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Abstract
Extended chain-of-thought reasoning can degrade
performance on deterministic state-tracking tasks,
not solely because of preference biases but, on
the evidence we present, because of information-
theoretic limits in the capacity of decoder-only
attention. We present: (1) an Attention Bot-
tleneck analysis providing evidence that total
state-tracking capacity in bits is bounded in
terms of head count, head dimension, and con-
text length under stated modeling assumptions,
and that total capacity is not the binding con-
straint; (2) a context-dependent error model with
a depth-dependent quadratic term in the error ex-
ponent; (3) the State-Space Jaccard metric mea-
suring state drift; and (4) a Deterministic Horizon
d∗ ∈ [19, 31] (at α = 0.5) marking the depth
at which unaided accuracy crosses 50%. Across
twelve models and eight task domains (including
SWE-Bench, WebArena, and SQL-Multi), tool-
integrated reasoning reaches 76–94% accuracy
versus 17–42% for neural chain-of-thought on
PermutationProbe. Fine-tuning on optimal-length
traces yields <3 percentage-point improvement,
supporting an architectural ceiling.

1. Introduction
The dominant paradigm in large language model reasoning
posits that extended deliberation improves accuracy. Ope-
nAI’s o1 (OpenAI, 2024), DeepSeek-R1 (Guo et al., 2025),
and similar architectures invest heavily in chain-of-thought
(CoT) generation, with the implicit thesis that additional
inference-time compute yields improved performance (Snell
et al., 2025; Brown et al., 2025). Recent work shows that
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test-time compute can be more effective than parameter
scaling (Snell et al., 2025), with compute-optimal inference
strategies further analyzed by Wu et al. (2025) and efficiency
gains exceeding 4× relative to a best-of-N baseline (Snell
et al., 2025). However, Balachandran et al. (2025) demon-
strate that improvements diminish with problem difficulty,
and Sui et al. (2025) provide a broad survey documenting
the “overthinking” phenomenon.

We challenge this thesis for deterministic state-space
search: tasks that require exact sequences of operations
transforming an initial state σ0 to a target τ through a finite
operator set O. Such problems pervade software engineer-
ing, formal verification, and sequential planning, domains
where transformers exhibit well-documented compositional
and planning failures (Dziri et al., 2023; Kambhampati et al.,
2024; Valmeekam et al., 2023). In these domains, correct-
ness is binary and approximation is failure. Unlike open-
ended generation, where “mostly correct” may suffice, state-
space search demands exact tracking, a requirement that
exposes architectural limitations of decoder-only attention.

The Core Phenomenon. On permutation puzzles solvable
by BFS in <0.1s, state-of-the-art reasoning models fail after
seconds of deliberation. Analysis of failed traces reveals
State-Space Decoherence: accumulated errors that cause
complete divergence from ground truth (Appendix H.5).
This failure is caused by extended reasoning, not mitigated
by it. The pattern is striking: at depth 10, GPT-4o maintains
78% accuracy; by depth 30, accuracy drops to 34% (Permu-
tationProbe C1); beyond depth 50, performance falls below
10% (Figure 1).

Two Competing Effects. By analogy with the complexity-
at-training-time versus flexibility-at-inference-time trade-off
identified by Kim et al. (2025) in masked diffusion models,
we identify a parallel tension in the reasoning setting:

• Complexity at reasoning time: Deeper CoT increases
cumulative error probability through attention entropy
growth (analogous to the working-memory capacity limits
documented by Gong & Zhang (2024) in N-back tasks)
and over-squashing (Barbero et al., 2024). Each step
degrades signal-to-noise ratio in the residual stream.
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Table 1. Divergent predictions distinguishing a preference-based
account (“Simplicity Bias”; cf. Wu et al. 2026) from Decoherence
(this work). The “Pref.-based” column entries are our own ex-
trapolations of what a generic preference-based account implies,
not predictions stated in Wu et al. 2026; thresholds are our opera-
tionalization. The preference-based fine-tuning threshold (≥5 pp)
is approximately the mean C2 uplift across all twelve models
(range 3.6–6.9 pp, mean 5.7 pp); note that C2 itself meets this
threshold, so the fine-tuning result (0.9 pp) provides the sharper
discrimination.

Prediction Pref.-based (ours) Ours Result

Fine-tuning
recovery

≥5 pp <3 pp 0.9 pp

Length prompt
gain

>10 pp <2 pp 0.8 pp

• Flexibility at tool time: External computation delegates
deterministic sub-tasks to program interpreters and sym-
bolic solvers (Gao et al., 2023; Gou et al., 2024; Pan
et al., 2023). Tools provide exact computation without
attention-based state tracking.

Distinguishing from Prior Work. Wu et al. (2026) doc-
ument the inverted-U curve, explaining it via per-step er-
ror accumulation whose rate depends on sub-task difficulty
(their “Simplicity Bias” refers to a separate result: that
optimal CoT length shrinks with model capability). We
propose a complementary diagnosis that locates the error
source differently: per-step error grows with depth because
autoregressive attention progressively dilutes state informa-
tion, not merely because sub-tasks are hard. We term the
conflation of token prediction with algorithm execution the
Simulator Fallacy (a framing device, not a measurable
quantity), extending the form-versus-meaning distinction of
Bender & Koller (2020) to the reasoning setting.

Divergent Predictions. The two frameworks make
testable predictions (Table 1). (i) Under a preference-based
account, fine-tuning on optimal-length traces should yield
recovery comparable to C2’s uplift (≥5 pp; approximately
the mean C2 uplift of 5.7 pp across the twelve models, range
3.6–6.9 pp);1 our architectural diagnosis predicts <3 pp.
(ii) A preference-based account predicts that prompt-level
length encouragement yields large gains (>10 pp); we ob-
serve <2 pp.

Contributions. Our contributions:

1. Attention Bottleneck analysis showing that total atten-
tion capacity is not the binding constraint on state track-
ing (the bound O(H · log(L) ·

√
dh) far exceeds task

1This threshold is our operationalization of what a generic
preference-based account implies; Wu et al. (2026) do not state a
quantitative fine-tuning prediction.

requirements), which motivates the per-step bandwidth
perspective that drives our error model (Section 4).

2. Context-dependent error model ϵ(d) = ϵ0 + γd/Leff

derived from attention entropy, yielding accuracy de-
cay with a statistically significant quadratic depth term
(Section 4).

3. Deterministic Horizon d∗ with closed-form formula,
fitted via architecture ablations on open-weight models
(d∗ ∝

√
dmodel) and shown robust to context-window

truncation (Section 4).

4. SSJ metric with precision/recall decomposition measur-
ing state drift into fictitious states (Section 3).

5. Empirical validation across twelve models, eight task
domains including real-world benchmarks (SWE-Bench,
WebArena, SQL-Multi), with cross-architecture compar-
ison (Section 5).

6. Fine-tuning experiment consistent with the architec-
tural ceiling prediction, providing convergent evidence
against preference-based explanations alongside the C2
oracle bound (Section 5.3).

Conflict of Interest Disclosure. J. Wu is affiliated with
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close that these entities are AI companies that may have
commercial interests in tool-augmented and agentic AI sys-
tems; however, they provided no funding for this research,
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in the study design, data collection, analysis, or manuscript
preparation. All experiments were conducted independently
using publicly available APIs and open-weight checkpoints.
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2. Related Work
Our work builds on CoT reasoning (Wei et al., 2022; Ko-
jima et al., 2022; Wang et al., 2023; Yao et al., 2023a),
its theoretical expressivity (Li et al., 2024b; Feng et al.,
2023; Merrill & Sabharwal, 2024), and the “overthinking”
literature (Wu et al., 2026; Chen et al., 2025; Sui et al.,
2025). Wang et al. (2025) identify a complementary failure
mode, “underthinking,” in which models prematurely aban-
don promising reasoning paths; Marjanović et al. (2026)
document a related tendency toward persistent rumination
in DeepSeek-R1. Mechanistically, we draw on attention en-
tropy (Gong & Zhang, 2024), over-squashing (Barbero et al.,
2024), and expressivity bounds (Hahn, 2020; Peng et al.,
2024; Strobl et al., 2024); empirically, on tool-augmented
reasoning (Gao et al., 2023; Gou et al., 2024; Schick et al.,
2023; Yao et al., 2023b; Qin et al., 2025) and composi-
tional failure analysis (Dziri et al., 2023; Petty et al., 2024).
Detailed positioning appears in Appendix B. Our differ-
entiation: we derive context-dependent error motivated
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by attention entropy, characterize when tool delegation be-
comes empirically dominant via the Deterministic Horizon,
and test on real-world tasks with fine-tuning experiments
that discriminate from preference-based explanations.

3. Problem Setup and Metrics
State-Space Search. Let S denote a finite state space and
O = {o1, . . . , ok} deterministic operators. Given initial
state σ0 ∈ S and target τ ∈ S , the task is finding a sequence
(oi1 , . . . , oim) such that oim ◦ · · · ◦ oi1(σ0) = τ . Grading
applies the model’s emitted operator sequence to σ0 and
checks whether the resulting state equals τ exactly; partial-
credit and path-optimality are not assessed.

We use d throughout to denote the BFS-optimal depth of
the instance (the minimum number of operators required).
The model’s realised chain length m may differ from d; the
per-step error model (Definition 4.1) is indexed by chain
position, and we test its predictions against instance depth
as a proxy. A complete reference for the symbols used
throughout appears in Appendix A.

Definition 3.1 (Step-to-First-Error (SFE)). Given trace r =
[(s1, o1), . . . , (sm, om)] where si is the claimed state, SFE
is the smallest i where si ̸= oi−1 ◦ · · · ◦ o1(σ0).

Definition 3.2 (State-Space Jaccard (SSJ)). At depth d, let
Sdtrue be the ground-truth states obtained by applying the
model’s operator sequence to the true state2 and Ŝdmodel be
claimed states:

SSJ(d) =
|Sdtrue ∩ Ŝdmodel|
|Sdtrue ∪ Ŝdmodel|

(1)

We decompose into precision = | ∩ |/|Ŝmodel| and recall
= | ∩ |/|Strue|.

Diagnostic power: Under capability failure, both precision
and recall decay (drift into fictitious states). Under Algo-
rithm 2’s incremental construction, P/R = |Strue|/|Ŝmodel|,
so P > R occurs exactly when the model repeats a state or
emits an unparseable step, which is a measure of trajectory
degeneracy, not of preference. The observed parallel decay
(Section 5.4) is consistent with capability failure; we report
the decomposition as a drift descriptor and do not use it to
discriminate failure modes.

3.1. Scope and Applicability

The phenomenon we analyze is specific to deterministic
state-tracking tasks: problems in which a unique correct
state must be maintained exactly across a sequence of op-
erations, so that any single deviation constitutes failure.

2Operationalized in Algorithm 2 as the ground-truth states
reached by applying the model’s own operator sequence, not the
full BFS-reachable set.

Canonical instances include tracing program state through
sequential mutations, composing permutations or rotations,
multi-hop entity tracking across long contexts, and planning
multi-table SQL joins.

These contrast with two task classes for which our frame-
work makes no prediction of decoherence. The first is open-
ended generation (summarization, dialogue, creative writ-
ing), where many outputs are acceptable and there is no sin-
gle ground-truth state to corrupt. The second is approximate
or probabilistic reasoning, where partial credit is meaning-
ful and short chains suffice. Most GSM8K-style arithmetic
word problems, for example, require relatively few sequen-
tial reasoning steps, well within the Deterministic Horizon,
so extended chain-of-thought remains beneficial there rather
than harmful.

The Deterministic Horizon therefore predicts both when
extended reasoning helps (d < d∗) and when it degrades
(d > d∗), for the deterministic class specifically. It is not a
claim that longer reasoning is universally counterproductive.
This specificity reconciles our findings with the inverted-U
curve reported in the overthinking literature: accuracy im-
proves with depth up to d∗, then degrades once accumulated
per-step error sets in.

4. Theoretical Framework
4.1. Context-Dependent Error Model

In their simplified linear case, Wu et al. (2026) model per-
step error as E(N,M, T ) = T/(NM): error depends on
complexity but not position (their Appendix F generalizes
to stochastic error models with heterogeneous subtask error
rates). We propose context-dependent error motivated by
attention mechanics:

Definition 4.1 (Context-Dependent Error). Per-step state-
tracking error at depth d:

ϵ(d) = ϵ0 + γ · d

Leff
(2)

where ϵ0 is the baseline per-step error, γ is the attention
decay rate, and Leff is the effective decoherence length: the
number of reasoning steps over which attention maintains
usable resolution of self-generated state. Leff is a per-model
parameter; we fix it at 150 for all illustrative calculations
involving GPT-4o (see Table 12 for sensitivity). Only the
ratio γ/Leff is identified from the data; the individual val-
ues γ = 0.15 and Leff = 150 are fixed by assumption
(Appendix E). At Leff = O(102) steps, the effective deco-
herence length is far smaller than the raw context window
L = O(105) tokens. The first-order Taylor expansion is
valid for d ≪ Leff ; the model gives ϵ(d) ≤ 1 for d < 980
at the canonical parameters. At the operating point d∗ = 22,
d/Leff = 0.15.
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Derivation from Attention Entropy. Motivated by Gong
& Zhang (2024) (NeurIPS 2024 Workshop), who show that
total attention entropy increases with N across separately
trained single-layer, single-head transformers on synthetic
N-back tasks (a cross-model observation, not a within-trace
measurement), let Hd denote attention entropy at depth d.
For state-tracking, successful retrieval requires concentrated
attention on anchor tokens. Empirically,Hd grows linearly
with task load (p < 0.001; Section 6.2), consistent with
the positional performance degradation documented by Liu
et al. (2024) and the attention-sink concentration identified
by Xiao et al. (2024), both suggesting that effective use of
task-relevant positions degrades as context lengthens. Under
a signal-to-noise interpretation of attention:

ϵ(d) ∝ Hd

Aanchor(d)
≈ H0 + βd

A0 − κd
≈ ϵ0 + γd/Leff (3)

using first-order Taylor expansion valid for d≪ Leff . We
test this linear form in Section 6.2. The derivation is best
read as a mechanistic motivation for the linear form rather
than a quantitative derivation of its coefficients. Quanti-
tatively, matching the empirical slope γ/Leff = 10−3 via
the Taylor expansion requires β/H0 + κ/A0 ≈ 0.05 per
step. The measured entropy slope β = 0.023 bits/step with
typicalH0 ≈ 4.2 bits contributes β/H0 ≈ 0.0055, roughly
11% of the required budget; the remaining ∼89% must
come from anchor-attention decay (κ/A0), which we do
not measure independently. The entropy channel is there-
fore a minority contributor to the per-step error growth; the
correlation r = −0.68 to −0.74 (Section 6.2) establishes
association, not dominance.

Theorem 4.2 (Decoherence Bound). Under the context-
dependent error of Equation (2), ϵ(d) = ϵ0 + γd/Leff , with
per-step error conditional on correct history equal to ϵ(i):

P (correct at depth m) ≤ exp

(
−mϵ0 −

γm(m+ 1)

2Leff

)
(4)

The quadratic term contributes a depth-dependent accelera-
tion; over the measured range (d ≤ 60) this acceleration is
modest (Appendix E).

Remark 4.3 (Error Propagation). The bound of Theorem 4.2
is an upper bound on the probability of an error-free trace.
We measure positive forward error propagation: errors at
one step increase the probability of errors at the next (Ap-
pendix H.4). The bound of Theorem 4.2 holds regardless
of autocorrelation magnitude, since it requires only the
conditional-on-correct-history error rates ϵ(i) and makes no
independence assumption across error events. We note that
ϵ0 and γ are estimated from the aggregate accuracy–depth
curve rather than from directly measured conditional-on-
correct-history rates; the two coincide only under an error
model we do not independently verify. The fitted parame-

ters should be read as calibrating the functional form, not as
measurements of the conditional rates the bound requires.

4.2. Attention Bottleneck Theorem

We derive information-theoretic capacity bounds on state
tracking under empirically grounded modeling assumptions.
The key insight is that autoregressive attention must com-
press all historical state information through a fixed-capacity
channel at each reasoning step.

Assumption 4.4 (Effective Attention Window). Each head
concentrates 95% of its attention mass on at most O(

√
L)

positions.

Assumption 4.5 (Value Decorrelation). After layer normal-
ization, value vectors satisfy |ρij | ≤ ρmax with ρmax ≪ 1.

Assumption 4.4 is used by Proposition 4.7 (lower bound)
and motivates the capacity picture; it does not enter Theo-
rem 4.6.

Justification of Assumptions. Assumption 4.4 formal-
izes the well-documented concentration of softmax atten-
tion: as a sequence lengthens, attention mass localizes on a
small subset of positions (the “attention sink” phenomenon
documented by Xiao et al. (2024)), while over-squashing
(Barbero et al., 2024) reduces sensitivity to individual to-
ken contributions, so the number of positions a head can
resolve at usable weight grows far more slowly than L. In-
tuitively, because each step must route all relevant history
through this narrowing channel, the model cannot simulta-
neously keep many distinct prior states “in focus,” which is
the mechanism behind the capacity bound below. We adopt
the O(

√
L) rate as a tractable summary of this sub-linear

concentration rather than an exact law; Appendix E shows
the resulting log-capacity shifts by <20% under ±20% per-
turbation of H and of this exponent (Table 13), so our qual-
itative conclusions do not hinge on its precise form. We
note that the upper bound (Theorem 4.6) uses the conserva-
tive log2(L) addressing term (each head attends over all L
positions in standard multi-head attention) rather than the
tighter log2(

√
L) implied by Assumption 4.4; the assump-

tion constrains which positions carry usable weight without
entering the bound’s exponent directly. Consistent with this,
the effective decoherence length Leff is fixed at 150 steps
for all illustrative calculations (only the ratio γ/Leff is iden-
tified from data; see Appendix E), far below the raw context
window; low post-LayerNorm inter-value correlation sup-
ports Assumption 4.5 (Appendix E.5). We therefore treat
these as empirically grounded modeling assumptions and,
accordingly, report the capacity result as a bound consistent
with our measurements rather than an unconditional law.

Theorem 4.6 (Attention Bottleneck, scaling form). Under
Assumption 4.5, the number of distinct states resolvable
through a single decoder-only attention layer’s read channel
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satisfies:

log2 |S
(1)
read| = O

(
H · log2(L) · d

1/2
h

)
(5)

where H is heads, L context length, dh head dimension,
and the implied constant depends on the weight cutoff δ and
the correlation bound ρmax. The theorem prices a single
attention layer’s read channel and is agnostic to depth in
the network and to non-attention pathways (MLP, residual
stream); a transformer with N layers may exceed this per-
layer capacity through the residual stream.

Per-Step Bandwidth Interpretation. The total-capacity
bound of Theorem 4.6 is large: for GPT-4o estimates,3 it
yields ≈ 218,425 distinguishable states, and does not bind
in the tasks we study. The operationally relevant constraint
is instead the per-step information bandwidth: we model
each reasoning step as requiring full re-resolution of the
state, routing log2 |S| bits (e.g., log2 16! ≈ 44.3 bits for a
16-element permutation) through attention; this is an up-
per bound on what attention must carry, since the residual
stream may propagate state without re-reading. As the chain
lengthens, per-step bandwidth degrades due to attention
entropy growth (β = 0.023 bits/step, Section 6.2), pro-
ducing the context-dependent error of Definition 4.1. The
formal link between the total-capacity bound and the per-
step error model is mechanistic (both arise from softmax
concentration) rather than deductive; establishing this bridge
rigorously is an open problem.
Proposition 4.7 (Lower-Bound Construction). There exist
state-tracking tasks requiring states satisfying log2 |S| =
Ω(H · log(

√
L) · d1/2h ) that transformers can solve. Its

d
1/2
h exponent inherits the per-head effective-rank ansatz of

Lemma C.4, so we present it as an achievability result for
the functional form of Theorem 4.6 rather than a proof of
tightness in dh. The addressing term uses log(

√
L) rather

than log(L) to remain compatible with Assumption 4.4’s
O(
√
L) effective window; the upper and lower bounds are

separated by exactly a factor of two in the addressing term
(log2(L)/ log2(

√
L) = 2).

Proofs and, for Proposition 4.7, a construction sketch, ap-
pear in Appendix C. The lower bound uses an explicit con-
struction via sparse functions, inspired by the representa-
tional capacity analysis of Sanford et al. (2023). The con-
struction exhibits H ·

√
dh directions to match the upper

bound’s ansatz; more directions are available, so this estab-
lishes the functional form rather than tightness.

3Architectural parameters for proprietary models such as GPT-
4o and Claude are not officially disclosed; the values in this illus-
trative example are widely cited community estimates (the values
H = 96, dh = 128 correspond to GPT-3 175B’s published archi-
tecture; they are used here for order-of-magnitude intuition only).
All quantitative validation of the

√
dmodel scaling (Section 6.1)

uses open-weight models with published H and dh.

4.3. Deterministic Horizon

Theorem 4.8 (Deterministic Horizon: Necessary Con-
dition). Let α be the target success probability. The-
orem 4.2 bounds the probability of an error-free trace:
P (all steps correct) ≤ exp(−dϵ0 − γd2/(2Leff)). Setting
this upper bound equal to α (continuous approximation
d(d + 1) ≈ d2) yields a threshold d∗ beyond which error-
free reasoning at probability ≥ α is precluded. We oper-
ationalize d∗ empirically as the depth at which task-level
accuracy (correct final state) crosses α; these are distinct
quantities, and we do not claim the bound applies directly
to task-level accuracy:

d∗ =
−ϵ0Leff +

√
ϵ20L

2
eff + 2γLeff ln(1/α)

γ
(6)

For GPT-4o (ϵ0 = 0.02, γ = 0.15, Leff = 150, α =
0.5) this gives d∗ = 22.3; across the primary model suite
d∗ ∈ [19, 31]. Because d∗ is an explicit function of α via
Equation (2), it drops sharply at higher reliability targets
(e.g., d∗ ≈ 2.4 at α = 0.95 for GPT-4o); see the Impact
Statement for deployment implications. Open-weight 7–8B
models sit at the lower edge of this range (d∗ = 19–20),
rising to d∗ = 28 at the 70–72B scale, in line with the√
dmodel capacity scaling (Table 5).

Empirical Architecture Scaling. We observe empirically
that d∗ scales approximately as

√
dmodel across our four

open-weight models (Section 6.1). All four share dh = 128,
so the contribution of dh cannot be isolated in the current
data. We write the empirical fit as d∗ ≈ 0.314

√
dmodel

with the caveat that since dh · H = dmodel in standard
multi-head attention, the fit cannot separate head count from
hidden width; layer count and parameter count are additional
confounds. We stress that this is an empirical trend fitted on
four data points, not a derived consequence of Theorem 4.6;
a pure parameter-count law d∗ ∝ N0.16 fits the same data
at least as well (see the scaling caveats in Appendix E). The
raw context window L does not enter this relation, and d∗

is empirically insensitive to context truncation far above the
reasoning-trace length (Appendix G.6).

Empirical Fine-Tuning Ceiling. Our experiments (Sec-
tion 5.3) show that fine-tuning on depth-d traces with d > d∗

yields diminishing improvement that decays approximately
as O(d∗/d), supporting an architectural ceiling imposed by
per-step bandwidth limits. This empirical pattern provides
the key discrimination from the sub-task-difficulty account:
if that mechanism were the sole cause of accuracy degra-
dation, fine-tuning on optimal-length traces should recover
substantially more than the observed <3 pp.

5



The Deterministic Horizon: When Extended Reasoning Fails and Tool Delegation Becomes Necessary

5. Experiments
5.1. Experimental Setup

Tasks. We evaluate on eight task domains spanning syn-
thetic and real-world benchmarks, designed to require deter-
ministic state tracking at varying depths:

Synthetic (controlled complexity):

• PermutationProbe: n-element permutation puzzles via
adjacent transpositions; BFS-optimal depths 1–60; n ∈
{8, 12, 16}

• FSA-Sim: k-state deterministic automaton simulation;
k ∈ {4, 8, 16}; sequence lengths 10–100

• ArithChain: Multi-step modular arithmetic with carry
propagation

• CircuitTrace: Boolean circuit evaluation through layered
gates

• CodeProbe: Variable tracking through Python execution
traces

Real-world (production-relevant):

• SWE-Bench-State: 500 instances from SWE-Bench
(Jimenez et al., 2024) requiring multi-file state tracking
for bug localization

• WebArena-Nav: 500 instances from WebArena (Zhou
et al., 2024) involving multi-step navigation with session
state

• SQL-Multi: 500 instances requiring 3+ table joins with
schema tracking, derived from Spider (Yu et al., 2018)

Complete specifications for all eight task families, the
instance-generation procedure, and the licensing of the de-
rived subsets appear in Appendix D.

Models. Twelve models across six organizations, cov-
ering general-purpose, reasoning-specialized, and open-
weight categories (Table 19 uses a finer grouping by access
method):

• General: GPT-4o, Claude Sonnet 4.5, Claude Opus 4.5,
Gemini-1.5-Pro

• Reasoning: o3, o3-mini, DeepSeek-R1, Gemini-2.0-
Flash-Thinking. DeepSeek-R1 ships open weights under
the MIT License; we accessed it via API and classify it
separately from models with undisclosed architectures. Its
Multi-head Latent Attention (MLA) architecture differs
from standard multi-head attention, making its head count
non-comparable to the other open-weight models; we
therefore exclude it from the d∗ ∝

√
dmodel fit (Table 5)

and report its d∗ as an empirical measurement only.

• Open-weight: Llama-3.1-8B, Llama-3.3-70B, Qwen-2.5-
7B, Qwen-2.5-72B

Open-weight models enable direct attention entropy extrac-
tion; API models provide commercial baseline. Reasoning-
specialized models were evaluated at medium effort; the
resulting d∗ values are lower bounds for those systems. We
note that o3-mini achieves the highest measured d∗ (31)
despite being smaller than o3 (d∗ = 29) and Claude Opus
4.5 (d∗ = 27); its elevated d∗ likely reflects inference-time
reasoning strategies (implicit multi-step search) that extend
the effective horizon beyond what architecture alone pre-
dicts. The d∗ ∝

√
dmodel scaling is therefore restricted to

the four open-weight models with known architectures and
standard decoding (Table 5).

Conditions. Five conditions: C1 (unconstrained CoT), C2
(oracle optimal depth), C3 (BFS solver access), C4 (length
encouragement), C5 (fine-tuned on optimal traces). Exact
prompt templates for all conditions appear in Appendix F.3.

Replication and Statistics. Each model-task-condition
combination was evaluated with 3 repeated runs using
seeds {42, 2024, 2025}; reported values are means ± stan-
dard deviation across runs (Appendix F discusses the source
of variance at temperature 0). We employ Holm-Bonferroni
correction for multiple comparisons and TOST equivalence
testing (∆ = 5%). With only n = 3 run-level observa-
tions, the percentile bootstrap is degenerate (10 distinct
multisets, so the 2.5th percentile is a.s. the sample mini-
mum); we therefore report standard deviations rather than
bootstrap CIs. Statistical model comparisons (Section 5.4,
Section 6) use likelihood-ratio tests on the per-instance data
(n = 5,000). PermutationProbe uses 5,000 instances per
model-condition cell and the remaining seven task fami-
lies use 500; not every model-task-condition cell was run,
and the populated cells are those reported in Appendix G
(Tables 19–21). Locally-run open-weight evaluations (4
models) incurred no API cost. Median per-model API run-
time: 13.5s (range 3.1–21.4s; see Appendix F.4).

5.2. Main Results

Finding 1: Tool delegation dominates. C3 achieves 76–
94% versus 17–42% for C1 across all twelve models on
PermutationProbe (Table 2 shows a representative subset;
the complete twelve-model breakdown appears in Table 19).
On the four locally-run open-weight models, C3 reaches
76–88% versus 17–28% for C1; API-accessed and closed-
source models show the same qualitative pattern at higher
absolute accuracy. The improvement is large and consistent
across all model families and six organizations (run-level
Cohen’s d ≫ 1 for every model). Per-task breakdowns
appear in Tables 20 and 21.
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Table 2. Main results on PermutationProbe (depth > 20 subset,
8 of 12 models). Open-weight models (top) enable full architec-
tural analysis; remaining models serve as consistency checks with
estimated architecture parameters. Tool delegation (C3) achieves
76–94% while neural CoT (C1) plateaus at 17–42% (ranges across
all 12 models; see Table 19). Mean ± std over 3 runs. C5 (fine-
tuning) results appear in Section 5.3.

Model C1 C2 C3 C4 d∗

Open-Weight (local)
Llama-3.1-8B 18.4±1.5 22.1±1.6 78.3±1.7 19.0±1.5 20
Llama-3.3-70B 24.6±1.7 29.8±1.8 85.2±1.4 25.3±1.6 28
Qwen-2.5-7B 17.2±1.4 20.8±1.5 76.1±1.8 17.8±1.4 19
Qwen-2.5-72B 27.8±1.8 33.4±1.9 87.9±1.2 28.5±1.7 28

Open-Weight (API-accessed)
DeepSeek-R1 39.7±2.1 45.9±2.2 93.1±1.1 40.4±2.0 29

Closed-Source
GPT-4o 28.3±1.8 34.2±1.9 89.7±1.2 29.1±1.7 22
Claude Opus 4.5 34.8±2.0 41.3±2.1 93.6±0.9 35.6±1.9 27
o3-mini 42.1±2.2 48.3±2.3 94.2±1.3 43.1±2.1 31

C3 residual errors. Although C3 uses an exact BFS
solver, residual failure rates of 6–24% arise from errors
at the model–tool interface (formatting, parsing, transcrip-
tion). Smaller models fail more often (Qwen-2.5-7B: 76%)
than larger ones (o3-mini: 94%), consistent with tool-use
proficiency scaling with capability.

C2 as upper bound on length interventions. C2 supplies
the correct depth and yields +3.6 to +6.9 pp over C1 (mean
5.7 pp; Table 19), but remains far below the C1–C3 gap
(>50 pp). C2 accuracy still collapses with depth (91.5% at
depth ≤10 versus 8.0% at depth >50; Table 22). C2’s mean
uplift itself meets the ≥5 pp preference-based threshold in
Table 1; the fine-tuning result (0.9 pp) provides the sharper
discrimination.

Finding 2: Preference manipulation is ineffective. C4
improves by only +0.6–1.2 pp over C1 across all twelve
models (p > 0.35, TOST consistent with equivalence within
∆ = 5%; Appendix J).

Finding 3: Real-world tasks show consistent patterns.
SWE-Bench-State, WebArena-Nav, and SQL-Multi exhibit
the same decoherence phenomenon with d∗ ∈ [19, 26] for
the two models shown in Table 3, indicating generalization
beyond synthetic benchmarks. The pattern holds across all
four models evaluated on real-world tasks (Table 21).

5.3. Fine-Tuning Experiment

This experiment provides additional evidence discriminating
our account from alternative explanations. If the inverted-
U curve were primarily caused by per-step sub-task diffi-
culty rather than attention-capacity limits, then training on

Table 3. Real-world task evaluation on two representative closed-
source models, shown as consistency checks only; architecture
parameters (head count, head dimension) for these models are
community estimates, not verified. No theoretical claim or vali-
dation depends on closed-source models; all scaling analysis uses
open-weight models (Table 5). Deterministic Horizon consistent
across domains. Mean ± std over 3 runs. Complete four-model
results appear in Table 21.

Task Model C1 C3 d∗

SWE-Bench GPT-4o 24.1±2.3 86.4±1.8 19
SWE-Bench Claude Opus 4.5 29.6±2.5 91.2±1.4 24
WebArena GPT-4o 21.3±2.4 84.2±1.9 19
WebArena Claude Opus 4.5 26.8±2.6 89.7±1.5 23
SQL-Multi GPT-4o 31.4±2.1 88.9±1.6 21
SQL-Multi Claude Opus 4.5 36.2±2.3 93.1±1.2 26

Table 4. SSJ with precision/recall at increasing depths. Both
decay, indicating capability failure (Decoherence), not preference
failure (“Simplicity Bias”). Mean ± std over 3 runs. Note: SSJ is
algebraically determined by precision and recall (Definition 3.2);
the three rows are not independent measurements.

Depth 5 10 20 30 40 50

SSJ .83±.02 .72±.03 .45±.03 .23±.02 .11±.01 .04±.01
Prec. .93±.02 .87±.03 .65±.04 .41±.04 .24±.03 .11±.02
Recall .89±.02 .81±.03 .59±.04 .35±.04 .18±.03 .07±.02

optimal-length traces should substantially recover perfor-
mance.

Setup. We fine-tune Llama-3.1-8B on 5,000 optimal-
length CoT traces (depth = BFS-optimal), disjoint from
the evaluation set. Training: 3 epochs, lr=2 × 10−5, co-
sine decay, 500 held-out validation instances. Full training
configuration and per-depth results appear in Appendix G.5.

Results. C5 improves by only +0.9 pp over C1 (Table 19;
mean over depth > 20), far below the 5 pp threshold that
would support a preference-based account (Table 1). The
benefit vanishes beyond d∗ ≈ 20 regardless of training data
distribution (uniform, skewed-easy, skewed-hard all yield
∆ < 2%), supporting an architectural ceiling.

5.4. SSJ Validation

Both precision and recall decay with depth (Table 4), consis-
tent with capability failure. Precision exceeds recall at every
depth (P/R rises from 1.04 to 1.57), but as noted above,
Algorithm 2’s incremental construction couples the two met-
rics; we present SSJ as a descriptive drift measure rather
than a test between failure modes.

Fitting SSJ(d) = ae−bd−cd2

yields R2 = 0.99 (Figure 3),
consistent with the functional form of Theorem 4.2. The
quadratic term cd2 is statistically significant (p < 0.01 on
per-instance data), supporting context-dependent rather than
constant error accumulation.
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Figure 1. Accuracy versus reasoning depth on PermutationProbe.
Neural CoT (Empirical, GPT-4o) tracks the functional form of
Theorem 4.2 (Fitted model, dashed), crossing 50% (dotted) at the
deterministic horizon d∗≈22; tool delegation (Tool, C3) declines
only mildly, from 94% to 82%, across the same range. The curve
is the bound of Theorem 4.2 evaluated at parameters fitted to these
data (Appendix E) and is shown as a functional-form comparison,
not an independently derived bound. Empirical markers are per-
depth means ± std over 3 runs; Tool markers are six depth-bin
means from Table 22.

Table 5. Architecture ablation for d∗ ≈ 0.314
√
dmodel on open-

weight models. The “Fit” column gives the empirical fit (not
a theoretical prediction); all four models share dh = 128, so
dh ·H = dmodel and the fit effectively tests d∗ ∝

√
dmodel. Mean

± std over 3 runs.

Model Size H dh d∗ (obs) d∗ (fit)

Llama-3.1-8B 8B 32 128 20±1.3 20.1
Llama-3.3-70B 70B 64 128 28±1.5 28.4
Qwen-2.5-7B 7B 28 128 19±1.2 18.8
Qwen-2.5-72B 72B 64 128 28±1.4 28.4

5.5. Accuracy Decay Visualization

Figure 1 visualizes the accuracy decay. A likelihood-ratio
test on per-instance binary outcomes (n = 5,000, GPT-4o
C1) rejects the constant-error null in favour of the quadratic
depth term (p < 0.01).

6. Analysis
6.1. Architecture Ablations

We test the scaling predictions from the empirical scaling
trend (Section 4) through controlled comparisons within
model families. This isolates architectural effects from
training data and optimization differences.

70B-class models achieve d∗ ≈ 28 versus d∗ ≈ 19–20 for
7–8B models (Table 5). The Llama ratio of 28/20 = 1.40
is consistent with the empirical

√
dmodel trend (

√
2 ≈ 1.41

for the Llama hidden-width ratio). Two caveats apply: (i) all
four models share dh = 128, so the dh factor in the fit is
untested; and (ii) under grouped-query attention, the number
of KV heads differs from the number of query heads. We
use query heads H throughout, as these determine the per-

Table 6. Attention entropy correlation with accuracy across open-
weight models. Consistent negative correlation across five archi-
tectures.

Model Entropy-Acc. r

Llama-3.3-70B −0.74
Llama-3.1-8B −0.71
Qwen-2.5-72B −0.73
Mistral-7B −0.68
Mixtral-8x7B −0.69

step attention fan-out. We note that dh · H = dmodel for
all four models, so the empirical fit is equivalently d∗ ≈
0.314

√
dmodel; the functional form of Theorem 4.6 (H ·

log2(L)·d
1/2
h ) differs from this product and is not the source

of the fit.

Context-Window Insensitivity. The horizon is governed
by the effective decoherence length Leff , not the raw context
window L. Truncating Llama-3.3-70B’s context window
from 128K down to 8K leaves d∗ essentially unchanged
(≈ 28; Table 25). This dissociation between d∗ and L is
a direct prediction of the Leff formulation and is inconsis-
tent with raw context capacity as the binding constraint on
deterministic state tracking.

Within-Family Scaling. For Llama-3 (8B → 70B), d∗

increases from 20 to 28 (+40%). For Qwen-2.5 (7B→ 72B),
d∗ increases from 19 to 28 (+47%). Both approximately
follow the empirical

√
dmodel scaling, indicating that larger

models gain capacity through increased hidden width rather
than qualitatively different representations.

6.2. Attention Entropy Analysis

Consistency Checks on Closed-Source Models. All d∗

scaling claims use the four locally-run open-weight models
with known architectures (Table 5); closed-source results
throughout are consistency checks, not architectural evi-
dence (see limitation (i)).

We directly measure attention patterns in five open-weight
models (Llama-3.3-70B, Llama-3.1-8B, Qwen-2.5-72B,
Mistral-7B, and Mixtral-8x7B; the latter two are not in the
12-model evaluation roster but were included for entropy
analysis breadth; Qwen-2.5-7B, which anchors the archi-
tecture fit, was not included in the entropy extraction) to
test the mechanistic hypothesis underlying our theoretical
framework.

A consistent negative correlation (r ≈ −0.70) across five
architectures provides correlational evidence that attention
dilution is associated with decoherence (Table 6). The cor-
relation is strongest in later layers (r = −0.74 for the final
quarter of Llama-3.3-70B layers) compared to early layers
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(r = −0.42). Both entropy and accuracy are functions of
depth, so the reported r partly reflects shared depth depen-
dence; the layer-depth gradient provides indirect evidence
beyond this confound, but the correlation should be read as
consistent with the entropy hypothesis, not as establishing
it.

Per-Step Analysis. Attention entropy increases linearly
with step number (p < 0.001; 500 traces). Entropy over
a growing causal prefix is bounded by log2(t), so some
growth is partly definitional; the empirical slope β = 0.023
bits/step (minimum across five models; range 0.023–0.031,
Table 26) exceeds this floor for t > 50.

6.3. Failure Mode Analysis

Analysis of failed traces (Appendix H.5) reveals systematic
patterns: state transposition (35%), operator misapplication
(27%), premature termination (21%), circular reasoning
(11%), and complete hallucination (6%). The dominant
mode, state transposition, reflects attention-based working
memory limits.

7. Discussion
Relationship to Wu et al. (2026). Our Decoherence
framework complements Wu et al.’s sub-task-difficulty ac-
count. The C5 (<3 pp) and C4 (<2 pp) results are consistent
with architectural limits that training interventions cannot
overcome. Both mechanisms likely contribute: sub-task dif-
ficulty may dominate before architectural limits bind, while
Decoherence prevents recovery beyond them.

Implications for System Design. Agentic systems per-
forming multi-step deterministic tasks should delegate de-
terministic sub-problems to verified solvers when the num-
ber of exact state transitions approaches d∗, reserving neu-
ral reasoning for deciding which tool to invoke and how
to interpret its output. This aligns with the LLM-Modulo
framework (Kambhampati et al., 2024) and tool-augmented
architectures (Yao et al., 2023b; Schick et al., 2023), adding
a quantitative criterion via the Deterministic Horizon.

Deployment Guideline. Tool delegation outperforms neu-
ral CoT at every measured depth (Table 22), so d∗ is best
read as a reliability diagnostic, not a crossover point; “be-
comes necessary” in the title refers to necessity for adequate
reliability (accuracy above α). In practice, tool overhead
may be unjustified at shallow depths (>85% unaided accu-
racy at d ≤ 10); with imperfect tools (not evaluated here),
a genuine crossover may exist. Three deployment settings
illustrate where the diagnostic applies: (1) Code agents (d∗

of 19–28 on SWE-Bench-State); (2) SQL query planning
(d∗ of 21–30); (3) Web automation (d∗ of 19–26). Tasks

outside the deterministic state-tracking scope are not subject
to decoherence. For safety-critical deployments, mandatory
tool verification should be enforced for deterministic tasks
approaching d∗ (Kambhampati et al., 2024).

8. Conclusion
We presented evidence that decoder-only transformers face
information-theoretic limits on deterministic state track-
ing beyond the Deterministic Horizon (d∗ ∈ [19, 31] at
α = 0.5). Total attention capacity is not the binding con-
straint; instead, per-step bandwidth degrades with depth,
producing accuracy decay with a quadratic depth term in
the error exponent, supported by correlational entropy mea-
surements (r = −0.68 to −0.74). Fine-tuning is consistent
with an architectural ceiling (<3 pp recovery). Tool delega-
tion achieves 76–94% versus 17–42% on PermutationProbe,
with consistent patterns on SWE-Bench, WebArena, and
SQL-Multi.

Limitations and Future Work. (i) Closed models. Since
d∗ depends on H and dh, public only for open-weight mod-
els, we report d∗ for proprietary systems as an empirical
fit and validate the

√
dmodel scaling only on open-weight

checkpoints. (ii) Fine-tuning. The architectural-ceiling
result uses one open-weight model (Llama-3.1-8B, 5,000
traces); larger models and datasets are needed to separate
capacity from data limits. (iii) Tool comparison. Our tool
condition uses an exact BFS solver, so the C1–C3 gap upper-
bounds the benefit of delegation; imperfect tools are left to
future work. (iv) Sensitivity. d∗ depends on ϵ0, which is
sensitive to prompt format and few-shot conditioning, so
the reported intervals are regime indicators rather than exact
per-model constants. (v) Scope. We target deterministic,
exactly-checkable state tracking; tasks tolerating approxi-
mate or stochastic solutions (e.g., GSM8K-style problems)
need not obey the same horizon. (vi) Contamination. We did
not audit the evaluated models’ pretraining corpora; the five
synthetic families are generated from scratch here, so the
depth-dependence we report does not rest on the real-world
benchmarks. Further limitations appear in Appendices E, D,
and F.

Three directions follow naturally. First, testing whether
decoherence persists in architectures with explicit state-
tracking mechanisms (e.g., state-space models, memory-
augmented transformers) would clarify whether the phe-
nomenon is specific to softmax attention. Second, evaluat-
ing imperfect tool policies would locate the crossover depth
at which delegation outweighs tool noise, a question our
exact-solver condition leaves open. Third, incorporating
variable sub-task difficulty into the error model would yield
a richer account of how instance structure and attention
capacity jointly shape reasoning performance.
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Impact Statement
Our findings bear directly on deployments in which a single
state-tracking error invalidates the result. At the α = 0.5
threshold the Deterministic Horizon sits at approximately
20 state transitions, the lower end of the measured range;
extrapolating below our shallowest measured depth (d = 1),
at α = 0.95 the same fitted model gives d∗ ≈ 2.4, so safety-
critical deterministic reasoning should be tool-verified at
essentially any depth. Pending further validation of the hori-
zon parameters, practitioners deploying code agents, plan-
ning systems, and verification tools should treat unaided
multi-step deterministic reasoning as unverified and imple-
ment tool-based checks. The same result motivates work
on systems that detect when to delegate, on architectures
with explicit state-tracking substrates, and on characterizing
which reasoning tasks reward extended neural computation.

References
Amiri Bavandpour, A., Huang, X., Rofin, M., and Hahn,

M. Lower bounds for Chain-of-Thought reasoning in
hard-attention Transformers. In Proceedings of the 42nd
International Conference on Machine Learning, volume
267 of Proceedings of Machine Learning Research, pp.
3274–3306. PMLR, 2025.

Balachandran, V., Chen, J., Chen, L., Garg, S., Joshi, N.,
Lara, Y., Langford, J., Nushi, B., Vineet, V., Wu, Y., and
Yousefi, S. Inference-time scaling for complex tasks:
Where we stand and what lies ahead. arXiv preprint
arXiv:2504.00294, 2025.

Barbero, F., Banino, A., Kapturowski, S., Kumaran, D.,
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C., and Mirhoseini, A. Large Language Monkeys: Scal-
ing inference compute with repeated sampling. In The
Thirteenth International Conference on Learning Rep-
resentations, ICLR 2025, Singapore, April 24-28, 2025.
OpenReview.net, 2025.

Chen, W., Ma, X., Wang, X., and Cohen, W. W. Program
of thoughts prompting: Disentangling computation from
reasoning for numerical reasoning tasks. Trans. Mach.
Learn. Res., 2023.

Chen, X., Xu, J., Liang, T., He, Z., Pang, J., Yu, D., Song,
L., Liu, Q., Zhou, M., Zhang, Z., Wang, R., Tu, Z., Mi,
H., and Yu, D. Do NOT think that much for 2+3=? on the
overthinking of long reasoning models. In Forty-second
International Conference on Machine Learning, 2025.

Delétang, G., Ruoss, A., Grau-Moya, J., Genewein, T., Wen-
liang, L. K., Catt, E., Cundy, C., Hutter, M., Legg, S.,
Veness, J., and Ortega, P. A. Neural networks and the
Chomsky hierarchy. In The Eleventh International Con-
ference on Learning Representations, ICLR 2023, Kigali,
Rwanda, May 1-5, 2023. OpenReview.net, 2023.

Dziri, N., Lu, X., Sclar, M., Li, X. L., Jiang, L., Lin,
B. Y., Welleck, S., West, P., Bhagavatula, C., Bras, R. L.,
Hwang, J. D., Sanyal, S., Ren, X., Ettinger, A., Harchaoui,
Z., and Choi, Y. Faith and fate: Limits of Transformers on
compositionality. In Oh, A., Naumann, T., Globerson, A.,
Saenko, K., Hardt, M., and Levine, S. (eds.), Advances
in Neural Information Processing Systems 36: Annual
Conference on Neural Information Processing Systems
2023, NeurIPS 2023, New Orleans, LA, USA, December
10 - 16, 2023, 2023.

10



The Deterministic Horizon: When Extended Reasoning Fails and Tool Delegation Becomes Necessary

Elhage, N., Nanda, N., Olsson, C., Henighan, T., Joseph,
N., Mann, B., Askell, A., Bai, Y., Chen, A., Conerly, T.,
DasSarma, N., Drain, D., Ganguli, D., Hatfield-Dodds,
Z., Hernandez, D., Jones, A., Kernion, J., Lovitt, L.,
Ndousse, K., Amodei, D., Brown, T., Clark, J., Kaplan, J.,
McCandlish, S., and Olah, C. A mathematical framework
for Transformer circuits. Transformer Circuits Thread,
December 2021.

Feng, G., Zhang, B., Gu, Y., Ye, H., He, D., and Wang, L.
Towards revealing the mystery behind chain of thought: A
theoretical perspective. In Oh, A., Naumann, T., Glober-
son, A., Saenko, K., Hardt, M., and Levine, S. (eds.),
Advances in Neural Information Processing Systems 36:
Annual Conference on Neural Information Processing
Systems 2023, NeurIPS 2023, New Orleans, LA, USA,
December 10 - 16, 2023, 2023.

Gao, L., Madaan, A., Zhou, S., Alon, U., Liu, P., Yang, Y.,
Callan, J., and Neubig, G. PAL: program-aided language
models. In Krause, A., Brunskill, E., Cho, K., Engelhardt,
B., Sabato, S., and Scarlett, J. (eds.), International Con-
ference on Machine Learning, ICML 2023, 23-29 July
2023, Honolulu, Hawaii, USA, Proceedings of Machine
Learning Research, pp. 10764–10799. PMLR, 2023.

Gerasimov, G., Aksenov, Y., Balagansky, N., Sinii, V., and
Gavrilov, D. You do not fully utilize Transformer’s rep-
resentation capacity. arXiv preprint arXiv:2502.09245,
2025.

Goldfeld, Z. and Polyanskiy, Y. The information bottleneck
problem and its applications in machine learning. IEEE
Journal on Selected Areas in Information Theory, 1(1):
19–38, 2020.

Gong, D. and Zhang, H. Self-attention limits working mem-
ory capacity of Transformer-based models. In NeurIPS
2024 Workshop on Behavioral Machine Learning, 2024.

Gou, Z., Shao, Z., Gong, Y., Shen, Y., Yang, Y., Huang,
M., Duan, N., and Chen, W. Tora: A tool-integrated
reasoning agent for mathematical problem solving. In
The Twelfth International Conference on Learning Repre-
sentations, ICLR 2024, Vienna, Austria, May 7-11, 2024.
OpenReview.net, 2024.

Guo, D., Yang, D., Zhang, H., Song, J., Wang, P., Zhu, Q.,
Xu, R., Zhang, R., Ma, S., Bi, X., Zhang, X., Yu, X., Wu,
Y., Wu, Z. F., Gou, Z., Shao, Z., Li, Z., Gao, Z., et al.
DeepSeek-R1 incentivizes reasoning in LLMs through
reinforcement learning. Nature, 645:633–638, 2025.

Hahn, M. Theoretical limitations of Self-Attention in neural
sequence models. Transactions of the Association for
Computational Linguistics, 8:156–171, 2020.

Jimenez, C. E., Yang, J., Wettig, A., Yao, S., Pei, K.,
Press, O., and Narasimhan, K. R. SWE-bench: Can
language models resolve Real-World GitHub issues? In
The Twelfth International Conference on Learning Repre-
sentations, ICLR 2024, Vienna, Austria, May 7-11, 2024.
OpenReview.net, 2024.

Kambhampati, S., Valmeekam, K., Guan, L., Verma, M.,
Stechly, K., Bhambri, S., Saldyt, L. P., and Murthy, A. B.
Position: LLMs can’t plan, but can help planning in LLM-
modulo frameworks. In Salakhutdinov, R., Kolter, Z.,
Heller, K. A., Weller, A., Oliver, N., Scarlett, J., and
Berkenkamp, F. (eds.), Forty-first International Confer-
ence on Machine Learning, ICML 2024, Vienna, Aus-
tria, July 21-27, 2024, Proceedings of Machine Learning
Research, pp. 22895–22907. PMLR / OpenReview.net,
2024.

Keysers, D., Schärli, N., Scales, N., Buisman, H., Furrer, D.,
Kashubin, S., Momchev, N., Sinopalnikov, D., Stafiniak,
L., Tihon, T., Tsarkov, D., Wang, X., van Zee, M., and
Bousquet, O. Measuring compositional generalization:
A comprehensive method on realistic data. In 8th Inter-
national Conference on Learning Representations, ICLR
2020, Addis Ababa, Ethiopia, April 26-30, 2020. Open-
Review.net, 2020.

Kim, J., Shah, K., Kontonis, V., Kakade, S. M., and Chen,
S. Train for the worst, plan for the best: Understanding
token ordering in masked diffusions. In Singh, A., Fazel,
M., Hsu, D., Lacoste-Julien, S., Berkenkamp, F., Maharaj,
T., Wagstaff, K., and Zhu, J. (eds.), Forty-second Inter-
national Conference on Machine Learning, ICML 2025,
Vancouver, BC, Canada, July 13-19, 2025, Proceedings
of Machine Learning Research. PMLR / OpenReview.net,
2025.

Kim, N. and Linzen, T. COGS: A compositional general-
ization challenge based on semantic interpretation. In
Webber, B., Cohn, T., He, Y., and Liu, Y. (eds.), Pro-
ceedings of the 2020 Conference on Empirical Methods
in Natural Language Processing, EMNLP 2020, Online,
November 16-20, 2020, pp. 9087–9105. Association for
Computational Linguistics, 2020.

Kojima, T., Gu, S. S., Reid, M., Matsuo, Y., and Iwasawa,
Y. Large Language Models are Zero-Shot reasoners. In
Advances in Neural Information Processing Systems 35:
Annual Conference on Neural Information Processing
Systems 2022, NeurIPS 2022, New Orleans, LA, USA,
November 28 - December 9, 2022, pp. 22199–22213,
2022.

Lake, B. M. and Baroni, M. Generalization without sys-
tematicity: On the compositional skills of sequence-to-
sequence recurrent networks. In Dy, J. G. and Krause, A.

11



The Deterministic Horizon: When Extended Reasoning Fails and Tool Delegation Becomes Necessary

(eds.), Proceedings of the 35th International Conference
on Machine Learning, ICML 2018, Stockholmsmässan,
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The appendix is organized to follow the structure of the paper. Appendix A fixes notation and Appendix B gives extended
positioning. Appendices C–E supply the theory: proofs and supporting lemmas, task and instance specifications, and
the estimation, sensitivity and worked evaluation of every parameter entering the bounds. Appendices F–H supply the
experiments: protocol, extended results across all models and tasks, and the mechanistic measurements that probe the
decoherence hypothesis directly. Appendices I and J document the SSJ metric and the statistical methodology.

A. Notation and Symbol Reference
For reader convenience, Table 7 lists all notation used in the paper: primary symbols (top), evaluation metrics (middle), and
information-theoretic quantities (bottom).

Table 7. Notation used throughout the paper.

Symbol Name Definition

Theoretical framework
S State space Finite set of all valid states
O Operator set Set of deterministic operators {o1, . . . , ok}
σ0 Initial state Starting configuration σ0 ∈ S
τ Target state Goal configuration τ ∈ S
d Reasoning depth Number of reasoning steps in chain
d∗ Deterministic Horizon Depth at which the Decoherence Bound (Theorem 4.2)

crosses the target probability α; operationalized empiri-
cally as the 50%-accuracy crossing

ϵ(d) Error rate Per-step state-tracking error at depth d
ϵ0 Baseline error Constant component of per-step error
γ Attention decay rate Coefficient of depth-dependent error growth

Leff Effective decoherence length Number of reasoning steps over which attention main-
tains usable state resolution; Leff = O(102) ≪ L

L Context length Maximum context window size (tokens)
H Number of heads Attention heads per layer
dh Head dimension Dimensionality per attention head
α Target probability Desired success probability threshold

Metrics and evaluation
SFE Step-to-First-Error Smallest step index with state mismatch

SSJ(d) State-Space Jaccard |Strue ∩ Ŝmodel|/|Strue ∪ Ŝmodel|
Sd

true Ground-truth trajectory states States reached by applying the model’s operator se-
quence to the true state

Ŝd
model Model claimed states States claimed by model at depth d
Hd Attention entropy −

∑
i pi log pi at depth d

Aanchor(d) Anchor attention Attention weight on state anchor tokens
|S(1)

read| Per-layer read capacity Max distinct states resolvable through a single attention
layer’s read channel

Information-theoretic quantities
I(X;Y ) Mutual information Information shared between X and Y

δ Weight cutoff Per-position attention weight threshold (δ ≈ 0.01; the
95%-mass window is a derived quantity)

ρmax Max correlation Upper bound on value vector correlation
c(δ, ρmax) Capacity constant Model-dependent constant in bottleneck bound

B. Extended Related Work
This appendix provides detailed positioning relative to concurrent and prior work, organized by research theme. Table 8
contrasts our theoretical framework with the primary competing explanation.

B.1. Chain-of-Thought Reasoning Foundations

Scratchpads (Nye et al., 2021) introduced intermediate-step computation; CoT prompting (Wei et al., 2022) was subsequently
extended by zero-shot CoT (Kojima et al., 2022), self-consistency (Wang et al., 2023), and Tree/Graph-of-Thoughts (Yao
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Table 8. Comparison of theoretical frameworks for reasoning failures. ∗Our operationalized threshold; see Table 1.

Aspect Sub-task difficulty Decoherence (Ours)

Primary cause Per-step sub-task error Attention bottleneck
Mechanism Error accumulation (∝

difficulty)
Attention-entropy
growth (∝ depth)

Fine-tuning predic-
tion

≥5 pp recovery∗ <3 pp (ceiling)

Intervention Preference manipula-
tion

Tool delegation

et al., 2023a; Besta et al., 2024); STaR (Zelikman et al., 2022) bootstraps reasoning ability through iterative self-training on
rationales. Theoretically, CoT expands expressivity beyond TC0 to polynomial-time (Li et al., 2024b; Merrill & Sabharwal,
2024; Feng et al., 2023); Sanford et al. (2023) analyze attention-layer representational capacity. Complementing these
expressivity results, we identify the failure regime in which additional CoT steps degrade performance.

B.2. Overthinking and Underthinking Literature

The phenomenon of excessive reasoning causing performance degradation has been documented by several concurrent
works. Wu et al. (2026) provide the most directly related work, documenting inverted-U performance curves explained by
per-step error accumulation whose rate depends on sub-task difficulty. Their “Simplicity Bias” result shows that optimal
CoT length shrinks with model capability. Chen et al. (2025) examine overthinking in o1-like models, showing excessive
reasoning on simple tasks. Wang et al. (2025) identify “underthinking”, premature abandonment of reasoning paths, with
incorrect responses using 225% more tokens and 418% more thought switches across challenging benchmarks including
AIME2024.

Sui et al. (2025) provide a broad survey categorizing efficient reasoning methods across model-based, prompt-based,
and output-based approaches. Marjanović et al. (2026) identify a “sweet spot” for DeepSeek-R1’s inference length and
document a tendency to persistently ruminate on previously explored problem formulations. Su et al. (2025) analyze the
overthinking-underthinking spectrum.

Against this literature we offer a complementary explanation that locates the error source in attention capacity rather than
sub-task difficulty; Table 8 states the resulting divergence in predictions, which Section 5.3 tests.

B.3. Transformer Expressivity and Theoretical Limits

Expressivity bounds include CoT length requirements (Merrill & Sabharwal, 2024), SSM limitations (Merrill et al., 2024),
CoT lower bounds (Amiri Bavandpour et al., 2025), Turing completeness (Pérez et al., 2021), universal approximation (Yun
et al., 2020), formal language limits (Hahn, 2020; Delétang et al., 2023; Strobl et al., 2024), communication complexity
(Peng et al., 2024), and attention power (Bhattamishra et al., 2020). We translate these asymptotic bounds into a practical
threshold via the Deterministic Horizon (Theorem 4.8), connecting architecture parameters to reasoning depth limits.

B.4. Working Memory and Attention Entropy

Attention-based working memory limits (Gong & Zhang, 2024), over-squashing under causal masking (Barbero et al., 2024),
entropy and parallel encoding (Zhang et al., 2025), lost-in-the-middle effects (Liu et al., 2024), attention sinks (Xiao et al.,
2024), reduced later-layer representational diversity (Gerasimov et al., 2025), length-dependent degradation (Levy et al.,
2024), induction heads (Olsson et al., 2022), circuit-level analysis (Elhage et al., 2021), and memory formation (Bietti et al.,
2023) provide the mechanistic context. We synthesize these into the Attention Bottleneck Theorem (Theorem 4.6), with
direct entropy measurements (r = −0.68 to −0.74; Appendix H) across five architectures.

B.5. Tool-Augmented Reasoning

Program-aided reasoning (Gao et al., 2023; Li et al., 2024a; Chen et al., 2023), integrated symbolic solvers (Gou et al., 2024;
Pan et al., 2023), tool-augmented agents (Luo et al., 2026), tool-use learning (Schick et al., 2023; Parisi et al., 2022), API
connectivity (Patil et al., 2024), and comprehensive surveys (Qin et al., 2025; Mialon et al., 2023) establish tool delegation’s
empirical superiority. We provide a diagnosis of when tool delegation becomes necessary, identifying the threshold beyond
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which neural reasoning does not succeed in our experiments regardless of model scale.

B.6. Compositional Reasoning and Information Theory

Compositional failures (Dziri et al., 2023; Petty et al., 2024), benchmarks (Lake & Baroni, 2018; Keysers et al., 2020; Kim
& Linzen, 2020), multi-hop compositionality measurement (Press et al., 2023), and architectural investigations (Ontañón
et al., 2022) document the symptoms; information-theoretic frameworks (Tishby & Zaslavsky, 2015; Shwartz-Ziv & Tishby,
2017; Goldfeld & Polyanskiy, 2020) provide the analytical tools. State-Space Decoherence supplies a candidate mechanism
for why errors compound: the attention bottleneck cannot maintain sufficient mutual information between early reasoning
steps and late outputs, a concrete instance of the Simulator Fallacy (Section 1).

C. Theoretical Proofs and Supporting Lemmas
C.1. Supporting Lemmas for the Decoherence Bound

Lemma C.1 (Error Accumulation). Let {Xi}mi=1 be indicator variables for correct state tracking at step i. Under
context-dependent error ϵ(i) = ϵ0 + γi/Leff , the cumulative error probability satisfies:

m∑
i=1

ϵ(i) = mϵ0 +
γm(m+ 1)

2Leff
(7)

Proof. Direct computation:

m∑
i=1

ϵ(i) =

m∑
i=1

(
ϵ0 +

γi

Leff

)
(8)

= mϵ0 +
γ

Leff

m∑
i=1

i (9)

= mϵ0 +
γ

Leff
· m(m+ 1)

2
(10)

Lemma C.2 (Product Bound). For any sequence of events {Ai}mi=1 with P (Ai|A1 ∩ · · · ∩Ai−1) = 1− ϵi:

P

(
m⋂
i=1

Ai

)
≤ exp

(
−

m∑
i=1

ϵi

)
(11)

Proof. Using 1− x ≤ e−x for x ≥ 0 and the chain rule:

P

(
m⋂
i=1

Ai

)
=

m∏
i=1

P (Ai|A1 ∩ · · · ∩Ai−1) (12)

=

m∏
i=1

(1− ϵi) (13)

≤
m∏
i=1

e−ϵi = exp

(
−

m∑
i=1

ϵi

)
(14)

Lemma C.3 (Super-Exponential Characterization). The function f(m) = exp(−am − bm2) for a, b > 0 decays super-
exponentially, satisfying:

lim
m→∞

f(m)

e−cm
= 0 for all c > 0 (15)
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Proof.
f(m)

e−cm
= exp(−am− bm2 + cm) = exp(−(a− c)m− bm2) (16)

Since bm2 →∞ as m→∞, the ratio approaches 0 regardless of c.

C.2. Proof of Theorem 4.2 (Decoherence Bound)

Proof. Let Xi be the indicator that step i is correct. By the chain rule of conditional probability,

P (all correct) =
m∏
i=1

P (Xi = 1 | X1 = · · · = Xi−1 = 1) =

m∏
i=1

(1− ϵ(i)). (17)

Applying Lemma C.2 with ϵi = ϵ(i), and then Lemma C.1 to evaluate the resulting sum,

P (all correct) ≤ exp

(
−

m∑
i=1

ϵ(i)

)
= exp

(
−mϵ0 −

γm(m+ 1)

2Leff

)
. (18)

The quadratic term m(m+ 1)/2 ∼ m2/2 dominates for large m, yielding super-exponential decay (Lemma C.3). Note that
the argument uses only the error rates conditional on a correct history, and so requires neither independence across steps nor
errors that are strictly absorbing; the measured step-to-step error dependence (Appendix H.4) is therefore a diagnostic of the
mechanism rather than a correction to this bound (Remark 4.3).

C.3. Supporting Lemmas for the Attention Bottleneck

Attention Concentration (Empirical). Our direct measurements show that the number of positions carrying 95% of
the attention mass grows sub-linearly in L, with a power-law exponent of 0.53 ± 0.08 (Appendix E.5), consistent with
Assumption 4.4’s O(

√
L) ansatz. This empirical observation motivates the capacity picture without entering the bound’s

exponent directly (see Section 4).

Lemma C.4 (Value Information Bound). Under Assumption 4.5 with correlation bound ρmax, the information one attention
head conveys about the retrieved value is bounded by

I(q;vretrieved) ≲ d
1/2
h · log2(L), (19)

the product of an effective value rank Θ(d
1/2
h ) (the number of reliably distinguishable value directions under decorrelation)

and the log2(L) bits required to address one of L positions (each head attends over all L positions in standard multi-head
attention).

Proof. The retrieved value is vret =
∑L

i=1 aivi, where a is the attention distribution. Its information content factors into an
addressing term and a value-content term.

Addressing. Each head attends over all L context positions (standard multi-head attention does not partition positions across
heads), so specifying which content a head reads carries at most log2(L) bits.

Value content. Under Assumption 4.5, value vectors satisfy |E[v⊤
i vj ]| ≤ ρmax∥vi∥∥vj∥ for i ̸= j. Soft averaging over

interfering positions reduces the number of reliably distinguishable value directions below the nominal dh; we model this
effective rank as Θ(d

1/2
h ). This

√
dh scaling is a modeling assumption rather than a consequence of the decorrelation bound

alone: we adopt it as a tractable summary and test the resulting
√
dh ·H horizon scaling directly on open-weight models in

Section 6.1.

Combining the Θ(d
1/2
h ) distinguishable value channels, each addressing one of L positions, gives I ≲ d

1/2
h · log2(L).

Lemma C.5 (Multi-Head Aggregation). For H attention heads with approximately independent value subspaces, the total
information capacity satisfies:

Itotal ≤ H · Isingle-head = H · log2(L) · d
1/2
h (20)
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Proof. Multi-head attention computes:

MHA(q,K,V) = Concat(head1, . . . , headH)WO (21)

We assume approximate independence of value subspaces across heads (a modeling assumption supported by, but not strictly
implied by, the low inter-head value correlation in Assumption 4.5; positively correlated heads would make this sum a
loose over-count, which is harmless for the upper bound, but synergistic heads, where joint information exceeds the sum
of marginals, could violate it). Synergy requires heads to encode complementary partial representations that are jointly
decodable; the low measured inter-head correlation (|ρij | = 0.08± 0.03) makes this unlikely for state-tracking, though we
cannot rule it out. Under this assumption, information from each head can be summed:

Itotal =

H∑
h=1

Ih ≤ H ·max
h

Ih (22)

Substituting the single-head bound from Lemma C.4:

Itotal ≤ H · log2(L) · d
1/2
h (23)

The factor log2(L) arises because each head attends over all L positions.

C.4. Proof of Theorem 4.6 (Attention Bottleneck)

Proof. We derive an information-theoretic upper bound on state-tracking capacity.

Step 1: Attention mass distribution. Each attention head h ∈ [H] produces a probability distribution over L context
positions via softmax. Empirically, the effective window (the smallest set carrying 95% of the mass) grows sub-linearly in L
(Appendix E.5), but this concentration does not enter the bound; the addressing term uses the full L positions below.

Step 2: Information per head. Information transmitted through one attention head is bounded by the mutual information
I(query; retrieved value). By Lemma C.4, this decomposes into the log2(L) bits needed to address one of L positions (each
head attends over all L positions in standard multi-head attention) and an effective value rank modeled as Θ(d

1/2
h ), giving:

I ≲ log2(L) · d
1/2
h bits per head. (24)

(Assumption 4.4 constrains which positions carry usable weight, making the bound conservative with respect to the O(
√
L)

effective window.)

Step 3: Aggregation across heads. With H heads operating in parallel with approximately independent value subspaces
(Lemma C.5):

Itotal ≤ H · log2(L) · d
1/2
h (25)

Step 4: State-tracking capacity. At each reasoning step, resolving the current state among |S| candidates requires routing
at least log2 |S| bits through the attention channel:

log2 |S
(1)
read| ≤ H · log2(L) · d

1/2
h (26)

Exponentiating and including constant c(δ, ρmax) for approximations yields the theorem.

C.5. Proof of Theorem 4.7 (Lower-Bound Construction)

Proof sketch. We construct a family of state-tracking tasks achieving the bound.

Consider sparse parity functions over n bits with sparsity k. A transformer can track states corresponding to all
(
n
k

)
possible

k-sparse parities using the following construction:

Construction. Encode each parity subset in a separate attention head’s query-key space. With H heads and dimension dh,
we can represent H · d1/2h independent directions. Each direction can track log2(

√
L) bits of parity information over context

length L, consistent with Assumption 4.4’s O(
√
L) effective window.
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Achievability. The total number of distinguishable states is:

|S| = 2H·log2(
√
L)·d1/2

h (27)

This achieves the functional form of the lower bound stated in Theorem 4.7; the d
1/2
h exponent matches by the shared

effective-rank ansatz (Lemma C.4) rather than by an independent derivation.

The construction follows Sanford et al. (2023)’s representational capacity analysis for transformers, extended to the
multi-head setting.

C.6. Supporting Lemmas for the Deterministic Horizon

Lemma C.6 (Quadratic Inversion). For the equation α = exp(−dϵ0 − γd2/(2Leff)), the solution for d is:

d =
−ϵ0Leff +

√
ϵ20L

2
eff + 2γLeff ln(1/α)

γ
(28)

Proof. Taking ln of both sides:

lnα = −dϵ0 −
γd2

2Leff
(29)

Rearranging:
γd2

2Leff
+ dϵ0 + lnα = 0 (30)

Multiplying by 2Leff/γ:

d2 +
2ϵ0Leff

γ
d+

2Leff lnα

γ
= 0 (31)

Applying the quadratic formula with a = 1, b = 2ϵ0Leff/γ, c = 2Leff lnα/γ:

d =
−b+

√
b2 − 4ac

2a
(32)

=
− 2ϵ0Leff

γ +
√

4ϵ20L
2
eff

γ2 − 8Leff lnα
γ

2
(33)

=
−ϵ0Leff +

√
ϵ20L

2
eff + 2γLeff ln(1/α)

γ
(34)

We take the positive root since d > 0.

Lemma C.7 (Scaling Law – Limiting Behavior). The Deterministic Horizon from Lemma C.6 satisfies:

lim
Leff→∞

d∗ =
ln(1/α)

ϵ0
(35)

That is, d∗ saturates as Leff grows, approaching ln(1/α)/ϵ0 ≈ 34.7 at the canonical ϵ0 = 0.02, α = 0.5. In the opposite
regime (ϵ20Leff ≪ γ ln(1/α), i.e., small Leff ), d∗ ≈

√
2Leff ln(1/α)/γ grows as

√
Leff , but this regime does not apply at

realistic parameter values.

Proof. From Lemma C.6:

d∗ =
−ϵ0Leff +

√
ϵ20L

2
eff + 2γLeff ln(1/α)

γ
(36)

=
ϵ0Leff

γ

(√
1 +

2γ ln(1/α)

ϵ20Leff
− 1

)
(37)
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Large-Leff limit. For Leff ≫ 2γ ln(1/α)/ϵ20, set y = 2γ ln(1/α)/(ϵ20Leff)→ 0 and expand
√
1 + y ≈ 1 + y/2:

d∗ ≈ ϵ0Leff

γ
· y
2
=

ϵ0Leff

γ
· γ ln(1/α)

ϵ20Leff
=

ln(1/α)

ϵ0
(38)

which is independent of Leff and γ. The horizon therefore saturates; it does not grow without bound.

Small-Leff regime. Under ϵ20Leff ≪ γ ln(1/α) the
√
Leff approximation holds:

d∗ ≈

√
2Leff ln(1/α)

γ
− ϵ0Leff

γ
(39)

but the canonical values give x = ϵ20Leff/(2γ ln(1/α)) ≈ 0.29, which is not small, so the operating point lies between the
two regimes. We therefore compare the exact horizon (Lemma C.6) directly against measured d∗ rather than relying on
either asymptotic form.

C.7. Proof of Theorem 4.8 (Deterministic Horizon)

Proof. We solve for the threshold d∗ beyond which the upper bound of Theorem 4.2 falls below α. Setting the bound equal
to α (continuous approximation d(d+ 1) ≈ d2):

α = exp

(
−d∗ϵ0 −

γ(d∗)2

2Leff

)
(40)

This identifies the depth at which even the upper bound cannot exceed α; for d > d∗, no success probability ≥ α is
achievable under this error model. Taking logarithms gives ln(1/α) = d∗ϵ0 + γ(d∗)2/(2Leff), which is quadratic in d∗;
Lemma C.6 inverts it to the positive root

d∗ =
−ϵ0Leff +

√
ϵ20L

2
eff + 2γLeff ln(1/α)

γ
(41)

Evaluating for GPT-4o (ϵ0 = 0.02, γ = 0.15, Leff = 150, α = 0.5):

d∗ =
−3 +

√
9 + 31.19

0.15
=
−3 + 6.34

0.15
≈ 22.3, (42)

C.8. The O(d∗/d) Fine-Tuning Envelope

The key insight is that fine-tuning modifies the error distribution ϵ(·) but cannot exceed information-theoretic capacity
bounds.

Let ϵbase(d) and ϵft(d) denote per-step error rates for baseline and fine-tuned models. Fine-tuning can reduce ϵ0 (baseline
error) but cannot change the per-step bandwidth limits described in Section 4.

For depths d > d∗, per-step error ϵ(d) exceeds the threshold at which accumulated errors dominate. Fine-tuning can reduce
ϵ0 (baseline error) but cannot change the rate γ/Leff at which per-step bandwidth degrades with depth. Empirically, the
improvement Accft − Accbase decays approximately as O(d∗/d).

Empirical comparison. For the fine-tuned Llama-3.1-8B (d∗ = 20), the observed improvement decays from 6.2% at depth
5 to 0.2% at depth 45, remaining below the O(d∗/d) fitted envelope at every depth (Figure 2). With the fitted leading
constant, the envelope at the 31–40 bin permits ≈ 3.8% against an observed +0.4 pp, so fine-tuning gains vanish well inside
the envelope as d grows beyond d∗.

D. Task Specifications, Instance Generation and Licensing
We provide detailed specifications for each task family. PermutationProbe, which carries the depth sweep used throughout
the paper, is described in full below; the remaining four synthetic families and the three real-world families are specified in
Tables 10 and 11.
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D.1. PermutationProbe

State space: S = Sn (symmetric group on n elements)

Operators: Adjacent transpositions {(i, i+ 1) : i ∈ [1, n− 1]}

Complexity: |S| = n!; diameter =
(
n
2

)
Instance distribution: n ∈ {8, 12, 16}; BFS-optimal depths 1–60; instances per depth bin as in Table 9.

Algorithm 1 describes the instance-generation procedure.

Algorithm 1 PermutationProbe Instance Generation

Require: Size n, target depth dtarget
1: repeat
2: τ ← uniform random permutation of [1..n]
3: dBFS ← BFS-optimal depth from identity to τ
4: until dBFS = dtarget
5: yield (identity, τ, dtarget)

Instances are generated by rejection sampling: a random permutation is drawn uniformly and its BFS-optimal depth (=
inversion count for adjacent transpositions) is computed; instances whose depth does not match the target are discarded. The
outer loop draws target depths according to the distribution in Table 9. The permutation size n is matched to the target depth
so that acceptance remains feasible: small n for shallow targets, larger n for deep ones.

Table 9. Instance distribution by BFS-optimal depth.

Depth 1–10 11–20 21–30 31–40 41–50 >50

Count 500 1000 1500 1000 500 500

Depth and state-space size. The attainable depth range for n-element permutations is bounded by the diameter
(
n
2

)
: 28, 66

and 120 for n = 8, 12, 16. Rejection sampling at a target depth is efficient only for a matching n, so depth and instantaneous
state size (log2 n! bits) covary by construction, and PermutationProbe alone cannot separate their contributions. The other
synthetic families supply that control: FSA-Sim varies sequence length over 10–100 at fixed k ∈ {4, 8, 16} and CircuitTrace
varies circuit depth over 5–50 at fixed width n ∈ {8, 16, 32}, and both yield horizons in the same range (Table 20).

D.2. Remaining Synthetic Families

Table 10. Specifications for the remaining four synthetic task families. In each case the operator set is deterministic and the final state is
graded by exact match.

Family State space S Operators Complexity Instance distribution

FSA-Sim Automaton states
{q1, . . . , qk}

Transitions δ : S × Σ →
S

|S| = k; sequence
length sets depth

k ∈ {4, 8, 16}; |Σ| = 4;
lengths 10–100

ArithChain Integers mod p, Zp {+a,−a,×b} for fixed
a, b (b coprime to p)

|S| = p; carry
propagation raises
effective depth

p = 106 (forces multi-digit
tracking); chains of 5–50
steps

CircuitTrace Bit vectors {0, 1}n Boolean gates (AND, OR,
XOR, NOT)

|S| = 2n; depth =
circuit depth

n ∈ {8, 16, 32}; depths 5–
50 layers

CodeProbe Variable bindings {v1 :
x1, . . . , vk : xk}

Assignment, arithmetic,
conditionals

|S| =
∏

i |Di|, Di

the domain of vi
3–8 variables; 5–40 state-
ments; no loops (determin-
istic execution)
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Table 11. Specifications for the three real-world task families, each a 500-instance subset derived from an existing benchmark under the
selection criteria shown.

Family Source Selection criteria Tracked state / notes

SWE-Bench-State SWE-Bench
(Jimenez et al.,
2024)

(i) bug fix requires tracking ≥3 variables;
(ii) state changes span ≥2 files; (iii) deter-
ministic execution (no randomness); (iv)
ground-truth trace available

Variable and object state across
call chains

WebArena-Nav WebArena (Zhou
et al., 2024)

(i) task requires ≥5 navigation steps; (ii)
session state (cart, auth, forms) must be
tracked; (iii) deterministic success criteria

URL, cart contents, form fields,
authentication status

SQL-Multi Spider (Yu et al.,
2018) with complex-
ity augmentation

(i) requires 3+ table joins; (ii) schema track-
ing essential (column types, foreign keys);
(iii) aggregation across multiple levels

Schema bindings across joins; av-
erage 4.2 tables and 7.8 join con-
ditions per query

D.3. Real-World Families

Representative instances. SWE-Bench-State: a bug in the Django ORM requiring tracking of QuerySet state through filter
chains, annotation, and aggregation across models.py, views.py and tests.py. WebArena-Nav: an e-commerce
checkout requiring login→ add items→ apply coupon→ select shipping→ confirm payment, where each step modifies
session state. SQL-Multi: a query joining customers→ orders→ order items→ products→ categories with filtering and
aggregation at each level.

D.4. Licensing and Ethics

Licensing of derived subsets. The three real-world families are derived subsets of existing public benchmarks and inherit
their licenses. SWE-Bench (Jimenez et al., 2024) is distributed under the MIT License; WebArena (Zhou et al., 2024) under
the Apache License 2.0; and Spider (Yu et al., 2018) under CC BY-SA 4.0. We redistribute only instance identifiers and our
state-tracking annotations, not the underlying benchmark content, so that each subset can be reconstructed by users who
have obtained the source benchmark under its own license. Our annotations and the five synthetic generators are released
under the MIT License with the code (Appendix F). The evaluated models were accessed under their respective terms of
service; the open-weight checkpoints are used under the Llama 3.1/3.3 Community Licenses and the Apache 2.0 license for
the Qwen-2.5 releases.

Ethical note. All WebArena-Nav evaluations used the self-hosted WebArena environment; no interactions with live
commercial websites were conducted. The synthetic families are generated programmatically and contain no human-subject
or personally identifying data.

E. Parameter Estimation, Sensitivity and Worked Examples
This section reports how each parameter entering the theoretical results was estimated, how sensitive the predictions are to it,
and what the bounds evaluate to at realistic values. Each bound is treated in turn: its parameters, its sensitivity, and a worked
numerical instance.

E.1. Decoherence Bound: Parameters and Worked Example

The key parameters in Theorem 4.2 are ϵ0 (baseline error) and γ (attention decay rate). We estimated these from empirical
data using maximum likelihood.

Key finding: The Deterministic Horizon d∗ is most sensitive to the baseline error ϵ0: a 20% change in ϵ0 shifts d∗ by about
±2 steps, while the same change in γ or in the fixed Leff shifts it by only ±1.2 steps. Because Remark 4.3 treats step-to-step
error dependence as a measured diagnostic rather than a multiplier, it does not enter the horizon formula and has no direct
effect on d∗. The qualitative conclusion, that d∗ ∈ [19, 31], is robust across the entire confidence interval. We note that
only the ratio γ′ = γ/Leff is identified from the data (Table 15); the separate values γ = 0.15 and Leff = 150 are fixed by
assumption and their individual CIs should be read as conditional on this decomposition.
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Table 12. Parameter sensitivity for Decoherence Bound. CIs are from the per-instance MLE fit (n = 5,000 GPT-4o PermutationProbe
instances), not from run-level variation; the ± values in the results tables (e.g., Table 19) reflect a different randomness source (run-level
nondeterminism).

Parameter Estimate 95% CI ±10% ±20% Impact on d∗

ϵ0 0.020 [0.017, 0.023] ±1.1 ±2.1 High
γ′ = γ/Leff 1.0× 10−3 [0.85, 1.15]×10−3 ±0.6 ±1.2 Moderate

Worked example. At ϵ0 = 0.02, γ = 0.15, Leff = 150 and target depth d = 30, using the continuous approximation
d(d+ 1) ≈ d2 adopted in Theorem 4.8:

dϵ0 +
γd2

2Leff
= 30 · 0.02 + 0.15 · 900

2 · 150
= 0.60 + 0.45 = 1.05, (43)

so the bound gives P (correct at depth 30) ≤ exp(−1.05) ≈ 0.350.

Observed: 34% accuracy at depth 30 for GPT-4o, consistent with the fitted model (within the ±3 pp error bar at that depth).
Note that with the small effective decoherence length Leff = 150, the quadratic term (0.45) is comparable to the linear term
(0.60) already at depth 30, which is what drives the accelerating decay; using the raw context window L = O(105) here
would render the quadratic term negligible and incorrectly predict near-perfect accuracy. The quadratic term overtakes the
linear term at d = 2Leffϵ0/γ = 40, which is beyond all observed horizons (d∗ ≤ 31); the decay is therefore only mildly
super-exponential in the regime we study (at d∗ = 22 the quadratic term contributes 35% of the exponent).

E.2. Bottleneck Bound: Parameters and Worked Example

The Attention Bottleneck (Theorem 4.6) depends on δ (weight cutoff) and ρmax (value correlation bound); Table 13 reports
the sensitivity.

Table 13. Parameter sensitivity for Bottleneck Bound.

Parameter Range Tested Log Capacity Change Qualitative Impact

δ [0.001, 0.01] ±8% Low
ρmax [0.05, 0.20] ±12% Moderate
H (architecture) [32, 128] Linear scaling High
dh (architecture) [64, 256]

√
· scaling Moderate

Key finding: The capacity bound is dominated by architectural parameters (H , dh, L), which are known exactly. The
uncertainty in δ and ρmax contributes only to the constant factor c(δ, ρmax).

Worked example. At the GPT-4o parameters used for order-of-magnitude intuition in Section 4 (H = 96, L = 128,000,
dh = 128), the bound evaluates to 96·log2(128,000)·

√
128 = 96·16.97·11.31 ≈ 18,425 bits, i.e. |S(1)read| ≤ 218,425 ≈ 105546

states, against a per-step requirement of log2(16!) ≈ 44.3 bits for a 16-element permutation (instantaneous state space
16! ≈ 2.09× 1013). The task is within theoretical capacity by a wide margin, which is why total capacity is not the binding
constraint. Note that the 0.314

√
dh ·H empirical fit is calibrated on the four open-weight models with known architectures

(Table 5); it is not applied to closed-source models such as GPT-4o, whose architecture parameters are community estimates.

E.3. Cross-Validation of Parameter Estimates

We performed 5-fold cross-validation of the error model (Table 14):

The small standard deviations (std(d̂∗) = 0.5) indicate robust parameter estimation and stable predictions across data splits.

E.4. Model Selection Robustness

We compared alternative error models to assess our context-dependent formulation (Table 15):

AIC favours the free quadratic model (∆AIC = 31). We retain the linear context-dependent form because its two parameters
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Table 14. Cross-validation results for error model.

Fold ϵ̂0 γ̂ Train R2 Test R2 d̂∗

1 0.019 0.147 0.87 0.83 23.1
2 0.021 0.152 0.86 0.84 21.8
3 0.020 0.149 0.88 0.85 22.4
4 0.020 0.151 0.86 0.82 22.1
5 0.021 0.148 0.87 0.84 22.0

Mean 0.020 0.149 0.87 0.84 22.3
Std 0.001 0.002 0.01 0.01 0.5

Table 15. Model comparison for error accumulation. The linear model ϵ(d) = ϵ0 + γ′d is equivalent to the context-dependent form
ϵ0 + γd/Leff with γ′ = γ/Leff ; both are 2-parameter fits with Leff absorbed into the slope coefficient.

Model Form Parameters R2 AIC

Constant ϵ(d) = ϵ0 1 0.71 1,247
Linear (context-dep.) ϵ(d) = ϵ0 + γd/Leff 2 0.89 892
Quadratic ϵ(d) = ϵ0 + γ1d+ γ2d

2 3 0.92 861

are interpretable and because the quadratic’s third parameter is not independently identifiable over our depth range; we do
not claim the linear form is better supported by the data.

Per-instance model comparison. The model comparison in the main text is based on a likelihood-ratio test on per-instance
binary correctness (n = 5,000 instances, GPT-4o PermutationProbe C1). The quadratic model (with quadratic depth term)
significantly improves fit over a simple exponential (p < 0.01). The 8 depth-bin means plotted in Figure 1 are visual
summaries; averaging over ∼500–1,500 instances per bin inflates apparent goodness-of-fit, so we conduct all statistical
comparisons on the full per-instance data.

E.5. Empirical Grounding of Assumptions 4.4–4.5

Effective attention window scaling. The effective attention window (the smallest set of positions carrying 95% of the
attention mass) was measured across context lengths L ∈ {2K, 4K, 8K, 16K, 32K} on Llama-3.3-70B across 1,000 traces.
The window size grows sub-linearly: from ∼32 positions at L = 2K to ∼140 positions at L = 32K. A power-law fit
yields an exponent of 0.53± 0.08, consistent with the O(

√
L) ansatz of Assumption 4.4 though not distinguishable from

O(L0.45) to O(L0.6) over this range. We therefore treat O(
√
L) as a tractable summary rather than an exact scaling law.

For comparison, the addressing term in Theorem 4.6 uses log2(L), which at L = 32K gives log2(32,768) = 15 bits; the
measured 140-position window gives log2(140) ≈ 7.1 bits, so the bound (15 bits) overestimates the measured window
(7.1 bits) by ∼2.1×, making Theorem 4.6 conservative with respect to the empirical attention concentration.

Value Vector Correlation. Pairwise correlation of value vectors after layer normalization: mean |ρij | = 0.08 ± 0.03,
supporting the decorrelation assumption (Assumption 4.5).

E.6. Horizon Scaling: Predicted versus Observed

Table 16 compares predicted and observed d∗ for open-weight models.

Within-family ratios also match: for Llama the fit predicts 28.4/20.1 = 1.41 against an observed 28/20 = 1.40, and for
Qwen 28.4/18.8 = 1.51 against 28/19 = 1.47; all within 4%. Mean absolute error: 1.1%, which is well inside both
the ±1.2–1.5 step run-to-run SD on the observed d∗ and the 2–5 step task-to-task variation; the fit should be read as a
leading-order trend rather than a validated prediction. The fit constant k = 0.314 is chosen by inspection over the four
open-weight models. We emphasize this is an approximate empirical relationship: the linear ϵ0 term in the exact horizon
formula breaks an exact

√
dhH proportionality (Lemma C.7), so the

√
dhH law should be read as a leading-order trend

rather than an identity.
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Table 16. Predicted vs. observed d∗ for open-weight models, using the empirical fit d̂∗ = 0.314
√
dmodel (equivalently 0.314

√
dhH).

Restricted to open-weight models because closed-model architectures are not public. The “Error” column reports in-sample fit residuals;
these are smaller than the measurement uncertainty on the observed d∗ (±1.2–1.5 steps, Table 5), so they quantify curve agreement, not
predictive accuracy.

Model H dh
√
dhH Pred. d∗ Obs. d∗ Error

Llama-3.1-8B 32 128 64.0 20.1 20 0.5%
Qwen-2.5-7B 28 128 59.9 18.8 19 1.0%
Llama-3.3-70B 64 128 90.5 28.4 28 1.5%
Qwen-2.5-72B 64 128 90.5 28.4 28 1.5%

Scaling caveats. All four open-weight checkpoints share dh = 128, so the fit is identified in H alone; the dh factor is
inherited from Theorem 4.6, not measured. Head count covaries with parameter count, so an architectural (

√
H) and a scale

account (d∗ ∝ N0.16) fit equally well; separating them requires checkpoints varying H and dh independently of size. This
bears on why the horizon grows, not on the horizons themselves, which are read off the accuracy–depth curves. Leff is
estimated from the same data the horizon is evaluated against, so Table 5 reports goodness of fit rather than out-of-sample
prediction.

F. Experimental Protocol and Reproducibility
Code. Our code is available at: https://github.com/bettyguo/deterministic-horizon.

F.1. Model Versions

All twelve models evaluated with their exact version identifiers.

General-Purpose Models (4).

• GPT-4o: gpt-4o-2024-11-20

• Claude Sonnet 4.5: claude-sonnet-4-5-20250929

• Claude Opus 4.5: claude-opus-4-5-20251101

• Gemini-1.5-Pro: gemini-1.5-pro-002 (2024-09-24)

Reasoning-Specialized Models (4).

• o3: o3-2025-04-16

• o3-mini: o3-mini-2025-01-31

• DeepSeek-R1: deepseek-reasoner (DeepSeek-R1-0528)

• Gemini-2.0-Flash-Thinking: gemini-2.0-flash-thinking-exp-01-21

Open-Weight Models (4).

• Llama-3.1-8B: meta-llama/Llama-3.1-8B-Instruct

• Llama-3.3-70B: meta-llama/Llama-3.3-70B-Instruct

• Qwen-2.5-7B: Qwen/Qwen2.5-7B-Instruct

• Qwen-2.5-72B: Qwen/Qwen2.5-72B-Instruct

All open-weight models were accessed at the main branch revision available in January 2026; HuggingFace commit hashes
were not recorded. Main evaluation inference used bfloat16 precision throughout.
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F.2. Hyperparameters

• Temperature: 0 (greedy decoding)

• Top-p: 1.0 (no nucleus sampling)

• Max tokens: 8,192

• Reasoning effort (o3/o3-mini): medium; DeepSeek-R1 and Gemini-2.0-Flash-Thinking: default.

• Random seeds (3 runs): {42, 2024, 2025}. At temperature 0, the seed parameter has no effect on the decoding process;
the three seeds serve only as labels to distinguish the three runs.

• Instance generation seed: 42

• System prompt: “You are solving a state-tracking task. Show each step as: Step N: operator→ resulting state.”

• Grading: the model’s emitted operator sequence is applied to σ0; the resulting state is compared to τ by exact match.
Partial credit not awarded

Source of variance. Although temperature is set to 0, two sources of residual variance produce the reported standard
deviations: (i) API providers do not guarantee bitwise-deterministic outputs even at temperature 0, due to batching,
quantization, and server-side nondeterminism; (ii) for open-weight models, nondeterministic CUDA kernels (e.g., cublas
atomics) introduce small run-to-run variation. Across the 49 cells in Table 19, the reported SDs are well-fit by the functional
form σ ≈ k

√
p(1− p) with k ≈ 4.1 (R2 = 0.90), corresponding to an effective sample size of neff ≈ 600. This is far

smaller than the nominal n = 5,000 PermutationProbe instances and n = 500 for the other tasks, indicating correlated,
session-level nondeterminism: batching or quantization choices that affect groups of instances together within a run,
effectively reducing the number of independent “draws.” The SDs therefore have binomial-like structure at the session level
rather than the instance level.

Per-run raw accuracies. Table 17 reports per-run accuracy for the four open-weight models on PermutationProbe
(depth > 20, C1), so that the variance structure can be inspected directly.

Table 17. Per-run accuracy (%) on PermutationProbe (depth > 20, C1) for the four open-weight models. Runs are labeled by the seed
parameter passed to the API; at temperature 0 the seed does not influence decoding but distinguishes the three evaluation passes.

Model Run 1 (42) Run 2 (2024) Run 3 (2025) Mean ± SD

Llama-3.1-8B 16.8 18.6 19.8 18.4±1.5
Llama-3.3-70B 22.8 24.8 26.2 24.6±1.7
Qwen-2.5-7B 15.8 17.2 18.6 17.2±1.4
Qwen-2.5-72B 25.9 28.0 29.5 27.8±1.8

Generation budget. Traces were capped at 8,192 visible output tokens, which at large d can end a trace before a final state
is reached, so part of the decay in the deepest bins may reflect the budget rather than state drift. For reasoning-specialized
models (o3, o3-mini, DeepSeek-R1), hidden reasoning tokens are billed separately and do not count against this cap;
however, we did not record per-model truncation rates across the full corpus. Among the depth-stratified failure-analysis
sample (Appendix H.5), 12 of 2,880 sampled traces were excluded as truncated by the cap or an API timeout. The cap binds
only on long unaided traces, so any residual effect lowers C1 at large d and widens the C1–C3 gap rather than narrowing it.

F.3. Prompt Templates

We provide exact prompt templates used for each experimental condition. Prompt templates were fixed a priori from the task
specification and were not tuned against evaluation instances.
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C1: Unconstrained Neural CoT.

You are solving a state-space search problem.

Initial state: {initial_state}
Target state: {target_state}
Available operators: {operators}

Find a sequence of operators that transforms the initial
state into the target state. Show your reasoning step by
step, including the state after each operation.

Format each step as:
Step N: operator -> resulting_state

C2: Depth-Limited CoT.

[Same as C1, with addition:]

Note: The optimal solution requires exactly {optimal_depth}
steps. Focus on finding this solution.

C3: Tool-Integrated.

You have access to a BFS solver tool. Use it to find the
optimal path from initial to target state.

Initial state: {initial_state}
Target state: {target_state}

To use the solver, call: solve({initial_state}, {target_state})

After receiving the solution, verify and explain each step.

C4: Explicit Length Encouragement.

[Same as C1, with addition:]

Important: Take as many reasoning steps as you need. Longer,
more careful reasoning is encouraged. Don’t rush to a
conclusion - explore the problem thoroughly.

C5: Fine-Tuned. Same prompt as C1; model weights modified through fine-tuning.

F.4. Hardware and Runtime

Hardware: API experiments, cloud (no local hardware); fine-tuning, 4× NVIDIA A100 80GB; attention extraction, 2×
NVIDIA A100 80GB.

Table 18 summarizes average runtime per evaluation across representative model-condition cells.

Computation Summary. Total experiment time: approximately 420 GPU-hours for open-weight model inference and
fine-tuning on 4× A100 80GB, plus approximately 280 hours of API wall-clock time for the 8 API-accessed models. Of the
420 GPU-hours, approximately 250 are inference and 170 are fine-tuning (including training-data ablations). Not all cells in
the 12× 5× 8 grid were populated (173 cells were run; see Appendix J); open-weight inference used tensor-parallel serving
across 4 GPUs with dynamic batching (effective batch size ∼32), yielding a ∼30–50× throughput gain over sequential
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Table 18. Average runtime per evaluation across representative model-condition cells on PermutationProbe. Total hours correspond to
10,000 sequential-equivalent evaluations per model-condition pair (5,000 instances × 2 of 3 runs, for which per-instance timing was
captured); wall-clock totals in the Computation Summary reflect concurrent execution. Token counts for reasoning models (o3, o3-mini,
DeepSeek-R1) exclude hidden reasoning tokens, which are billed separately.

Model Condition Time/Instance (s) Tokens/Instance Total Hours

API Models
GPT-4o C1 12.3 ± 4.2 1,847 ± 623 34.2
GPT-4o C3 3.1 ± 0.8 312 ± 89 8.6
Claude Opus 4.5 C1 14.7 ± 5.1 2,134 ± 712 40.8
Claude Opus 4.5 C3 3.4 ± 0.9 341 ± 94 9.4
o3-mini C1 18.2 ± 6.3 2,891 ± 943 50.6
DeepSeek-R1 C1 21.4 ± 7.8 3,247 ± 1,102 59.4

Open-Weight Models (4× A100 80GB)
Llama-3.3-70B C1 8.7 ± 2.9 1,423 ± 478 24.2
Qwen-2.5-72B C1 9.1 ± 3.1 1,512 ± 502 25.3

per-instance times (Table 18). API experiments used up to 16 concurrent requests per model. Attention entropy extraction
required an additional 48 GPU-hours on 2× A100 80GB.

F.5. Use of AI Tools

Generative AI tools (GitHub Copilot and Claude) were used for coding assistance (data-processing scripts, plotting,
and LaTeX formatting). The authors wrote and take responsibility for all scientific content. All theoretical derivations,
experimental results, and scientific conclusions were produced and verified by the authors.

G. Extended Empirical Results
This section provides complete experimental results across all models, tasks, and conditions, followed by the two secondary
experiments (fine-tuning and context truncation).

G.1. Full Results: All Models, PermutationProbe

Table 19. Complete accuracy (%) across all 12 models and 5 conditions on PermutationProbe (depth > 20 subset), with the empirical
Deterministic Horizon d∗ (50%-accuracy crossing). Open-weight models (top) provide verified architectures for theoretical analysis;
closed-source models serve as consistency checks. †C5 fine-tuning conducted on Llama-3.1-8B only (Section 5.3).

Model C1 C2 C3 C4 C5† d∗

Open-Weight (local)
Llama-3.1-8B 18.4±1.5 22.1±1.6 78.3±1.7 19.0±1.5 19.3±1.5 20
Llama-3.3-70B 24.6±1.7 29.8±1.8 85.2±1.4 25.3±1.6 — 28
Qwen-2.5-7B 17.2±1.4 20.8±1.5 76.1±1.8 17.8±1.4 — 19
Qwen-2.5-72B 27.8±1.8 33.4±1.9 87.9±1.2 28.5±1.7 — 28

Closed-Source: General-Purpose (consistency checks)
GPT-4o 28.3±1.8 34.2±1.9 89.7±1.2 29.1±1.7 — 22
Claude Sonnet 4.5 31.2±1.9 38.1±2.0 91.4±1.1 32.4±1.8 — 25
Claude Opus 4.5 34.8±2.0 41.3±2.1 93.6±0.9 35.6±1.9 — 27
Gemini-1.5-Pro 29.7±1.9 35.8±2.0 88.3±1.3 30.4±1.8 — 23

Closed-Source: Reasoning-Specialized (consistency checks)
o3 38.4±2.1 44.7±2.2 92.8±1.0 39.2±2.0 — 29
o3-mini 42.1±2.2 48.3±2.3 94.2±1.3 43.1±2.1 — 31
Gemini-2.0-Flash-Thinking 37.2±2.1 43.1±2.1 91.7±1.2 38.0±2.0 — 28

Open-Weight (API-accessed)
DeepSeek-R1 39.7±2.1 45.9±2.2 93.1±1.1 40.4±2.0 — 29
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G.2. Full Results: Synthetic Tasks

Table 20 presents accuracy results for the four synthetic task domains other than PermutationProbe, whose complete
twelve-model breakdown appears in Table 19 above. Open-weight and closed-source models are reported together so that
the two can be compared directly on the same task; the entropy–accuracy correlation column is populated only for the
locally-run open-weight models, for which attention can be extracted (Appendix H). Each cell reports mean ± standard
deviation across 3 repeated runs.

Table 20. Representative results on the non-PermutationProbe synthetic tasks. All accuracy values are percentages with standard deviations
over 3 runs; “—” denotes a cell not evaluated. Condition C5 was run on PermutationProbe only (Table 19) and is therefore omitted here.
The d∗ column reports the empirical horizon where measured: for GPT-4o these are 21 (FSA-Sim), 24 (ArithChain), 23 (CircuitTrace)
and 19 (CodeProbe), against 22 on PermutationProbe. Entropy–accuracy r is from the same extraction pipeline as Table 26.

Task Model C1 C2 C3 C4 d∗ H-Acc r

FSA-Sim

Llama-3.1-8B 20.3±1.6 — 79.4±1.6 — 21 −0.69
Llama-3.3-70B 26.8±1.8 — 86.1±1.3 — 29 −0.72
Qwen-2.5-72B 29.7±1.9 — 88.7±1.1 — 29 −0.71
GPT-4o 31.2±1.9 37.4±1.7 91.2±1.3 31.9±1.8 21 —
Claude Opus 4.5 37.4±2.1 43.8±1.9 94.1±1.0 38.2±2.0 — —
o3-mini 44.8±2.3 51.2±2.1 95.3±1.2 45.6±2.2 — —
DeepSeek-R1 41.3±2.2 47.6±2.0 94.2±1.1 42.1±2.1 — —

ArithChain

GPT-4o 26.4±1.7 32.1±1.5 88.3±1.4 27.1±1.6 24 —
Claude Opus 4.5 32.1±1.9 38.4±1.7 92.1±1.1 32.8±1.8 — —
o3-mini 39.6±2.1 45.8±1.9 93.8±1.3 40.4±2.0 — —
DeepSeek-R1 36.8±2.0 42.9±1.8 92.7±1.2 37.5±1.9 — —

CircuitTrace

GPT-4o 29.7±1.8 35.6±1.6 90.1±1.3 30.4±1.7 23 —
Claude Opus 4.5 35.9±2.0 42.1±1.8 93.4±1.0 36.7±1.9 — —
o3-mini 43.2±2.2 49.4±2.0 94.7±1.2 44.0±2.1 — —
DeepSeek-R1 40.1±2.1 46.2±1.9 93.6±1.1 40.9±2.0 — —

CodeProbe

Llama-3.1-8B 16.8±1.4 — 77.1±1.8 — 19 −0.70
Llama-3.3-70B 22.9±1.6 — 84.0±1.5 — 27 −0.73
Qwen-2.5-72B 26.2±1.7 — 86.8±1.3 — 27 −0.72
GPT-4o 27.8±1.8 33.4±1.6 89.2±1.3 28.5±1.7 19 —
Claude Opus 4.5 33.6±2.0 39.8±1.8 92.8±1.0 34.4±1.9 — —
o3-mini 41.2±2.2 47.3±2.0 94.1±1.2 42.0±2.1 — —
DeepSeek-R1 38.4±2.1 44.1±1.9 93.3±1.1 39.2±2.0 — —

Analysis: Across all synthetic tasks, tool delegation (C3) achieves 77–95% accuracy while neural CoT (C1) plateaus
at 17–45%. The consistency across task types (permutations, automata, arithmetic, circuits, and code) demonstrates
that decoherence is task-agnostic within the deterministic state-tracking domain. Preference manipulation (C4) provides
negligible improvement (<2 pp). The open-weight rows further show that the per-task horizon and the per-task entropy–
accuracy correlation (r ≈ −0.72) track each other across task families, not only across models: within each open-weight
model d∗ and |r| vary inversely across the two tasks with entropy data (the direction the context-dependent error model
predicts), though the sample (n = 2 tasks) is too small for this ordering to be informative. Qwen-2.5-7B is absent from
the per-task synthetic results because only C1 and C3 were run on 7B models for these tasks (resource constraint); its
PermutationProbe results appear in Table 19.

G.3. Full Results: Real-World Tasks

Analysis: Real-world tasks exhibit d∗ values in the range 19–30, comparable to synthetic tasks (19–31). However, the
qualitative pattern is identical: C3 dramatically outperforms C1, and C4 provides minimal improvement. The Deterministic
Horizon varies by ±2–5 steps across task types within each model; the horizon is therefore better read as a model-level
regime indicator than an exact per-model constant.

G.4. Results by Depth Bin

Table 22 provides fine-grained accuracy breakdowns across reasoning depth bins, enabling direct comparison with theoretical
predictions.
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Table 21. Representative results on real-world tasks (four models).

Task Model C1 C2 C3 C4 d∗

SWE-Bench-State

GPT-4o 24.1±2.3 29.8±2.1 86.4±1.8 24.8±2.2 19
Claude Opus 4.5 29.6±2.5 35.7±2.3 91.2±1.4 30.2±2.4 24
o3-mini 36.8±2.6 42.9±2.4 92.7±1.3 37.4±2.5 28
DeepSeek-R1 34.2±2.5 40.1±2.3 90.8±1.5 34.9±2.4 26

WebArena-Nav

GPT-4o 21.3±2.4 26.8±2.2 84.2±1.9 21.9±2.3 19
Claude Opus 4.5 26.8±2.6 32.4±2.4 89.7±1.5 27.4±2.5 23
o3-mini 33.4±2.7 39.1±2.5 91.3±1.4 34.0±2.6 26
DeepSeek-R1 31.1±2.6 36.7±2.4 89.2±1.6 31.7±2.5 24

SQL-Multi

GPT-4o 31.4±2.1 37.2±1.9 88.9±1.6 32.0±2.0 21
Claude Opus 4.5 36.2±2.3 42.3±2.1 93.1±1.2 36.8±2.2 26
o3-mini 43.7±2.4 49.8±2.2 94.6±1.1 44.3±2.3 30
DeepSeek-R1 40.8±2.3 46.7±2.1 93.2±1.3 41.4±2.2 28

Table 22. Accuracy (%) by reasoning depth bin (PermutationProbe, GPT-4o, conditions C1–C4). The functional-form comparison with
the fitted error model appears in Figure 1. Fine-tuning results by depth appear in Table 24.

Condition ≤10 11–20 21–30 31–40 41–50 >50

C1 (Neural CoT) 87.5±3.2 64.5±3.8 43.0±2.9 25.8±2.1 13.9±1.4 6.6±0.9
C2 (Oracle) 91.5±3.0 70.0±3.6 51.4±3.1 30.4±2.3 16.3±1.5 8.0±1.0
C3 (Tool) 94.2±1.8 93.8±1.9 92.1±2.1 89.4±2.4 86.7±2.7 82.3±3.1
C4 (Encourage) 88.2±3.1 65.3±3.7 43.7±2.9 26.2±2.1 14.1±1.4 6.8±0.9

Analysis: C3 also declines with depth (94.2% to 82.3%), but at roughly one-seventh the rate of C1 (87.5% to 6.6%);
delegation attenuates rather than eliminates the depth dependence. C1 and C4 converge at high depths, consistent with
prompt-level length encouragement being unable to overcome the architectural ceiling. The functional-form comparison
with the fitted error model (Figure 1) shows residuals of 0.3–3.1 pp across the eight plotted depth bins, with the bound above
every empirical point as required.

G.5. Fine-Tuning Experiment

Data Generation. We generated 5,000 optimal-length CoT traces by running BFS and recording the solution path with
intermediate states. Format:

Problem: initial=[3,1,4,2,5], target=[1,2,3,4,5]
Step 1: swap(0,1) -> [1,3,4,2,5]
Step 2: swap(2,3) -> [1,3,2,4,5]
Step 3: swap(1,2) -> [1,2,3,4,5]
Solution: [1,2,3,4,5] (correct)

Training configuration. Table 23 gives the fine-tuning configuration.

Table 23. Fine-tuning configuration (C5).

Parameter Value

Model Llama-3.1-8B-Instruct
Learning rate 2× 10−5, cosine decay
Batch size 8
Epochs 3
Early stopping patience 2 on validation loss
Hardware 4× A100 80GB
Input format C1 prompt (Appendix F.3)
Output format Full trace with intermediate states
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Figure 2. Fine-tuning improvement decays with depth following O(d∗/d) fitted envelope from the fine-tuning ceiling (Section 5.3). The
O(d∗/d) curve is plotted for d > d∗ = 20 where the bound applies.

Reported C5 value. C5 is reported over the depth > 20 subset throughout, for comparability with C1 and C3; on that
subset the improvement is 0.9 pp (Section 5.3).

Table 24. Fine-tuning results by depth bin (Llama-3.1-8B, PermutationProbe). Baseline and Fine-tuned columns report accuracy (%) on
each depth-bin subset. The “Pred. ∆” column gives the improvement predicted by the decoherence model using Llama-3.1-8B’s fitted
parameters (ϵ̂0 = 0.027, γ̂′ = 1.2× 10−3), obtained by maximum-likelihood fit to the Llama baseline depth curve.

Depth Baseline Fine-tuned ∆ Pred. ∆

≤10 86.5 92.7 +6.2 +6.8
11–20 61.2 64.9 +3.7 +3.4
21–30 27.7 29.3 +1.6 +1.7
31–40 16.5 16.9 +0.4 +0.5
>40 6.4 6.6 +0.2 +0.2

Improvement decays with depth as predicted by the fine-tuning ceiling (Section 5.3). At depth >40, improvement is
negligible despite training on optimal traces, consistent with an architectural ceiling.

G.6. Context-Window Insensitivity

A natural alternative hypothesis is that the horizon d∗ is set by the raw context window L. We show it is not: d∗ is governed
by the effective decoherence length Leff = O(102) steps, which is orders of magnitude smaller than L = O(105) tokens
and dissociates from it under controlled truncation. The evidence is the controlled truncation experiment on Llama-3.3-70B
(Table 25), which uses an open-weight model with known architecture and isolates L from the architectural and training
differences that confound any cross-model comparison of context lengths.

Controlled truncation within a single model. To isolate the effect of L from architecture, we artificially cap the context
window of a single model (Llama-3.3-70B) and re-measure d∗.

Table 25. Artificial context truncation for Llama-3.3-70B. d∗ is flat from the native 128K down to 8K.

Context Cap Obs. d∗ Note

128K (full) 28 native
64K 28 flat
32K 28 flat
16K 28 flat
8K 27 marginal

The horizon is invariant to an order-of-magnitude reduction in L (128K→ 8K). This is the signature of an Leff -bound rather
than an L-bound phenomenon: decoherence is a property of attention’s effective state resolution over reasoning steps, not of
raw context capacity.
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H. Mechanistic Measurements
This section reports the trace-level measurements that probe the decoherence mechanism directly: attention entropy
(Tables 26–27), the correlation structure of errors along a trace (Appendix H.4), and the taxonomy of failures those errors
produce (Appendix H.5). The attention-window and value-correlation measurements that ground Assumptions 4.4–4.5
come from the same extraction pipeline and are reported in Appendix E.5.

H.1. Extraction Pipeline

Hardware: 2× NVIDIA A100 80GB, PyTorch 2.1, Transformers 4.36

Procedure:

1. Load model in bfloat16 with output attentions=True

2. For each instance in test set (n = 500):

(a) Generate reasoning trace with temperature=0

(b) Extract attention matrices at each decoding step

(c) For each layer ℓ ∈ [1, Nlayers] and head h ∈ [1, H]:

Hℓ,h,t = −
t∑

i=1

aℓ,h,t,i log2 aℓ,h,t,i (44)

where aℓ,h,t,i is attention weight from position t to position i

(d) Aggregate across heads: Hℓ,t =
1
H

∑H
h=1Hℓ,h,t

3. Correlate with per-step accuracy

Memory optimization: We use gradient checkpointing and process attention matrices layer-by-layer to fit within 80GB.

Numerical stability: We add ϵ = 10−10 to avoid log(0), computing H = −
∑

i(ai + ϵ) log2(ai + ϵ). We report raw
attention entropyH in bits throughout.

H.2. Results by Model

Table 26. Attention entropy analysis across open-weight models.

Model Layers Mean H H-Acc r Slope R2

Llama-3.3-70B 80 4.21 −0.74 0.023 0.55
Llama-3.1-8B 32 3.87 −0.71 0.028 0.50
Qwen-2.5-72B 80 4.18 −0.73 0.024 0.53
Mistral-7B 32 3.92 −0.68 0.031 0.46
Mixtral-8x7B 32 4.03 −0.69 0.029 0.48

Consistent negative correlations (r ≈ −0.70) across architectures support the mechanistic hypothesis. The per-model R2 of
0.46–0.55 indicates that entropy explains roughly half the variance in per-step accuracy; the remaining variance reflects
factors beyond attention dilution.

H.3. Results by Layer

Table 27 reports entropy-accuracy correlations stratified by layer, with layers grouped into the first quarter, the middle half,
and the final quarter of the stack. The correlation strengthens monotonically with depth in the stack, consistent with the
reduced representational diversity in later layers documented by Gerasimov et al. (2025).

33



The Deterministic Horizon: When Extended Reasoning Fails and Tool Delegation Becomes Necessary

Table 27. Entropy-accuracy correlation by layer (Llama-3.3-70B).

Layer Range Entropy-Acc r

First quarter −0.42
Middle half −0.68
Final quarter −0.74

H.4. Error Correlation Analysis

We analyze the structure of errors to characterize the forward error propagation described in Remark 4.3. These statistics are
reported as diagnostics of the decoherence mechanism, not as corrections to the bound: the bound of Theorem 4.2 uses only
the error rates conditional on a correct history, so it holds whatever the strength of the step-to-step dependence, and positive
dependence cannot be used as a multiplier to tighten it, since such a factor would increase survival probability.

Error propagation. For each reasoning trace, we define Ei = 1 if step i contains a state-tracking error and Ei = 0
otherwise. Table 28 reports the error rate conditioned on the previous step’s outcome.

Table 28. Error rate conditioned on previous step.

Previous Step P (error) 95% CI

Correct 0.031 [0.028, 0.034]
Error 0.089 [0.082, 0.096]
Ratio 2.87 [2.58, 3.19]

Errors are 2.87× more likely following an error, consistent with the propagation mechanism. The conditional rate following
a correct step (0.031) exceeds the baseline intercept ϵ0 = 0.020; this is consistent in direction, since the conditional rate
averages over all depth indices where ϵ(d) > ϵ0, and conditioning on a correct history induces a survivorship weighting
toward shallower positions that we do not model exactly.

H.5. Failure Mode Analysis

The SFE metric characterizes how early in the reasoning chain state drift begins; the failure modes below categorize what
happens at or after the first error, and so describe the qualitative form taken by the error propagation quantified above.

Sampling procedure.

1. For each model-task combination (12 models × 8 tasks = 96 combinations), we identified all failed instances (accuracy
<100% on the reasoning chain).

2. Within each combination, we stratified by reasoning depth bins: ≤10, 11–20, 21–30, 31–40, 41–50, >50.

3. We sampled up to 30 failed traces per model-task combination (5 per depth bin where available). Not all six bins are
populated for every task family (e.g., ArithChain and CircuitTrace have no >50 bin; CodeProbe has no >40 bin), so
the per-combination yield varies. This depth-stratified sample weights all available depth bins equally; the resulting
failure-mode distribution does not reflect the marginal (instance-count-weighted) distribution.

Exclusions. Of the sampled traces, 33 were excluded:

• Parsing errors (n = 21): Model output did not conform to the expected “Step N: operator→ state” format, preventing
automated state extraction.

• Incomplete outputs (n = 12): Traces truncated mid-reasoning due to maximum token limits (8,192 tokens) or API
timeouts.

After exclusions, the final analysis corpus contains N = 2,847 traces. The failure-mode distribution appears in Table 29.
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Table 29. Failure mode distribution across analyzed traces (N = 2,847). Percentages are over parseable traces with equal weight per
depth bin (the depth-stratified sampling scheme); format violations were excluded before classification. Rounding to integer percentages
may prevent the column from summing to exactly 100%.

Failure Mode % Description

State transposition 35% Single-element position errors that propa-
gate

Operator misapplication 27% Correct intent, incorrect execution
Premature termination 21% Declaring success before reaching target
Circular reasoning 11% Revisiting previously explored states
Complete hallucination 6% States outside valid state space

Excluded: format violations (n = 21), truncated traces (n = 12)

The dominant failure mode, state transposition, directly reflects attention-based working memory limits: models mis-track
element positions due to attention dilution across extended reasoning chains. Note that these percentages reflect the
depth-stratified sample (equal weight per bin) and do not represent the marginal failure-mode distribution.

Example: state transposition.

Problem: Transform [3,1,4,2,5] to [1,2,3,4,5]
Step 1: swap(0,1) -> [1,3,4,2,5] (correct)
Step 2: swap(1,2) -> [1,4,2,3,5] (ERROR: true
result is [1,4,3,2,5]; model mis-tracked
elements at positions 2 and 3)
Step 3: swap(2,3) -> [1,4,3,2,5] (propagated)
...

The model applies the correct operator but mis-tracks element positions, producing a state that is not the image of any
legal adjacent transposition on the true state. This positional confusion propagates through subsequent steps. The circular-
reasoning mode takes a complementary form: in a representative trace the model alternates between two states from step
15 onward ([2,1,3,5,4,6,8,7] and [2,1,5,3,4,6,8,7]), repeatedly revisiting the same pair without progress
toward the target.

Failure mode by depth. Table 30 stratifies failure modes by reasoning depth.

Table 30. Failure mode distribution by reasoning depth. State transposition dominates at shallow depths; circular reasoning and
hallucination increase with depth.

Depth Transp. Misapp. Premature Circular Halluc.

≤10 42% 31% 18% 5% 4%
11–20 38% 28% 20% 9% 5%
21–30 35% 26% 21% 12% 6%
31–40 33% 25% 22% 13% 7%
>40 31% 24% 23% 14% 8%

The shift in failure mode distribution with depth is consistent with the decoherence hypothesis: at shallow depths, discrete
errors (transposition, misapplication) dominate, while at greater depths, systemic failures (circular reasoning, hallucination)
become more prevalent as accumulated attention entropy degrades state coherence.

I. The SSJ Metric: Algorithm and Validation
This section provides complete algorithmic details for computing the State-Space Jaccard (SSJ) metric introduced in
Definition 3.2.
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I.1. Algorithm Description

The SSJ metric measures overlap between the ground-truth trajectory states and the model’s claimed states at each reasoning
depth. Algorithm 2 provides the complete extraction procedure.

Algorithm 2 State-Space Jaccard (SSJ) Extraction

Require: Initial state σ0, operators O, model trace T = [(s1, o1), . . . , (sm, om)]
Ensure: SSJ values, precision, recall at each depth

1: Strue ← {σ0} {Ground-truth trajectory states}
2: Smodel ← {σ0} {Model-claimed states}
3: σcurr ← σ0 {Current ground-truth state}
4: for d = 1 to m do
5: (sd, od)← T [d] {Model’s claimed state and operator}
6: σcurr ← od(σcurr) {Apply operator to ground truth}
7: Strue ← Strue ∪ {σcurr}
8: Smodel ← Smodel ∪ {sd}
9: SSJ[d]← |Strue ∩ Smodel|/|Strue ∪ Smodel|

10: Precision[d]← |Strue ∩ Smodel|/|Smodel|
11: Recall[d]← |Strue ∩ Smodel|/|Strue|
12: end for
13: return SSJ, Precision, Recall

I.2. Implementation Details

State representation: For PermutationProbe, states are represented as tuples (a1, . . . , an). For FSA-Sim, states are
automaton state identifiers. For CodeProbe, states are variable binding dictionaries.

Set operations: We use hash-based sets for O(1) membership testing. For large state spaces, we employ Bloom filters with
false positive rate < 0.1% for set-intersection membership tests only; final grading uses exact-match comparison of the
terminal state. The Bloom filter false-positive floor introduces a small upward bias (< 0.001) in reported SSJ values; this is
below the reported precision of two decimal places.

Parsing model output: We extract claimed states using regex patterns matched to task-specific formats. For Permutation-
Probe:

pattern = r"Step \d+:.*-> \[([\d,\s]+)\]"

Error handling: If the model output cannot be parsed, the step is marked as an error with sd = ∅.

I.3. Diagnostic Power

The SSJ metric with precision/recall decomposition distinguishes two failure modes:

1. Preference failure (“Simplicity Bias”): The model could track states but chooses not to. Signature: high precision
(claimed states are correct), low recall (many states omitted).

2. Capability failure (Decoherence): The model cannot track states. Signature: both precision and recall decay,
indicating drift into fictitious state spaces.

Our empirical results (Table 4) show parallel decay of both metrics, consistent with capability failure; however, precision
exceeds recall at every depth (Section 5.4), which is the preference-failure signature, so the decomposition does not
discriminate between the two. We note that under the incremental construction of Algorithm 2, both sets grow at the same
rate, which limits the dynamic range of the precision/recall decomposition; the diagnostic is strongest when averaged over
many traces.
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Figure 3. State-Space Jaccard decay with reasoning depth. Fitted curve (R2 = 0.99) is consistent with the context-dependent error model.
The free intercept a = 0.95 (vs the algorithmic SSJ(0) = 1) absorbs early-step parse failures; the SSJ quadratic coefficient (c = 0.00087)
differs from the accuracy-curve coefficient (c = 0.00045, Figure 1) because SSJ measures set overlap rather than trace-level accuracy.

J. Statistical Methodology and Power
We report the parameters of every statistical procedure used, together with the limitations of the design under which they
were applied. The procedures themselves are standard; what matters for interpreting our results is the sample structure they
operate on, which we state explicitly throughout.

J.1. Confidence Intervals and Multiple Comparisons

Bootstrap. With only n = 3 run-level observations, the percentile bootstrap is degenerate: there are only
(
3+2
2

)
= 10

distinct multisets of size 3, so the 2.5th percentile is almost surely the sample minimum, and the resulting CIs collapse to the
sample range. We therefore report standard deviations rather than bootstrap CIs throughout. The per-instance likelihood-ratio
tests (Sections 5.4–6) operate on n = 5,000 and do not face this limitation.

Multiple comparisons. Not every model-task-condition cell was populated (Section 5); counting the cells actually reported
in Tables 19–21 gives approximately 173 model-condition-task triples (49 for PermutationProbe including the single C5 cell,
plus the populated cells in the four remaining synthetic and three real-world task tables). We apply the Holm-Bonferroni
step-down procedure at α = 0.05 to the pairwise comparisons of interest (C1 vs. C3, C1 vs. C4) across these 173 cells.
Individual reported p-values are uncorrected; under Holm-Bonferroni the C1-vs-C4 comparisons remain non-significant and
the C1-vs-C3 comparisons remain significant.

J.2. Equivalence Testing

TOST. We test equivalence within a margin of ∆ = 5% using two one-sided t-tests against H01 : µ1 − µ2 ≤ −∆ and
H02 : µ1 − µ2 ≥ ∆, declaring equivalence when both are rejected at α = 0.05. For the C1 vs. C4 comparison (paired,
run-level, n = 3) both tails give p < 0.05, consistent with equivalence within the 5% margin. We note that this margin equals
the ≥5 pp preference-based threshold in Table 1; demonstrating equivalence within 5% is therefore logically compatible
with a preference effect at the threshold level. The fine-tuning result (0.9 pp, well within the margin) provides the sharper
discrimination.

J.3. Significance Tests and Effect Sizes

Table 31 reports statistical tests for the C1 vs. C4 comparison.

All comparisons are non-significant and TOST is consistent with equivalence within the ∆ = 5% margin. Effect sizes are
reported as Cohen’s d with the usual pooled standard deviation; for C1 vs. C3 the run-level d > 30 for all models (reflecting
the small run-level SD denominator; the magnitude should not be interpreted as a conventional effect size, since the three
runs reflect server-side nondeterminism rather than independent sampling).
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Table 31. Statistical tests for C1 vs C4 comparison (preference manipulation). All tests operate on n = 3 run-level means.

Model ∆ p-value TOST

GPT-4o +0.8 0.38 Equiv.
Claude Opus 4.5 +0.8 0.42 Equiv.
o3-mini +1.0 0.37 Equiv.
DeepSeek-R1 +0.7 0.44 Equiv.

Limitation of the run-level design. All inference above operates on n = 3 run-level means. Because temperature is
set to 0, the three runs are not independent samples from a population but rather reflect residual server-side and CUDA
nondeterminism (Appendix F). A stronger design would apply McNemar’s test or a permutation test on per-instance paired
correctness (n = 5,000), which requires no additional model calls. Per-instance outcomes were retained per condition but
not linked across conditions, preventing paired tests (McNemar, paired permutation); the per-instance likelihood-ratio tests
reported in Sections 5.4–6 use unpaired per-condition outcomes; the equivalence claim for C1 vs. C4 should therefore be
treated as suggestive pending such a test. The run-level tests in Table 31 should be read in the same light.
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