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Abstract

We study consumer utility maximization in an on-
line random-order model where strategic agents
arrive sequentially. To circumvent strong impossi-
bility results for utility maximization, we turn to
the framework of learning-augmented mechanism
design. Crucially, we show that the types of pre-
dictions commonly used in learning-augmented
mechanism design (such as predictions of agent
values or the optimal value) are not useful for util-
ity maximization, where payments are directly at
odds with the objective. Instead, we identify that a
qualitatively different kind of prediction suffices:
the identity of the highest-valued agent. First, we
provide a deterministic truthful mechanism for
our online setting by adapting offline randomized
techniques. Then, we augment our mechanism
with predictions. When the predictions are cor-
rect, we achieve a constant approximation to the
optimal solution under full information (consis-
tency), and even when predictions are arbitrarily
bad, we guarantee a constant approximation to
the best implementable solution (robustness).

1. Introduction

Consider a simple resource allocation problem, where a
social planner must allocate a single item to one of n agents

with private values v1 > vy > --- > v, for being allocated.

If the values were publicly known, the welfare-maximizing
allocation is trivial: allocate the item to the highest-valued
agent, obtaining utility v;. However, the social planner
cannot distinguish the agents without incentivizing them to

report their values through the use of some sort of payments.

For instance, the classical second-price auction incentivizes
truthful reporting by allocating to the highest bidder and
charging them the second-highest bid (Vickrey, 1961). Yet
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in many settings, charging monetary payments is infeasible
or undesirable. We instead use other forms of payments or
“ordeals,” such as wait times, bureaucracy like filling out
paperwork, or reductions in service (such as in cloud com-
puting). These non-monetary payments are not transferable,
but rather are “burnt,” and exist only as a tool to elicit in-
formation. Thus, in these settings, the social planner’s goal
is actually to maximize the consumer utility (or “residual
surplus”): the value obtained for the allocation minus the
cost incurred by the agents.

The objective of consumer utility maximization highlights
the tension between allocative efficiency and the cost of
elicitation. While the second-price auction obtains opti-
mal welfare vq, the consumer utility is only vy — vs, as
the winner suffers a cost in order to be distinguished from
the rest of the agents. When v; and vs are close, nearly
all of the surplus is consumed by the elicitation cost. On
the other hand, a simple lottery that allocates the item uni-
formly at random without imposing any payments cannot
distinguish the high-valued agent from the rest. The ex-
pected consumer utility ) . v;/n can be bad when only a
few agents have high value. This tension between elicita-
tion and efficiency leads to a strong impossibility result for
utility maximization. No truthful mechanism, even with
full distributional knowledge, can guarantee better than an
O(log n)-approximation to the optimal social welfare (i.e.,
the first-best benchmark with complete information) (Hart-
line & Roughgarden, 2008). The objective of utility maxi-
mization has been under-explored by the algorithmic com-
munity, but even in these limited works, this logarithmic
barrier repeatedly crops up (Appendix A).

Mechanisms with Predictions. In order to circumvent
this impossibility result, we turn to the framework of mecha-
nism design with predictions (e.g., (Xu & Lu, 2022; Agrawal
et al., 2022)). Suppose the social planner now has access to
predictions about the values of the agents, e.g., from an ML
model or other black-box source. Can we avoid exorbitant
elicitation costs while still obtaining good allocative effi-
ciency? Crucially, as with LLMs, these predictions could
be perfectly accurate, or they might be unreliable halluci-
nations. Hence, we seek to design mechanisms with best-
of-both-worlds guarantees: (1) consistency, or achieving
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constant-factor approximation by harnessing correct predic-
tions, and (2) robustness, or matching worst-case guarantees
when predictions are imperfect.

A natural first question that arises is: what predictions suf-
fice, or how much information granularity is needed to
achieve such approximation guarantees? Prior works on
mechanism design with predictions have studied other ob-
jectives (e.g., revenue and welfare) and considered a vari-
ety of prediction models, from complete value predictions
about each agent (Xu & Lu, 2022; Caragiannis & Kalantzis,
2024; Lu et al., 2024) to predictions about the optimal so-
lution, i.e., highest value (Antoniadis et al., 2023; Agrawal
et al., 2022; Balkanski et al., 2024). Unfortunately, the lat-
ter does not help for our objective of utility maximization,
as Qiao & Valiant (2023) showed that it is not possible to
obtain better than a {2(log n)-approximation even with per-
fect predictions about the highest value.! This is because the
mechanism still cannot identify which agent holds this value
without resorting to payments, which are directly at odds
with our objective. Hence in this paper, we perform the first
dedicated analysis on predictions-augmented mechanism
design for utility maximization.

See Appendix A for expanded details on these and other
related works.

Our Work. The goal of this paper is to design mecha-
nisms that maximize utility when agents arrive and decisions
must be made online. We restrict our attention to design-
ing deterministic mechanisms, as in practice, consumers
find randomization unpalatable (Liu et al., 2025; Tversky &
Kahneman, 1992). Finally, we seek to explore the power of
prediction in online deterministic utility-maximizing mech-
anism design. How much utility do (potentially incorrect)
predictions enable us to capture? Can we give best-of-both-
worlds guarantees, giving guarantees for when the predic-
tions are both correct and incorrect? What benchmarks
should we use? What sort of predictions are best-suited to
this task? How does it differ from offline settings or settings
with other objectives?

We answer all of these questions. In Section 3, we work
toward our eventual robustness guarantee by designing a
deterministic mechanism that guarantees a constant-factor
approximation to OPT, (our robustness benchmark). We
do so by converting an offline randomized mechanism into
an online deterministic mechanism and proving that the
guarantees continue to hold.

In Section 4, we first explore the different possible predic-
tions and show that a qualitatively different type of predic-

In fact, achieving a constant approximation to the first-best
remains impossible even when the correct predictions are about
the complete multi-set of all values (without knowing which agent
has what value) for the random order arrival model.

tion suffices: knowing who has the highest value, rather
than what that value is. We then augment our determinis-
tic mechanism with predictions, and compare methods to
show that there is one simple way to do so that achieves a
best-of-both-worlds guarantee: both consistency (constant-
approximation to the first-best benchmark when predictions
are correct) and robustness (constant-approximation to the
best implementable solution).

2. Preliminaries

We consider the setting of auctioning off a single item to
n agents. Each agent 7 has a private value v; for the item.
We study the prior-free (or worst-case) setting, in which the
mechanism has no prior information about the values v;;
they may be any input instance. We assume, without loss
of generality, that the agents are indexed from highest to
lowest value, that is, v1 > - -+ > v,,, where index ¢ denotes
the agent with the ¢-th highest value, and that these values
are distinct.

The n agents arrive online according to a uniformly-at-
random permutation o—this is the random-order model
for online arrival. As the agents arrive, they report their bid
to the mechanism, and an irrevocable online decision regard-
ing allocation and payment is made. We use o (%) to denote
the ¢-th agent that arrives according to the permutation. We
let [a : b] denote the set of integers between (and including)
a and b. Then o[1 : n] denotes the entire arrival sequence
of the agents.

An agent ¢ who is allocated an item at price p obtains
utility v; — p, where v; is their value for the item. We
study dominant-strategy incentive-compatible mechanisms,
in which for any agent ¢, it is a utility-maximizing strat-
egy for them to bid their true value v;, regardless of what
all other agents report. Additionally, we require individual
rationality, which imposes that the utility of all agents be
non-negative. All of our mechanisms will use posted prices,
which are trivially dominant-strategy incentive-compatible
and individually rational.

Our objective is consumer utility maximization. In the
single-item setting, this is the (expected) utility of the agent
who is allocated the item. We consider two benchmarks to
compare our mechanisms’ utility guarantees against:

1. First-Best is the maximum achievable welfare under
full information, i.e., if the mechanism observes agents’
true values and agents do not misreport. Formally,
FB = (5

2. Optimal-lottery is the highest expected utility that can
be achieved by a mechanism that posts a price p to
the agents, randomly allocates to any one of them that
reported a value higher than p, and charges that agent
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a price of p. Formally:

OPT = max

1
peRy |{i : v; > p}| Z (vi =p)-

110 >p

We note that OPT, is a natural benchmark for the prior-
free setting, and for a single-item auction, is in fact exactly
the same as the prior independent benchmark G(¢) used
in (Hartline & Roughgarden, 2008). This is because OPT},
is the best utility achievable by any implementable mecha-
nism. Moreover, the gap between FB and OPT, (and thus
any implementable mechanism) is ©(logn) in the worst
case.

Our main research agenda revolves around answering the
question: what types of predictions can surpass tight per-
formance barriers in single-item utility-maximizing online
auctions?

In the learning-augmented mechanism design literature, per-
formance is measured in terms of robustness and consis-
tency. For our work, we define these as follows:

» y-Consistency: For v € [0,1] a mechanism is ~-
consistent if it obtains an y-approximation ratio to FB
when the predictions are correct.

* p-Robustness: For p € [0, 1], a mechanism is p-robust
if it obtains an p-approximation ratio to OPT, under
arbitrarily erroneous predictions.

3. Competitive Mechanisms for Online
Random Order Arrival

In this section, we present a deterministic online mechanism
that obtains a constant approximation to the optimal lottery
OPT, (our robustness benchmark) under the random-order
model. In Section 4, we will subsequently adapt this mecha-
nism in order to design a learning-augmented mechanism
that leverages predictions and additionally achieves a con-
stant consistency guarantee to the first-best benchmark FB.

3.1. Warm-up: A Randomized Online Mechanism

In this subsection, we present a randomized mechanism for
the single-item utility maximization problem, assuming ran-
dom arrival order of the agents. We use the offline Random
Sampling Optimal Lottery (RSOL) mechanism by Hartline
& Roughgarden (2008) as our starting point. RSOL is a
truthful mechanism that obtains a constant approximation to
OPT, the optimal p-lottery. We propose a modification?
of RSOL for the online random-order model, instead of

’The original RSOL mechanism runs Vickrey on S with the
same probability that we offer pmax(S) to S. When vy € S, this is
equivalent, so their analysis holds identically for this modification.

drawing on the online algorithm for pen testing in (Qiao
& Valiant, 2023). This is for two reasons: (1) we want a
meaningful constant-approximation to OPT, (rather than a
log n-approximation to FB), and (2) we believe RSOL is a
simpler mechanism that is well-suited for derandomization.

Modified RSOL (Hartline & Roughgarden, 2008). The
agents are randomly partitioned into two sets—the sample
set S and the execution set S—where each agent is placed
independently into either set with probability % The mech-
anism then computes two candidate lottery prices:

* Dmax (S ): The maximum value in the sample S. That
i, Pmax (S) = max;c g v;.

* piot(S): The lottery price that maximizes utility among
the agents in the sample .S. That is,

i Yies(vi —p)"
o S = argma. 167 :
Plot(:S) gzox\{ieS:w>P}|

The mechanism then tosses a fair coin to set p(S)? as one
of these two prices, and executes a p(.S)-lottery on the exe-
cution set S.

Coin-toss Mechanism M. For a uniformly random ar-
rival order o, we draw ¢ from Bin(n, %), and simply observe
the first ¢ arriving agents as a sample S < o[l : t]; we do
not serve them. Then, we toss a fair coin to set p(S) as either
Pmax(S) or pioe(S) (as in modified RSOL). We then offer

the item to any agent after ¢ for the posted price p = p(.5)
and allocate to the first agent who accepts the price.

We argue that the coin-toss mechanism Mg achieves
the same guarantees as Modified RSOL when the agents
arrive online in a uniformly random order o by noting the
following.

First, the induced distribution over the sample set S in mech-
anism Mg is the same as the distribution of the sample
set in RSOL.

Second, both mechanisms use a fair coin to decide which
price to post on the execution set. Thus, the distribution of
the price p is exactly the same.

Finally, we crucially observe and leverage the equivalence
between random order posted price mechanisms and offline
p-lotteries. An offline p-lottery uniformly-at-random selects
some agent in S that reported a bid larger than the price p to
allocate to and charge p. Equivalently, an online posted price
mechanism with price p accepts the first (random) agent in
S that reports a bid larger than the price p, allocating and
charging p. Due to this equivalence, we sometimes conflate
random-order p posted prices with p-lotteries.

3We will drop S for brevity when clear from context.
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As a result, we have argued the same distribution over
outcomes for both mechanisms, meaning that the analysis
and guarantees of (modified) RSOL extend to the coin-toss
mechanism Mgss. For completeness, we state (and refer to
(Hartline & Roughgarden, 2008)) the guarantees of M5
(equivalently RSOL).

Theorem 1. The randomized mechanism Myss for
the random-order setting achieves a constant ﬁ-
approximation to OPTp, the expected utility of the optimal
p-lottery.

3.2. A Deterministic Online Mechanism

We start by discussing how randomness is used by the coin-
toss mechanism M.ss and the adjustments we make to
derandomize it and create the deterministic mechanism
M hase- The randomized mechanism makes exactly two
random choices.

The first choice concerns where to split the arriving sequence
between sample and execution. In Mg, the partition point
t is drawn from a binomial distribution so that the set of
agents observed before posting a price has size § in expec-
tation. In Mppase, We instead fix this split deterministically

n
at2.

The second choice concerns which price to post. In Mg,
a fair coin determines whether the mechanism posts pmax
or Piot. In Mppnase, We instead adapt this by posting both
prices at different times, which leads naturally to a three-
phase structure: a sample phase, followed by a max phase
in which the price is pyax (the max value observed in the
initial sample phase), and finally a lottery phase in which
the price is pjo (the optimal lottery price over the observed
values in both the first two phases). More specifically, the
first half of the arrival sequence is itself split in secretary
style between the sample and max phases, while the lottery
phase occupies the remaining half.

These modifications create qualitative differences between
the randomized mechanism M. and the deterministic
mechanism Mpase. First, the pmax and pio phases are no
longer each executed with probability % Additionally, the
sets on which these prices are evaluated no longer coincide
(as random variables) with the execution set S in M qss.
Nevertheless, the overall proof strategy remains close in
spirit to that of (Hartline & Roughgarden, 2008); the main
additional work is to show that the structural properties
needed for the lottery-phase analysis continue to hold under
this specific partition of the arrival sequence.

3.2.1. THE DETERMINISTIC MECHANISM

We now formally define the deterministic mechanism
M hase and proceed with the main theorem.

Deterministic Phases Mechanism M,;,,... Given a se-
quence of n agents arriving in random order permutation o
(v1,v2,...,v,), the mechanism progresses in three phases:

1. Sample phase Nyl < o[1 : 32]. Observe but do
not serve the first n/2e agents, using them to compute
Pmax — MaX;e N, . Vj.

sample %

2. Max phase Ny < o[g: + 1 : 5. Post a price of
Pmax to these agents and allocate to the first agent who
accepts (if any). If no agent accepts, denote N, =
o[1: %], and compute pio; — Prot(Nior) the optimal p-
lottery for agents in Ny (those in the first two phases).

3. Lottery phase N, <— o[5 +1 : n]. For the remaining
agents in Ny, post price pi; and allocate to the first
bidder who accepts (with value v; > pio).

Theorem 2. The deterministic mechanism Moppase for
the random-order setting achieves a constant Wl&e'
approximation to OPTp, the expected utility of the optimal
p-lottery.

Before the theorem’s proof, we lay out the underlying idea
originating from (Hartline & Roughgarden, 2008), empha-
sizing where our analysis inevitably diverges. The key point
is that the optimal p-lottery may derive its utility either from
a large gap between v; and vy, in which case it allocates to
v1 at a price of vy (captured by the max phase), or from a
lower lottery price that extracts utility from a broader pool
of agents (captured by the lottery phase).

The main technical challenge lies in adapting the lottery-
phase analysis. As with RSOL, the argument relies on a
balanced property between the first half of the permuta-
tion (Vi) and the lottery phase (/Vj,;). When the balanced
property holds, both sets are representative of the full in-
stance, implying that any posted price yields in expecta-
tion approximately the same utility whether evaluated on
Niot, on Nig, or on the full instance. Using a probabilistic
coupling between the random-subset process in RSOL and
our random-permutation process, we show that this prop-
erty holds in M55 With probability at least as large as
in Miqss (Lemma 2). We now formalize with definitions
and proceed to the proof of the corresponding balancedness
guarantee.

Let n; = [N N {1,2,...,i}| (and 7; = [N N
{1,2,...,i}|) be the number of agents that were placed
in Vi (and Ny, respectively) out of the top ¢ valued agents.
The random order balanced property that we will use is
defined as event Ego = {Vi > 2 : 2i < n; < 24}, which
corresponds to the permutations with the property that for
any ¢ > 2, the fraction of the top ¢ agents that landed in NV},
is bounded in [#, 2]. Note that we could have equivalently
expressed this event with 7;, as by symmetry, whenever the
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property holds for Ny, it must also hold for Nio.. Thus, one
intuitive way to think about this event is that it guarantees
that both sets Ny, and N, have at least a constant fraction
of the top ¢ agents (for any ¢ > 2).

We now discuss RSOL’s balanced property. First define
si = 1SN{1,2,...,i}| similarly to n; (where S is a uni-
formly random subset) and define RSOL’s balanced property
as event Epg = {Vi > 2: 2i < s; < 2i }, which corre-
sponds to any subset S with the property that for any i > 2,
the fraction of the top ¢ agents that landed in the subset S is
bounded in [£, 2]. From (Hartline & Roughgarden, 2008),
we get the following lemma about the probability of the
balanced property conditioning on agents 1 and 2 being in

subset S and subset S respectively:

Lemma 1 (Adapted from (Hartline & Roughgarden, 2008)).
Let S be a uniform random subset of [n]. Then:

PI‘S [ERS |81 = 1,52 = 1] >

[SAR R

For the analysis of the mechanism M pase, We require a sim-
ilar claim for the random partition that it employs. Specifi-
cally, when the sets are partitioned into the first and second
halves of the random arrival, as opposed to uniformly at
random, the probability of this event only increases.

Lemma 2. For a uniformly random order permutation o
and a random subset S it holds that:

Pr, [Egro In1 = 1,n9 =1] > Prg [ERrs |s1 = 1,582 = 1].

We will prove this lemma via a coupling argument that
compares the two partitioning procedures through a family
of intermediate random processes. To motivate the coupling,
we first compare the random subset event Erg and the
random permutation event Ero at a high level. Putting
randomness aside for a moment, both events impose the
same balancedness condition on a partition of the agents:
for every ¢, the top-i agents should be split so that neither
side contains too small or too large a fraction (e.g., between
i/6 and 57/6). Then, one way to reason about balancedness
is to track the (absolute) difference between the sizes of
the two sets as each element ¢ is placed in the partition.
This induces a stochastic process that can be viewed as a
random walk on the non-negative integers (initialized at 0),
where a +1 step corresponds to placing the next element
on the currently larger set, and a —1 step corresponds to
placing it on the smaller set. Under this view, balancedness
corresponds to the event that this walk never crosses a time-
varying barrier (which we will later compute to be 2i/3)
that captures precisely when the imbalance between the
partitioning sets becomes too large.

To account for the randomness associated with the partition-
ing process, we simply need to specify the random walk

transition probabilities for each partitioning process. In the
random-subset process (M.gs), each step of the walk is
an independent move of +1 with probability 1/2. In con-
trast, in the random order process (Mphase), the transition
probabilities are history-dependent: at any point, the next
assignment is biased toward the smaller set. Now notice
that if the two processes are at the same state after some
number of steps, the random-order walk is more likely to
move toward 0 and less likely to move toward the imbal-
ance barrier. This single-step comparison captures the key
intuition, but is not sufficient on its own to compare the full
processes because of the history-dependence. This is pre-
cisely why we introduce intermediate processes, allowing
us to compare the two processes at one step at a time (while
sequentially conditioning on history), ultimately showing
that balancedness under random order is more likely than
under random subsets.

The above may seem redundant given that we only wish to
prove a lower bound for the random order process and the
event F'ro. We emphasize, however, that reasoning about
Ero directly is considerably more difficult. The main hur-
dle is that the balancedness condition must hold for the
top ¢ agents for all i > 2—it is not a single concentration
bound at one fixed ¢, and further, a clean induction proof
is prevented by obvious dependencies between the condi-
tion for varying ¢. The full proof of Lemma 2 is deferred
to Appendix B.1.

We are now ready to prove Theorem 2.

Proof of Theorem 2. To prove the approximation guarantee
of the mechanism, we need to analyze the guarantees of
each contributing phase of the mechanism: Ny, and Nyy.
Note that for the lottery phase to contribute, it must be the
case that the item was not sold during the max phase Nax,
so we must condition on this in our analysis.

Lottery phase analysis: We begin by analyzing the guar-
antees of the lottery phase Ni,;. We notice first that in any
ordering o that has agent 1 in the third (lottery) phase Ny
and agent 2 in the first (sample) phase Ngymple, mechanism
M hase 18 guaranteed to reach the lottery phase Nji—no
one can afford a price of py.x = v2 except agent 1. Hence,
to bound the contribution of the lottery phase, we condition
on this event along with the event that the balanced property
holds Ero, defining E;,; = Ero N {1l € Njgcand 2 €
Nsample}. In the following lemma, we relate the expected
utility of M pase conditioned on Ej,; to OPT, (where ex-
pectation and probabilities are over the uniformly random
permutation o).

Lemma 3. Conditioning on event E,., the expected utility

; OPT, —(v1—va
OfMphasc s at least T)

The proof parallels (Hartline & Roughgarden, 2008) and
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can be found in Appendix B.2. At a high level, the lemma
follows because the balanced property Ero imposes that
both sides of the partition are representative of the full set of
agents in the following sense: any price posted in one part
of the partition yields approximately the same guarantees
when posted to the other part, as well as to the full instance
(Lemma 6 in Appendix B.2). Thus, the optimal p-lottery
of one side of the partition maintains its guarantees when
posted on the other side, while also remaining competitive
against the global optimum (Lemma 7 in Appendix B.2).

To wrap things up, we quantify the probability of this de-
sirable event Fj,;. We first lower-bound the auxiliary prob-

ability of Pr[l € Nigand 2 € Nympe] = 3 - 257 > L.

Finally, we lower-bound the probability of event Ej,;:

Pr[Elot] = PI“[ERo‘l € Nigpand 2 € Nsample]
. Pr[l S N]m and 2 € Nsample]

= PI‘ [ERO |n1 = 1,712 = 1] (1)
- Pr[l € Nigt and 2 € Nample]
4 1 1
> =
— 5 4e be

where the second equality follows because Lemma 2 holds
for any ordering with {n; = 1, ny = 1} which is true under
{1 € Nigtand 2 € Ngmple }, and the inequality is due to
Lemmas 1 and 2.

Max phase analysis: We now explain how the max phase
contributes to the mechanism’s expected utility. Let E, 4,
denote the event that the max phase of the mechanism al-
locates to agent 1, the highest valued agent, at any price.
Notice that under this event, the max phase yields utility at
least v1 — vo. We decompose E,,. into the intersection
of two independent events: 1) the event {1 € Ny}, and ii)
the event F;.. that the max phase allocates to the highest
valued agent in IV}, (this need not necessarily be agent 1).
We compute the probability of E,,q,:

Pr[Ema:r} = Pr[Esec Nnle ]Vlot]
= PI’[EseC} . Pr[l S m} (2)

where the probability of E,.. follows from the standard
secretary problem analysis Dynkin (1963). Note that F.
only depends on the ordering of the agents in N\, irrespec-
tive of the realization of Ny (and is thus independent of
{1 € Niat}).

We are now ready to compute the expected utility of the

mechanism:

= E[Utility of M pase]
> E[Utility of Mphase| Emaz) - Pr[Emaz]
+ E[Utility of M phase| Eiot] - Pr[Elot]
1  OPT,—(v1—v2) 1 1

UM phase

> _ R R,
> (v =) oo+ 5 25 Be
_ 20PTL + 623(v1 — v2)
a 1250e
. OPTL7
625¢
3)

where for the first inequality we have used the law of total
expectation and the non-negativity of the utility objective,
and the second inequality follows from Equation (2) for the
first term, and Equation (1) and Lemma 3 for the second
term. O

4. Prediction-Augmented Mechanisms for
Utility Maximization

In this section, we investigate which types of predictions are
useful augmentations to overcome the logarithmic barrier to
approximate social welfare, the first-best benchmark (FB),
which is equal to the highest value v;. There are two main
types of predictions considered in the learning-augmented
mechanism design literature: (i) predictions about the high-
est value v (that is, the first-best benchmark FB), and (ii)
predictions about every agents’ values (that is, the full in-
stance). These are motivated by having black-box access
to ML models that provide predictions about the current
instance.

We first show that even perfect knowledge of the first best
benchmark FB—that is, how much is the highest value v;—
is useless to achieve a constant-factor consistency guarantee
(approximation to FB when predictions are correct). This
is independent of robustness considerations. On the other
hand, we find that while having predictions of each agent’s
value suffices, it is in fact overkill for consistency. The
crucial information is the identity of the agent with value v,
which is sufficient to achieve a constant-factor consistency
guarantee, while simultaneously maintaining a constant-
factor robustness guarantee (approximation to the optimal
lottery OPT 1, when predictions are incorrect).

Our algorithm only requires a black-box binary prediction
with minimal information granularity as opposed to predic-
tions about the entire vector of values or logits. For instance,
this could be an ML model that takes as input a feature
vector of the current agent and outputs a binary prediction
about whether or not they are the highest valued agent.
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4.1. An Insufficient Prediction: How Much

We show that knowing how much the first-best benchmark
(FB) is, or equivalently the value of the top agent, is in-
sufficient: even with perfect knowledge of the value FB,
no mechanism (even randomized) can achieve a constant
consistency guarantee even in a relaxed offline setting. This
further highlights a significant difference between utility
maximization and other objectives, where a prediction of
FB has been used to improve approximation guarantees (for
example, for revenue in (Balkanski et al., 2024)). Our anal-
ysis closely resembles that of Qiao & Valiant (2023), who
show that o(log n)-consistency is impossible in pen testing,
which corresponds to the restriction of using only posted
price mechanisms.* We extend this impossibility to hold for
any truthful prior-free mechanism using techniques from
Bayesian mechanism design.’ We believe that this approach
may be useful to prove consistency impossibility results in
other mechanism design settings as well.

We present the theorem now together with a proof sketch.
The full proof is in Appendix C.

Theorem 3. Let FB denote the optimal social welfare. Even
given the exact value of FB, any (prior-free) mechanism
achieves at best an O(1/logn)-approximation to FB.

Proof sketch. We prove the theorem by constructing a
Bayesian instance where the benchmark FB is large in ex-
pectation, yet every truthful mechanism has only constant
expected utility—even if it is told the realized value of FB.
The distribution is chosen so that the maximum equals a
fixed cap with overwhelming probability, so knowing FB
provides essentially no additional actionable information.
Using standard Bayesian mechanism design tools, we show
that the optimal expected utility without access to FB is
O(1), and that the same O(1) bound (up to negligible slack)
holds even for mechanisms that also receive FB as input.
We finally prove that the expected FB is 2(log n) on this in-
stance. Thus, no mechanism (with knowledge of FB) has a
constant-factor approximation to FB. Finally, if a prior-free
mechanism could guarantee a constant-factor approximation
given FB, applying it to this Bayesian instance and taking
expectations would contradict the O(1) upper bound.

O

4Qiao & Valiant (2023) also consider a stronger prediction
model that provides a multi-set of all agents’ values (without re-
vealing which agents have which values). They show that even
perfect knowledge of how much all agents value the item is insuf-
ficient information to obtain a constant approximation to FB.

SWe emphasize that this is qualitatively different from Qiao &
Valiant (2023)’s result since we do not know whether posted price
mechanisms are optimal in the utility maximization setting with
predictions.

4.2. A Beneficial Prediction: Who

In this section, we demonstrate that who, the identity of the
agent who has the highest value v; = FB, is a sufficient
prediction. Specifically, we present learning-augmented
mechanisms that guarantee constant consistency and robust-
ness when given access to online predictions. As agents
arrive, the prediction at each step is a binary signal, with
“yes” signaling the arrival of the agent that attains the first-
best value FB. This prediction model is strictly weaker
than revealing the full value profile of all agents. Moreover,
the predictor doesn’t reveal the identity of the top (highest-
valued v; = FB) agent in advance and only provides the
binary signal online.

This alternative model of prediction provides a qualitatively
different kind of information. By allowing a mechanism to
identify the top agent without relying on costly screening
prices, a prediction about who is the top agent perfectly
aligns with the objective of utility maximization. We em-
phasize that this model of prediction is necessary in the
following sense: any mechanism aiming to guarantee FB
must be given enough information to identify the top agent
without relying on prices to screen the agents.

We first observe that a trivial randomized mechanism can
now easily obtain constant consistency and constant ro-
bustness simultaneously, in stark contrast to the strong im-
possibility when knowing how much the highest value is
(Theorem 3). In particular, by forgoing the requirement to
design a deterministic mechanism, a simple randomization
(or convex combination) between “follow the prediction’
and our phases mechanism Mpase achieves a linear trade-
off between consistency and robustness.’

s

However, our main question remains: can a deterministic
mechanism simultaneously obtain constant consistency and
robustness? Further, how does it compare to the trivial
convex combination obtained through randomization? We
consider a class of learning-augmented mechanisms that
use a prediction phase in addition to the three phases of
mechanism M pase. In the prediction phase, the mech-
anism simply follows the prediction and allocates to the
predicted top agent (should they arrive) for free. A natural
option for a prediction phase is at the beginning, either as a
separate phase or concurrently with the sample phase. This
essentially aims to simulate the randomized mechanism, but
due to subtle dependencies on the arrival of the wrongly
predicted agent, it does not result in a linear tradeoff (see
Theorem 4).

A more interesting option is to have a prediction phase

SThis is because a mechanism that follows the prediction allo-
cates the item for free to predicted highest valued agent obtains
1-consistency (but O-robustness), and on the other hand, Mphase
obtains O(1)-robustness (but £2(log n)-consistency).
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concurrently with the max phase. Intuitively, we double
down to extract as much surplus possible from the highest
valued agent. The max phase originally aims to capture the
surplus from solely allocating to the highest valued agent (by
charging a screening cost of v2), so by running a prediction
phase concurrently, we can use predictions to identify the
top agent instead of subjecting the agent to a screening
cost. In fact, we show even better consistency-robustness
tradeoffs for this option (see Theorem 5). However, neither
option ultimately beats the trivial randomized mechanism
in the worst case.

4.2.1. BEST-OF-BOTH-WORLDS GUARANTEES

In this section, we present two ways to augment our phases
mechanism with predictions. Both approaches involve defin-
ing a prediction window P, during which the mechanism
may use the predictions. In particular, let ¢4 denote the
arrival time of the predicted highest-valued agent, and let
Epred = {tprea € P} be the event that the predicted highest-
valued agent arrives during the prediction window P. Addi-
tionally, let 2 denote the actual rank of the predicted agent,
so that 2 = 1 precisely when the prediction is correct.

We will analyze these mechanisms through the familiar
events F,,. and Ej,;. Recall that F,,,, is the event that
the max-phase rule allocates the item to agent 1, at any price,
and FEj,; is the event that the mechanism both reaches the
lottery phase (without having allocated the item) and does so
while satisfying the balanced property (previously this was
guaranteed by event Ero N {1 € Nio and 2 € Ngmple }).
We highlight that these events will now need to account for
the prediction window event Ejreq as well.

We start by presenting the learning-augmented mechanism
M psamyp that executes the prediction window concurrently
with the sample phase. This mechanism takes a prediction
window length parameter v € (0, i) and executes the
prediction rule in P = [1 : yn]. We prove the following
theorem for mechanism M pgqmp.

Theorem 4. For a prediction window length parameter v €
(0, 2—16) the random-order learning-augmented mechanism
M psamp(7y) achieves y-consistency and p1(7y)-robustness,

1-2
where p1(7y) > %.

Proof sketch. When the prediction is correct, that is, 2 = 1,
the mechanism achieves consistency only if the predicted
top agent arrives in the prediction window, i.e., under event
Eyreq, which occurs with probability . Hence, the mecha-
nism allocates to the top agent for free with probability ~,
yielding consistency ~.

For robustness, we condition on Epred (the predicted top
agent does not arrive in the prediction window P), in which
case the prediction rule never allocates. The analysis then

largely mirrors that of M .61 for the max phase, we bound
the probability that the max rule allocates to agent 1 via a
standard secretary argument; for the lottery phase, we lower-
bound the probability of reaching the lottery phase without
allocating earlier and while the balancedness property holds.
A technical subtlety is that these probabilities depend on
which agent is predicted to be highest (departing from the
Mhase analysis). For the max phase, conditioning on the
predicted agent not arriving in the prediction phase P intro-
duces changes to the standard secretary analysis. For the
lottery phase, the worst case for our analysis occurs when
i = 2, meaning that the prediction points to the second-
highest-valued agent. Accordingly, we state robustness as
the minimum over the resulting subcases, and give the full
guarantee in Appendix C.2. O

We now formalize the learning-augmented mechanism
M pmaz that executes the prediction window concurrently
with the max phase. The mechanism M p,, .. takes as input
a prediction window length parameter o € (0, % 1) and
executes the prediction rule for an steps in P = [J5 41 :
(ﬁ + a)n], intersecting with the max phase. We prove the

following theorem for mechanism M p, 4.

Theorem 5. Let n > 27. For prediction window length

a € (0,5 L), the random-order learning-augmented mech-

anism M ppqq () achieves 5= In(1+2ew)-consistency and

p2(av)-robustness, where ps(a) > 2.

Proof sketch. To prove consistency, we assume correct pre-
diction (z = 1) and bound the probability that M p,,qz
allocates via the prediction rule. We condition on the pre-
dicted top agent arriving in the prediction window (event
Eoreq) and then apply a standard secretary argument to com-
pute the allocation probability. This is formalized in the
following lemma (proved in Appendix C.3).

Lemma 4. When the predictor is correct, M ppq. () allo-
cates to the highest valued agent for free with probability

1
Pr[Epmaz N Eprea | 1 = 1] > % In(1 + 2ea).
e

Using this lemma, we can immediately argue that the con-
sistency of this mechanism is y(r) = o= In(1 + 2eq).

We now sketch the robustness guarantee. For the max phase,
we again bound the probability that the max phase allocates
to agent 1, but the secretary calculation requires a minor
adjustment because the prediction rule may allocate ear-
lier and preempt agent 1 (precisely because the prediction
is incorrect). We formalize and lower-bound Pr[E,, ] in
Lemma 10 (Appendix C.3). For the lottery phase, we sim-
ilarly lower-bound the probability of reaching the lottery
phase without allocating earlier and while the balancedness
event holds. The relevant probability bounds and the result-
ing robustness guarantee are given in Appendix C.3. O
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Comparing M p,qpmp VS M pprag.  The guarantees in The-
orems 4 and 5 hold for worst case instances. However,
our guarantees may be improved for specific families of
instances. In fact, our analysis already provides a tighter
bound in terms of v; — v9 and OPTy, see Equations (7)
and (9) in the appendix. Our two classes of learning-
augmented mechanisms follow different approaches to har-
ness predictions: M p,,,.. doubles down on allocating to
the highest valued agent in the max phase, but without sub-
jecting them to a screening cost, while M pgqy, tries to
simulate a convex combination (like the trivial randomiza-
tion). This might suggest that the two different mechanisms
could comparatively provide better or worse tradeoffs de-
pending on the ratio of v; — vy and OPTp.

To compare the mechanisms more directly, we first normal-
ize the tradeoff of M p,,, 4. by defining v = 2% In(1 + 2ex)
as its consistency, and deriving the robustness as a function
of 7. Let A = ‘352, The robustness guarantees of all of
our mechanisms (Mphases M psamp> M Pmaz) are worst
at A = 0 and improve as A increases. Our bounds then
show that M p,,,.. achieves better robustness at the same
consistency level, for any A € [0, 1]. The derivations appear

in Appendix C.4.

We stress that these comparisons reflect our lower-bound
analysis and should not be interpreted as tight; establishing
matching upper bounds is an interesting remaining open
direction.

Discussion and open directions. We can extend the
consistency-robustness tradeoffs to the entire range of [0, 1]
(beyond the 1/2e consistency in our formal theorems) with
worse robustness guarantees. This requires extending the
prediction window length to beyond 1/2e at a steeper (albeit
still constant) cost to robustness.” Note that neither of the
two deterministic mechanisms manage to ultimately beat
the linear trade-off of the trivial randomized mechanism.
We conjecture that more informative predictions (i.e., about
all agents’ values) do not provide any additional advantage.
This is because any mechanism seems to have the same two
options to test the predictions: it can either sample some
agents to verify their predictions, or post prices based on
the predictions which risks allocating at prices that are too
high. We leave as an open problem whether more infor-
mative predictions about all agents’ values can help beat
the linear trade-off using deterministic mechanisms. While
we establish best-of-both worlds guarantees asymptotically,
our work does not provide tight guarantees nor optimizes
constants, both interesting directions for future work. A
natural direction for tightening our analysis is to modify the
lottery phase analysis without conditioning on agent 2 ap-

"We need to modify the robustness analysis to only use bal-
ancedness on a smaller set of agents.

pearing in the sample phase. Finally, it would be interesting
to generalize the best-of-both-worlds result to be error toler-
ant: for our current mechanisms, if the predictor chooses an
agent who is “close” to the highest value, then our results
carry over with that corresponding error, but one might con-
sider defining different metrics to capture imperfect but not
arbitrarily bad predictions.

Impact Statement

This paper presents work whose goal is to advance the field
of machine learning, mechanism design, and game theory.
There are many potential societal consequences of our work,
none which we feel must be specifically highlighted here.
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A. Related Work

Utility Maximization. From the perspective of utility maximization, the most relevant work to ours is the seminal work
of Hartline & Roughgarden (2008), who study single-item and multi-unit auctions in the offline setting. They provide
randomized mechanisms that give a constant-approximation to a prior-free benchmark (which coincides with our robustness
benchmark) and an O(1/ log n)-approximation to the optimal welfare. Their work also considers the Bayesian mechanism
design setting, which has more recently been studied beyond single-item auctions in a number of recent works (Fotakis
et al., 2016; Essaidi et al., 2024; Goldner & Lundy, 2025; Ezra et al., 2025; Ganesh & Hartline, 2025; Eden et al., 2026;
Berzack et al., 2025; 2026).

Qiao & Valiant (2023) consider the online pen testing problem, which is equivalent to utility maximization when restricted
to posted price mechanisms. They study both the random order setting (as we do) and the Bayesian setting, providing an
O(1/log n)-approximation to the optimal social welfare (our consistency benchmark).

Our work. We adapt these two works to the random arrival setting to design a deterministic mechanism that maintains the
robustness guarantee and improves the consistency guarantee to a constant approximation.

Predictions. There has been a recent burst of interest in mechanism design with predictions, initiated by Agrawal et al.
(2022) (on facility location) and Xu & Lu (2022) (for revenue maximization). The works most relevant to us are those
that maximize revenue. Xu & Lu (2022) consider deterministic mechanisms for revenue maximization with predictions
about each agent’s value. Caragiannis & Kalantzis (2024) study randomized mechanisms and provide tight consistency
and robustness tradeoffs. Lu et al. (2024) consider the digital goods or k-unit setting (k > 1) and provide 1-consistency to
the highest value and constant robustness to a different benchmark (that doesn’t apply for single-item settings). Balkanski
et al. (2024) consider revenue maximization in the online random order model when having access to a prediction about the
highest value. They show constant consistency to the highest value and constant robustness to the second highest value.

The only prior work considering our objective of utility maximization is (Qiao & Valiant, 2023), who consider the case
of having always perfect predictions.® Having access to the highest value prediction doesn’t help improve the 1/ logn
approximation to optimal welfare. However, having access to the multiset of all values (without knowing the identity of the
agents) can improve the approximation to log log n/logn. They do not study robustness guarantees.

The framework of algorithms with predictions and best-of-both-worlds guarantees originated in online algorithms. Re-
cent work in the random order model has studied the secretary problem when there are predictions about each agent’s
value (Karisani et al., 2026; Fujii & Yoshida, 2024).

B. Proofs from Section 3
B.1. Proof of Lemma 2

Lemma 2. For a uniformly random order permutation o and a random subset S it holds that:

Pr, [Egro |n1 = 1,ny =1] > Prg [Egs |s1 = 1,52 = 1].

Proof of Lemma 2. Formally, we define two stochastic processes—one that partitions the instance by generating a random
subset S, and another that generates a random permutation of the instance o and partitions it in the middle. To simplify the
comparison we overload notation and define N = Nj, = a[% +1:n]and N = Niy.

1. For the random subset, we define independent indicator random variables S; = 1 {i € S}, and note that Pr[S; = 1] =
%. The realizations of these random variables define the random subset S. We define as H; the realized partition of

draws 1,2, ..., (the partition history).

2. For the random permutation, we consider the following procedure. We have n empty spots on ¢ to be filled. For every
element i € {1,2,...,n}, place it in any of the remaining n + 1 — ¢ empty spots uniformly at random. Define the
indicator random variable N; = 1{i € N}, the realized partition H; (partition history up to ¢) as above, and notice that

Pr[Njy, = 1|H;] = 2=

n—i °

8Their work is not described using the prediction framework, but for consistency guarantees, it applies. They also consider some
error-tolerant versions, but don’t provide any guarantees when the prediction is arbitrarily bad.
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To enable a coupling argument, we define a series of stochastic processes R(*), fori = 0, 1, ..., n, intermediate between the
two partitioning procedures, such that R(?) generates the random-subset partition (S, S) and R(™) generates the partition
(N, N) induced by splitting a uniformly random permutation in half. The process R(*) begins by assigning the top i agents
according to the permutation-based partitioning rule, and the remaining n — ¢ agents according to the random-subset rule.
Across processes R(V), as i increases, progressively more of the top agents are assigned according to the permutation-based
rule and fewer according to the random-subset rule. This interpolation allows us to compare the two partitioning procedures
draw by draw.

Formally, RO = (RY)7 . ,Rﬁf)) is defined by setting Ré-i) = Nj for j < i and Rg-i) = §; for j > i, that is, RO =
(NP, N Sl(H, ..., S5). Moreover, we denote (R(?), R®) to be the partition induced by process R(?), and notice
that R(®) = S and R™ = N. Let H}, denote a realized partition history up to draw k, that is, the partition of the top

k agents. Notice that we suppress the dependence of this notation on a particular process R(*) because our comparison
conditions on the same realized partial history of partition Hy, across different processes.

For each process R(%), let r |R(Z N{L,2,...,5 }| denote the number of the top j agents assigned to side R(*) of the

partition. We then define the auxiliary balancedness event for process R(") by Ex ) = {Vj >2: % 7 < rj(-i) < g j}. Under
this notation, the inequality of Lemma 2 can be rewritten as

PI‘U[ER0|TL1:1 ’I’LQZl]ZPrs[ER5|81=1,52:1]<:>

Pr [ER«])

()—1 7”()_1:| ZPI{ER(”)

=1, =1 @)

where the randomness of the second inequality is over the corresponding random processes R(?) and R(™) respectively and
the bar notation denotes the complement of an event.

Let H3 denote the realized history at time 2 in which the top two agents are partitioned into separate sets in the prescribed
way; then the two conditioning events {7“( ) =1, (0) =1} and {r =1, 7’2n) = 1} both correspond to H;.

To prove the inequality in Equation (4), we establish the following intermediate claim, which compares the probabilities of
Eg and Eg 1) after conditioning on the same realized history up to time 1.

Lemma S. Foralll <1 <n — 1, and any history H; we have

Pr[7

Z:I 2 Pr [E'RUJFI) |Hl] .

That is, assuming a fixed history H;, the probability of the random process R\") being unbalanced weakly decreases in i.

We defer the proof of this claim and first show how it implies Lemma 2. Let B ={v2<j<t:g i< r( 2 < ]} be the
event that the partition induced by R(*) is balanced up to element . For i > 3
i *] P @ (@) * () |+
Pr[ ] =Pr|Ero NBg; 1| Pr|Bg; 4 |Hy| +Pr|B;7 |H;
< Pr[Broos |13 0 BEY | Pr (BT | 1| + P [BUY |15
=Pr[Egae-v|H3], 5)

where the equalities follow by observing that if a random process is unbalanced, then either it only becomes unbalanced
after assigning element ¢ — 1, or was already unbalanced before element 7, and the inequality follows by applying Lemma 5

pointwise for all histories in H5 N B(<il).71.

Recursively applying Equation (5) for ¢ = 3, ..., n, we have:
Pr[Egw|H;] = Pr[Ero |H3] = Pr[Ege | H] > PrlEge [H3] > -+ > Pr[Egoy [H3],
where the first two equalities are because processes R(?), R, and R(? coincide if you fix the first two draws. O

‘We now prove Lemma 5.
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Proof of Lemma 5. If H; is such that the balanced property doesn’t hold for some 7’ < 4, then the claim trivially holds since
both probabilities are 1. Suppose from now on that up to ¢, the balanced property holds.

Observe that under event ER<-), there exists some ¢ > 2 where the balancedness becomes violated in process R ie.,

min(r{” — £, 3t — () < 0. We can equivalently measure the quantity min(3t — 9, 3t _ (V) to know how close

the process R(?) is to violating the upper boundary of balancedness (by either of the two sides of the partition), where
NCE)

In particular, to keep track of this quantity, we consider a random walk on the non-negative integers {0,1,2... }. The state
of the random walk at time j (defined as state[;]) will capture how close the larger side of the process is to violating the
upper boundary of balancedness. The walk moves at each time exactly one step (either to the left or to the right), with a
right step at time j corresponding to adding the j-th element to the larger side of the partition. The walk is initialized at 0,
meaning state[0] = 0. We define the transition probabilities of this random walk appropriately for process R, that is:

* If state[j] = O then state[j + 1] = 1 with probability 1.°

o If state[j] # O, then:

— for steps at time j < 4, the probability of moving to the right is min {p;,1 — p;}, where p; := Pr[N, 11 = 1|H;].
— for steps at time j > 4, the probability of moving to the right is %

Notice now for R(?) that, assuming a given history H;, the equivalent random walk is at state[j] = \27““ — j| (which is
exactly the difference between the two sides of the partmon) Finally, note that reaching the boundary of balancedness (.e.,
5 corresponds to the state of 2 under the random walk model and E) = {Vj > 2 : state[j] < < e

Returning to the proof, suppose now that H; corresponds to the random walk having state[:]= k, and recall that &k > 0. If
k = 0, then the claim trivially holds as the processes coincide for draws ¢ + 2, ..., n (by definition) and for draw 7 + 1 as
well (the sides are equal up to 7 so we have Pr(N;;1 = 1| H;) = 1/2, meaning that N; 1 = S;11). If kK > 0, we have:

Pr [ state|[s } Pr [ state[t + 1 1} %
—|—Pr[ statez—l—l—k—f—l] %
> Pr[Egw| state[i + 1] = k — 1] - max {p;, 1 — p;}
+Pr[ state[i + 1] *k+1] min {p;, 1 — p;}
=Pr [ (1+1>| state[i] = k] , (6)

where the inequality is because:

1. Pr [Ege|statefi + 1] = k + 1] > Pr [Ex | state[i + 1] = k — 1] because the probability of becoming unbalanced
is larger the closer you are to the boundary (to the right).

2. Trivially, max {p;, 1 — p;} > 3 > min {p;, 1 — p; }.

3. Moving from the fair coin S;;1 to the biased coin V;1; shifts probability mass toward the k£ — 1 state, which is
precisely the state with the lower conditional probability of imbalance.

Thus, for any history H;, we have argued:

Pr[7

Z:I 2 Pr [ER(iJrU |H1] .

“When both sides are equal, any element added will be to the resulting larger side.

13
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B.2. Parallel Analysis to (Hartline & Roughgarden, 2008) for Online Partitioning

The analysis in this section is parallel to that of (Hartline & Roughgarden, 2008) for RSOL, but modified for our online
random-order (RO) setting rather than their offline random-sampling (RS) setting. We restate and prove Lemma 3.

Lemma 3. Conditioning on event E),, the expected utility of Mphase is at least %w.

Proof. We start by arguing that under event Ej,; = Fro N {1l € Nio,2 € Nsample} the expected utilities of any posted
price p on Ny and on Ny are within a constant factor.

Lemma 6. Assuming event Eyo, the expected utility of any posted price p on Ny is a 5¢ approxlmatlon to the expected
utility of the same posted price p on Ni,.

Proof. We again leverage the equivalence of an online posted-price and a p-lottery. Let U (T, p) denote the expected utility
of a p-lottery on a set of agents 7. We express the expected utility of a vy 1-lottery as follows (see figure 1 for a proof by
picture):

U(T,vk11) = m Z Vi | —Uk41 = mZ|Tﬂ{1 sitl - (Vi = i)

ieTn{1,2,....k}

Consider now any p-lottery on N, posting a price of vy 1. Notice that since we have assumed event Ej,; = Fro N {1 €
i

Niot; 2 € Nsample } occurs, we have for i > 2 that both n;, n; are in [, 6] or equivalently, n; € [;_)’ ,57;] (and 7; = 0 and
n1 = ng = Ng = 1). We lower bound the expected utility of posting vy1 on Njg:

k
1 1_ | R—
U(Niot, V1) = — Zm v — Viy1) > Soe ; gnz(vz —Viy1) = %U(Molavk+1).
O
Vi V1 V1
O o O
vy 12 n1=lI V2
o © O 4,0 O O
V3 V3 n2=2I T V3
O O © O |O 4O o O ©
V4 V4 "3=3I T T V4
O O O © O |O |O 1@ O O O ©
Vs Vs "4=4I T T T Vs
@ @ ¢ © © ei®e @ 1@ © @ ¢ ¢ @ ©o
1¢ 1¢
— lottery E[Utility] = > vi-vs E[Utility] = - X v = vig)

i=1

Figure 1. Expected utility of a vs-lottery.

We continue by arguing that the expected utility of the optimal p-lottery in NV}, is approximately the expected utility of the
optimal p-lottery over all agents OPT ..

Lemma 7. Assuming events Ej,., the expected utility of the optimal p-lottery in Ny, is a %-approximation to OPT —
(’Ul — UQ).

Proof. Assume that the optimal p-lottery on [V is a price of vy, and the optimal p-lottery in the entire instance iS vy« 1.
We bound the expected utility of the optimal lottery on Ny

o
_ 6 i OPTy, — (v1 — v9)
U(Niot, Vit1) = U(Niot, Vie41) = 7711 E 7 (Vi — vig1) > A 6( — Vig1) > 5 )

i=1 =2

14
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where the first inequality is by optimality of vy ; on the Ny, and the second inequality follows because 72; > i/6 and
npy < %l* by Ero- O

Putting things together, we can lower bound the expected utility of the v 1-lottery on Ny, (Where vy is the optimal
lottery in Njy)

11— 1
U(Nlotyvk+1) > %U(Nlonvk-ﬁ—l) > 55 (OPTL - (1}1 - UQ))’
where we have used Lemma 6 for the first inequality and Lemma 7 for the second. O

C. Proofs from Section 4
C.1. Missing proof from Subsection 4.1

Theorem 3. Let FB denote the optimal social welfare. Even given the exact value of FB, any (prior-free) mechanism
achieves at best an O(1/logn)-approximation to FB.

Proof. To prove the theorem, we show that for any mechanism that knows the value of FB, there exists a Bayesian instance
where this mechanism’s expected utility is O(1), while the expected first-best benchmark is Q(logn).

We consider two classes of mechanisms: C, which only takes agent bids as input, and C’, which takes both bids and the true
numerical value of FB as inputs. Our goal is to show that the optimal mechanism in C’, which knows FB, is upper-bounded
by a mechanism in C, which does not.

Let U (M) denote the expected utility of a mechanism M. We define a Bayesian instance Y to compare the two mech-
anisms. In this instance, each agent ¢ has value v; drawn independently from the truncated exponential distribution
Inn

Y, = min(XZ-, 1“7”) where X; ~ Exp(1). Note that the maximum possible value is “5", and the probability that this value
is realized by at least one agent can be lower-bounded as:

Inn

Thus, with high probability, the realized value of FB equals =5+, and thus if we set . to be large, knowledge of FB becomes
redundant. Additionally, in this instance, the benchmark we compare against is the expected maximum value, which we can
lower bound as:

E[max(Y;)] > (1 - e_ﬁ) Smn = Qlogn).

We start by analyzing the optimal mechanism OPT in C (i.e., without knowledge of FB). The distribution of each agent’s
values and their virtual utility are:
- 1
eV, 0<y<H
fry) = 1 )
— Inn

v Y= 2

and ¥(y) = 1[y < 7], which dictates that the distribution satisfies the MHR condition.

The optimal mechanism for i.i.d. agents with MHR distributions is a O-lottery (Corollary 2.11 of (Hartline & Roughgarden,
2008)). We now compute its expected value, which is simply the expected value of any draw from the distribution Y;:

U(OpT) = E[Y;] = /OO Pr(min(X, lnTn) > t)dt
0

= / e~tdt
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Consider now OPT'(FB), the optimal randomized mechanism for this instance that additionally knows the realized value of
FB. To upper-bound its performance, we compare OPT’ (1“") to OPT; that is, we consider the mechanism OPT’ when it is
run with the fixed (and potentially incorrect) input that FB is 1“2”. We have:

E[U(0opr(*%5") | FB = 52
U (Oop1’ “‘T"))
~ Pr[FB = 2]
E[U(OpT'(122)) | FB < 132] Pr[FB < 132]
- Pr[FB = 1]
U(OpT)
~ Pr[FB = 2]’

where the equality follows from the law of total expectation, and the inequality uses non-negativity of utility (from IR)
together with the optimality of OPT in class C (among mechanisms that do not know the true FB).

We can now upper bound the expected utility of OPT’ when it is given the true value of FB:

U(OPT/(FB))
=E[U(Op T/ | FB = 2] Pr[FB = 2]
+E[U(OP )) | FB < 2] Pr[FB < 7]

< U(OPT) + % : e‘ﬁ =0(1),

where the inequality comes from the expression above as well trivially upper bounding the utility with 5= ln ™ in the exponentially
low probability event of F'B < 1“ n,

Hence any Bayesian mechanism /\/l’ that knows the value of FB has expected utility on this instance of at most O(1).

We now extend this impossibility to prior-free mechanisms. Suppose, for contradiction, that there exists a prior-free
mechanism .4 which, given FB, achieves a constant-factor approximation to FB on every valuation profile. Apply A to
the Bayesian instance defined above and take expectations over the randomness of the instance. By the assumed prior-free
guarantee, we must have E[U(A)] > ¢ - E[FB], for some constant ¢ > 0. This, however, is a contradiction.

Thus, no prior-free mechanism with access to the value of FB can achieve a constant-factor approximation to FB. O

C.2. Missing proofs in the analysis of M pqp.

We recall the theorem describing the mechanism’s M psq,;, guarantees.

Theorem 4. For a prediction window length parameter y € (0, 26) the random-order learning-augmented mechanism

(1—2ey)

M psamp(7Y) achieves y-consistency and py(7y)-robustness, where p1(v) > “5=-

Proof. In the main body, we concluded on the consistency of the mechanism, so here we analyze the robustness guarantee.

We startiwith the max phase. For mechanism M pgqp, the favorable event for this phase is Eyqz, defined as Ep,qp =
Esec N Epred N {1 S Nlot}'

Lemma 8. When the predictor is incorrect, mechanism M psamp (7) allocates to the highest-valued agent v, during the

max phase with probability
1 n(e —1) 1 o~ —1
PrlEmez] > — — ——= — ) .
il ]_26 462(n1)+(26 7) n-—1
Proof. For the max phase, as before, we quantify the probability that the agent with value v; is allocated during the max
phase. Let s = 5=, h = 5, ¢ = yn. Throughout the proof, we condition on an arbitrary incorrect prediction, that is, ? # 1,

and omit this conditioning from the notation.
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Condition on the event that agent 1 arrives at position j € [s + 1 : h]. We lower bound the probability that the mechanism
allocates to agent 1 at this position. There are two disjoint cases that we count.

Case 1. The predicted agent may arrive in the sample phase, but after the prediction window, that is,
q < tpred <s.

The max phase allocates to agent 1 if the maximum among the first j — 1 arrivals lies in the sample positions [1 : s]; denote
this secretary event by .S;. Conditional on agent 1 arriving at position j, the event ¢ < tpeq < s occurs with probability

Prlg < tprea < s | 1 at position j] = S;(i
n—

After conditioning on ¢ < tyeq < S, One position in the sample is occupied by the predicted agent. If the predicted agent

is the highest-valued agent among the first j — 1 arrivals, then S holds. Otherwise, the highest-valued agent among the

remaining first j — 2 arrivals is uniformly distributed over the remaining j — 2 positions, of which s — 1 are in the sample.

Therefore,

-1
Pr[S; | 1 at position j N q < tprea < 5] > S 5
j—
Thus, the contribution of this first case is at least
.. . s—q s—1
Pr[S; Nq < tyrea < s | 1 at position j] > nTl 73

Case 2. The predicted agent may arrive after agent 1, that is, fyeq > j. In this case, the prediction rule again does not
allocate before agent 1. The mechanism allocates to agent 1 if the secretary event S; holds. Conditional on agent 1 arriving
at position j, we have

. .. . n—

Prltpred > j | 1 at position j] = 7‘1
n—

Moreover, conditional on fpeq > j, the maximum among the first j — 1 arrivals is uniformly distributed over the first j — 1
positions, so

s
Pr[S; | 1 at position j N tpeq > j] = - T
j—
Thus, the contribution of this second case is
. e n—3j s
Pr[S; Ntpea > j | 1 at position j] > e

Averaging over the position j of agent 1 in the max phase, we get

h .
1 /s—q s—1 n—j S
P Emaz 2 - T T
! ] Z (n—l j—2+n—1 j—l)

) n
Jj=s+1
h h .
s—q)(s—1 1 s n—
= n(qu)(—l) ) 2 2 P amo) 2 j—i'
Jj=s+1 j=s+1
For the first sum,
oo
——= =Hy_o— H, 5.
. j—2
Jj=s+1
For the second sum, using
n—j n-—1
j-1 g1
we obtain .
n_ i
3 ,J =(n—1)(Hp_1 — Hy_1) — (h — s).
Jj=s+1 J

17
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Therefore,

s(h—s)

Pr[Emaa:} Z w (Hh—Q - HS—Q) + 2 (Hh—l - Hs_l) - m

nin—1)

Finally, we apply the same integral lower bound as in Equation (8). In particular,

o= £ 5 1 on(?) -

h —
Hy o —H, 5= Z Z % =Hp_1—-Hs_ 1 > 1

Jj=s— 1

Moreover,

Substituting s = %, h = %, and ¢ = yn, we conclude that

1 n(e —1) 1 5o — 1
Pr[Epas] > o — 2670 (= ) (2270,
d ] 2e 462(n—1)+(2e 7)(n—l
O

Finally, note that F,,, . is the event that we allocate to agent 1 during the max phase, and that this guarantees utility of at
least v1 — va.

Now for the lottery phase, we can lower-bound the expected utility under event Ej,;, which is essentially the event that
the mechanism reaches the lottery phase, without having allocated the item, and with the balancedness property holding.
For mechanism M psqmyp, this event is defined as Ejot = Ero N Epred N{l € Niprand 2 € Nsample}, which, besides the
balancedness event Ero, boils down to computing the arrival probabilities of three agents. The subtlety in the analysis
of the lottery phase has to do with whether or not the prediction incorrectly signals 2 as the top agent rather than 1. We
consider now these cases:

Case 1. Predicted max is not the second-highest agent. We start by proving the following useful lemma.

Lemma 9. Let n > 3 and let o be a uniformly random permutation of [n|. Let the prediction window be P = [1 : yn] for
some v € (0, 2—16) Assume the predicted highest agent is neither agent 1 nor agent 2, that is i ¢ {1,2}. Then

n(n(l —7) +2ey —2) S 1=y
de(n—1)(n—-2) = 4de ’

Pr[Epredﬂ {1 € Niyyand 2 € Nsumple} | 7 g {1,2}] =

Proof. We prove:

Pr{Epeq N {1 € Niow and 2 € Noampie} | 1 & {1,2}] = %Pr[Epred N2 € Numpe | 1 € NN ¢ {1,2}]
1/ m n—yn-1 (—7)n n—yn—2
Q(n—l. n—2 + n-1  n-2 >
n(n(l—-)+2ey—2)
de(n —1)(n —2)
1—vy n—2+7((2e-3)n+2)
 4e de(n—1)(n—2)
l—n
de ’

Y

forn > 3.
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We can now lower bound the probability of Ej,;:

Pr[Eior |1 ¢ {1,2}] = Pr{ERo | Byea N {1 € Niog and 2 € Nempie} N7 ¢ {1,2}]
. Pr[Epred N {1 € Niirand 2 € Nsample} | ) g {1, 2}]
Sd 1=y _1-9
—5 e Se

With this in hand, we can compute the expected utility /; of the lottery phase as:

Iy = E[Utility of lottery phase of M pggmp | 2 € {1,2}]
> E[Utility of lottery phase of M psgmp | Eior N7 & {1,2}] - Pr[Ejo | 7 & {1,2}]
OPT, — (v —w) 1 1—x

5 25 5e
OPT — (’U1 — 1}2)
625¢ ’

=(1-9)

where we have used Lemmas 6 and 7 for the utility guarantees.

Case 2. Predicted max is the second-highest agent. Suppose now the predicted top agent is 2, that is, 2 = 2. Recall that
the guarantee for the lottery phase hinges on the events that i) the balanced property holds, ii) agent 1 is in the lottery phase,
and iii) agent 2 is in the sample phase. Importantly, since agent 2 is the predicted top agent, the probability of the intersection
of events Epred N {1 € Niot and 2 € Ngmpie } is much smaller than in the previous case. Specifically, we compute:

PI‘[ElOt | 7= 2} = PI‘[ERO | Epred n {1 € Nyt and 2 € Nsample} Ny = 2]
. Pr[Epred n {1 S Nlot and 2 € Nsample} | 7= 2]

4 1/1 1—2ey
>z o V) T T
9 2\ 2 oe
With this in hand, we can compute the expected utility I, of the lottery phase (similarly to above and Equation (3)):

ly = E[Utility of lottery phase of M pggmp | 2 = 2]
> E[Utility of lottery phase of M psgmp | Eior V%= 2] - Pr[Ejy | i = 2]
OPT, — (v —wg) 1 1-—2ey
5 25 5e
OPTL — (’Ul — UQ)
=(1-2
(1 =2e) 625¢ ’

where we have used Lemmas 6 and 7 for the utility guarantees.

Final Robustness Guarantee. The robustness guarantee must be written as the minimum of the guarantees of the two
subcases, that is min(ly, l5). From the expressions, it is obvious that I5 is actually always the smallest, and with this, we
lower bound the expected utility of mechanism M pgqmyp.

E[Utility of M pyamyp] > E[Utility of M psamp|Emaz) - Pr[Emas] + E[Utility of M psamp| Eiot] - Pr[Ejot]

+ (1 —2ey) OFT. (:2551: )

We have thus expressed the robustness guarantee as a function of « and n. In particular, since the coefficient of v; — v is
positive, this implies the stated robustness guarantee (1 — 2e7)/(625¢). O

19



Learning-Augmented Mechanisms for Consumer Utility Maximization

C.3. Missing proofs in the analysis of M p,,, ;.

We recall the theorem describing the mechanism’s M p,,, 4, guarantees.

Theorem 5. Let n > 27. For prediction window length o € (0, %5 L), the random-order learning-augmented mechanism

M pmaz (@) achieves 2% In(1 + 2eq)-consistency and ps(«)-robustness, where pa(c) > %.

Proof. We set up some auxiliary notation. Let s = 5 denote the length of the sample phase, and let m = an be the number
of steps of the prediction rule. We restate and prove Lemma 4, which we used to argue the consistency guarantee of the
mechanism.

Lemma 4. When the predictor is correct, M pyq..(c) allocates to the highest valued agent for free with probability
1
Pr(Emaz N Eprea | 1 = 1] > % In(1 + 2ea).
e

Proof. Fix the arrival position of the predicted highest agent tyeq tobe t € P = {s+1,...,s + m}. The mechanism

allocates to this agent iff the maximum among the first ¢ — 1 arrivals lies in positions {1,2, ..., s}. Since the arrival order is
uniformly random, the index of the maximum among the first ¢ — 1 arrivals is uniformly distributed over {1,...,¢ — 1}, and
therefore s

Pr(Emas | tprea = ¢, 1= 1] = 1

Conditioned on Ejeq and ¢ = 1, the arrival position fpeq is uniform over P (recall that |P| = m). Hence,

s+m
1 s s
Pr[Emaac | Epred7 P = 1] = — § T 1T (Hs-l—m—l - Hs—l)-
m, L= t—1 m

We explain how to lower bound the difference H, ., 1 — Hy, 1 = Zfi;n_l i

decreasing functions, we argue that

s+m st+m—1
dr 1 s+m
< E - = 1 < Hyipp1—H,_ 8
‘/“‘ B t=s t n( ) B ! ' ' ( )

Using the standard integral comparison for

T 5
As such, we can lower bound the probability by:

Pr(Enaz N Epea | @ = 1] = Pr[Eras | Epred, @ = 1] - Pr[Epreq | T = 1]
> Sln(s + m) m
m S n

1
= % In(1 + 2ea).

O

We proceed now to the robustness guarantee. We omit conditioning on ¢ # 1 as it does not alter any of the arguments. As
we have discussed in the main body, we will have to slightly alter the analysis of the max-phase. We compute the probability
of event F,,,, with the following lemma.

Lemma 10. When the predictor is incorrect, mechanism M p,q.(c) allocates to the highest value agent v1 during the max
phase with probability

Pr[Epaz] ((n -1 —2a)+ (cm -1+ 2%) In(1 + Qea)) .

= 2e(n — 1)

Proof. For the max phase, as before, we quantify the probability that the agent with value v; is allocated during the max
phase. To this end, we first condition on the highest value agent being in N}y, as before. We decompose the probability that
we allocate to the highest value agent, subject to whether or not event Ejrq is realized.
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If event Eiyq is realized, we need to account for the prediction rule not executing during the max phase. It is convenient to
also condition on the event that agent 1 also lies in P, which happens with probability:

N -1
PI‘[l € O'(P)|tpred ePNle NlOl] = mil

VI3

Condition now on the event that agent 1 arrives at the exact position 5 € P. The mechanism allocates to them if:

¢ The maximum among the first j — 1 arrivals lies in positions [1 : s], denoted as S; (this is the usual secretary condition),

* The predicted agent ¢,.q appears after position j, that is ¢peq > J.

These two conditions give
Pr[Eqz | 1 at position j, tped € P| = Pr[S;] - Prltped > J | tprea € P N1 at position j]

s m—(i—s)

i1 m-1

Averaging over the position j of agent 1 within o(P) yields the exact expression

s+m .
1 s m=(j—s)
I%wmw|1eagmtmdepyz— §: P
j=s+1
s+m
-1
- L ()
m(m—1) £« \ J—
S
= — — ) (Hsgm-1 — Hs—1) — )
o=y (s = D (Hagm o = Hos) =

‘We conclude that:

Pr[Emaz | tored € PN1 € Nigl| = Pr[Eran | 1 € 0(P), tprea € P]-Pr[l € 0(P) | tprea € PN1 € Nigy]

s m—1
= 7 -1 Hs m—1 — Hsf - ) .
mm_nﬁ*““ )(Hogmor = Ho) =m) -
> L((E +an — 1) In(1 + 2ea) — om)
~ ae(n —2) \\2¢ '
where we have substituted the harmonic difference by Equation (8).
Notice now that the corresponding probability is:
— — — an-2)1 an-2)
Prltyea € PN1 € Nio| =Prltprea € P |1 € Nig] - Pr[l € Nioy| = ==
f[pd€ Nnle lt] r[pde ‘ S lt] 1"[ S lt] (n—1)2 2(n_1)

If event Eyeq is not realized (and we are still conditioning on {1 € Njy}), then this phase allocates to agent 1 with probability
1 (as in mechanism M ppase).

The corresponding probability is:

. - - -2 1 1 -2
Prftyed € P N1 E Nigg = Prltpred & P | 1 € Nigg] - Pr[1 € Nigy] = (1 - a(”)> 5= on=2)

(n—=1)

Putting things together, we have argued that:
PrlEpaz] = Pr[Emas | torea € PN 1 € Niot| - Pritpea € PN1 € Nio(]

+ Pr[Ema;E | Lpred ¢ PNnle ]Vlol] : Pr[tpred ¢ PNnle ]Vlol]
> 1 -2« n 1
2 2e(n—1)

(an -1+ %) In(1 + 2eaq).
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O

For the lottery phase, as before, we lower bound the expected utility of this phase under event EFj,;, which is the event that
guarantees reaching the lottery phase without allocating, and with the balancedness property holding. Under mechanism
Mpmazs Elot = Ero N Epred N {1l € Niotand 2 € Ngymple }, since event Epred N{l € Niotand 2 € Ngmple} precludes
allocation in the max/prediction phase, and Fro guarantees balancedness. We highlight that, conditional on {1 €
Niot and 2 € Ngympie }, the balanced property Ero is independent of Epred (due to the symmetry of the balanced property).
Note that the reason why we do not need to condition on agent 2 being the predicted highest value agent (as we did for
mechanism M pgqmyp) is that this scenario can only improve the performance of the mechanism M p,,,q, (since Epred is
guaranteed if we conditioned on {1 € Nj,; and 2 € Nsample}). To compute the probability of Fj,;, we first state a useful
lemma.

Lemma 11. Let n > 27 and let o be a uniformly random permutation of [n]. Let the prediction window be P = |- + 1 :

(i + a)n] for some a € (0, 62_61 ). Assume the predicted highest agent is not agent 1. Then

l1—«

Pr[Epred N {1 € Nlot and 2 € Nsample}] > 4
e

PROOF OF LEMMA 11.

We will prove the claim for the case where 7 # 2 (if i = 2 then the desired probability is greater than 4%). We have already
proven that
1 n

Ze.n—l

Pr[]_ € Nijcand 2 € Mample] =

Out of the remaining n — 2 spots, ¢yreq can be placed in n — 2 — an, thus:

i n—an—2
Pr[Epred | 1 S N]Ot and 2 c Nsample] = ﬁ

As aresult, we have argued:

n 1 n n—an—2

PI'[Epred N {1 € Mot and 2 € Nsample}] = @ . 1 . —

1-a (-2 —a@Bn-2)

e de(n—1)(n—2)
11—«

= 4e

where the last inequality is because o < <5 Landn > 27. O

Having computed this probability, we can now lower bound the probability of Ej;.

PI‘[Elot] = PI"[ERO | Epred n {1 € Nyt and 2 € -szample}] . PI‘[E'pred N {1 € Nyt and 2 € ]vsample}]
. él —a l—-«

— 5 e 5e

We can now compute the expected utility of M p,y, 4, similarly to before:
E[Utility of M pya.] > E[Utility of M praz|Emaz] - Pr[Emaz] + E[Utility of M ppaz| Eiot] - Pr[Ejot)

1-2 1
> (v —Uz),( 26‘1 T (an—l—l—%) 1n(1+2ea)> ©

1—a 1 OPT. — (v1 — v9)
5e 25 5 '
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We have thus expressed the robustness guarantee as a function of both o and n. Since the dependence on n is monotone and
only improves for larger n, it suffices to plug in any moderate lower bound on n (for example, n > 3) in order to obtain a
lower bound stated purely as a function of «. O

C.4. Comparison of M pymp and Mpp,qz.

For a better comparison between the guarantees of the two bounds, we will take into account the contribution of terms
v1 — vo towards OPT,. To this end, since OPT;, > v; — vy, we introduce A = 181,}”;, to rewrite our guarantees in a
normalized form. Additionally, we will consider the comparisons asymptotically for n, to simplify a bit the expressions
(most probability lower bounds that we computed thus far are essentially the expressions when n goes to infinity). As we
already discussed in the main body, we will have to make sure that the mechanisms are compared on the same consistency
guarantee, and as such, we will be rewriting the guarantees of M p,;,4, in terms of « = eze;e_l. Finally, to ease tedious

calculations, we used symbolic algebra tools (the SymPy Python library) for algebraic transformations.

We start by rewriting the guarantees of M pqmp. We first look into the asymptotic probability of the event in Lemma 8:

Pr[Epas] > S 2267
max - 462 M

We express the guarantees of the mechanism as a function of A.

1 — 2ey e+2—2ey 1—2ey
A —
625e + ( 4e? 625e )}

E[Utility of M psgmp] > OPTL, {
For M pynq., We first look into the asymptotic probabilities of the event in Lemma 10:

1 1
PrlE, 0 >7(1_2 ( —)1 142 )
r| ]_26 o+ a+26 n(1 + 2eaq)

J . . 2ey _ —
We recompute the expected utility guarantee of M py, 4, after substituting o = € ;e Land A = T2

1 1
E[Utility of M pmaz] > (v1 —v2) - — (1 —2a + (a + %) In(1+ Qea))

- 2e
+1—OéOPTL—(7)1—’U2) i
Se ) 25
e+1—e?7  ye2e 1-A 9
= OPT |A 2 1—e*7)].
L{ ( 2r  t o) T igmoe et

For the comparison, the valid domain is v € [0,1/(2e)]. As a sanity check, when v = 0 we also have o = 0, so both
mechanisms have no prediction phase and recover the guarantee of M 55c. Additionally, we can inspect the two endpoints
A=0and A =1.

Suppose first that A = 0. Then the guarantees become

1
E[Utility of M pegmy | A = 0] > OPT (2—4 )
[Utility of M psamyp | 0>0 L9506 ey

E[Utility of M ppas | A = 0] > OPT, (26 t1- 6267).

1
1250e2
We note that for all y values in the domain M p,;,,q, guarantee is weakly better than M peamp.

Suppose next that A = 1. Then the guarantees become

2—-2
E[Utility of M psamp | A = 1] > OPT,, [”4267}
e
. e+ 1—e2 76267
E[Utility of M pyas | A = 1] > OPTy, + .
2e2 2e
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Again, we note that for all y values in the domain M p,,,, guarantee is weakly better than M pyqmp.

Thus far, at natural endpoints, we have identified that M p,, ... has weakly better guarantees than M pgqmp. We extend this
with the following algebraic lemma, which argues that in fact, for all values in the domain of «y and A, mechanism M p;,, 4.
has a weakly better approximation guarantee than mechanism M pgqmp.

Lemma 12. Let A € [0, 1] and vy € [0, 1/(2¢)], and define

_ p2ey 2ey _ p2ey
F(V,A):A(e—Fl c 4 >+(1—A)(26+1 ¢ )

2e2 2e 1250e2

and

_ e+2—2ey _ 1 —2ey
6.8 =8 (2T - m) (R,

Then F(y,A) > G(v, A).

Proof. Let z & 2e~. Since v € [0,1/(2¢)], we have = € [0, 1]. Rewriting the two functions in terms of z, we have

B 2(e+1—e*)+ xe® 2e+1—¢e*
F(%A)—A< 1e2 >+(1_A)(W>’

and

Gy, A) = A <e+42€2—x> + (1= A) (16;5:) .

A direct algebraic simplification gives
1250€* (F(v, A) = G(v,A)) = (1 — A)(1 + 2ex — €*)
625

+7A(e+x—ew(27x)). (10)

‘We show that both terms on the right-hand side are nonnegative.

First, define f(z) = 1 + 2ex — €”. Since f(0) = 0 and f'(x) = 2e —e” > e > 0forall z € [0, 1], we get f(x) > 0 on
[0,1].

Second, for z € [0, 1], define h(z) = e + x — e*(2 — x), and compute ' (z) = 1 — e*(1 — x) and h”’(z) = ze® > 0. Thus
in the [0, 1] domain, A" (x) > 0 which implies h'(z) > A'(0) = 0 and thus h(z) > h(0) = e —2 > 0.

Since A € [0, 1], both coefficients (1 — A) and A are nonnegative. Thus the right-hand side of Equation (10) is nonnegative,
and therefore
F(v,A) > G(v,A).

O

As a final point, we highlight that this subsection compares the two mechanisms according to the lower-bound analyses we
have proved. Since these analyses are not tight, there may still be regimes where the actual performance of M pgqpmyp is
better than the actual performance of M p,,q. -
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