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Abstract
While the auto-bidding literature predominantly
considers independent bidding, we investigate
the coordination problem among multiple auto-
bidders in online advertising platforms. Two moti-
vating scenarios are: collaborative bidding among
multiple bidders managed by a third-party bid-
ding agent, and strategic bid selection for multi-
ple ad campaigns managed by a single advertiser.
We formalize this coordination problem as a the-
oretical model and investigate the coordination
mechanism where only the highest-value bidder
competes with outside bidders, while other co-
ordinated bidders refrain from competing. We
demonstrate that such a coordination mechanism
dominates independent bidding, improving both
Return-on-Spend (RoS) compliance and the total
value accrued for the participating auto-bidders or
ad campaigns, for a broad class of auto-bidding
algorithms. Additionally, our simulations on syn-
thetic and real-world datasets support the theoret-
ical result that coordination outperforms indepen-
dent bidding. These findings highlight both the
theoretical potential and the practical robustness
of coordinated auto-bidding in online auctions.

1. Introduction
Online advertising is a prominent approach to monetize
search engines, news feeds, social media, and e-commerce.
Among them, real-time auctions have been widely used to
connect advertisers and users efficiently. In modern online
advertising platforms, advertisers endeavor to maximize
their campaign effectiveness, quantified by conversions or
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other pertinent metrics, through precise bid management
that considers targeted Return-on-Spend (RoS) (Aggarwal
et al., 2019), which is also well-known as auto-bidding prob-
lem. To this end, a wide spectrum of bidding methodologies
has been formulated, leveraging concepts from optimization
theory, online learning paradigms, and game-theoretic prin-
ciples (Zhao et al., 2018; Aggarwal et al., 2019; Lee et al.,
2013; Babaioff et al., 2021; Golrezaei et al., 2021; Deng
et al., 2021; Balseiro et al., 2021; Gao et al., 2022; Stram
et al., 2024).

Despite the wealth of sophisticated research in online ad-
vertising, existing literature predominantly concentrates on
optimizing the value or utility from the perspective of in-
dividual bidders. This focus, while valuable, often over-
looks a crucial aspect of real-world advertising dynamics:
the possibility of coordinated bidding strategies. In prac-
tice, it is common for multiple bidders to form coalitions,
perhaps by authorizing a third-party advertising platform
to manage their bids collectively. Alternatively, a single
large advertiser, such as major e-commerce players like
Amazon, Temu, or Shein, might control numerous distinct
advertising campaigns. These entities often have a portfo-
lio of advertisements they are willing to display to users,
necessitating a coordinated approach across their various
campaigns to maximize overall effectiveness, rather than
optimizing each campaign in isolation. Consequently, a
deeper understanding of how auto-bidding algorithms can
be coordinated across multiple allied bidders or campaigns,
and what are the benefits of coordination over independent
bidding, is becoming increasingly critical. Such insights
might be useful for industry practices and unlock further
efficiencies in online advertising markets.

In this work, we investigate the coordination problem among
multiple auto-bidding algorithms in repeated auctions. We
formulate a theoretical model in which N auto-bidders par-
ticipate in T rounds of second-price auctions. The values
of these bidders are independent and identically distributed
(i.i.d.), motivated by the practice that only similar bidders
are chosen to compete in ad auctions. These bidders may
form a coalition to determine their bids jointly, competing
against bidders outside the coalition. Each auto-bidder is
modeled as a value-maximizing agent subject to an RoS
constraint (i.e., non-negative overall utility). We consider
a simple form of coordination: only the bidder with the
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highest value inside the coalition submits a positive bid to
compete against the outside bidders, while the other N − 1
coalition members refrain from competing. In contrast, in
the independent bidding scenario, all the N bidders submit
positive bids to compete against each other and the outside
bidders. We aim to compare the coalition bidders’ welfare
in the coordinated and independent bidding scenarios.

The main contributions of this paper are as follows. Theoret-
ically, we prove that the highest-value-bidder-compete co-
ordination mechanism mentioned above, although straight-
forward, enjoys a significant advantage over independent
bidding: By coordination, bidders in the coalition acquire
higher values, as well as achieve lower RoS constraint vio-
lations, compared to independent bidding, for a broad class
of auto-bidding algorithms.

In particular, we identify a condition on the distributions of
bidders’ values and outside bids – Assumption 3.1 – under
which each coalition bidder’s total utility in T periods is
higher, hence the bidder’s RoS constraint is less violated, un-
der coordination than under independent bidding (Theorem
3.1). This conclusion holds for any auto-bidding algorithm
that overbids (a common feature for value-maximizing algo-
rithms). Assumption 3.1 is necessary and sufficient: when
it does not hold, there exists an overbidding auto-bidding
algorithm for which coordination hurts the coalition bidders,
reducing their utility (RoS constraint compliance).

We then consider the total value of coalition bidders. We
prove that, as long as bidders use mirror-descent algorithms
– a broad class of state-of-the-art auto-bidding algorithms
under RoS constraints – then the total value of the coali-
tion bidders will be improved by coordination, regardless
of whether Assumption 3.1 holds (Theorem 4.1). If As-
sumption 3.1 holds, then such coordinated mirror-descent
algorithms not only dominate independent bidding but also
achieve the best possible coalition value among all possible
coordination mechanisms, as T → ∞ (Theorem 4.2).

Beyond the i.i.d. setting, we extend our results to cases
where coalition bidders’ values are independent but not iden-
tically distributed. In this non-i.i.d. setting, we demonstrate
that – under slightly stronger assumptions – the same sim-
ple coordination algorithm still yields better total value and
total RoS violation compared to independent bidding. But
in contrast to the i.i.d. case, we cannot guarantee that this
algorithm improves the performance for every individual
bidder. Designing a coordination mechanism that achieves
superior individual results in the non-i.i.d. setting remains
an interesting open problem.

Finally, Section 6 demonstrates, by experiments on synthetic
and real-world datasets, that our coordinated mechanism
consistently outperforms independent bidding, validating
our theoretical results under realistic market conditions.

1.1. Related Work

Bidder coordination, often referred to as cartels or collu-
sion in economics, has been extensively studied in tradi-
tional auction theory (Robinson, 1985; Hendricks & Porter,
1989; Marshall & Marx, 2007). Prior research has studied
collusive behavior in first-price auctions (Lopomo et al.,
2011; Pesendorfer, 2000), second-price auctions (Mailath &
Zemsky, 1991; Graham & Marshall, 1987), collusion-proof
mechanism design (Che & Kim, 2009), auction design under
collusion (Pavlov, 2008), and collusion detection (Chotib-
hongs & Arditi, 2012). While these studies typically con-
sider bidders forming collusions autonomously and reaching
equilibrium outcomes in static auction settings (Bergemann
& Morris, 2016; Fu & Lin, 2025), we instead introduce a
central planner that coordinates bidders to improve their
total welfare in dynamic auction environments.

Recently, coordination behavior has also been observed in
online advertising auctions (Decarolis et al., 2023), spark-
ing growing interest in understanding and analyzing such
phenomena. Decarolis et al. (2020) studied the impact of co-
ordination on the revenue and efficiency of GSP and VCG
auctions. Romano et al. (2022) investigated the compu-
tational challenges faced by a media agency coordinating
bidders under those mechanisms. Chen et al. (2023) ana-
lyzed coordinated online bidding in repeated second-price
auctions with budget constraints. While those works focus
on coordinating utility maximizers, we study value maximiz-
ers. To the best of our knowledge, this is the first work to
investigate coordination among value maximizers, which
exhibit different properties from utility maximizers.

Our work is also related to the large literature on auto-
bidding. For example, Paes Leme et al. (2024) studied
the dynamics of systems with multiple auto-bidders and
revealed complex behaviors such as bi-stability, periodic
orbits, and quasi-periodicity, while Aggarwal et al. (2025)
analyzed optimal bidding strategies for advertisers across
multiple platforms. For a comprehensive overview of the
literature, we refer readers to the survey by Aggarwal et al.
(2024). Our study complements the predominant individual-
optimization perspective of the auto-bidding literature.

2. Model: Coordinated Auto-Bidding
Repeated Second-Price Auctions with Coalition. We
consider the scenario where N auto-bidders (or bidders)
participate in T rounds of repeated second-price auctions.
In each round t ∈ [T ] = {1, . . . , T}, one item (e.g., ad
slot) is for sale, and each bidder i ∈ [N ] = {1, . . . , N}
draws a value vi,t ∈ [0, B] for the item i.i.d. from a con-
tinuous distribution F with full support on [0, B]. Let
vt = (v1,t, . . . , vN,t) be the vector of values of all bid-
ders at round t. Let bi,t denote bidder i’s bid at round t. The
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N bidders may form a coalition. Our model captures two
possible types of coalitions in ad auctions:

1. N advertisers, each with an ad, instruct their auto-
bidding algorithms to coordinate with each other.

2. One advertiser owns N ads. Instead of using N auto-
bidding algorithms to bid for the N ads independently,
the advertiser instructs the algorithms to coordinate.

In either case, usually in practice, only similar advertis-
ers/ads are selected to compete for an ad slot, which justifies
the i.i.d. value assumption. In addition, we will show in
Section 5 that our results extend to non-i.i.d. value settings.

There is a competing bid dOt ∈ [0, B] from outside of the
coalition, assumed to be i.i.d. sampled from another distribu-
tion D every round. Our model also captures second-price
auctions with reservation price, because dOt can be the maxi-
mum of the reservation price and the outside competing bid.
We denote the competing bid faced by bidder i at round t as

di,t = max
{
dOt , max

j∈[N ]\{i}
bj,t

}
. (1)

Let xi,t := I{bi,t ≥ di,t} ∈ {0, 1} indicate whether bidder
i wins the item (ignoring tie-breaking for now), so bidder i’s
payment is pi,t := xi,tdi,t and utility is ui,t := xi,tvi,t −
pi,t = xi,t(vi,t − di,t) at round t.

Value Maximization under RoS Constraint. Each auto-
bidder aims to maximize its total value while adhering to
the Return on Spend (RoS) constraint. The formal definition
of the optimization problem for bidder i is as follows:

max
{bi,t}T

t=1

∑T

t=1
vi,t · xi,t (bidder i’s value)

s.t.
∑T

t=1

(
vi,t · xi,t − pi,t︸ ︷︷ ︸

ui,t

)
≥ 0 (RoS constraint).

The RoS constraint ensures that for every dollar spent, at
least one dollar of value is generated; it is equivalent to
requiring the bidder’s total utility to be non-negative.1

Independent and Coordinated Auto-Bidding. Each
auto-bidder runs an algorithm A that learns to bid from
history, in order to maximize the bidder’s total value subject
to RoS constraint. Formally, at each round t, bidder i’s algo-
rithm A(·) takes the historical information Hi,t available to
bidder i – for example, the past values, bids, and allocations

1In fact, the general RoS constraint requires
∑T

t=1 vi,t · xi,t −
τ ·

∑T
t=1 pi,t ≥ 0, i.e., at least τ dollar of value will be generated

for every dollar spent. However, it is without loss of generality to
assume τ = 1 in the above optimization problem because we can
rescale the bidders’ values by dividing by τ .

of the bidder: Hi,t = {vi,t′ , bi,t′ , xi,t′}t−1
t′=1 ∪ {vi,t} – as

input and outputs the bid bi,t for the current round. We refer
to the scenario where the auto-bidding algorithms are run
independently as independent bidding, formalized below:

Algorithm 1 Independent Bidding

for t = 1, 2, . . . , T do
Each bidder i ∈ [N ] observes their value vi,t ∼ F and
bids bi,t = A(Hi,t).

Each bidder i ∈ [N ] obtains allocation xi,t and pays
pi,t.

end for

Next, we define a coordinated bidding scenario where, at
each round, only the highest-value bidder in the coalition
places a positive bid while all other bidders bid zero. We
assume that ties are resolved naturally.2 This is formalized
in Algorithm 2.

Algorithm 2 Coordinated Bidding

for t = 1, 2, . . . , T do
Each bidder i ∈ [N ] observes their value vi,t ∼ F .
Let i∗ = argmaxi∈[N ] vi,t.
Bidder i∗ bids bi∗,t = A(Hi∗,t).
Bidder i ̸= i∗ bids bi,t = 0.
Each bidder i ∈ [N ] obtains allocation xi,t and pays
pi,t.

end for

3. Coordination Reduces RoS Violation
In this section, we analyze the extent to which the RoS con-
straint of every auto-bidder is maintained/violated. We will
identify the necessary and sufficient condition under which
coordinated bidding results in a smaller RoS violation com-
pared to independent bidding (equivalently, every bidder in
the coalition obtains a higher utility through coordination),
for any auto-bidding algorithm.

Formally, let UC,A
i,T , U I,A

i,T be the total utility of bidder i dur-
ing the T rounds using auto-bidding algorithm A under co-
ordinated and independent bidding scenarios, respectively:

UC,A
i,T =

∑T

t=1
uC,A
i,t U I,A

i,T =
∑T

t=1
uI,A
i,t .

RoS constraint requires UC or I,A
i,T ≥ 0. If UC or I,A

i,T ≥ −c,
we say the RoS constraint for bidder i is violated by c.

We allow the bidders to use any auto-bidding algorithm that
(weakly) overbids: namely, A(·) can be any function that
outputs bid bi,t = A(Hi,t) ≥ vi,t. Recall that we consider

2Ties happen with probability 0 given a continuous F .

3



On the Coordination of Value-Maximizing Bidders

value maximization in second-price auctions. If bidders
underbid (bi,t < vi,t), they will always obtain non-negative
utility and satisfy the RoS constraint, but not necessarily
maximize their values. So we assume overbidding.

We introduce a condition/assumption on the value and out-
side bid distributions, F and D. Let (x)+ = max{x, 0}
denote the positive part of a number. Let v(N), v(N−1) be
the largest and second-largest values among N i.i.d. samples
from F .

Assumption 3.1. In expectation, the advantage of the
second-largest value v(N−1) over the outside bid dO is larger
than the advantage of dO over the largest value v(N):

∆ := EF,D

[
(v(N−1) − dO)+ − (dO − v(N))+

]
≥ 0.

Intuitively, Assumption 3.1 says that the largest two val-
ues among the coalition bidders are competitive enough
against the outside bid. This assumption is satisfied when
the number N of coalition bidders is large enough:

Observation 3.1. For any full-support distributions F and
D, Assumption 3.1 is satisfied when N is large enough.

Assumption 3.1 is also satisfied by some natural distribu-
tions F and D with small N :

Example 3.1. The following examples satisfy Assump. 3.1:

• N = 4, F = U [0, 1], D = U [0, 1], with ∆ = 1/6.

• N = 3, F = U [0, 1], D = Beta(3, 2), with ∆ = 1/40.

The main result of this section is the following Theorem
3.1, which shows that Assumption 3.1 is the necessary and
sufficient condition for coordination to reduce RoS con-
straint violation compared to independent bidding. When
∆ ≥ 0, coordination improves the utility of every bidder in
the coalition, for any auto-bidding algorithm that weakly
overbids. When ∆ < 0, this guarantee fails: coordination
can be strictly worse than independent bidding for some
overbidding algorithm.

Theorem 3.1. If Assumption 3.1 holds (i.e., ∆ ≥ 0), then
for any (weakly) overbidding auto-bidding algorithm A and
every bidder i ∈ [N ],

E
[
UC,A
i,T − U I,A

i,T

]
≥ T∆

N ≥ 0.

If Assumption 3.1 fails (i.e., ∆ < 0), then there exists an
overbidding algorithm A such that, for every bidder i ∈ [N ],
for sufficiently large T ,

E
[
UC,A
i,T − U I,A

i,T

]
< 0.

Remark 3.1. We can also obtain high-probability results
from Theorem 3.1. Because values and outside bids are

bounded by B, we can use Azuma’s inequality to prove that:
when ∆ > 0, for any overbidding algorithm A,

UC,A
i,T ≥ U I,A

i,T + T∆
2N

holds with probability at least 1− exp
(
− T∆2

32B2N2

)
.

3.1. Proof of Theorem 3.1

The proof of the second (negative) direction is in Ap-
pendix A.2. Below we prove the first (positive) direction.

Let UTruth
i,T =

∑T
t=1 u

Truth
i,t be the total utility of bidder i

when all bidders in the coalition bid their values truthfully:
bTruthi,t = vi,t. We will prove Theorem 3.1 by proving
E[UC,A

i,T ] ≥ E[UTruth
i,T ] + ∆T

N and UTruth
i,T ≥ U I,A

i,T . The
second inequality is formalized below:

Lemma 3.1. For any sequence of values and outside bids
(vt, d

O
t )

T
t=1, UTruth

i,T ≥ U I,A
i,T .

Proof. This lemma directly follows from the dominant-
strategy-incentive-compatibility of second-price auction,
which ensures that each bidder’s truthful-bidding utility
uTruth
i,t is weakly larger than the non-truthful bidding utility

uI,A
i,t at every round.

We then prove E[UC,A
i,T ] ≥ E[UTruth

i,T ] + T∆
N :

Lemma 3.2. Under Assumption 3.1, for any auto-bidding
algorithm that overbids, for every bidder i ∈ [N ],

E
[
UC,A
i,T − UTruth

i,T

]
=

∑T

t=1

(
uC,A
i,t − uTruth

i,t

)
≥ T∆

N .

Proof. See Appendix A.3.

Lemmas 3.1 and 3.2 together prove Theorem 3.1.

4. Coordination Increases Bidders’ Value
In this section, we show that coordination can increase the
total value of auto-bidders, compared to independent bid-
ding. This holds for a broad class of auto-bidding algorithms
and without any distributional assumptions.

In particular, we consider any mirror-descent-based auto-
bidding algorithm. They are state-of-the-art algorithms for
value maximization under RoS constraint, with near-optimal
O(

√
T ) regret guarantees (Balseiro et al., 2023; Feng et al.,

2023). The algorithm maintains a parameter λi,t for each
bidder (which corresponds to the Lagrange multiplier of
the dual optimization problem), and the bidder overbids
by bi,t = (1 + 1

λi,t
)vi,t at each round. After observing a

utility feedback, the bidder adjusts the parameter λi,t in
the opposite direction of the utility (i.e., positive utility
decreases λi,t). The full algorithm is given in Algorithm 3.
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Definition 4.1 (Legendre mirror map and Bregman diver-
gence). A C1 function h : (0,∞) → R is a Legendre mirror
map if: (i) h is strictly convex on (0,∞); (ii) h′ is a bijection
from (0,∞) onto R (equivalently, h′ is strictly increasing
with limλ↓0 h

′(λ) = −∞ and limλ↑∞ h′(λ) = +∞). The
associated Bregman divergence is

Dh(λ, µ) := h(λ)− h(µ)− h′(µ)(λ− µ), ∀λ, µ > 0.

Algorithm 3 Mirror-Descent RoS Auto-Bidder (MD-h)

Initialize multiplier λi,1 = 1, learning rate α = 1/
√
T .

for t = 1, 2, · · · , T do
Observe value vi,t and set bid bi,t = (1 + 1

λi,t
)vi,t.

Obtain allocation xi,t and pay pi,t, compute realized
utility gi,t = vi,t · xi,t − pi,t.
Update the multiplier:

λi,t+1 = argmin
λ>0

{
α · gi,t · λ+Dh(λ, λi,t)

}
.

end for

As an example, Feng et al. (2023) study the mirror-descent-
based algorithm with the entropy mirror map h(λ) =
λ log λ− λ, in which case the mirror-descent update is

λi,t+1 = λi,t exp(−αgi,t). (2)

Feng et al. (2023)’s algorithm guarantees that each bidder’s
total RoS violation in T rounds is at most O(

√
T log T ) and

total value is at most O(
√
T ) away from the optimum.

Let

V C,A
t =

∑N

i=1
vi,tx

C,A
i,t V I,A

t =
∑N

i=1
vi,tx

I,A
i,t

be the total values obtained by the N bidders at round t in
the coordinated and independent cases, respectively. We
show that, for any mirror-descent-based algorithm A, coordi-
nation always improves the total value of coalition bidders.

Theorem 4.1. Suppose bidders run a mirror-descent algo-
rithm A (Algorithm 3). As T → ∞, the coalition bidders’
total value under coordinated bidding is weakly larger than
that under independent bidding:

lim
T→∞

E
[
1
T

∑T

t=1
V C,A
t − 1

T

∑T

t=1
V I,A
t

]
≥ 0.

Proof sketch. We analyze the mirror-descent dynamics in
the derivative space yi,t := h′(λi,t) ∈ (−∞,+∞), where
the mirror-descent update becomes yi,t+1 = yi,t − αgi,t.
Let G(N)(λ) be the expected utility of a single bidder whose
value is distributed according to the highest value v(N) ∼

F(N) among N bidders, and who bids using multiplier λ >
0, competing against the outside bid dO ∼ D:

G(N)(λ) := E
[
(v(N) − dO) · I

[
(1 + 1

λ )v(N) > dO
]]
.

Let V(N)(λ) := E
[
v(N) · I[(1 + 1

λ )v(N) > dO]
]

denote the
expected value of this single bidder.

Lemma 4.1. G(N)(λ) is strictly increasing in λ > 0.

Proof. See Lemma B.1.

Let λ⋆ := inf{λ > 0 : G(N)(λ) ≥ 0}. When λ⋆ = 0,
denote V(N)(0) := limλ↓0 V(N)(λ). When λ⋆ > 0, let
y⋆ := h′(λ⋆). The proof proceeds by proving that the
multipliers in the coordinated case converge to λ⋆ eventually
and then upper bounding independent bidding through a
single-bidder relaxation.

We first characterize the expected update direction under
coordination. Let Ht−1 :=

⋃N
i=1 Hi,t−1 be the joint history

up to round t− 1.

Claim 4.1. Under coordinated bidding, conditioning on
history Ht−1, the expected realized utility (which serves as
the gradient direction for multiplier update) satisfies

E
[
gi,t | Ht−1

]
= 1

NG(N)(λi,t).

When λ⋆ > 0, since G(N)(λ) is increasing, we have
G(N)(λi,t) ≷ 0 if and only if λi,t ≷ λ⋆, giving ex-
pected gradient direction E[gi,t |Ht−1] ≷ 0, so the mirror-
coordinate update pushes yi,t toward y⋆. This property
allows us to view (yi,t − y⋆)

2 as a potential function, which
decreases on average whenever λi,t deviates significantly
from λ⋆. The boundary case λ⋆ = 0 is handled by a one-
sided exponential potential. These arguments imply:

Claim 4.2. For any δ > 0, the fraction of rounds t ≤ T for
which the active bidder i⋆t = argmaxi vi,t is away from the
reference multiplier λ⋆ vanishes in expectation as T → ∞.

The above claim implies that, asymptotically, the active
bidder’s multiplier in coordinated bidding converges to λ⋆.
As a result, the coalition bidders’ total value converges to
the expected value obtained by a single bidder whose value
is v(N) ∼ F(N) and who bids by multiplier λ⋆:

Claim 4.3. The coordinated time-average total value con-
verges to the single bidder value

lim
T→∞

E
[
1
T

∑T

t=1
V C,A
t

]
= V(N)(λ⋆).

We then upper bound the time-average total value under
independent bidding.
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Claim 4.4. Under independent bidding,

lim sup
T→∞

E
[
1
T

∑T

t=1
V I,A
t

]
≤ V(N)(λ⋆).

To see this, view b̄t = maxi bi,t as the bid of a virtual single
bidder with value v(N),t; its attained value upper bounds
the total value attained by the independent coalition. After
clipping each bidder’s utility below by −B, the utility of
the virtual bidder dominates the sum of clipped utilities of
the coalition bidders, and the MD updates imply a deter-
ministic o(T ) RoS violation bound for the virtual bidder.
A Lagrangian envelope for the single-bidder problem then
upper bounds its average value by V(N)(λ) + λG(N)(λ) for
every λ > 0, whose infimum is V(N)(λ⋆).

Combining Claim 4.4 with Claim 4.3 proves the theorem.
Details are in Appendix B.1.

Theorem 4.1 does not require any assumption on the dis-
tributions of values or outside bid, except for boundedness
and continuity. We further show that, if Assumption 3.1
holds, then coordinated mirror descent is not only better
than independent mirror descent but also weakly better than
any other coordination mechanism.

Definition 4.2 (Coordination Mechanism). A coordina-
tion mechanism G is any procedure that, at each round t,
given all realized values vt = (v1,t, . . . , vN,t), selects bids
(b1,t, . . . , bN,t) for the coalition bidders. The mechanism
may be history-dependent, i.e., bids at round t may depend
arbitrarily on past observations.

Theorem 4.2. Under Assumption 3.1, as T → ∞, any
coordinated mirror-descent algorithm A is optimal in max-
imizing coalition bidders’ total value. Formally, for any
coordination mechanism G,

lim
T→∞

E
[
1
T

∑T

t=1
V C,A
t − 1

T

∑T

t=1
V G
t

]
≥ 0,

where V G
t is the total value obtained by the N bidders at

round t using mechanism G.

Proof sketch. To prove Theorem 4.2, we first reduce the
N -bidder coordinated scenario to a single-bidder problem
where the single bidder’s value is the maximum among the
coalition members. Using this reduction, we prove an in-
teresting fact: under Assumption 3.1, the multipliers λC

i,t of
coordinated bidders converge to 0 in the limit as t → ∞,
meaning that the coordinated bidders will eventually sub-
mit arbitrarily high bids. This implies that the coordinated
coalition will obtain the highest possible value, among all
coordination mechanisms. The full proof is presented in
Appendix B.2.

5. Extension to Non-i.i.d. Valuations
This section discusses the extension where bidders have
independent but non-identically distributed values. In each
round t ∈ [T ], bidders i ∈ [N ] draw values vi,t from differ-
ent Fi. The outside bid dOt is still drawn from D.

Total RoS. In the i.i.d. case, coordination reduces the RoS
constraint violation for every bidder in the coalition, if and
only if Assumption 3.1 holds. In the non-i.i.d. case, we show
that under the same assumption, coordination reduces the
total RoS constraint violation among the coalition bidders,
namely, the total utility of the coalition is improved. Recall
that UC,A

i,T =
∑T

t=1 u
C,A
i,t and U I,A

i,T =
∑T

t=1 u
I,A
i,t are the

total utilities of bidder i during T rounds under coordinated
and independent bidding scenarios.

Theorem 5.1 (Coordination reduces total RoS violation,
non-i.i.d. case). Under Assumption 3.1 (i.e., ∆ ≥ 0), for
any overbidding algorithm A, the total utility among the N
coalition bidders satisfies

E
[∑N

i=1
UC,A
i,T

]
≥ E

[∑N

i=1
U I,A
i,T

]
+∆T.

The proof of this theorem is in Appendix C.1.

Although Theorem 5.1 does not guarantee RoS improve-
ment for every bidder, the total RoS improvement is also
desirable in practice because the coalition bidders may re-
distribute the extra utility among themselves.

Total value. In the i.i.d. setting, we showed that coordi-
nated mirror descent algorithms achieve higher total value
than independent mirror descent algorithms without any
assumption, and higher than any coordination mechanism
under Assumption 3.1. The proof, which relied on the fact
that each bidder has the highest value among the coalition
with probability 1/N , does not apply to the non-i.i.d. case
because bidders now differ in how often they are the highest-
value coalition member. We therefore impose a per-bidder
condition ensuring that each bidder contributes positively
whenever they are selected. Concretely, for bidder i, define

∆i := E
[
(vi − dO) I{vi = max

j∈[N ]
vj}

]
.

Assumption 5.1 (Positive per-bidder winning margin). For
each bidder i ∈ [N ], ∆i > 0.

Theorem 5.2 (Coordination increases total value, non-i.i.d.
case). Under Assumption 5.1, coordinated mirror descent
algorithms (Algorithm 3) achieve weakly higher total value
than independent mirror descent algorithms and any other
coordination mechanism G:

lim
T→∞

E
[
1
T

∑T

t=1
V C,A
t − 1

T

∑T

t=1
V G
t

]
≥ 0.
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Table 1. Performance summary. Confidence intervals no greater than ±0.0025 are omitted. All totals are normalized by T .

Figure Setting N T Total Utility (I) Total Utility (C) Total Value (I) Total Value (C)
1 i.i.d. 2 4000 -0.011 0.220 0.643 0.666
4a i.i.d. 4 4000 -0.077 0.302 0.774 0.800
4b i.i.d. 3 4000 -0.049 0.153 0.712 0.748
2 non-i.i.d. 2 10000 0.049 0.219 0.715 0.718
5a non-i.i.d. 3 20000 -0.014 0.258 0.619 0.633
5b non-i.i.d. 5 20000 -0.062 0.619 0.814 0.819
3 Real data 4 20000 -0.040 0.155 ± 0.012 0.620 ± 0.016 0.928 ± 0.003
6 Real data 5 20000 -0.065 0.172 ± 0.012 0.608 ± 0.012 0.958

See Appendix C.2 for the proof.

The findings in this section suggest that coordination im-
proves upon independent bidding even in the presence of
asymmetry inside the coalition, demonstrating the robust-
ness of our conclusions.

6. Experiments
To complement our theoretical analysis, we conduct a series
of experiments evaluating the performance of coordinated
auto-bidding, on both synthetic data and a public real-world
dataset (iPinYou (Zhang et al., 2014; Liao et al., 2014)).

Unless otherwise stated, all metrics are averaged over 100
independent simulations; shaded regions in figures depict
95% confidence intervals computed as x̄± 1.96 · s, where
x̄ and s are the sample mean and sample standard deviation
divided by

√
100.

6.1. Experiment Setup

In all experiments, we run Algorithm 3 with mirror map
h(λ) = λ log λ− λ (Feng et al., 2023) (i.e., Equation (2))
and learning rate α = 1/

√
T , where T is the total number of

auction rounds. The horizon T may vary across experiments
because different settings exhibit different convergence rates.
The values of T and N (number of coalition bidders) used
in each setting are summarized in Table 1.

6.1.1. SYNTHETIC DATA

Symmetric setting. Each coalition bidder i draws values
i.i.d. from uniform distribution U [0, 1]. The outside bid
is sampled from D = U [0, 0.9] (Figure 1), D = U [0, 1]
(Figure 4a), or D = Beta(3, 2) (Figure 4b), representing
different market conditions faced by the coalition bidders.

Asymmetric setting. To test the coordination mechanism
under heterogeneity, we sample each bidder’s values from
distinct families (Uniform, Beta, or truncated Gaussians
with bidder-specific parameters). The outside-bid distri-
bution D varies with the scenario: U [0.2, 0.8] in Figure 2,
Beta(3, 5) in Figure 5a, and Beta(2, 8) in Figure 5b. Asym-
metries arise from both inside the coalition and the outside

market conditions.

Full distributional specifications for the synthetic experi-
ments are provided in the figure captions (Figures 1, 4a, 4b,
2, 5a, 5b). All distributions conform to Assumption 3.1.

6.1.2. REAL-WORLD DATA

We also experimented with the public iPinYou dataset
(Zhang et al., 2014; Liao et al., 2014), released for a real-
time bidding competition organized by iPinYou. We use
the Season 2 test split, which contains 2,521,630 auction
records from 5 advertisers. Each record provides the bidding
(winning) price and the corresponding advertiser ID.

The real-world data impose three limitations: (i) only the
winning price is observed, (ii) bidder identities are unavail-
able, and (iii) there is no label indicating whether any bid-
ders coordinate. To obtain bidder valuations consistent with
the data while abstracting away unobserved identities and
strategies, we adopt an empirical i.i.d. model: we aggregate
all observed winning prices into a common pool and, in each
round, draw each coalition bidder’s value independently and
uniformly at random with replacement from this pool. This
is equivalent to sampling i.i.d. values from the empirical
price distribution induced by the dataset. Constructing a
reliable non-i.i.d. model would require persistent bidder
identities or side information about coordination patterns,
which are not available in the data.

We normalize all prices to [0, 1] for numerical stability. The
outside bidder’s bid is drawn from the same empirical distri-
bution and then scaled by a random factor from U [1, 2] to
maintain competitive pressure. We report results for coali-
tions with N ∈ {4, 5} bidders under this setup.

6.2. Results

Metrics. Across all experiments, we evaluate two metrics
for both INDEPENDENT (Algorithm 1) and COORDINATED
(Algorithm 2) algorithms: (a) utility (achieved value mi-
nus payment), (b) achieved value. Higher utility indicates
lower RoS violation; in particular, utility ≥ 0 implies that
the RoS constraint is satisfied. Figures report per-bidder
trajectories, whereas Table 1 aggregates to coalition-level
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totals (sum across bidders). All statistics are averaged over
100 independent runs.

Plot notation. In the figures, labels of the form bidder
i - I denote bidder i under the Independent scenario,
whereas bidder i - C denotes the Coordinated scenario.
Shaded regions show 95% confidence intervals over 100
simulations.

Results on synthetic data In the symmetric settings (Fig-
ures 1, 4a, 4b), coordination sharply increases both each
bidder’s utility (hence reducing RoS violation) and the coali-
tion’s total achieved value relative to independent bidding.
Although our theory only guarantees value improvement
at the coalition (total) level, the experiments further show
that every individual bidder benefits from coordination by
obtaining higher value. We observe that per-bidder curves
closely track one another due to the i.i.d. value draws.

Figure 1. Experiments under i.i.d. auto-bidders (N = 2, F =
U [0, 1], D = U [0, 0.9]).

In the asymmetric settings (Figures 2, 5a, 5b), the aggregate
gains largely persist: coordination improves total value on
average and typically improves violations. However, hetero-
geneity induces dispersion in learning dynamics – bidders
with different value distributions exhibit different conver-
gence rates, and individual value improvements are not
guaranteed for every bidder even though the coalition-level
total value increases.

Figure 2. Experiments under non-i.i.d. auto-bidders (N = 2, F1 =
Beta(2, 5), F2 = Beta(5, 2), D = U [0.2, 0.8]).

Results on real-world data. Consistent with the synthetic
data experiments, real-world data results (Figures 3, 6) show

improvements in both individual RoS violation and achieved
value.

Figure 3. Experiments in real-world datasets. (N = 4)

7. Discussion
In this paper, we studied coordinated auto-bidding mecha-
nisms for value maximization under RoS constraints, to un-
derstand how cooperation among learning agents enhances
efficiency in repeated auctions. We proposed a simple yet
effective coordination protocol, theoretically identified the
exact condition under which coordination improves the RoS
compliance for every bidder, and proved that coordination
unconditionally increases the total value attained by the
coalition compared to independent bidding. Our empiri-
cal results further validate these findings, showing higher
achieved value and lower RoS violation. The demonstrated
benefits of coordination over independent bidding might
provide useful guidance for industrial practice.

Building on these findings, we outline several directions for
future work:

• Auto-bidding outside bidders: While we assumed
i.i.d. outside bids (a reasonable assumption when out-
side bidders are uniformly sampled from a population
every round), a natural extension is to incorporate auto-
bidding outside bidders, allowing both coalition mem-
bers and external participants to adjust bids dynamically.

• Alternative coordination mechanisms: While we proved
that our highest-value-compete coodination mechanism
is asymptotically optimal under Assumption 3.1, it is
still interesting to examine whether alternative mech-
anisms are better when the assumption does not hold.
Moreover, if bidders’ private values are not accessible,
then one may consider other coordination mechanisms,
such as highest-bid-compete or mechanisms involving
private information elicitation.

• Other auction formats: Finally, it would be valuable to
extend our analysis to other auction formats, especially
non-truthful auctions such as first-price and generalized
second-price auctions. Such extensions would help test
the robustness of our theoretical insights and clarify how
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coordination interacts with strategic bidding incentives
in broader market environments.

Impact Statement
This work is primarily theoretical and aims to advance
the understanding of coordinated bidding among value-
maximizing agents in auctions. We do not anticipate sig-
nificant negative societal impacts arising directly from our
results. Rather, our results highlight some potential benefits
of coordination for bidders and may provide useful guidance
for designing or analyzing bidder coordination mechanisms
in practice. The broader market-level implications of such
coordination – particularly its impact on auctioneer revenue
and platform incentives – are not addressed here and repre-
sent an interesting direction for future investigation.

References
Aggarwal, G., Badanidiyuru, A., and Mehta, A. Autobid-

ding with constraints. In International Conference on
Web and Internet Economics, pp. 17–30. Springer, 2019.

Aggarwal, G., Badanidiyuru, A., Balseiro, S. R., Bhawalkar,
K., Deng, Y., Feng, Z., Goel, G., Liaw, C., Lu, H., Mah-
dian, M., Mao, J., Mehta, A., Mirrokni, V., Leme, R. P.,
Perlroth, A., Piliouras, G., Schneider, J., Schvartzman, A.,
Sivan, B., Spendlove, K., Teng, Y., Wang, D., Zhang, H.,
Zhao, M., Zhu, W., and Zuo, S. Auto-Bidding and Auc-
tions in Online Advertising: A Survey. ACM SIGecom
Exchanges, 22(1):159–183, June 2024.

Aggarwal, G., Gupta, A., Tan, X., and Zhao, M. Multi-
platform autobidding with and without predictions. In
Proceedings of the ACM on Web Conference 2025, pp.
2850–2859, 2025.

Babaioff, M., Cole, R., Hartline, J., Immorlica, N., and
Lucier, B. Non-quasi-linear agents in quasi-linear mecha-
nisms. In 12th Innovations in Theoretical Computer Sci-
ence Conference (ITCS 2021). Schloss Dagstuhl-Leibniz-
Zentrum für Informatik, 2021.

Balseiro, S. R., Deng, Y., Mao, J., Mirrokni, V. S., and
Zuo, S. The landscape of auto-bidding auctions: Value
versus utility maximization. In Proceedings of the 22nd
ACM Conference on Economics and Computation, pp.
132–133, 2021.

Balseiro, S. R., Lu, H., and Mirrokni, V. The Best
of Many Worlds: Dual Mirror Descent for On-
line Allocation Problems. Operations Research,
71(1):101–119, January 2023. ISSN 0030-364X,
1526-5463. doi: 10.1287/opre.2021.2242. URL
https://pubsonline.informs.org/doi/10.
1287/opre.2021.2242.

Bergemann, D. and Morris, S. Bayes correlated equilibrium
and the comparison of information structures in games.
Theoretical Economics, 11(2):487–522, 2016.

Che, Y.-K. and Kim, J. Optimal collusion-proof auctions.
Journal of Economic Theory, 144(2):565–603, 2009.

Chen, Y., Wang, Q., Duan, Z., Sun, H., Chen, Z., Yan,
X., and Deng, X. Coordinated Dynamic Bidding in Re-
peated Second-Price Auctions with Budgets. In Pro-
ceedings of the 40th International Conference on Ma-
chine Learning, volume 202 of Proceedings of Ma-
chine Learning Research, pp. 5052–5086. PMLR, July
2023. URL https://proceedings.mlr.press/
v202/chen23ac.html.

Chotibhongs, R. and Arditi, D. Analysis of collusive bidding
behaviour. Construction Management and Economics,
30(3):221–231, 2012.

Decarolis, F., Goldmanis, M., and Penta, A. Marketing agen-
cies and collusive bidding in online ad auctions. Manage-
ment Science, 66(10):4433–4454, 2020.

Decarolis, F., Goldmanis, M., Penta, A., and Shakhgildyan,
K. Bid Coordination in Sponsored Search Auctions:
Detection Methodology and Empirical Analysis. The
Journal of Industrial Economics, 71(2):570–592, June
2023. URL https://onlinelibrary.wiley.
com/doi/10.1111/joie.12331.

Deng, Y., Mao, J., Mirrokni, V., and Zuo, S. Towards effi-
cient auctions in an auto-bidding world. In Proceedings
of the Web Conference 2021, pp. 3965–3973, 2021.

Feng, Z., Padmanabhan, S., and Wang, D. Online bidding
algorithms for return-on-spend constrained advertisers.
In Proceedings of the ACM Web Conference 2023, pp.
3550–3560, 2023.

Fu, H. and Lin, T. Learning to coordinate bidders in non-
truthful auctions. arXiv preprint arXiv:2507.02801, 2025.

Gao, Y., Yang, K., Chen, Y., Liu, M., and Karoui, N. E. Bid-
ding agent design in the linkedin ad marketplace. arXiv
preprint arXiv:2202.12472, 2022.

Golrezaei, N., Jaillet, P., Liang, J. C. N., and Mirrokni,
V. Bidding and pricing in budget and roi constrained
markets. arXiv preprint arXiv:2107.07725, 2021.

Graham, D. A. and Marshall, R. C. Collusive bidder be-
havior at single-object second-price and english auctions.
Journal of Political economy, 95(6):1217–1239, 1987.

Hendricks, K. and Porter, R. H. Collusion in auctions.
Annales d’Economie et de Statistique, pp. 217–230, 1989.

9

https://pubsonline.informs.org/doi/10.1287/opre.2021.2242
https://pubsonline.informs.org/doi/10.1287/opre.2021.2242
https://proceedings.mlr.press/v202/chen23ac.html
https://proceedings.mlr.press/v202/chen23ac.html
https://onlinelibrary.wiley.com/doi/10.1111/joie.12331
https://onlinelibrary.wiley.com/doi/10.1111/joie.12331


On the Coordination of Value-Maximizing Bidders

Lee, K.-C., Jalali, A., and Dasdan, A. Real time bid opti-
mization with smooth budget delivery in online advertis-
ing. In Proceedings of the seventh international workshop
on data mining for online advertising, pp. 1–9, 2013.

Liao, H., Peng, L., Liu, Z., and Shen, X. ipinyou global rtb
bidding algorithm competition dataset. In Proceedings of
the Eighth International Workshop on Data Mining for
Online Advertising, pp. 1–6, 2014.

Lopomo, G., Marx, L. M., and Sun, P. Bidder collusion at
first-price auctions. Review of Economic Design, 15(3):
177–211, 2011.

Mailath, G. J. and Zemsky, P. Collusion in second price auc-
tions with heterogeneous bidders. Games and Economic
Behavior, 3(4):467–486, 1991.

Marshall, R. C. and Marx, L. M. Bidder collusion. Journal
of Economic Theory, 133(1):374–402, 2007.

Paes Leme, R., Piliouras, G., Schneider, J., Spendlove, K.,
and Zuo, S. Complex dynamics in autobidding systems.
In Proceedings of the 25th ACM Conference on Eco-
nomics and Computation, pp. 75–100, 2024.

Pavlov, G. Auction design in the presence of collusion.
Theoretical Economics, 3(3):383–429, 2008.

Pesendorfer, M. A study of collusion in first-price auctions.
The Review of Economic Studies, 67(3):381–411, 2000.

Robinson, M. S. Collusion and the choice of auction. The
RAND Journal of Economics, pp. 141–145, 1985.

Romano, G., Castiglioni, M., Marchesi, A., and Gatti, N.
The power of media agencies in ad auctions: Improv-
ing utility through coordinated bidding. arXiv preprint
arXiv:2204.13772, 2022.

Stram, R., Abboud, R., Shtoff, A., Somekh, O., Raviv, A.,
and Koren, Y. Mystique: A budget pacing system for
performance optimization in online advertising. In Com-
panion Proceedings of the ACM on Web Conference 2024,
pp. 433–442, 2024.

Zhang, W., Yuan, S., Wang, J., and Shen, X. Real-time bid-
ding benchmarking with ipinyou dataset. arXiv preprint
arXiv:1407.7073, 2014.

Zhao, J., Qiu, G., Guan, Z., Zhao, W., and He, X. Deep
reinforcement learning for sponsored search real-time
bidding. In Proceedings of the 24th ACM SIGKDD in-
ternational conference on knowledge discovery & data
mining, pp. 1021–1030, 2018.

10



On the Coordination of Value-Maximizing Bidders

A. Omitted Proofs in Section 3
A.1. Proof of Observation 3.1

Fix ε ∈ (0, B). The probability qε := Prv∼F [v > B − ε] = 1 − F (B − ε) > 0 by full support/continuity of F . Let
MN := max{v1, . . . , vN} = v(N) and SN := v(N−1). The events {vn > B − ε} are i.i.d. with probability qε and∑∞

n=1 Pr(vn > B− ε) = ∞, so by the second Borel–Cantelli lemma, vn > B− ε occurs infinitely often for all sufficiently
large n with probability one. By monotonicity of the running maxima and of the second maximum, this implies MN ≥ B−ε
and SN ≥ B − ε for all sufficiently large N with probability one; hence MN → B and SN → B almost surely.

Define ZN := (SN − dO)+ − (dO − MN )+ ∈ [−B,B] and ∆N = E[ZN ]. Since MN , SN → B almost surely and
dO ∈ [0, B], we have ZN → (B − dO)+ almost surely. By the dominated convergence theorem,

lim
N→∞

∆N = lim
N→∞

E[ZN ] = E[ lim
N→∞

ZN ] = E
[
(B − dO)+

]
≥ 0,

with strict inequality whenever Pr(dO < B) > 0. Therefore there exists N0 such that ∆N ≥ 0 for all N ≥ N0.

A.2. Proof of the Second (Negative) Result in Theorem 3.1

Suppose Assumption 3.1 does not hold. Let the upper bound on value and outside bid be B = 1. For every bidder i ∈ [N ],
we construct the following (weakly) overbidding algorithm A that chooses the current bid based on the bidder’s past bids:

A(Hi,t) =

{
1, if there exists some s < t with bi,s = 0,

vi,t, otherwise.

Claim A.1. For every horizon T ≥ 1, every bidder i’s expected total utility difference is

E
[
UC,A
i,T − U I,A

i,T

]
=

T

N
∆ +

1−N−T

N − 1
L. (3)

where L := E
[
(dO − v(N))+

]
.

In particular, if ∆ < 0 (i.e., Assumption 3.1 fails with strict negativity), then for all

T >
N

N − 1
· L

−∆
,

we have E[UC,A
i,T ] < E[U I,A

i,T ].

Proof. We first note that, under independent bidding, the first case of algorithm A never triggers. Indeed, since vi,t > 0
almost surely (by continuity of F ) and A outputs either vi,t or 1, bidder i never submits a zero bid. Hence the condition
∃s < t with bi,s = 0 is never satisfied, so bi,t = vi,t for every t ∈ [T ] and every bidder i ∈ [N ], hence

U I,A
i,T = UTruth

i,T ,

where UTruth
i,T is bidder i’s total utility when all bidders in [N ] bid truthfully.

We now analyze the coordinated scenario. In each round t, only the highest-value bidder i∗t follows A, while all other
bidders bid 0. Fix a bidder i and define

τi := min{t ≥ 1 : i ̸= i∗t },

as the first time when bidder i does not have the highest value, so that bidder i bids 0 for the first time in round τi, and the
trigger is active from round τi + 1 onward. By symmetry of values and independence across rounds,

Pr[τi ≥ t] = Pr[i∗1 = i, . . . , i∗t−1 = i] =
( 1

N

)t−1

.

Let ∆i,t := uC,A
i,t − uTruth

i,t . Since UC,A
i,T − U I,A

i,T =
∑T

t=1 ∆i,t, it suffices to compute E[∆i,t].
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- If τi < t, bidder i has already bid 0 in the past, so when selected (i.e., having the highest value v(N)
t ) in round t it bids 1. A

direct comparison with truthful bidding shows that on this event

∆i,t =
(
v
(N)
t − dOt

)︸ ︷︷ ︸
uC,A
i,t when i is selected

−
(
v
(N)
t −max

{
v
(N−1)
t , dOt

})
· I
[
v
(N)
t > max

{
v
(N−1)
t , dOt

}]︸ ︷︷ ︸
uTruth
i,t when i has the highest value

=
(
v
(N)
t − dOt

)
−

(
v
(N)
t −max

{
v
(N−1)
t , dOt

})
· I
[
v
(N)
t > dOt

]
= I

[
v
(N)
t > dOt

]
·
(
max

{
v
(N−1)
t , dOt

}
− dOt

)
+ I

[
v
(N)
t ≤ dOt

]
·
(
v
(N)
t − dOt

)
= (v

(N−1)
t − dOt )+ − (dOt − v

(N)
t )+.

By symmetry, bidder i is selected with probability 1/N , so

E[∆i,t | τi < t] =
1

N
∆.

- If instead τi ≥ t, bidder i has not yet bid 0, and therefore bids truthfully when selected. In this case the only difference
relative to truthful bidding is the reduced payment under coordination, yielding ∆i,t = (v

(N−1)
t − dOt )+,

E[∆i,t | τi ≥ t] =
1

N
E[(v(N−1) − dO)+] =

∆ + L

N
.

Combining the two cases,

E[∆i,t] = Pr[τi < t]
∆

N
+ Pr[τi ≥ t]

∆ + L

N
=

∆

N
+

L

N t
.

Summing over t = 1, . . . , T gives

E[UC,A
i,T − U I,A

i,T ] =

T∑
t=1

E[∆i,t] =
T

N
∆+

1−N−T

N − 1
L,

which proves Equation (3). If ∆ < 0, the final inequality follows immediately for T exceeding the stated threshold.

A.3. Proof of Lemma 3.2

For any sequence of values and outside bids (vt, d
O
t )

T
t=1, consider the difference between bidder i’s coordinated auto-bidding

utility and truthful bidding utility at round t:

∆i,t = uC,A
i,t − uTruth

i,t

= (vi,t − dOt ) · I[b
C,A
i,t ≥ dOt ] · I[vi,t = max

j∈[N ]
vj,t]− (vi,t − dTruthi,t ) · I[vi,t ≥ dTruthi,t ]

where dTruthi,t = max{dOt ,maxj ̸=i vj,t} is the competing bid for bidder i under truthful bidding. We do a case analysis:

• If vi,t ̸= maxj∈[N ] vj,t, then bidder i loses under both coordinated bidding and truthful bidding, so uC,A
i,t = uTruth

i,t = 0
and ∆i,t = 0.

• If vi,t = maxj∈[N ] vj,t, then

uC,A
i,t = (vi,t − dOt ) · I[b

C,A
i,t ≥ dOt ]

uTruth
i,t = (vi,t − dTrutht ) · I[vi,t ≥ dOt ].

Because the auto-bidder is overbidding (vi,t ≤ bC,A
i,t ), there are three further cases:

– dOt < vi,t ≤ bC,A
i,t : in this case, ∆i,t = dTrutht − dOt ≥ 0.

12



On the Coordination of Value-Maximizing Bidders

– vi,t ≤ bC,A
i,t < dOt : in this case, the bidder loses under both scenarios, so ∆i,t = 0.

– vi,t ≤ dOt ≤ bC,A
i,t : in this case, the bidder loses under truthful bidding but wins under coordinated bidding, so

∆i,t = uC,A
i,t = vi,t − dOt ≤ 0.

Then, we condition on any history Ht−1, randomize over vt and dOt , and analyze the expectation of ∆i,t. Let F(N) be the
distribution of the largest value v(N) among N samples from F .

Evt∼F,dO
t ∼D

[
∆i,t | Ht−1

]
= 0 + Pr[vi,t = max

j∈[N ]
vj,t] · Evi,t∼F(N),d

O
t ∼D

[
∆i,t | Ht−1

]
=

1

N

(
Pr

vi,t∼F(N),d
O
t ∼D

[
vi,t > dOt

]
· E

[
dTrutht − dOt

∣∣ vi,t ≥ dOt

]
+ Pr

vi,t∼F(N),d
O
t ∼D

[
vi,t ≤ dOt ≤ bC,A

i,t

]
· E

[
vi,t − dOt

∣∣ vi,t ≤ dOt ≤ bC,A
i,t

])
=

1

N

(
E
[
I
[
v(N) > dOt

]
·
(
max{v(N−1), d

O
t } − dOt

)]
+ E

[
I
[
v(N) ≤ dOt ≤ bC,A

i,t

]
·
(
v(N) − dOt

)])
Because max{v(N−1), d

O
t } − dOt > 0 implies I

[
v(N) > dOt

]
= 1, the above is equal to

=
1

N

(
E
[
max{v(N−1), d

O
t } − dOt

]
+ E

[
I
[
v(N) ≤ dOt ≤ bC,A

i,t

]
·
(
v(N) − dOt

)])
≥ 1

N

(
E
[
max{v(N−1), d

O
t } − dOt

]
+ E

[
I
[
v(N) ≤ dOt

]
·
(
v(N) − dOt

)])
=

1

N

(
E
[(
v(N−1) − dOt

)
+

]
− E

[(
dOt − v(N)

)
+

])
.

Using Assumption 3.1, we obtain

Evt∼F,dO
t ∼D[∆i,t | Ht−1] ≥ ∆

N
.

Therefore,

E
[
UC,A
i,T − UTruth

i,T

]
= E

[
T∑

t=1

∆i,t

]
≥ T · ∆

N
,

which proves the lemma.

B. Omitted Proofs in Section 4
Denote the time-average total values among the N coalition bidders by V C,A

T := 1
T

∑T
t=1 V

C,A
t and V I,A

T := 1
T

∑T
t=1 V

I,A
t

for the coordinated and independent cases, respectively.

B.1. Proof of Theorem 4.1

Let v(N) = max{v1, . . . , vN} denote the highest value among N i.i.d. samples from F . Let F(N) be the distribution of
v(N). Let G(N)(λ) be the expected utility of a single bidder with value v(N) ∼ F(N) and bidding using multiplier λ > 0,
competing against the outside bid dO ∼ D:

G(N)(λ) := Ev(N)∼F(N),dO∼D

[
(v(N) − dO) · I

[
(1 + 1

λ )v(N) > dO
]]
.

Define the corresponding single-bidder expected value as

V(N)(λ) := Ev(N)∼F(N), dO∼D

[
v(N)I

[
(1 + 1

λ )v(N) > dO
]]
.

13
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Since V(N)(λ) is monotone and bounded, the right limit V(N)(0
+) := limλ↓0 V(N)(λ) exists. Define the stable reference

multiplier by
λ⋆ := inf

{
λ > 0 : G(N)(λ) ≥ 0

}
∈ [0,∞),

and denote V(N)(0) = V(N)(0
+) when λ⋆ = 0.

We present the monotonicity property of G(N)(λ).
Lemma B.1 (Monotonicity of G(N)). Assume that the outside-bid distribution D admits a density fD that is strictly positive
on [0, B]. Then G(N)(λ) is continuous and strictly increasing on (0,∞). Moreover, {λ > 0 : G(N)(λ) ≥ 0} is nonempty.
Hence, if λ⋆ > 0, then G(N)(λ⋆) = 0, while if λ⋆ = 0, then G(N)(λ) > 0 for every λ > 0.

Proof. Continuity follows from dominated convergence and the continuity of D. Write the single-bidder’s expected utility
as G(N)(λ) = Ev∼F(N)

G(λ; v), where G(λ; v) is the bidder’s expected utility conditioning on having value v. Namely,

G(λ; v) = EdO∼D

[
(v − dO) I

{(
1 + 1

λ

)
v > dO

}]
= v x

((
1 + 1

λ

)
v
)
− p

((
1 + 1

λ

)
v
)
,

where x(b) is the probability of winning when the bidder bids b, and p(b) is the expected payment. Extending fD by zero
outside [0, B], we have

x(b) =

∫ b

0

fD(z) dz, p(b) =

∫ b

0

zfD(z) dz.

Since the second-price auction is truthful, Myerson’s payment identity gives

p(b) = x(b)b−
∫ b

0

x(z) dz.

Therefore,

G(λ; v) = vx
((
1 + 1

λ

)
v
)
−
(
1 + 1

λ

)
vx

((
1 + 1

λ

)
v
)
+

∫ (1+1/λ)v

0

x(z) dz

= − 1

λ
vx

((
1 + 1

λ

)
v
)
+

∫ (1+1/λ)v

0

x(z) dz.

Taking the derivative with respect to λ,

∂G(λ; v)

∂λ
=

1

λ2
vx

((
1 + 1

λ

)
v
)
− 1

λ
vx′ ((1 + 1

λ

)
v
) (

− v

λ2

)
+ x

((
1 + 1

λ

)
v
) (

− v

λ2

)
=

v2

λ3
x′ ((1 + 1

λ

)
v
)

=
v2

λ3
fD

((
1 + 1

λ

)
v
)
.

Integrating over v ∼ F(N),

dG(λ)

dλ
= Ev∼F(N)

[
v2

λ3
fD

((
1 + 1

λ

)
v
)]

.

Because F(N) has full support on [0, B] and fD(z) > 0 on [0, B], the integrand is positive with positive probability: for
example, v ∈ (0, B/(1 + 1/λ)) has positive probability, and then (1 + 1/λ)v ∈ (0, B). Hence dG(λ)/dλ > 0, so G is
strictly increasing.

Finally, because F(N) and D have ful support on [0, B],

lim
λ→∞

G(λ) = E
[
(v(N) − dO)I{v(N) > dO}

]
> 0,

so {λ > 0 : G(λ) ≥ 0} is nonempty. The remaining claims follow from continuity and strict monotonicity.

For the MD-h update, write yi,t := h′(λi,t) ∈ (−∞,+∞) for the mirror coordinate of bidder i’s multiplier. By first-order
optimality, the mirror-descent update rule is

yi,t+1 = yi,t − αgi,t. (4)

14
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Step 1: Coordinated value converges to V(N)(λ⋆)

In this step all quantities refer to the coordinated process. Let Ht−1 denote the joint history before round t, and define the
drift in mirror coordinates by

ϕ(y) := 1
NG(N)

(
(h′)−1(y)

)
, ∀y ∈ R.

Under coordination, bidder i is active if and only if it is the highest-value bidder in the coalition. Since the values are i.i.d.,
each bidder is the highest-value bidder with probability 1/N . So conditioning on the history Ht−1,

E
[
gi,t | Ht−1] =

1
NG(N)(λi,t) = ϕ(yi,t). (5)

Also, in the coordinated process, gi,t ∈ [−B,B] almost surely.

Lemma B.2 (Interior occupation bound). Assume λ⋆ > 0. Let y⋆ := h′(λ⋆). For every bidder i ∈ [N ] and every δ > 0,

1

T

T∑
t=1

P
(
|yi,t − y⋆| ≥ δ

)
≤ (yi,1 − y⋆)

2 +B2

2δcδ
· 1√

T
,

where
cδ := min{−ϕ(y⋆ − δ), ϕ(y⋆ + δ)} > 0.

Proof. Since ϕ is strictly increasing and ϕ(y⋆) = 0, cδ > 0. For all y with |y − y⋆| ≥ δ,

(y − y⋆)ϕ(y) ≥ δcδ. (6)

Let Wt := (yi,t − y⋆)
2. By Equation (4),

Wt+1 = Wt − 2α(yi,t − y⋆)gi,t + α2g2i,t.

Taking conditional expectation and using Equation (5) and g2i,t ≤ B2,

E[Wt+1 | Ht−1] ≤ Wt − 2α(yi,t − y⋆)ϕ(yi,t) + α2B2.

Summing over t = 1, . . . , T , using WT+1 ≥ 0, and using α2T = 1, we obtain

2α

T∑
t=1

E
[
(yi,t − y⋆)ϕ(yi,t)

]
≤ W1 +B2.

By Equation (6),
E
[
(yi,t − y⋆)ϕ(yi,t)

]
≥ δcδ P

(
|yi,t − y⋆| ≥ δ

)
.

Dividing by 2αT gives the claim.

Lemma B.3 (Boundary occupation bound). Assume λ⋆ = 0. For every bidder i ∈ [N ] and any δ > 0,

1

T

T∑
t=1

P
(
λi,t ≥ δ

)
= O(T−1/2).

Proof. Since λ⋆ = 0, Lemma B.1 implies G(N)(λ) > 0 for all λ > 0. Hence ϕ(y) > 0 for any y ∈ R.

Fix M ∈ R. It suffices to prove
1

T

T∑
t=1

P
(
yi,t ≥ M

)
= O(T−1/2).

Let Wt := exp(yi,t). By Equation (4), Wt+1 = Wt exp(−αgi,t). Using e−x ≤ 1− x+ x2e|x|/2 and |gi,t| ≤ B, we have

exp(−αgi,t)− 1 ≤ −αgi,t +
1

2
α2g2i,te

α|gi,t| ≤ −αgi,t +
B2eB

2
α2

15
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Therefore,

E
[
Wt+1 −Wt | Ht−1

]
= WtE

[
exp(−αgi,t)− 1 | Ht−1

]
≤ −αϕ(yi,t)Wt +

B2eB

2
α2Wt.

On {yi,t ≥ M}, monotonicity gives ϕ(yi,t) ≥ ϕ(M) > 0, while outside this event ϕ(yi,t) > 0. Thus

E
[
Wt+1 −Wt

]
≤ −αϕ(M)E

[
WtI{yi,t ≥ M}

]
+

B2eB

2
α2E

[
Wt

]
. (7)

Hoeffding’s lemma and Equation (5) give

E
[
exp(−αgi,t) | Ht−1

]
≤ exp

(
−αϕ(yi,t) +

α2B2

2

)
≤ exp

(
α2B2

2

)
.

Therefore, since α2T = 1,

sup
t≤T+1

E[Wt] ≤ E[W1] exp

(
B2

2

)
.

Summing (7), using WT+1 ≥ 0, and using α2T = 1, we get

αϕ(M)
∑T

t=1
E
[
WtI{yi,t ≥ M}

]
≤ E[W1] +

B2eB

2
E[W1] exp

(
B2

2

)
.

Since Wt ≥ eM on {yi,t ≥ M},

∑T

t=1
P
(
yi,t ≥ M

)
≤ e−M

αϕ(M)

(
E[W1] +

B2eB

2
E[W1] exp

(
B2

2

))
= O(α−1) = O(

√
T ).

Dividing by T gives the desired occupation bound. Finally, taking M = h′(δ) proves the lemma.

Lemma B.4 (Coordinated value limit). Under coordinated bidding,

lim
T→∞

E
[
V C,A
T

]
= V(N)(λ⋆).

Proof. Let i⋆t := argmaxi∈[N ] vi,t be the highest-value bidder in round t. Under coordination,

V C,A
t = v(N),t · I

{
(1 + 1

λi⋆t ,t
)v(N),t > dOt

}
.

Hence the expected T -round total value is

E
[
V C,A
T

]
= E

[
1

T

∑T

t=1
V(N)(λi⋆t ,t

)

]
. (8)

- First suppose λ⋆ > 0. Fix ε > 0. By continuity of V(N) at λ⋆, choose δ > 0 such that∣∣V(N)((h
′)−1(y))− V(N)(λ⋆)

∣∣ ≤ ε whenever |y − y⋆| < δ.

Using 0 ≤ V(N)(·) ≤ B, ∣∣∣E[V C,A
T

]
− V(N)(λ⋆)

∣∣∣ ≤ ε+ 2B E
[
1

T

∑T

t=1
I{|yi⋆t ,t − y⋆| ≥ δ}

]
.

Conditional on Ht−1, the index i⋆t is uniform on [N ]. Thus

E
[
I{|yi⋆t ,t − y⋆| ≥ δ} | Ht−1

]
=

1

N

∑N

i=1
I{|yi,t − y⋆| ≥ δ}.

16
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Lemma B.2 implies that the second term vanishes as T → ∞. Letting ε ↓ 0 proves the interior case.

- Then suppose λ⋆ = 0. Fix ε > 0. By the definition of V(N)(0
+), choose δ > 0 such that

|V(N)(λ)− V(N)(0
+)| ≤ ε ∀λ ∈ (0, δ].

Then, by Equation (8), ∣∣∣E[V C,A
T

]
− V(N)(0

+)
∣∣∣ ≤ ε+ 2B E

[
1

T

∑T

t=1
I{λi⋆t ,t

> δ}
]
.

Again, conditional on Ht−1,

E
[
I{λi⋆t ,t

> δ} | Ht−1

]
=

1

N

∑N

i=1
I{λi,t > δ}.

Lemma B.3 implies that the second term vanishes as T → ∞. Since ε is arbitrary, the boundary case follows.

Step 2: Virtual RoS feasibility under independent bidding

In this step all quantities refer to the independent bidding case, and we sometimes omit the superscript I,A. Define

b̄t := max
i∈[N ]

bi,t, V̄t := v(N),tI{b̄t > dOt }, ḡt := (v(N),t − dOt )I{b̄t > dOt }.

We view b̄t as the bid of a virtual bidder who has value v(N),t, competes against the outside bid dOt only, and obtains value
V̄t and utility ḡt. Ties have probability zero under the continuity assumptions, and all pointwise statements below are
understood almost surely.

For each bidder i ∈ [N ], define the clipped realized utility

g̃i,t := max{gi,t,−B}.

Lemma B.5 (Virtual utility dominates clipped realized utilities). For every round t, almost surely,

V I,A
t ≤ V̄t, ḡt ≥

∑N

i=1
g̃i,t.

Proof. Fix a round t. If b̄t ≤ dOt , then no coalition bidder wins against the outside bid. Hence V I,A
t = 0, gi,t = 0 for all i,

and V̄t = ḡt = 0.

Now suppose b̄t > dOt . Let jt be the coalition winner, and let b(2)t be the second-highest coalition bid. Then

V I,A
t = vjt,t ≤ v(N),t = V̄t.

Only bidder jt has nonzero realized utility, and

gjt,t = vjt,t −max{dOt , b
(2)
t }.

Since vjt,t ≤ v(N),t and max{dOt , b
(2)
t } ≥ dOt ,

gjt,t ≤ v(N),t − dOt = ḡt.

Also ḡt ≥ −B, because v(N),t, d
O
t ∈ [0, B]. Therefore∑N

i=1
g̃i,t = max{gjt,t,−B} ≤ ḡt.

Lemma B.6 (Self-bounding of clipped utilities). For every bidder i and every round t,

−B ≤ g̃i,t ≤ B, g̃i,t ≥ − B
λi,t

,

and in mirror coordinates,
yi,t+1 ≥ yi,t − αg̃i,t.

17
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Proof. The lower bound g̃i,t ≥ −B holds by definition. Also gi,t ≤ vi,txi,t ≤ B, so g̃i,t ≤ B.

If bidder i loses, then gi,t = 0, and hence g̃i,t = 0 ≥ −B/λi,t. If bidder i wins, then the competing bid is at most its bid:

di,t ≤ bi,t =
(
1 + 1

λi,t

)
vi,t.

Thus
gi,t = vi,t − di,t ≥ vi,t −

(
1 + 1

λi,t

)
vi,t = − vi,t

λi,t
≥ − B

λi,t
.

Since g̃i,t ≥ gi,t, this proves g̃i,t ≥ − B
λi,t

.

Recall that the MD update is yi,t+1 = yi,t − αgi,t. Because g̃i,t ≥ gi,t,

yi,t+1 = yi,t − αgi,t ≥ yi,t − αg̃i,t.

Lemma B.7 (Deterministic clipped violation bound). Fix bidder i. For any L > λi,1,

−
∑T

t=1
g̃i,t ≤

h′(L)− h′(λi,1)

α
+B +

BT

L
.

Proof. Define

St := −
∑t

s=1
g̃i,s, S0 := 0.

By Lemma B.6,
yi,t+1 ≥ yi,t − αg̃i,t.

Iterating gives
yi,t ≥ yi,1 + αSt−1 ∀t ≥ 1. (6)

Let

AL :=
h′(L)− h′(λi,1)

α
.

If ST ≤ AL, the claim is immediate. Otherwise, define the last time at which the cumulative clipped violation is still below
AL:

τ := max
{
t ∈ {0, 1, . . . , T} : St ≤ AL

}
.

Then τ ≤ T − 1, Sτ ≤ AL, and
St−1 > AL ∀t ≥ τ + 2.

For every t ≥ τ + 2, Inequality (6) gives

yi,t > yi,1 + αAL = h′(λi,1) + h′(L)− h′(λi,1) = h′(L).

Since h′ is strictly increasing, λi,t > L. Hence, by Lemma B.6,

−g̃i,t ≤
B

λi,t
<

B

L
∀t ≥ τ + 2.

Using also −g̃i,τ+1 ≤ B, we get

ST = Sτ + (−g̃i,τ+1) +
∑T

t=τ+2
(−g̃i,t) ≤ AL +B +

BT

L
.

Since ST = −
∑T

t=1 g̃i,t, the proof is complete.

Lemma B.8 (Virtual bidder’s RoS violation). There exists a deterministic sequence RT = o(T ) such that, pathwise,∑T

t=1
ḡt ≥ −NRT .

18
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Proof. Because λi,1 = 1 and α = 1/
√
T , define

LT := (h′)−1
(
h′(1) + T 1/4

)
, RT :=

h′(LT )− h′(1)

α
+B +

BT

LT
= T 3/4 +B +

BT

LT
.

Since h′ is onto and strictly increasing, LT → ∞ as T → ∞, and hence

RT

T
= T−1/4 +

B

T
+

B

LT
→ 0.

Thus RT = o(T ).

Applying Lemma B.7 with L = LT gives, for every bidder i,∑T

t=1
g̃i,t ≥ −RT .

By Lemma B.5, ∑T

t=1
ḡt ≥

∑T

t=1

N∑
i=1

g̃i,t =
∑N

i=1

∑T

t=1
g̃i,t ≥ −NRT .

Step 3: Dual-envelope upper bound on independent value

For λ > 0, define
Φλ(v, b) := EdO∼D

[
vI{b > dO}+ λ(v − dO)I{b > dO}

]
,

Ψλ(v) := sup
b≥0

Φλ(v, b), D(λ) := Ev∼F(N)
[Ψλ(v)].

Lemma B.9 (Dual envelope). For every λ > 0,

D(λ) = V(N)(λ) + λG(N)(λ).

Moreover,
inf
λ>0

D(λ) = V(N)(λ⋆).

Proof. Fix v ∈ [0, B], λ > 0, and set
cλ(v) :=

(
1 + 1

λ

)
v.

We can rewrite
Φλ(v, b) = EdO∼D

[
λ(cλ(v)− dO)I{dO < b}

]
.

Increasing b up to cλ(v) only adds nonnegative contributions, whereas increasing b beyond cλ(v) only adds nonpositive
contributions. Hence b = cλ(v) maximizes Φλ(v, b), and

Ψλ(v) = Φλ(v, cλ(v)).

Taking expectation over v ∼ F(N) yields

D(λ) = V(N)(λ) + λG(N)(λ).

It remains to prove the infimum identity. Consider the single-bidder primal problem

OPTsingle := sup
π

{
E[V π] : E[gπ] ≥ 0

}
,

where the supremum is over measurable bidding rules π : [0, B] → R+, and

V π := v(N)I{π(v(N)) > dO}, gπ := (v(N) − dO)I{π(v(N)) > dO}.
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For any feasible π and any λ > 0,
E[V π] ≤ E[V π + λgπ] ≤ D(λ).

Thus
OPTsingle ≤ inf

λ>0
D(λ).

If λ⋆ > 0, then G(N)(λ⋆) = 0. The bidding rule

π⋆(v) :=
(
1 + 1

λ⋆

)
v

is feasible and attains value V(N)(λ⋆). Also

D(λ⋆) = V(N)(λ⋆) + λ⋆G(N)(λ⋆) = V(N)(λ⋆).

Therefore
V(N)(λ⋆) ≤ OPTsingle ≤ inf

λ>0
D(λ) ≤ D(λ⋆) = V(N)(λ⋆),

so equality holds throughout.

If λ⋆ = 0, then G(N)(λ) ≥ 0 for every λ > 0, so G(N)(0
+) := limλ↓0 G(N)(λ) ≥ 0. The always-win rule π0(v) ≡ 2B is

feasible and attains value E[v(N)] = V(N)(0
+). Hence

V(N)(0
+) ≤ OPTsingle ≤ inf

λ>0
D(λ).

On the other hand, |G(N)(λ)| ≤ B, and therefore

inf
λ>0

D(λ) ≤ lim
λ↓0

(
V(N)(λ) + λG(N)(λ)

)
= V(N)(0

+).

Thus infλ>0 D(λ) = V(N)(0
+), which is V(N)(λ⋆) by definition.

Lemma B.10 (Independent upper bound). Under independent bidding,

lim sup
T→∞

E
[
V I,A
T

]
≤ V(N)(λ⋆).

Proof. By Lemma B.5, V I,A
t ≤ V̄t almost surely, so it suffices to upper bound the time-average value of the virtual bidder.

Fix λ > 0, and let Gt := σ(Ht−1, v1,t, . . . , vN,t) be the information after coalition values are realized but before the outside
bid is drawn. Conditioning on Gt, both v(N),t and b̄t are fixed, while dOt ∼ D is fresh and independent. Hence

E
[
V̄t + λḡt | Gt

]
= Φλ(v(N),t, b̄t) ≤ Ψλ(v(N),t).

Taking expectations and using v(N),t ∼ F(N),

E
[
V̄t + λḡt

]
≤ D(λ).

Summing over t = 1, . . . , T and dividing by T ,

E
[
1

T

∑T

t=1
V̄t

]
≤ D(λ)− λE

[
1

T

∑T

t=1
ḡt

]
.

By Lemma B.8, ∑T

t=1
ḡt ≥ −NRT pathwise,

with RT = o(T ). Therefore

E
[
1

T

∑T

t=1
V̄t

]
≤ D(λ) + λ

NRT

T
.

Taking lim supT→∞ gives

lim sup
T→∞

E
[
1

T

∑T

t=1
V̄t

]
≤ D(λ) ∀λ > 0.

Taking the infimum over λ > 0 and using Lemma B.9,

lim sup
T→∞

E
[
1

T

∑T

t=1
V̄t

]
≤ inf

λ>0
D(λ) = V(N)(λ⋆).

Since V I,A
t ≤ V̄t almost surely for every t, the same upper bound holds for V I,A

T .
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Step 4: Conclusion

Combining Lemma B.4 and Lemma B.10, we obtain

lim inf
T→∞

E
[
V C,A
T − V I,A

T

]
≥ V(N)(λ⋆)− V(N)(λ⋆) = 0.

This proves Theorem 4.1.

B.2. Proof of Theorem 4.2

Reduction to a single-bidder scenario. To prove Theorem 4.2, we first draw a connection between the N -bidder
coordination scenario and the scenario where a single bidder, whose value equals the highest value among the N bidders,
competes against the outside bid.

Formally, let v(N) = max{v1, . . . , vN} denote the highest value among N i.i.d. samples from F . Let F(N) be the
distribution of v(N). Let G(N)(λ) be the expected utility of a single bidder with value v(N) ∼ F(N) and bidding using
multiplier λ > 0, competing against the outside bid dO ∼ D:

G(N)(λ) = Ev(N)∼F(N),dO∼D

[
(v(N) − dO) · I

[
(1 + 1

λ )v(N) > dO
]]
.

Let GC
i (λi) be the expected utility of bidder i with value vi ∼ F and multiplier λi > 0 in the N -bidder coordinated

scenario:

GC
i (λi) = Ev1,...,vN∼F,dO∼D

[
(vi − dO)xi(v, λi)

]
where xi(v, λi) = 1 if vi = maxj∈[N ]{vj} and (1 + 1/λi)vi > dO, and 0 otherwise.

We show that the N -bidder coordinated scenario is “equivalent” to the single-bidder scenario in the following sense:
Observation B.1. GC

i (λi) =
1
NG(N)(λi).

Proof. In the coordinated scenario, bidder i obtains utility 0 if its value is not the highest among the N bidders. The
probability that bidder i has the highest value is 1/N because the N bidders’ values are i.i.d. So,

GC
i (λi) = 0 + 1

NEvi∼F |vi=v(N)

[
(vi − dO)I[(1 + 1/λi)vi > dO]

]
= 1

NEv(N)∼F(N)

[
(v(N) − dO)I[(1 + 1/λi)v(N) > dO]

]
= 1

NG(N)(λi).

Since the N -bidder coordinated scenario is equivalent to a single-bidder scenario, we can now analyze the single-bidder
scenario.

In addition to Lemma B.1, we present the following useful lemma regarding the expected utility function G(N)(λ) of the
single bidder, under Assumption 3.1.
Lemma B.11. Under Assumption 3.1, G(N)(λ) ≥ ∆ > 0.

Proof. By Lemma B.1, G(N)(λ) is increasing in λ. So,

G(N)(λ) ≥ lim
µ→0+

G(N)(µ)

= Ev(N)∼F(N),dO∼D

[
v(N) − dO

]
= E

[
(v(N) − dO)+

]
− E

[
(dO − v(N))+

]
≥ E

[
(v(N−1) − dO)+

]
− E

[
(dO − v(N))+

]
≥ ∆ > 0

where the last “≥” follows from Assumption 3.1.

Intuitively, Lemma B.11 shows that the expected utility obtained by the highest-value coalition bidder is always positive
(by a margin of ∆ > 0). This means that the bidder’s multiplier λt, following mirror descent updates, will decrease in
expectation every round and eventually converge to 0. We formalize this intuition below.
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Coordinated multipliers converge to 0. Using the above characterizations, we show an interesting fact: the multipliers
λC
i,t of auto-bidders running Algorithm 3 in the coordinated scenario converge to 0 as t → ∞. This means that the coalition

will eventually submit arbitrarily high bids bCi,t = (1 + 1
λC
i,t
)vi,t → ∞.

Lemma B.12. Under Assumption 3.1, for any i ∈ [N ], t ∈ [T ], with probability at least 1− exp
(
− ∆2t

32B2N2

)
, h′(λC

i,t+1) ≤
h′(λi,1)− ∆t

2N
√
T

.

Proof. Let yi,t := h′(λC
i,t). According to Algorithm 3 and Equation (4),

yi,t+1 = yi,t − αgi,t (9)

where each gi,t is an unbiased estimator of bidder i’s expected utility GC
i (λ

C
i,t) = E[gi,t] at round t. If bidder i is not

the highest-value bidder in round t, then gi,t = 0, meaning that the bidder’s multiplier λC
i,t is not updated in that round.

According to Observation B.1 and Lemma B.11, bidder i’s expected utility is at least

E[gi,t′ ] = GC
i (λ

C
i,t′) =

1
NG(N)(λi,t′) ≥ ∆

N .

Because values and outside bids are bounded by B, the realized utility gi,t′ ∈ [−B,B]. So, by Azuma’s inequality:

Pr
[∑t

t′=1
gi,t′ < t · ∆

N − ε
]
≤ exp

(
− ε2

8B2t

)
.

Let ε = t∆
2N . We have with probability at least 1− exp(− t∆2

32B2N2 ),

yi,t+1 ≤ yi,1 − α
(
t · ∆

N − ε
)
= yi,1 − t∆

2N
√
T
.

where we plugged in α = 1/
√
T .

Coordinated total value is larger than independent total value. Using the fact that coordinated multipliers converge to
0, we show that the total value obtained by coordinated auto-bidders is larger than that under independent bidding in the
limit T → ∞.

Let V(N)(λ) be the expected value obtained by a single bidder whose value is the highest value v(N) among N samples
from F and who uses multiplier λ > 0 to bid against outside bid dO ∼ D:

V(N)(λ) := Ev(N)∼F(N),dO∼D

[
v(N)I

[
(1 + 1

λ )v(N) > dO
]]
. (10)

Because V(N)(λ) is monotone in λ and bounded, the limit

V(N)(0
+) := lim

λ→0+
V(N)(λ)

exists. Note that the expected total value of the N coordinated bidders with multipliers λC
1 , . . . , λ

C
N is

V C(λC
1 , . . . , λ

C
N ) = E

[
vi∗I

[
(1 + 1

λi∗
)vi∗ > dO

]]
= E

[
V(N)(λ

C
i∗)

]
where i∗ = argmaxi∈[N ] vi. This means that the expected average total value of the coordinated bidders during T rounds is

E
[ 1
T

T∑
t=1

V C,A
t

]
= E

[ 1
T

T∑
t=1

V(N)(λ
C
i∗t ,t

)
]

(11)

where i∗t ∈ [N ] is the highest-value bidder in round t.
Lemma B.13. For any coordination mechanism G and any round t,

E
[
V G
t

]
≤ V(N)(0

+) = Ev(N)∼F(N)

[
v(N)

]
.

Consequently, for every T ≥ 1,

E
[ 1
T

T∑
t=1

V G
t

]
≤ V(N)(0

+).
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Proof. Fix a round t and write v(N),t := maxi∈[N ] vi,t. In a single-item auction, the coalition’s realized value is either 0 (if
the outside bid wins) or equals the realized value of the winning coalition bidder, which is always at most v(N),t. Hence
V G
t ≤ v(N),t almost surely, and taking expectations gives E[V G

t ] ≤ E[v(N),t]. Finally, since bids and dO are bounded,
(1 + 1

λ )v(N) → +∞ as λ ↓ 0, so the single bidder wins with probability 1 in the limit and thus V(N)(0
+) = E[v(N)].

Proof of Theorem 4.2. By Lemma B.12, with constant c := ∆2

32B2N2 , for any fixed i and t ≥ 1, the coordinated multiplier
λC
i,t+1 satisfies

Pr

[
h′(λC

i,t+1) ≤ h′(λi,1)−
t∆

2N
√
T

]
≥ 1− e−ct. (12)

Fix ε > 0. Since V(N)(0
+) exists, there is δ = δ(ε) > 0 such that∣∣V(N)(0

+)− V(N)(λ)
∣∣ < ε for all λ ∈ (0, δ]. (13)

Since h′ is strictly increasing and limλ↓0 h
′(λ) = −∞, we can define b(δ) := (h′)−1(δ).

Define

mT :=

⌈
2N

√
T

∆
(h′(λi,1)− b(δ))

⌉
= O

(√
T (−b(δ))

)
,

so for all t ≥ mT ,

h′(λi,1)−
t∆

2N
√
T

≤ h′(λi,1)−
mT∆

2N
√
T

≤ b(δ).

Let Ei,t be the event inside the probability in (12). A union bound over i = 1, . . . , N and t ≥ mT gives

Pr
[ N⋂
i=1

T⋂
t=mT

Ei,t

]
≥ 1−NTe−cmT =: 1− pT . (14)

On this event, for all t ≥ mT we have h′(λC
i∗t ,t

) ≤ b(δ), which is equivalent to λC
i∗t ,t

≤ δ, hence by Eq. (13),∣∣V(N)(0
+)− V(N)(λ

C
i∗t ,t

)
∣∣ < ε.

For the first mT rounds we have |V(N)(0
+)− V(N)(·)| ≤ B due to bounded value. Therefore, conditioning on the event in

(14), ∣∣∣V(N)(0
+)− 1

T

T∑
t=1

V(N)(λ
C
i∗t ,t

)
∣∣∣ ≤ mT

T
B +

T −mT

T
ε.

Taking expectations and using that the per-round gap is ≤ B on the complement of the event in (14), we have

E
[∣∣∣V(N)(0

+)− 1

T

T∑
t=1

V(N)(λ
C
i∗t ,t

)
∣∣∣]

≤ mT

T
B +

T −mT

T
ε+B pT

≤ O(
√
T (−b(δ)))

T
B + ε+BNTe−cO(

√
T (−b(δ))) ≤ 3ε

for sufficiently large T . So we obtain

lim
T→∞

E
[ 1
T

T∑
t=1

V(N)(λ
C
i∗t ,t

)
]
= V(N)(0

+).

Combining with Lemma B.13, we conclude that

V(N)(0
+) ≥ E

[ 1
T

T∑
t=1

V G
t

]
,

which proves Theorem 4.2.
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C. Omitted Proofs in Section 5
C.1. Proof of Theorem 5.1

The argument parallels the proof of Theorem 3.1.

Let i∗t = argmaxi∈[N ] vi,t denote the index of the highest-value bidder in round t. Conditioned on the history Ht−1, we
analyze the expected difference ∆i,t = uC,A

i,t − uTruth
i,t for bidder i:

Evt∼F, dO
t ∼D

[
∆i,t | Ht−1

]
= Evt, dO

t

[
I[i∗t = i] ·∆i,t | Ht−1

]
= E

[
I[i∗t = i] · I[vi,t ≥ dOt ] · (dTrutht − dOt )

]
+ E

[
I[i∗t = i] · I[vi,t ≤ dOt ≤ bC,A

i,t ] · (vi,t − dOt )
]

= E
[
I[i∗t = i] · (dTrutht − dOt )

]
+ E

[
I[i∗t = i] · I[vi,t ≤ dOt ≤ bC,A

i,t ] · (vi,t − dOt )
]

≥ E
[
I[i∗t = i]

(
max
j ̸=i

vj,t − dOt
)
+

]
+ E

[
I[i∗t = i] · I[vi,t ≤ dOt ] · (vi,t − dOt )

]
.

Summing over all bidders i ∈ [N ], the indicator I[i∗t = i] ensures that only the highest-value bidder contributes in each
round. Hence,

E
[ N∑

i=1

∆i,t

∣∣ Ht−1

]
≥ E

[
(v(N−1) − dOt )+

]
− E

[
(dOt − v(N))+

]
≥ ∆,

where the second inequality follows from Assumption 3.1. Summing over t ∈ [T ] gives E[
∑N

i=1 U
C,A
i,T −

∑N
i=1 U

I,A
i,T ] ≥ ∆T .

C.2. Proof of Theorem 5.2

The argument parallels the proof of Theorem 4.2.

Let GC
i (λi) denote bidder i’s expected utility when vi ∼ Fi and bidder i uses multiplier λi > 0 in the coordinated scenario:

GC
i (λi) = Ev1∼F1,...,vN∼FN , dO∼D

[
(vi − dO)xi(v, λi)

]
,

where xi(v, λi) = 1 if vi = maxj∈[N ]{vj} and (1 + 1
λi
)vi > dO, and 0 otherwise.

By reusing the proof of Lemma B.1 with D replaced by the distribution of max{dO,maxj ̸=i vj}, we claim that GC
i (λi) is

increasing in λi. Hence,

GC
i (λi) ≥ lim

µ→0+
GC

i (µ) = E
[
(vi − dO) I

{
vi = max

j∈[N ]
{vj}

}]
=: ∆i,

where the limit exists because GC
i (·) is bounded and monotone.

We now present the parallel version of Lemma B.12.

Lemma C.1. Under Assumption 5.1, for any i ∈ [N ] and t ≥ 1, with probability at least 1− exp
(
− ∆2

i t
32B2

)
,

h′(λC
i,t+1) ≤ h′(λi,1)−

∆it

2
√
T
.

Proof. The expected utility E[gi,t′ ] is lower bounded by

E[gi,t′ ] = GC
i (λi,t′) ≥ ∆i.

Applying Azuma’s inequality (exactly as in the proof of Lemma B.12) completes the argument.
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Write v(N) := maxj∈[N ] vj with vj ∼ Fj mutually independent. Its CDF is Fmax(x) = Pr[v(N) ≤ x] =
∏N

j=1 Fj(x). For
λ > 0, define

V(N)(λ) := E v(N)∼Fmax, dO∼D

[
v(N) · I

{
(1 + 1

λ )v(N) > dO
}]

,

V(N)(0
+) := lim

λ→0+
V(N)(λ) = E v(N)∼Fmax

[
v(N)

]
.

The limit V(N)(0
+) = limλ→0+ V(N)(λ) exists because V(N)(λ) is monotone and bounded. In the i.i.d. special case

F1 = · · · = FN = F , Fmax coincides with the order-statistic distribution F(N), recovering the original definition.

In the non-i.i.d. case, Lemma B.13 still holds:

Lemma C.2 (copy of Lemma B.13). For any coordination mechanism G and any round t,

E
[
V G
t

]
≤ V(N)(0

+) = Ev(N)∼Fmax

[
v(N)

]
.

Consequently, for every T ≥ 1,

E
[ 1
T

T∑
t=1

V G
t

]
≤ V(N)(0

+).

Proof of Theorem 5.2. Fix ε > 0 and choose δ = δ(ε) > 0 as in Equation (13). Let

∆min := min
i∈[N ]

∆i > 0 cmin :=
∆2

min

32B2
> 0.

Define b(δ) := (h′)−1(δ) and

mT :=
⌈ 2√T

∆min
(h′(λi,1)− b(δ))

⌉
.

By Lemma C.1, for each i and every t ≥ mT , λC
i,t+1 ≤ δ holds with probability at least 1− exp(−cmint). A union bound

over i = 1, . . . , N and t = mT , . . . , T yields

Pr
[ N⋂
i=1

T⋂
t=mT

{λC
i,t+1 ≤ δ}

]
≥ 1−NT e−cminmT =: 1− pT .

On this event, for all t ≥ mT we have λC
i∗t ,t

≤ δ, hence by (13),∣∣V(N)(0
+)− V(N)(λ

C
i∗t ,t

)
∣∣ < ε,

where i∗t = argmaxi∈[N ] vi,t. For each of the first mT rounds, the absolute gap is ≤ B. Therefore,

∣∣∣V(N)(0
+)− 1

T

T∑
t=1

V(N)(λ
C
i∗t ,t

)
∣∣∣ ≤ mT

T
B +

T −mT

T
ε

on the above high-probability event; on its complement the gap is ≤ B. Taking expectations and using pT ≤ NTe−cminmT

gives

E
[∣∣∣V(N)(0

+)− 1

T

T∑
t=1

V(N)(λ
C
i∗t ,t

)
∣∣∣] ≤ mT

T
B + ε+B pT −−−−→

T→∞
0.

Hence

lim
T→∞

E
[ 1
T

T∑
t=1

V(N)(λ
C
i∗t ,t

)
]
= V(N)(0

+).

Finally, combining with Lemma C.2 yields the desired inequality against the independent-bidding total value, completing
the proof.

25



On the Coordination of Value-Maximizing Bidders

D. Additional Experiment Results
This appendix presents additional figures in the experiments: Figure 4 for the symmetric setting on synthetic data; Figure 5
for the asymmetric setting on synthetic data; Figure 6 for the real-world dataset.

(a) N = 4, F = U [0, 1], D = U [0, 1] (b) N = 3, F = U [0, 1], D = Beta(3, 2)

Figure 4. Experiments under i.i.d auto-bidders.

(a) N = 3, F1 = Beta(2, 6), F2 = Ncap=[0,1](0.6, 0.15), F3 =
Ncap=[0,1](0.4, 0.2), D = Beta(3, 5)

(b) N = 5, F1 = U [0.2, 0.8], F2 = Beta(4, 3), F3 =
Beta(6, 2), F4 = Ncap=[0,1](0.5, 0.1), F5 =
Ncap=[0,1](0.7, 0.12), D = Beta(2, 8)

Figure 5. Experiments under non-i.i.d auto-bidders.

Figure 6. Experiments in real-world datasets. (N = 5).
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