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Abstract

Subsampled natural gradient descent (SNG) has
been used to enable high-precision scientific ma-
chine learning, but standard analyses based on
stochastic preconditioning fail to provide insight
into realistic small-sample settings. We over-
come this limitation by instead analyzing SNG
as a sketch-and-project method. Motivated by
this lens, we discard the usual theoretical proxy
which decouples gradients and preconditioners us-
ing two independent mini-batches, and we replace
it with a new proxy based on squared volume sam-
pling. Under this new proxy we show that the ex-
pectation of the SNG direction becomes equal to
a preconditioned gradient descent step even in the
presence of coupling, leading to (i) global conver-
gence guarantees when using a single mini-batch
of any size, and (ii) an explicit characterization of
the convergence rate in terms of quantities related
to the sketch-and-project structure. These find-
ings in turn yield new insights into small-sample
settings, for example by suggesting that the advan-
tage of SNG over SGD is that it can more effec-
tively exploit spectral decay in the model Jacobian.
We also extend these ideas to explain a popular
structured momentum scheme for SNG, known as
SPRING, by showing that it arises naturally from
accelerated sketch-and-project methods.

1. Introduction

Neural networks are increasingly gaining traction as an
alternative to traditional numerical solvers, with applica-
tions including neural network wavefunctions (NNWs, Car-
leo & Troyer, 2017) and physics-informed neural networks
(PINNSs, Raissi et al., 2019). For such scientific machine
learning problems, precision is prioritized over generaliza-
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tion performance. As a result, natural gradient algorithms
can dramatically outperform more standard machine learn-
ing optimizers such as gradient descent and Adam (Pfau
et al., 2020; Schitzle et al., 2023; Lin et al., 2023; Miiller
& Zeinhofer, 2023; Dangel et al., 2024). Furthermore, high
iteration costs can be mitigated by subsampling (Ren &
Goldfarb, 2019), leading to efficient subsampled natural gra-
dient (SNG) algorithms that scale to millions of parameters
without approximation. This approach was introduced to the
NNW community by (Chen & Heyl, 2024) and since this
seminal work, SNG has become a workhorse algorithm for
NNWs; see (Rende et al., 2024; Lange et al., 2025; Vecsei
& Lado, 2025; Sinibaldi et al., 2025; Misery et al., 2026)
and many more. SNG has also demonstrated promising
results for PINNs (Schwencke & Furtlehner, 2024; Guzman-
Cordero et al., 2025; Jnini & Vella, 2025), though it has not
yet been widely adopted.

Despite these developments, subsampled natural gradient
algorithms remain poorly understood. Analytically, the key
challenge lies in controlling the expectation of an optimiza-
tion step involving a stochastic gradient that is coupled to
the inverse of a stochastic preconditioner. The standard
way to address this problem is to introduce a theoretical
proxy which breaks the coupling using two independent
mini-batches; see Appendix A for details. This approach
can lead to detailed convergence rates when the sample size
is large enough to accurately estimate the preconditioner,
but for smaller sample sizes it produces only generic global
convergence guarantees (Ren & Goldfarb, 2019; Roosta-
Khorasani & Mahoney, 2019; Bollapragada et al., 2019;
Martens, 2020; Yang et al., 2020; Wu et al., 2024). As a
result, such analyses fail to provide insight into realistic set-
tings in which the sample size is orders of magnitude smaller
than the number of parameters. Moreover, this failure is pre-
dictable: for such sample sizes the stochastic preconditioner
captures only a tiny subset of the parameter space, making
it unlikely to be informative for an independent stochastic
gradient. As a result, even for very simple problems the two
mini-batch proxy can exhibit drastically different behavior
than the realistic, single mini-batch algorithm; see Figure 2
and Appendix I.

Several recent works have hinted at a different perspective
(Chen & Heyl, 2024; Schwencke & Furtlehner, 2024; Gold-
shlager et al., 2024; 2025). These works have viewed the
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Figure 1. Summary of technical contributions relative to previous analyses based on stochastic preconditioning.

SNG update as the minimal-norm solution to a subsampled
linear system rather than an estimator for the deterministic
natural gradient direction. Along these lines connections
have been drawn to randomized block Kaczmarz methods,
which are a special case of the sketch-and-project framework
of (Gower & Richtarik, 2015a). This direction is promis-
ing since sketch-and-project methods use a single sketching
matrix for each iteration and admit detailed convergence
rates for arbitrary sketch sizes. Nonetheless, it has remained
unclear whether this approach can lead to new theoretical
insights into SNG, particularly since embracing the sketch-
and-project perspective requires avoiding the decoupling
tactic that has facilitated previous analyses.

2. Contributions

We develop the sketch-and-project approach into a system-
atic framework for analyzing subsampled natural gradient
algorithms. Our starting point is the general parametric
optimization problem

min £(vp) ey

where 6 € R" are the parameters, vy : {2 — R is an element
of a function space H, and £ : H — R is a loss defined on
the function space. For scientific machine learning the un-
derlying science problem is here represented by min,, £(v),
while the neural network ansatz is represented by vg.

In this setting, the availability of high-precision solutions de-
pends on the consistency of the problem, with exact consis-
tency (vg» = arg min, £(v)) enabling exact solutions and
approximate consistency (vg~ ~ arg min, £(v)) enabling
approximate solutions. To understand the effectiveness of
SNG for high-precision scientific machine learning, it is
thus natural to study its local convergence properties for
consistent problems. To do so cleanly, we note that near the
minimizer, any consistent parametric optimization problem
is approximated to second order as £(vg) ~ L(7y), where
Lisa quadratic approximation to £ about #* and ¥ is a lin-
earization of v about 8*. Motivated by this fact we focus our
convergence rate analysis on the resulting model problem:

Problem 2.1 (Linear least-quadratics). Let H = R™ and

vg=J0, L(v) = %’UTHU —v'b )

with H > 0. Then minimize L(vg) as in (1).

We call this problem linear least-quadratics (LLQ) since
it uses a linear ansatz to minimize a quadratic loss func-
tion, and we note that the standard linear least-squares is
recovered by setting H = I. We also note that here and
in the rest of this work we assume H = R™ (equivalently,
Q ={1,...,m}) to simplify the discussion, though we
keep our notation general to emphasize the broader appli-
cability of the algorithms. With this context in mind we
summarize our contributions as follows:

1. We provide an approach to analyzing SNG with-
out decoupling the gradient and the preconditioner.
In particular, we show that under a sampling strat-
egy known as squared volume sampling (SVS), the
expected SNG direction becomes equal to a precon-
ditioned gradient descent step, even in the presence
of coupling (Lemma 4.1). This leads to global con-
vergence guarantees when using a single mini-batch
of any size to inform each step (Theorem 4.2), and it
establishes SVS-SNG as a new theoretical proxy for
SNG. The relevance of this construction is supported
by numerical experiments which show that SVS-SNG
can be a more faithful proxy for realistic SNG algo-
rithms than previous proxies based on independent
mini-batches (Figure 2 and Appendix I).

2. We show that the convergence rate of SNG can be
controlled by its sketch-and-project structure. In
particular, under SVS we prove an explicit convergence
rate for SNG in the linear least-quadratics setting (The-
orem 5.1). The results show that as the sample size
is varied, the optimal convergence rate scales as a/7,
where « is the standard sketch-and-project convergence
rate and 7y is a new quantity related to the second mo-
ment of the sketch-and-project step. The appearance
of o suggests that the advantage of SNG over SGD is
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that it can more effectively exploit spectral decay in
the model Jacobian, which is confirmed empirically in
Figure 4. Regarding ~y, we provide a preliminary char-
acterization (Proposition 5.3) and numerical evidence
which suggests benign behavior (Figure 3), and we
defer a thorough analysis to future works. In Appendix
G we also provide an extension of Theorem 5.1 to the
more general setting when £ is smooth and strongly
convex and the problem is possibly inconsistent.

3. We extend these ideas to explain a popular struc-
tured momentum scheme for SNG. In particular, we
show that the subsampled projected-increment natural
gradient (SPRING) algorithm of (Goldshlager et al.,
2024) arises naturally from the application of acceler-
ated sketch-and-project methods (Theorem 6.1). This
suggests that the advantage of SPRING over SNG
should be greatest when the underlying sketch-and-
project steps converge slowly, such as when the sample
size is small; this phenomenon is confirmed empirically
in Figure 5.

Overall, our results suggest that when using subsampled nat-
ural gradient algorithms to solve scientific machine learning
problems, more attention should be paid to the sketch-and-
project properties such as « and -y, and less to the statistical
estimation properties such as the variance of the gradient
and preconditioner estimates. We note that our results also
apply to subsampled Gauss-Newton algorithms for nonlin-
ear least-squares problems, since these are recovered by
setting £(v) = £|jv — b||%.

3. Background

Recall that our formal starting point is the parametric opti-
mization problem (1). To see the relevance of this problem,
note that for NNWs we can set vg = Wy/ || ¥y]| to be the
normalized wavefunction and £(v) = (v, Hv) to be the ex-
pectation value of the energy with respect to the Hamiltonian
H. Stochastic minimization of the composite loss function
L(vg) then recovers the variational Monte Carlo method for
finding ground states of quantum systems (Foulkes et al.,
2001). Common PINN loss functions can also be written in
the form of (1); see (Miiller & Zeinhofer, 2023; 2024) for
relevant treatments.

3.1. Natural Gradient Descent

From a geometric perspective, the intuition behind natural
gradient descent is to mimic gradient descent in the func-
tion space (Miiller & Zeinhofer, 2024). To describe this
process we focus in on a single iteration denoted by in-
dex ¢ and parameters 6;, and we define the function space
gradient v = V,L(vg,) € H and the model Jacobian
J = Vgvg, : R — H. Here r can be the standard

L? gradient or, for applications such as NNWs when the
model vy is restricted to a manifold, a suitable Riemannian
gradient. Given these definitions, an exact gradient step
in the function space would satisfy vg,,, = vg, — nr for
some step size 1. Applying the first-order approximation
V9,,, ~ vo, + J(0i11 — 0;) and rearranging yields the
natural gradient subproblem

J9t+1 == J09f —nr. (3)

In practice, the model Jacobian J is not of full row rank and
so the system must be solved by minimizing an appropriate
function space distance metric. The most common approach
is to use the L? distance and also incorporate Tikhonov
regularization to yield the iteration

011 = arg min 170 = (JO, —nr)||* + X0 — 0] (4
=0, —n(J T+ XTI, 5)

where we have used the Moore-Penrose pseudoinverse to
smoothly handle the case when A = 0 and J is not of full
column rank. Here .J " .J is known as the Fisher informa-
tion matrix and the chain rule implies J "7 = V4L (vy,),
so this formulation agrees with the standard preconditioner-
based formulation of L? natural gradient descent. It also
matches with the natural gradient algorithms that have been
most effective for both NNWs and PINNs, which are com-
monly known as stochastic reconfiguration (Sorella, 2001)
and energy natural gradient descent (Miiller & Zeinhofer,
2023), respectively. See (Amari, 1998; Martens, 2020) for
alternative discussions of the natural gradient method.

3.2. Sampling and Subsampling

To make natural gradient methods practical we can estimate
both the function space gradient r and the model Jacobian
J by sampling from the domain of . In particular we draw
k samples S = (S1, ..., Sk) with S; € €, and we use these
samples to instantiate

Vi [vo(S1)]

Is=| 1 | ®
Vi [ve(Sk)]

[V L(vg)](S1)
rs =
[VoL(va)](Sk)

In practice the entries of g can be computed efficiently as
long as £ has a local structure, while the rows of Jg can
be computed efficiently by backpropagating through the
model. We note that when S is sampled from a non-uniform
distribution it may be appropriate to rescale the rows of
Js,rg via importance sampling, but for clarity we focus on
the case without any rescaling. We also note that in the case
of NNWs, both rg and .Jg include a normalization term
which must be estimated stochastically. However, for our
analysis we assume exact access to rg and Jg.
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The subsampled regime refers to the case when the sample
size k is smaller than the number of parameters n, so that
Jg € RF*™ ig wider than it is tall. For example, a canonical
application might use k£ = 103 samples to optimize n = 10°
parameters. In such settings, substituting Jg and rg into
the regularized least-squares problem (4) yields an efficient
subsampled natural gradient (SNG) algorithm:

9&1ngmehG—ﬁh@—an2+AW—9M2
=0, —nJg (JsJg + M) Trg

In addition to the efficiency gains from the sampling itself,
this formulation only requires inverting a k x k kernel matrix
in sample space rather than an n X n preconditioner matrix
in parameter space, resulting in a dramatic reduction in the
iteration cost.

To simplify the formulas we define the compressed notation
J§O = I (Js T +ADY, ™)

which should be viewed as a regularized version of the

pseudoinverse since J ;r © — J& . This enables us to write
the SNG iteration succinctly as

011 = 0, —nJd Mrg. ®)

We note that although the values of r, J, S change at each
iteration, we keep this dependence implicit to avoid clutter.

3.3. Sketch-and-Project

Sketch-and-project methods solve a linear system J6 =
b by repeatedly applying a sketching matrix € RFx™
on the left and then projecting the current iterate onto the
solution space of the sketched equation 2.J6 = Qb (Gower
& Richtarik, 2015a). Applying this operation using standard
orthogonal projections leads to the iterative method

Or1 = 0; + ()T (Qb — Q. T0;). ©)]

In this work, we are most interested in the special case
known as the randomized block Kaczmarz method (Needell
& Tropp, 2014), which arises by choosing €2; = Ig to be
some selected rows of the identity matrix, so that ;.J = Jg
and ;b = bg represent the corresponding rows of J and b.
The resulting iteration takes the form

9t+1 :9t+J5’+(bS—JSQt)- (]0)

It is also possible to incorporate regularization into the ran-
domized block Kaczmarz iterations to yield the formula

Orp1 = 0y + TN (bs — Js6,). (11)

Such regularization has been shown to yield improved stabil-
ity for inconsistent linear systems (Goldshlager et al., 2025)

and to enable optimal convergence rates in the presence of
Nesterov acceleration (Derezinski et al., 2025b). We empha-
size that the regularization here is internal to the iterations
and does not imply that the algorithm targets a regularized
solution to the original linear system.

The standard convergence result for sketch-and-project
methods, for example Theorem 1.1 of (Gower & Richtarik,
2015b), implies that when ; = Ig and when there is a
unique 6* satisfying J§* = b, it holds

E [|6: — 6" < (1— )" (|6 — 67|, (12)
with

a=X (P), P=Es[P(S)], P(S) = JeMJs. (13)

min
In words, P (S) is a regularized projector onto the row space
of Jg, P is the expectation of this projector, and « is the
minimal eigenvalue of the expected projector.

A major strength of sketch-and-project methods is that their
convergence rate can be insensitive to the largest k singular
values of J, where we recall that k is the sketch size or in the
case of randomized block Kaczmarz methods, the sample
size. As a result, the rate constant « can scale superlinearly
in the sample size in the presence of fast spectral decay. In
fact, under fast enough spectral decay and other appropriate
conditions, « can scale as a high-order polynomial or even
exponentially in k; see Appendix B for details.

3.4. Squared Volume Sampling

Given a matrix J, a sample size k, and a regularization
parameter A > 0, squared volume sampling (SVS) selects k
rows from J with indices S with a probability proportional
to the squared volume of the parallelepiped formed by the
rows of [Js v/AI]. Concretely we define the distribution
SVS(J, k, M) to have probability mass function

B det(JsJd + )
ek det(Js Jd + AT

p(S) (14)

when |S| = k, and 0 otherwise. We note that when A = 0 it
is required that & < rank(.J), and we also remark that SVS
is a special case of a determinantal point process (DPP).

Various algorithms have been proposed to implement
squared volume sampling, including both direct and Markov
chain Monte Carlo approaches; see (Derezinski & Mahoney,
2021) and (Calandriello et al., 2020) for relevant discussions.
However, our main interest in SVS is not as a practical
sampling strategy, but rather as a tool to enable theoret-
ical insight into algorithms which are otherwise difficult
to analyze. SVS has previously been used in this way for
both randomized block coordinate descent methods (Mutny
et al., 2020; Rodomanov & Kropotov, 2020) and random-
ized block Kaczmarz methods (Derezinski et al., 2025b;
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Goldshlager et al., 2025; Xiang et al., 2025). In both cases,
the power of SVS is that it enables exact computations of
expectation values involving the inverse of a subsampled
matrix, which are otherwise challenging to control. We
will use this same property to provide new insights into
subsampled natural gradient algorithms.

3.5. Related Works

Several works have made connections between subsampled
Newton algorithms and sketch-and-project methods in both
linear (Rathore et al., 2024) and nonlinear (Qu et al., 2016;
Yuan et al., 2022) settings, with one even considering a
variant of squared volume sampling (Mutny et al., 2020).
Another work has analyzed a subsampled Gauss-Newton
algorithm for overparameterized neural networks in a non-
linear least-squares setting (Cai et al., 2019). In the context
of natural gradient methods, one recent work considered the
use of squared volume sampling (Gruhlke et al., 2024), but
this work focused on the oversampled regime in which there
are more samples than parameters, which is qualitatively
different than the subsampled regime.

4. Analysis without Decoupling

We now begin our work by considering the primary barrier
to providing theoretical insight using the sketch-and-project
approach: namely, how to rigorously guarantee the conver-
gence without decoupling the gradient from the precondi-
tioner. To start, we note that the SNG iteration (8) can be
derived by applying a regularized block Kaczmarz step (11)
to the natural gradient subproblem (3):

001 = 0, + TSV ((J0, — nr)s — Jsby)
=0; — nJ;(A)rg.

This forms the basis for the sketch-and-project interpretation
of SNG, and it implies rigorous convergence guarantees
such as (12) for consistent linear least-squares problems.
However, it is not trivial to extend such guarantees to more
general settings when both the left- and right-hand side of
the linear system are changing at each iteration.

To clarify the problem we write the expected direction as
E [75Wrs] = T (15)

where W = Eg [Ig(Jng + /\I)JFIS] > 0. To guarantee
the convergence using standard techniques, we would like
to pass W to the left as J T Wr = W.J T r, for some appro-
priate W - 0, to obtain a preconditioned gradient descent
direction. Unfortunately it is difficult to guarantee that this
manipulation is possible under general conditions.

In fact, it is exactly this challenge that has led previous anal-
yses to study a theoretical proxy based on two independent

mini-batches. However, as we have alluded to and as we
discuss in detail in Appendix A, such analyses are not able
to provide meaningful characterizations of the convergence
rate of SNG at small sample sizes. Motivated by this failure,
we return to the single mini-batch algorithm and search for
another way to facilitate the analysis. In particular, the inter-
pretation of SNG as a randomized block Kaczmarz method
suggests the consideration of a new proxy based on squared
volume sampling (SVS). This proxy is promising since SVS
is known to enable exact computations of expectation values
along the lines of (15), and we find that it is indeed sufficient
to address the challenge at hand:

Lemma4.1. Let J € R™*"™, r € R™, and S~SVS(J, k, \).
Then it holds

Es {J;r(/\)rs} =WJTr, (16)

withW = (JT)"Y2P(JT)) Y2 and P as in (13).

In other words, under SVS the expectation of the SNG direc-
tion J. S+ (’\)rs becomes equal to a preconditioned gradient
descent step, without decoupling the gradient and the pre-
conditioner. Moreover, the SNG preconditioner W arises
by combining the expected projector P with the natural gra-
dient preconditioner .J T .J, which already suggests that the
sketch-and-project structure controls the gap between SNG
and its deterministic counterpart. The proof of Lemma 4.1,
which follows from known expectation formulas for SVS,

can be found in Appendix C. Note that here and elsewhere
we use (J ' .J)~!/2 as a shorthand for [(J T J)*]'/2.

As a first consequence of Lemma 4.1, we can now provide
global convergence guarantees for SNG without invoking
two independent mini-batches. The assumptions to ensure
global convergence can be formulated in a variety of ways;
to provide just one example we present the following result:

Theorem 4.2 (Global convergence of SVS-SNG). Consider
an instance of the parametric optimization problem (1) such
that H = R™. Suppose that L(vg) is bounded below and
is continuously differentiable as a function of 0, and also
that vg, Vo L(vg) are Lipschitz continuous as a function of 0.
Suppose additionally that there exist constants C1,Cs > 0
such that ||r||> < C1||J T r||2 + Cy for all 6.

Then under the sampling distribution S~SVS(J,k,\), a
positive regularization \ > 0, and diminishing step sizes 1
satisfying > oo My = 0o and Y .o, m7 < o, it holds

lim E

T—o0

T
1
= > [VoLlwe,)II*| = 0.

t=1"t =1

The only unusual part of this result is the condition on ||r %,

which is used to ensure that the variance of the sketch-
and-project step can be controlled in terms of the size of
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Figure 2. Empirical performance of two theoretical proxies for SNG. “Previous (2 batch)” refers to (25) with .S, S’ uniform, “Ours (SVS)”
refers to (8) with squared volume sampling, and “Realistic” refers to (8) with S uniform. The results are for a discrete Poisson problem
with a small neural network ansatz, and the behavior is tested for a fixed step size 7 and varying regularization A (left), as well as for
fixed \ and varying 7 (right). In both cases the behavior of SVS-SNG matches closely with the realistic algorithm, while the behavior of
the two mini-batch proxy differs dramatically. The dimensions are m = 100, n = 7801, and k = 10, which is small enough to directly
implement SVS. The y-axis represents the relative error achieved after ' = 10 iterations, with the curves representing the mean result
over five runs and the shaded regions spanning the minimal and maximal results attained over the same five runs. See also Appendix I for
similar results in the linear least-quadratics setting, and Appendix J for full details on these and other numerical experiments, including a

link to the code which can be used to reproduce our results.

the gradient J Tr. To see that this condition is reasonable,
we note every LLQ instance admits values of C; and Cy
such that the condition holds, as proved in Proposition D.2.
The proof of Theorem 4.2 is also presented in Appendix
D and follows by showing that under SVS, SNG satisfies
the assumptions of Theorem 4.10 of (Bottou et al., 2018).
We emphasize that SVS is merely a sufficient condition for
these assumptions, and it is possible that other sampling
distributions can also satisfy these assumptions.

The main value of Lemma 4.1 and Theorem 4.2 is in estab-
lishing SVS-SNG as a new theoretical proxy for understand-
ing SNG. The suitability of SVS as a proxy is supported by
previous analyses of randomized block Kaczmarz methods
which show that under benign conditions, SVS can behave
similarly to uniform sampling (Derezifiski et al., 2025b;
Goldshlager et al., 2025). We further provide numerical
evidence that this similarity can extend to the case of SNG,
with results for a simple scientific machine learning problem
in Figure 2 and for some linear least-quadratics problems
in Appendix I. See Appendix J for full details on these and
other numerical experiments, including a link to the code
which can be used to reproduce our results.

Regarding the practical implications, we do not suggest that
SVS should be implemented directly, since even the most
efficient algorithms for doing so still require accessing either
all of J or a large number of rows of .J in order to gener-
ate each mini-batch. However, the idea of SVS can still
motivate new practical directions, for example by suggest-
ing the incorporation of negative correlations between the

samples within each mini-batch. It may even be possible to
develop cheaper, approximate adaptations of rigorous SVS
algorithms such as the Markov chain Monte Carlo method
of (Anari et al., 2016) or the oversample-then-subselect ap-
proach of (Calandriello et al., 2020). These methods have
complexities like O(m - poly(k)) in general, but the linear
scaling in m could be reduced by running fewer MCMC
steps or using a smaller oversampling factor, respectively.

S. Small-Sample Insights

We now turn our attention to our main goal of providing de-
tailed insights into small-sample settings. For this purpose
we focus on the linear least-quadratics setting (LLQ), which
we recall is motivated by the search for high-precision so-
lutions and is derived as a second-order approximation to
general consistent parametric optimization problems. For
clarity and since the motivation for the model problem
comes from the consistent regime, we focus on consistent
instances of LLQ. However, in Appendix G we provide an
extension to the more general case when £ is smooth and
strongly convex and the problem is possibly inconsistent.
We also note that throughout this section we uniquely define
0" = arg min()erangc(JT ) E(Ue ) .

Within the consistent LLQ setting, the key challenge lies in
handling the interaction between (i) the sketch-and-project
structure induced by the Jacobian J, and (ii) the natural gra-
dient structure induced by the Hessian H. Fortunately, we
already know from Lemma 4.1 that under SVS, the expec-
tation of each SNG iteration takes the form of a precondi-
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tioned gradient descent step. This enables us to extend exist-
ing sketch-and-project analyses to ensure a steady reduction
in the solution error when measured in an appropriate norm:

Theorem 5.1 (Convergence of SVS-SNG for LLQ). Con-
sider a consistent instance of linear least-quadratics and
assume an initial guess of 0y € range(J ). Define P, « as
in(13), W as in Lemma 4.1, and a new quantity

= HES [IQ(J;(”)TWU;WIS} H2 (17)

which relates to the second moment of the sketch-and-
project step.

Then when S~SVS(J, k,\) and n < 1/(v||H]||2), it holds

E [|6; — 0°[|%, < (1= Amin(H) - )" 00 — 67|55, .
(18)

The proof of Theorem 5.1 can be found in Appendix E. Im-
portantly, although W+ is not necessarily full rank, it does
act as a norm on the subspace range(.J ' ), which contains all
the error vectors as established by Lemma E.1. As a result,
Theorem 5.1 provides a genuine linear convergence rate for
SVS-SNG for LLQ. We note that unlike Theorem 4.2, which
ultimately relies on inequality conditions that might be met
by more general sampling distributions, Theorem 5.1 di-
rectly leverages the exact expectation formula of Lemma 4.1
and can thus be more difficult to generalize.

To understand the meaning of Theorem 5.1 it is helpful to
compare with deterministic natural gradient descent:

Corollary 5.2 (Convergence of NGD for LLQ). Consider
a consistent instance of linear least-quadratics and assume
an initial guess of 6y € range(J ). Then when A = 0
and n < 1/||H |2, deterministic natural gradient descent
satisfies

E |0 — 0%[|57 5 < (1= Aewin(H)" 1|60 — 0°[|5,
(19)

The proof of Corollary 5.2, which is a direct specialization
of Theorem 5.1, can be found in Appendix E.

Overall, these results provide the first characterization of the
convergence properties of SNG in small-sample settings. In
particular, comparing Corollary 5.2 to Theorem 5.1 reveals
that under SVS, the effect of subsampling is to (i) reduce the
maximum stable step size by a factor of v, and (ii) reduce
the convergence rate by an additional factor of «. This
means that as the sample size is varied, the optimal rate
scales as a/.

Importantly, the appearance of v in Theorem 5.1 enables us
to draw insights from the rich body of literature on sketch-
and-project methods. For example, based on this literature
we can immediately suggest a new explanation for the suc-
cess of SNG in scientific machine learning, since (i) it is

known that o can scale superlinearly in the sample size
when J exhibits fast spectral decay (see Section 3.3 and Ap-
pendix B), and (ii) J is commonly observed to exhibit fast
spectral decay in practice (Park & Kastoryano, 2020; Wang
et al., 2022). This provides a distinct advantage relative
to SGD, for which the analogous linear convergence rate
constant for smooth and strongly convex problems scales
at most linearly in the sample size across a variety of stan-
dard settings (Jain et al., 2018; Mishkin, 2020; Garrigos &
Gower, 2023). Furthermore, since the scaling of « is lim-
ited only by the spectral decay rate, this superlinear scaling
can easily compensate for SNG’s increased iteration cost
of O(k?) rather than O(k). It is also worth noting that the
superlinear scaling of « can occur independently of any
changes to the step size n, which depends only on H and
. This again contrasts with SGD, for which the step size
must always be increased in order to attain a faster linear
convergence rate.

The other sketch-and-project quantity, -y, has not appeared in
previous analyses. Intuitively, the effect of y is to modulate
the benefits of the sketch-and-project structure, since when
~v = O(1) the sketch-and-project rate «v extends cleanly into
the natural gradient setting, whereas when v >> 1 the rate
suffers from the transition. Structurally,  is related to the
second moment of the sketch-and-project step and is similar
to second-moment quantities which have appeared in analy-
ses of accelerated sketch-and-project methods (Gower et al.,
2018; Derezinski et al., 2025b). As discussed in Section 6,
such second-moment quantities can admit favorable upper
bounds in benign cases, which suggests that v may also
behave benignly under appropriate conditions.

Unfortunately, proving such a result can be quite technical
and is outside the scope of the current work. For now we
present the following preliminary characterizations:

Proposition 5.3. Define ~y as in Theorem 5.1. Then:

1. If JJU = I, then uniform and squared volume sam-

pling coincide, and under such sampling v = 1_%)\

2. If k =1and S~SVS(J, k,\), then v < 1.
3. Ifk=m, theny < 1.

4. If x>0 and S is uniform, then y<1+% max; [FAR

The proof of Proposition 5.3 is presented in Appendix E.
These results put some limits on the extent to which ~ can
suppress the superlinear scaling enjoyed by «, but they are
not tight enough to fully clarify the behavior. To supple-
ment these preliminary bounds, we provide an additional
proposition in Appendix F which shows that the influence
of v can disappear entirely when J and H satisfy a strong
compatibility condition. We also provide a numerical exper-
iment which explores the behavior of o and y under SVS,
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Figure 3. Empirical scaling of the convergence parameters o and
~ as a function of the sample size k, under SVS. The results are
for a random Gaussian Jacobian matrix with quadratic spectral
decay. The sketch-and-project constant o grows superlinearly as
predicted, and the presence of v only mildly impedes this superlin-
ear scaling. The regularization is set to A = 0 for simplicity and
the dimensions are m = 10® and n = 102, which is small enough
to (i) calculate « directly using symmetric polynomials, and (ii)
estimate y by sampling directly from SVS(J, k, A).

for a random Gaussian J matrix with quadratic spectral de-
cay. The results in Figure 3 show that v exerts only a mild
damping effect on the predicted convergence rate, with o/~
still growing superlinearly.

Finally, we directly investigate the suggestion that SNG can
exploit spectral decay in the model Jacobian. To this end we
test the behavior of SNG under uniform sampling for two
instances of LLQ involving random Gaussian matrices. The
results in Figure 4 confirm that SNG exhibits superlinear
scaling exactly when J has fast spectral decay.

6. Principled Acceleration

As an additional demonstration of the power of the sketch-
and-project approach, we now turn our attention to the ques-
tion of acceleration. In particular, we consider the sub-
sampled projected-increment natural gradient (SPRING)
algorithm, which has recently been proposed as a structured
momentum scheme for SNG, and which has been demon-
strated to significantly accelerate the convergence in practice
(Goldshlager et al., 2024). Despite numerous applications
of SPRING (Smith et al., 2024; Scherbela et al., 2025; Chen
et al., 2025; Hendry et al., 2025) and several proposals to
further improve the algorithm (Gu et al., 2025; Li et al.,
2025), the structure and convergence properties of SPRING
have remained mysterious. We clarify the situation through
the following result:

Theorem 6.1 (SPRING as accelerated sketch-and-project).
The Nesterov-accelerated regularized sketch-and-project
algorithm for the system JO = b, as presented for example

flat spectrum
10724104
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T
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©
o D
£
o
L% 2 10—5
a —e— SNG
—=-=- Linear scaling
1% 10%

Relative sample size k/n

Figure 4. Empirical validation that SNG can exploit spectral decay
in the model Jacobian, under uniform sampling. The results are for
a consistent instance of linear least-quadratics involving random
Gaussian matrices, with J exhibiting quadratic spectral decay. The
empirical rate constant grows superlinearly as predicted even while
the step size is fixed at 7 = 1. The regularization is setto A = 0
for simplicity and the dimensions are m = 10® and n = 102
Inset: when J has a flat spectrum, the rate scales linearly.

by (Gower et al., 2018; Dereziriski et al., 2025b), can be
reformulated as

Gri1 = pde + ()TN ( Qb — QT (0, + pgy)),

(20)
Orp1 = 0t + e 11

after an appropriate transformation of variables. Applying
(20) to the natural gradient subproblem (3), with the stan-
dard row sampling sketching matrix Ig, yields the iteration

i1 = Py + J;()\)(TS — uJsdr),

(21)
9t+1 =0, — 77¢t+1~

This is exactly the iteration used by SPRING.

In other words, while the SPRING algorithm appears mys-
terious from a stochastic preconditioning perspective, it is
a natural construction from the viewpoint of sketch-and-
project methods. The proof of Theorem 6.1, which is
straightforward once the appropriate transformation of vari-
ables is identified, can be found in Appendix H.

As a result of Theorem 6.1, Theorem 3 of (Gower et al.,
2018) (or also eq. (1) of (Derezinski et al., 2025a)) implies
that for a consistent linear least-squares problem SPRING
satisfies a convergence bound of the form

E [0~ 0*[* = 0 (1 = V/a/B)") 00— 0"° 22

with « as in (13), O indicating constant factors that do not
depend on ¢, and 3 a second moment quantity defined by

——1/2 —_— 1/2
6:HP PR [J3 (IO TP Vs P /HQ.
(23)
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The implications of this bound have been developed by sev-
eral previous works (Gower et al., 2018; Derezinski et al.,
2025a;b), with the overall message being that the rate con-
stant \/a/ (3 can be similar to « for adversarial problems,
but can scale more like +/« for benign problems. Conceptu-
ally, this means that we can expect the benefits of SPRING
to be greatest when « is small, or equivalently when the
underlying sketch-and-project steps converge slowly. This
explains the recent observations of (Guzman-Cordero et al.,
2025; Misery et al., 2026) that SPRING is most beneficial
when the sample size is small relative to the difficulty of the
problem. Finally, we note that the benign case follows from
providing favorable upper bounds on 3, which suggests that
similar techniques could also be used to bound our ~.

We are not yet able to extend these results to the LLQ setting,
since it is unclear how to construct an appropriate Lyapunov
function in the presence of both Nesterov acceleration and
a nontrivial function space Hessian. Still, based on Theo-
rems 5.1 and 6.1 and eqs. (12) and (22), we conjecture that
SPRING always accelerates SNG by replacing o with the
accelerated sketch-and-project constant 1/a/3:

Conjecture 6.2 (Convergence of SVS-SPRING for LLQ).
Consider a consistent instance of linear least-quadratics
and assume an initial guess of 0y € range(J ). Then under
the sampling distribution SVS(J, k, \) and with appropriate
choices of n and 1, SPRING satisfies

E 6: = 0| = O (1= w™"(H) - v/a/B / 7)") 160 — 0"
(24

with aas in (13), 8 as in (23), 7y as in Theorem 5.1, and O

indicating constant factors that do not depend on t.

We defer the resolution of this conjecture to future works.
For now, we provide numerical experiments exploring the
convergence of SPRING in the LLQ setting, with results in
Figure 5. We find that SPRING provides substantial accel-
eration for small sample sizes, but the gap shrinks for larger
sample sizes. This is consistent with Conjecture 6.2 since
large sample sizes correspond exactly to larger values of o,
which should thus reduce the opportunity for acceleration.

Interestingly, we do not predict or observe SPRING to
achieve an improvement in the dependence on the condi-
tion number x(H ). Identifying algorithms that do, perhaps
achieving convergence rates scaling with x~/2( H), for ex-
ample by introducing acceleration in the function space (Li
et al., 2025), is a promising direction for future works.

Conclusions

In this work we have demonstrated that subsampled natural
gradient algorithms can be more fruitfully understood as
sketch-and-project methods rather than stochastic precon-
ditioning schemes. Building on this perspective we have

=
o
4
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P 16e=87 I =(1—p)|e”|
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Figure 5. Empirical comparison of the convergence rates of SNG
and SPRING for a variety of sample sizes. The results are for a con-
sistent instance of linear least-quadratics in which J and H both
have linearly decaying spectra. As suggested by Conjecture 6.2,
SPRING provides substantial acceleration for small sample sizes,
but the gap shrinks as the sample size is increased. The regulariza-
tion is set to A = O for simplicity and the dimensions are m = 10%,
n = 10?. Furthermore, the hyperparameters 1 and p are tuned
independently for each run.

shown how to analyze SNG without decoupling the gradient
and the preconditioner, provided the first meaningful charac-
terization of how subsampling affects the convergence rate
of natural gradient descent, and clarified the mechanism be-
hind the SPRING algorithm. Overall, our findings suggest
that when using subsampled natural gradient algorithms to
solve scientific machine learning problems, more attention
should be paid to the sketch-and-project properties such as
« and v, and less to the statistical estimation properties such
as the variance of the gradient and preconditioner estimates.

Looking forward, our work sets the stage for a broader ef-
fort to leverage ideas from randomized linear algebra to
develop and analyze subsampled optimizers for scientific
machine learning. Theoretically, promising directions in-
clude providing tighter bounds on +, extending our analysis
to other sampling distributions, and generalizing our con-
vergence rate characterization beyond the case of a linear
ansatz. Regarding acceleration it would be interesting to
verify Conjecture 6.2 and to identify schemes that attain
convergence rates scaling with x~*/2(H). Practically, fu-
ture works should explore sampling algorithms inspired by
SVS, for example by using ensemble samplers (Goodman &
Weare, 2010) to introduce negative correlation within each
mini-batch, or by proposing practical adaptations of the
methods of (Anari et al., 2016) or (Calandriello et al., 2020).
It should also be fruitful to explore additional tools from the
sketch-and-project literature such as adaptive acceleration
(Derezinski et al., 2025b), tail averaging (Epperly et al.,
2025), and oblique projections (Gower & Richtarik, 2015a),
which could lead to faster and more robust convergence.
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A. Detailed Discussion of the Two Mini-Batch Proxy

In this appendix we provide a more detailed discussion of the two mini-batch proxy which has been analyzed by previous
works such as (Ren & Goldfarb, 2019; Martens, 2020; Yang et al., 2020; Wu et al., 2024), and which is similar to the
algorithms analyzed by works such as (Bollapragada et al., 2019; Roosta-Khorasani & Mahoney, 2019) in the context of
subsampled Newton methods. The basic idea is to study an algorithm of the form

01 = 0; —n(JJs + AT Tdrs (25)

where S, S’ are two independent and uniformly sampled mini-batches. This form is justified as a plug-in estimator for the
deterministic algorithm (5), and when S = S’ it becomes equivalent to the practical single mini-batch algorithm (8) due to
the push-through identity (J¢ Js + AI)TJS = JJ (JsJd + AI)*T.

The benefit of studying (25) is that its convergence can be guaranteed under mild conditions since its preconditioner
JST, Js/ + Al is positive definite (when A > 0) and independent from the stochastic gradient JSTTS, which is an unbiased
estimator for the exact gradient Vo L(vg) = J " up to a scaling factor of k/m. The problem is that at small sample sizes
the meaningful part of the preconditioner, JJ, Js/, has a rank of at most k& < n and is thus unlikely to be informative for the
independently estimated stochastic gradient .J g rs. As aresult of this problem, analyses of two mini-batch algorithms such
as (25) are not able to provide meaningful characterizations of the convergence rate of SNG at small sample sizes.

B. Detailed Discussion of Sketch-and-Project Convergence Rates

In this appendix we provide a more detailed discussion of the scaling properties of the convergence parameter o from
(12). A representative result is eq. (4.2) of (Derezifiski & Yang, 2024). Assuming that .J is of full column rank and that
S~SVS(J, k, 0), this equation provides a lower bound of

k—{¢
> , 26
O‘*fgﬁfk k—@—l—i—zzl:eﬂ(ai/anﬁ (26)
where o; represent the singular values of .J. Fixing £ = k — 1 provides a simpler bound of
2
a> = 27)

Dk 0}
Evidently, the right-hand side of (27) can scale rapidly with £ when J exhibits fast spectral decay.

For concrete results along these lines under various types of sketching and spectral decay, see Lemma 3.3 and Corollary 3.4
of (Derezifiski & Rebrova, 2024). These results show that « can scale as a high-order polynomial or even an exponential
function in k, when the spectral decay of .J is similar. Additionally, for a discussion of how regularization impacts the
scaling of «, see Theorem E.1 and the associated discussion in (Goldshlager et al., 2025).

C. Proof of Lemma 4.1

We first reproduce a known result regarding the expectation of the subsampled projection matrix under squared volume
sampling:
Lemma C.1 (Key expectation formula under SVS). Let J € R™*™ with rank e and full SVD UXV", and suppose
S~SVS(J,k,\). Then o

W =Eg [Ig (JsJg + M)"Ig] =UDUT (28)
where )
_ diag(pk—1(g-1), - -, Pk—1(q-m))

pr(q)

with q the vector of descending eigenvalues of JJ T + N (q; = o + Awheni < e, q; = \wheni > e), q_; the vector q
with the i entry removed, and p; the real elementary symmetric polynomial of degree 1.

D : (29)

Proof. At a high level this result is proved by applying the identity X ! = madj()( ) with X = JgJJd + A, then
noting that the squared volume sampling probability density cancels with the determinant. What remains is essentially a

13
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sum over the adjugates of the principal submatrices of JJ " + AI, which turns out to have an elegant formula in terms of
symmetric polynomials of the eigenvalues, yielding the numerator of (29). The normalization factor of the squared volume
sampling density also has such a formula, which yields the denominator of (29).

For the full details of the proof, including how to handle the case when Jg Jg + Al is singular (which can happen when
A = 0), see the proof of Lemma 4.1 in (Dereziniski & Yang, 2024). In particular, their eq. (5.2) is equivalent to our
Lemma C.1. See also (Rodomanov & Kropotov, 2020), whose Lemmas 3.2 and 3.3 provide the foundation for the results of
(Derezinski & Yang, 2024). O]

We now present a corollary of Lemma C.1 which will be useful in the proof of Lemma 4.1 and elsewhere:

Corollary 9;2 (Alternative characterization of W). Let e be the rank of J and let USV' T be its compact SVD. Fix k and \
and define W = (JT.J)"Y2P(JT.J)"'/2 as in Lemma 4.1. Then it holds

W=VvDV" (30)
where D = DIl : e, 1 : €] represents the e leading principal submatrix of D, which is defined in (29). It also holds
Amin(D) > 1/ Te(JJ T + ).

Proof. First note
P =Es (73| = JTEs [I (JsJE + At Is] J =TT 31)
Then substitute
W= ) V2PUT ) V2 =T V2ITWIJT )2 =vuT(uDU T UVT =VDVT. (32)
Finally, using eq. (5.3) of (Derezifiski & Yang, 2024) we can lower bound

_1(q—; 1 1 1 1
Amin (D) > min M > min > > — = . (33)

i pr(a) Qi T Yo il Dt T Ygea @i 2 @G TX(JJT + A

This chain of inequalities is ill-defined when & = 1, but it is easy to verify that in this case, p_1(q_;)/pr(q) = 1/ Tr(JJ T +
AI) for all 7 and so the bound is still valid. O

We are now ready to prove Lemma 4.1:
Proof of Lemma 4.1. Let e be the rank of .J and let USV " be its compact SVD. Calculate

]ES [J;(/\)Ts] = ES [J;(Jsjg + )\I)+T5]
=JEg [I§ (JsJ& + \)VIg]r
=J'UDU'r

by Lemma C.1. Then, let D = D[l : ¢,1 : e] and note also that U = U(:,1 : e¢) and ¥ = X(1 : ¢,1 : e). Then we can
rewrite

Es [J;(A)rs} =J'UDU"r =VSU'UDU"r = VSU'UDU"r = VEDU 'r = VDSU '+ = VDV ' J 1. (34)
The result follows since W = VDV T by Corollary C.2. O

D. Proofs for Global Convergence of SVS-SNG

Lemma D.1 (Variance of SNG update under SVS). Let J € R™*", r € R™, and S~ SVS(J, k, \). Then when X\ > 0 it
holds

2 1
Es [ 75Vrs| < 5 1 (35)

14
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Proof. Using the push-through identity J+(>‘) Jd& (JsJd + M)t = (Jd Js + AI)~1JJ itholds

2
|78 Prs|” = 18 g5 (a8 Js + A 20E s

1
< XrgJS(JSTJS + AN Idrs
1
<3 s |)?
Hence it follows ) ) )
Es |7 Vrs||” < SEslrsl < $Es Il = 5 Il (36)

O

Proof of Theorem 4.2. The result follows directly from (Bottou et al., 2018, Theorem 4.10) once the appropriate conditions
are established. The conditions entail some continuity requirements which we have taken as assumptions (Assumption 4.1
in the reference), and some first and second moment limits which we now discuss (Assumption 4.3 in the reference).

The first moment condition follows straightforwardly from the expectation formula of Lemma 4.1 which states that
Eg [J;(A)rg} —WJTr (37)
Using Corollary C.2 we can rewrite this as
Es [J§Wrs| =vDVTITy (38)
where D = DJ[1 : e, 1 : e] and D as in (29), and with A\ (D) > 1/ Tr(JJ T + A). Since J "7 = VoL (vg) it follows that

1
(VoL(vy), Es [J;()\)TS}> = TJTT A IVL(ve)]|* (39)

Since we have assumed vy is a Lipschitz continuous function of 6, it holds ||J||, < L for some constant L and thus
Tr(JJ TN ) < nL? 4+ mA, and so condition (4.7a) of the reference is proven. Similarly, regarding (4.7b) we have

|Bs [75Pns]|| = VDV Tr|| < Amax(D) - [ V6Lwo)I, (40)

and since A > 0 by assumption we can upper bound

_1(g—; 1
Amax (D) < maxw < max Pe-1(9-i) < max— S

1
- 41
i pr(q) i qipr—1(q—:) + pr(g—:) i A @b

Finally, regarding the second moment condition we combine the variance bound of Lemma D.1 with the assumption on
2 .
||7||” to obtain

2 1 C C
Es ‘ J;(’\)rsH s [ (;) IVoL ()] + (;) : (42)

which confirms condition (4.8) of the reference. Hence all the assumptions of Theorem 4.10 of (Bottou et al., 2018) are
satisfied and the theorem is proven. O

Proposition D.2. For any fixed instance of LLQ there exist constants Cy, Co such that H1"||2 < H J TTHZ + Cy, as required
by Theorem 4.2.

Proof. For any matrix X € R™*™ let X/] be the orthogonal projection of X to the range of .J, namely UU ' XUU "
where J = UX VT is the compact SVD of J. For LLQ, it holds » = H.J6 — b and thus we can bound

I = | EHJ0 — bl|* < 2| HTO)” +2][b]. (43)
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The second term is already a constant and so the main task is to bound the first term. To do so note
|HJO|> =0T J T H?>J0 =0T JT (H>)Vgo <o T (HY)2 0 (44)

for some constant C, with the last inequality holding since (H?)[’] and (H/1)? both define fixed norms on range(.J). It
follows that

C 2
2 T TN ] _ O Tt Myl C T
\HJO| <Cco'J" (HY)YHY)To < ALn(JJT)e JTHYI(JIHHEY 0 T | HIO||".  (45)
Finally, JTHJ9H2 = HJTr—i— JTbH2 <2 HJTTHQ +2 HJTb’ % and as a result it suffices to choose
o 4C - 2 4C T,112
Gy TR o
O

E. Proofs for Convergence Rate Analysis of SVS-SNG
Lemma E.1 (Range containment). Iy € range(J ") then 0, € range(J ") for all t.
Proof. Consider the SNG iteration
01 = 0, —nJd Vg =6, —nJ I3 (JsJd + M) Frs. 47)
Clearly then 6; € range(J ') == 6;,; € range(J ") and the result follows by induction. O
Proof of Theorem 5.1. For linear least-quadratics the SNG iteration takes the form
Ori1 = 0, — nJ3 Y (HsJ6, - bs). (48)
In the consistent case V,L(vg«) =0 = HJ* = b so we can rewrite this iteration as
Orp1 — 0" = (I —nJ sV HgJ)(0, — 0%). (49)
Now, note that since Lemma 4.1 holds for arbitrary 7 it can be applied separately to each column of H.J to show that

Es [J;WHSJ} —WJTHJ. (50)

Note also that although W is not necessarily full rank on the entirety of R™, Corollary C.2 shows that it is full rank and
positive definite when restricted to range(.J ' ) = range(V'), which contains all the iterates §; by Lemma E.1. As a result

we can meaningfully measure the solution error by || — 6* H?,TH =(0— 9*)TW+ (0 — 6). Using this technique to cancel

out the factors of T in the cross-terms, we find
E (|61 — 0%, = (6, —67)7 (W+ —opJ THJ +1?J T HEg Jg(J;W)TWU;WIS] HJ) 0, — 6°). (51
Using the definition of + it follows
E 8s1 = 0" |3, < (00— 0")T (W = 20J BT 4Py JTHT) (6~ 0°)
< (00— 0")T (W* 20 THT £ op|H s -0 THT) (6, - 0°).
Hence when n < 1/(||H||2) we obtain
E 6i1— 0" 3. < (00— 0")T (WH =g HI) (6, 0")

< (0, — 697 (W+ 0 Aumin (H) - JTJ) (6, — 0%).
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Furthermore by the definition of W it holds

Wt =T DYV IT Y2 < (I, (52)

1
e
and substituting this inequality into the above bound yields

E [|6r41 — 07|55+ < (60— 0") T ([1 =0 Amin(H) - @]W ) (0 = 0%) = (1= 0 - Amin(H) - @) |01 = 0[5, . (53)
Finally, iterating this bound yields the theorem. O
Proof of Corollary 5.2. We can recover the desired deterministic natural gradient descent from SNG by setting £ = m and

A = 0. In this case, point (3) of Proposition 5.3 shows that v < 1. Additionally it holds that P = J*.J is the orthogonal
projector onto range(.J " ). This implies that aw = A

min

(P) =1, and it also implies that
W= )PP = (Tt (54)

Substituting these values into Theorem 5.1 yields the corollary. O

Proof of Proposition 5.3. Consider first the case when JJ T = I. The key fact is that under this assumption it follows

that JgJJ = I for all S. This implies that SVS(J, k, ) coincides with uniform sampling and also that J;(’\) =
J& (JsJd + M)t = =5 Jd . Thus

1+
P=Es [J“*)JS} = L Rl = —F Ty (55)
s 1+ A s 1+Nm"~ 7
. _ k
_ T 71/2P T 1\—1/2 - " 11 56
W= (7T PT) = T, (56)

where I1; is the orthogonal projector onto range(J " ). This implies

(I+X)m
k

m
RESY A)kES (13 JsJg Is]
m
= mES [IgIS]

Es [13 (JE)TWHIEVIg] = Es |13 (J5™)TIE V5]

and it follows that v = 1/(1 + \).

Consider next the case when k& = 1 and S~SVS(J, k, A). In this case the sampling distribution simplifies to p(i) =
([7:]I* + X)/ Te(JJT + AI), and as a result it holds

JTJ
O Te(JJT A’ 57)

JTJ;
[FARES)

P=E /M| =B [

where here and below we can restrict ¢ to values with positive sampling probabilities to avoid zeros in the denominator. It
follows that
1

W — (717 -1/2p( 5T jy-1/2 —
W=7 (77 Tr(JJT + M)

I, (58)
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where I1; is the orthogonal projector onto range(.J ' ). This implies

E, 17 (YT W VL] = eI T + A E ZT (Jﬂ*))TJj(*)Ii]
- (P
= Tr(JJ T+ A B || — 5 | 1[I,
AN ey
s
<Te(JIT + M) E; | —t——
_||J1H + A
=1,

and it follows that v < 1. As an additional comment, the inequality in the third line is tight when A = 0, which implies that
~ = 1 in that case.

Consider next the case that k = m, so that Jg = J and J& ) = J+) = (JTJ + A[)*JT = JT(JJT 4+ AI)*. Then
P=Es [J;(’\)JS} —Jt N = (ST T AN I, (59)
W =T,(JTJ+ AI)*"IL,. (60)
This implies

Eg [I;(J;(A))T’V\[}-'—J;(A)IS} - (J+(>\))TW+J+()\) _ [J(JTJ-|- )\I)+HHJ(JTJ—|— )\I)HJ]J+(>\) = JJt» <1,
(61)
and it follows that v < 1.

Consider finally the case when A > 0 and the sampling is uniform. As a start note that in this case, W is full rank since

1 - k

W =Eg [I§(JsJd + M)~ '] =
where C' = maxg HJS J g + A ||2 Note also that by the definition of W it holds
W= V2T Wt V2=vuTwovT (63)

where UXV T is the compact SVD of .J. Using the Rayleigh-Ritz variational principle and the fact that V and U have
orthonormal columns it follows that

AE (W)= min «"VUTWUVTu= min o UTWUu> min v Wu = Ayin (W), (64)
min u€range(V) weRFank(J) lz‘ze‘]lR";
[lull=1 [Jul|=1 ul|=

from which we can conclude that . .
[, =7, 3)

‘We can thus calculate

y= ES[ (3 JF™ )TW+J+()\ SH’
< [, fos s
—|w - B [1E (Js I3+ AD IsTE (s T3 + M) Is]
< W‘1 - I1Bs [IE (Js 5 + A" Is]
= W% - HWH2
= r(W).
Invoking Theorem 5.1 of (Goldshlager et al., 2025) then yields the desired bound. O
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F. Convergence Rate Under Strong Compatibility

In this appendix we provide an additional proposition which shows that the influence of ~ can disappear entirely when .J and
H satisfy a strong compatibility condition. The result is that in at least one special case, the advantages of sketch-and-project
methods can extend to a genuine natural gradient setting without qualification.

Proposition F.1 (Convergence under strong compatibility). Consider a consistent instance of linear least-quadratics and
assume an initial guess 0y € range(J ). Set the sampling distribution to be SVS(J, k, \) and assume a strong compatibility
condition [H, JJ "] = 0 where [X,Y] = XY — Y X is the commutator. Then with step size 1 < 1/||H ||z the SNG iterates

satisfy
E |6, — 6°[* < (1= - Auin(H) - @) |60 — 6|7, (66)

with a as in (13).

We now prove two auxiliary lemmas before proceeding to prove the proposition.
Lemma F.2 (Projected Hessian). Let H = 0, assume [H,JJ "] = 0, and define H = JTHJ. It follows that

H=VAVT (67)
where UV T is the compact SVD of J and A is diagonal with \yin(H) < Ain(A) < Amax(A) < Anax (H).

Proof. By the assumptions H >~ 0 and [H,.J.J "] = 0, H admits an orthogonal decomposition H = UAU " + H | where
A > 0is diagonal, H; > 0 and JTH, = H,J=0. It follows that

H=J"HJ=VAV'. (68)

Furthermore, the eigenvalues of A are a subset of the eigenvalues of H due to the orthogonal decomposition and are thus
contained within [Apin (H ), Amax (H)]- ]

Lemma F.3 (Expected projection). Let S~SVS(J, k, A) and define a = X, (P), P = Eg [P(S)], P(S) = JdNJg. It

follows that o
P=VAVT (69)

where ULV T is the compact SVD of J and A = ol is diagonal.
Proof. Using Lemma C.1 and defining D = DJ[1 : e, 1 : €] we have

P =Es [73VJs]
= J Es [Ig (JsJg + )" Is| J
=J'uDU"J
=vV(EUv'ubDU' D)V’
=V(EDD)VT.
The result follows by defining A = X DX. O

Proof of Proposition F.1. To start define H=JvHJandlet USV T be the compact SVD of J. For linear least-quadratics
the SNG iteration takes the form \
b1 = 0, —nJ§ N (HsJ0, = bs). (70)

In the consistent case V,L(vg«) =0 = HJ* = b so we can rewrite this iteration as
01— 0% = (I —nJ SN HgT) (6, — 67). (71)
Using the assumption [H,.J.J "] = 0 it holds range(H.J) = range(.J) and thus
HgJ =IgHJ = IsJJ HJ = JsH. (72)
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This leads to the equivalent form
Op1 — 0° = (I —nJsN JgH) (0, — 6°) = (I — nP(S)H) (6, — 67). (73)
Taking squared norms, adding weights and expectations we obtain
E 62— 0% = (0~ 07) " (T~ 20PH + 2 HEs [P(S)] H) (0.~ 6°)
< (0, — 697 (1 — oPH + n%?ﬁff) (6, — 6%)

using P(5) = I = P(S) = P(S). Now, using Lemmas F.2 and F.3 we see that P commutes with H and thus when
n < 1/||H||2 it holds n®2 HPH < nPH, leading to the simpler bound

E (|01 — 0% < (6, — 0%)7 (I—nﬁﬁ) (6, — 6%). (74)
Again applying Lemmas F.2 and F3 to write P = VApV ", H = VAxV T we have
E |01 — 6> < (8, — 0")T (I —nVApAxVT) (8; — 607). (75)
By Lemma E.1 it holds 0; — 6* € range(V') and thus
E Het-‘rl - 9*” (1 —-n- )\IIIIII(AP) )\min(AH)) Het - 6*||2 . (76)
Using Amin(Ap) > @, Amin(Ag) > Amin (H) it follows
E 001 = 0°1° < (1= Amin(H) - @) |0, = 07|, (7
and iterating this bound yields the proposition. O

G. Convergence Rate Under Smoothness, Strong Convexity, and Inconsistency

In this appendix we provide an extension of Theorem 5.1 to the more general case when £ is smooth and strongly convex
and the problem is possibly inconsistent. The results are qualitatively similar to the consistent quadratic case.

Theorem G.1 (Extension of Theorem 5.1). Consider a parametric optimization problem ming L(vg). Assume that H = R™
and that vg = J0 is linear while L is L-smooth and o-strongly convex as a function of v. Assume an initial guess of
0o € range(J "), let 0* be the unique minimizer within range(J "), and define o,y as in Theorem 5.1.

Then when S~SVS(J,k,\)and 0 < n < o L’ it holds

200 e

E |0, — 0|5 < (L=n-0-a) |60 — 0[5, + = (78)

with r* = r(6%).

The result of Theorem G.1 is that even in this more general setting, the convergence rate of SNG is still governed by the
conditioning of £ and the sketch-and-project structure induced by J. It is notable that in the consistent case, it holds 7* = 0
and so a linear convergence rate is recovered. The proof follows similarly to the proof of Theorem 5.1 but also incorporates
ideas from the proof of Theorem 5.8 of (Garrigos & Gower, 2023), with the difference being that we take care to apply the
smoothness and strong convexity properties to only the function space loss £ rather than the entire loss £(vg).

Proof. Recall the SNG update

b1 = 0, —nJg Vrs, (79)
where r = V,,L(vyp, ). It follows that, conditioning on 6,,
2
E [[|0s41 — 9*||gm7+ \ et} =Es H9t - UJ;()\)TS -0 e (80)

— 2
= 110 = 057 = 20(60 = 0) TW*Es [JE V| + 0B s |5 Vrs | @D
< 116 = 0" 15 = 20(00 = )T T+ ) (82)
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where the last step uses Lemma 4.1, the definition of +, and the fact that WHWJT = J7 due to Corollary C.2.

Now using the strong convexity of £ we can bound
L(vg) — L(vg,) > (vor —ve,) "7+ = va* — v9t|| =0 —0) T r+ = HGt 9*||§TJ. (83)
Rearranging and using (52) yields

(0: = 0)TTTr = L(vo,) = Llve-) + T 100 = 0"l (84)

Additionally it holds

Irl* < 2llr =1 + 2 |* = 2(1£7(v0,) = £ (vo-) " + 2 || (85)

Invoking Lemma 2.29 of (Garrigos & Gower, 2023) on the first term yields

212 (va,) = £/ (05| < 4L [£(vs,) — L(vg-) = £/(v5-) T (v, = v9-)]
= 4L [L(vg,) — L(vg-) — ()T I (6, — 67)]

=4L [ﬁ(vgt) — E(’Ue* )]

using the optimality condition J T r* = VgL (vg-) = 0. It follows that

Ir|[* < AL (L(v,) — L(vg-)) + 2> (86)
Substituting (86) and (84) into the error bound (82) yields the conditional expectation bound
E (1001 = 0"13 1 6] < (1= 10+ ) [0 — 0" + 202yl — 1)(£(vs,) — L(vg-)) + 2P [17|>. 87

Aslongasn < the second term is nonpositive and the bound simplifies to

2vL L’
E {||9t+1 — 0[5 16 < (L=n-0-a) [0 = 0[[. + 29° [I7||" (88)

Given that (88) holds for any admissible current iterate 8, € range(J T), it must hold noa < 1, since otherwise it would
be possible to take 6; — 6* large enough to make the right-hand side of (88) negative, yielding a contradiction. With this
guarantee we can safely take total expectations and iterate (88) to obtain

t—1

E 6 — 0%, < (1—n-0-a) [lfo — 0" % + 2y [ |* S_(1 - noa). (89)
§=0

Using again the fact that noa < 1, we can upper bound the geometric series by its infinite sum (7oa)~? to obtain the final

result:

b

E (|0, = 07Fp+ < (1=n-0-a)" 00— 07[[fs + (90)

O

H. Proof for SPRING as an Accelerated Sketch-and-Project Method

Proof of Theorem 6.1. The recent work of (Derezifiski et al., 2025b) was the first to incorporate regularization into an
accelerated sketch-and-project algorithm. That work focused on the case of randomized block Kaczmarz methods but their
formulation extends trivially to general sketch-and-project algorithms. In this more general context their method takes the

form _
Wy = (QtJ)+(>\)(QtJ9t — th),

bry1 = (¢t wy), O
gt-s-l = 0; — w; + 77<Z5t+1
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We use the symbols 0. , Es, 7] since these variables do not correspond directly to the variables 0, ¢, n of our formulation. We
also recall for convenience the formulation that we have proposed, recalling from equation (20) the following iteration:

b1 = pde + ()TN ( Qb — QT (0, + pgy)),

(92)
Orr1 = 0 +NPry1.

We next show that the algorithm (91) with initial guess 50 = 6, initial momentum 50 = 0, momentum coefficient x, and
step size 7] is equivalent to the algorithm (92) with initial guess o, initial momentum ¢y = 0, momentum coefficient 41, and
step size n = 1 + p(7) — 1) in that the resulting iterates satisfy bt = oy, 0y = 0, + poy.

Proceeding by induction, as a base case we have 80 = oo = 0 and 90 = 0 + pupo = 6p. Now, suppose these identities
hold for some fixed ¢t > 0. Then calculate using (91) and (92)

Gr1 = (e — ()T ( QTG — Qb))
e — (T) TV (T (6 + pee) — b))
p(pdy + (J) TN (b — QT (0, + py)))

= W41
Using the above, proceed to verify
Ori1 = 0 — ()T (Q10, — Qub) + Tidra
=0+ pop — ()TN (T (0r + popy) — Ub) + pijdr
=0t + (1 + pm) dr41

= (01 + ndts1) + pory1
=041 + poria.

This completes the inductive step.

We now turn our attention to the SPRING algorithm. In particular we consider applying the new accelerated sketch-and-
project step of equation (92) to the natural gradient subproblem (3) with the row sampling sketching matrix Ig. We should be
careful about the step sizes here since as defined, both the natural gradient subproblem and the accelerated sketch-and-project
step have step size parameters. As such let us use the notation 7; to denote the step size of the subproblem and 72 to denote
the step size of the accelerated sketch-and-project step. We then obtain the update formulas

Gr1 = e + Jg D ((—mr + J8,)s — Js (0 + pdy))

= poy + JS“A)(—mrs — puJsdy), (93)
Orp1 = 0; + 20141

Rescaling ¢ <+ —¢/n; we can rewrite this as

P41 = Py + J;_(/\)(TS — pJsoy),

94
Ot11 =0t — mn2dri1.
Finally, joining the step sizes using n = 1; 7y yields the standard form of SPRING:
b1 = pbe + 5 (s — pdson), ©5)
Ory1 = 0r — iy
O

I. Additional Experiments Regarding Squared Volume Sampling as a Proxy

In this appendix we provide two additional experiments that confirm the suitability of SVS-SNG as a theoretical proxy
for realistic SNG algorithms. First, in Figure 6, we test the same three algorithms as in Figure 2 for a simple instance of
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Figure 6. Empirical performance of two theoretical proxies for SNG relative to a realistic algorithm using a single, uniformly sampled
mini-batch. The results are for a consistent instance of linear least-quadratics involving random Gaussian matrices and the behavior is
tested for a fixed step size 7 and varying regularizations X (left), as well as for fixed A and varying 7 (right). In both cases the behavior of
SVS-SNG matches closely with the realistic algorithm, while the behavior of the two mini-batch proxy is entirely distinct. The dimensions
are m = 10%, n = 102, and k = 10, which is small enough to directly implement SVS. The y-axis represents the relative error achieved
after T = 10 iterations.

linear least-quadratics involving random Gaussian data matrices. Second, in Figure 7, we re-run the same experiments as
in Figure 6 but with a single row of the Jacobian inflated by a factor of 100 in order to break the Gaussian structure. The
results in both cases show that SVS-SNG is a much better proxy for the realistic SNG algorithm than the previously studied
algorithm with two independent mini-batches, just like in Figure 2.

Interestingly, the only case when the behavior of the proxy differs substantially from the behavior of the realistic algorithm
is when ) is taken to be quite small in the presence of the row inflation. In this case the proxy performs better than the
realistic algorithm, which highlights the potential benefits of SV S-inspired sampling schemes. In contrast, when the row
inflation is present the two mini-batch algorithm becomes unable to make progress in reducing the solution error under any
of the tested hyperparameter settings.

J. Details of Numerical Experiments

In this appendix we provide the details for our numerical experiments. The code to reproduce all the results can be found at
https://github.com/ggoldsh/sketch—-and-project—-natural-gradient.

J.1. Figure 2
For Figure 2 the goal is to solve a discrete version of the Poisson problem
—Av=1b (96)
on the domain 2 = [0, 27] with periodic boundary conditions. We use m = 100 grid points 1, . .., T, € €2, which leads
to a grid spacing of h = 27 /m and a discrete Laplacian
2 -1 -1
) -1 2 0
—A%H:ﬁ : o] C0)
0 2 -1
-1 -1 2
We define the discrete solution as
f(z1)
v* = : ; f(x) =sin(2x) 4 2 cos(3z) + sin(5z), (98)
f(@m)
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Figure 7. Empirical performance of two theoretical models for SNG relative to a realistic algorithm using a single, uniformly sampled
mini-batch. The results are for consistent instances of linear least-quadratics, the Jacobian J is a random Gaussian matrix with its first row
inflated by a factor of 100, and the behavior is tested for fixed ) and varying A (left) as well as fixed A and varying 7 (right). In both cases
the behavior of SVS-SNG matches qualitatively with the behavior of the realistic algorithm, while the behavior of the previously studied
algorithm with two independent mini-batches is entirely distinct. The dimensions are m = 10, n = 102, and k = 10, which is small
enough to directly implement SVS. The y-axis represents the relative error achieved after T = 10? iterations.

and the discrete right-hand side via b = Hov*.

Using these quantities we define the loss function

L(v) = 5UTHU —v'b (99)
which by construction has v* as an exact minimizer. We then try to recover v* by applying various subsampled natural
gradient algorithms to the parametric optimization problem ming £(vg) where vy is represented by a small neural network.
In fact the problem (99) has a one-dimensional family of minimizers since the discrete Laplacian annihilates all constant
functions. To account for this degeneracy we always shift both v* and vy so that their entries sum to zero before computing
Lo errors.

The neural network is a simple periodic ResNet (He et al., 2016) with 5 layers, which takes as input anindex 1 < i < m
and outputs the corresponding entry vy[i]. In particular given an input ¢ the output is defined by

B cos(x;)
Y1 = tanh <W1 |:bln($l):| + b1> s (100)
Yi = Yi—1 + tanh(Wiy; 1 +b;); @ = 2,3, 4, (101)
Vg [Z] = Wsy4 + bs. (102)

The intermediate layers have 50 neurons each and the weight matrices W; and bias vectors b; have the appropriate dimensions
to match. The weights are initialized using a LeCun normal initialization and the biases are all initialized to zero. The
parameters {W;, b; }>_, are collected into a single vector § € R™ with n = 7801. During the optimization, the subsampled
Jacobian Js = Vy|[(vg)s] is calculated via automatic differentiation, while the subsampled function space gradient is
calculated using only forward evaluations of vy at the indices in .S as well as their neighbors, which suffices for reconstructing
rs = (Hvg — b)s due to the local structure of H.

J.2. Figures 6 and 7

For both Figures 6 and 7 .J is initially constructed with independent standard normal entries. For Figure 7 only, the first row
of J is then multiplied by 100 to introduce some hidden structure which can be adversarial for the case of uniform sampling.
Finally, in both cases the matrix .J is normalized to have a maximum singular value of 1.

For both Figures 6 and 7 the H matrix is constructed as

H=LL"/||[LLT|, (103)
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where L is an m X m matrix with standard random normal entries. The solution 8* is then also constructed with standard
random normal entries and the linear term of the loss is constructed as b = H.J8* to ensure consistency.

J.3. Figure 3

For Figure 3, J is the only matrix that must be instantiated, and it is constructed as
J =@Q1DQ2 (104)

where ()1 is a random m x n matrix with orthonormal columns, D is a diagonal matrix with D;; = 1/ i%, and Qo is a
random n x n orthogonal matrix. Given J and assuming SVS, we can compute P directly using elementary symmetric
polynomials; see for example the proof of Lemma F.3. This enables a direct computation of « as well. For v, we draw
samples from SVS(J, k, A) to estimate the required matrix

X = Eg [IQ(J;W)TWN/*J;(*)IS} : (105)

and we then directly compute the norm of X. To provide a reasonable estimation of X across all sample sizes, we allocated an
equal time budget of five minutes for each value of k, which resulted in sample counts [23503, 24946, 20586, 21017, 6610],
respectively. For k = 1 we already know that v = 1 by Proposition 5.3 so we simply plot this value without any sampling.

J.4. Figure 4

For Figure 4 the Jacobian is constructed as
J=0Q1DQ, (106)

where Q1 is a random m x n matrix with orthonormal columns, D is a diagonal matrix with D;; = 1/i2, and Q5 is a random
n X n orthogonal matrix. For the inset the set-up is the same except that D = I. The quantities H, 6*, b are constructed
exactly as for Figures 6 and 7 (see for example (103)). To estimate the convergence rate for each value of k we fit a linear
function to the logarithm of the solution errors (||6y — 6*[|, |01 — 0%, ...||0r — 6*||*) and use the slope of the fit as an
estimate for the empirical convergence rate.

J.5. Figure 5

For Figure 5 we construct
J=Q1DQs (107)

where 9 is a random m X n matrix with orthonormal columns, D is a diagonal matrix with D;; = 1/, and Q5 is a random
n X n orthogonal matrix. We further construct

H=QDQ' (108)
where () is a random m x m orthogonal matrix and D is a diagonal m x m matrix with
Dy=— (109)
14+ (i—1)-2=L

sothat D13 = 1, Dy, = 1/n, and (H) = n = 100. From there the values of 8* and b are constructed as in the other
experiments (f# random normal, b for consistency).

To tune 7 for SNG we use a dynamic grid search starting from 77 = 1 and exploring values on a logarithmic grid (n = 2° for
various integers ¢) until we find a value that performs better than any other value within 2 grid steps. Similarly for SPRING
we tune 7 and p by starting at 7 = 1, u = 0 and exploring values on a logarithmic grid (n = 2¢, u = 1 — 277 for various
integers ¢ and nonnegative integers j) until we find a value that performs better than any other value within at most 2 grid
steps in each dimension. Once the optimal hyperparameters are found, the empirical rate constants are measured in the same
way as for Figure 4.

Disclaimer

This report was prepared as an account of work sponsored by an agency of the United States Government. Neither the
United States Government nor any agency thereof, nor any of their employees, makes any warranty, express or implied, or

25



A Sketch-and-Project Analysis of Subsampled Natural Gradient Algorithms

assumes any legal liability or responsibility for the accuracy, completeness, or usefulness of any information, apparatus,
product, or process disclosed, or represents that its use would not infringe privately owned rights. Reference herein to any
specific commercial product, process, or service by trade name, trademark, manufacturer, or otherwise does not necessarily
constitute or imply its endorsement, recommendation, or favoring by the United States Government or any agency thereof.

The views and opinions of authors expressed herein do not necessarily state or reflect those of the United States Government
or any agency thereof.
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