Backward Oversmoothing: why is it hard to train deep Graph Neural Networks?
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Abstract

Oversmoothing has long been identified as a ma-
jor limitation of Graph Neural Networks (GNNs):
input node features are smoothed at each layer and
converge to a constant non-informative represen-
tation, if the weights of the GNN are sufficiently
bounded. This assumption is crucial: if, on the
contrary, the weights are sufficiently large, then
oversmoothing may be compensated. Theoreti-
cally, GNN could thus learn to not oversmooth.
However, this does not really happen in practice,
which prompts us to examine oversmoothing from
an optimization point of view.

In this paper, we analyze backward oversmooth-
ing, that is, the notion that backpropagated errors
are also subject to oversmoothing from output to
input. With non-linearities, we outline the key
role of the interaction between forward and back-
ward smoothing. Then, we show that, due to
backward oversmoothing, GNNs provably exhibit
many spurious stationary points: as soon as the
last layer is trained, the whole GNN is at a sta-
tionary point. As a result, we can exhibit regions
where gradients are near-zero while the loss stays
high. Additionally, we prove that this is specific
to GNNs, and does not necessarily hold for Multi-
Layer Perceptrons. This paper is a step toward a
more complete comprehension of the optimiza-
tion landscape of GNNss.

1. Introduction

Graph Neural Networks (GNNs) (Scarselli et al., 2009;
Bruna et al., 2014) are deep architectures that have de facto
become the state-of-the-art for machine learning problems
on graphs (Bronstein et al., 2021; Hu et al., 2020; Wu et al.,
2022), with numerous applications ranging from chemistry
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(Sypetkowski et al., 2024) to physics (Martinez et al., 2019),
social networks analysis and epidemiology (Meirom et al.,
2020), combinatorial optimization (Cappart et al., 2021),
and many others. Given a graph of size n represented by
a graph-matrix P € R™*"™ (that can be various flavors of
normalized adjacency, Laplacian...) and input node fea-
tures as rows of X0 ¢ R™*do 3 vanilla GNN follows the
propagation equation:

x (k) — p(pX(kfl)W(k)) 1)

where W (*) ¢ R 1% are learnable weights and p is a
non-linear activation function applied element-wise. A com-
mon interpretation is that GNNs realize “message-passing”
through the matrix P. Many variants of message-passing
exist, including some that cannot be written as fixed matrix
multiplication (Veli¢kovi¢ et al., 2018), but most classical
GNNss follow this simple architecture.

While theoretical and empirical studies of GNNs form a
large literature, with e.g. significant progress in the under-
standing of GNN expressivity or generalization (Vasileiou
et al., 2025), some early topics and fundamental issues re-
main, to this day, active research questions (Morris et al.,
2024). Among them, oversmoothing (Li et al., 2018; Oono
& Suzuki, 2020; Rusch et al., 2023) is a long-standing prob-
lematic phenomenon. It is rather unique to GNNs, and
easy to formulate: since node representations are mixed by
the matrix P (“smoothed”) at each layer, when the GNN
becomes very deep they converge to a constant, uninfor-
mative limit. This prevents regular GNNs from being too
deep, which is an issue: it has been theoretically shown that
GNN need depth for optimal performance (Loukas, 2020;
Keriven, 2022), and shallow GNNs are subject to under-
reaching, where distant nodes do not communicate at all
(Lu et al., 2023). Oversmoothing has been the topic of a
large literature (Rusch et al., 2023), with many strategies to
mitigate it, such as different flavors of skip connections (Li
et al., 2021) or normalization (Zhao & Akoglu, 2020). Nev-
ertheless, there are still some fundamental open questions
about the effect of depth in GNNs in general.

Oversmoothing is rather easy to theoretically prove under
appropriate hypotheses (Oono & Suzuki, 2020; Wu et al.,
2023) (see Sec. 3.1). Typically, P is assumed to be a stochas-
tic matrix' that shrinks all directions but the constant one.

ie. Pl, = 1,. As we remark later, non-stochastic matri-
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Therefore, assuming that the weights W) do not expand
too much the node representations’ norm, typical measures
of oversmoothing (Rusch et al., 2023) converge exponen-
tially fast to zero as k increases (see Sec. 3.1). The hy-
pothesis on the weights is crucial: if they are large?, then
oversmoothing may not happen. As such, the GNN could
learn to not oversmooth, as suggested by (Yang et al., 2020;
Epping et al., 2024). However: a) it is not common to
directly initialize expanding weights, as this can lead to
explosion of the gradients, and b) when using regular initial-
ization and gradient descent, vanilla deep GNNs generally
do not learn to counteract oversmoothing, even though this
would clearly lead to better minimizers of the loss. There is
therefore a problem with the optimization process itself.

Contribution. In this paper, we thus look at oversmooth-
ing from the optimization point of view. For this we put
forth the notion of backward oversmoothing: just as the
node representations are oversmoothed as k increases (in
the “forward”), then so are the backpropagated errors, when
k decreases from output to input. We show that, in the
presence of a non-linear p, it is the interaction between
forward smoothing and backward smoothing that eventu-
ally produces backward oversmoothing at the middle lay-
ers (Thm. 3.4 and Fig. 1, left). Then, our main result
shows that backward oversmoothing produces many spuri-
ous stationary points: we prove that, as soon as the last
layer is trained, then the whole GNN is in a near stationary-
point (Thm. 4.2). We argue that this is the main reason
why deep GNNs are “hard” to train: they tend to quickly
get to an easy-to-reach local minima (Fig. 1, center), with
high loss (Cor. 4.4). Moreover, we also show that regu-
lar Multi-Layer Perceptron (MLP) are not subjected to the
same phenomenon (Prop. 4.5), making our result specific
to GNNs. Our results rely on a precise characterization
of the smoothed limit of the backward signal — which is
generally not feasible in forward oversmoothing due to the
non-linearity p, hence the plethora of studies that study over-
smoothing only for linear GNNs (Keriven, 2022; Wu et al.,
2023; Park & Kim, 2024; Chen et al., 2025; Peng et al.,
2024). We show that, surprisingly, this characterization is
possible in the backward, even with non-linear p.

Note that this paper does not propose new methods to mit-
igate oversmoothing: there are a great number of them
already (Rusch et al., 2023) and it is slightly out of scope
here. Similarly, we only examine vanilla GNNs here, and
leave the analysis of existing strategies to mitigate over-
smoothing for a future dedicated paper, as we expect it to
be quite substantial (Chen et al., 2025). Our primary goal

ces lead to different limits, and deviate from the definitions of
oversmoothing in (Rusch et al., 2023).

2A weight matrix whose spectral norm is larger than 1 will be
said to be expanding.

is to explore important aspects of oversmoothing from an
optimization point of view that were relatively ignored.

Related work. Theoretical optimization for deep learning
is a vast field that is still riddled with open questions. Many
existing results characterize the existence or absence of “bad”
critical points that are local minima or saddle points (Yun
etal., 2018; 2019; Zhou & Liang, 2018; Venturi et al., 2019;
Ding et al., 2019). Other works study the convergence to
these stationary points (Arora et al., 2019; Jin et al., 2019;
Zhang et al., 2022). For both line of results, the situation
can be reasonably well-characterized with linear activations,
which is therefore the focus of many existing works (Yun
et al., 2018; Arora et al., 2019). In the non-linear case,
the existence of local minima is almost always guaranteed
(Yun et al., 2019; Ding et al., 2019). In the specific case
of GNNs, the authors in (Xu et al., 2021) proves global
convergence of linear GNNs and study the effect of skip
connections on convergence rates, while (Du et al., 2019)
study the convergence of Graph Neural Tangent Kernels,
which corresponds to infinitely-wide GNNs. Note that in
general, these works adapt existing results from MLPs to
GNNs, while in contrast, the results and intuitions presented
in this paper are specific to GNNs, and do not apply to
MLPs (see Thm. 4.2 and Prop. 4.5). Overall, optimization
for GNNSs remains a relatively under-explored topic from a
theoretical point of view (Morris et al., 2024).

As mentioned above, oversmoothing is a long-standing prob-
lem in GNNs (Li et al., 2018; Oono & Suzuki, 2020), see
(Rusch et al., 2023) for a survey. Typical strategies to miti-
gate it include variants of skip connections (Li et al., 2021;
Pei et al., 2024; Chen et al., 2025) or normalization (Zhao
& Akoglu, 2020). On the theoretical side, various measures
of diversity of node representations have been proven to
converge exponentially fast to zero (Oono & Suzuki, 2020;
Wau et al., 2023) under some hypotheses, including in the
attentional case (Wu et al., 2023). Skip connections have
only recently been proven to indeed theoretically mitigate
oversmoothing (Chen et al., 2025). On the other hand, depth
is also provably useful for GNNs (Loukas, 2020; Keriven,
2022). Modern approaches to oversmoothing also relate it
to over-squashing (Fesser & Weber, 2023; Alvaro Arroyo
et al., 2025), where deep GNNs may lose information about
distant neighborhoods if they are not wide enough. However
we keep our focus on depth and oversmoothing here.

To our knowledge, there are not many works at the inter-
section of optimization and oversmoothing. Recently, in
(Alvaro Arroyo et al., 2025), the authors relate oversmooth-
ing to vanishing gradients, however: a) they assume Gaus-
sian weights, and b) to our understanding, by assuming
contracting Jacobians they place themselves in a case where
the forward signal itself converges to zero with increasing
layer index. This of course results in oversmoothing (a zero
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Figure 1. GNN with P = D~ A or MLP with 100 layers, on the WikiCS dataset (Mernyei & Cangea, 2020). Left: illustration of forward
oversmoothing by measuring £(H ““)) (left) and backward oversmoothing by measuring é‘,r(B““)) (right). Center: norms of gradients
oL/ oW ™ for each layer wityh respect to epoch, for MLP (red) and GNN (blue). Right: corresponding losses. Other datasets are

illustrated in App. B.

signal is of course constant), but we will rather look at a
more general case where the forward signal can oversmooth
without necessarily converging to 0 itself (as we show in
Prop. 3.6). In (Peng et al., 2024), the authors do indeed
argue that trainability is a more prominent problem than
oversmoothing itself, however they again relate the problem
to the traditional difficulty of training deep networks in the
linear case, similar to (Alvaro Arroyo et al., 2025). Closer
to us, Park & Kim (2024) introduce the idea of backward
oversmoothing (calling it gradient oversmoothing) and show
that the backpropagated error is smoothed from output to
input. However, their work has important limitations: a)
it is only valid in the linear case (p = Id), b) they do not
explain why precisely having a smoothed backpropagated
error is detrimental for optimization, and ¢) more impor-
tantly, at the time of this writing, there is a crucial error
in their proof: they consider the symmetric GCN matrix
P = D’1/2AD71/2, which does not lead to oversmooth-
ing towards constant representation (which they wrongly
claim), as it is not stochastic, but toward the square root
of the degree vector instead. This is not a detail: typical
stochastic matrices P are not symmetric, and, as we will
see, this severely complexifies the proof of backward over-
smoothing, as P plays a crucial role. In this paper, we do
consider a general p, as well as stochastic non-symmetric
P. We use backward oversmoothing to formally prove the
existence of spurious stationary points, which we argue is
the main reason why deep GNNs are hard to train.

Outline. We start with preliminaries in Sec. 2. In Sec. 3
we recall the classical forward oversmoothing, then show
backward oversmoothing. In Sec. 4, we then prove our
main result relating to stationary points for deep GNNs. We
also discuss the difference between GNNs and MLPs. We
conclude in Sec. 5. Proofs are provided in the appendix, as
well as discussions and numerical illustrations.

2. Preliminaries

Notations. The norm ||-|| = ||-||, is the euclidean norm for
vectors and spectral norm (max singular value) for matrices.

The norm ||-||  is the Frobenius norm. The sign < is an
upper bound up to a multiplicative constant that does not
involve the number of layers L. For A and B of the same
size, A ® B is the Hadamard (element-wise) product.

Stochastic message-passing matrix. As described above,
GNNs typically use matrices P € R}™" to perform
message-passing. It is well-known (Oono & Suzuki, 2020;
Wau et al., 2023) that oversmoothing towards constant node
representations as defined in (Rusch et al., 2023) appears
for stochastic matrices, i.e. that satisfies P1,, = 1,,. On the
contrary, as mentioned in the introduction, non-stochastic
matrices may result in “oversmoothing” towards other lim-
its, and therefore technically deviate from the definition of
oversmoothing from (Rusch et al., 2023). We thus make the
following assumption.

Assumption 2.1 (Stochastic propagation matrix). The ma-
trix P € R*™ is stochastic and irreducible’.

Replacing non-zero entries in P by one, and viewing it as the
adjacency matrix of a directed graph, P is irreducible if and
only if this directed graph is strongly connected. As Markov
chain transition matrices, irreducible stochastic matrices
have a unique stationary distribution = € R} with n'l, =
1 which is a left-eigenvector for the 1 eigenvalue: 7' P =
7", Moreover, we have

Pt —— 1,77 2)
Typically, this convergence is exponentially fast, which we
formulate in the following assumption.

Assumption 2.2 (Convergence speed). There is a constant
Cp >0and 0 < A\p < 1 such that for all k£ > 0,

|P" = 1,77, < CpAp 3)

When P is diagonalizable P = U~'AU and 1 is a simple
eigenvalue, this assumption is satisfied with Ap = |\z| the

absolute value of the second largest eigenvalue of P (which

3a matrix is irreducible if it cannot be permuted to a block

triangular matrix
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is indeed smaller than 1 by the Perron-Frobenius theorem)
and Cp = ||U|], ||U*1 H2 In the rest of the paper, we will

max(7;)

also assume that m; > 0 and denote by p, = in ()

A typical example of stochastic matrix for GNNs is the
well-known random walk matrix P = D' A where D is
the diagonal degree matrix. It corresponds to mean aggre-
gation in message-passing, where each node representation
is updated as the average of its neighbors. In this case,
the stationary distribution is the normalized degree vector

™= Z‘j" B where d; is the degree of node 4, and P is diago-

nalizable (and therefore satisfies Ass. 2.2) when the graph is
strongly connected. Another illustrative example is the case
where P is symmetric, and therefore bi-stochastic. In this
case T = 17" is the uniform distribution, and computations
are generally considerably simplified as P is orthogonally
diagonalizable. Bi-stochastic matrices are quite uncommon
in GNNg, although they are for instance well-known in some
domain such as distributed optimization (Boyd et al., 2006),
where they are referred to as “gossip matrices”. All the
experiments in this paper are however performed with the
more classical choice P = D~1A.

GNN: forward. Recall that the input node features are
X©) ¢ Rrxdo We decompose the GNN (1) into the fol-
lowing notations:

F(k‘) — PX(kfl) c RnXdk_l,
H(k) _ F(k)w(k) c Rnxdk
X = (),

out = HF) ¢ R¥4r

(message-passing)
(weights multiplication)
(activation function)

(output after L layers)

where p is a non-linear activation function applied element-
wise. We call F(*) the forward signal, going “from” input
(k = 0) to output (k = L). We assume that the input

node features are bounded HX ,»((.)) H < Dy. The following
i ||y
assumption encompasses most activation functions.

Assumption 2.3. The function p is 1-Lipschitz, and
lp(2)] < 2.

Spectral norm of the weights. A crucial ingredients in
oversmoothing is the “contracting” vs. “expanding” nature
of the weights TW(¥). This is generally quantified by s;, =
[W )|, the leading singular value of T (*), or more simply
the maximal s := maxy, s;. Note that the s; evolve over
the optimization process, however here most of our results
are expressed at a particular point in time and involve the
“current” s; without ambiguity.

Loss function. We consider a loss function £ : R"*9z —
R over the graph nodes, decomposed as:

L) =13"" () @)

for some functions ¢; : R~ — R, where the h; are the
rows of H. Note that transductive semi-supervised learning
can be emulated by having some ¢; = 0, but we will gener-
ally bypass this detail here for simplification. We assume
the following Lipschitz bound.

Assumption 2.4. There are constants Dz, D. > 0 such
that | 2502 || < D 1nll, + D

Our two main running examples will be regression with the
Mean Square Error (MSE) loss, or classification with the
Cross-Entropy loss. We show the following in App. A.2.

Example 1 (Regression). In the regression case, the node
labels y; € RYL are assumed bounded |y;|| < 1 (w.Lo.g.),
and

i(h) = L|h —yil? (5)

Assumption 2.4 is satisfied with Dy = D/, = 1.

Example 2 (Classification). In the classification case, the
node labels are discrete y; € {1,...,C}, the output dimen-
sionis dy, = C, and

Gi(h) = —log (v /S et ©)
Assumption 2.4 is satisfied with Dy = 0 and D', = C + 1.

GNN: backward. First-order optimization methods rely
on gradients %, generally computed by backpropaga-

tion. For GNNSs, the backpropagation equations are

OI?VL(:’“) = F(k)TB(k), where
B® = —agﬁ(k) = (H®) o (PTB“““)(W(’””)T)
oL
L) _
and B%) SHD )

We have written these equations here to emphasize the ob-
ject B®) = % € R™*4x that we call the backward
signal®. It satisfies a recursion equation, going “from” out-
put (k = L) to input (k = 0). Often, the initialization
BW) = 3 flﬁ) at the last layer represents the predictive
“error” of the GNN: for instance, for the MSE loss, it is
directly B = L(H(L) —Y') where Y contains the labels

1
y; as its rows. The full gradient 52% = F® B isa
product between the forward and the backward signal in the
node dimension. Note that we do not perform mini-batching
of nodes here’ and only consider full gradients.

*It has several names in the literature, but here we emphasize
its similarity to the forward signal.

SIndeed, batching is notoriously hard to define for node-tasks,
as nodes are not independent. A GNN would typically require the
L-hop subgraph around every batched node to be applied, which,
for even moderate L, is generally the whole graph.
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3. Oversmoothing: forward and backward

As described in the introduction, oversmoothing generally
refers to the fact that node representations will converge to
a constant representation as the number of layers increases,
typically at exponential speed. Several metrics exist to
measure the oversmoothing phenomenon, here we adopt the
classical measure: for X € R™*4,

E(X)=n"12 min X = 1.e™||, (8)

which is the (normalized) distance from X to the subspace
span(1,). It is used in several landmark studies on over-
smoothing (Oono & Suzuki, 2020), and satisfies the condi-

tions formulated in (Rusch et al., 2023). More generally, we
will denote the distance to span(u), where u € R™, by

Eu(X) = n_l/QcHel]%%HX—ucTHF 9)

such that £(-) = &1, ().

3.1. Forward oversmoothing

Oversmoothing can happen under several hypotheses. To
be as generic as possible, similar to (Rusch et al., 2023) we
formulate forward oversmoothing as a definition, and all
our subsequent results will hold when it is satisfied. We
may thus account for future results that might prove forward
oversmoothing in more general cases.

Definition 3.1. We will say that forward oversmoothing
holds with rate 0 < Ay < 1 and constant C'y > 0 if

E(HW) < Cp(Aps)* (10)
where we recall that s = max;, || W *) H2

The following theorem gathers several known cases where
forward oversmoothing holds, and is shown in App. A.1 for
completeness.

Theorem 3.2. Suppose that Assumptions 2.1 and 2.3 hold.
If either:

1. p = Id and Assumption 2.2 holds, in which case we
consider Ay = Ap, or

2. there is Ay < 1 such that
7P, < A an

where J* := Id—1,,5,, /n is the orthogonal projector
onto span(1,)*.

Then forward oversmoothing holds with rate Xy and some
constant Cj.

In other words, either we assume the GNN to be linear, or
we assume P to contract every directions but the constant
one. The linear case is very often adopted in the litera-
ture (Keriven, 2022; Wu et al., 2023; Park & Kim, 2024,
Chen et al., 2025), as computations are greatly simplified
and the constant limit can actually be characterized (see
after). In this case, the mild Ass. 2.2 directly yields for-
ward oversmoothing: we recall that it holds as soon as the
graph is strongly connected, and Ap = |A\3| < 1 is the
second-largest eigenvalue of P.

For non-linear p, the assumption (11) is, surprisingly, not
immediate. When P is symmetric and the eigenvalue 1 is
simple, it is easy to see that (11) holds with Ay = |As| < 1,
since P is orthogonally diagonalizable. However, when P
is non-symmetric, it does not necessarily holds 6. Hence, to
our knowledge, there is no theoretical proof of oversmooth-
ing in the “non-linear p, non-symmetric stochastic P” case.
This is arguably an important missing piece in the literature,
but it is not the purpose of the present paper. In practice
however, forward oversmoothing seems to hold in the vast
majority of cases: in App. B, we give several datasets for
which ||J+PJ* ||2 > 1, but for which £(H*)) seems to
converge exponentially fast to 0, even with non-linear p.

From now on, we will thus assume that forward oversmooth-
ing holds. We will also consider A = max(Ap, As) and
often express our bounds in term of A for simplicity.

Expansion. We see that the main condition for
E(H®)) — 0is s\ < 1. This authorizes some expan-
sion s > 1, but s is still bounded. In our results, we will
put an emphasis on “how much” expansion is authorized, as
we believe that this quantifies how much the weights should
deviate from their initial value to escape the oversmoothing
regime. More precisely, we will consider rates of the form
s < A7 for some expansion rate o < 1. As « decreases,
this decreases the range of authorized s above 1, up until
a = 0and s < 1. As remarked in the introduction, if at
some point during training s > 1/, then the GNN does
not necessarily oversmooth (Epping et al., 2024). Hence the
GNN could learn to not oversmooth (Yang et al., 2020), but
again this does not really happen in practice, hence the need
to examine the optimization process in more details.

Limit signal. Remark that while X (*) converges to a con-
stant vector across nodes, due to the presence of the non-
linear activation function p it is generally difficult to explic-
itly characterize what this limit constant vector is (although
some fixed point theorems may apply in certain circum-
stances (Alvaro Arroyo et al., 2025)). This is one of the
reasons why many theoretical analyses of oversmoothing

%in particular, one may have || P||, > 1, even if all the eigen-
values of P are less than 1. More precisely, || P||, = 1 if and only
if P is symmetric!
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focus on the linear case p = Id, where the limit can be de-
scribed with P*¥ — 1,7 " (Keriven, 2022; Wu et al., 2023;
Park & Kim, 2024; Chen et al., 2025). As we will see later,
this intuition plays a crucial role in backward oversmooth-
ing, even for non-linear p.

3.2. Backward oversmoothing

Due to the multiplication by P from the output layer k =
L to the input k£ = 1, the backward signal will naturally also
be oversmoothed. We need the following assumption.

Assumption 3.3. Assume that p’ is D ,-Lipschitz.

Note that this excludes ReLU (which is not fully differen-
tiable anyway) but includes smoothed variants like softplus
(Glorot et al., 2011). The following theorem is proved in
App. A.3.

Theorem 3.4. Assume that forward oversmoothing holds
with rate \¢ and constant C'¢, and that Assumptions 2.1 to
3.3 hold. Then:

E(B®) < Cp(Aps)“™F + O}

CpCpo/J,,rSLAL

_ CpAL 7
where Cp, = =E=L, (O = (ES vV

DxDLSL + D/L

and A; =

We recall that & is the distance to span(w), see (9). The
bound on &, (B™®)) involves two terms: one that decreases
exponentially in £, the other one in L — k. Hence back-
ward oversmoothing happens at the middle layers (Fig. 1,
left), when both k and L — k are high. This is due to
the term p’(H™®)) in the backpropagation equations (7)
which modulates the rows of B¥). When the forward
signal is oversmoothed (high k), this modulation is al-
most constant, and backpropagation is exceedingly simple:

B® o PTBEDW DT ¢ leads to backward over-
smoothing after sufficiently many iterations (high L — k).
On the contrary, at low k&, the modulation p’(H (k)) can be
high. Hence, it is the interaction between forward and back-
ward smoothing that leads to backward oversmoothing at
the middle layers.

Theorem 3.4 describe a non-trivial relationship between A
and s, making it difficult to assess the effects of the expan-
sion rate o. We can simplify it by instantiating the loss.

Corollary 3.5. Take q = 2 for a regression problem with
the MSE loss, or ¢ = 1 for a classification problem with
the cross-entropy loss. Consider that the assumptions of
Theorem 3.4 hold, denote A = max(Ap, Ar). If s < A™°

1 1l—qa
where 0 < a < 1=y /1=14 then for all oo < f < 42,

£ (BwL)) < AF-ae)L | \(A—ga—(1—)BL ___, g

L—oo

In other words, taking the layer index & = S L proportional
to the depth L, with sufficiently low o we obtain an explicit
exponential rate.

Backward oversmoothing is not (necessarily) vanish-
ing gradients. While one might feel that backward over-
smoothing is detrimental for GNN training, it is not clear
exactly why this is true. A first idea would be to relate back-
ward oversmoothing to vanishing gradients: if ,(B®))
vanishes, then maybe the norm HB(’“)H P vanishes alto-
gether, as was shown in (Alvaro Arroyo et al., 2025) in
very specific cases. This would be the very well-known
phenomenon of vanishing gradient. However, this is not
true in general, and we prove the following in App. A.5.

Proposition 3.6. There is a graph that satisfies Ass. 2.1
with a symmetric P with Ay < 1 such that the following
holds. For all L, there is a GNN of depth L that satisfies all
the assumptions of Thm. 3.4 with s < 1 such that for all k:

Hac/aWU“)HF —1 (12)

That is, we can have both backward oversmoothing (by
Thm. 3.4) but with arbitrarily high gradients. Hence the
answer is not vanishing gradients, at least not automatically.
In the next section, we relate backward oversmoothing to
(spurious) stationary points.

4. Backward oversmoothing and spurious
stationary points

While backward oversmoothing is not directly responsible
for vanishing gradients, in practice we observe that deep
GNNs s tend to quickly and easily get stuck in local minima
(Fig. 1, center). This prompts us to analyze the stationary
points of deep GNNs. While stationary points are not in-
herently bad, we will identify such points that we loosely
call “spurious”, in the sense that: they may incur arbitrarily
high loss (Cor. 4.4), and they are entirely due to backward
oversmoothing (Thm. 4.2 and 4.3) and do not occur for
MLPs (Prop. 4.5). We thus argue that they represent a major
difficulty in training deep GNNss.

We first introduce the following definition of near-stationary
points (Shamir, 2020).

Definition 4.1 (J-stationary point). The weight W (*) is said
to be at a §-stationary point if

Haz:/aw<k>HF <0 (13)

If this is true for all 1 < k£ < L, then the GNN is said to be
at a global J-stationary point.

Note that, in terms of vocabulary, we somewhat distinguish
the notion of stationary points with that of vanishing gra-
dient, even for small §. Indeed, vanishing gradients often
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refers to the fact that gradient may have vastly different am-
plitudes across layers, and is generally understood to be a
strictly detrimental phenomenon. On the contrary, stationary
points can be detrimental — e.g., “bad” local minima, saddle
points — or simply the sign of successful training: after all,
characterizing the rates of convergence to near-stationary
points is the main goal of non-convex optimization (Shamir,
2020; Hollender & Zampetakis, 2024).

We now turn to the main result of this paper. For conve-
nience we define the function

— a+qa?
fq(a) _1 (2g+1)a+q (14)

2(1—a)
and note that {;(«) > 0 for oo < 1+ % —/1+ #, which
is roughly equal to 0.38 for ¢ = 1 and 0.21 for ¢ = 2. The
following theorem is proved in App. A.6.

Theorem 4.2 (A stationary output layer is a global sta-
tionary point). Suppose that Assumptions 2.1 to 3.3 hold,
and that forward oversmoothing holds with rate \¢. De-
note A\ = max(Ap, \s). Suppose that s < A~%, with
&q(a) > 0. Assume that the output forward signal is not
zero: ﬁ ||F(L) HF > Dp, and that the parameter W L) is
at a dvy, -stationary point. For 6 > 0, if

. Jog(1/(Drd))
~ & (o) log(1/))

then the GNN is at a global )-stationary point.

and Sy, SNEDps  (15)

This theorem shows that, for sufficiently deep GNNs, under
some mild assumptions, every dyy, -stationary point for
the output layer L is also a global )-stationary point, for
some small J related to dy, and L. In other words, as
soon as the last layer of the GNN is “trained”, gradients
vanish at every layers and the GNN hardly trains anymore.
As one might guess, the last (linear) layer is exceedingly
easy to train, which results in many easy-to-reach stationary
points. Note that, while backward oversmoothing is the
underlying mechanism for this result as we will explain
next, d-stationarity indeed happens at every layers.

Sketch of proof. We now provide a sketch of proof of
Theorem 4.2, as we consider that it provides interesting
intuitions. The full proof can be found in App. A.6.

In forward oversmoothing, the signal X (¥) converges to a
constant node representation when k increases. As men-
tioned in the previous section, in the linear case p = Id
it is easy to characterize the limit by leveraging P* —
1,7, which is not possible anymore in the non-linear
case. The situation is different for backward oversmooth-
ing. As mentioned earlier, when the forward signal is over-
smoothed (near the output layer), the term p’(H®*)) is ap-
proximately constant, and the update equation is approx-
imately B*) oc PT B*+1 (W (E+1)T  which is nothing

more than a linear GNN! Hence we can approximate the
limit representation of the backward oversmoothed signal,
and it relates to the average of the output error: at the
middle layers, B*) o 71 BE) (W ... Wy41)T, using
(PT)® — 71]. We thus obtain the following theorem,
which is the core of the proof of Thm 4.2. A more detailed
version, and a proof, can be found in App. A.9.

Theorem 4.3. Take q = 2 for a regression problem, or ¢ =
1 for a classification problem. Suppose that Assumptions 2.1
to 3.3 hold, and that forward oversmoothing holds with rate
Af. Denote A = max(Ap, A\¢). If s < A= with {(a) > 0,
the GNN is at a global §-stationary point, with

6 S N(E g pmek |1 Tl H2 (16)

The key component here is the norm of 1) B()

% Zz %}L}?), which is indeed the average of the output
error of the GNN. One notable aspect of this result is that
it applies fo every layer k, even though oversmoothing is
the underlying phenomenon — first, middle and last layers
are indeed treated differently in the proof. To conclude with
the proof of Theorem 4.2, we then bound the average out-
put error le BW@) H2 when the last layer is at a stationary
point: since the output of the GNN is almost constant due to
forward oversmoothing, when the last layer is trained, the
average error automatically vanishes.

Note that the assumption that ﬁ HF(L) ||F > Drp is
satisfied when Fl(L) is bounded away from 0 for each
node, but it is somewhat a proof artifact. Indeed, since
oL/ oW (F) = FE T BE) one may get to Sy, -stationarity
simply because F(%) ~ 0 and not because of any training
of Wy, which is not what we want here. If F(X) ~ 0, it
would probably be possible to adapt the theorem to replace
the Sy, -stationarity of T () to that of the first non-zero
layer (%), but this would be exceedingly verbose and does
not conceptually change the result.

Spurious stationary point. As mentioned in the introduc-
tion, stationary points are not inherently bad: reaching a
stationary point is the goal of optimization (Shamir, 2020;
Hollender & Zampetakis, 2024), in the hope that it is a
good (local) minimum in the non-convex case. A further
question is, can we leverage Theorem 4.2 or 4.3 to show
that deep GNN’s can have a global §-stationary point, for an
arbitrary high loss? Such a result would be quite unusual
in non-convex optimization, as the existence of stationary
point is generally decorrelated from the value of the loss in
itself. We give an example below, proved in App. A.7.

Corollary 4.4 (Spurious stationary points). Suppose that As-
sumptions 2.1 to 3.3 hold, and that forward oversmoothing
holds with rate \y. Denote A\ = max(Ap, A¢). Consider
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the regression case, and assume that the labels are centered:

D wi=0
i
Denote by o7 = =3, Hy,Hg Suppose that s < A\, with

& () > 0, and the last weight is such that ||Wp |, < ew, .
For d,e > 0, if

. log(1/9)
~ &(a) log(1/Y)

then the GNN is at a global 0-stationary point, and the loss
satisfies

. aL
and ey, < min ()\QO‘L(;, ’\U—Us)

LHM) > 02/2 ¢ (17)

In other words, for a centered regression problem and suf-
ficiently deep GNN:gs, it is easy to find a flat region of near-
stationary points such that the loss is uniformly high, close
to the variance of the labels. While we constructed this
particular example around Wy, = 0, it is likely that many
other flat regions with high loss could be constructed on the
same principles, by leveraging Thm. 4.3.

GNNs are not MLPs. It is known, both in theory and in
practice, that the landscape of MLPs is riddled with local
minima and saddle points (Venturi et al., 2019; Zhou &
Liang, 2018; Ding et al., 2019; Yun et al., 2019). Can we
make certain that the stationary points identified by Thm. 4.2
are indeed specific to GNNs? The following proposition
answers by the affirmative.

Proposition 4.5 (MLPs are not GNNs). Consider a regres-
sion problem, in the MLP case P = Id. For all n there is
a data distribution such that the following holds. For all
depth L > 0, there is an MLP that satisfies Assumptions 2.3

and 3.3, such that s < 1, ﬁ HF(L) H =1, av?/fm =0, but
there exists k such that
oL

This proposition indeed contradicts Thm. 4.2 for MLPs:
there is a regression problem and an arbitrarily deep MLP
that satisfy all the Assumptions of Thm. 4.2 — including
that F(F) is lower-bounded and W7, is at a stationary point —
such that at least one gradient does not vanish. Hence, our
results are not another characterization of existing stationary
points in deep learning, but are instead specific to GNNs.

Mitigating oversmoothing. Finally, we recall that the re-
sults presented in this paper only apply to vanilla GNNs,
without the common fixes to oversmoothing: skip connec-
tions, normalization, and so on. We leave the detailed analy-
sis of these methods for future work, as we expect it to be
quite substantial (similar to (Chen et al., 2025)) but state

the following brief remarks. Intuitively, skip connections
in the forward X(®) = X =1 4 p(px (k=D () also
results in skip connections in the backward signal. Hence,
we may expect to extend existing analyses that skip con-
nections provably mitigate forward oversmoothing (Chen
et al., 2025) to the backward signal. One known difficulty is
that, done naively, skip connections can result in exploding
signal amplitude: since the latter may more or less scale as
(1+ s)*, one must generally choose to initialize the weights
with s = O(1/k), as is sometimes done in ResNets (Zhang
et al., 2019). Intuitively, this is also true for the backward
signal in GNNs (Park & Kim, 2024). Our analysis of ex-
panding weights with rate s < A™“ would therefore be
significantly different. Concerning normalization strategies,
they are probably much harder to analyze, as highly non-
linear operations. In the future, we may approach them for
toy examples, or random weights with particular distribu-
tions (Chen et al., 2025).

Numerical illustrations. In App. B, we provide a few
numerical illustrations of our results on different synthetic
and real datasets, similar to Fig. 1. In particular, we observe
that forward oversmoothing seem to always hold, even when
(11) is not satisfied and p is non-linear. We also briefly
illustrate the effects of skip connections, even though this is
not covered by the theory in this paper. The code is available
in the supplementary material.

5. Conclusion

In this paper, we explored the links between oversmoothing
and optimization. Our major finding is that deep GNNs
possess many spurious near-stationary points, that are a)
easy-to-reach: as soon as the last layer is stationary; and b)
fully specific to GNNs: we exhibit a counter-example MLP.
The underlying mechanism is backward oversmoothing, that
is, the backward errors are also prone to oversmoothing. Key
observations are that: a) for non-linear GNNs, backward
oversmoothing inferacts in non-trivial ways with forward
oversmoothing, and b) when the forward signal is also over-
smoothed, the recursive iterations on the backward signal
are almost linear, meaning that we can fully characterize
the constant oversmoothed limit, despite the non-linearity p.
The latter observation is the key to relating stationarity of the
GNN with the average output error. Our results hold even
in the general case with non-linear p and non-symmetric P.

Outlooks. As we have seen, forward oversmoothing is not
entirely solved, and this is an important missing piece in
the literature, even if it is not directly related to the results
presented in this paper.

The most direct extension of this paper would be to cover
the mitigation strategies for oversmoothing, skip connection
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and normalization. Theoretical analysis of skip connections
are highly non-trivial (Chen et al., 2025), but might be
adapted in the backward case. On the practical side, our
results may help design better optimization algorithms for
GNNs, e.g. not based on vanilla backpropagation (Zhao
et al., 2024). Another direct extension would be to analyze
attention-based models, for which it is known that forward
oversmoothing holds in the linear case (Wu et al., 2023), but
for which the backward equations are significantly different.

More generally, given the relative scarcity of theoretical
works on optimization for GNNs (Morris et al., 2024), our
results are a step towards a better comprehension of this
field. In particular, we have not analyzed the dynamics
of optimization algorithms, which would be necessary to
prove that actual algorithms do indeed reach the ”spurious”
stationary points that we identified in this paper.

Finally, as mentioned above, a major characteristic of our
results and intuitions is that they are specific to GNNs, which
is not so common — a large part of the literature adapt ex-
isting results from MLP to GNNs. An important path for
future work would thus be to identify more fundamental
differences between existing results for MLPs (Yun et al.,
2018; 2019; Zhou & Liang, 2018; Venturi et al., 2019; Ding
et al., 2019) and GNNs, beyond simple adaptations.
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A. Proofs

For X € R"*4, we define [ Xl oo 2 := max; || X;,.[|. We also denote ¢ = |||y, which is in O(1/y/n) when pr = O(1).

A.1. Proof of Thm. 3.2
By Lemma C.1, we have that E(H) = ||J*H|| , /v/n.

Case 1. If p = Id, then

HJLHU“)H HP’“X(O)W“)...W(’“)H gHJHD’“X(O)Hs’c
F

F_

using [|AB|| < ||A]|p||B||2. Then, since ||J*PFJX| = ||J*JX| = 0and ||J* 1,7 " X| = 0and ||J*],
projector), we have

R e R e )

N

/A

(P* — 17L7TT)JJ‘X(O)H

N

F
[P LT, | x|
F

< |rtx© H CpAp
F
Hence forward oversmoothing holds with A\; = A\p and C = £(X(©)Cp.

Case 2. By recursion, we have: first, as in the previous case,
E(XW) < E(X) W]y

Then, we remark that £ can be reformulated as a sum over pairwise differences: by a simple computation,
1 2
E(X)? = 55 D 1K — Xyl
i,J

From this expression, since p is 1-Lipschitz, we immediately get £(p(X)) < £(X).
Finally, as in the previous case ||.J* PJX|| = 0 and thus
|7 PX| e = 75 PTEX | p < T POEPX| e < Ar 75X
since (J+)? = J* and || J* PJ*||, < Ay by hypothesis. Hence
E(PX) < NE(X)

Combining all these results
EHWY = g(Pp(HFNWH)) < XsE(HED)

and an easy recursion shows that forward oversmoothing holds with rate A; and constant Cy = £(X ().

A.2. Assumption 2.4 for MSE and cross-entropy

For the MSE, we have
ol;

oh

hence Dy = D), =1 (since y; < 1).

11

=1(t’sa

19)

(20)

21

(22)
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For the cross entropy loss with C classes, we have

‘ exp(h ) 1’*2‘ exp(helz

—_—|<C+1 (23)
. exp(he) - | exp(he)
hence D =0and D, = C + 1.

A.3. Proof of Thm 3.4
Denote py, = p/ (H®), vy = pf 1/, V) = WD " diag(v,), and M, = (J1py) @ (PTBUHUW(HUT).
Remark that, since vy ||, < 1, for any x such that ||z|| = 1,
[v®a| = WD @ 0)|| < s el 2l < e
such that ||V (%) |, < sk1.
Using (1v") ® B = B - diag(v), we decompose B(*) as:

B® = p & (PTB(k+1)W(k+1)T) — (Jpp) © (PTB(k+1)W(k+1)T) YA

= pT kDY) 4 pp (24)
By a simple recursion,
L—1
B® = (pT)EkpBly =ty 4 N (P RNV ED v 4 (25)
) (=k+1
B;=B!
B2 B(k)

Since £,(X +Y) < Eu(X) + &, (Y) by Lemma C.1, we bound &, for each term. For the first, using Lemma C.1 and
Assumption 2.2,

Ex(B1) =&x ((PT)L—’fB(L)V(L—l) o V(k)) <&, ((PT)L—kB(L)) oL
=& (((PT)LJc — 71'].:;) B(L)> b=k
—-1/2 T\L—k _ T (L) L—k
T
<n1/? HPL—k _ 1n7TTH2 HB(L)H gLk
F

<oty ] < oot

by Lemma C.4, using ||-|| . < n'/? ||| o, where A;, = s“Dx D, + D.

00,2°
For the second term,
L—1
£+(B) < & ((PT)‘*’“MZV“*U . V(k)> + & (My)
+1
1

T
! Ea

<

(]

gﬂ ((PT)Z_kMg) sl—k

~
I
o

< SO ((PTYF — m1T) My) st

~
=

~
E

L-1

<720 Y () TR I Mell
=k

12
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and then

.
1Ml = || o) © (PTBED WD |

< |1 Tpill g HPTB(kJrl)W(IcH)TH — n'28(py) HPTB(kH)W(kﬂ)TH

o0 o0

By Lemma C.3 and C.4, since D LPT D, is a stochastic matrix, we have

HPTB(kJrl)(W(k+1))TH < HPTB(k+1)(W(k+1))TH

00,2

< Tmax D*1PTD7TD*1]3<’€+1)(W<k+1))TH
" " 00,2
< Monax$ HD;13(k+1)H < Hmglok g,
00,2 n
and since p’ is D ,-Lipschitz,
E(pr) < D,E(HW) < D,Cys*Nj
Hence i
Dpcfﬂﬂ's A k
Thus,
L L—-1
571'(32) < CP;FSLALCJEDP Z(As)e_k)\’}
=k

CpCDounst Ap 2 -
< 2 . EXES T (gt
=k
CpCpoﬂﬁsLAL &
S =My

which concludes the proof.

A.4. Proof of Corollary 3.5

In the regression case, we have D = 1, while in the classification case, D, = 0. Hence, taking A = max(Ap, As) and
s < A ¥ with 0 < a0 < 1, the result of Thm 3.4 reads

SW(B(k)) < )\L—k’—a(L—k)—(q—l)aL + )\k—qaL

where ¢ = 2 in the regression case and ¢ = 1 in the classification case, and the multiplicative constant does not depend on L.
Choosing k = 5L, we get

E(BW) < \Fmal L \(—ga=(1-a)B)L

1—qa
11—«

1—qa
11—«

This goes to 0 as L increases when 8 > ga and 8 < , which after a few

computations leads to the condition « < 1 — /1 — 1/q.

. This is possible when ga <

A.5. Proof of Prop 3.6

Consider a trivial GNN with p = Id and W(¥) = 1, with dj, = 1 for all layer k, a constant input signal X(®) = 1,,, constant
zero labels Y = 0,,, and the MSE loss £(H) = 5 |[H — Y ||3. Then, since P1 = 1, F*) = 1,, and B® = 21,, for all k.
The gradient is therefore constant, equal to

‘F(k)TB(k)‘ —q

13
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A.6. Proof of Thm 4.2

Our strategy is to bound ¢,, := || 1] B ||2 and use Thm 4.3. We have

P oL
Wi 2 || o

S
F F

om0, |
F F

2

AT, ] )
00,2
> ||lvllyen — ALCPAC(sA) "' Dx (27)

where v = 21T F(1) since £(PX) < CpAE(X) similarly to (19).

Since we have ﬁ | F)| . = D by hypothesis, we have

1 1
Iolls = = ol = — i
1 1
> —=||F0|| == |[7HFW|| > Dr - £(FP) > D~ DaCpACH (s
v e P p > Dr = EET) > Dr = DxCpACy(s))
Therefore, by combining the two, for L large enough:

. 5WL +ALCP/\Cf(S/\)L71DX
s DF—D)(CP)\Of(S)\)L_l

Combined with Thm 4.3, the GNN is at a global §-stationary point, with

1
< 1 (\eq@L | ya-(@+Da)L | y—aL
5 5 ()\ +A +A 5WL)

Equating the two terms and inverting we get conditions on L and & to bound the r.h.s.

1—(2q+1)a+qa?

A few computations show that (=)

< 1— (g + 1)a. We thus get

5 < DLF (A&I(a)L + A*aLa)

which conclude the proof.

A.7. Proof of Corollary 4.4
We have, using Lemma C.4 and 1,/ Y = 0,

s, = [ (meowe v
2

< nst=1D XEW,,
And therefore, applying Theorem 4.3, the GNN is at a J-stationary point, with

2

§ S AR L\ 72okey,

L

On the other hand, the loss is

2 1 1
LHP) = - [FOWE —y| > (V] = Vst Daew, )’ > 03/2 = 50,557 Daew,

- |
2n
using |Y|| = v/no, and (a — b)? > a® — 2ab when a,b > 0.
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A.8. Proof of Proposition 4.5

Consider a regression problem such that the covariance of the node features is the identity %X TX = Idy. Take a vector
w € R? such that ||w|| = 1, and assume that the labels are Y = X (w + w') where w is a vector orthogonal to w with
let ] =1

w .

Consider a linear MLP of depth L with p = Id, with dimension dy = d for ¢ < k, and d; = 1 for £ > k. Assume that all
the weights are W, = Id (either in dimension d or 1), except for the layer £ where the weights are W), = w. We thus have
F@) = Xw. Then, we have

oL
oWy,

— T @) _ %wTXT (Xw—Y) (28)
=w' (w—w-w")=0 (29)

such that W7y, is at a stationary point. Moreover,

LE@I = i) = e)® =1 (30)
so the output signal is indeed lower-bounded by Dr = 1.
However,
H oL ‘ _ H(XW(O) WY T B () ”W(L))TH
oW (k)
= X7 (Xw Y| = ] =1
A.9. Proof of Thm 4.3

We are going to prove the following, more detailed version of Thm 4.3.

Theorem A.1. Assume that forward oversmoothing holds with rate Ay = X and constant C'y. Under Assumptions 2.1 to 3.3,
the GNN is at a global §-stationary point, with

6 < CLNETF 108 4 Oy (sA)F + Cse (31)
where

C1 = vnDxprs“ALCp

D,C
CQ = \/ﬁDxpWSLALpif
1—As
C3 = nDX/,L,rch,T
If additionally P is symmetric, the constants can be replaced with
Cl = DXsLAL
D
Cy = Dyst A —2
2 x$ L1 " s
C3 = DXsL

Proof of Thm A.1. Our strategy is to use again the decomposition (25), but to bound directly the amplitude of B(*) instead
of £;(B™®). This will involve the sum of the output error &,, := |1} B

Last layers In the last layers, the forward signal is almost constant, and therefore F'B~ vl;Lr B for some vector v, from
which the sum 1,] B appears. We thus directly examine the sum 1, B.

For the first term in (25), since P is a stochastic matrix,

|1} By || = ‘ 1T [Pk gy y®)] H - HII [V y®)] H < epslk

15
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Then, by Lemma C.2 and by (26): for any g,
11, (PT)IM)|| = |1, Mi|| < VAl Ml p < DpCrunALs™Aj

such that .
—1
_ D,CyprApst\F
1T By|| < D,CrpupAps” Mgtk  ZpfPm L A
17 Bs]| < D Crustnst 3 X v

From this we get, using || F' " 1,,/n|| < ||[F|,, 5 and | B||z /v/n < || B|| o 5, Lemma C.4 and C.3,

oL T
ihdadiy | I AR 510D (T (k) L p(NT gk)
[awem], = I 89, < rerse], + o rorsel,
)T
- &.123(1@ —&—HB(’“)H \/ﬁg(p(k))
n F

S P T

D,Cpr ApstAF

<s1D Lsbk
5 X<ES + 1—Xs

) + i ApstTFCpACES TN

D,,stk

< Cf/'I“ITSLAL (1—)\3

+ CP> A+ sEDye,

since £(PX) < CpAE(X) similarly to (19).

Since As < 1, the rhs is decreasing with &k and therefore we obtain that: for all £ and all £ > k,

oL
OH®

D,Dy

T (As)* + Cp)\’“> + st Dye, (32)

< Cf,U'TrSLAL <
F

Middle and first layers In the middle layers, the forward signal is still oversmoothed, such that the norm of M, is still
small. Moreover, the product of matrices (PT)L —k in the first term of (25) starts to become closer and closer to 7r1,TL , such
that (PT)L=*BL) directly becomes related to €,, = 1, B). As a result, the norm of B*) itself (and not of 1, B(*) as in
the last layers) becomes approximately related to ¢,, directly. We thus examine HB(’“) H o

For the first term of (25), by Assumption 2.2,

s < ([T = w0150 ferg 50 )
< (cmtvalso] |, ee)

A
< (C’p)\Lk\/% + cw5n> bk

Next, by Lemma C.3 and C.4, since D 1(PT)?D, is a stochastic matrix for any ¢, we directly examine
1D (PTM]| o, = 102" (PT) DD M| < [ D7 M

.
_ H(Jka) © (DZ1PT B+ (kD) )H

00,2
< ||JJ_pk||oo HD;IPTDﬂD;lB(k+1) (W(k+1))TH
Ar

L—k
\/ﬁﬂ-min ’ € (pk)

L —1 p(k+1)
<Nl 07 B0 <

< DPALSLC}“ )\k)
= \/ﬁﬂ-min
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by the same computation as in the proof of Thm 3.4 to bound HD;IB(’“H) HOO 5» and since ||JJ-pk ||F = /n&(px)-
Thus

DALS sz)\éék DALS Cf )\k

D:'B
H T 2Hoo,2 ~ \/>7TIIIII1 \/>7Tmm( )

(33)

Then we directly relate the norm of B(“) to that of middle layers B*) for ¢ < k: by Lemma C 4,

B < Vs | D B < Vst (1Bl + T [ D5 B ) (34)
F 00,2 0,

A D,ApstC
< k—¢ L—k AL L—k pAL fH7 K
< \/ns (u,r (Cp)\ NG + c,rsn) s + il = As) A

where B, By are defined in (25), and using ||-[| 5 < [|*[| - We then obtain that for all k and all £ < k,
0], < oo
F F

< VnDypigs” (cpAL—kAL + V/ncaen + W(SA)’“> (35)
— AS

Consider some index k. Combining (32) to bound the gradients with ¢ > k and (35) to bound the gradients with ¢ < k, we
obtain that for all indices /:

H FTR0) ‘ < CLETF 4 0F) 4+ Cy(sA)F + Csey (36)

where
= nDxpus"ALCp
D,C
= Dy pps™ A =L

1—As
Cs =nDxpirstcr

Symmetric case When P is symmetric, we have || P||, = 1, ur = 1, ¢z = 1/y/n, Cp = Cy = 1, and all assumptions are
verified with A = Ay the second-largest eigenvalue of P.

Hence, since || P||, = 1 we can replace (33) by:

L—-1
D SLAL
| Be|l sTR M| < == A
= ; Vn(l = Xs)

by (26). Similarly, we can replace (34) by:

[0 <5
F F

A D stA
< k—¢ )\L*kiL n L—k P L )\k
: (( VAL R T vy

and (35) is replaced by

|77 B < st 5]

A
< Dast (ALkAL +ent 3 _LAS(S*)’“> (37)
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And therefore the bound (36) is valid with

ClzD;gsLAL

D
Co = Dxs" A, —=
2 xS Ll*)\s
03:DX3L

We can now prove the variant in the paper Thm 4.3.
Proof of Theorem 4.3. Taking s < A™“ and k = SL, the result of Thm A.1 can be rewritten as:

< A\ (A—a)f—gqa)L + A(1=B=g)L + )\_(XLETL

oL
OH®

’ F

The terms that do not depend on &, decrease with L when 2% < 8 < 1—ga. This is possible when 0 < 1—(2¢+1)a+qa?,
which translates to having

1 1
1+ ——4/1+—
a <1+ % + i (38)

which is equal to = 0.38 for ¢ = 1 and ~ 0.21 for ¢ = 2. Choosing then g = % (ﬂ +1-— qa) , we get the final rate

11—«

g /\ﬁq(a)L +)\70¢L€n

F

oL
OH®

B. Additional experiments

Here we illustrate backward oversmoothing on several datasets, with P = D~ A. Recall that our goal is not to benchmark
GNNs or oversmoothing mitigation strategies on many datasets, as this has been done many times in the literature (see
(Rusch et al., 2023) and reference therein), but to briefly illustrate our theoretical results. The code is available at
https://gitlab.inria.fr/nkerivenl/backward-oversmoothing—-gnn.

Settings. We consider the classical Cora, Citeseer and Pubmed datasets (Yang et al., 2016), as well as the WikiCS dataset
(Mernyei & Cangea, 2020) and two synthetic datasets of random graphs drawn from a Corrected Stochastic Block Model
(CSBM) with two classes, for two different levels of density. We also test two heterophilic datasets, Chameleon and Squirrel
(Rozemberczki et al., 2021) All graphs are transformed into undirected graphs and restricted to their largest connected
component, such that P = D~!A is diagonalizable and Ass. 2.2 is satisfied with A\p = |\z| < 1 the second-largest
eigenvalue. Deep GNNs and MLP use 100 layers, except for the dense synthetic dataset where they use 40 layers (to avoid
reaching machine-precision). We found that the phenomena described in this paper are exacerbated for the MSE loss (in
particular the fact that the last layer Wy, quickly reaches a stationary point), hence for classification datasets we convert the
labels into integers and cast only regression problems. As this paper is not concerned with generalization (and the considered
models have all already been extensively benchmarked) but rather with gradient norms, we display the training loss and
consider that every node is labelled for simplicity. To really assess oversmoothing and avoid vanishing signal/gradients as
much as possible, we initialize the weights as Id 4+ e, where ¢ is a small parameter and N contains independent normal
variables. This way, s ~ 1, and our theorems are satisfied while avoiding vanishing gradients. We use a Leaky ReLLU
non-linearity p.

Forward oversmoothing and rates of convergence. In table 1, we compute Xy and ||.J=P.J* ||, for all datasets. We
first observe that (11) is satisfied only for the dense synthetic dataset. However, even if the conditions of Thm. 3.2 are not
satisfied, we observe in Fig. 2 (left) that forward oversmoothing indeed seems to hold. With a simple regression, we then
estimate the rate of convergence Ay, and we observe that Ay ~ Ap. While it seems that the higher the density, the lower Ap,
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Dataset [ Density [ Af(est) [ Ap =[x | [[JEPJH], |
Synthetic (sparse) || 8.80e —3 | 0.906 0.923 1.72
Synthetic (dense) || 2.99e¢ — 2 0.744 0.742 0.788

Cora 1.64e — 3 0.953 0.971 4.48

Citeseer 1.64e — 3 0.960 0.984 4.43

Pubmed 2.28¢ — 3 0.952 0.986 6.98

WikiCS 3.37e — 3 0.901 0.917 9.55

Chameleon 1.21e — 2 0.958 0.895 6.83

Squirrel 1.47¢ — 2 0.927 0.956 4.14

Table 1. Properties of the different datasets. The density is the number of edges over the number of possible edges n(n — 1)/2. The rate
Ay is estimated by a regression on the forward oversmoothing curve (Fig. 2, left).

which is intuitively not surprising since it is related to the spectral gap of Id — P, the value of H JtpJt H , does not seem to
be directly related to the density of the graph (except for the synthetic dense graph), which hints at a more complex situation.
Overall, as observed in the paper, the general case “non-linear p, non-symmetric P’ remains an important and non-trivial
missing piece of forward oversmoothing.

GNN training, comparison with MLP. In Fig. 2 and 4, we train a deep GNN and a deep MLP on our datasets. We
first observe (left) that backward oversmoothing indeed holds in the middle layers as shown by Thm. 3.4. Then, training
our models and monitoring both the loss and the norm of the gradients, it indeed seems that deep GNNs tend to quickly
reach a stationary point with a high loss, compared to their MLP counterpart. As shown by the theory, this effect is greatly
accentuated when A is smaller (Tab. 1), in particular in the synthetic datasets and WikiCS dataset. On the three other datasets,
this is less clear, as A is quite close to 1.

Skip connections. In Fig. 3, we compare GNN with and without skip connections. We first observe (left) that skip
connections indeed allow to largely counter both forward and backward oversmoothing. However, stability of the overall
model largely depends on s: a too large s can lead to explosion of both forward and backward signal. With a balanced s
around s = % skip connections also appear to avoid the stationary points of regular GNNs (center and right). However,
when using skip connections naively like this (without normalization, etc.), the loss still tends to plateau compared to the
MLPs of Fig. 2. Future work will have to theoretically analyze (similar to (Chen et al., 2025)), and hopefully eventually
improve, the use of skip connections from an optimization point of view.

Effect of learning rate. In Fig. 5, we test three different learning rates and examine the gradient norms and loss for deep
GNNs. While the learning rate largely affects the beginning of the training, it seems that most of the time the GNN will
again fall into a spurious stationary point with high loss but gradients. Exceptions include when the learning rate is too low
and the weights barely moves, or too high and the training becomes very noisy. Both cases also incur high losses.
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Figure 2. From top to bottom: datasets: Synthetic (sparse), Synthetic (dense), Cora, Citeseer, Pubmed, WikiCS. Left: illustration of
forward oversmoothing by measuring £ (H “”) (left) and backward oversmoothing by measuring SW(B(’“)) (right). Averaged over 10
random initializations. Center: norms of gradients 9L/ AW ) for each layer, for an MLP (red) and GNN (blue) with 100 layers (except
for the Synthetic Dense dataset for which we use 40 layers). Right: corresponding losses for MLP and GNN.
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Figure 3. Tustration of skip connections. From top to bottom: datasets: Synthetic (sparse), Synthetic (dense), Cora, Citeseer, Pubmed,
WikiCS. Left: for GNNs with skip connections, illustration of forward oversmoothing by measuring &(H <k)) (left) and backward

oversmoothing by measuring - (B (k>) (right). Averaged over 10 random initializations, for three levels of weight amplitude: s =
S s= 1—L0. Center: norms of gradients 9L/ OW ™ for each layer, for a GNN with skip connections and s = % at initialization

S:L

1
>

(red), and GNN without skip connections (blue) with 100 layers (except for the Synthetic Dense dataset for which we use 40 layers).
Right: corresponding losses for MLP and GNN.
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Figure 5. From top to bottom, left to right (two-by-two): datasets: Synthetic (sparse), Synthetic (dense), Cora, Citeseer, Pubmed,

WikiCS. Each time, norms of gradients 9L/ OW ™ for each layer (left) and corresponding losses (right) for deep GNNs, for three different
learning rates Ir; = 10™%, Ir = 3 - 10~* (choice in the other figures), lrs = 6 - 10~ *.
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C. Technical Lemma

Lemma C.1. Given u € R" and X € R™*?, decompose orthogonally each column of X, thatis X = uv' + X+, where
veERYand u" X+ = 0. Then

Eu(X) =n"12 | X+ (39)
In particular:
1 EL(X+Y) <E(X)+E(Y)
2. E(X) <n V2| X
3. forallv, E,(X) = Eu(X +uvT)

4. ELXW) =n712 | XEW ||, < Eu(X) W],

Proof. The proof is obvious as &, (x) = n~'/? min,. ||z — cu|, computes the orthogonal projection of = on span(u)*. All

subsequent properties are immediate, using || XW{| » < || X||z ||W ||, for the last one. O
Lemma C.2. For two matrices A, B € R™"*¢ we have
[(A® B) "1al|, < Vil Bll Al (40)

Moreover, denoting J = 1n1:;/n,
1((74) © B) 1|, < [ All 1B 1], (41

Proof. Simply

d n 2
[eB L= (Z b)

j=1 \i=1

(D%) (Zb%) <nl|BI% Al
1 =1

)
£(5) ()

J
< A% |BT1.);

<

d
Jj=

and

SEES

d n
(Ao B) 1y = (Z(

j=1 \i=1

O
Lemma C.3. For all k we have
[PPX | o S IXMloozs (PT*XI 0y < r 1 X o o (42)
We also have
[XW a2 S ITW 2 1 X1 2 (43)
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Proof. 1t is immediate that to a stochastic matrix P,

PX = P X
1PX e, = max|) >
J

2
< X oo 2 ml.axz 1Pij| = 1 X o2
i

and P is stochastic.

Then, since D (P T)* D, is stochastic,

[PTYX o < o |07 PV DeDTX .y € o |97 |y < 1 X

The second inequality is immediate by

[ XWllog o = maxc [ WAL, < Wl X1,
O
Lemma C.4. For all k we have:
o] <] <] <o
and
T
n n
where A;, = s“* Dy D, + D).
Finally, for all { > k:
i R W )
Proof. By recursion, since |p(z)| < |z| and by Lemma C.3,
7] .= ettt <l vl <ot ] <

and easily

I W e e e
00,2 00,2 00,2 ,2

In the same fashion, since p’ < 1 and using Lemma C.3, since for a diagonal matrix D we have D(A® B) = A® (DB),
and D 1PT D, is stochastic,

HD;lB(k) H , _ / H(k)) ® (D;lpTB(k-'rl)(W(k‘-‘—l))T) H , (46)
0, o0,
< HDglpTDﬂDTTlB(k—&-l)(W(k-‘rl))TH , (47)
0,
< k41 HD;lB(kJ’_l) H < 8(k+1:€+1) HDng(Z) H (48)

choosing ¢ = L and ||D;'BP)||_, <
D'’.) we obtain the final bound.

i 1BP | pand [BO , < 5D [|HP , + D) < 5 (s"DaDe +

Tmin

O
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