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Abstract

We study the revenue of approximate correlated
equilibrium in discrete first price auctions - the set
of allowable bids is B = {0,1/k,...,1-1/k,1}
for some k£ € N. We show that the revenue of any
e-approximate correlated equilibrium is at least
ve — O(1/k) — O(ek?), where vo > 0 is the
second-highest valuation. Our results establish
the first polynomial convergence rates on the rev-
enue generated by no-swap regret bidders in first-
price auctions. For instance, if bidders admit the
optimal swap regret of O(v/kT), then the time-
averaged revenue is at least vo — ©(1/k) — O(¢)
after O(k5 /%) rounds.

1. Introduction

Ad auctions, where firms compete for advertisement spots,
constitute a multi-billion dollar industry (129 billion in the
U.S. alone in 2019 (Goke et al., 2022)). Based on funda-
mental results in auction theory (Vickrey, 1961), the second-
price auction format had been widely adopted. However, in
recent years, there has been a significant shift from second-
price to first-price auctions (Goke et al., 2022; Despotakis
et al., 2021; Paes Leme et al., 2020). For instance, Google
Ad Manager transitioned to first-price auctions in March
2019 (Goke et al., 2022).

In the past, second-price auctions were favored over first-
price auctions for a simple reason: in a second-price auction,
bidding truthfully is a dominant strategy for every bidder
(Vickrey, 1961). This property made second-price auctions
easier both to predict and analyze. In contrast, first-price
auctions require bidders to deviate from straightforward
bidding strategies, introducing greater complexity and un-
predictability both for the bidder and the auctioneer.

The rise of machine learning and automated bidding strate-
gies has significantly influenced bidding behavior. Even in
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first-price auctions, a bidder can leverage machine learning
algorithms in order to adjust its bids to the bidding behav-
ior of its competitors (Weed et al., 2016; Nekipelov et al.,
2015). In particular, the online learning framework (Hazan,
2019) provides such decision-making algorithms, which
also come with strong optimality guarantees for any bidder
who adopts them. In particular, if an auction is repeated over
T rounds', a bidder can use such online learning algorithms
to select its bids and be guaranteed that no matter the behav-
ior of the competing bidders, its overall utility approaches
the utility of the best fixed bid! The latter guarantees are
known as no-regret guarantees and in recent years there
has been a growing interest for developing such no-regret
algorithms in various auction settings (Weed et al., 2016;
Han et al., 2020; 2025; Wang et al., 2023; Feng et al., 2018;
Nedelec et al., 2019; Karaca et al., 2020; Achddou et al.,
2021; Potfer et al., 2024; Branzei et al., 2023; Balseiro et al.,
2023; Kumar et al., 2024; Bichler et al., 2023). Moreover,
(Nekipelov et al., 2015; Noti & Syrgkanis, 2021) showed
that online learning algorithms provide an accurate model
for real-world bidding behavior.

For the reasons outlined above, a recent line of research in-
vestigates the revenue generated in first-price auctions when
all bidders repeatedly choose their bids according to online
learning algorithms (Diitting et al., 2014; Feldman et al.,
2016; Feng et al., 2021; Kolumbus & Nisan, 2022; Deng
et al., 2022; Bichler et al., 2023; Branzei et al., 2023). In
particular this line of works tries to characterize the limiting
behavior of such the bid dynamics as the number of rounds
approaches infinity. However, in practice, the number of
rounds is indeed large (ad auctions occur every millisecond)
yet finite. This naturally leads to the following question:

Question 1.1. Ifin a repeated first-price auction, all bid-
ders use online learning algorithms, how many rounds are
needed so that the revenue reaches an acceptable level?

Remark 1.2. Question 1.1 is of great importance when de-
signing auction at which learning algorithms compete. Even
if the produced revenue converges to a very high value but a
tremendous number of rounds is required before this hap-
pens, the auctioneer might never receive this revenue exactly
because the time horizon was not sufficiently long.

' Ad auction are repeated over a large number of rounds since
firms repeatedly compete for the same keyword; such an auction
can be repeated even every millisecond.
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Our work is motivated by Question 1.1 that to the best of our
knowledge has not been previously considered. In particular,
we investigate Question 1.1 in the case of discrete first-price
auctions and for online learning algorithms that admit no-
swap regret guarantees (Blum & Mansour, 2007). Discrete
first-auction capture settings where bidders can only submit
specific discretized bids - the set of allowable bids is the dis-
cretized [0, 1] interval, B := {0,1/k,...,1 —1/k,1}). No-
swap regret algorithms are online learning algorithms that
provide even stronger optimality guarantees than standard
no-(external) regret algorithms. No-swap regret algorithms
have been extensively studied to date (Anagnostides et al.,
2022a; Daskalakis et al., 2024; Farina & Pipis, 2024; Zhang
et al., 2024b; Dagan et al., 2024; Zhang et al., 2024a; Peng
& Rubinstein, 2024) while their time-average behavior is
known to be a correlated equilibrium (Aumann, 1974).

1.1. Correlated Equilibrium & No-Swap Dynamics

Through some very elegant arguments, (Diitting et al., 2014;
Feldman et al., 2016) were able to characterize the set of
correlated equilibria in first-price auctions (limiting behav-
ior of no-swap regret algorithms). In particular their results
imply the following:

Informal Theorem Let a discrete first-price auction where
vo € B is the 2nd highest valuation. Then the revenue of
any correlated equilibrium? is at least vy — O(1/k).

Since the time-average behavior of no-swap regret algo-
rithms always converges to a correlated equilibrium (Foster
& Vohra, 1997; Hart & Mas-Colell, 2000), the result above
suggests the following:

Claim 1.3. Let a discrete first-price auction that is repeated
for T rounds and bidders use no-swap regret algorithms.
Then as T — oo, the time-average revenue is at least vo —

o(1/k).

Claim 1.3 suggests that as 7' — oo, the revenue produced
by no-swap regret dynamics approaches the second highest
valuation since vo — O(1/k) ~ v, for a sufficiently large
discretization £k € N. However, it does not provide any
upper bound on the required number of rounds 7" for the
latter to happen. This is because, for finite 7", no-swap regret
dynamics converge to approximate correlated equilibrium,
whereas the results of (Diitting et al., 2014; Feldman et al.,
2016) concern exact correlated equilibria.

With some effort, the arguments of both (Diitting et al.,
2014) and (Feldman et al., 2016) can be extended to approx-
imate correlated equilibria. However, the revenue guaran-
tees then exhibit a quasi-polynomial dependence on k. In

>The original results of (Diitting et al., 2014; Feldman et al.,
2016) concern first-price auctions with continuous bidding space
[0,1] or equivalently ¥ — oo. However their arguments can be
easily transferred to the discrete setting.

particular, by extending the arguments from (Feldman et al.,
2016), one can establish the following3 .

Theorem 1.4. The expected revenue of an e-approximate
correlated equilibrium in a discrete first-price auction is at
least vy — O(1/k) — ¢ - kPoly(logk),

On the positive side, the latter result can be used to pro-
vide an upper bound on the number of rounds 7" needed
so that the revenue, produced by competing no-swap re-
gret algorithms, exceeds vy — ©(1/k). On the negative
side, the provided upper bound on 7" is extremely large with
respect to k. In particular, even if all bidders use the opti-
mal algorithm from (Blum & Mansour, 2007) with swap
regret R(T) := O(VkT), the upper bound on T’ becomes
k©Uogk) The latter raises the following natural question.

Question 1.5. Does any e-approximate correlated equilib-
rium of a discrete first-price auction, admits revenue that is
at least vo — ©(1/k) — € - poly(k)?

1.2. Our Contribution and Results

In this work we answer Question 1.5 on the affirmative. In
particular, our main result is the following:

Theorem 1.6. The expected revenue of an e-approximate
correlated equilibrium in a discrete first-price auction is at
least va — O(1/k) — O(c - k?).

As already discussed, our result then translates to a way
faster rate on the time-average revenue produced by no-
swap regret bidders in first-price auctions.

Claim 1.7. If each bidder uses an online learning algorithm
with swap regret at most R(T). Then after T rounds, the

time-average revenue is at least vo — © (%) — kz@‘

IfR(T) = O(VKT) then at most T := O (k° /€?) rounds
are needed before the time-average revenue is at least vy —

O(1/k) — O(e).

Additional Results: Our main result that provides a posi-
tive answer to Question 1.5 is formally stated and proven
in Theorem 2.6. In Section 3, we present the key steps for
establishing it. In Appendix A, we demonstrate how the
elegant argument of (Feldman et al., 2016) that concerns
exact correlated equilibrium in continuous first-price auc-
tions can be easily extended to discrete first-price auctions.
We also sketch how it can be extended to approximate cor-
related equilibrium with a quasi-polynomial bound. The
latter is done only since Theorem 2.6 provides a polyno-
mial bound. Apart from lower bounds on the expected
revenue of approximate correlated equilibrium, we also
present an upper bound on the revenue. In particular in The-
orem 2.8 we establish that there is a simple first-price that

3The arguments in (Diitting et al., 2014) can also be extended
to approximate correlated equilibria, but they provide a weaker
guarantee of va — O(1/k) — e - kP ®)
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admits an e-approximate correlated equilibrium with rev-
enue vy — 1/k — €. In Section 4, we experimentally evaluate
the no-swap regret algorithm of (Blum & Mansour, 2007)
in the context of first-price auctions. Our experimental eval-
uations concern both the case of deterministic evaluations
as well as i.i.d. and suggest that the resulting dynamics
converge even faster than what our analysis suggests.

Our Techniques: In order to answer Question 1.5, we adopt
a completely different approach from both (Diitting et al.,
2014) and (Feldman et al., 2016). In particular, we adopt a
dual-fitting approach - a technique used in approximation
algorithms (Williamson & Shmoys, 2011). To the best of
knowledge, our work is the first to introduce the dual-fitting
technique in the context of establishing convergence rates
and may be of independent interest. Our approach begins
by introducing an appropriate linear program that, given
an instance of a discrete first-price auction (with bidders’
valuations and discretization parameter k), its optimal value
(denoted by Zfp) is a lower bound to the revenue of any
e-approximate correlated equilibrium. Next, by exploiting
the structure of the dual program, we provide a specific
assignment to the dual variables. We then establish that
this assignment is dual feasible and admits objective value
vo —O(1/k) — O(e- k?). Thus, by weak duality we get that
Zip > ve — O(1/k) — O(e - k?)

1.3. Related Work

Apart from the works of (Diitting et al., 2014; Feldman et al.,
2016), our work is closely related to a recent research line
on the convergence properties of no-regret algorithms in
discrete first-price auctions (Feng et al., 2021; Kolumbus &
Nisan, 2022; Deng et al., 2022; Ahunbay & Bichler, 2025).
Specifically, (Feng et al., 2021) provide positive results on
the convergence of no-regret dynamics in discrete first-price
auctions, assuming that all agents undergo an initial ex-
ploration phase. (Kolumbus & Nisan, 2022) demonstrate
that if no-regret dynamics in first-price auctions converge,
they essentially converge to the second-highest price, and
they provide experimental evidence supporting this con-
vergence. (Deng et al., 2022) establish that mean-based
no-regret algorithms asymptotically converge in discrete
first-price auctions under the assumption that there are at
most two bidders with the highest valuation. (Ahunbay &
Bichler, 2025) shows, using a strong-duality argument, that
projected gradient ascent dynamics eventually converges to
a Nash equilibrium under some weak assumptions on the
game dynamics. Our work distinguishes itself by consid-
ering no-swap regret bidders and provides unconditional
convergence results for all no-swap regret dynamics while
providing explicit convergence rates.

Closely related to our work is also (Banchio & Skrzypacz,
2022), which experimentally analyze the revenue produced

by Q-learning algorithms in first-price auctions. At the same
time, (Syrgkanis & Tardos, 2013), (Lykouris et al., 2016),
and (Hartline et al., 2015) provide guarantees on the social
welfare generated by no-regret dynamics in Bayesian games,
including first-price auctions. (Balseiro & Gur, 2017) ex-
amine the convergence properties of no-regret algorithms
in repeated auctions with budgets. (Daskalakis et al., 2020)
establish that designing no-regret algorithms for repeated
combinatorial auctions is a computationally intractable task.
Finally a recent line of works studies equilibria and dynam-
ics in autobidding systems (Leme et al., 2024; Fikioris &
Tardos, 2023; Liu & Shen, 2023; Li & Tang, 2024).

2. Preliminaries and Notation
2.1. First-Price Auctions

We study (discrete) first-price auctions with n bidders and a
discrete set of possible bids 5 = {0, %, A %, 1}. Each
bidder ¢ € [n] has a private valuation v; and submits bid
s; which is bounded by their private valuation, specifically
s; € Sy where S; = {0, 1,...,v;}. Welet S := X;e()S;
and then denote s = (s1,...,5,) € S (or s = (s4,5-;))
a bidding profile. For a given bidding profile, the highest
bidder i* € argmaxc[,) s; wins but in the case of ties the
winner is chosen uniformly at random amongst the highest
bidders. This choice of tie-breaking rule motivates our

notion of (expected) utility, captured in Definition 2.1.

Definition 2.1. Let a bidding profile s = (s1,...,s,) € S.
Then, the utility of agent i € [n] is

1 [si = maxje[n]sj]

U:s;.s_.) := i T 9¢) "
(s s=) 2= (v = 8 - T e e

2.2. No-Swap Regret Minimization

Let a first-price auction be repeated for 7" rounds as de-
scribed in Algorithm 1. This means that at each round, all
bidders simultaneously select their bids and the bidder with
highest bid wins the item.

Algorithm 1 Repeated First-Price Auction
Ateachroundt =1,...,T

* Each bidder i € [n], (secretly) selects a bid st € S;.

* Each bidder i € [n], gets utility U; (s, s ;).

In most natural cases a bidder ¢ € [n] has no information
on the valuations v_; of the other bidders. Thus, in order
to maximize its utility, the bidder ¢ € [n] must have a bid-
ding strategy that in each round ¢ € [T'] depends solely on
previous bids s1,...,s;—1 € S. The online learning frame-
work provides such adaptive decision-making algorithms
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that base their decision on prior observations (Hazan, 2019).
In the context of first-price auctions, an online learning al-
gorithm 4, in each round ¢ € [T] produces a mixed strategy
xt € A(S;) that depends solely on the previous bids of the
other bidders s' ;, ..., s € S_;.

The performance of an online learning algorithm .4 can be
quantified through various notions (Hazan, 2019). One of
the most fundamental ones has been that of swap regret
(Blum & Mansour, 2007). In particular the swap regret of
A, denoted as R’y (T'), equals

T

RIMD) = 3B (U006, 5]

max
6'S-b—>Sv

E ]Eslww
t=1

Swap regret quantifies the difference of the overall utility
produced by a no-regret algorithm with respect to the utility
produced by the best switching function 0(+) that replaces ac-
tion s; with the action §(s;). If an online learning algorithm
A admits sublinear swap regret R’y () = o(T') then A is
called no-swap regret. (Blum & Mansour, 2007) provide a
no-swap regret algorithm A with R%y*(T') = O(/|S;|T)
that is also the optimal possible no-swap regret.

Ui(si,sL;)] ey

2.3. Correlated Equilibrium and No-Swap Dynamics

Correlated Equilibrium (CE) is a fundamental notion intro-
duced by Aumman (Aumann, 1974).

Definition 2.2. A probability distribution u € A(S)
over the set of bidding profiles S = X;c[nSi, is an
e-approximate correlated equilibrium if for each bidder
i€ [n],

(g 3 > Y
Eswp [Ui(si,s—i)] > ;% Esp [Ui(0(85),5-i)] — €

It is well-known that correlated equilibria describe the lim-
iting behavior of no-swap regret algorithms (Hart & Mas-
Colell, 2000; Foster & Vohra, 1997). In Theorem 2.3, we
state the folkore results that the limiting behavior of no-
swap regret algorithms forms an approximate correlated
equilibrium. For completeness its proof is presented in
Appendix C.

Theorem 2.3. If each bidder i € [n), selects its bid st € S;
according to a no-swap regret algorithm A;, st ~ xt. Then
after T = O (max;e[n) Ri(T)/e +log(n/d)/€) rounds,
the time-average distribution [i € A(S), defined as

T
Z sy =8| forallseS,

ﬂ \

is an e-approx. correlated equilibrium with probability 1 —§.

Theorem 2.3 informs us that if bidders bid according to a
no-swap regret algorithm then the time-average behavior
converges to an approximate correlated equilibrium with
rate O (max; R;(T)/T).

Definition 2.4. For a bidding profile s € S, we denote
r(s) := max(s1,...,8,) -

Using Definition 2.4, the expected revenue of a
joint probability distribution 1 € A(S), that equals
Eg~p[max(si, ..., s,)], can be more concisely written as
D ses i) -7 (s).

2.4. Our Results and Paper Organization

As already mentioned, (Diitting et al., 2014; Feldman et al.,
2016) establish that in case of continuous first-price auc-
tions, B = [0, 1], the revenue of any correlated equilibrium
equals vo. In Appendix A, we show how the very elegant
argument of (Feldman et al., 2016) can be almost directly
transferred to discrete first-price auctions, leading to the
following theorem.

Theorem 2.5. Let the probability distribution 1 € A(S) be
an exact correlated equilibrium (e = 0). Then its expected
revenue admits ), . o j1(s) - r(s) > vy — 4/k.

In Appendix A, we additionally demonstrate how the ap-
proach of (Feldman et al., 2016) can be extended for e-
approximate correlated equilibrium. In particular, the ex-
pected revenue of any e-approximate correlated equilibrium
p € A(S)isatleast Y g pu(s)-7(s) > vo —4/k —e-
kOUogk) We remark that this is done only for complete-
ness since the latter result is also implied by our main result
(Theorem 2.6).

In Section 3, we present the main proof of Theorem 2.6 that
is the main result of this work.

Theorem 2.6. Let the probability distribution pn € A(S) be
an e-approximate correlated equilibrium. Then its expected
revenue admits g p(s) - 7(s) > va — 3/k — O (e - k?).

Combining Theorem 2.6 with Theorem 2.3 we get the fol-
lowing corollary on the time-average payoff of a first-price
auction once all bidders use no-swap regret algorithms.

Corollary 2.7. If each bidder i € [n], selects its bid st € S;
according to a no-swap regret algorithm A;, st ~ xt. Then
after T = O (k* max;ep, Ri(T)/e + k?log(n/6)/e)

rounds, the time-average revenue admits

1 3
72 (s0) = v =7 = 0(e)

t=1

with probability 1 — 6. If all agents use the algorithm of
(Blum & Mansour, 2007) with swap regret R;"*P(T) :=

O(VKT) then at most T = O (k5 : log(e#) rounds are
required.
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We remark that the upper bound of T = O (k°/€?) repre-
sents a significant improvement over the previous bound of
T = k©Uogk) /2 Furthermore, if all bidders adopt specific
no-swap regret algorithms, such as those proposed in (Anag-
nostides et al., 2022b;a), which guarantee no-swap regret of
O(n) and O(nk*), respectively, then the required number
of rounds reduces to O(k>n/e) and O(kSn/e), respectively.

We finally provide an upper bound on the revenue of any
e-approximate correlated equilibrium, establishing that the
O(¢)-dependence on cannot be alleviated from the revenue
guarantees of an e-approximate correlated equilibrium. The
latter is formally stated and proven in Theorem 2.8.

Theorem 2.8. Let the discrete-price auctions with 2 bidders
with v1 = vy = 1. There exists an e-approximate correlated
equilibrium . € A(S) such that the expected payoff admits

S uls) - r(s) < 1-6(1/k) ~ (e

seS

The proof of Theorem 2.8 is presented in Appendix B.

3. Proof of Theorem 2.6

In this section we present the proof of Theorem 2.6 that is
the main contribution of this work.

Theorem 2.6. Let the probability distribution 1w € A(S) be
an e-approximate correlated equilibrium. Then its expected
revenue admits Y o pi(s) - (s) > va — 3/k — O(e - k?).

In order to establish Theorem 2.6 we develop a novel dual-
fitting approach. In Definition 3.1 we introduce a linear
program the minimum value of which acts as a lower bound
on the revenue of any e-approximate correlated equilibrium.

Definition 3.1. Let a discrete first-price auction and con-
sider the following linear program,

min Z w(s) - r(s)
seS
st > plsiys_i) (Uilshs—i) = Ui(siys-i)) < €
s_;E€ES_;
for all agents i € [n] and bids s;, s, € S;

> uls)=1

seES
u(s) >0 Vses

where U, (s;, s_;) is the utility of agent i € [n]. We denote
with Z3 p the optimal value of the linear program.

Notice that any feasible solution () of the polytope de-
scribed in Definition 3.1 is also a joint probability distribu-
tion over S, 1 € A(S). In Lemma 3.9 we establish that the
optimal value Z7 , of the linear program in Definition 3.1
acts as a lower bound to the revenue of any e-approximate
correlated equilibrium p € A(S).

Lemma 3.2. Let 1 € A(S) be an e-approximate correlated
equilibrium. Then ) s p(s) - r(s) > Z7 p.

The proof of Lemma 3.2 consists of using Definition 2.2 to
show that any e-approximate correlated equilibrium satisfies
the constraints of the linear program of Definition 3.1 and is
relative straightforward (see Appendix D for the proof). We
dedicate the rest of the section to establish a lower bound
on Z7 p. In Lemma 3.3 we present the dual of the linear
program of Definition 3.1 (see Appendix D for the proof).
Lemma 3.3. The dual of the LP in Definition 3.1 is the
following:
max fL—e€- Z Z Z )\iis,’.
i€[n] s:€S; sL€S; '
st > > Ny (Uilsiys—s) = Uslsiys-3)) < r(s)
i€mlsles;
foralls € S
/\;Sﬂ_ >0 Vie [n],si,s,i €S;
Remark 3.4. We remark that the dual variable © € R in

Lemma 3.3 is a scalar and should not be confused with
u(-) € A(S) in the primal linear program of Definition 3.1.

Our dual fitting approach consists of finding an assignment
to the dual variables {y, )\iis/} that is feasible for the dual
and satisfies '
R 55 S SRR e
i€[n] si€S; sL€S;

Once the latter is established, the proof of Lemma 3.7 fol-
lows directly by weak duality. In particular,

STus) ) > Zipzp-e 33 SN

i€[n] s:€S; sL€S;
vy — 3/k — O(k%).

%

3.1. The Dual-Fitting Argument

In this section, we present our assignment of the dual vari-
ables {11, \¢, _,}. We use the notation Ay, . to differenti-

ate between the assignment and the variables Ai,;,s,f We
also remind that without loss of generality we have assumed
that v; > vy > ... > v,. In Definition 3.5 we present
the assignment of the dual variables corresponding to any
bidder 7 > 3.

Definition 3.5. For each agenti > 3, 5\;(4 = 0.

In Definition 3.6 we present the assignment of the dual
variables A’ _, for the bidders i € {1,2}.
Definition 3.6. Let a bidder ¢ € {1,2}. Then for all bids
S; € Si,
0 ifs; <s
Aoy =91 ifs;+1/k<s, <wy—2/k
0 ifve—1/k <]
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To simplify notation we consider the following notation,

by :=r(s) — Z Z 5\;@; (Ui(siy5-i) — Ui(st, 5-4)) -

i€[n] s;€S;

In Lemma 3.7 we state the main technical result of the
section, stating a lower bound on each by.
Lemma 3.7. Let the assignment 5\21 o described in Defini-

tion 3.5 and 3.6 respectively. Then foLr all bidding profiles
s€S, by >1-3/k

The proof of Lemma 3.7 is presented at the end of this
section. Up next, we state and prove Lemma 3.8 that directly
implies Theorem 2.6.

Lemma 3.8. Let the assignment 5\;5, of Definition 3.5,3.6

and [i := vy — 3/k. This assignment is dual feasible and
additionally

frmee Y Y Y AL, > v —3/k—O(Ke).

i€[n] s;€S; sL€S;

Proof of Lemma 3.8. Since i = vy — 3/k then by Lemma
3.7 we directly get that for all s € S,

At Z Z 5‘;&82 (Ui(siy5-1) = Ui(si,5-4)) < 7(s)

i€[n] s;€S;

which means that the assignment is dual feasible. By Defini-
tion3.5and 3.6 we getthat i—e >, 20

5\1‘
5i,5,€8; Tsis)

2 vo—2/k

3 2
1> vy — 7 2¢-k
i=15,€S; s=s;+1/k

We conclude the section with the proof of Lemma 3.7.

Proof of Lemma 3.7. By Definition 3.5 we know that for all
bidders ¢ > 3, )\iis{ = 0. Thus forall s € S,

by :=7(s) — Z Z 5\;32 (Ui(siys-i) —

i€{1,2} sL€S;

Ui(si,5-4))

Notice that by Definition 3.6 we get that

’U272/k‘

by :=1(s) — Z Z

1€{1,2} sj=s:+1/k

(Ui(si,5-4) = Ui(s},5-4)) -

@)
We complete the proof by partitioning S in the following 4
classes and establishing that b, > 1 — 3/k for each one of
them separately.

Lemma 3.9. Let a bidding profile s € S such that s, =
max(s1,...,S,) and sy < sq then by > vo — 2/k.

Lemma 3.10. Let a bidding profile s € S such that sy =
max(s1,...,8,) and s < s then by > vo — 2/k.

Lemma 3.11. Let a bidding profile s € S such that sy =
max(s1,...,8,) and s1 = sy thenbs > vy — 2/k.

Lemma 3.12. Let a bidding profile s € S such that s; #
max(sy,...,S,) and sy # max(sy,...,s,)" then by >
Vo — 3/k‘

The proof of Lemma 3.9 is presented in Section 3.2. The
proof of Lemma 3.10 is similar and is deferred in Ap-
pendix D. Due to lack of space, the proofs of Lemma 3.11
and Lemma 3.12 are also deferred to Appendix D. O

3.2. Proof of Lemma 3.9

In this section we provide the proof of Lemma 3.9.

Lemma 3.13. Let a bidding profile s € S such that s1 =
max(s1,...,S,) and so < sq then by > vo — 2/k.

Proof. Since s1 = max(s1,...,S,) and sy < $1, we know
that bidder 2 does not win the item. Thus Us(sg,s_2) =
0. Since s; = max(sy,...,S,) we know that bidder 1 is
among the winners meaning that U;(s1,s-1) < v — s1.
Notice that Uy (s1, s—1) does not necessarily equals v — 1
since in case of a tie, the item is given to one of the winner
uniformly at random.

Since s; = max(sy, ..., S,), we also know that if bidder 1
submits any bid sj > s1 + %, it will be the only winner and
thus Uy (s}, s—1) = v1 — s}. By Equation 2 in the proof of
Lemma 3.7 we know that

vo—2/k
by = si— Y. (Ui(s1,5-1) —Ur(sh,51))
sh=s1+1/k
(A)
'U2—2/k'
— ) (Us(s2,5-2) — Us(sh, 5-2))

sh=s2+1/k

(B)

Up next, we upper bound the terms (A) and (B) sepa-
rately. Starting with the term (A), we first remind that

“Notice that the fact that vy > wvg > ... > vy, does imply that
the bids s1, s2, . . ., sp, follow the same order.
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Ul(Sll,S_l) = U1 — 8/1 and Ul(Sl,S_l) S v — S1. ThllS,

1)2—2/]6

A) = >

si=s1+1/k
1}272/’(}

> (v —s1) = (v1 —8)))
si=s1+1/k
'U2—2/k

si=s1+1/k
1 ((kve —1)(kv2 —2)  ksi(ks1+1)
ok 2 2
— 81'(k"02—2—k"81—1+1)
1

= ﬁ(k2-v§—3k-v2+2—k2-s%—k~sl)

— %(k2-5102—2k-51—k2-5f)

(Ur(s1,8-1) = Ur(s},5-1))

IN

(51— 1)

We now continue with (B). First notice that bidder 2 does

not win the item since so < s1. Thus, Us(s2,s_2) = 0.

For the exact same reason Us(sh, s_2) = 0 for all bids
sh < 81 — 1. As aresult,

’U272/k‘
TS
sh=sa+1/k
8171
= Z Us(s2,5-2) — Ua(s5, 5—2)
sh=sa+1/k 0 0
’szl/k)

LD

(Us(s2,5-2) — Ua(sh,5-2))

Us(s2,5-2) —Usa(sh, 5_2)
—_——

sp=s1 0
’U272/k
= —Us(s1,52)— Y, Us(shs)
sh=s1+1/k va—sh
since agent 2 wins with sy, > s1 + 1/k
’U272/k
= —Uslsiys—a)— ) (v2—sh)
<0 sh=s1+1/k
< —’Ug(k-'l)g—Q—k-Sl—l-i-].)
n 1 (k"Ug — 1)(]411}2 — 2) _ k:sl(ksl + 1)
k 2 2
1
< —E(k2 02 — 2u0k — k% - 510)
1
+ —(k‘2~v§—3k‘-v2—|—2—k2~8?—k-31)

2k
Putting everything together we get that,

(A)+(B) <

(k2~slvg — 2k - 51 7k2~s?)

el el S

(k* - v3 — 2k - vy — k% - 5103)

2
= —U2+%+81

*(k’Z"U%—3]6'1}2-‘1-2—]62'8%—]?'81)

Thus, bs := s1 — (A) — (B) > vy —

el

4. Experimental Evaluations

In this section, we experimentally evaluate the time-average
revenue produced when all bidders use the no-swap regret
algorithm of (Blum & Mansour, 2007), which guarantees
O(VkT) swap regret.

As discussed earlier, Theorem 2.6 implies that, with high
probability,

rxoze-i-o(E) o

t=1

We first consider a discrete first-price auction with k =
10 and 3 bidders with valuations vy = 1 > vy >
vy = 0. To capture different cases, we examine vy €
{0,0.2,0.5,0.8,1}. Figure 1 presents our results, showing
that in all cases, the time-average revenue always surpasses
vg — 1/k = vy — 0.1, significantly faster than O(k7).
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Figure 1. Time-averaged revenue for different values of vs.

Next, we examine the trade-off between the discretization
level k and produced revenue. Equation (3) suggests that
larger k values yield higher long-term revenue but at the
cost of slower convergence. To evaluate this, we consider
3 bidders with valuations v1 = 1, v = 1, and v3 = 0,
participating in auctions with k& € {10, 30,50}. Figure 2
confirms that higher k values indeed lead to greater revenue
but a slower rate. Additionally, our second experiment
confirms that revenue converges to v, much faster than our
theoretical analysis predicts.

We now experimentally evaluate the revenue produced by
no-swap regret dynamics in the Bayesian setting where the
valuation of each bidder ¢ € [n] is sampled according to a
probability distribution P; € A(B). We consider the i.i.d.
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Figure 2. Impact of discretization level k£ on revenue convergence.

setting where each bidder 7 € [n] admits either v; = 0 or
v; = 1 with probability 1/2. In case of n bidders then
expected second highest valuation admits E[ve] = 1 — (n +
1)/27™. We evaluate the algorithm of (Blum & Mansour,
2007) for n = {2,3,4,5} and k = 10. We remark that
in the Bayesian setting each bidder runs on parallel two
different no-swap regret algorithms - one responsible for
the bids in case v; = 0 and one responsible for the bids
in case v; = 1. In the following figure, we present our
experimental findings indicating that even in the Bayesian
setting the revenue produced converges to E[vs].
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Figure 3. Revenue produced for different number of bidders.

We additionally examine the convergence properties of no-
swap regret dynamics to Bayes Mixed Nash Equilibrium
for n = 2 and i.i.d. valuations uniform in {0, 1} (exactly
as above). In case of continuous bidding space B = [0, 1],
there exists a unique Bayes Mixed Nash Equilibrium s*
where s*(0) = 0 and s*(1) ~ P with CDF, Fp(z) =
1/(1—x)—1forall z € [0,1/2]. Our experimental findings
reveal that the time-average bidding behavior of the bidders

is very close to Bayes Mixed Nash Equilibrium. In particular

for v; = 0, bidder ¢ always bids 0 while for v; = 1 bidder

1 randomly selects its bid according to a CDF that closely
1

approximates Fp(z) = 1= — 1 forz € [0,1/2].

We have deferred figures and a more comprehensive expla-
nation of our experiments in the Bayesian Setting to the

Appendix E, but our results complement the experimental
findings of (Bichler et al., 2023) (see Remark E.1).

5. Conclusion and Future Directions

In this work, we study the revenue guarantees of approxi-
mate correlated equilibrium in discrete first-price auctions.
In particular, we establish that any e-approximate correlated
equilibrium guarantees revenue of at least v, — O(1/k) —
O(k? - €). Our results imply that if all bidders use no-swap
regret algorithms, then the time-averaged revenue converges
close to the second-highest valuation within a polynomial
number of rounds with respect to the number of possible
bids. To the best of our knowledge, this is the first result
quantifying the convergence properties of the revenue pro-
duced by online learning agents in first-price auctions.

Our work leaves open several interesting research direc-
tions. First, achieving faster convergence rates for revenue
is a compelling direction for future research. Our work
leaves a gap between the upper and lower bounds of an
e-approximate correlated equilibrium. Specifically, Theo-
rem 2.6 establishes a bound of va — O(1/k) — O(k? - ¢),
whereas Theorem 2.8 provides a bound of vy — ©(1/k) —
©(e). Since our experimental evaluations indicate faster
convergence rates than the ones predicted by Theorem 2.6,
we conjecture that the right bound is the one given in The-
orem 2.8. Another very interesting direction is extending
our dual fitting approach in the Bayesian setting, where
bidders’ valuations are i.i.d. Our experimental results indi-
cate that the revenue generated by no-swap regret agents
indeed approaches the expected value of the second-highest
valuation.
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A. Revisiting the argument in (Feldman et al., 2016)

In this section we establish Theorem 2.5 by extending the very elegant argument of (Feldman et al., 2016) in the context of
discrete first-price auctions. We note that the purpose of this section is solely to provide intuition and the reader can directly
proceed to Section 3 where the proof of Theorem 2.6 is presented.

Theorem 2.5. Let the probability distribution € A(S) be an exact correlated equilibrium (¢ = 0). Then its expected
revenue admits ) o j1(s) - r(s) > vy — 4/k.

Proof. To simplify notation we denote Pr,[-] as Pr[-]. Let p* € 3 denote the minimum bid with non-zero probability that
can win the item,
p* :=min{p € B: Pr[lrenz[u% s < p] > 0}.
€n

In case p* > vo — 3/k notice that the proof is already completed. Thus without loss of generality we assume that

p* < vy — 4/k. Thus there exists a bid p € B such that p € [p*, p*% — %)

Now consider the bidders {1, 2} and notice that

Z Prls; = max s; and s; < p|] < Pr[max s < p)].

je(le) ke(n] ken]
Thus, there exists a bidder j € {1, 2} such that
1
Prfs; = ds; <p]<=-P <p. 4
r[s; ixgﬁ sk and s; < p|] < 5 r[iréz[lr)ﬁ sk < pl )]

Up next, we construct the following switching function for this bidder j € {1,2},6: S; — S,

5(s;) = p+1/k ifs; <p
I 5 otherwise

Since v € A(S) is an exact correlated equilibrium we know that,
E[U;(6(s;), s-5)] — E[Uj(s;,s-3)] 0. )
Let S’ :={s €S : s; < p}. Notice that for any s ¢ S’, 6(s;) = s;. As aresult,
E[U;(8(s;), 5-)] = B[Uj(sj,5-5)] = > pu(s) - Uj(8(s5),5-5) = > pls) - Uj(sj,5-5). (6)
seS’ seS’

Let us further partition §" := (§',8’/S”) where §” := {s € &’ : 5; = maxy¢[,) sx}. In simpler words, S” contains
the bidding profiles of s € S’ at which agent j € {1,2} wins the item. Notice that for any s ¢ S”, U;(s;,5_;) = 0 and
U;(6(sj),s—j) = v; — s; since s; is not the maximum bid while 6(s;) = p + 1/k is definitely the maximum bid>. As a
result,

Z w(s) - (U;(6(sj),s—5) —Uj(sj,s—;)) = (va—p—1/k)-Pr[s; # gé?rﬁ sk and s; < p]
Sgs/l
> (va —p—1/k) - Pr[max s §p]~1 @)
ke(n] 2
Notice that for any s € S”, U;(s;,5-;) < v; —s; and U;(0(s;),s—;) = v; — d(s;). As aresult,
D uls) - (U (8(s5),5-5) = Ujlsjrs—y)) = > pls) - (55— d(s;))
s€8" s€8"
> (p* —p— ]_/k) PI’[SJ- = inf[ix] Sk and Sj Sp] (8)
€n
> (p*—p—1/k)Pr[s; = kmz[nﬁ Sk|/2 )
€ln

°8" C 8’ and thus maxye(,) Sk < p
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where Equation (15) is due to p* := min{p € B : Pr[max¢[,) sx < p| > 0}. Then by Equation (7) and (9) we get that

’U2+ *
Pr[?é% sk < pl- <2p e 1/k> < s%/u(S) (U;(6(s5),5—5) — Uj(sj,5-5)) <0

which is a contradiction since p < # —1/k. O

In the rest of the section, we sketch how the arguments in the proof of Theorem 2.5 can be extended so as to establish that
an e-approximate correlated equilibrium admits revenue greater than vo — O(1/k) — € - k©Uogk) The latter approach is
presented in further detail in Appendix A.1.

Up next we build upon the proof of Theorem 2.5. Let us assume that p is an e-approximate correlated equilibrium. Then
by selecting p* = 0 and using in the RHS of Equation (5), ¢ > 0 instead of 0 , one could establish that for all p € 5 with
pe 0% —¢).

Pr[max s < p] (W —-p— l/k) <e. (10)
ken] 2
As a result,one could conclude that
V2 1
Pr[max s < p] < O(ek) forallp € |0, = — — ] . (11)
ke[n] 2 k

Then the exact same arguments can be repeated for p* = v, /2 and one can conclude that
2 (%) 31)2 1
Pr[znz[xx] s <p] <O(ek®) forallpe | =, — — — . (12)
€n

The extra k in Equation (12), comes from the fact that the probability of agent £ winning the item with bid s;, < p* — 1 is not
0 (as in the proof of Theorem 2.5) but rather O(ke) (see Equation (11)). Then by the fact that (# -p—1/ k) >1/k
we get the O(ek?) bound (see Claim A.1).

By repeating the same argument inductively, one can argue that for all o < log(k/3) — 1,

Pr[in?ﬁ sk <p] <O(e- k%) forall p € Aa)
€n

where A(a) := [(1 —27%)vg, (1 — 27 )y — 1] (see Claim A.1). By using the latter, one can argue that the revenue of
an e-correlated equilibrium is at least v — % — € kOUogk) (see Claim A.3).
A.1. Omitted Proofs of Section A

In this section we present a more detailed sketch on how the argument of (Feldman et al., 2016) presented in Appendix A
can be extended to e-approximate correlated equilibrium. We remind that the goal is to establish that any e-approximate
correlated equilibrium p(-), its revenue > _ u(s) - 7(s) > vo — O(1/k) — kOUo8k) . ¢,

We start by first upper bounding the probability the revenue to be less than a value p, Pr [max(sy, ..., s,) < pl.
Claim A.1. Let an integer a < log(k/3) — 1. Then for any p € [(1 —27%)va, (1 =27 1)vy — 1)

Pr[max(sq,...,s,) < p] < O(e- k)

Proof Sketch. The case of a = 0 can be established with the argument presented in Section A.

Up next, we present the induction Step. Let p* = (1 — 279 1)u,. By the induction hypothesis we know that
Prmax(sy,...,8,) <p*—1/k] < Of(e - k**1). Since a < log(k/3) — 1 there exists at least one valid bid

pE |p~, p*% — %) As in the proof of Theorem 2.5, there exists a bidder j € {1, 2} such that

1
Pr|s; = ds; <p|<=-P
T |:SJ gé?rﬁsk and s; _p} <3 r [kme?rﬁsk]

13
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Now construct the following switching function 6(+) for agent j,

1/k ifs; <
(5(8_]) — p+ / 1 S] —p
5; otherwise
To simplify notation let A := E[U;(4(s;),s—;)] — E[s;,s—;)] < e. Since p is an e-approximate correlated equilibrium, we
know that A < e. Up next we present Proposition D.6 that provides a lower bound on A.

Proposition A.2. A > Pr[maxjep,) sp < p] - (# —p— 1/k:> — Pr[maxepn) sr < p* — 1]

Proof. Let S’ :={s € S: s; < p}. Notice that for any s ¢ S’, §(s;) = s;. As aresult,

A= p(s) - U(5(s5),5-5) — > pu(s) - Us(s,s-5). (13)

seS’ seS’

Let us further partition §" := (§',8’/S”) where §” := {s € &’ : 5; = maxy¢[,) sx}. In simpler words, S” contains
the bidding profiles of s € S’ at which agent j € {1,2} wins the item. Notice that for any s ¢ S”, U;(s;,s_;) = 0 and
U;j(8(s;),s—j) = vj — s; since s; is not the maximum bid while §(s;) = p + 1/k is definitely the maximum bid®. As a
result,

> wls) - (Uj(6(s)s5-5) = Us(sjos-5)) = (va—p—1/k)-Prls; # max sy, and s; < Pl
Sgs//
(14)

1
> (va—p-— 1//{;)-Pr[]1€ré?r)t<]sk <p]- 3

- Pr [maxke[n] Sk ] Notice that

where the last inequality comes from the fact that Pr [sj = maXjye[y] Sk and s; < p} < %

forany s € S”, U;(s;j,s—;) <v; —s; and U;(0(s;),s—;) = vj — 0(s;). As aresult,

> uls) - (U(8(s5),5-5) = Ujsjos—3)) = Y pls)- (s —(s5))

seS”" seS!

> (p*—p—1/k)Pr[s; = ;?é%sk and p* < s; < p|
+ (0—p—1/k)Pr[s; = i%?zjsj and s; < p* — 1]
> (0" —p = 1/k) Primax s < pl/2
Pr[gﬁ sk <p* —1] (15)

Then by adding Equation (14) and (15) we get that

vy + p* .
Pr[max s < p] - T—p—l/k —Pr[}rﬁré?;ﬁskgp —-1]<4

ken]
O
Now by combining Proposition D.6 with the fact that A < e we get that,
*
Pr [max(s1,...,8,) <p]- (U2 tp —p— 1/k> < Prmax(si,...,sn) <p*—1]+e€
Since (UZ‘QH’* —p— l/k) > 1/k we finally get that
Pr[max(si,...,8,) <p] < k-Pr[max(si,...,s,) <p*—1]+e- k< Ok ¢
which completes the induction step. O

68" C 8’ and thus maxye(,) Sk < p

14
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Claim A.3. Let an approximate e-approximate correlated equilibrium p(-) then ", p(s) - rs > va — O(1/k) — kOUos k)¢,

Proof Sketch.
1
Z,u(s) Ty = ZPr[maX(sl, ooy Sn) =l /K
s p=0
va(1—-3/k)
> Z Prmax(sy,...,s,) > pl/k
p=0
va(1—-3/k)
= Z (1 — Primax(s1,...,sn) <p)/k
p=0
1 log(k/3) (1—27°"Hua—1/k
- +1
= v2(1—3/k)—E Z Z O(e-k*T)
a=0 p=(1—2"%)vy
log(k/3)—1 9—a
> (1 —3/k)— Z:;) 5Ok o)
> vy — O(1/k) — ECUesh) ¢
O
B. Proof of Theorem 2.8

Theorem 2.8. Let the discrete-price auctions with 2 bidders with vi = vy = 1. There exists an e-approximate correlated
equilibrium p € A(S) such that the expected payoff admits

> uls)-r(s) <1—-6(1/k) — O(e)

seS
Proof. Let us consider the following joint distribution p € A(S),

0 if S1 75 S9
u(s1,82) =<e/k ifsg=s<1-1/k
1—¢ if S§1 = S92 = 1
We first show that ;1 € A(S) is an e-approximate correlated equilibrium. Let bidder ¢ € {1, 2}, then for any s = (s;, 5_;)

with s; < 1 — 1/k, the best response would be bidding s; + 1/k since in this case it would win the item for sure instead of
probability 1/2. As a result, for any switching function ¢ : S; — S;,

Bonpn[Ui(0(si), 5-i)] = Eswp[Ui(si; s—)] < (1 - ]H) ' 2 > (1 - 2) . i

: k :
7=0 7=0
LUk 0 N
j— P . — < €
. 2 k) k™
7=0
(16)
Now concerning the revenue of the this correlated equilibrium p € A(S),
1-1/k
€ ) e (k—1k € €
Zu(s)~r(5):176+%~ Z ]:176+E~T:1757ﬁ
sES j=1
O

15
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C. Proof of Theorem 2.3

Theorem 2.3. If each bidder i € [n), selects its bid st € S; according to a no-swap regret algorithm A;, st ~ xt. Then
after T = O (max;c[n) Ri(T) /€ + log(n/8)/€) rounds, the time-average distribution ji € A(S), defined as

T
1
i(s) = T ;I[st =s] forallseS,
is an e-approx. correlated equilibrium with probability 1 — §.

Proof. We remind that by Chernoff bounds, if X, ..., X, are independent random variables taking values in [0, 1]. Then for
any 6 > 0,

Pr < e 0T EX (17)

X > (146)> E[X|]

t=1

Let us fix an agent i € [n] as well as a switching function ¢ : §; — S;. Now consider X; := U;(6(st), s* ;) — U;(st, s-;)

% 2 —1

and notice that 3, E[X,] < R™(T). Then § = €T/ Y, E[X,] — 1 and Equation (17) we get that,

Pr liXt >e-T| =Pr [ZT:Xt > (1+6)ZE[Xt]
t=1 t=1

t=1
Since there n bidders and since there are at most k* different switching functions § : S; — S; (|S;| = k), by union bound
we get that ,

< e—(eT/ S EX]-1)- 57 E[X] < e THRY™(T)

T
Pr lthere exists agents ¢ € [n] and § : S; — S; with Z Ui(6(st), s";) — Z Ui(st,st;) >e-T| <.

t=1 t=1

after at most T = O (max;e[, Ri(T)/e + log(n/d)/e + klog k/e) rounds. Thus, with probability at least 1 — 4, the
following holds for each bidder ¢ € [n] and switching function ¢ : S; — S;.

%ZUi(é(sﬁ),st_»)— %Zwsﬁ,si» <e (18)

t=1 t=1

By the definition of 4 € A(S) as fi(s) = & - Zthl I[s; = s] we get that Equation (18) admits the following equivalent
form,
EsiNﬁUi(é(si)a st ) - ]EsiN;lUi(Sh St_,) <e (19)

—i

and thus that i € A(S) is an e-approximate correlated equilibrium. O

D. Omitted Proofs of Section 3.1

Lemma D.1. Let i € A(S) be an e-approximate correlated equilibrium. Then ) s ji(s) - 7(s) > Z} p.

Proof. Since € A(S) then ) s u(s) = 1 and pu(s) > 0forall s € S. Notice that by Definition 2.2 we know that for
any bidder ¢ € [n] and switching function 6 : S; — S,

ZZM(3i75—i) ~(Ui(siy5-i) — Ui(d(s4),8-4)) > —¢

Si S—i

Let s;, s; € S; and consider the switching function d(s;) = s} and 6(z) = x otherwise. Then we directly get that

Z,u(si,s_i) (Ui(siy8—i) — Ui(sh,5-4)) > —e foralls € S.

16
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Lemma D.2. The dual of the LP in Definition 3.1 is the following:

max ,u—e-z Z Z )\éisé

ie[]eGSses

st op+ Z > X Uilsiys—i) = Ui(s),s-4)) < r(s)
€ln] sL€S;
foralls € S
PV >0 Vie [n]78i7872’ eS;

SiS—i

Proof. By taking the Lagragian

L= D ) vs) = D A | € Do o)+ Uil i) = Uiloiy o) +u(1—2u<s>)—2ks-u<s>

S
1,8;,8]

where Aiiys—i , ks > 0. By rearranging the terms we get that

L:=> pls)|r +Z)\sl,5 —i) = Ui(siys—i)) —p—ks | +pu—ce Z Aot

By setting 7(s) — X e 1 Lsres; Nopor (Uilsiss—i) = Ui(s},5-4)) — p — ks = 0 we get that

pt Z Z )\s“s 5275 7,) - UZ(S;,S,Z)) < T'(S)
[n] s;€S;

since ks > 0. O]

Lemma D.3. Let a bidding profile s € S such that so = max(s1,...,s,) and s1 < sa then by > vy — 2/k.
Proof. Since so = max(sy,...,S,) and s < s2, we know that bidder 1 does not win the item. Thus U;(s1,s_1) = 0.
Since s = max(s1, ..., S,) we know that bidder 2 is among the winners meaning that Us(s2, s_2) < vy — so. The latter is

due to the fact that in case of a tie, the item is given to one of the winner uniformly at random. Since so = max(sy, ..., Sp),
we also know that if bidder 2 submits any bid s}, > s + 1, it will be the only winner and thus Us (s, 5_2) = vs — sh.

By Equation (2) in the proof of Lemma 3.8 we know that

U2_2/k U2—2/k
be=s1— > (Ui(s1,5-10) = Us(sh,s-1)— > (Ua(s2,5-2) — Ua(sh, 5-2))
si=s1+1/k sh=s24+1/k

A) (B)
Up next, we upper bound the terms (A) and (B) separately.

Starting with the term (B), we remind that Us (s}, s_2) = vo — s5 and Ua(s2,5_2) < v — $a.

vo—2/k va—2/k
B) = > (Ua(s2.5-2) = Us(shys2)) < Y ((v2—52) — (v2 — sp))
sh=s2+1/k sh=s2+1/k
1)2—2/’6
1 ((kvg —1)(kvy — 2 kso(k 1
_ Z (8,2—82):* ('U2 )( V2 )_ 52( 52+) —52'(k’02—2—]€'52—1+1)
k 2 2
s —32+1/k
1
= o (k2 —3k-vo+2—k* 55—k s2) —E(k2-3202—2k-52—k2-s§)

17
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At the same time, since s; < so = max(sy, ..., S,) we have that U; (s1, s_1) = 0 (bidder 1 does not win the item). The
same holds for all bids s] < sy — 1, meaning that Uy (s}, s_1) = 0. As a result, we get that

’U272/1€
(&) == Y (Uils1,5-1) = Ui(sh,5-1))
sh=s1+1/k
s2—1 vo—1/k
= Z Ui(s1,5-1) = Ui(sh,s—1) | + Z Ui (s1,5-1) —Up(s],5-1)
;. _ %,—/
sh=s1+1/k 0 0 51=S2 0
’U272/k
= —Ui(s2,8-1) — Z Uy(s},s_1) since agent 1 wins the item
si=s24+1/k >ug—s,
71272/16
< —Ui(s2,8-1) — Z (v2 — 1)
%’_/ ,
<0 si=s2+1/k

1
S 71)2(]43'1]2727]41'52714’1)4’@

1 1
< —%(k‘Q-US—Qvgk‘—RQ-ngz)‘Fﬁ

2 2
(k2~v§—3k-v2+2—k2-s§—k~52)

((kw —1)(kvy —2)  ksa(kss + 1))

Putting everything together we get that

'U2_2/k3 ’1)2—2/k?
Y Uilsis) = Ui(sh,s)) + Y (Us(s1,5-4) = Ua(sh,s-4))
shi=s1+1 sh=s2+1

1 1
*(kQ'U%—3](5'7)24-2—]{52'8%—]@"81)—%(kQ'Slvg—Qk"Sl—kQ'S%)

IN

k
1
— %(k2 02— 2k vy — k2 - s109)
2
= —v2+ T + 51
We thus finally get that
U2_2/k ’U2—2/k
bs = s1— Z (Ui(s1,5-1) = Usr(sh,s-1)) — Z (Ua(s2,5-2) — Ua(sh,5-2))
si=s1+1/k sh=s2+1/k
2
> 81+”2_E_81202_E
D.1. Proof of Lemma 3.11

In this section we provide the proof of Lemma 3.11.
Lemma D.4. Let a bidding profile s € S such that s = max(sy,...,s,) and s1 = sg then by > vy — 2/k.

Proof. By Equation (2) in the proof of Lemma 3.8 we get

’U272/k
by = s, — Z (U'(s1,5-1) = U (s},5-1))
si=s1+1/k
A)
va—2/k
— Z (U2(52,5_2) — U2(5’2,s_2))
sh=s24+1/k

(B)

18
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Since sy = s1, by rearranging the terms we get (A) + (B) =

ve—2/k

> (U (s1,5-1) + U*(s1,5-2)) —U(s1,5-1) | (D)
si=sit1/k <wi—s1 =v1—s]
vo—2/k

— ) U(shys—a) (ID)

sh=sitlk

=vy—s)

In Equation (I), U'(s1,5_1) + U%(s1,5_2) < v; — s1 is due to the fact that since both bidder 1 and 2 submit the exact
same bid s; = max(si, ..., Sp), then there are least 2 potential winners. As result, bidders 1 and 2 win with probability at
most 1/2. Thus,

Ul(Sl,S_l) < (’Ul — 81)/2 and U2(81,$_2) < (’1)2 — 81)/2

which means that their sum is at most v; — s1 since vg < vy.

At the same time, Uy (s],s-1) = v; — s} comes from the fact that bidder 1 is the only winner if it submits any bid
sy > s1 + 1/k. For the exact same reason U2 (s}, s_5) = vy — s4 for sh, > s1 + 1/k in Equation (5). As a result,

va—2/k vo—2/k
(A)+(B) < S sh=s) - D (va—sh)
si=s1+1/k sh=s1+1/k

vo—2/k va—2/k

= 2. Z sy — Z (s1 4+ v2)
si=s1+1/k si=s1+1/k
o g (kUQ — 2)(]{11}2 — 1) . (kSl + 1)(k31)
ok 2 2
— (51+U2)(k’t}2 7271&51)
= kv% — 3vg + 7 k:sf — 81 — ksjvg + 251
+ ks% — kv% + 2v9 + kvasy
2
= —vU2+ E + 51
Thus,BS:sl—(A)—(B)zvg—% O

D.2. Proof of Lemma 3.12

Lemma D.5. Let a bidding profile s € S such that s; # max(sy,...,s,) and sy # max(sy,...,s,) then by > vy — 3/k.

Proof. To simplify notation we denote with s* := max(sy, ..., s,) and ¢* := argmax(sy, ..., S, ). Notice that s* < v;+ <
vo. For any bid s < s* — 1/k we have that Uy (s, s—1) = Usz(s, s—2) = 0 since neither agent 1 nor agent 2 wins the item. At
the same time Uy (s}, s—1) = v; — s} forall 8§ > s* 4 1. Similarly Us(s5, s_2) = v2 — s} for all s§ > s* + 1. As aresult,
vo—2/k
be = ra— > > (Uilsirsi) = Ui(s},s-4))

1€{1,2} si=s;+1/k

s*¥—1 1)272/](?
= s - Z Z Ui(siys—i) = Ui(siys-3) | + Z Ui(siy i) —Ui(s5, 5-i)
i€{1,2} \s,=s;+1/k 0 0 si=s* 0
'U272/k? 1)272/](5
= S DY Y Ulshso) =s + > > Uilshsi)
i€{1,2} si=s* 1€{1,2} si=s*+1
vo—2/k vo—2/k va—2/k
= s+ Z (v1 —8}) + Z (vg — 85) > s* +2 Z (vg — 55)
si=s*+1 sh=s*+1 sh=s*+1
"Notice that the fact that v1 > va > ... > v, does imply that the bids s1, S2, . . ., s, follow the same order.
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As a result,
ve—2/k
by > s +2 Z (vg — 85)
sh=s*+1/k
1 [ (kvy —2)(kvy — 1 ks*(ks* +1
_ S*+2U2(k1}22k5*+11)2k<( (%) )2( V2 )7 5(‘;—" )>

1
= " +2kvs —4vy — 2k - ¥ vy — E(k%g — 3kvy + 2 — k?5*? — ks¥)
2
= 5* +2kv — 4vy — 2k - ¥ vy — kvl + 3vg — E—l—ksﬁ—ﬁ—s*

2
= 23*4-]611%—112—2](:'8*1}2—%4—/4}3*2
2
= 2s*+k(v2—s*)2—vg—E

Proposition D.6. I[f vy > s* then 2s* + k(vy — $)> — vy > vg — 1.

Proof. We will prove that A := 2s* + k(v — s*)? — 2vp > —+. Notice that
A =2(5* — ) + k(s* —wv2)? = (% —v2)(2 4+ k(s* —v))

In case s* = v then A = 0. In case s* = vy — % then A = —%. We conclude with the case where s* < vy — % The latter
implies that 2 + k(s* — v2) < 0 which in turn implies that A > 0. O

Up next we conclude with the proof of Lemma 3.12.

. 2 3
bs > 28" + k(ve — s*)2 — Uy — Z > vy — p by Proposition D.6

E. Experimental Evaluations in the Bayesian Setting

In the section we experimentally evaluate the revenue produced by no-swap regret dynamics in the Bayesian setting where
the valuation of each bidder i € [n] is sampled according to a probability distribution P; € A(B). We consider the i.i.d.
setting where each bidder i € [n] admits either v; = 0 or v; = 1 with probability 1/2. In case of n bidders then expected
second highest valuation admits E[vs] = 1 — (n + 1)/27™. We evaluate the algorithm of (Blum & Mansour, 2007) for
n ={2,3,4,5} and k = 10. We remark that in the Bayesian setting each bidder runs on parallel two different no-swap
regret algorithms - one responsible for the bids in case v; = 0 and one responsible for the bids in case v; = 1. In the
following figure, we present our experimental findings indicating that even in the Bayesian setting the revenue produced
converges to E[vs].

We additionally examine the convergence properties of no-swap regret dynamics to Bayes Mixed Nash Equilibrium for
n = 2 and i.i.d. valuations uniform in {0, 1} (exactly as above). In case of continuous bidding space B = [0, 1], there exists
a unique Bayes Mixed Nash Equilibrium s* where s*(0) = 0 and s*(1) ~ P with CDF, Fp(z) = 1/(1 —z) — 1 for all
x € [0,1/2]. In the following figure, we present the time-average bidding behavior of bidder 1 (the behavior of bidder 2 is
almost identical) for k = 50 and 7' = 10* rounds. Our experimental findings reveal that the time-average bidding behavior
of the bidders is very close to Bayes Mixed Nash Equilibrium. In particular for v; = 0, bidder ¢ always bids 0 while for
v; = 1 bidder i randomly selects its bid according to a CDF that closely approximates Fp(z) = - — 1 forz € [0,1/2].

We then repeat the same experiment for the more complex case where the valuation v; of each bidder ¢ € {1,2} is 0
with probability 0.25, 0.5 with probability 0.25, and 1 with probability 0.5. In this case B = [0, 1], then the Bayes Mixed
Nash Equilibrium s*(v;) would be s*(0) = 0, s*(0.5) ~ Pq.5, where Fp, . () = 1/(1 — 2z) — 1 for z € [0, 0.25], and
s*(1) ~ Py, where Fp, (z) = 3/(4—x) — 1 for x € [0.25,5/8]. In the following figure, we present our findings for & = 30
and 7" = 50000.

As we can see, not only the time-average revenue converges approximately to the expected second highest valuation
(~ 0.4026), but also the respective distribution converges to the Bayes Mixed Nash Equilibrium.
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Figure 4. Revenue produced for different number of bidders.
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Remark E.1. In (Bichler et al., 2023), the authors provide interesting experimental evaluations showing that, in the case of a
continuous bidding space (B = [0, 1]), online learning dynamics converge to the unique Bayes Pure Nash Equilibrium. It is
well known that when the bidding space is continuous and the distribution over bidders’ valuations is also continuous, there
exists a unique Bayes Pure Nash Equilibrium s* : [0,1] — [0, 1]. This implies that s*(v) corresponds to a deterministic
value in [0, 1), which is why it is referred to as the Bayes Pure Nash Equilibrium. (Bichler et al., 2023) experimentally
demonstrate that if bidders discretize their bidding space according to some discretization parameter k € N and adopt
online dual averaging algorithms, their strategies approximately converge to the Bayes Pure Nash Equilibrium s*.

However there are qualitative differences if the bidders retain continuous bidding space B = [0, 1] but the respective
distribution has finite support B’ C B. In this case, there exists a Bayes Mixed Nash Equilibrium in which each s*(v) for all
v € B’ is a continuous distribution over [0, 1]. As a result, the key difference between the experimental findings of (Bichler
et al., 2023) and ours is that (Bichler et al., 2023) show convergence to a Bayes Pure Nash Equilibrium if valuations follow
a continuous distribution over [0, 1], whereas we demonstrate convergence to a Bayes Mixed Nash Equilibrium if valuations
follow a probability distribution with discrete support in [0, 1].
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