.0097  0.0767 £ 0.0042  0.0545 £ 0.0035  0.0384 +0.0031  0.0316 £ 0.0024 0.0272 + 0.0022 0.0244 4+ 0.0016
Random 0.1758 £0.0123  0.0778 4 0.0052  0.0545 % 0.0035

0.0387 + 0.0019

0.0315 + 0.0016

0.0275 4 0.0016

0.0247 4+ 0.0015

D.3.3. PARAMETER 7y SENSITIVITY ANALYSIS

Sensitivity Analysis: varying y (2=0.3, f=1.0, d=20)

Sensitivity Analysis:

varying y (2=0.3, f=1.0, d=50)
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Figure 12. Sensitivity analysis with respect to y under the 20D and 50D synthetic covariate settings; the remaining acquisition weights are
fixedtoa« = 0.3, 8 = 1.0.
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Sensitivity Analysis: varying y (2=0.3, f=1.0, d=100) Sensitivity Analysis: varying y (2=0.3, f=1.0, d=150)
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Figure 13. Sensitivity analysis with respect to v under the 100D and 150D synthetic covariate settings; the remaining acquisition weights
are fixed to « = 0.3, 5 = 1.0.

Table 13. y sensitivity across synthetic dimensions with 30 repeats. Entries report mean =+ standard deviation of v PEHE over 30
repeats; lower is better. Bold marks the best active setting at each budget when it is significantly lower than Random at the 5% level using
the one-sided summary-statistic test.

Dimension -~y

10k

50k

100k

200k

300k

400k

500k

0.00 0.0592 4+ 0.0081  0.0264 £ 0.0035  0.0193 & 0.0031  0.0144 + 0.0022  0.0123 £ 0.0018  0.0105 4 0.0016 0.0097 £ 0.0013
0.25 0.0597 +0.0099  0.0271 +0.0035 0.0190 +0.0024  0.0141 +0.0023  0.0116 £+ 0.0018  0.0104 £+ 0.0015 0.0096 % 0.0014
20D 0.50 0.0576 +0.0083 0.0263 4+ 0.0051  0.0195 +0.0036  0.0140 +0.0021  0.0117 £ 0.0024  0.0102 £+ 0.0017 0.0094 &+ 0.0015
0.75 0.0623 +0.0099  0.0265 £ 0.0053  0.0188 £ 0.0033  0.0135 + 0.0026  0.0110 £ 0.0018 0.0094 + 0.0016 0.0088 £ 0.0015
1.00 0.0604 4+ 0.0107  0.0272 £ 0.0043  0.0202 £ 0.0034  0.0139 +0.0025  0.0114 £ 0.0016  0.0102 £ 0.0013 0.0093 £ 0.0011
Random  0.0622 £ 0.0092  0.0261 4 0.0050  0.0196 £ 0.0033  0.0144 £ 0.0021  0.0116 4+ 0.0019  0.0102 £ 0.0018 0.0091 % 0.0015
0.00 0.0951 +0.0100  0.0429 £ 0.0045  0.0308 £ 0.0034  0.0220 + 0.0022  0.0179 £ 0.0021  0.0157 4+ 0.0018 0.0142 £ 0.0015
0.25 0.0937 £ 0.0099  0.0423 £ 0.0041 0.0300 £ 0.0033 0.0220 + 0.0023  0.0183 £ 0.0025  0.0158 4 0.0019 0.0146 £ 0.0016
50D 0.50 0.0916 +0.0109 0.0432 4+ 0.0055  0.0309 4 0.0037  0.0224 4+ 0.0022  0.0187 £ 0.0019  0.0157 £ 0.0017 0.0145 % 0.0016
0.75 0.0943 +0.0073 0.0416 +0.0037 0.0303 4+ 0.0027  0.0224 +0.0024  0.0180 £+ 0.0023  0.0156 £+ 0.0017 0.0142 4 0.0018
1.00 0.0979 +0.0110  0.0434 £ 0.0047  0.0301 £ 0.0032 0.0211 +0.0016 0.0176 £ 0.0015 0.0159 4 0.0016 0.0143 £ 0.0012
Random 0.1014 £ 0.0127  0.0439 4+ 0.0044  0.0317 £ 0.0028  0.0225 £+ 0.0018  0.0184 +0.0015  0.0160 £ 0.0015 0.0145 + 0.0015
0.00 0.1325 £+ 0.0093 0.0605 + 0.0044  0.0428 £ 0.0026  0.0310 4 0.0013  0.0254 £ 0.0014  0.0226 £ 0.0011 0.0203 £ 0.0012
0.25 0.1347 +0.0091  0.0613 £ 0.0044  0.0432 £ 0.0030  0.0311 +0.0022  0.0258 £ 0.0025  0.0223 4+ 0.0019 0.0201 £ 0.0016
100D 0.50 0.1349 4+ 0.0096 0.0601 £ 0.0032 0.0429 £ 0.0033  0.0308 + 0.0023  0.0254 £ 0.0017  0.0218 4+ 0.0018 0.0199 £ 0.0016
0.75 0.1374 +0.0118  0.0622 £ 0.0048  0.0445 £ 0.0030  0.0313 £ 0.0026  0.0258 £ 0.0019  0.0224 4 0.0016 0.0202 £ 0.0012
1.00 0.1363 +0.0079  0.0612 4+ 0.0037  0.0434 +0.0031  0.0311 +0.0021  0.0257 £ 0.0015  0.0220 £+ 0.0016  0.0200 % 0.0015
Random 0.1418 +£0.0102  0.0618 £ 0.0039  0.0436 £ 0.0029  0.0313 £ 0.0017  0.0257 £ 0.0019  0.0224 £ 0.0018 0.0202 £ 0.0017
0.00 0.1639 4+ 0.0099 0.0745 4+ 0.0051 0.0533 +0.0032  0.0381 4+ 0.0023  0.0313 £ 0.0016  0.0274 £ 0.0014 0.0246 &+ 0.0013
0.25 0.1664 + 0.0106  0.0754 +0.0051  0.0536 +0.0032  0.0379 +0.0024  0.0315 £ 0.0019  0.0274 £ 0.0016 0.0247 + 0.0016
150D 0.50 0.1646 +0.0104  0.0750 £ 0.0044  0.0536 £ 0.0030  0.0386 + 0.0024  0.0316 £ 0.0016  0.0274 4+ 0.0016 0.0247 £ 0.0013
0.75 0.1713 £ 0.0116  0.0760 £ 0.0045  0.0546 £+ 0.0024  0.0384 +0.0021  0.0314 £ 0.0017  0.0270 £ 0.0014 0.0244 + 0.0011
1.00 0.1647 +0.0088  0.0755 £ 0.0058  0.0538 & 0.0034  0.0380 + 0.0020  0.0314 £ 0.0015  0.0273 4+ 0.0013  0.0246 £ 0.0013
Random 0.1758 £0.0123  0.0778 4 0.0052  0.0545 £ 0.0035  0.0387 £ 0.0019  0.0315 4 0.0016  0.0275 £ 0.0016 0.0247 £+ 0.0015
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