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Abstract

This paper presents a theoretical investigation
into the generalization capabilities of cross-
domain knowledge distillation.  Utilizing a
high-dimensional asymptotic analysis of a linear
teacher—student model, we characterize the ex-
cess risk while accounting for both model and
covariate shifts. Our results provide a formal
guarantee for the efficacy of distillation: even
when the source and target domains differ substan-
tially, there still may exist a regime where the stu-
dent model achieves superior generalization abil-
ity over the student-only baseline. Moreover, we
identify a crossed double descent phenomenon:
the excess risk can vary non-monotonically with
the teacher’s and student’s dimension-to-sample-
size ratios. These results provide rigorous insight
into when and why distillation helps across do-
mains.

1. Introduction

The success of modern machine learning tasks typically re-
quires the availability of large-scale labeled datasets. How-
ever, collecting labeled data for a new target task is often
challenging and expensive. When data in the target domain
is scarce, it is possible to leverage labeled data from re-
lated source domains. Knowledge distillation (KD) (Hinton
et al., 2015), originally proposed for model compression, is
a popular technique that transfers knowledge from a capable
teacher model trained on a source domain to a smaller stu-
dent model. This is achieved by guiding the student model
to mimic the teacher model’s outputs. The extra informa-
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tion in the teacher’s predictions often improves the student
model’s performance when target domain data is limited.
KD has recently achieved remarkable success across several
fields including image classification (Radford et al., 2021;
Li et al., 2024), speech recognition (Mingote et al., 2020),
and language models (Gu et al., 2024; Agarwal et al., 2024).

We denote the source domain data and target domain data
as (X1,y1) and (X5, y2), respectively. This work focuses
on the following cross-domain KD process: a teacher model
is first trained on the source domain data, and its predicted
labels for the target domain inputs are then used to supervise
the training of the student model by minimizing the per-
sample objective function,

L(§) = &l(y5, y3) + (1 = )Ly2,3), ¢y

where ¢ denotes the loss function, ys is the ground-truth
label, /5 is the teacher’s predicted label, and y§ denotes the
student’s prediction. The weight parameter £, known as the
imitation parameter (Lopez-Paz et al., 2015), balances the
contributions of the teacher’s predictions and the observed
labels during training.

Cross-domain KD often suffers from a shift between the
source and target domains. For instance, the source do-
main may consist of standard American English speech,
while a region-specific voice assistant must handle local
dialects. Another example is a face detection model trained
on images of light-skinned individuals (source domain) be-
ing applied to images of dark-skinned individuals (target
domain). Learning a discriminative predictor under such do-
main shifts between source and target domains is known as
domain adaptation (Ganin et al., 2016). While much of the
literature on domain adaptation has focused on improving
the performance of KD, relatively little is understood about
when — and how effectively — the student model can learn
from the teacher in the presence of domain shift.

Recently, (Emrullah Ildiz et al., 2025) analyzed the weak-
to-strong (W2S) generalization of linear models in a cross-
domain setting, and identified the form of the optimal surro-
gate model. However, their analysis relies on the condition
that the covariance matrices of the source and target do-
mains are jointly diagonalizable, which limits its ability to
capture the influence of eigenvectors. Moreover, their re-
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sults are restricted to the setting & = 1 (i.e., pure teacher
supervision), leaving the trade-off between distillation and
learning from observed student data unexplored. Motivated
by these limitations, we take a step toward a more complete
understanding of the performance gains of cross-domain
KD for linear regression.

In this paper, we present a theoretical analysis of cross-
domain KD in the context of linear models, leveraging tools
from random matrix theory. For ridge regression, we study
two cases: (i) a deterministic-parameter setting, in which the
teacher and student parameter vectors are non-random; and
(i) a random-parameter setting, in which a shared parameter
vector is drawn from a prior distribution. We also extend
our analysis to the ridgeless regression setting. All proofs
of the theoretical results are provided in the appendix. We
summarize our contributions as follows:

* High-dimensional risk characterization. We derive
precise high-dimensional asymptotics for the risk of
cross-domain KD via a bias—variance decomposition.
Our results reveal how the excess risk depends on the
parameter vectors and the input distributions in both do-
mains, generalizing the student-only setting of (Hastie
et al., 2022).

o Utility of cross-domain KD. (“Stones from other
mountains can polish jade”). Intuitively, large domain
shifts between the teacher’s and student’s training data
might limit — or even harm — the value of teacher su-
pervision for the student’s generalization. Surprisingly,
our analysis shows that even under substantial domain
discrepancies, it is still possible to find an ¢ € R such
that the student model can outperform the student-only
baseline. The existence of such & depends on the ge-
ometry of the models and the covariance matrices of
both domains.

* Double descent phenomenon. We demonstrate that
the asymptotic excess risk in KD exhibits a non-
monotonic behavior with respect to the dimension-
to- sample-size ratios of both the teacher and the stu-
dent. Moreover, by the theoretical results we identify
and characterize a novel crossed double descent phe-
nomenon in KD (see Figure 2). While prior studies
have documented double descent in student-only set-
tings (Hastie et al., 2022; Nakkiran et al., 2021), or
focused on the specific case of & = 1 under isotropic
conditions (Moniri & Hassani, 2025), this crossed be-
havior highlights a interaction between the teacher and
the student that has not been previously characterized.

1.1. Related Works

Theory of KD. In recent years, a growing body of work
has sought to understand the effects of KD. The theoret-

ical understanding of distillation began with (Phuong &
Lampert, 2019), who initially investigated linear student
networks. (Wei et al., 2021; Borup & Andersen, 2021; Das
& Sanghavi, 2023; Pareek et al., 2024; Jeong & Chung,
2025) theoretically studied self-distillation, a variant of KD
in which the student model has the same architecture as
the teacher and is trained on the same data. (Menon et al.,
2021) showed that a “Bayes teacher” providing true class
probabilities can reduce the variance of the student’s objec-
tive, leading to improved performance. (Harutyunyan et al.,
2023) proposed a framework that highlighted a delicate in-
terplay among the teacher’s accuracy, the student’s margin
with respect to the teacher predictions, and the complexity
of the teacher predictions. From an information-theoretic
perspective, (Dissanayake et al., 2025) quantified and ex-
plained the transferred knowledge and knowledge left to
distill for a downstream task.

Cross-domain KD and domain adaptation. Many studies
have explored various methods to address the domain shift
problem in the field of KD. Empirical works include (Su &
Maji, 2016; Kundu et al., 2019; Asami et al., 2017; Li et al.,
2023; Xu et al., 2024; Tang et al., 2025). (Ye et al., 2024)
proposed the Maximum Conditional Mutual Information
method, which enables the teacher model to capture more
contextual information to generate more accurate estimates
of the Bayes conditional probability distribution. The emer-
gence of large language models (LLMs) has brought new
advancements, such as distillation across vastly different
architectures and scalable cross-domain transfer. For more
details, readers may refer to (Fedus et al., 2022; Ouyang
et al., 2022; Yang et al., 2024). From a theoretical perspec-
tive, (Emrullah Ildiz et al., 2025) focused on the setting
where the student is trained using only the teacher’s predic-
tions, and analyzed the conditions under which the student
can outperform the teacher in cross-domain KD.

Weak-to-strong generalization. Weak-to-strong (W2S)
generalization (Burns et al., 2024), which concerns using
predictions generated by a weaker teacher model to train
a more powerful student model, is closely connected to
KD. (Emrullah Ildiz et al., 2025) provided an analysis of
ridgeless regression and proved that when using a weak
model as the surrogate (teacher), W2S training can prov-
ably outperform training with true labels. (Charikar et al.,
2024) assumed that the models are selected over a convex
set, and quantified the gain of the weak-label trained strong
model over the weak model. (Wu & Sahai, 2025) explored
W2S generalization for classification in a spiked covariance
model. (Medvedev et al., 2025) explained how W2S gener-
alization can arise in random feature models described by
two-layer networks. Theoretical research in this area has
continued to grow, see (Dong et al., 2025; Shin et al., 2025;
Moniri & Hassani, 2025; Oh et al., 2025), for example.
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1.2. Notations

We use || - || to denote the spectral norm for matrices and
the Euclidean norm for vectors, and || - ||¢ for the Frobenius
norm of a matrix. Standard big-O and small-o notations
are employed. Moreover, we denote z,, = 0,5 (ay), if
Zn/an, — 0 almost surely. For any sequences a,, > 0 and
b, > 0, we write a, < bn if a, = O(by,), and a,, ~ by,
if both a,, < by, and b,, < a,. We use 6(+) to denote the
indicator function, which takes the value 1 if the condition
- holds, and 0 otherwise. Throughout the paper, ¢ and C'
denote constants that may vary from line to line. For a
random variable z, we use x ~ D to indicate that x follows
the distribution D.

2. Preliminaries
2.1. Problem setup

Suppose there are N; covariates {xg.l) };V:l , drawn ii.d.
from an M -dimensional source distribution D; and N5 co-
variates {xgz)}?’il drawn i.i.d. from an M-dimensional
target distribution D5. We consider a linear regression task
specified by an unknown parameter vector 3, € RM:

IBTX()+€()a Z:1727 1SJSN7,7

where 5&2) € R is a zero-mean random noise term with

variance o2, Fori = 1,2 and z € C\R*, define

RMXN ( (1) (1)) ,

X, (xgz),...,xg\l,z)e Y1 s YN,

1 -1
Qi(z) = <NX1-X1-T — ZIM> L Eg (6(1),. ,55\,)) .
We refer to the case where D, # D as a covariate shift,

and the case where 3, # 3, as a model shift.

Teagl)er &\)/Iodel
{( ' 7y_] )}J 1.

The teacher model is finetuned on

. 1
B, = argmn (llya — XT8I7 + 2817
s AN )
1
= EQl(_At)lela

where \; > 0 is the teacher regularization parameter. The
risk of B, when M ~ Nj in the high-dimensional setting
has been studied extensively in the literature such as (Do-
briban & Wager, 2018; Hastie et al., 2022).

Student Model Trained with Cross-Domain KD: We
use the pre-trained teacher model together with covariates

{xPy e

, to generate predictions:

2 2
s = (i) = (<2, x0T 8,

The student model is finetuned on the target do-

main data {(x (-2), yj(z))} 2, and the teacher’s predictions

{(x (,2)’ yj)}J 1> using the per-sample objective function
deﬁned in (1) with an imitation parameter £, as follows:

. . 1
B, = argmin £(6) = arggne (- 1v3 - XI Al

+ -0 (lve — XIB1?) + AP

= (XX + NaAsIy) ' (€Xay5 + (1 — €)Xaya),

3)
where ) is the student regularization parameter. While it is
common to restrict £ € [0, 1] (Lopez-Paz et al., 2015), we
do not impose this constraint, in line with (Das & Sanghavi,
2023; Pareek et al., 2024). From (3), the parameter & is
independent of QQ2, making it possible to choose a negative
& that achieves better generalization performance. For the
covariates x'”) and the noise terms 5( 2 ,i=1,2,1<j<
N;, we make the following assumptlons which are standard
in the random matrix theory literature (see, e.g., (Bai &
Silverstein, 2010)).

Assumption 2.1. Suppose X, X5, €1, and €5 are mutually
independent. Moreover, we assume

(a) the covariates are generated according to

Xi = (Ei)1/2Zi, for ¢ = 1,2,

where Z; = (2; @ )) isan M x N; random matrix with i.i.d.
entries of zero mean and unit variance, and 3; is a positive
semi-definite matrix. Furthermore, we assume for all p € N,
there is a constant C), such that

max E|z1)” < C,. @)

(b) M ~ Ny ~ No.

(c) &; € RYi is a random vector consisting of i.i.d. entries
of zero mean, variance o2, and for all p € N, there is a
constant ¢,, such that

EleP <
max e < cp.

While we allow 21 and 2{?) to follow different distribu-
tions — a form of covariate shift — our theoretical results do
not depend on their specific distributions, provided that the

moment conditions in Assumption 2.1(a) are satisfied. The

requirement that all moments of 211) exist can be relaxed

to the existence of (8 + ¢)—th moment for any positive
constant ¢, with minor modifications to our proof and hence
we do not pursue this generalization here. The following
assumption on the structure of the covariance matrices is
imposed to facilitate theoretical analysis and rule out degen-
erate cases.
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Assumption 2.2. Let 7 be a small constant. Denote the
eigenvalues of 3; by o} > 05 --- > o, > 0.

(a) (Boundedness of 33;). We assume that max;—1 2 ||X;|| =
ot <771

(b) (Anti-concentration at 0). For ¢ = 1,2, the empirical
spectral distribution of ¥; satisfies

1y
MZé(U;—ST)Sl—T.

Jj=1

Let (x, y) be an unseen sample of the target task, that is y =
,ng + ¢, where x ~ D5 and ¢ follows the same distribution
with 852). Under the mean squared loss, the generalization
ability is quantified by the risk of the estimator 3, :

R(B,) = Exyly — BIxI” = Bx,y|(By = B)Tx +
1/2
= 12578 = B + 0%,
where Ey , denotes the expectation taken with respect to
(w.r.t.) the pair (x,y). The generalization ability of the

student model is measured by the excess risk, which is
defined as follows:

ER(B,) = R(B,) — 0 = |28, - B> )

When £ = 0, 3, reduces to the ridge regression estimator
for the student only model, and we denote the corresponding
excess risk by ER. One may easily check that ER = O(1)
almost surely. In the remainder of this paper, we present a
bias-variance decomposition of the excess risk using tools
from random matrix theory and use the theoretical results
to analyze the generalization performance of the student
model.

2.2. Random matrix theory

Before proceeding to the theoretical analysis, we introduce
several key quantities from random matrix theory that will
appear in our main results. For any distribution G supported
on RT = [0, 00), its Stieltjes transform is defined as

me(z) = [ 1-dG(a), = ¢ supp(C).

Next, we define the asymptotic eigenvalue density of ran-
dom matrices via its Stieltjes transform. This lemma is
well-known in the random matrix theory literature (e.g.,
(Bai & Silverstein, 2010)).

Lemma 2.3. Let X = X'/2Z be a random matrix, where
Z = (zj,) € RMXN M ~ N satisfies Assumption 2.1(a),
and X satisfies Assumption 2.2. For each z € C\R™, there

exists a unigue m = myy(z) € C satisfying the equation
1 1 b)) 1 z

=—— 4+ —Tr———=—-—— - =-TrXII
e R

with $zSm(z) > 0, where TI(z) = —(z + zmX) L

3. Theoretical Analysis

In this section, we analyze the excess risk ER.(3,) defined
in 5 under three distinct settings. In Section 3.1, we consider
the case where (3, and 3, are deterministic, with their differ-
ence being arbitrary. In Section 3.2, we study the scenario in
which 3; = 3, and the common parameter vector is drawn
from a prior distribution. Finally, in Section 3.3, we analyze
ridgeless regression under the regime where M < Ny, Na
and the covariance matrices 31, 2o are invertible.

Before presenting the main results, we first introduce some
necessary notation. For M, N;, ¥; and z < 0, the Stieltjes
transform determined by Lemma 2.3 is denoted by m;(z).

Let IL;(2) = —(2 + 2m;(2)2;)71, i = 1,2. We write
Ql = Ql(_At)9 Q2 = QQ(_)\S)’ ]-_-[1 - Hl(_)\t) and
IT, = II5(— ) for notational simplicity. For any determin-
istic matrix A with bounded spectral norm, we define for
1=1,2,

Si(A)=A
(A) * (14 5 TrEI0;)? — - Tr(X11;)?

7.

Moreover, when A = I,;, we denote

d
I, = —II

P 1(2)|Z:,,\t =TI, S (Iar)Ty,

d
I, = &HQ(Z)IZ:—/\S = IS (Ip)II5.

The other quantities are summarized as follow

E, =1I1S5:1(3)II, E; = II1 S (T12S2(30)II5) 1T,

E; = I11 51 (3.115)I14, Ey = I15855(35)II5, Es = 3,11,

3.1. Deterministic regression parameters

‘We now state our first main result.

Theorem 3.1. Let v = B, — B3,. For the deterministic
vectors ||, and || B, |, assume that ||, 1, |8l < c for
some constant c. Under Assumptions 2.1-2.2, the following
results hold:

ER(B,) = Bias + Var + 0,.,.(1),
where

Bias = ¢28] [N E1 4+ AX2NE;2 — 207 AEs] 8,
+A2BIEB, + 2661 [MAILEs — ANILE,] B,

+ 24T [ = 20\Es5 + M Ey]y + 2685 [N2Eq — \Es|vy
1

+ 282Ny [EsIT; — AELIT; — 3

3,11 + EsILL | B4,
(7N
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and
Uar %02 2 /
Var = =2 Te[(S) — 2AEs + A2Ey) (I — AIT,)]
1
2 2
LU= e )
No

®)

This theorem characterizes the dependence of ER(3,) on
the geometry of 31, 3, X, and 8,. We provide an illus-
trative example here. Suppose that 33; admits the spectral
decomposition 3; = UiAiUZ—T, for ¢ = 1, 2. Consider the
term ﬁIHl E;53,, which can be expressed as

BT (e + AemiZ1) " (As + AmaSa) ' 208,

N o )
T
= (AA) 1B (1 +miAy) T U UgAn By,

where A, is a diagonal matrix with entries Asj; =
H:zzikm The vector Bi = U, 3, captures the alignment
between 3, and the eigenvectors of X;. The right-hand side
of (9) explicitly reveals how the term ﬂIHl E;53, depends
on 3,, the eigenvalues of 3; and X, and the eigenvector
overlap UIUQ between the two covariance matrices. In
the special case where each 3, is aligned with an eigen-
vector of 3; — for simplicity, suppose it corresponds to the

first eigenvector — the expression (9) further simplifies to
_ A .
B1 By (Ash) ™ (1+m1A1,11§i111+m2A2,11) ,which depends on

the eigenvalues of 3; and the inner product BI By . This
observation extends the results of (Hastie et al., 2022), which
considers high-dimensional least squares regression within
a single domain (corresponding to £ = 0 in (3)).

3.2. Random Regression parameters

In this section, we assume that the vector 3, = 8, = B is
random, and consider the excess risk under two population
covariance matrices, 3; and X5, which may be equal or
distinct. Before presenting the main result, we introduce
the following assumption, commonly used in the literature
(Dobriban & Wager, 2018; Moniri & Hassani, 2025).

Assumption 3.2. The regression parameter vector 3 =
(B1, .-, Bar) " € RM is random, with each entry i.i.d., and
(31 satisfies

2
EB, =0, Ef? = UM and E[VM B, P < C,,

for any p € N, where C}, is a constant depending only on p.

Theorem 3.3. Suppose Assumptions 2.1-3.2 hold. Then the
following asymptotic expressions hold:

ER(3,) = Bias + Var + 0,.5.(1),

where
— ~2
Bias = UM ENTYSLIT, + 2EANTYITL T, 5,
+ A2TrEoIT) — 262 A2 AT I, 1T

+ EANTr [Eq(—2I1; + ENIT))] |,

and Var coincides with the expression in Theorem 3.1.

This theorem extends the result of (Moniri & Hassani, 2025),
which considers the case of no covariate shift, with inputs
drawn i.i.d. from N(0,I,;) in the context of W2S general-
ization (i.e., when £ = 1). Our framework generalizes this
analysis by allowing ¢ € R, thereby providing a more com-
prehensive understanding of the trade-off between learning
from the teacher and from the observed labels.

Let my4 (z), mo(2) be the Stieltjes transforms of the standard
Marchenko-Pastur law with parameters M /Ny, M /No, re-
spectively; their explicit forms are given in (33). The follow-
ing corollary follows immediately from Theorem 3.3 and
the fact that IT; = m;I, Iy = myIn (see, e.g., (Alex
etal.,, 2014)).

Corollary 3.4. Suppose 31 = 3y = Ip;. Write my =
my (—At), Mo = my(—As). Under Assumption 2.1 and As-
sumption 3.2, we have the following expressions:

Bias = 62[€2\2m), + 26 sy my + N2
= 282X Asmym); — 2EA NI MMy + EEAIAZ My M),

and

— M
Var = 5202ﬁ [M1 — 2\smy My + A2mymb, — A\em)
1

+ 2)\t/\sm2m'1 - /\t>\§m’1m’g]

M
+(1 - §>202ﬁ2 [my — Asmb],

where m), mb denote the derivatives evaluated at z = — )\
and z = — ), respectively:
, d d

mi = m(E)] .o m = ma(a)] .y

As previously noted, we do not restrict £ to the interval
[0, 1]. It has been shown in (Das & Sanghavi, 2023) that the
optimal value of £ may exceed 1. In Corollary 3.5 below,
we present a toy example demonstrating that even when
the input data across domains are i.i.d. and in the absence
of model shift — i.e., with no domain shift — the limiting
optimal value of ¢ can be negative.

Corollary 3.5. Suppose the conditions in Corollary 3.4
hold. The limiting optimal value of ¢ < 0 if

M
)\SAtmlsNR - F > 07 (10)

2
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where SNR ‘7—2 “fff + 04.5.(1).

Remark 3.6. We call the case £ < 0 anti-learning against
the teacher’s supervision, in contrast to & > 1, which
(Das & Sanghavi, 2023) termed anti-learning the observed
(possibly noisy) labels. This corollary provides insight into
the selection of &: the sign of the limiting optimal value
of ¢ depends not only on parameters (\;, As) but also on
data-related factors (SNR, data dimension, and sample sizes
of both domains).

3.3. Ridgeless Regression

In this section, we consider the minimum ¢, norm least
squares (ridgeless) regression estimator. Specifically, the
teacher model is defined by

B, = (Xi X)Xy,

where (X;X7])* denotes the Moore-Penrose inverse of
X;X7. Similarly, the ridgeless estimator of 3, takes the
form

By = (X2X3) T [€XoX3 B, + (1 — ) Xoyo).

Theorem 3.7. (1) Suppose 3, By are deterministic, and
Assumpti()ns 2.1-2.2 hold. We further assume that for i =

T S Umin(zi) S Tt

I —
Define f(\) = Bias and g(/\) Var, with A = s = A,

where the expressions for Bias and Var are provided in
(7) and (8), respectively. We have

R(B,) =

(2) Suppose B = B, = By are random and Assumptions
2.1-3.2 hold. Then, the estimated expressions in (11) still
holds with f(\) = Bias replaced by the Bias defined in
Theorem 3.3.

FOT) +g(07) + 04.5.(1). (In

If a matrix A is nonsingular, At = A~!. The following
corollary gives the characterization of ER(/3,) in the under-
parameterized setting.

Corollary 3.8. Suppose the conditions in Theorem 3.7 hold

and NM, % < 1 — 7. The estimator for student model
1 2

obtained by (1) is the averaging estimator:

B, = 65" + (1 - )85, (12)

where B?LS = (X;X])"'X,y;, i = 1,2. Adopting the
notation v = (3, — By in Theorem 3.1, we have

ER(3,) = Bias + Var + 0,.5.(1),

S Umax(zi) < 7—71-

where
Bias = £27 5,7,
and

\//;1,:(1_5)202 +§2 2

e T s
Ny — M N1 227

Based on the conclusions of Theorems 3.1-3.7, the high-
dimensional asymptotic excess risk, regarded as a function
of &, is a quadratic function. Given that the excess risk is
non-negative, the quadratic function opens upwards. This
observation is consistent with (Pareek et al., 2024), where
self-distillation is considered. Given a £ € R, the gain of
cross-domain KD is characterized by the reduction in excess
risk, ERy — ER(8,).

Proposition 3.9. Under the conditions of Theorem 3.1 and
Assumption B.10 for the deterministic case in Appendix B.S,
there exists a value of € € R such that

min (ER(8,) —

ERy) < 0. a.s. 13
min 0) a.s (13)

Moreover, under the conditions of Theorem 3.1 and As-
sumption B.11 for the random case in Appendix B.S, the
inequality 13 also holds.

Remark 3.10. This proposition shows that, even in the pres-
ence of a significant domain discrepancy, it is possible to
find a value of £ € R such that the student model outper-
forms the student-only baseline (i.e., training on the ob-
served labels only). We provide further details in Appendix
B.8, where we provide closed-form expressions for the opti-
mal £* under several common settings and demonstrate that
covariate shift can, in some cases, be beneficial for KD .

3.4. Numerical Simulations

We plot the excess risk of the student model: (a) under
model shift with identical covariate distributions, and (b)
under covariate shift with identical parameter vectors, in
Figure 1. All theoretical values of the Stieltjes transform
presented in this paper are obtained by solving (6). Due to
space limitations, the numerical validation of Corollary 3.8
is provided in Appendix C.3. Simulation results, averaged
over 100 independent trials, show good agreement with the
theoretical predictions.

Furthermore, we present numerical simulations of ER(3,)
as a function of A\¢ and \; for various values of &; these
results are included in Appendix C.1.
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— |yl =0.63, Theory i
llyl =0.89, Theory
e |yl =0.63, Simulation.
® |yl =0.89, Simulation.
== Ridge o

Excess Risk

-02-01 00 01 02 03 04 05 06 07 08 09 10 11

(a) Model shift

1.2 — Iy, Theory m
3, Theory

e I, Simulation.

® I, Simulation.

119 =~ Ridge

Excess Risk

-02-01 00 01 02 03 04 05 06 07 08 09 1.0 11

(b) Covariate shift

Figure 1. Excess risk in the presence of domain shift. Solid lines
represent theoretical values, while scattered points denote simu-
lation results (averaged over 100 trials). The dashed green line
indicates the theoretical performance for student-only baseline,
corresponding to ridge regression trained solely on the target do-
main data. (a) Settings: (A, As) = (0.1,0.5), (M, N1, N2) =
(400,600,200),3; = X3 = In. The vectors B, =
(1,..,1)T/v/M, ¢* = 1. We label the case ||| = 0.63 as
~ = —(2,...,2,0,...,0)T /v/M with the first M/10 entries
equal to —2/+/M, and the case ||y|| = 0.89 with the first M /5
entries equal to —2/+/M. (b) Settings: (A, As) = (0.1,0.5),
By = By ~ N(0, M 'Iy), (M, N1, N2) = (600,200, 300),
21 = 411\/[, 21 = d1ag(d1,7dM) with d—L = 0645(1 S
M/2)4+0.256(M/2 < i< M), 0% = 1.

4. Non-monotone excess risk

In this section, fixing &, \; and As, we examine the excess
risk as a function of the dimension M and the sample sizes
N7 and N5. We find that the student model exhibits the dou-
ble descent phenomenon, characterized by a non-monotonic
behavior of the excess risk as a function of the ratio of
dimension-to-sample-size. This phenomenon is consistent
with findings in various linear regression settings (Hastie
etal., 2022; Nakkiran et al., 2021; Belkin et al., 2020; Moniri
& Hassani, 2025), and has been previously observed by
(Moniri & Hassani, 2025) in the special case of pure teacher
supervision without domain shift, where the risk was studied
as a function of NMI

sty 5535%3

Figure 2. Crossed double decent phenomenon: asymptotic excess
risk as a function of y; and ~y2 for the ridgeless regression. Settings:
3 =3y =Iy,0°=1,£=0.5SNR=2, 7 = 0.04.

Excess Risk

0
1.0 15 2.0 25 3.0 35

Figure 3. Asymptotic excess risk curve for ridgeless regression
as a function of ~;. Settings: £ = 0.5, y1 — y2 = —0.5,%; =
3y = Iy, 02 =1, SNR=2.

We consider the specific case of ridgeless regression where
B, = By = B is arandom vector satisfying Assumptions
2.1-3.2, with isotropic features 3; = 35 = I,;. We denote
= Nﬂl, Yo = NM2 The theoretical results, which charac-
terize the asymptotic excess risk in terms of its bivariate
dependence on v; and ~», are provided in the Appendix
B.6. Specifically, we identify that the interaction between
these two ratios gives rise to a crossed double descent phe-
nomenon, as shown in Figure 2. Notably, the asymptotic
excess risk exhibits a pattern of more than one descent in
certain regimes. To visualize this behavior, we plot the risk
trajectories for the specific cases of v — 72 = 0.5 and
v1 — v2 = —0.5 in Figures 3 and 4.

5. Extension
5.1. Nonlinear case

Our theoretical results are initially established for linear
models; however, we anticipate that they can be extended to
more general settings. To explore this extension, we conduct
numerical simulations specifically for nonlinear models here.

We assume the source data {(X(-l) y](-l))};-\[:l1 are generated

] )
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Excess Risk

0
1.0 1.5 2.0 2.5 3.0 3.5

Figure 4. Asymptotic excess risk curve for ridgeless regression as
a function of ;. Settings: £ = 0.5,y1 — 2 =0.5,2; = Xy =
I, 02 =1, SNR=2.

i.i.d. according to yj(-l) = f(xg-l)) + 55-1), for1 <7 < Nj.

The target data {(Xf), y§2))}§vjl are generated according
to yJ('Z) - f(xy(‘z)) +5§2), for 1 < j < N,. Suppose X§1) ~
Di,1<j<M andx§.2) ~ Ds,1 < j < Ny. We refer to
the case Dy # D as a covariate shift, and the case where
f # f as a model shift.

We consider learning the unknown function using a fully
connected two-layer neural network with n hidden neurons:
fan(x) = a'o(Wx), where W € R™*M s the weight
matrix, and o (-) is an activation function applied entrywise.
When the random weight matrix W is fixed and only the
second-layer weight a is optimized, the model reduces to a
kernel regression model, where the kernel defined by x —
o(Wx) is referred to as the conjugate kernel (Neal, 2012).
The teacher model is given by fry (%) = atTJ(\Nle), with
a, = argmin, - [|y1 — o(XTWT)a|? + A|a]|%. We use

ff\IN(xg.z)) together with the covariates {x§2)}§v:21 to gener-
ate predictions y%. Then the student model is finetuned on
the target domain data and y$5. The student model takes the

form f{y(x) = al o(W1x) with
. 1 t T T 2
as = argmalnf EHYZ - U(X2W1 )a||
1
- (Ngm - a<X$wDa||2) T Adal

We also examine a setting where the teacher model is a
deeper neural network. Specifically, while keeping the stu-
dent model fixed, we let the teacher be a 4-layer fully con-
nected network:

fin = al 0(W30(W20(Wix))),

where a; is the solution to

1 .
al“gmgnE||Y1—[U(WSO’(Wza(Wlxl))]Ta||2+)\t||a||2-

We set D1 = N(0,41,;) and Dy = N(0,1;). Let f(x) =
(B"x)2 +1, f(x) = (8"x)2. Because D; # D and
f # f, both covariate shift and model shift are present
in this setting. More details and the numerical results are
provided in Appendix C.2.

5.2. Dependence between domains

In this section, we consider two cases in which X; and X
are not fully independent.

Case 1: Assume X exhibits weak dependence on X3 in
the following sense: X; = aXz + Xj, where a — 0
as M — oo, and X; is independent of Xs and takes

the form E}/QZL It is easy to see Cov(x(-l),x§2)) =

J
Cov(x;?), axf)) = ads.
Case 2: Suppose X is a signal-plus-noise data matrix:
X; = X3 + A, where A is a deterministic signal matrix
with [|A|| = o(v/M). This model captures realistic sce-
narios in domain adaptation where the source and target
domains share a common underlying data matrix, but differ
by a small deterministic shift—such as a faint shared signal

across features in source domain.

In Case 1, our theoretical analysis remains valid. For Case
2, we obtain a new limiting behavior; the theoretical results
and technical details are provided in Section B.10.

5.3. Multi-source data

Extending our framework to multi-source settings with
multiple teacher models is a natural generalization of our
work. For illustrative simplicity, we present the two-teacher
case, where the teachers are derived from distinct domains.
Let the two teacher models have parameters 3, and 3,
trained on datasets (Xo,yo) and (X1,y1), respectively.
Their predictions on the target domain data X are denoted
as y10 = Xq B0 and y1; = Xg B;;. The extended loss
function is then given by

§ §
4B) = 5-llyio = X3 BI* + 32 llyn = X3 8]

1-&6 -6
S — ly2 — X3 B)1* + AlI81%,
2

which yields the student model

B, = (XoXg + NoAIy) ' [6XaX] By + XX By
+ (1 =& — &)Xo(X, B+ &2)].

Denote by 3 the true parameter vector of the target do-
main. We aim to derive the limit of (3, — 3) T 22(8, — B).
The multi-teacher formulation introduces cross-terms of the
form

&&F ) SoF,
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where
1 T .
F;, = FQ2X2X2 By —B), i=0,1
2

Substituting B,; = &+ Q;X;(X/] B; +¢€;) fori = 0,1 and
omitting constants, this term comprises products of

/8) /607 /617 227 Q27 Q222Q27

Qo, Q1, QoXpeo, Q1X1€1,

where 3, and 3, are the parameter vectors of the respective
teacher models. Under the assumption of domain indepen-
dence, the limiting behavior of these terms can be estab-
lished by applying the same arguments presented in the
Appendix. For scenarios involving more than two teachers,
the derivation remains analogous; one only needs to include
additional cross-terms with similar functional forms.

6. Conclusion

This paper provides a precise theoretical characterization
of the asymptotic excess risk in cross-domain KD using
random matrix theory and bias-variance decomposition. We
demonstrate that for any real-valued imitation parameter &,
distillation can outperform student only training even under
significant domain discrepancies, highlighting its efficacy in
transferring knowledge across domains. While our current
analysis focuses on linear models and observes a novel
double descent phenomenon, future work should extend
these theoretical frameworks to nonlinear architectures to
further generalize these findings and provide a rigorous
characterization of their risk landscapes.
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A. You can have an appendix here.

B. Proofs
B.1. Basic Tools

Preliminary definitions and auxiliary lemmas used in the proofs of the main results are provided in this section.

Lemma B.1. (Lemma B.26 in (Bai & Silverstein, 2010)) Let C be an M x M deterministic matrix and z = (z1, ..., zM)T S
RM be a random vector of independent entries. Assume that Bz; = 0, E|z|? = 1, and E|z;|* < Cy. Then for any £ > 1,

Elz"Cz — TrC|’ < ¢ ((C4TrCC*)*/? + Cy Tr(CC*)*/?),
where ¢y is a constant depending on { only.

Before stating the subsequent results, it is convenient to introduce the notion of stochastic domination.

Definition B.2. Let x = x(?), ¢ = ¢(®) be two families of p-dependent random variables. We say that  is stochastically
dominated by ( if for all small ¢ > 0 and large constant £ > 0,

P(x®| > plc?) <p~*

for all large p. If  is stochastically dominated by ¢, we use the notation x < ¢ or x = O<((). We say an event &, holds
with high probability if
]P’(fpc) < p~* for any fixed £ > 0.

Lemma B.3. (Lemma 22 in (Yang et al., 2025)) Let Z satisfies Assumption 2.1(a)-(b). Suppose % <1 — 7. Then we have
(VM = VN)* + O<(VN) < Aain(ZZ)" < Anax(ZZ7) < (VM + VN)* + O (VN).

The upper bound on Amax(ZZ") still holds without the assumption M/N < 1 — .

Lemma B.4. (Corollary 25 in (Yang et al., 2025)) Suppose €1, ..., €; are independent random vectors satisfying Assumption
2.1(c). Then, we have that for any deterministic vector v € R¥,

viei| <a|v], i=1,...,t,
and for any deterministic matrix B € RNV*N,
le;Bej — 0(i = j)o*TeB| < o ||B|lg, fori,j € [t].
Moreover, for any deterministic vector v, we have
[vie;| < ol|vl, i € [t].
Definition B.5. Let A, B, € RP*? be sequences of random or deterministic symmetric real matrices. We say A, B, are
equivalent, denoted by A, < B,, if

1
~TrD,(A, —B,) =0, (1) andu’ (A, — B,)v = 0,5 (1)
p

for any sequence of deterministic matrices D,, and all deterministic vectors u, v such that

limsup | D,|| < o0, limsup max{|ul],||v]} < co.
P P

Lemma B.6. (1) (Theorem 2.6 in (Couillet & Liao, 2022)) We denote by ¢ the probability measure associated with m
determined in Lemma 2.3. Let X = 1/27 € RM*N \where the entries of Z are i.i.d. centered random variables with unit

variance and finite 8 + c-th moment, for any positive constant c. Suppose Assumption 2.1(b) and Assumption 2.2 hold. Then
for z € C\R™, we have

Q(Z) = H(Z)7 9(2) = m(Z)IM7 (14)

where

Q) = (XJ)\fT _ z1M>_1, Q) = (XTNX _ ZIM) () = —(ely 4 2L,

(2) When % < 1—7,(14) still holds at z = 0.

12
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Proof: Let u, v be two deterministic unit vectors and fy(A) = u'Q(—A)v for A < 0. Since )\min(XTXT) > (1 -

\/M/N)? with high probability, we have | fx(A)| < [|Q(=N)| S 1, [fy(V)] < H%Q(f)\)ﬂ < 1 with high probability.
Therefore, { f(\)} is equicontinuous with high probability. By applying the Arzela-Ascol theorem, f converges uniformly
to its limit f(\) = uTII(—\)v. By the Moore-Osgood theorem, we can exchange limits and get

lim fy(0)= lim lim fy(\) = lim lim fy(A) = lim u'II(-\)v =u'II(0)v, a.s.,

N—o0 N—00 A\—0— A—0— N—oo A—0—

where we use the fact that both Q and IT are analytic in an open neighborhood of 0 with high probability. Similarly, we can
derive £ TrAQ(0) = 7 TrATI(0) + 0.5 (1), which completes the proof.

Lemma B.6 shows that II(z) is a deterministic equivalent of Q(z). For technical reasons, we further require the following
result.

Lemma B.7. Suppose the conditions in Lemma B.6 hold. A denotes a deterministic M x M matrix with bounded spectral
norm. For any fixed complex numbers z1, 2o € C\R™, we have for all deterministic vectors u, v,

u' (Q(21)AQ(%) — TI(21)S(A)I(%))v = oq.« (|[ull[[v]), (15)
where )
SA)=A+ (1+ &+ TrETI(Z,)) (1N+Tr;TrrI§111)éll;I)(Z2)}vTrzn(zl)zn(zg) > (16)
Moreover; for any deterministic matrix C € RM>*M satisfying ||C|| < C for some constant C, we have
S TCIQENAQ() — T (21)S(A)Is(5)] = 0.0 (1), a7

The proof of this lemma is deferred to Appendix B.9.

Remark B.8. Lemma B.7 provides the deterministic equivalent of Q(21)AQ(Z2). (Lin & Pan, 2026) established the local
laws for the Q(Z;)AQ(Z2). However, their results require Rz, RZ5 to be sufficiently close to supp(p) and $Z1, 325 to be
bounded below by N~1+¢, where c is any fixed constant. Lemma B.7 extends the result to other regions.

Remark B.9. To relax the moment assumption, we apply a standard truncation argument commonly used in random matrix
theory (e.g., (Yang et al., 2025)). This approach allows us to employ Lemma B.3 under the weaker finite (8 4 ¢)-th moment
condition, introducing only a negligible additional error term that depends on A but does not affect the leading-order
asymptotics of our results. Moreover, a careful examination of the proofs shows that the same moment condition is
also sufficient to establish Lemma B.7. Consequently, all of our theoretical conclusions remain valid under this relaxed
assumption.

B.2. Proof of Theorem 3.1

To simplify notation, we set z; = — A, 22 = —As. Recalling (2) and (3), we get
1
Bs— By = EQQ [£X2Xgﬂt +(1-6)Xa(XI8, + €2)] — By
1 1
= 7, Q| X XT QX (XTB, +e1) + (1= 9Xa(XIB, + &2)| — By

= 5[(IM + 22Q2)(In +21Q1)B1 — /32] +£Ni1(IM +22Q2)Q1 X161

(18)

as

+ (1= [(An +22Q2)B; — Bs] + (1 — S)N%szgsz

ag
=7+ £20Qov7 +£21Q1 81 + 22Q285 +£21220Q2Q1 B, +as + ag.
—_—_—— — = N
ai as as a4

13
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By this, we decompose ER(3,) as follows:

ER(B;) = (8, — B2) ' Z2(8, — Ba)

6 6
=8V Sy +2> b+ D> hit Y. hij,
i=1 i=1

1<i#j<6

19)

where )
1/2
by = &y Boas, hi; = sz/ ail|”, hij = a] 3aa;.
Moreover, we denote Bias = ||E§/2(§7 + a1 + az + az + ay4)||* and Var = hss + heg. Next, we compute the limit of
each term above.

Let n € N*. According to the Definition B.2 and the Borel-Cantelli lemma, we have
X(n) = 04.5.(1) if x(n) < n™¢
for any constant ¢ > 0. By this, the limits of by, ba, b3, b4 can be readily obtained using Lemma B.6:

b = £%207" QoXoy = 207 T B0y + 04.5.(1),

by = 217 Qi By = E217 Tl B) + 04.6.(1),

by = 2083 QaXay = £2285 T2 o + 04.4.(1),

by = 221207 2aQoQuB; = 221207 TILIL B + 04.4.(1),

where the last identity is due to
YT2[Q2Q1 — ILIL B =422 [(Q2 — 2)Q: + I (Qq — II)| By = 04.5.(1).

‘We now consider the terms contributing to Var. By Lemma B.4 and the identity

1
T UXX] =Ty +21Qi i =1,2 (20)
we find that
520_2
|hss — WTT(IM + 22Q2)Ba(Inr + 22Q2) Q1 X1 X[ Q|
1
2D
1 1
< WH(IM +20Q2) B (Tar + 22Q2)(Q1 + 21Q7) [ < NTh
For any deterministic matrix C € RM*M gatisfying ||C|| is bounded, and having the spectral decomposition
M
C= Z /\iuiviT,
i=1
we have by Lemma B.6 that
1 1 &
7 ICQIQ:2 = o Zl A Truv] Qi Qo
| M
= DAV QiQau
i=1 (22)
| M
= Z \iv] T Tou; + 04 4. (1)
i=1

1
= MTTCHlHQ + Oa.s.(]-)'

14
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Similarly, by recalling the notation IL;S;(I,)IT; = IT, for ¢ = 1, 2, one may check by Lemma B.7 that

1 1
MTrCQQQf = MTrCHQH'l + 04.5.(1),

1 1
MTrcqug = MTrCHll'I'Q,

1 1
MTrQQCQQ 2= MTrHQSQ(C)HQH'l + 04.5.(1),

1 1
MTrQlchQg = MTrl'IlSl(C)Hll'I’Q + 04.5.(1).

Then by Lemma B.6, Lemma B.7, (20) and (21), for £ # 0, we have

h55 1

527 = ETr(IM + 22Q2) B (Ins + 22Q2)(Q1 + 21QF)

1
= ETI“ (22 + 2232Q0 + Qo5 + 25 Qo X2 Qa] [TIy + 2111)] + 04.5.(1)
1
= VTY [22 + 22935115 + Z%HQSQ(ZQ)HQ] [Hl + 2’1]._[/1]
1

+ 04.5.(1).
Likewise, we have by Lemma B.6 that

1
hes = (1 — 5)202ETTEZ(IM +22Q2)Q>

1
= (1—-¢)%0? A TrEo(My + 2oI15) + 04.6.(1).
2

Let d = min {dist(z1,R"), dist (22, RT)}. According to Lemma B.4 and the fact following from (20) that

1
WHQin‘H =/1Qi +zQi || < Vd ' +d2z] S 1,

one has for j = 1,2, 3,4,
o 1
|hsj| = |hjs| < MHXIQl(IM +21Q2)X2a;(| S Wini
o 1
lhej| = |Rjs| < MIIX;QﬁJzajH S Wink
and

|b5 + b@| <

5

Using Lemma B.4 again, it can be shown that

2
o
|hes| = |hse| < WHX;—Q2E2(IIM + 2Q2) Q1 X ||F

< 02\/N2||X-QI—Q222(IM+22Q2)Q1X1”2 < 1
~ M M? ~ VM

Therefore, we get
4

bs + be + hes + hse + Z(th + hjy + hej + hjs) = 04.5.(1).

j=1

15
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We now turn to the terms h;;,¢ = 1,2, 3,4. By Lemma B.7, we have
hi1 = €257 Q222 QoY
= 257 T8 (32) Moy + 04.5.(1),
hay = €227 8] Q1Z2Qu 6,
= 2B L S (Z2)T B, + 04,5 (1),
has = 2383 Q222Q2/3,
= 2383 T2S5(£2)TLo B + 04.6.(1),
has = £22125 8] Q1Q222Q2Q1 3,
= 21 BEB] QuTLrS5(3) Q1 B; + 0as (1)
= 2123 B1 TS (TS5 (£0)TIo)TL By + 0.5 (1)

Similarly, one can obtain the limits of the remaining terms in h;;,1 < 4,5 < 6:

hiz = ho1 = £221207 Q232 Q1 8,

= 21207 L3001 By + 04.6.(1),
his = hs1 = £238; Q22Qoy

= €23 B3 582 (Z0) oy + 04.5.(1),
his = hyy = 21257 Q2 32Q2Qu 8,

= 21257 TS5 (E0) LI B) + 0,4.5.(1),
hos = haa = 212281 Q1 22Q28,

= 5212‘2511_[1221_[252 + 04.5.(1),
hat = haz = €227 28] Q122Q2Q1 3,

= 272001 QuTT1Qu 3 + 04.5.(1)

= 2272, 8] TLS1 (SoT1)T B + 0a.5.(1),
hsa = hag = £212335 QX2 Qo Qu B,

= £2122 85 T5S5(2) 111 B; + 04.5.(1).

Combining the above estimates, we conclude the proof of Theorem 3.1.

B.3. Proof of Theorem 3.3
We use the same notation as in Appendix B.2. Note that v = 3; — 35 = 0. Denoting
H=¢21Q1 4+ 22Q2 + £2122Q2Qu,

by (18), we have
ﬁs—ﬁ:H,@+a5+a6.

Hence, the excess risk becomes

ER(G,) = |28, - B)|

=B"H'S,HB+2 Y BTH Zoa; + Y hi

i=5,6 i=5,6
Using Lemma B.4, by Assumption 3.2 we have
TeT o T e 1
ﬂ H EzHﬂ — MTI’H oH < M”H EQH”F S

16
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By (25), we have
1 T 120 2
MTI"E2HH = — f 27 Tr3oQ7 + {2122 TrEs[Q1Qa + Q2Q4]
+ ZszzzQz + 272 Tre,[Q2QF + Q1Q2]

+ 22125 TrQ2E2QaQ + €227 25 TrQa X2 Q2 Q7

6
= Ztlv
i=1

(26)

where

1 2 22
= Mfgz?—[‘fzzQ?,tz = M§Z122TYQ1Q2J3 = MQTrEQQg,

5221 )

22122
ty = 2]5\42122TTE2Q2Q17755 = 5]\/} 2TrQe¥2Q0Qu, ts = TrQ:¥:Q2Q3.

We next consider the terms t;,7 = 1, ..., 6. In the subsequent proof, we shall make use of Lemma B.6, Lemma B.7 and the
property that 3511, = I153%,.
By (22), we have

28212
ty = E2120

TrIT 11535 + 046 (1)

1
t = g%%MTrng’l + 04.5.(1).
The limits of ¢3, 4, t5, tg can be derived by (23):

2
t3 = ZMQTI‘EQHIQ + Oa.s.(1)7

f 21Z2

t4 =2-—— TI‘EQHQH& + 0g.s. ( )

2 2
ts = %Trnzsz(zz)ngm +04.5.(1),

and
R

i TIHQSQ(EQ)HQH/I + Oa‘s.(l).

Using Lemma B.4, we find

1
I8TH Xsas| < 3/2 [HT S5 (T + 22Q2) Qi Xy llF S Niva
BTH S5a6] < o [ QuXalle S ——
2Q6 M3/2 2Rl S A

Therefore, the terms ﬂTHTEQai,i = b, 6 are ignorable. The proof is now complete.

17
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B.4. Proof of Corollary 3.8
Letting A\ = A = 0, by (3), we obtain
By =7 + (1-¢)B5"°
= (X X)X (X By +e1) + (1 - O(XaX]) ' Xo(X3 8, + £2)
=&, + (1 -8By + E(Xa X)) ' Xyer + (1 — §)(X2X3) ' Xae.

Plugging this into ER(/3,), one may obtain that

ER(3;) = [=)/*(8, - 8.
= ||Z3 216y + €K X]) T Xyer + (1 - €)(XoX]) ™ Xoe] |
:]ﬁ+h1+h2+2h3+2h4+2h5,

where
hy = 2] XT (X X)) 718 (X X)) "1 X e,

hy = (1 - £)%e] X3 (XoX3) ' 82 (XoX3) " Xoe,
hy = 24 T8, (X X]) ' Xyey,

hy = E(1 — 7T 20(XoX]) ' Xoe,

hs = (1 — el XT (X X]) 7' Ep(XoX]) ™ Xoeo.

By Lemmas B.3-B.4, we have with high probability,

|ho — (1 — €)20°Tr(X2X]) 'S = |he — (1 = §)?0°Tr(Z2Zs) |
< (1-8)?%*(Z2Z3) " [IF

M
=(1-¢?%° A (2223)
; 27)
1
S (1—¢8)%0° —=Tr(Z-Z]) "
~ ( g) \/M ( 2 2)
< 1
~ VM
Lemma B.6 implies that with high probability,
M
Tr(ZoZ!) ' = ——— + 0,5 (1).
(2223 = 557 + 00 (1)

Combining this with (27), we obtain with high probability,

he = (1 — 5)202]\72%(1 + ow,(l)).

Similarly, one may derive with high probability,

hs| < 0| XT (X1 XT) 180 (XaX]) ' Xl

1 —
=2/ Tr(X X1 135(X; XT)-1 < ——Var.
\/ (X3 X))~ 5:(Xa X)) S

Using Lemmas B.3-B.4, the following estimate holds with high probability,

|h1 — o Tr(Xu XT) ' Sa| < [ Zo(XaXT]) e

1

< VMIZIPIS 2z Z]) S

18
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Then by Lemma B.3 and Lemma B.6, one has with high probability,

1 1 o _
(X, XT) 18, = NlTr(lelzI) MRS I i
1 N
- Eﬁﬂmz;l + 04 (1).
Therefore, for £ # 0, we get with high probability,

1

@hl = Tr(X; X)) 7185 + 0,4.(1) =

1 _
mTI'EQEl 1 + Oa.s'(l).

We note that )
1
I7I1? 2 Bias = 2|35 712 2 Amin (Z2) 7112 2 1711
Since o7 (X1) S 1,01(32) < 1, it is easy to see Var ~ 1. Using Lemmas B.3-B.4, we get with high probability
|ha| < €20 |ly T (X0 X)Xy |
< &0\ Bias|[ 57|, X]) 7' X, |
VBias 1 Bias 1
< < +
~ M1/4 M1/4 — /M /M
1 -
——(Bias + Var).
M

Similarly, we can estimate with high probability

1 — —
|ha| < —=(Bias + Var).

VM

Combining the above estimates on h;,7 = 1,2, 3,4, 5, the proof of Corollary 3.8 is completed.

B.5. Proof of Theorem 3.7

For simplicity, we present the proof only for deterministic 3; and 3,; the extension to the random case follows by similar
reasoning and is therefore omitted. Denote P x, and P x, by

PXI = (XlX—lr)JerX-lra PX2 = (XQX;—)+X2X-2|—

Note that for any rectangular matrix A and compatible B,
(AAT)™B = lim (AAT + AI,)"'B.
A—07F
We can apply this to A; = \/%Xi for i = 1,2 and rewrite the bias as
Bias = li A
ias = lim far(}),

where

fu(A) =€ T2w+22b +Zh”+2 > hi,

1<i#5<4

and all terms on the right-hand side are given in Section B.2, under the setting Ay = As = A. It is straightforward to see that
|far(N)| < 1. Now we consider f5,()\). Let A . (+) denote the smallest positive eigenvalue. Lemma B.3 implies that for
1=1,2

) )

2|~

2 2
) M 1 . M

(XX <260 |1 — XX > ol (14 = 5.

/\mdx( 7 z)— Ul< + Nz) ’ N)‘mln( ) 2 ( Nz) y .S

19
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Recall that || 3, |, || 35]| < ¢. Then, by (18), we have with high probability

hao X261 Q12,Q.16,

4
ax

_|4
~ |

= 2¢2

1
AﬁIQ%ﬁlxlxszlﬁl

1
< 288, 1A | 2] qulelxI

< )\Inax(XIXI/Nl) < 1
=t Amin XIXT Nl +)\ 2
1

The remaining terms in f},(\) can be bounded in a similar manner, and hence |f},(\)| < 1 almost surely. Therefore,
{fum(z)} is equicontinuous almost surely. By the Arzela-Ascoli theorem, fj; converges uniformly to its limit f, almost
surely. By the Moore-Osgood theorem, we can exchange limits and get,

lim lim fyr(A) = lim lim fy(A) = f(07), a.s.

M —00 A\—=0t A—0t M —o00

Similarly, letting gas(A\) = hss + hge with hys and hgg as defined in Section B.2 under the setting Ay = A\ = A, we get gy
converges uniformly to its limit, g, and

lim lim gp(A\) = lim lim gy () = g(0"), a.s.

M—00 A—=0+ A—0+ M —oo

By Theorem 3.1, f = Bias and g = Var under the setting A = Ay = . It is easy to verify that the remaining terms
appearing in 19 are asymptotically negligible, and that f, g are right-continuous. The proof is completed.

B.6. Preliminary analysis of double descent

In this section, we focus on ridgeless regression under the scenario where 3; = 8, = (3 is arandom vector with Assumptions
2.1-3.2 being satisfied. We denote

Q= ix.XT ’ P = iQ-X-XT
[ Nz 14Ng ) T Nz TLNg LNy .
Assuming 3; = 3o = I, we write, by (18),
1_
Bs—B=EPoP1B+(1-P28 - B+ Ni1P2Q1X1€1 + %szzez -
b

Vi V2
Similar to the proof of Theorem 3.1, we find that
b'vi+blvy+ virvz = 04.5.(1).
Then by Corollary B.4, we have

2 )2
ER(B,) =b b+ ¢? (]gvlTrQngP1 + %

(1-¢)?
Ny

TI“QzPQ) + 0a.s.(1)

e (28)

=b'b+o2 (NTI'Q1P2 + TTQ2> + 04.5.(1).
1

We denote v; = %, Yo = NMQ We partition (-1, 72) into four disjoint regions to analyze the asymptotic behavior of the
excess risk.

(1) Case 1: 1,72 < 1 — 7. Recalling Corollary 3.8, we have

2 e L (1), (29)

— (1 — £)252
BR(B) = (1 - €%0* 2 4 €50

20
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(2)Case 2: y1 > 1+ 7,79 <1 — 7. In this case, we have

252 2 £2 (1 B 5)2
ER(B,) = &2 Tr(Iy — Py) + 0 | -TrQy + ——2-TrQs ) + 04.4.(1)
M N; Ny (30)
. _ 1 Y2
=¢25%(1 — 1+02(2+ 1-¢)? )+oaq1-
&o*(l—) 5%_1 ( 6)1_72 (1)
(3)Case 3: v1 <1 — 17,73 > 1+ 7. By Theorem 3.7, we can obtain that
o’ o (& (1-¢)?
ER(B,) = —=Tr(Ips — P2) + 07 | =—TrQiP2 + ———TrQz | + 04.5.(1)
M Ny N,
(31)
=52 (1 -5t +02(2%+ 1—¢)? )+0a51.
(1=27) 572(1*’71) -9 Y2 —1 (1)
(4) Case 4: 1,72 > 1 + 7. Using Theorem 3.7 again, we have
~92
o
ER(B,) = MTT(—§2P2P1 + (&€ - 1Py+1y)
2 1— 2
+o? (L mqip, + (’E)Trczz) T 0us(1)
1 Ny (32)
1 1
— 52 (2471 (1 — 1_1+1+U2(2 L (1—6)2 >
(En'0-n) =% +1) S G (1-¢) po—
+ 04.5.(1).

The above results characterize the asymptotic excess risk in terms of its bivariate dependence on ~y; and .. In fact, these
findings extend readily to the isotropic setting where 31 = c11;s, 35 = coI s for some constants cq, co > 0; the details
of which are omitted for brevity. Furthermore, for a fixed £, maintaining either ~y; or -y constant allows for a direct
observation of the risk’s non-monotonic behavior relative to the other parameter, as illustrated in Figures 5 and 6. A complete
visualization of the risk surface as a function of both ~; and ~s is provided in Figure 2.

Figure 7 displays the contour plots of the asymptotic excess risk across four distinct values of £. In the anti-learning regime
(Figure 7(a)), the risk surface exhibits high sensitivity to ~», as evidenced by the densely packed contours along that axis.
However, as ¢ increases, this sensitivity gradually shifts toward ~y;. Intuitively, this reflects the role of the imitation parameter
¢ in modulating the influence of the teacher’s supervision: a larger £ amplifies the impact of «; on the overall risk profile.
The numerical results in Figures 5-7 are consistent with the theoretical characterizations provided in (29)—(32).

B.7. Proof of Corollary 3.5

The Stieltjes transform of the Marchenko-Pastur distribution is given by

) 1My _ ,_ _1_ M 2_4M
SYRTRY LEVYC U dREEt'(CERE Tk 4 -
N;

We take the derivative of ER/(3,) with respect to £, and evaluate itat £ = 0 :

0

o€ + 04.5.(1).

N2 dz

z=—M\s

=0 <)\t)\5m1 SNR — M) 4 (2my(2))
£=0

Since

y4 X
zmy(z) = / dompo(z) = =1+ / EdQMP,z(«T);

r—z

we hence get that

d
L ema(2)],__, >0 (34)

z2=—Xs :
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Excess Risk
(2]

SNR

o B W N

Figure 5. Asymptotic excess risk as a function of ~» for the ridgeless regression when SNR varies from 0.5 to 5. Settings: o

£=05,71 =155 = =Iy.

12

Excess Risk
(o)}

SNR

o B W N

2

19

Figure 6. Asymptotic excess risk as a function of ~y; for the ridgeless regression when SNR varies from 0.5 to 5. Settings: 31 = 3o = I,

0?2 =1,6=0.5v = 1.5.
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Figure 7. Contour plots of the asymptotic excess risk in ridgeless regression for varying values of £. Settings: 1 = 3o = I, 02 =1,
SNR=2.
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Excess Risk

—==- Ridge

0.7 1

T T T T T
-0.4 -0.2 0.0 0.2 0.4

Figure 8. Theoretical excess risk for different A:. Settings: (M, N1, N2) = (200,200, 600), ¥, = X9 = Iy, As = 0.5, SNR=4,
B =By ~ N(0, 1@) o2 =1.

Therefore, -2 e ER(B,)[¢=0 and A:ASNR — M share the same sign almost surely. That is, the limiting optimal value of ¢ is
negative when (10) holds, which establishes Corollary 3.5.

We provide an example in Figure 8 to illustrate this corollary. Specifically, when Ay = 0.5, the limiting optimal value of £ is
positive, whereas when \; = 0.01, it becomes negative.

B.8. Details for Proposition 3.9 and Remark 3.10

Recall that ERy denotes the excess risk of the ridge regression model trained solely on the target domain data.

Assumption B.10. When 3, 3, are deterministic, we assume that :

2
ag
‘ﬁIAtAS [T, 55T, — AT 85 (5) T 8, — 7 Tr{Sh(T; — ALTT)]

+83 NTI28:(32) Iy — )\sﬂzzz]’v" > c,

where c is a positive constant.

Assumption B.11. If 3 = 3, = 3, is random, we assume that

~2 2
‘UM AT T, 35 — AtAfTrHQSQ(EQ)HQm] - ;‘V—Tr[Eg(Hg — AT > e
2

where c is a positive constant.

Proof of Proposition 3.9: (i) Suppose the conditions in Theorem 3.1 hold. Note that

9 ER(3,)

e ER(B.)| o = 261 DT I, — AN T I S:(22) T2 B,

202
+ 287 [N2T1585 () IMy — AJIoE5)y — ET&[zg(m — AIIS)] + 04.6.(1).

Under the conditions in Theorem 3.1 and Assumption B.10, the asymptotic excess risk is a quadratic function whose
minimizer is bounded away from 0. Therefore, ming ER(0,) is strictly less than ER almost surely.
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Excess Risk
Excess Risk

O.‘4 O.‘G 018 1.‘0 1.‘2 114 116 1?8 2.0 0:6 0.‘8 le 112 1.‘4
M/N1 MIN>
(a) Excess risk as a function of Nﬂl for varying A (b) Excess risk as a function of ]I\”,—fz for varying &
Figure 9. Non-monotone excess risk curves. We set X = In, 21 = diag(ds, - ,dar) where d; = 0.646(i < &) +0.256(& <

1 < M). (a) Results are shown for fixed M = 600 and As = 0.05 with different N;. (b) Results are shown for fixed N2 = 600 and
(At, As) = (0.05,0.001), with varying M.

(i) Similarly, suppose Assumption B.11, under the conditions of Theorem 3.3, the inequality (13) holds by noticing that

0 252
8—£ER(BQ| 0 = 3 | MATILILD, = ANTITILS, (3)IL1T,
202 ,
— ——Tr[Zp(ITy — AIIy)] + 04.5.(1).
Na

Further discussion on Remark 3.10: To clarify the dependence of Assumption B.10 on the geometry of X1, X5, 3;, 85
and the noise strength o2, we consider a simple example in which 35 = I,;. Then we have

0
aigER(ﬁs)‘g:o = AS)‘t(m2 - AS@IZ)ﬂIHL@Q
UQM / / T
A (Mo — Asy) — As(my — Asmn) B2y + 04.5.(1) (35)

oM d
= (As)‘t/@}—nlﬁz - TQ - )‘Sﬁ;—PY)&(ZmQ(Z))’Z=_)\S + 04.5.(1),

(&

where m,,(z) is defined in (33). Recalling (34), we have |8%ER(,65)|5:0| > cif |e|] > C for some constant C'. Below, we
discuss two cases, when X1 = I; and when X7 # I);:

e 3, = I,;. The term e becomes

oM
e =AM B1 By = == = A (B1 = Bo).

Recall that the asymptotic ridge risk is minimized at A} = ﬁﬁ]\fﬂz’ with asymptotic excess risk o2 NMZmQ(—)\:)
(Hastie et al., 2022). Taking A\s = A\, we have

e= A (Amy — 1)3132
Note that

X
Aemy —1=— / o /\tdQMPJ(x) < 0.
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Therefore, in a small neighborhood containing 0, ER.(3;) is monotonic in &, indicating that the teacher’s supervision is
helpful — even outperforming the optimal ridge regression — provided that 3; and 3, are not asymptotically orthogonal.

e 3, # I By taking As = A\, e becomes

mi10;

M
e=XN(MBIILB, - BIB) = -\ > Bluu] B,, (36)

Pt 1+ mqo;
where m is determined by Lemma 2.3 and 31 = Zf\il o;u;u] represents the spectral decomposition of ;. By (36),
the alignment of 3; (i = 1, 2) with the eigenvectors of 3; determines whether Assumption B.10 is satisfied. Therefore,
given Ay = AZ, under the “help” of covariate shift, even if ,BIBQ = 0, it may still be possible to find a £ such that
ER(3,) < ERy, a.s. By comparing with the case where 3; = I/, we find that the presence of covariate shift can, in
some cases, be beneficial.

Note that, up to asymptotically negligible terms, ER can be expressed as a quadratic function of £ : ER(3,,&) =
A€? + B¢ + C. Below we provide closed-form expressions for the asymptotic optimal £* = —% under several common
settings.

(1) Wheny = 8, — By, 45 3= < 1 —1,

M o? IV
* T 2 —1
= T‘I‘ 1 .
3 (’Y 227+UN2—M+N17M 2221> N27M€(0a)
(2) When 8 = 3, = By israndom, and ;1 = 3y = Iy,
M 52
I (my — Asmy) — —aMAs (mmy — Asmigm, )
=

A+ As + A ’

where
% 1o 2 242
/ / I I
A = e (Afmy — 227 A smom) + A A2mim})

M
Ay = 5 (my — 2Asmymy + A2mymb — Aem) + 2\ Asmomy — M AZmim))
1

M

Az = —
3TN,

(my — /\smé) .

(3) When B = B, = B3, 5 = Ty,
BTANMATL; — AAamo T8 + S (mf) — Aamby)

BTNL+ A2y — 22, |TT B + U2t A) Ty (I — AT+ 22 (1, — Asm)

*

B.9. Proof of Lemma B.7

The following result, which is an immediate consequence of Lemma 2.3, will be used in the proof below:
1 -1
—zm = (1 + NTrZH(z)) . (37

We abuse notation by writing z; and z» for z; and Z,, respectively, whenever there is no risk of ambiguity. Without loss
of generality, we assume ||u|| = ||v|| = 1 and z1, 25 lie on the negative real axis, as the other cases follow by analogous
arguments.
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Using standard techniques of martingale decomposition (see, e.g., (Bai & Silverstein, 2010)), we can prove the almost sure
convergence of the random part:

u'Q(21)AQ(22)v = u'EQ(21)AQ(22)V + 0a.5.(1). (38)

Therefore, it suffices to consider the term u"EQ(z;)AQ(z2)v. Let 01 > --- > o denote the eigenvalues of 3. For the
sequence of deterministic matrices, we denote A p; = o(1) if || A || — 0. Since

Q(21)AQ(22) = Q(21)AIL(22) + Q(21)A(Q(22) — I(22)), (39)
we obtain by Lemma B.6 that

u'EQ(21)AQ(22)v = u"EQ(21) ATl (22)v + u'EQ(21)A(Q(22) — I(22))v

: : 40)
= u II(z))ATI(22)v + u EQ(21) A(Q(22) — I(22))v + o(1),
where the second identity follows from Lemma B.6, the Dominated Convergence Theorem and the fact that
-1 _ _
ITE(z0) [ = max |21 + zim(21)o3| < [za| 7" [|ATI(z2)v]| < [A[[TT(z2)]] < [22] [ Al
Therefore, our task reduces to finding the deterministic equivalent of
EQ(21)A(Q(22) — I(22)).
Denote . L
X_pX -
X_k =X - xkel, Q_k(z) = <§Vk — ZIM> B
By Sherman-Morrison formula, one may easily check that
1 T
~Q-k(2)xkx, Q_r(2)
Q(2) = Q-u(2) — =g o
1+ Xg _k(Z)Xk
Qi) “
—k\2) Xk
2)Xy = .
Q( ) k 1+%X};Q7k(2)x;€
We show here the following result for future use:
1 1
NETI‘CQ_l(Zl)AQ_l(ZQ) = NIETrCQ(zl)AQ(zQ) +o(1), 42)
where C € RM*M s a deterministic matrix with ||C|| < C for some constant C'. We decompose
Q(21)AQ(22) — Q-1(21)AQ_;(22)
=[Q(21) — Q-1(21)]AQ(22) + Q-1(21)A[Q-1(22) — Q-1(22)].
Applying the identity
A7 -B'=B!'(B-A)A!, (43)

we have for i = 1,2, and C € RM*M with finite spectral norm (where C may be a deterministic matrix, or a random
matrix that is either dependent on or independent of X),

1 ~ 1 -
F/TQE) — Q(2)ICl = 3z Q=)CQ- (21)x] < T lxall* = 00 (1).

N2
We denote d = min{dist(z1, R"), dist(22, RT)}. One may easily check that d ~ 1. Then by

1 ~ M ~ ~ 2M .

I TlQ(=:) = Q-1(20)]C] < H(1Q(=)Cl + Q-1(2:)Cll) < 7, fori =1,2,
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and the Dominated Convergence Theorem, we obtain (42). By similar arguments, we get for any deterministic unit vectors
u, v,
u"ECQ(2)Cv = u"ECQ_;(2)Cv + o(1)
= u"CI(%)Cv +o(1), i = 1,2, (44)
u"ECQ(21)AQ(22)Cv = u"ECQ_x(21)AQ_(22)Cv + o(1),

where C and C are deterministic M x M matrices with finite spectral norms.

‘We denote

1
—Ex; Q1 (22)Xk,

1 ~
by, = NXZQ—k(Zz)Xk, b= N

1
—Esz,k(zl)xk.

1 .
br = NXZka(zl)Xk; b= N

It follows directly from the proof of (42) that

b= %ETrEQ_l(ZQ) = %TrEH(@) +0(1),
~ 1 1 45)
b= NETrEQfl(zQ) = NTI'EH(ZQ) +o(1).
Recalling (37), we rewrite EQ(z1)A (Q(z2) — II(22)) as
EQ(21)A(Q(z2) — M(22)) = EQ(21)AQ(22) (Tar — Q" (22)T1(22))
= EQ(21)AQ(z2) (T (22) — Q' (22))TI(22)
=EQ(z1)AQ(%) ( - %XXT — 22m2>1_[(22) (46)
- EH(ZQ) 1 T
An application of (41) yields that
iiIEQ(z YAQ(20)xpX] = i M
N 1 2)XpXy = N & 1+ br
= ZEQ 21 AQ (ZQ)XkX-]L- |:1 + B_bkil
= (11+b {ZEQ 21)AQ_ (22)xpxy +IEQ(21)AQ(22)XBXT]

1
= = (EF; + EF5),
1—|—b( 1+ 2)

where B = diag(i) — b1, b— bN), and

Q(21)AQ_,(z2)x1x), Foy = ;Q(zl)AQ(zQ)XBXT.

Mz

k:

We now bound the spectral norm of Fs. Define the event

£= {Zlv||zzT|| <2(1+ \/gf}.
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We then have

T
< < I
IEF, | < BJFs| < - 1AlE xBxT)
Alll|2 1
< IAWZL 0 1 vorRiBlsE) + ~EIBIIZZT|6(C)]

B 1 =
< CIEmkax |b —br| + N\/]E max [b— bk|2IE||ZZTH25(5C).

By using the inequality that (see e.g. (Bai & Silverstein, 2010))
P(EY) < N~ forany ¢ > 0,

we have

E(1Z27%5(67) < B|Z27[}5(°) < \/E|1Z2T |{P(EC) us)

S NIOOO(N—lol) _ O(N_l).
It can be shown by Lemma B.1 that for £ > 1,

E|z; 31/2Q_ 2%z, — TrE2Q _4(2)/*
(Nt)
_ (EE_|z]22Q_ 2%z, — TIZQ_4(2)[]
=t 7
E[(TrQ?,)"/? + Tr(Q_4)']
Nt

P(b— byl > 1) <

<t tC

< CtieNiz/Q,

where we use the fact that

M

Tr(Q-k(22)) < MIQ-s(=)[" < Z5-

By taking a large enough ¢, we have

E max |b — by| = (/ +/ )P(maxi)—bk|>t)dt
k t<N-1/4 Ji>N-1/4 k

N
< N1/ +/ STB(b — by > )t “49)
t>N-1/4
<2oN~V4
Similarly, one may obtain
E max b — by|? = o(1). (50)
This, along with (48) and (49), implies that
[EF: | = o(1).
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By using (41), we rewrite

N
EF, = ;f;]EQ(zl)AQk(zg)xkxg
1 Q_r(z1)xkx Q1 (21)

]E[Q—k(zl) N 1+ by, ]AQ_k(Zz)XkXZ

k(21)x5x] Qg (21)

b AQ_ (z2)xix ]

1 - _+Q
EQ-1(21)AQ_y (z2)xix] — - > BN
st (29
N

=EQ_1(21)AQ_;(22)X — (1—1—15)]\7 ; E%Q_k(Zl)Xk;X-kI;Q_k(Zl)AQ_k(ZQ)XkX-]!:

1
(1+4b)N2

7 (bx — b)

EQ_x(21)xpx) Q_k(21)AQ_ (22)x1x] Trb

WE

k=1

=EQ-1(21)AQ_;(22)X — N j_ ; (EFy + EFy),

where
1 T T
Fi = NQ—l(Zl)X1X1 Q-1(22)AQ_; (22)x1xy,
) by —b
Fy = NQ—l(Z1)X1XIQ—1(32)AQ—1(Z2)X1XI%'

We first consider EF». Let 61, v denote a pair of unit vectors satisfying

@,V =arg max | EFyv],
lall=lvi=1

andlety = Q_1(z1)0 = (y1, ..., yM)T. Using the Burkholder’s inequality (Burkholder, 1973), we have

4
Ely'xi|*=E < cE

M M
2

E YiZi1 E Yi

i=1 i=1

M
< CE|y|[*+CE> v}

i=1

2 M
+ C]EZ lyizal*
i=1

<1,

~

where we use the inequality
M M 2
> oyl < (Z y?) < lyll*.
i=1 i=1

Likewise, we have E|x] v|* < 1. It follows from Lemma B.1 that

c

~ c
Elb; —b|* < W[(Ter—l(Zl))Z/Z + QY (21)] < Nz

and

ElXIQ,l(Zl)Xﬂe S CE‘XIQ,l(Zl)Xl — ETrEQ,l(zl)VZ + C|ET‘I‘EQ,1(21)|€ 5 Ne.
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Since by, > 1, we can bound the spectral norm of EF, as
|EFs|| = [a"EFyv| < Ela'Fyv|

1 B B ~
< N]E\UTQA(Zl)XleQfl(zl)AQq(Zz)xlxIVHbl — bl

1 ~ =
< VEY T VR Q1 (1) AQ_y (22)x (br — B)P?

1 v ~
< N\/\/EyTX1|4E|X—1rV4\/E|XIQ_1(21)AQ_1(32)X14Ebl _ b|4

1
< CNO(N) =o(1).

Therefore, it suffices to find the deterministic equivalent of EF;. We recall the definition above (39) that A ; = o(1) if
|Anr| =o0(1). Let E_1(-) = E[-|x2, ..., xn]. We have

]EFl = %EQ,1 (21)X1X-1I—Q,1(21)AQ71 (ZQ)X1X-1I—

= %EQA (21) [E71X1XIQ—1 (21)AQ_; (22)X1X-1r]

1
= NEQ,l(zl)zl/QE,l[zlzIzl/QQ,l(zl)AQ,l(z2)21/2z1z1]21/2

- %EQ,I(zl) [Tr2Q-1(21)AQ_ ()] =

1 (52)
+ SEQ 1(21)Z[Q-1(21)AQ_;(22) + Q_1(22)AQ_; (1) |Z

-2

+ —(Ez!, — 3)EQ_1(21) X" ?diag(E2Q_1(21)AQ_, (z)ZV/?)x1/2

E[TrEQ-1(21)AQ_1(22)]Q-1(21)= + (1)

- % ETrEQ(21)AQ(22) | TI(21)% + o(1),

where the last identity is due to (42), (44) and

%E[TrEQA(Zl)AQfl(@)] Q-1(21)%

= SE[TSQ 1(:1)AQ_ (22) - ETYSQ 1(:)AQ_; (22)]Q 1(21)%
CETEQ 1 (:1)AQ (2)Q 1(:1)%

:%E[T‘rEQ(zl)AQ(Zz)]H(Zl)E +o(1).

+

By (45), (47), (51) and (52) and the fact that || TI(23)|| is bounded, we have

%]EQ(zl)AQ(zQ)XXTH(ZQ)
1
2(1 ) EF1I1(22) + o(1)
1 1

:1 n ZN) qul(zl)AQil(ZQ)EH(ZQ) — 1+ BEFll'I(zQ) + 0(1)
_EQ(21)AQ(2)E1(23) v [ETrEQ(21)AQ(22)TH(21) XTI (2)

A
1+ L TrSI(2,) (1+ FTrEIL(22))(1 + 5 TrEII(z)) olt)
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This, along with (39), (46), leads to

EQ(z1)AQ(22)
| NETEQE)AQ()IM(=) 2 (=) | ) (53)
(14 FTrEII(z2))(1 4+ +TrXII(z)) '

Multiplying both sides of the above equation on the left by 32, and taking the trace, we obtain

ETSQ(:1)AQ(=)

%[ETTZQ(Zl)AQ(Zz)]%TTEH(Zl)EH(ZQ)
(14 +TrEII(22))(1 4+ 4 TrETI(z))

1
= T (z1) ATI(z2) + +o(1).

It follows that

LETEQ(:)AQ(=)
LTr 311 -1 (54)
o ~ 4T (21)21_[(22) 1
_< T 0T TTe () (1 ;VTrzn(zl))) LB (1) ATI(z) + o(1).

Plugging (54) into (53), we get
EQ(21)AQ(z2) = II(z1)ATI(25)

LTrSTI(2)) ATI(2,) 5
(1+ £ TrET(zs)) (1N+ L TrEI(2)) — %TrEH(Zl)EH(ZQ)H(Zl)EH(zg) +o(1).

+

The result (15) follows by combining the (55) with (38). Now we prove (17). Using a proof analogous to that of (38), we
can obtain that

1
MTTC [Q(Zl)AQQ(ZQ) — EQ(zl)AQ(ZQ)] = 0q4.5.(1). (56)
We denote the spectral decomposition of C by

M
C= E )\iuiv;r.
=1

By (55), we have
M

L TICEQ(21)AQ(=2) = ;Tr;&uz—v}m(znm(@)

M
_ % 3" AVIEQ(1)AQ(z)u
=1

| M
=37 Z v TI(21)S(A)TI(22)u; + o(1)

1
= MTrCH(m)S(A)H(Zz) +o(1).

This, along with (56), establishes (17).

B.10. Details of Section 5.2

In Case 1 of Section 5.2, where X; = aXy + )Nil, the following result holds.

Proposition B.12. Suppose that )~(1, Xy, €1 and €y satisfy Assumptions 2.1-2.2. Then Theorem 3.1 continues to hold.
Moreover, if we additionally impose Assumption 3.2, then Theorem 3.3 remains valid.

Proof: We recall that z; = — )\, 22 = —As. We only consider h55 in (19) here and the remaining terms can be handled
analogously. By (21), it suffices to estimate

%TI'(IM + 20Q2) o (Ins + 22Q2)(Q1 + 21Q7).
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Since

-1

1 -1 1~ ~ a ~ _
Q= (lexI — 211M> = <NX1XI — 211y + A) L A= N(Xlxg + XoXT 4 aX,X1).

We denote Ql = (%5{15(1 — 2zl M) - Applying (43) and Lemma B.3, we have with high probability,

~ ~ 1
B[ =[1Q1 — Qull = |Q1AQu] < WIIAII Sa=o(l). (57)

Then we obtain . .
TTQ::Qf = STrQe%(Qf + B + EQ, + QiE)

E
zZ ~
= Q2 3:Q] + 0u.. (1),

where we use the fact that

1 ~
NTI‘QQEQE §

s

Q3K S [[E[l = 04.5.(1).
By similar argument, we have

520.2

hss = N2

Tr(Tnr + 22Qa) o (Tnr + 22Q2)(Q1 + 21Q2) + 04.5.(1).

The proof is completed.

For Case 2 in Section 5.2, we have the following proposition, which also covers the setting of self-distillation.

Proposition B.13. Suppose X1 = X5 + A is a signal-plus-noise data matrix, with |A|| = o(v/N). The regression
parameter vector 3 = 3, = 3, satisfies Assumption 3.2. When \s # A, we have

ER(B,) = Bias + Var + 04, (1),

with
—— b
Bias = %T‘rﬁ]z[ﬂg(—)\t) ~TIp(-A)] 4 3 TSIl (— ) + %Trilgﬂ’z(—)\s),
and
o £20.2
Var = . (dTTEQ[HQ(-At) — HQ(_)\S)] + €TI'22H/2(—)\t) =+ fTI‘EQHé(-/\J)
1
+(1— 5)202FTr22[H2(—/\5) — AJIL (=),
2
where . 5es
2 2NN (EN, — A 2 2 .
a = é—)\lAQ + é-)\t)\ (fAt )\ ) _ 5)‘5 )\t , b — 52)\? _ 5 )\tA ;
As — At (As — M\)? As — M) At — As
2 2 2
. /\3 B 28NS d= 2 n A n AL A 2As A\t 7
At — Ag A=A (A= 2A)2 A= A% (M —A)?
2 2 2
e= At 2 A\t B ALAS fo Al At

Me—A)2  (As— A2’ s — A (s — A2
When A = \s = A, Bias is given in (59) and
520_2

1

Tr, (I, — ST, + 3A2TLY — A3TIY),

— 1
Var = (1 — g)%ZFTrEQ(HQ + A\IT,) +
2

with I = L9LE)
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Proof: By an argument analogous to that used for (57), one may readily verify that

1Q1(2) — Qa(2)[| = o(1).
Then (26) becomes

1 1
MTI‘EQHHT = M fQZ%TI‘EQQg(Zl) + 262122 TrZQQQ(Zl)QQ(ZQ) +2£2Zf22 TI‘EQQQ(ZQ)Qg(Zl)

t1 12
+ 25 TrE0Q3(22) + 262125 Tr[Qa(22) X2 Q2 (22) Qa(21)]
t3
+ &%2723 Tr[Qa(22)X2Q2(22)Q3(21)] | + o(1).

ta

We note that when z; # 2o,

Q2(Zl) - QQ(ZQ) = (21 - Z2)Q2(21)Q(22), Q2(21)Q2(Z2) = Q2(22)Q2(21)~

Then we have

ﬁtl _ 25222 TTEQQQ(ZZ - 22(22) _ M?ffl_ZQZQ)Ter[HQ(zl) — T (22)] + 04.s.(1),
it = T T Que) - Qe Qo)
_ _mﬁzzng(zl) - Mﬂzgmz(m — THy(20)] + 0a.s. (1),
ot = 1 D Que) - Qaler) Qe
= mﬂzmg(zz) + MTQQ[HQ(ZQ — Is(22)] + 04.5.(1),
ot = g Qa(er) — Qalen)
— s Q) + Qi) -2 B R
- R R ) + )] - T M) — Tha(er)] + 0 (1)

Based on above results, we have ﬁTrEQHHT = ]?i;s + 04.5.(1). As for the variance, one may check that
5202 / -1
N Tr 22[1_.[2(2’1) + 21H2(21)] + 22’2(2’2 — Zl) 22[1_.[2(22) — ]._.[2(2’1)]
1

hss =

+ Z%(ZQ — 21)71221-[/2(22) + Z%(Zl - 22)7222[1-.[2(21) — HQ(ZQ)} — 22122(22 - 21)72Tr221-.[/2(21)
+ 22122(21 — Zg)_QTI‘EQ[Hg(Zg) — 1_[2(21)]

+ zlzg(zl — 22)72Tr22[1_['2(21) + 10 (22)] — zlzg(zl - 22)3Tr[1_[2(21) - ]._.[2(22)]:| + 04.5.(1),

and the limit of hgg is the same as that in (24), where hss, hgg are given in Appendix B.2.

When A = \; = A, denoting Q2 = Q2(—)\), we have

%TrEgHHT = {(1 + 2N TrE,Q3 — (26 + EHNTrE, Q3 + §2A4Tr22Q§]

SRS

{(1 FO2ATYSLIT, — (26 + E)N TS, TP + §4A4Tr221'1§3)} F04.5.(1),

X

Bias
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where we use Vitali’s convergence theorem. Similarly, we have

52 0.2

h55 = TI'EQ[HQ + 32’1—[/2 + 322H§2) + 23Hg3)] + Oa.s.(l)v

1

and the limit of hgg coincides with the one given in (24). The proof is completed.

C. Additional Experimental Details
C.1. Impact of regularization parameters

To examine the impact of the regularization parameters A, As, we plot the empirical excess risk of the student model for
(At; As) € [0.01,0.5)% in Figures 10-12 (averaged over 5 trials), corresponding to & = 0.5, —0.5 and 1.5, respectively. We
set B, = By ~ N(0, ﬁIM), (M, Ny, N3) = (400, 300,200), 0 = 1. We consider two scenarios: (i) the case without
covariate shift, where 35 = 35 = I);; and (ii) the case with covariate shift, where 3o = I/, 3; = diag(ds,...,dn)
with

d; =0.646(i < M/2) +0.255(M/2 < i < M).
These figures reveal that the relative importance of A; and )\ is highly sensitive to the value of £. Specifically, when £ > 1,

the teacher’s regularization parameter ). exerts a dominant influence on the risk. Conversely, for ¢ = —0.5, the risk variation
is governed almost entirely by A, reflecting the diminished impact of the teacher’s guidance in the anti-learning regime.

Excess Risk Excess Risk

12

2

A, A
(a) With covariate shift (b) Without covariate shift

Figure 10. Excess risk when £ = 0.5.

C.2. Nonlinear models

When considering more complex models, we fix the student model and let the teacher model be a deeper fully connected
neural network:

fin = al 0(W30(Wao(Wix))),
where

.1 ~ = =
a; = arg min EHyl — [U(WgU(WQU(W1X1))]Ta||2 + )\t||a\|2.
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Excess Risk

4

35

Ay

(a) With covariate shift

Excess Risk

Figure 11. Excess risk when £ = —0.5.

Excess Risk

(a) With covariate shift

,/6 4
0.4
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o. 353 o 25
0.37{ <
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0. 25l> )
U.Zi;- 25
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[} 2
0.1.
=
MSL o 15
(S
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(b) Without covariate shift
Excess Risk
a
3.6
=32
—28
—24
2
1.6

(b) Without covariate shift

Figure 12. Excess risk when £ = 1.5.
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Figure 13. Excess risk estimated over 30 trials. We set (M, N1, N2) = (50,200, 100). (a) Settings: (A, As) = (0.5,0.2), o(z) = 2.
The weight matrices W € R™**M and W ¢ R™™™ have i.i.d. centered Gaussian entries with variance M ', where (n,n1) =

(100,200). (b) Settings: A\x = As = 0.2, (no, n1,n2,n3) = (M, 600,400, 200). The weight matrices W, € R™*"~1 have i.i.d.
centered Gaussian random variables with variance n;_1~'. We use the Leaky ReLU activation: o(z) = 0.01z6(z < 0) + z6(z > 0).

C.3. Demonstration of Corollary 3.8

— |y =3.58, Theory
vl =3.58, Theory
— I¥l=0. Theory
e |y|=3.58, Simulation.
= || =3.58, Simulation.
= || =0, Simulation.

451

4.0 4

354

Excess Risk

3.04

2.5

2.0

g

Figure 14. Theoretical predictions (solid curves) versus simulation results (scatter points, averaged over 100 independent trials) for
ridgeless regression. We set (M, N1, N2) = (400,600, 600), B, = \/%(1,..., 1)7,0% = 1and s = I,;. We label the case

||| =3.58 as v = \;—%(1, <, 1,0,...,0)T with the first M/5 entries equal to 1. The orange and green curves correspond to the setting

where X1 = diag(4, ..., 4, i, ey i), with the first half of the diagonal entries equal to 4 and the second half equal to i. The dark blue
curve corresponds to the setting where 31 = 41,.

Figure 14 presents empirical results that support 3.8. The gap between the orange and green curves quantifies the impact of

model shift on the excess risk. Furthermore, the gap between the dark blue and orange curves reflects the role of the term
TrX; '3, as characterized in Corollary 3.8.
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