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Abstract

Logistic regression is widely used in applications;
however, when the dimension scales with the sam-
ple size, theory reveals that the asymptotic behav-
ior of common M-estimators depends on nonzero
bias and variance factors, which are functions of
the signal strength. To leverage the theory to de-
sign valid statistical methodologies, it is essential
to obtain accurate estimates of the signal strength.
In this work, we utilize a data-splitting strategy to
efficiently estimate the signal strength. To allevi-
ate issues caused by separable data, we analyze
the exact asymptotics of an M-estimator with a
data-driven, non-decomposable regularizer that
adapts to the true covariance structure. We justify
the validity of our method through both theoreti-
cal analysis and numerical experiments.

1. Introduction

Logistic regression is widely used in data science and many
applied areas. In practice, the dimension of a data set (p)
may be large and may scale with the sample size (n). Under
such a moderately high-dimensional regime, the classical
maximum likelihood estimation (MLE) can be biased or
may not even exist (Sur & Candes, 2019). Consider i.i.d.
observations {(X;,Y;)}!_, with Gaussian feature vectors
X; ~ N(0,X), where the responses Y; € {0,1}. Let
B, denote the true regression coefficient and define the
signal strength as k2 := Var(X'(3,). The conditional
distribution of Y; | X; is given by

P(Y; = 1) = p'(X] B.),

where p(t) = log(1 + exp(?)).

A widely used estimator for 3, is the MLE B In the
moderate-dimensional regime where n/p = § € (2,00),
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Sur & Candes (2019) showed that when the design is
isotropic with 3 = I, and the MLE exists, 3 is approx-
imately distributed as

-~ 1
B~ a.f, +0o.N (07 p1p> , (D

where o, and o, (together with 7,) solve the following
system of equations for given x and §:

o5 = E ¢ (=r21) (Q(a,0) = Proxs, (Q(a, 0)))’]
—55 = E[p" (—kZ1) Prox;, (Q(a,0))]
e o (r)
tog = [1+fp” (Proxs, (Q(a,a)))] o,
with Q(o,0) = kaZi + 0Z; and Proxz,(z) =

arg ming[p(t) + 5= (z — t)?] and Zy, Z, ~ N(0,1). Equiv-
alently, .., o, can be viewed as functions of both the sam-
pling ratio § and the signal strength x. When the context is
clear, we suppress the dependence on ¢ and  in the notation.
We refer to o, and o, as the bias factor and variance factor,
respectively. Extensions to general covariance matrices 3
have been studied in Zhao et al. (2022). Similar results have
also been derived for regularized logistic regression with de-
composable regularizers of the form A Z?Zl g;(B;) when
Y = I,, (Salehi et al., 2019), where the bias and variance
factors depend additionally on the regularization parameter
A

Building on Sur & Candes (2019), the asymptotic represen-
tation (1) enables the construction of confidence intervals
for 3, even when 3 is biased. This representation is also
useful for transfer learning tasks, such as computing cosine
similarity between coefficient vectors across different data
sources. To apply (1), one must estimate the constants o,
and o,.. Since these constants solve a system of equations
depending on the signal strength x and other known param-
eters (e.g., ), a natural approach is to first estimate x and
then substitute it into the system. However, this is challeng-
ing because 3, is unknown, and consistent estimation of 3,
is generally impossible in the moderate-dimensional regime
without additional structural assumptions.

To estimate the signal strength, Sur & Candes (2019) pro-
pose a heuristic method called ProbeFrontier, building
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on the MLE existence theory of Candes & Sur (2020).
Yadlowsky et al. (2021) use a leave-one-out technique
to estimate the limiting variance lim,,_, o, Var(X T B) =
k2a? + o2, and then reparameterize (2) to eliminate the
dependence on the signal strength. Both approaches lack
rigorous theoretical justification and fail when the MLE
does not exist, a frequent occurrence when « is large or the
sample size is small. Bellec (2025) propose a more involved
construction to estimate «, for x = 1, but their method
requires knowledge of the true covariance matrix 3 when
the data are separable'.

At a high level, the signal strength estimation strategies of
Sur & Candes (2019) and Yadlowsky et al. (2021) follow a
common principle: identify an empirically tractable proxy
n with a one-to-one theoretical relationship to the signal
strength (i.e., n = f(x)), estimate 7 to obtain 7), and re-
cover k by inverting the map, # = f~1(7). Specifically,
Yadlowsky et al. (2021) use the corrupted signal strength
n = v/k2a2(k) + 02(k), while Sur & Candes (2019) adopt
a subsampling approach to identify the critical boundary of
n/p where the MLE exists with probability 1/2, and then
invoke the phase transition theory of Candes & Sur (2020)
to recover the signal strength.

Consistent estimation of 3, is generally impossible when
the dimension scales with the sample size without additional
structural assumptions. Beyond this fundamental limitation,
the unknown covariance structure poses further challenges.
When the observed data are separable and the MLE does
not exist, regularization is typically introduced to stabilize
estimation. However, commonly studied regularizers in the
moderate-dimensional regime do not preserve the covari-
ance structure of X . For example, existing theory for the
decomposable regularizer A||3||3 only consider ¥ = I,,.
Furthermore, we cannot consistently estimate 32 when di-
mension scales with sample size (Johnstone & Lu, 2009).

In summary, existing approaches to signal strength estima-
tion when the dimension scales with the sample size in
logistic regression suffer from at least one of three limita-
tions: (1) they rely on heuristic principles without rigorous
justification, (2) they fail when the data are separable and
the MLE does not exist, or (3) they require knowledge of the
true covariance matrix X, which is unavailable in practice.
Missing from the literature is a theoretically principled and
covariance-adaptive procedure for estimating « that remains
valid across a wide range of signal strengths and sampling
ratios. The present work addresses this gap.

"Data are said to be separable if there exists a coefficient vector
3 such that (2Y; —1)X ] 3 > 0 for all ¢, in which case the logistic
log-likelihood is unbounded and the MLE does not exist.

1.1. Contributions
The contributions of our work are threefold.

First, we rigorously analyze a generalized ridge estimator
B , that uses the sample covariance matrix as the weighting
matrix when the dimension scales with the sample size. The
analysis of this generalized ridge falls outside the scope of
existing analyses, such as those in Salehi et al. (2019), be-
cause the regularization cannot be written as Z§:1 95 (85)-
We show that (i) the proposed regularization guarantees the
existence of the estimator when § > 1, and (ii) the asymp-
totic normality of the generalized ridge estimator. Specifi-
cally, defining the projection matrix P = 3,3, /||8.]1? we
have Pfi'/\ ~ a,8, and (I — P)ﬁ/\ ~ 0.N(0,1I/p), where
(i, 0 ) are function of x and regularization level \.

Second, we investigate the relationship between x2a? + o2
and x. Our results reveal that this mapping is not one-to-
one: distinct values of x can produce identical values of
k2a? + o2, Consequently, this quantity alone does not
uniquely determine «, highlights a limitation of previously
proposed strategies, such as those in Yadlowsky et al. (2021).
Moreover, we show that (i) as the signal strength « increases,
the o, monotonically decreases, and the decreasing speed
becomes larger when n/p is smaller; and (ii) as the sig-
nal strength x increases, x2a2 is monotonically increasing.
These observations suggest that (i) there is a one-to-one
relationship between o2 and &, and (ii) there is a one-to-
one relationship between x2a? and k. Therefore, if either
k2a? or o2 can be consistently estimated, then s can be
consistently estimated.

Third, building on these theoretical insights, we propose a
simple data-splitting strategy to estimate the variance factor
o2 and k2. We show a one-to-one relationship between
these quantities and the signal strength, which enables es-
timation of k. We further show that the proposed signal
strength estimators are consistent.

1.2. Related work

Our work is related to three main areas: asymptotic theory
for M-estimation in moderate dimensions, estimation of bias
and variance factors, and data-splitting methods.

Asymptotics in moderate dimensions. Over the past two
decades, substantial progress has been made in character-
izing the asymptotic behavior of MLEs and regularized
estimators under regimes where the ratio n/p converges
to a constant. There is a rich literature on M-estimators
in linear models (Bayati & Montanari, 2011b; El Karoui
et al., 2013; El Karoui, 2018; Thrampoulidis et al., 2018;
Celentano et al., 2023), binary regression models (Sur &
Candes, 2019; Salehi et al., 2019; Taheri et al., 2020; Deng
et al., 2022; Zhao et al., 2022; Sterzinger & Kosmidis,
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2026), generalized linear models (Dai et al., 2023b), and
more general teacher—student models (Loureiro et al., 2021).
The main technical tools underlying these developments in-
clude approximate message passing (AMP) (Donoho et al.,
2009; Bayati & Montanari, 2011a), the Convex Gaussian
Min—Max Theorem (CGMT) (Thrampoulidis et al., 2015;
2018), and leave-one-out analysis (El Karoui et al., 2013;
El Karoui, 2018). Our asymptotic characterization builds
on the CGMT framework and extends it to estimators with
non-decomposable, data-driven regularization.

Estimation of bias and variance factors. Accurate esti-
mation of bias and variance factors in moderate dimensions
is essential for inference tasks such as confidence interval
construction and squared error prediction. In linear mod-
els, Bayati et al. (2013); Miolane & Montanari (2021) use
Stein’s unbiased risk estimator to estimate noise levels in
Lasso regression, while El Karoui (2018) study variance
in ridge-regularized generalized robust regression. Bel-
lec (2023) derive generic estimators for squared error of
M-estimators with convex penalties, and Celentano et al.
(2023) use leave-one-out techniques to estimate noise levels
in Lasso. For logistic regression, bias and variance factors
are typically obtained by first estimating the signal strength
and then plugging it into the corresponding system of equa-
tions (Sur & Candes, 2019; Yadlowsky et al., 2021). Bellec
(2025) provide estimators of bias and variance factors in
single-index models when the signal strength is fixed at one.
Our work proposes an alternative strategy to estimate the
signal strength even when the data are separable.

Data splitting. Data splitting has a long history in statistical
methodology, beginning with its use in assessing predictive
performance (Moran, 1973; Stone, 1974; Cox, 1975). It has
since been widely adopted to address complex dependence
structures in statistical inference (Wasserman & Roeder,
2009). Data splitting has also been used extensively in
variable selection procedures (Rubin et al., 2006; Ignatiadis
et al., 2016; Dai et al., 2023a). More recently, Dai et al.
(2023b) study variable selection in moderate dimensions
and use data splitting to bypass direct estimation of bias
and variance factors. In contrast, our work leverages data
splitting to consistently estimate bias and variance factors
themselves, which in turn enables consistent inference of
the signal strength.

2. Overview of theory and estimation method

We begin by analyzing an estimator based on a general-
ized ridge regularizer with regularization level A. Under an
isotropic design, this estimator admits an asymptotic repre-
sentation analogous to (1), with bias and variance factors
characterized by the solution to a different system of equa-
tions that depends on (4, x, A). Building on our investigation
of the theoretical relationships among these quantities, we

select n = o, and n = k2a?2 as proxy quantities of interest

and use them to indirectly infer the signal strength «.

To estimate x, we exploit the fact that when the ratio
d = n/p is reduced to §/2, the estimator becomes more
variance-inflated, which in turn induces a clearer relation-
ship between 7 and k. Our estimation of o, (d/2) is based
on a data-splitting strategy. Specifically, when the original
data are split into two equal-sized halves, the generalized
ridge estimator satisfies the following asymptotic relations:

By ~ a.(6/2)8, +0.(6/2) 2"
BY % 0.(6/2)8. + 0.(6/2)2?

where (. (6/2),04(5/2)) is the solution to the correspond-
ing system of equations with parameters (6/2, k, A), and
ZW and Z? are independent noise vectors distributed as
N(0, %Ip). This representation motivates the estimator

52)

72(6/2) = \B“) -3

)

2

d
V2
which yields a consistent estimator of 0,(5/2). Estimation
of another proxy quantity will be introduced in Section 5.

The remainder of the paper is organized as follows. Sec-
tion 3 analyzes the asymptotic behavior of the generalized
ridge estimator in moderate dimensions and characterizes its
bias and variance factors through a new system of equations.
Section 4 examines two candidate proxies for the signal
strength « and explains why the proxy used in Yadlowsky
et al. (2021) fails when the data are separable. Section 5
presents the data-splitting procedures for estimating the
proxy quantities and inferring the signal strength. Numeri-
cal studies are reported in Section 6.

3. A generalized ridge estimator for separable
data

According to Candes & Sur (2020), data become separable
when « is large. For example, when x = 3 and § = 3, all
100 independently generated data sets are separable (see
Appendix A.l for additional experiments).

To address the data separability issue, we introduce regu-
larization. To account for the covariance structure of X in
the regularization, if 3 is known, we could use /\,BTEB.
Then, following the results in Salehi et al. (2019), we would

be able to understand the asymptotic behavior of £1/23

as a function of the signal strength ||'/23, ||2. However,
3} is unknown in practice. We therefore replace 3 with
T=1y" XX I, which leads to the following estima-

tor:

N 1 & A w
By =argmin T3 [p(X78) VXT84 35 (X7
3
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The special formulation in (3) brings both challenges and
benefits. The regularization term 3", (X, 8)? cannot be
written as a sum of decomposable functions of 3;; therefore,
we cannot apply the results in Salehi et al. (2019) directly.
Beyond this theoretical challenge, there are two advantages
in using such a regularization:

1. Under the condition n/p > 1, the minimum eigenvalue
of 3 is bounded away from zero with high probability,
which further guarantees that ,B' » lies in a compact
set. This provides a sufficient condition for using the
CGMT to analyze the asymptotic behavior of B A-

2. It suffices to analyze the case 3 = I,,; the theory for
a general X then follows from the techniques in Zhao
et al. (2022).

To understand the relationship between B » and 3,, we
decompose 3, as follows. Define P = 6,0 /||6,||? with
0.:=3X'23, and P+ =1, - P.

21/2/@)\ _ P21/2B\)\ + PJ_El/QI@)\

BB,

- 4)
1/2 1s§1/2

where h denotes the direction of P X1/ 2,@  and can be

. S _ _BI'=B,
viewed as a noisy direction. We define a(p) := =762
and o(p) := HPL21/2I/B\)\||2 to be the bias and variance

factors, respectively. We will show below that the limits of
these two factors are characterized by a system of equations.

The following theorem summarizes the performance of the
regularized estimator.

Theorem 3.1. Let A > 0 be a fixed constant and assume
n/p =06 > 1. Then we have:

1. Assume there exists a universal constant c such that
0 < ¢ < Amin(X) as p — co. Then, with probability

at least 1 — 2 exp(—%(1 — \/1/6)*n),
-~ 8log 2
N .
eA(1—+/1/9)

2. Let | Y28, s = k and denote by (o, 0+, 7) the

solution of the following system of equations:

0,72 B 7:2)\2(/i20£2+0'2)+
25 2

E |:pl(—,‘iZ1) (Q(a,a’, 7) — Prox;,,(@(ma, f)))?
+ 2\7E [p'(—nZl)Q(a, o,7)Q(c, 0)}

— 2M\TE [p'(—FcZ1) Proxs,(Q(a, 0,7))Q(c, a)]

_% = ]E[p”(—lﬂ?Zl) PrOXFp(Q(av a, f)))]
1 _ p'(=KZ1)
_ - = — M)E =
3 2(1 ) (1 +Fp”(PI‘OX»Fp(Q(avav f)))(s))

Here Q(a,0,7) := (1 — M\)[Q(a,0)] and Q(«, o)
and Prox are defined after (2). Then (o, 0.,7y) is
unique and we have

alp) = a. 6)

o(p) = . ™)
Remark 3.2. The first result indicates that when A is
bounded away from zero, the resulting estimator 3, lies in
a compact set, and thus the tuning parameter needs to scale
as a constant, i.e., A < 1. This agrees with our intuition, as
sufficient regularization is required to stabilize the estima-
tion. By the Borel-Cantelli lemma, with C = 8log 2

ceA(1—4/1/68)2°

we have
P ({||,B’/\ |2 > C'} happens infinitely many times ) =0.

This allows us to safely constrain the feasible set Sg to be a
ball centered at the origin with a constant radius in R for all
p. This result provides a necessary condition for applying
the CGMT.

Result 2 in Theorem 3.1 characterizes the key relationship
between 3, and 3,. Together with (4), we obtain

|28, 17 = 02 + o ®)
|28y = Z126,1 = (0n = 1)°K7 +02 (9)

When A\ = 0, the system of equations (5) reduces to (2),
as expected. In Appendix A.2, we plot both the theoret-
ical values and their empirical counterparts to verify the
derived theory. Equation (9) implies that ||B s — B2 is of
constant order, which matches the minimax lower bound of
order O(p/n) for the estimation error in GLMs (Chen et al.,
2016). This indicates that B » 1s inconsistent. However, by
leveraging a data-splitting technique and this inconsistent
estimator, we can consistently estimate the signal strength
=123, |2 (Section 5).

Equations (6) and (7) serve as an important bridge to fur-
ther applications of the asymptotic theory. Following Theo-
rems 3.1-3.3 in Zhao et al. (2022), we obtain the following
asymptotic result:
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Proposition 3.3. Let A\ > 0 be a fixed constant and assume
n/p =20 > 1. Let (v, 04, T+) be the solution to the system
of equations (5),

(1) For any fixed index set S C {1,...

- T o-1
X1 Suppose that \/p (,8*7563 ,8*’5)
\/ﬁggl/z(ﬁx,s*a*ﬁ*,s)
O x
(2) Let v; = Var(X;; | X; ;) denote the conditional
variance of X; ; given all other covarlates Furthermore,
assume that the empirical distribution * Z =1 X/pv; Be s
converges weakly to a dlstrzbutlon 1T wzth a finite second

moment, and Z] 1 j —> E [8?] for B ~ 1L Then, for

any locally Lipschitz ﬁmctlon2 U:R xR — R, orforthe
indicator function V(a,t) = 1{]a/o.| < t} with any fixed
t > 0, we have

,p}, let ® =
= O(1), then

=

LN (0,15

p
l Z‘I’ (ﬁ”j(ﬁx,j -
P =

where Z ~ N(0,1) independent of 3 ~ II.

Part (1) establishes asymptotic normality for any fixed
(finite-dimensional) subset of coordinates, enabling infer-
ence on small groups of coefficients. Part (2) provides a
rigorous theorem characterizing the limiting behavior of
the estimator B » 1n terms of bias and variance factors. The
moment convergence assumptions in Part (2) are standard
in the literature for settings where the dimension scales with
the sample size (Bayati & Montanari, 2011b; Donoho et al.,
2009; Javanmard & Montanari, 2013; Zhao et al., 2022).

These results enable two key applications. First, using
Part (2) with ¥(a,t) = 1{|a/o.| < t}, we construct ad-
justed confidence intervals for individual coefficients, as
demonstrated in our numerical experiments (Section 6). Sec-
ond, one can compute the limiting classification error of the
plug-inrule ¥ = 1{X | new,@ » > 0}; details are deferred to
Appendix F.

4. On the theoretical one-to-one relationship

Since the estimation of the signal strength & relies on finding
a reliable proxy that has a monotone relationship with &,
this section begins by investigating the relationship between
the proxy n? = k2a2 + o2 used in Yadlowsky et al. (2021).
We show that the relationship between 72 and x2 may not
be monotone. We then investigate the relationship between
o, and  under different ratios n/p, and show that a reduced
ratio n/p leads to a sharper contrast between o, and k.

To solve the system of equations (5), we use a fixed-point

2A function ¥ : R™ — R is said to be locally-Lipschitz if
there exists a constant . > 0 such that for all ¢y, t; € R™,
W (o) — W (£)[| < L (1 + litoll + [[£a]]) lto — al].

a*ﬁ*,j),\/ﬁujﬁ*,j) 2 E[9(0. 2, B).

iterative method (Berinde, 2007, Ch. 1.2). The relationship
between the proxy n?(k) = k?a2(k) + o2(x) and signal
strength is shown in Figure 1, showing that the proxy
n*(k) = k?a?(k) + 02(k) does not exhibit a consistent

one-to-one relationship with .

6.0 2.96
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Figure 1. Relationship of k%2 (k) + o2 (k) against the value of .
We fix A = 0.1.

In particular, when § = 2, a single value of 12 can cor-
respond to two different values of x. Equivalently, dif-
ferent values of x can lead to the same limiting value of
| 321/23, ||2. This phenomenon suggests that the estimation
strategy adopted in Yadlowsky et al. (2021) may not be
valid in the small-§ regime for our estimator (3). Small § is
typical in high-dimensional settings and corresponds to sce-
narios where the MLE does not exist (Candes & Sur, 2020).
Therefore, we seek another proxy for « that maintains a
monotone relationship with .

10 - 15 - 15

Figure 2. Left panel: x2a?(k) as a function of «; right panel:
o2 (k) as a function of . We fix A = 0.1.
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We also plot the relationships between k202 (k) and o2 (k)
as functions of x in Flgure 2. This partlally explains why
the mapping between r?a? (k) + 02(k) and £ is not mono-
tone. From the left panel, we observe that k%2 (k) does not
vary substantially across different values of d. In contrast,
the right panel shows that o, (k) varies significantly as &
changes. In particular, when ¢ is small, a given change in
k leads to a much larger change in 0. (x). The rapid de-
crease of o, (x) for small § accounts for the non-monotone
relationship between k20?2 (k) + 02(x) and .

Up to this point, we have made the following observa-
tions regarding different proxies for . (i) The quantities
02(6,k) == F1(6, K, \) and k22 (6, k) = Fy(d, K, \) are
strictly monotone with respect to x. (ii) The clearer separa-
tion observed for smaller values of 6 = n/p suggests that
estimating F} is preferable when the sample size is small.
(iii) The similar patterns of k2a?2(5/2, ) and K22 (6, k) as
functions of x suggest that either quantity may be used as a
proxy.

These observations motivate us to estimate either 02 (5 /2, k)
or k2a2(8/2, k). Once such an estimator is obtained, we
can recover « via either F; *(6/2,-,\) or Fy 1(§/2,-,\).
In the next section, we adopt a data-splitting approach
to construct efficient and consistent estimators for both

2a2(5/2, k) and 02(§/2, k). For notational simplicity, we
suppress the dependence on \ in the proxy quantities in the
subsequent section.

5. Data splitting to estimate proxy quantities

In this section, we adopt the data-splitting technique of
Dai et al. (2023b) to provide simple estimators for both

2a2(6/2,k) and 02(6/2, k). To the best of our knowl-
edge, no existing work provides consistent estimators of
these quantities for logistic regression in the moderate-
dimensional regime when covariance is unknown. For clar-
ity of presentation, we first consider the isotropic design and
then discuss the general covariance case at the end of this
section.

5.1. Isotropic covariance 3 =1,

We begin by splitting the data into two
equal halves. Let the original data be D =
{(X1, 1), (X2, Y2),...,(Xn, Yn)} Without loss
of generality, we define D; = {(Xi,Yi)}?:/f, and
Dy = {(X;,Y;)} i n/2+1- Then, based on the decomposi-

tion in (4), we obtain the following results:

,6(;) B, B(A)

~(1)
13w Plﬁ

L83 2

~(2) ~(2)
52 BB @, P8,
By 2B, + P13, | 53
18, P13, |
B ll2
~(1
where BE\ ) denotes the estimator in (3) based on the data Dl.
(1)
We define oV (p) := ”[f“? and oW (p) == P23
as the bias and variance factors, respectively. Similarly, we
define B, a2 (p). o2 (p).
Since the projection matrix P+ = T, =1 ﬁ'GHTz projects a

vector onto the subspace orthogonal to 3, , we have

wa2(6/2,%) = (BB ) =« p)a? )81

) L5
P
+0(1)(p)0(2)(p)< ﬁA —B >
1PL8 [z P55 12

Following Theorem 3.1, together with ||3,]|]2 = & and
Slutsky’s theorem, we obtain

5 au(8/2,8) . aP(p) D a.(8/2,k)
5 0.(0/2,5) , 0@ (p) D 0u(8/2,k)

oM (p)
o (p)

To establish that <B(;),ﬁ§\2)> 5 k2a2(6/2, k), it suffices
to show that the cross term vanishes
~(2)
< Pli) , Piﬁé) > Eo. (11)
PLBx M2 P8y 2
Specifically, the following result holds.
Theorem 5.1. Assume X,; ~ N(0,1,), then we have

~(1) pLz0

2]

PL3,
L2y

where ZM ~ N(0,1,).

The proof of Theorem 5.1 is provided in Appendix D. As a
consequence, we obtain

< PLﬂ(l) P g >
~(2)
P81 IP+BY)
_ VP VP
[PLZW|| [Pz
X 1 (Z(l)Tz(Z) _ (ﬂ:Z(l))(ﬂ:Z(Z))) a.s. 0
p 18,112

[l

pPltzMW PLtz®
<||PLZ<1)||’ HPLZ(Z)H>

~(2)

This proves (11) and hence <6>\ By ) = k2a2(5/2, k).

We now turn to the consistency of the variance estimator



Signal Strength in Logistic Regression

introduced in Section 2.

2
(5/2 K) ng )
- %[a(”(p) o @)I1B.17 + 1||PL3<;> _pig®p
- %W@ —aP)PlI8.* +

)
pt pt
+0(1)(p)0(2)(p)< Aﬁé) : '6 >
1P+3 I 11P+BY 2

5 02(8/2, %),

where last convergence is a direct consequence of (10) and
(11). The above derivation shows that our data-splitting—
based estimator is consistent. To reduce variability, one may
further aggregate estimates across multiple random splits.
We recommend using 50 random splits in practice, the effect
of the number of splits is investigated in Appendix A.6.

5.2. General covariance ¥ # I,

We now consider the setting with a general feature
covariance matrix X # I,. In this case, the sig-
nal strength is &% = ﬂIEﬂ*. Accordingly, the
definitions of the population-level quantities must be
modified. The bias coefficient o!)(p) is redefined
I@T » ﬁ(;)
151728, |2
I <Ip - %) 21/23(;)H2_ The key distinction
between the general covariance case and the isotropic case
lies in the construction of the estimators. In particular,

as and the noise level o(!)(p) becomes

the estimators 52(5/2,/1) and @(6/2,&) now explic-
itly depend on the unknown covariance matrix X. They

2
— ~(1 ~(2
are given by 02(6/2,k) = % 21/2,35\ = 21/255\)

— ~(1 ~(2
K202(6/2,k) = <21/2,8§\ ), 21/25; ) . Since estimat-
ing ¥ is challenging in moderate dimensions, we instead
construct a fully computable alternative estimator. We begin
with the following observation. Let X ~ N (0, ).

(1) PIONE~CY)

=128, |17 = Var(X "B, | By ),
(2) (2)
15282 = Var(X ﬂf 18y,
BV sBY = covx B, x7BY 18V BY). a2

Based on data splitting, we use the covariates in D5 to form

n/2

the independent sequence {X, 3 B 3¢ )}111. Consequently,

~(2
sample variances can be used to approximate || /23, " ||2.

We therefore define

SB) = 05 > [X B - X ﬂ‘”}
i€Do

zEDz
~ 1 ~
52(18;2)) = ’I’L/ Z |: ﬂg\Q) - T/z Z i 6;2):|
1€Dq i€Dq

[ W )2 + %[0(2) (p)]? The covariance term in (12) is more challenging to estimate,

since each X i exhibits nontrivial dependence with either

1) ( . .
B, or B N To address this issue, we introduce a leave-one-
51

out construction that removes this dependence. Let 3_; )

denote the solution of (3) based on the dataset D;\{i} and
~(2

define ﬁ(ﬂ) » analogously using D2\ {i}. Since removing a

single observation has a negligible effect on the estimator,

we define

s A= [ 3 (i) (i)

i€ Dy

Fo X (A (x 5]

To establish the consistency of the quantities S1, S3, and
Ss, the following result holds.

Theorem 5.2. Let A > 0 be a fixed constant and § > 2.
Assume there exist positive constants ¢ and C' such that ¢ <
Amin(B) < Anaz(X) < C, and assume ﬂIEﬁ* — K2
then we have

L HSIBY) 48BN B w2a2(6/2, 5)+02(5/2, )

- ~(1
2. Further assume that max;e p, ||,8 ix T ,6'; )||2 L
~(2) ~(2)

and max;ep, [|B_; » — By Il L5 0, then we have

(1) ~(2)
S3(Bx"Bx) 5 K% 2(0/2,r)
Remark 5.3. For the first statement in Theorem 5.2, sym-
~(1 ~(2

metry implies that Sy (BE\ )) and Sy (ﬁf\ )) converge to the
same limit, averaging them reduces variance. For the second
statement, we impose a leave-one-out stability condition,
which is mild and closely related to conditions established
in El Karoui (2018); Sur et al. (2019); Yadlowsky et al.
(2021). A sufficient condition for this stability requirement
is discussed in Appendix E.3.

Theorem 5.2 provides a practical route to estimating both
the variance factor and x2a2(5/2, k) without knowledge
of the true covariance matrix ¥. Specifically, we es-

timate k2a2(6/2, k) by m2a2(6/2 K) = Sg(,ﬁgl),ﬁ(f))

and estimate 02(0/2, %) by 02(6/2, K) = %[51(35\1)) +
~(2) ~1) ~(2)

S2(Bx )] = S3(8y 75 By )-



Signal Strength in Logistic Regression

Algorithm 1 Signal strength estimation via data splitting

: Input: Dataset D = {(X;,Y;)}; ratio 6 = n/p;
regularization level \.

2: Step 1 (Theoretical map): Solve the system of equa-
tions with varying  and fixed parameters (6/2,A). De-
note the resulting map by Fy (k) = x2a2(5/2, m)

3. Step 2 (Data splitting): Randomly split D into two
independent subsets Dy and D5 of equal size.

4: Step 3 (Proxy estimation): Compute the empirical
estimate of k?a2(6/2, k) based on Dy and Ds:

~(1) ~(2)
S3(8y ", By )

—/?073(5/2,/{) = O using

125\04/3(5/2,/@) =

5: Output: &, the root of F5(k)
bisection method.

5.3. Estimate signal strength

Motivated by the monotone relationships established in the-
ory (see Figure 2), we estimate the signal strength « by
matching empirical proxies with their theoretical counter-
parts. Specifically, we define the estimator & as the solution
to one of the following equations:

7= {r:02(5/2,K) = 02(5/2,K)} (13)
or’/%:{/@:f:%é(é/l/@)—m aZ(5/2,K)}. (14)

We summarize the estimation procedure based on the the-
oretical map F5 in Algorithm 1. An analogous algorithm
based on the theoretical map F is provided in Appendix A.4.
Note that the algorithm requires specifying the value of A;
in all experiments in this work we use A = 0.1, and we
conduct a sensitivity analysis in Appendix A.8 to show that
the estimation of & is not sensitive to the value of A.

We next justify the statistical performance of the estimator
k. The following identifiability assumption ensures that x
can be uniquely recovered from the theoretical maps.

Assumption 5.4 (x Identifiability). Fix § > 2 and A > 0.
Both F and F3 are continuously differentiable and strictly
monotone on an interval  C R. There exists a constant
¢o > 0 such that for the true signal strength € int(K),

|F{(k)| >co and |F5(k)| > co.

Theorem 5.5 (Consistent estimation of ). Under Assump-
tion 5.4 and the conditions of Theorem 5.2, the estimators
defined in (13) and (14) are consistent estimators of k.

Remark 5.6. The condition |F},(k)| > ¢y guarantees local
identifiability of x through the proxy Fj(x). This assump-
tion is mild: as illustrated in Figure 2, Fi (k) is strictly
monotone on the interval (0, 5) with slope bounded away
from zero. In particular, when the data are separable (which
typically occurs for small d), both F; and F» are highly
informative and can accurately identify the true «.

6. Numerical studies

We focus on settings in which the observed data are mostly
linearly separable. Additional experiments are provided in
Appendix A.4. Specifically, we fix the aspect ratio § =
n/p = 3 and consider two signal strengths, ||3, |2 € {2, 3}.
The entries of 3, are generated independently from the
set {—||B.ll2/v/P, I1B.ll2//P}. We fix A = 0.1 in all
experiments. For each setting, results are averaged over
100 independent replications. In Appendix A.1, we show
that a large proportion of the generated datasets are linearly
separable in our experiments.

‘We consider two covariance structures for the feature vec-
tors: (i) the identity covariance 3 = I,, and (ii) a general
covariance matrix 3, which is randomly generated as de-
scribed in Appendix A.4.

~(1) ~(2
To compute the statistic S3 (ﬁ; ), ,6'; )) efficiently, we em-
ploy a standard leave-one-out (LOO) approximation for

~(2
X, ,8_z 5 and XZTﬁ(_Z) . thereby avoiding repeated model
ﬁttlng Details of this approximation are provided in Ap-
pendix E.1.

After obtaining the estimate R, we plug (H 0, A) into the sys-
tem of equations (5) and solve for (Qx, O, 7*) We assess
performance using the absolute errors |k — &, | — Q]

and |0, — 0.|. Based on the estimated a, and 7., we con-
struct 95% confidence intervals using Proposition 3.3 with
U(a,1.96) = 1{|a/o.| < 1.96}:

Gl — By, — 1.965. /( vjf) B, + 1.965./( vjf)

C\i* C\i*
s)
For ¥ = I, we take v; = 1. When the true covariance
matrix is unknown, we use v; = 1/ 1] j;» following Zhao

et al. (2022), where X denotes the sample covariance matrix.

The experimental results are shown in Figure 3. As the
sample size increases, the estimation errors for «, o, and
o decrease, which is consistent with our theoretical predic-
tions. For the coverage rate of the confidence intervals, the
empirical coverage under identity covariance is close to the
nominal level of 0.95. Under general covariance, the cover-
age is slightly inflated due to inaccuracies in estimating v;.
When the true v; is used instead of its estimate, the coverage
rate is approximately 0.95 (see Table 2 in Appendix A.4).

7. Real Data Analysis

We demonstrate our method on a single-cell RNA sequenc-
ing (scRNA-seq) dataset from Hoffman et al. (2020), with
the goal of identifying genes associated with the glucocorti-
coid response (GR).

The dataset comprises n = 2400 gene expression profiles:
2000 from glucocorticoid-treated cells and 400 from vehicle-
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Figure 3. The top four panels correspond to the identity covariance
case X = I,,, while the bottom four panels correspond to the
general covariance case. Dashed lines indicate estimates of
obtained using Algorithm 1, whereas solid lines indicate estimates
obtained using Algorithm 2.

treated controls. The binary response indicates treatment sta-
tus (glucocorticoid vs. control). Following the preprocessing
pipeline of Dai et al. (2023b), we filter out low-expression
genes, center the data, and select the top p = 600 most vari-
able genes for downstream analysis. We then standardize
each gene to have unit variance.

We apply Algorithm 1 with regularization parameter A =
0.1, which yields an estimated aspect ratio correction k =
2.22. Given (&, ) = (2.22,4) with § = n/p = 2400/600,
we construct adjusted confidence intervals using (15) for
each coefficient and select genes whose intervals exclude
Zero.

Our method identifies 23 significant genes in total. Of these,
13 were also reported by Dai et al. (2023b) and are supported
by existing literature on glucocorticoid response:

1. Shared with Dai et al. (2023b) (13 genes): SER-
PINAG6, FKBP5, NFKBIA, RPL10, HSPB1, EEF1Al,
HSPAI1A, BCL6, S100A11, NUPR1, LY6E, DDIT4,
and TACSTD2.

2. Unique to our method (10 genes): HSPBS8, ZNF703,
GPSM2, DHCR24, ANXA2, ADIRF, YWHAE, CD9,
MARS, and CTSD.

The substantial overlap with prior findings validates our
approach, while the novel discoveries may warrant further
biological investigation.

8. Discussion

We propose an efficient and theoretically sound data-
splitting approach for estimating signal strength in moderate-
dimensional logistic models, including regimes in which
the data are separable. By introducing a non-decomposable
generalized ridge regularization weighted by the sample co-
variance matrix, we establish that the estimator exists with
high probability and characterize its asymptotic properties
in terms of bias and variance factors. We prove that our
data-splitting method yields a consistent estimator of sig-
nal strength, and we verify this result through numerical
experiments.

Our theoretical analysis is conducted under a Gaussian de-
sign assumption. To assess robustness beyond this setting,
we numerically investigate universality in Appendix A.3.
The results suggest that the proposed methodology is largely
insensitive to departures from Gaussianity; however, we
leave the development of a rigorous universality theory to
future work. Figure 2 reveals that the slope of the mapping
between the desired proxy and the signal strength vanishes
at both extremes of the signal regime. This indicates that
estimating signal strength becomes increasingly difficult
near the boundaries, a phenomenon for which we currently
lack a theoretical explanation and whose analysis we also
defer to future study.
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A. Additional numerical experiments
A.1. Separability issue when n/p is small

In this section, we numerically examine some small-n settings used in our numerical experiments in Section 6 and Section
A.4. For each setting, we generate 100 independent datasets and compute the proportion for which the data are separable
(i.e., the MLE does not exist).

To generate the covariance matrix 3 for each dimension p, we proceed as follows: first, we sample a random orthogonal

matrix @ uniformly from the Haar distribution on the orthogonal group O(p); second, we draw eigenvalues A1,..., A, kS
Uniform(1,2) and form the true covariance matrix as ¥ = @ diag(\1, ..., A,)@Q". The covariance matrix is kept fixed for

all replications.

The results are shown in Table 1. We find that when n/p is small and the signal strength ||3, |2 is large, the data are more
likely to be separable.
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Table 1. Proportion of separable case under identity and general covariance structures.

é P 1B4l2 Identity Covariance General Covariance
3 100 2 0.38 0.79
3 100 3 0.95 1.00
3 100 4 1.00 1.00
3 200 2 0.25 0.85
3 200 3 0.98 1.00
3 200 4 1.00 1.00
3 400 2 0.28 0.91
3 400 3 1.00 1.00
3 400 4 1.00 1.00
3 800 2 0.13 0.98
3 800 3 1.00 1.00
3 800 4 1.00 1.00
4 100 2 0.00 0.02
4 100 3 0.24 0.55
4 100 4 0.84 0.98
4 200 2 0.00 0.01
4 200 3 0.10 0.76
4 200 4 0.91 1.00
4 400 2 0.00 0.00
4 400 3 0.09 0.87
4 400 4 0.99 1.00
4 800 2 0.00 0.00
4 800 3 0.00 0.88
4 800 4 1.00 1.00

A.2. Numerical verification for Theorem 3.1
In Theorem 3.1, under the assumption that Cov(X;) = I,,, we have the following asymptotic characterizations:
BB
18,117

squared error: |3, — B, |I> = (ax — 1)%57 + 02

bias scalar: — Qi

We empirically verify these predictions under the following setting: p = 500, n = J - p, and the entries of 3, are i.i.d. draws
from N (0, 1/p). For each setting, we average the results over 100 independent data-generating replications.

The results are shown in Figure 4. The empirical bias scalars and squared errors closely match their respective theoretical
limits across different values of the tuning parameter A, providing numerical support for Theorem 3.1.
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Figure 4. Points denote the empirical bias scalar and squared error as functions of the tuning parameter \; lines represent the corresponding
theoretical limits.
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A.3. Universality experiment for design matrix

In this section, we present several numerical experiments to empirically justify that the Gaussian design assumption can be
relaxed.

In the following experiments, the entries of both the observed and synthetic covariate matrices are i.i.d. samples from a
Student’s ¢-distribution with various degrees of freedom (df = 3,4,5,6). The entries are scaled to have mean zero and
unit variance, matching the first two moments of the standard Gaussian distribution. The true coefficient vector 3, has
dimension p = 500, with entries drawn independently from N (0,1/p).

We compare the averaged empirical squared error |3y, — 3, |2 with its theoretical limit (v, — 1)2x2 + o2. In Figures 5 ,
we plot the empirical values (average over 100 independent data-generating replications.) as points and the corresponding
theoretical predictions as curves.

We observe that when the degrees of freedom are below 4 (e.g., df = 2.5 and 3), the alignment between empirical and
theoretical values is bad (see bottom-left panels). However, when the degrees of freedom are 4 or greater, the empirical
results align closely with the theoretical predictions. This suggests that our theory on generalized ridge estimator can
potentially extend beyond Gaussian designs under some finite fourth-moment condition.
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Figure 5. From left to right, the degrees of freedom of the ¢-distribution increase.

A 4. Additional numerical experiment for data splitting

To further illustrate the performance of signal strength estimation via data splitting, we conduct additional experiments
across different values of p, § = n/p, and ||3,||2. For each dimension p, the entries of 3, are generated independently from
{=11B.ll2/v/P> ||B.|l2/+/P}. For each setting, we average results over 100 independent replications. For each replication,
we average results over 100 random data splitting.

We compare two estimators: one based on Algorithm 1 and the other on Algorithm 2. To distinguish them, we refer to
the former as the “x2a2-based” estimator and the latter as the “o2-based” estimator. After obtaining the estimate %, we
plug (%, 6, A) into the system of equations (5) and solve for (Qx, G, 7« ). We assess their performance using the following
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Algorithm 2 Signal strength estimation via data splitting

1: Input: Dataset D = {(X;,Y;)}?” ,; ratio 6 = n/p, regularization level \.

i=1>

2: Step 1 (Theoretical map): Solve system of equation with varying « and fixed parameter (6/2, \). Denote the
relationship by Fi (k) = o2.

3: Step 2 (Data splitting): Randomly split D into two independent subsets D; and D of equal size.

4: Step 3 (Estimation of proxy): Compute the empirical estimate of Uf based on D and D-
-~ 1 ~(1) ~(2) ~(1) ~(2)
02(8/2,K) = 5[51(,3>\ )+ S2(8) )] — S3(8B\ ", By )-

5: Output: &, the root of Fy (k) — 53(5 /2, k) = 0 using bisection method.

metrics:

|k — K|, |ax—a.|, and |o.— 0l

Based on the estimated &, and &, we construct the 95% confidence interval:

By, —1.966./(vj\/B) By, +1.965,/(v;\/p)

ClL; = i € [p].

j an a. , ] [p]

For 3 = I,,, we take v; = 1. When the true covariance matrix is unknown, we use iz\j = ﬁ, following (Zhao et al.,
ji

2022), where S is the sample covariance matrix.
In the case 3 = I,,, the signal strength is k = || 3, ||2, and the corresponding results are presented in Table 3.

For general 32, we generate the covariance matrix as follows: first, we sample a random orthogonal matrix ) uniformly from
the Haar distribution on the orthogonal group O(p); second, we draw eigenvalues A1, ..., \, Sy Uniform(1, 2) and form
the true covariance matrix as ¥ = @ diag(Ay, ..., A,)Q . Due to this randomness, the signal strength = Var(X Tﬂ*) =
ﬁI 333, is not identical across different dimensions p, but remains similar. The results are presented in Tables 4 and 5.

We observe that in the general covariance setting, the coverage rate for the 95% confidence interval is inflated. This inflation
arises from the additional estimation error induced when estimating the conditional variance v;. To verify this hypothesis,
we replace the estimated 7; with the true v; and present the results in Table 2. As shown in the table, using the true v;
yields coverage rates close to the nominal 95% level. Moreover, for larger sample sizes (e.g., § = 6 or § = 8), the coverage
rate approaches 0.95 even with estimated ¥;, which is partly due to the improved accuracy of v; as more samples become
available.

Table 2. Empirical coverage of nominal 95% confidence intervals, grouped by (J, ) and showing results across p = 100, 200, 400, 800.
Each cell lists coverage in the order (p = 100, p = 200, p = 400, p = 800).

5 K o «-based w2 az -based Oracle o 4 -based Oracle x2 ai -based

1.226 (0.983, 0.983, 0.983, 0.984) (0.982, 0.983, 0.983, 0.984) (0.950, 0.946, 0.948, 0.950) (0.948, 0.945, 0.948, 0.950)
2.434 (0.982, 0.981, 0.982, 0.984) (0.979, 0.981, 0.982, 0.984) (0.944, 0.946, 0.948, 0.949) (0.940, 0.944, 0.948, 0.949)
3.590 (0.979, 0.984, 0.982, 0.983) (0.977, 0.983, 0.982, 0.983) (0.941, 0.948, 0.946, 0.949) (0.940, 0.947, 0.946, 0.948)
4.746 (0.976, 0.979, 0.982, 0.984) (0.974, 0.976, 0.981, 0.983) (0.938, 0.941, 0.947, 0.949) (0.931, 0.936, 0.945, 0.948)

1.226 (0.972,0.977, 0.977, 0.975) (0.973, 0.976, 0.977, 0.975) (0.944, 0.949, 0.949, 0.948) (0.944, 0.949, 0.949, 0.948)
2.434 (0.975, 0.976, 0.975, 0.977) (0.975,0.975, 0.975, 0.977) (0.946, 0.947, 0.949, 0.951) (0.944, 0.947, 0.948, 0.951)

4 3.590 (0.972,0.973, 0.977, 0.975) (0.970, 0.972, 0.977, 0.975) (0.942, 0.944, 0.950, 0.949) (0.940, 0.943, 0.950, 0.949)
4.746 (0.974, 0.976, 0.976, 0.976) (0.974, 0.977,0.977, 0.976) (0.945, 0.949, 0.949, 0.950) (0.946, 0.949, 0.950, 0.949)
1.226 (0.973, 0.970, 0.969, 0.968) (0.972, 0.970, 0.969, 0.968) (0.955, 0.952, 0.951, 0.950) (0.954, 0.952, 0.951, 0.950)
6 2.434 (0.964, 0.966, 0.968, 0.968) (0.964, 0.965, 0.968, 0.968) (0.943, 0.947, 0.948, 0.949) (0.944, 0.946, 0.948, 0.949)

3.590 (0.963, 0.963, 0.966, 0.968) (0.963, 0.964, 0.966, 0.968) (0.941, 0.943, 0.946, 0.950) (0.941, 0.944, 0.947, 0.950)
4.746 (0.958, 0.960, 0.960, 0.964) (0.956, 0.961, 0.966, 0.965) (0.939, 0.939, 0.939, 0.944) (0.938, 0.941, 0.947, 0.947)

1.226 (0.963, 0.963, 0.967, 0.964) (0.964, 0.963, 0.967, 0.964) (0.949, 0.950, 0.953, 0.950) (0.949, 0.950, 0.953, 0.949)
2.434 (0.961, 0.961, 0.966, 0.963) (0.960, 0.961, 0.967, 0.964) (0.947, 0.948, 0.952, 0.949) (0.948, 0.947, 0.952, 0.950)
3.590 (0.958, 0.958, 0.961, 0.961) (0.960, 0.959, 0.962, 0.962) (0.941, 0.943, 0.947, 0.947) (0.943, 0.944, 0.947, 0.948)
4.746 (0.948, 0.959, 0.954, 0.959) (0.948, 0.959, 0.960, 0.960) (0.931, 0.944, 0.939, 0.943) (0.931, 0.945, 0.945, 0.946)
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Table 3. Estimation error and coverage across ratio (9), signal strengths (x), and dimensions (p). Values are mean (standard error). Left:
o.-based; Right: k?a?-based estimation.

5 kK p o 4 -based fczaifbased

|k — & Coverage lax — &) lox — & |k — & Coverage |ax — &| low — &

6=3

100 0.303 (0.027) 0.947 (0.003) 0.043 (0.004) 0.030 (0.002) 0.496 (0.056) 0.935 (0.005) 0.064 (0.006) ~0.043 (0.004)
200 0.207 (0.015) 0.951 (0.002) 0.031 (0.002) 0.021 (0.002) 0359 (0.030) 0.948 (0.003) 0.052 (0.004) 0.036 (0.003)
400 0.142 (0.010) 0.950 (0.001) 0.021 (0.001) 0.014 (0.001) 0.244 (0.018) 0.948 (0.002) 0.034 (0.002) 0.024 (0.002)
800 0.106 (0.008) 0.950 (0.001) 0.015(0.001) 0.011 (0.001) 0.182(0.014) 0.949 (0.001) 0.026 (0.002) 0.018 (0.001)
100 0514 (0.042) 0.947 (0.003) 0.049 (0.004) 0.033 (0.002) 0.816 (0.064) 0.933(0.004) 0.071 (0.005) 0.047 (0.003)
200 0.335(0.025) 0.947 (0.002) 0.034 (0.003) 0.023 (0.002) 0.614 (0.041) 0.943 (0.003) 0.060 (0.004) 0.040 (0.002)
400 0243 (0.018) 0.951 (0.001) 0.023 (0.002) 0.016 (0.001) 0.437 (0.038) 0.946 (0.002) 0.040 (0.003) 0.027 (0.002)
800 0.155(0.012) 0.946 (0.001) 0.015(0.001) 0.010(0.001) 0.322(0.031) 0.943(0.002) 0.030 (0.003) 0.020 (0.002)

100 0.678 (0.038) 0.944 (0.003) 0.046 (0.003) 0.029 (0.002) 0.848 (0.044) 0.935 (0.003) 0.057 (0.004) 0.036 (0.003)
200 0.513(0.034) 0.950(0.002) 0.035(0.003) 0.022 (0.002) 0.811(0.042) 0.942(0.002) 0.059 (0.004) 0.037 (0.003)
400 0.369 (0.027) 0.949 (0.002) 0.024 (0.002) 0.015(0.001) 0.597 (0.037) 0.944 (0.002) 0.039 (0.003) 0.025 (0.002)
800 0.244(0.018) 0.947(0.001) 0.016(0.001) 0.010(0.001) 0.507 (0.034) 0.943 (0.001) 0.033(0.002) 0.020 (0.001)

6 =4

100 0.264 (0.022)  0.948 (0.003) 0.037 (0.003)  0.020 (0.002) 0.370 (0.043)  0.938 (0.004) 0.047 (0.004) 0.026 (0.002)
200 0.163(0.013) 0.948 (0.002) 0.023 (0.002) 0.012(0.001) 0.269 (0.023) 0.944 (0.002) 0.036 (0.003) 0.020 (0.002)
400 0.130(0.010) 0.948 (0.001) 0.018 (0.001) 0.010 (0.001) 0.186 (0.014) 0.946 (0.002) 0.025 (0.002) 0.014 (0.001)
800 0.102 (0.007) 0.950 (0.001) 0.014 (0.001) 0.008 (0.001) 0.127 (0.010) 0.950 (0.001) 0.018 (0.001) 0.010 (0.001)
100 0.370 (0.034)  0.946 (0.003) 0.035(0.003) 0.019 (0.002) 0.625(0.052) 0.932 (0.005) 0.055 (0.004) 0.029 (0.002)
200 0.259(0.017)  0.945 (0.002) 0.025(0.002) 0.013 (0.001) 0.450 (0.043)  0.937 (0.003)  0.039 (0.003)  0.021 (0.002)
400 0.198 (0.015)  0.946 (0.001)  0.018 (0.001) 0.010 (0.001)  0.296 (0.026)  0.943 (0.002) 0.027 (0.002) 0.014 (0.001)
800 0.134(0.009) 0.951 (0.001) 0.013 (0.001) 0.007 (0.000) 0.209 (0.016)  0.949 (0.001) 0.020 (0.001)  0.011 (0.001)

100 0.518 (0.034) 0.945(0.003) 0.034 (0.002) 0.017 (0.001) 0.706 (0.041) 0.935 (0.004) 0.047 (0.003) 0.024 (0.002)
200 0.384(0.027) 0.944 (0.002) 0.024 (0.002) 0.012(0.001) 0.606 (0.034) 0.936 (0.002) 0.038 (0.002) 0.019 (0.001)
400 0.277(0.022) 0.946 (0.001) 0.017 (0.001) 0.009 (0.001) 0.492 (0.031) 0.940 (0.002) 0.031 (0.002) 0.015 (0.001)
800 0.228(0.018) 0.948 (0.001) 0.015(0.001) 0.007 (0.001) 0.433 (0.028) 0.944 (0.002) 0.027 (0.002) 0.014 (0.001)

6=6

100 0.205(0.016) 0.947 (0.003) 0.027 (0.002) 0.011 (0.001) 0.246 (0.019) 0.943 (0.003) 0.032 (0.002) 0.013 (0.001)
200 0.127(0.009) 0.949 (0.002) 0.017 (0.001) 0.007 (0.001) 0.143 (0.013) 0.947 (0.002) 0.019 (0.002) 0.008 (0.001)
400 0.088 (0.006) 0.948 (0.001) 0.012 (0.001) 0.005 (0.000) 0.094 (0.007) 0.947 (0.001) 0.012 (0.001) ~0.005 (0.000)
800 0.072(0.006) 0.950 (0.001) 0.009 (0.001) 0.004 (0.000) 0.083 (0.006) 0.950 (0.001) 0.011(0.001) ~0.004 (0.000)

100 0.315(0.024) 0.946 (0.003) 0.029 (0.002) 0.012(0.001) 0.466 (0.032) 0.936 (0.004) 0.042 (0.003) 0.017 (0.001)
200 0.206 (0.015) 0.944 (0.002) 0.019 (0.001) 0.008 (0.001) 0.283 (0.028) 0.940 (0.003) 0.025 (0.002) 0.010 (0.001)
400 0.115(0.009) 0.948 (0.001) 0.011 (0.001) 0.004 (0.000) 0.160 (0.013) 0.946 (0.001) 0.015 (0.001) ~0.006 (0.000)
800 0.102(0.009) 0.947 (0.001) 0.009 (0.001) 0.004 (0.000) 0.151 (0.011) 0.946(0.001) 0.014 (0.001) 0.006 (0.000)
100 0.452(0.031) 0.938(0.003) 0.028 (0.002) 0.011(0.001) 0.644(0.035) 0.927 (0.003) 0.041 (0.002) 0.016 (0.001)
200 0307 (0.023) 0.945(0.002) 0.019(0.001) 0.007 (0.001) 0.450 (0.034) 0.936(0.003) 0.028 (0.002) 0.011 (0.001)
400 0.205(0.016) 0.947 (0.001) 0.013 (0.001) 0.005 (0.000) 0325 (0.026) 0.942 (0.002) 0.020 (0.002) ~0.008 (0.001)
800 0.157 (0.012) 0.948 (0.001) 0.010(0.001) 0.004 (0.000) 0.275 (0.021) 0.945(0.001) 0.017 (0.001) 0.007 (0.000)

6=28

100 0.178 (0.014) 0.949 (0.002) 0.023 (0.002) 0.008 (0.001) 0.169 (0.014) 0.947 (0.003) 0.022 (0.002) ~0.008 (0.001)
200 0.107 (0.009) 0.949 (0.002) 0.014 (0.001) 0.005 (0.000) 0.105 (0.007) 0.948 (0.002) 0.014 (0.001) 0.005 (0.000)
400 0.080 (0.005) 0.950 (0.001) 0.011 (0.001) 0.004 (0.000) 0.072 (0.005) 0.949 (0.001) 0.009 (0.001) ~0.003 (0.000)
800 0.065(0.004) 0.950 (0.001) 0.009 (0.001) 0.003 (0.000) 0.057 (0.004) 0.950 (0.001) 0.008 (0.001) 0.003 (0.000)
100 0.254(0.018) 0.943(0.003) 0.023 (0.002) 0.008 (0.001) 0.339 (0.029) 0.937 (0.004) 0.029 (0.002) 0.010 (0.001)
200 0.175(0.014) 0.944 (0.002) 0.016 (0.001) 0.005 (0.000) 0.186 (0.015) 0.944 (0.002) 0.017 (0.001) 0.006 (0.000)
400 0.125(0.009) 0.949 (0.001) 0.011 (0.001) 0.004 (0.000) 0.153 (0.010) 0.947 (0.001) 0.014 (0.001) ~0.005 (0.000)
800 0.093(0.007) 0.950 (0.001) 0.008 (0.001) 0.003 (0.000) 0.109 (0.008) 0.949 (0.001) 0.010 (0.001) 0.003 (0.000)

100 0.352(0.027) 0.944 (0.003) 0.022(0.002) 0.007 (0.001) 0.512(0.033) 0.928 (0.004) 0.032 (0.002) 0.010 (0.001)
200 0.259 (0.021) 0.943 (0.002) 0.016 (0.001) 0.005 (0.000) 0.344 (0.028) 0.939 (0.002) 0.021 (0.002) 0.007 (0.001)
400 0.176 (0.012) 0.948 (0.001) 0.011 (0.001) 0.004 (0.000) 0.274 (0.021) 0.942(0.002) 0.017 (0.001) ~0.005 (0.000)
800 0.125(0.010) 0.948 (0.001) 0.008 (0.001) 0.003 (0.000) 0.205 (0.016) 0.944 (0.001) 0.013 (0.001) 0.004 (0.000)

A.5. Comparison with other estimation methods

When the data are not separable, we compare the performance of three methods in estimating « :

(i) our method in Algorithm 1, denoted as DS; (ii) SLOE, the MLE-based approach of Yadlowsky et al. (2021); and (iii)
ProbeFrontier, the MLE-based procedure of Sur & Candes (2019).

Since ProbeFrontier relies on repeated subsampling to detect the frontier of the phase transition curve, this process is
computationally expensive so we only repeat each experiment setting 50 times.

We set X2 = 1, and use the same data-generating scheme as described in Appendix A.4. After generating the samples, we
numerically verify that all simulated datasets in our experimental settings are non-separable.

The results are presented in Table 6. All three methods perform comparably well, and their estimation accuracy improves as
the sample size increases. Together with the experimental results in the regime where the MLE does not exist (i.e., when
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Table 4. Estimation error and coverage across d, signal strength (x), and dimension (p). Values are mean (standard error). Left: o.-based;
Right: k?a2-based estimation. For each (8, &), results for p = 100, 200, 400, 800 are listed vertically.

5 K D o -based K2 az -based

|k — R Coverage oy — & low — & |k — R Coverage lax — &) low — &

6=3

3123 100 0.234(0.019) 0.983(0.002) 0.042(0.003) 0.027(0.002) 0.227 (0.020) 0.982 (0.002) 0.039 (0.003) 0.026 (0.002)
123 200 0.164 (0.013) 0.983 (0.001) 0.029 (0.002) 0.019 (0.001) 0.156 (0.013) 0.983 (0.001) 0.027 (0.002) 0.018 (0.001)
123 400 0.097 (0.008) 0.983 (0.001) 0.017 (0.001) 0.011(0.001) 0.098 (0.008) 0.983 (0.001) 0.017 (0.001) 0.011 (0.001)
123 800 0.076 (0.006) 0.984 (0.001) 0.014 (0.001) 0.009 (0.001) 0.071(0.005) 0.984(0.001) 0.013 (0.001) 0.008 (0.001)

3243 100 0349 (0.029) 0.982(0.002) 0.043 (0.003) 0.029 (0.002) 0.406 (0.036) 0.979 (0.002) 0.046 (0.004) 0.031 (0.002)
245 200 0.243(0.023) 0.981(0.001) 0.029 (0.002) 0.020 (0.002) 0.270 (0.026) 0.981(0.001) 0.031(0.003) 0.021 (0.002)
246 400 0.195(0.014) 0.982(0.001) 0.023(0.002) 0.016(0.001) 0.183 (0.014) 0.982(0.001) 0.022(0.002) 0.015(0.001)
243 800 0.138(0.009) 0.984(0.001) 0.017(0.001) 0.012(0.001) 0.133(0.010) 0.984(0.000) 0.016 (0.001) 0.011 (0.001)

3359 100 0.646 (0.061) 0.979 (0.002) 0.050 (0.004) 0.033 (0.002) 0.649 (0.069) 0.977 (0.002) 0.045 (0.004) 0.029 (0.002)
369 200 0.380(0.028) 0.984(0.001) 0.029 (0.002) 0.019(0.001) 0.401(0.029) 0.983 (0.001) 0.029 (0.002) 0.019 (0.001)
3.68 400 0.337(0.028) 0.982(0.001) 0.024(0.002) 0.016(0.001) 0.344(0.029) 0.982(0.001) 0.025(0.002) 0.016 (0.001)
3.63 800 0.216(0.015) 0.983(0.001) 0.017(0.001) 0.011(0.001) 0.217 (0.016) 0.983 (0.001) 0.016 (0.001) 0.010 (0.001)

3475 100 0.915(0.068) 0.976(0.002) 0.046(0.003) 0.027 (0.002) 1.064 (0.072) 0.974 (0.002) 0.049 (0.003) 0.027 (0.002)
494 200 0.776 (0.059) 0.979 (0.001) 0.036 (0.003) 0.021 (0.002) 0.849 (0.069) 0.976 (0.002) 0.037 (0.003) 0.020 (0.002)
497 400 0.541(0.043) 0.982(0.001) 0.025(0.002) 0.014(0.001) 0.606 (0.048) 0.981(0.001) 0.027(0.002) 0.015 (0.001)
4.86 800 0.430(0.032) 0.984(0.001) 0.020(0.001) 0.012(0.001) 0.442(0.037) 0.983(0.001) 0.021(0.002) 0.012(0.001)

§=4

4 123 100 0221(0.016) 0.972(0.002) 0.037(0.003) 0.019(0.001) 0.199 (0.015) 0.973(0.002) 0.033 (0.002) 0.017 (0.001)
123 200 0.107 (0.008) 0.977 (0.001) 0.018 (0.001) 0.009 (0.001) 0.101 (0.008) 0.976 (0.001) 0.017 (0.001) 0.008 (0.001)
123 400 0.092 (0.007) 0.977 (0.001) 0.015(0.001) 0.008 (0.001) 0.093 (0.006) 0.977 (0.001) 0.015(0.001) 0.008 (0.001)
123 800 0.066 (0.005) 0.975(0.001) 0.012(0.001) 0.006 (0.000) 0.063 (0.005) 0.975(0.001) 0.011(0.001) 0.006 (0.000)

4 243 100 0.265(0.022) 0.975(0.002) 0.032(0.003) 0.017(0.001) 0.261(0.023) 0.975(0.002) 0.031(0.003) 0.017 (0.001)
245 200 0.192(0.016) 0.976 (0.001) 0.023 (0.002) 0.012(0.001) 0.181(0.016) 0.975(0.001) 0.021(0.002) 0.012 (0.001)
246 400 0.157(0.011) 0.975(0.001) 0.018(0.001) 0.010(0.001) 0.159 (0.011) 0.975(0.001) 0.018(0.001) 0.010 (0.001)
243 800 0.119(0.009) 0.977 (0.001) 0.014(0.001) 0.008 (0.001) 0.102(0.008) 0.977 (0.001) 0.012(0.001) 0.007 (0.001)

4 359 100 0.472(0.038) 0.972(0.002) 0.035(0.002) 0.018(0.001) 0.475(0.040) 0.970(0.002) 0.033(0.002) 0.017 (0.001)
3.69 200 0.389(0.029) 0.973(0.001) 0.028(0.002) 0.014(0.001) 0399 (0.031) 0.972(0.001) 0.028 (0.002) 0.014 (0.001)
3.68 400 0.246 (0.016) 0.977(0.001) 0.018(0.001) 0.009 (0.001) 0.213(0.017) 0.977 (0.001) 0.016 (0.001) 0.008 (0.001)
3.63 800 0.231(0.019) 0.975(0.001) 0.017(0.001) 0.009 (0.001) 0.186 (0.014) 0.975(0.001) 0.014(0.001) 0.007 (0.001)

4 475 100 0.434(0.035) 0.974(0.002) 0.024(0.002) 0.012(0.001) 0.393(0.033) 0.974(0.002) 0.021 (0.002) 0.010 (0.001)
494 200 0.320(0.036) 0.976 (0.001) 0.017 (0.002) 0.008 (0.001) 0.254 (0.031) 0.977 (0.001) 0.013(0.002) 0.006 (0.001)
497 400 0.204 (0.026) 0.976 (0.001) 0.010(0.001) 0.005 (0.001) 0.169 (0.022) 0.977 (0.001) 0.008 (0.001) 0.004 (0.000)
4.86 800 0.214(0.019) 0.976(0.001) 0.011(0.001) 0.005(0.001) 0.180 (0.016) 0.976 (0.001) 0.009 (0.001) 0.004 (0.000)

the data are separable), these findings suggest that our method (DS) performs robustly—delivering accurate estimates of «
regardless of whether the data are separable or not.
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Table 5. Estimation error and coverage across d, signal strength (), and dimension (p). Values are mean (standard error). Left: o.-based;
Right: k?a2-based estimation. For each (8, &), results for p = 100, 200, 400, 800 are listed vertically.

5 K D o -based K2 az -based

|k — R Coverage oy — & low — & |k — R Coverage lax — &) low — &

6=6

6 123 100 0.163(0.011) 0.973(0.002) 0.027(0.002) 0.010(0.001) 0.134 (0.010) 0.972(0.002) 0.022 (0.002) 0.008 (0.001)
123 200 0.106 (0.007) 0.970 (0.001) 0.017 (0.001) 0.006 (0.000) 0.089 (0.007) 0.970 (0.001) 0.014 (0.001) 0.005 (0.000)
123 400 0.073 (0.005) 0.969 (0.001) 0.013 (0.001) 0.005 (0.000) 0.057 (0.004) 0.969 (0.001) 0.010(0.001) 0.003 (0.000)
123 800 0.078 (0.006) 0.968 (0.001) 0.012(0.001) 0.005 (0.000) 0.047 (0.004) 0.968 (0.001) 0.008 (0.001) 0.003 (0.000)

6 243 100 0.225(0.018) 0.964(0.002) 0.026(0.002) 0.011(0.001) 0.207 (0.016) 0.964 (0.002) 0.024 (0.002) 0.010 (0.001)
245 200 0.167(0.015) 0.966 (0.002) 0.018(0.002) 0.008 (0.001) 0.164 (0.014) 0.965(0.002) 0.018 (0.001) 0.008 (0.001)
246 400 0.114(0.009) 0.968 (0.001) 0.013 (0.001) 0.006 (0.000) 0.107 (0.008) 0.968 (0.001) 0.012(0.001) 0.005 (0.000)
243 800 0.103 (0.008) 0.968 (0.001) 0.012(0.001) 0.005(0.000) 0.069 (0.006) 0.968 (0.001) 0.008 (0.001) 0.003 (0.000)

6 359 100 0.411(0.036) 0.963(0.002) 0.029 (0.002) 0.011(0.001) 0.394 (0.034) 0.963 (0.002) 0.027 (0.002) 0.011 (0.001)
369 200 0.285(0.020) 0.963(0.002) 0.020(0.001) 0.008 (0.000) 0.235(0.019) 0.964 (0.002) 0.016 (0.001) 0.006 (0.000)
3.68 400 0.213(0.016) 0.966 (0.001) 0.015(0.001) 0.006 (0.000) 0.179 (0.014) 0.966 (0.001) 0.012(0.001) 0.005 (0.000)
3.63 800 0.182(0.014) 0.968 (0.001) 0.013(0.001) 0.005(0.000) 0.137 (0.011) 0.968 (0.001) 0.010 (0.001) 0.004 (0.000)

6 475 100 0.608(0.050) 0.958(0.003) 0.029 (0.002) 0.010(0.001) 0.567 (0.053) 0.956(0.003) 0.026 (0.002) 0.009 (0.001)
494 200 0.542(0.037) 0.960(0.002) 0.024 (0.002) 0.009 (0.001) 0.450 (0.035) 0.961(0.002) 0.020 (0.001) 0.007 (0.001)
497 400 0.559 (0.045) 0.960(0.002) 0.024(0.002) 0.008 (0.001) 0.319 (0.025) 0.966 (0.001) 0.014 (0.001) 0.005 (0.000)
4.86 800 0.321(0.022) 0.964(0.001) 0.015(0.001) 0.006 (0.000) 0.205 (0.015) 0.965(0.001) 0.010(0.001) 0.004 (0.000)

6=28

8 123 100 0.131(0.010) 0.963(0.002) 0.020 (0.002) 0.006 (0.000) 0.105 (0.008) 0.964 (0.002) 0.017 (0.001) 0.005 (0.000)
123 200 0.084 (0.007) 0.963 (0.001) 0.013 (0.001) 0.004 (0.000) 0.069 (0.006) 0.963 (0.001) 0.011(0.001) 0.003 (0.000)
123 400 0.067 (0.005) 0.967 (0.001) 0.012(0.001) 0.004 (0.000) 0.051 (0.004) 0.967 (0.001) 0.009 (0.001) 0.003 (0.000)
123 800 0.085(0.007) 0.964 (0.001) 0.013 (0.001) 0.004 (0.000) 0.044 (0.003) 0.964 (0.001) 0.007 (0.001) 0.002 (0.000)

8 243 100 0.166(0.014) 0.961(0.002) 0.019 (0.002) 0.007 (0.001) 0.148 (0.012) 0.960 (0.002) 0.016 (0.001) 0.006 (0.000)
245 200 0.148 (0.011) 0.961 (0.001) 0.017 (0.001) 0.006 (0.000) 0.118 (0.010) 0.961 (0.001) 0.013 (0.001) 0.005 (0.000)
246 400 0.158(0.012) 0.966 (0.001) 0.018 (0.001) 0.006 (0.000) 0.091(0.006) 0.967 (0.001) 0.010(0.001) 0.004 (0.000)
243 800 0.104(0.008) 0.963(0.001) 0.012(0.001) 0.004(0.000) 0.063 (0.005) 0.964(0.001) 0.008 (0.001) 0.003 (0.000)

8 359 100 0313(0.028) 0.958(0.002) 0.023(0.002) 0.008 (0.001) 0.277 (0.022) 0.960 (0.002) 0.020 (0.002) 0.007 (0.001)
3.69 200 0.247(0.021) 0.958(0.002) 0.017 (0.001) 0.006 (0.000) 0.215(0.016) 0.959 (0.002) 0.015 (0.001) 0.005 (0.000)
3.68 400 0.228(0.018) 0.961(0.001) 0.016(0.001) 0.005(0.000) 0.174 (0.012) 0.962 (0.001) 0.012 (0.001) 0.004 (0.000)
3.63 800 0.172(0.012) 0.961(0.001) 0.013(0.001) 0.004(0.000) 0.116(0.008) 0.962(0.001) 0.009 (0.001) 0.003 (0.000)

8 475 100 0.548(0.048) 0.948(0.003) 0.026(0.002) 0.008 (0.001) 0.510 (0.046) 0.948 (0.003) 0.023 (0.002) 0.007 (0.001)
494 200 0.376(0.028) 0.959 (0.002) 0.017 (0.001) 0.005 (0.000) 0.326 (0.027) 0.959 (0.002) 0.015 (0.001) 0.004 (0.000)
497 400 0457 (0.040) 0.954 (0.002) 0.020 (0.002) 0.006 (0.000) 0.243 (0.017) 0.960 (0.001) 0.011(0.001) 0.003 (0.000)
4.86 800 0.257(0.021) 0.959 (0.001) 0.012(0.001) 0.004(0.000) 0.153 (0.011) 0.960 (0.001) 0.007 (0.001) 0.002 (0.000)

Table 6. Estimation error across ¢, signal strength (x), and dimension (p). Values are mean (standard error) of absolute estimation error
|k — k|. Three methods compared: DS, SLOE, and ProbeFrontier.

S K P DS SLOE ProbeFrontier

6=6

6 10 100 0.157(0.016) 0.151(0.014)  0.132(0.014)
200 0.111(0.011)  0.101(0.009)  0.110(0.011)
400 0.063(0.007)  0.058(0.006)  0.055(0.006)
800  0.041(0.005)  0.043(0.004)  0.047(0.005)

6 15 100 02010.019) 0.171(0.017)  0.157(0.015)
200 0.122(0.013)  0.106(0.010)  0.101(0.009)
400 0.072(0.008)  0.067(0.009)  0.069(0.009)
800  0.052(0.005)  0.049(0.005)  0.056(0.005)

6 20 100 0281(0.031) 0.208(0.025)  0.179(0.021)
200 0.159(0.021)  0.130(0.014)  0.139(0.013)
400 0.093(0.010)  0.088(0.008)  0.089(0.009)
800  0.075(0.007)  0.066(0.007)  0.076(0.007)

6 25 100 0.3400.031) 0.218(0.024)  0.211(0.020)
200 0.223(0.028)  0.150(0.019)  0.154(0.016)
400 0.1200.013)  0.088(0.011)  0.104(0.009)
800  0.092(0.010)  0.079(0.009)  0.090(0.009)

6=238

8 10 100 0.10700.012)  0.0990.012)  0.101(0.013)
200 0.076(0.008)  0.072(0.008)  0.074(0.008)
400 0.056(0.006)  0.051(0.005)  0.068(0.007)
800  0.035(0.003)  0.034(0.003)  0.043(0.004)

8 15 100 0.1280.014) 0.1110.012)  0.112(0.015)
200 0.084(0.010)  0.082(0.009)  0.094(0.010)
400 0.059(0.007)  0.054(0.006)  0.066(0.007)
800  0.045(0.005)  0.041(0.005)  0.050(0.005)

8 20 100 0.160(0.022) 0.144(0.013)  0.139(0.014)
200 0.1130.011)  0.1010.011)  0.116(0.011)
400 0.073(0.008)  0.057(0.007)  0.078(0.008)
800  0.059(0.006)  0.053(0.005)  0.078(0.008)

8 25 100 0211(0.024) 0.1540.016)  0.156(0.017)
200 0.154(0.014)  0.144(0.015)  0.155(0.017)
400 0.097(0.009) 8 0.072(0.009)  0.090(0.013)
800  0.079(0.009)  0.066(0.007)  0.092(0.010)




Signal Strength in Logistic Regression

A.6. Efficiency gain by multiple splits

In Section 5, we propose a data-splitting method to estimate the variance factor xk2a?(3/2, ), which is then used in
Algorithm 1 to estimate the signal strength . To improve statistical efficiency, we leverage the full data information by
averaging the estimates across multiple independent data splits. Specifically, we generate 100 independent datasets, and for
each dataset we compute the estimate & based on different numbers of splits.

We compare the efficiency of our proposed multiple data splitting (MDS) based method across varying numbers of splits.
Over 100 independent experiments, we compute the mean squared error (MSE) E(# — k)2. The relative efficiency is
measured as the ratio of the variance of the estimate & compared to the case with 100 splits.

Table 7. Efficiency of the MDS-based method across different numbers of splits.

Number of splits 1 2 4 8 16 32 64 100
MSE 0.132 0.082 0.074 0.067 0.062 0.056 0.053 0.053
Efficiency 0401 0.651 0.722 0.803 0.851 0.944 1.000 1.000

The results are shown in Table 7. We find that using a single split yields only about 40% of the efficiency achieved with
many splits, indicating a substantial loss of information. The performance improves monotonically as the number of splits
increases, with efficiency reaching 80% at 8 splits and approximately 95% at 32 splits. The gains plateau beyond 50 splits,
suggesting that around 32 to 64 splits are sufficient to achieve near-optimal efficiency while maintaining computational
tractability.

A.7. Comparison with L, and L, Regularization

We compare our proposed covariance-adaptive regularization with standard L; (lasso) and Lo (ridge) regularization. When
3 = Cov(X) = I, all regularizations perform similarly in terms of estimation error; we therefore omit these results for
brevity and focus on the more challenging case where X deviates significantly from the identity.

To investigate the effect of heterogeneous covariance structure, we set
3 = diag(A1, Az, - -5 Ap),

where the eigenvalues )\; are linearly spaced between 1/4 and 10. The true coefficient vector is chosen to be inversely
proportional to the standard deviations:
—1 y—1 —1\T
Be=c (A A0, 7)
where the scalar ¢ is chosen to control || 3, |2.

We consider four regularization schemes:

1. Adaptive (empirical): 0.1 H§1/2[3||§ — uses the sample covariance;

2. Adaptive (oracle): 0.1||%/23||2 — uses the true covariance;

3. Ly: 0.1]|8]||1 — standard lasso;

4. Ly: 0.1]|3||3 — standard ridge.
The first two regularizations are scale-invariant and adapt to the covariance structure: they apply stronger shrinkage in
high-variance directions (where the true coefficients are small) and weaker shrinkage in low-variance directions (where the

true coefficients are large). This aligns with the data-generating process, whereas standard Lo applies uniform shrinkage
regardless of predictor variance.

Table 8 reports the estimation error (| B — B.l||2) and classification error (CE) for each method across different aspect ratios
d = n/p and signal strengths ||3,||2.

We find: The covariance-adaptive regularizations (columns S and 30) consistently outperform L, and L5 in estimation error,
with the oracle version (X) achieving the lowest error across all settings. The performance gap is most pronounced at higher
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Table 8. Comparison of regularization methods under heterogeneous covariance. Columns 3—6 report estimation error; columns 7-10
report classification error (CE).

Estimation Error Classification Error
5 Bull2
p) p) Ly Lo > p2} Ly Lo

2 1.0 1.01 0.765 1.68 1.14 0.437 0.423 0.444 0.447
2 1.5 1.08 0.944 1.78 1.33 0.396 0.369 0.400 0.411
2 2.0 1.27 1.23 1.85 1.62 0.354 0.326 0.368 0.379
3 1.0 0.725 0.645 1.00 0.881 0.408 0.404 0.417 0.425
3 15 0.855 0.836 1.11 1.11 0.357 0.348 0.368 0.379
3 2.0 1.10 1.13 1.20 1.42 0.314 0.302 0.326 0.341
4 1.0 0.603 0.573 0.773 0.763 0.400 0.392 0.408 0.416
4 15 0.775 0.782 0.876 1.01 0.337 0.331 0.349 0.361
4 2.0 1.07 1.10 0.995 1.35 0.294 0.292 0.307 0.325

signal strengths (|| 3, ||2 = 2.0), where the adaptive shrinkage correctly accounts for the heterogeneous variance structure.
For classification error, all methods perform more similarly, though the adaptive regularizations maintain a slight advantage,
particularly in high-signal regimes.

A.8. Sensitivity Analysis with Respect to \

In this section, we investigate the sensitivity of the proposed estimator with respect to the tuning parameter A. To this
end, we conduct a systematic sensitivity analysis by considering a range of values A € {0.1,0.2,0.4,0.8} under different
aspect ratios § = n/p. Throughout this analysis, we fix the dimension p = 500 and the true signal strength x = 2. For
each configuration, we perform 100 independent runs and report the mean, median, and the first and third quartiles of the
estimated signal strength ~. The results are summarized in Table 9. As can be seen from the table, the estimator exhibits
only minor variation across the different choices of A, suggesting that the estimation procedure is relatively insensitive to the
specific value of this tuning parameter.

Table 9. Sensitivity of & with respect to A under different aspect ratios § = n/p. The results are based on 100 independent runs with
p=>500and xk = 2.

A Kmean  Fmedian Kq25  Kq75

0.1 2.6 216 199 231
0.2 2.10 210 193 226
04 2.08 207 191 224
0.8 2.07 207 190 224

0.1 2.08 207 202 2.15
02 2.04 203 198 2.10
04 201 200 195 2.07
0.8 2.00 1.99 194 2.06

o R R =T I G NG NG N I W)

To further assess the robustness of the estimation procedure, we also report the mean and quantiles of the absolute estimation
error |4 — k| in Table 10. These results corroborate the findings above and confirm that the estimation accuracy remains
stable across different values of \. We observe qualitatively similar behavior for the other estimated quantities, namely cv,
and o,.

Finally, regarding the practical selection of X in applications where a default value may not be available, we have included a
data-driven procedure in the revision. Specifically, using the leave-one-out (LOO) approximation described in Appendix E.1,
we approximate X j B_; x, compute the corresponding deviance, and select the value of A that yields the best fit.

B. Proof of Theorem 3.1 part 1: boundedness of HB N

We first rewrite the objective function as follows.
B, — argmin - Xn:log (1 + exp(—(2Y; — 1)XT5)) L 27 (L iX-XT 3
’ g L ' 2 s o
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Table 10. Sensitivity of the absolute error |# — x| with respect to A. The results are based on 100 independent runs with p = 500 and
K= 2.

A mean median 25% 75%

0.1 02130 0.1790 0.0725 0.3140
0.2 0.1940 0.1560 0.0899 0.2760
04 0.1920 0.1450 0.0838 0.2740
0.8 0.1920 0.1550 0.0779 0.2700

0.1 0.1010 0.0807 0.0440 0.1550
0.2 0.0795 0.0655 0.0272 0.1290
04 0.0752 0.0613 0.0243 0.1150
0.8 0.0761 0.0633 0.0261 0.1160

oS R = o - T I N U NG N S

The objective function evaluated at 3 » is necessarily smaller than that evaluated at 3 = 0, which is log(2). Next, note that
both part of objective function is positive, we have

A5 1L AT (1 _
5”6)\“2/\77”'” <nZX1XZT> < 518)\ <nZX1X1T> B
i=1 i=1

1 = A~T [1 & ~
< =3 log (1+exp(—(2Y; ~ )X By)) + 5B, (n ZXiXiT) B
i=1 i=1
< log(2).

It remains to bound the minimum eigenvalue of sample covariance matrix, following (Vershynin, 2010), we have

P [ Amin (£) < Anin (5) (1 - \/g— ﬁ)Z <e .

The proof is completed by taking ¢ = %(1 —+/1/6)%n.

C. Proof of Theorem 3.1 part 2: exact asymptotic of B A\

We prove the case where Cov(X ;) = I, . The extension to general covariance follows from a similar argument as in (Zhao
etal., 2022).

iid.

We recall the distributional conditions and streamline the notations. The observed covariates are {X;}_, ~ N (0,1,).
Additionally, the observed responses are Y; ~ Bern(p/(X, 3,)), we aim to analyze following estimator:
B= argminlij[p(XTm VX8 i(XTﬁ)Q (16)
i o m\=

Our analysis is based on the Convex Gaussian Min-max Theorem (CGMT), which we will briefly review here; detailed
theory and application can be found in (Thrampoulidis et al., 2015; Thrampoulidis, 2016; Thrampoulidis et al., 2018). This
technique connects a Primary Optimization (PO) problem with an Auxiliary Optimization (AO) problem, which is easy to
analyze yet allows studying various aspects of the PO. Specifically, we define the PO and AO problems as follows:

s T
(PO) 9(G) := v?ég}” Hé%}.iu Gw + ¢¥(u,w) (17)
(AO) ¢(g,h) := min max ||w||gTu— Hu||hTW—&—¢(u,w) (18)
WESW UESu

where G € R™*" g € R™ h € R", S, C R",S;, C R™ and ¢ : R" x R™ — R. Denote by wg := wg(G) and
Wy 1= Wy (g, h) any optimal minimizers in (17) and (18), respectively.
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Lemma C.1 ((Thrampoulidis, 2016)). Let Sy, and Sy, be two convex and compact sets. Assume the function V(-,-) is
convex-concave on Sy, X Sy. Also assume that G, g, and h all have entries i.i.d. standard normal. Then for all i € R, and
t>0,

P(|1®(G) — p| > t) < 2P(|¢(g,h) — p| > 1)

The probabilities are taken with respect to the randomness in G, g, and h.

Lemma C.2 (Asymptotic CGMT (Thrampoulidis, 2016)). Let S be an arbitrary open subset of Sy, and 8¢ := Sy, /S. Denote
Dse(G) and ps<(g,h) be the optimal costs of the optimizations in (17) and (18), respectively, when the minimization

over w is now constrained over w € S°. Suppose that there exists constants ¢ < ¢se such that (g, h) LN ¢, and
dse(g,h) — dsc. Then, lim,, oo P(we(G) € S) = 1.

To make use of CGMT, we shall first rewrite our generalized ridge estimator in the form of PO.

C.1. Reformulation and transformation

The goal of this subsection is to reformulate the optimization for the estimator (3) into a PO problem and define the
associated AO problem. We starts with rewriting the optimization in (3) as

A

1 1
min {1Tp(HB) - -Y'HB+ —
n 2n

BeR? (N

-
(1) (115) |
where the action of function p(-) on a vector is considered entry-wise, Y € R" is the vector of observed responses,
HeR"™Pis [Xq,..., Xn]T . Note the entries of H are i.i.d. standard normal variables.
Introducing a new variable u, we further rewrite the optimiztion as

1
peiin ( p(u)

s.t. u=Hg.

A
Y Tu+ uTu)
n 2n

Using a Lagrange multiplier, we rewrite the above optimization as a min-max optimization

. 1., log A 1 1,
e, 135 (170 YTt fTut oo 0B )

We reformulate the original loss function into a new form specifically designed to facilitate the application of the Convex
Gaussian Minimax Theorem (CGMT). This is motivated by the fact that the current min—max optimization problem is affine
in the Gaussian matrix H.

To apply CGMT, we further restrict the feasible sets of 3, u and v in (19) to be compact and convex. The compactness
requirement is essential, it satisfies a key technical condition that justifies interchanging the order of minimization and
maximization in the minimax theorem.

Feasible set for optimization We denote by (,CA'I ,U, ) the solution to the unconstrained min—max problem in (19).

By Part 1 of Theorem 3.1, we can restrict the feasible set Sg to a Euclidean ball centered at the origin with a fixed
(dimension-independent) radius in R? for all p.

Moreover, we will show that the norm ﬁ |lul|| can be bounded above and below by universal constants without affecting the
value of the original optimization problem.

Note that the first order optimality condition with respect v implies
&l = BB < IH.p B2

To show %HGH is bounded by some universal constants, it suffices to show %HHHOP is bounded by some universal
constant for all sufficiently large sample sizes. Using the standard upper bound on the operator norm of Gaussian random
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matrices (Vershynin, 2010, Corollary 5.35), we have P(|[H||,, > \/n+ /p + v2n) < 2exp(—n). Recalling that n/p = 4,

we have
;IP (\/ﬁHHHOp >1+ \[5+ \/§> < Q;exp(—n) < 0.

By Borel-Cantelli lemma, we conclude that

1 1
P <{ T||H||Op >1+ \/; + \/5} happens infinitely many times) =0. (20)
n

Thus, it is safe to constrain the feasible sets of u to be some closed balls with diverging radii C'v/n for some sufficiently
large constant C', which are denoted by S,,.

Furthermore, based on the first order optimality of the min-max optimization in (19), we have
iy o A .
Y—p(u)+ﬁu:\/ﬁv,

where v denotes the maximizer of the inner problem. Since the entries of p(11), p’(02) are bounded by 1 and the entries of
Y are either O or 1, it follows that ||[5||? < 1 + A?C?. Consequently, we can reduce the feasible set of v to be a closed ball
centered at origin with a constant radius. In the following section, we denote these restricted feasible sets by Sg, Sy, and S,,.
Formulations of PO and AO In order to define the PO and AO problems, we need to decompose (3 into a “signal part”
and a “noise part”.

Denoted by S the space spanned by 3,. Let P be the projection matrix onto S and let P+ := I, — P be the projection
matrices onto the orthogonal complement of S. We use these projections to decompose 3 as the sum of 34 := P3 and
Bg. := PL3. Since the length and the direction of P3 and those of P~ 3 are independent with each other, the optimization
can be conducted over these directions and lengths separately. Besides, since the feasible set Sg we defined earlier is a ball
centered at the origin, the images of projections, PSg and PLSg, are convex, compact, and bounded sets. In light of these
observations, the optimization can be rewritten as

1 1 A 1 1

min max [ —17p(u) — =YTu + “u'u + —vT (u— H3g) — 7’UTH,3 ) 21

Bs€EPSE,Bg1 cPLss VER® <n p( ) n om \/ﬁ ( S) \/ﬁ SL
ueS,,

In addition, the objective function is jointly convex with respect to (,8 5 ﬁfg‘, u), and is concave with respect to v. Based

on Sion’s minimax theorem and the compactness of all the feasible sets, we can rewrite (21) by flipping the min and max
signs as follows

1+ 1+ AT [ 1 7
i i -1 —-Y + — + — —H ——v H
SLrrennL ﬂ1r)réa>§ Sréun{3 ( p(u) u 2nu u \/ﬁv (u Bs) \/ﬁv Bgr

u

It is important to note that the vector of observed responses, Y, is independent of HP". This independence arises because
HB, = HPS,. Given that HP and HP* are independent to each other, and considering that HP has the same
distribution as HP, where H denotes an independent copy of H, we can conclude that the solution to the optimization
problem above follows the same distribution of the solution to the following

. . 1 r 1,7 AT 1 7 .
min max min -1 u—-——-Y u+—u'u+—=v (u—H ——v H
Bl GPJ‘SQ veR™ B4€PS (7?, p( ) n + m + \/ﬁ ( IBS) \/ﬁ ﬂSL
u

u

We are ready to define the PO problem as

. —1 ~
Fo: ,BSLnelglng II)%%}E {\/ﬁvTHﬂSL + ¢(,35L,'U)} s (22)
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where ¢(Bg.,v) is defined as

. 1 1 A 1
Y(BgL,v) = ﬁsrg)r‘lgﬁ (anp (u) — ﬁYTu + %u—ru + %UT (u— HBS)) .
uesS,,

It is easy to see the objective function in (22) is jointly convex with respect to (,3 S Bé, u) , and is concave with respect to
v.

Furthermore, we define the AO problem as follows
. 1
20 (e = min o { = (0B B | + ol B) + 0(Bss.0) ). @3

where h € R"*M and g € R have i.i.d. standard normal entries and are independent with H.

C.2. Analyzing the auxiliary optimization

Since the objective function in Eq.(23) is concave with respect to v, and the objective function in the definition of (B¢., v)
is jointly convex with respect to (3¢, u), and all the feasible sets of 3¢,v and u are compact and convex, we apply Sion’s
minimax theorem to rewrite (23) by flipping the ming ,, and max,:

1 1 A 1
min max [ —1Tp(m) — =Y Tu+ —u'u+ —v7 (u- HA3
BsEPSg,B51 EPLSs  VES (n p(w) n n NG ( s)
u€Su (24)
1

- (0h s |+ ols"Bs) ).

Ideally, we would like to solve the optimization in (24) with respect to the directions of the vectors while fixing the norms of
the vectors, so that we get a scalar optimization. We first perform the maximization with respect to the direction of v. The
maximization with respect to v in (24) can be rewritten as

1 1
max ﬁHngTﬁSL + ﬁvT (u—-HBg — [Bs:|h).

For this maximization, we choose the direction of v to be the same as the direction of the vector that it is multiplied to and
introduce a variable r := ||v|| to denote the length of v. Additionally, the feasible set of r is (0, V] where V' comes from the
compact set S,,. The maximization then becomes

r T
u—HB. -8 h
rg%gy}\{/] \/ﬁ (g IGSL H o H 5 H ||>

The AO is now given by
1 1 A
min max {1Tp (u)— Y u+ —u'u
BsEPSE,Bg1L PSS Te(0,V] (N n om
e (25)

(&8ss + lu— HBs — ﬁSLth)}

r

Vn

For the subsequent analysis, we need an explicit expression for the projection matrix P. It is worth mentioning that in the
T

literature, the projection matrix is often equal to %, which has rank 1.

For any candidate 3 in (25), since the length and the direction of P3 and those of P+ /3 are independent with each other,
this decoupling allows us to optimize over their lengths and orientations separately. To see how this works, we decompose (3
as follows:
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B=PB+P P

i 26
= (||ﬂﬁ* |52 )B. + [P+ - direction(P* 3). .

~ T -~
For the estimator 3, the two scalar quantities %, [P+ 3| will be tracked in the asymptotics with a system of equations.

Using the above decomposition, we interpret 3, as the true signal, and P+ ﬁ as the noise, which will be approximated by a
standard Gaussian vector. The essential of the application of CGMT is to characterize the asymptotic behaviors of the scalar
quantities aforementioned.

To be concrete, we introduce the scalars v := 1B ﬁ —,0 1= ||PL BH and let @ be the direction of P+ (3. In the following, we
drop the feasible sets to ease the notation whenever there is no ambiguity. The AO problem is now written as

1 1 A
min min max ( 17p(u) - = YTu+ ~u'u
a>o 18]l2=1r€(0,V] n 2n
uozE]R

+ % (0870 + ||u— kag — ah|)> ,
where ¢ := H3, /|| 3, |- Notice that g have i.i.d. standard normal entries (recall that H has i.i.d. standard normal entries).

In the next step, we exchange the order of the min|g|—; and max, ¢y v in the above problem. This flipping is based on
lemma C.5.

The AO problem can be reformulated as

1 1 A
min max min <1Tp (u)— ~YTu+ ~u'u
a€>RgL re(0,V]18]l2=1 \ 1 n 2n
Wer (27)

+ % (UgTH + ||lu— kagq — O'h|)> ,

Optimizing this problem with respect to the direction of 8 (8 optimar = direction(PLg)) yields the following

1 1 A
min max <1Tp (W) — =Y u+ —u'u— = |P+gl
lfe>R0" re(0,V] n 2n

a€cR

1
+ rﬁ lu—kag — ah||) .
Next, we use the identity that [|a| = ming~¢ (55 |a]|? + %), with optima 7 = ||a]|, to replace the norm in the last display
by a squared term:

: : 1 T 1 T T 1
niy rgz&%]%l;%;(nl P Yt glu s [P
u

ack (28)

We shall show the above objective function is jointly convex in (u,«,o,7) and concave in r. The concavity is easy
since the objective function is linear in r. To show the joint convexity, we first note that the function hq(0) := 1 +

2 -
1 1 1 . . . . e . . . . .
H TR pkag - ﬁahH is jointly convex in 6 := (u, «, o) since h; is quadratic over some linear functions. We then

25



Signal Strength in Logistic Regression

note that the perspective function of k1 (8) is

11 1 1 |°
91(0,1/) ::V+5 T %l-@aq—ﬁoh
ol Ay e - ol
=V = \F \/ﬁ/{aq \/ﬁa
0
—l/hl(;)7

which is jointly convex in (é, D) since hq is convex in 6. The joint convexity of the objective function follows from the joint
convexity of g1 (6, 7) and the convexity of p(-). To perform minization over u, we use Sion’s minimax theorem to swap the
order of minimization and maximization, arrive at

1 A
min  max mln( 17p (u) — YTu—i-—uTu——HPL H
>0, %>0 r€(0,V] ueR™ n 2n
2)

Minimization over u: We now focus on the optimization over u € R™. Specifically, we analyze the following problem:

2
) (29)

e g o
N Y VT

rv

—|—— ch

r
2v

1 1 1
u— —kaq — —ch

vnoooyn vn

1 1 A
min <1Tp (W) - ~YTu+ —u'u+ —
ueR" n n

For the terms involving Y and u, we use the following completion of squares:

1 A 1 2
—~Y"u+ —u' /iaq —oh
n 2n Vn 30)
A+ L Y+f(no¢q+ah) 1 T 2
AT 2 | A i SO h H .
2n A+ L 2n (A + %) H +ﬂ(maq+a )

Eq.(28) can be rewritten as

>
+
NIE]

. . 1 T
min  max min [ =1 p(u)+
0>0,0>07r€(0,V]uek™ \ N 2n
a€R

H Y + Z(kaq + oh)|?
u—
Py

()\7+ HY + —(kaq + crh)

or n rv
ol 7).
\/ﬁ‘ g+2>

Now we can perform the minimization over u. Based on the definition of the Moreau envelope, we can express the
minimization over u as

Y + Z(kaq+ oh) 2
A+ z

10+ D),

1 At 3
-1 [
A AT

1 Y + £(kaq+ oh)
= M) AL L

As aresult, Eq.(28) can be simplified as
min max Ry(o,r 7, ), (31)

o>0,0>0 r>0
a€cR
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where

1 <Y+;(/€aq+ah)
Q)

v ,1/<A+;>)

r
+ —|lkaq+ oh|* -
2Un

T iplgl o Y
e g||+2)-

Since the partial minimization of a convex function over a convex feasible set preserves the convexity, the objective function
R, is jointly convex in (o, 7, ) for any r. By Danskin’s theorem (Danskin, 1966), R, is concave in r for any (o, 7, «). In
the following, we aim to find the limit of R,, and then show that the solution to R,, converges to the solution to the limit.

Limit of R, (0,7, 7,«) Fix any (o, r, 7, ). Using SLLN, we have as n — oo,

; o) (Y+ %,(\Hfz+gh)’1/(A+ 9) HE (M”“ <>\ +/ J5 il t /\+/ﬁ/~ 2t Be:(i/gﬁl))’ /\+1r/17)>

We can further simplify RHS according to Bernoulli distribution if we consider logistic regression:

(32)

r/v r/v Ber(p'(kZ1)) 1
E|M,. Z Z
< p()<)\+r/ﬂna 1+)\+r/ﬂa 2t A+r/v T XN+r/v

, /v _r/v_ ! !
+E (p (kZ1) M, (A +r/szl T3 +7~/DUZQ + PRy AD Y

Recall that Y = Ber(p'(H3,)) = Ber(p'(kq)), we have

1« a.s
= EZyiql‘— ZBer (kai)) @i — Bz [Z - p/(kZ)] = KBz [p"(kZ)],

1 5 1<~ 5 sy 21 ' p B
and —[|Y| 75;% = B[y =Ey] =Ez [0 (v2)] = 5

which implies that

LH/@aq—l— oh|? - _ HY + Z(fiozq—I— ah)H2

2im 2n(A+%) v

a.s )\T/D 2 2 1 T/D 2 /1
—_— — E Z
) ) T a ) At B kD)

HPJ-gH with ff’" by

For the term -7~
SLLN for any ﬁxed (o T), where § := 2 is the oversamphng ratio.

Putting all these together, the point-wise limit of the objective function R, (o, r, 7, ), denoted by R (o, 7, ¥, ), can be
expressed as follows:
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R(o,r, v, )
= lim Rn(O',T',’U,Oé)
n—r 00
ro  rv 1 /U, " Ar /i - ,
- U 2T - E 7)) + —r
{ \/54—2 AN +1/D) )\_Hn/ﬁna z p"(k )]+2()\+T/17)(HO{ +0°)

5 5 1
E( o (rzM s (17 vz LA
+ (p( wZ) p()<)\+r/ﬁﬁa 1+)\+7’/170 N+r/p

, - v Lo
+E (p (KZ1) My (AH/,;“O‘Zl v 7 N e i)

Since taking point-wise limit preserves the convexity and the concavity, we know that R (o, r, 7, «) is concave in r and
jointly convex in (o, 7, a).

Define an scalar optimization based on R(c,r, 7, @)

= i R 7 33
P I B, R e oY
ac

and let (04, 74, Ux, i) be the solution to the optimization in (33). We will show below that optima of (31) will converge to
(0-*7 T*7 D*7 OZ*)-

Converge of the optima In order to justify the convergence of the optima of R,,, we should show that the domain for
(0,7, 7, @) is uniformly bounded in the following sense:

o= P48 <18l < e,

RECIE
=g = T =/ oY
r=loll <V

The first two inequalities in (34) follow from the fact that the feasible set of 3 is a closed ball centered at the origin and has
a constant radius, as proved in part 1 of Theorem 3.1. The last inequality regarding r follows from the fact that the feasible
set for the variable v is a closed ball with a constant radius. For the scalar variable o, we recall its definition in

2
} . (35)

where the optimal 7is equal to H ﬁu - ﬁnaq - ﬁah”. Therefore, we can, without changing the formulation, restrict

v 1

L b =mind 2+ = || a2 !
— || — kOq — O = min — —_—
NG a 72012 " 20

—u—- — — —och
\/ﬁu \/ﬁmaq \/ﬁa

the feasible set of  to be an interval with the right end larger than 7. Since we have already shown |lu|| < C'/n for large
enough sample size n in (20), by the triangle inequality, it suffices to bound ﬁ |lkaq + +ohl|. Recall g and h are random
vectors with independent standard Gaussian random variable as entries. By lemma C.3 and (34), we have

P(|[kaqgl| > 2¢c1v/n) < exp(—n/2),
P(|loh]| > 2¢1v/n) < exp(—n/2).

By union bound and Borel Cantelli lemma, we have
1 . . .
P NG |lkaq + ohl| > 4c; p happens infinitely many times | = 0 (36)
n

Therefore, we can constrain the feasible set of 7 to be bounded.

Up to this point, we have shown that the objective function in (28) converges point-wise to the objective function R (o, 7, 7, av).
Furthermore, we’ve established that both objective functions are joint convex with respect to (o, 7, ) and concave with
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respect to r, within a compact domain for these parameters. Drawing on similar reasoning as presented in the proof of
Dai et al. (2023b, Lemma A.1) and in Javanmard & Soltanolkotabi (2022, Appendix B.3.3), which in turn make use of
arguments from Thrampoulidis et al. (2018, Lemma A.5), we can conclude that the optimal solutions in (28), denoted as
(o,7, 7, @), will uniformly converge to the optimal solution (o, 7, Vs, ) in (33).

C.3. Finding the optimality condition of the limiting scalar optimization

We characterize the solution to the optimization in (33). To facilitate the analysis in the following, we reparametrize & by
introducing v = 1/¥. The original scalar optimization become:

ro r 1 U Arv
: - o o E " VA 2 2
U%}’%{?Org%g?‘(/] { \/SJr 20 4(A+r/D) Ao 2P (RZ)) + 20\ + rv) (H o +0%)
(¢S
v U 1
E ( p (—=KZ1) My Z (37)
+ (p( kZ1) (/\+ KO 1+)\+ o 2’)\+rv)

TV TV 1 1
E(p(kZO)M,y | ——raZ —0 7 Y .
+ <p(/<; ) p()<)\+rvlia 1+)\+rv0 2+)\+rv A—l—rv))}

Let C(r, v, 0, «) denote the objective function in (37), we aim to analyze the optima of C'(-), i.e., (r*,v*,c*, a*). Since
the objective function is smooth, they should satisfy the first order optimality condition, i.e., VC' = 0. We will show that
VC = 0 will reduce to our system of nonlinear equations in (5). In the subsequent section, we will frequently use Lemma
C.8 to compute the derivative of Moreau envelope and dominated convergence theorem to interchange derivatives and
expectation without further statement.

Define 7 = +/\ ,and let Q1 (7) := (1 — AF)[kaZy + 0 23] + 7, Q2(7) := (1 — A\F)[kaZy + 0Z5]. The we can rewrite last
two functlons in (37):

F (Q2(f)77:) =E (p/<_"iZ1)Mp(-) (Q2(7Z)af))
Fy(Qu(7),7) = E (¢ (kZ1) Mp(y (Q1(7), 7))

Let F(a,0,7) := F1(Q2(7),7) + F5(Q2(7), ), we first compute the derivative w.r.t 7, this is important for simplification
in later steps.

OF, _ OF Q2  OF OF
or ~ 0Q, oF | o oF

=E [p’(—le) (Q2 — Proxs,(Q2))[-A(kaZy + UZQ)]] - E {p'(—/@Zl)%lzz(Qg — Prox;p(Qg))Q}

OF, _ OF, 0Q1  OF 0F
oF  9Qy OF or OF

_E {p'(,@zl);(cgl Proxs,(Qu)[-A(kaZi + 0Zs) + ]] _E {p'(ﬁzl);ﬂ(cgl - Prox,:p(Ql))Q]

To further simplfy, we note that Prox;,(Q1) = Proxs,(Q2 + 7) = — Proxs,(Q2) and Q1 — Prox;s,(Q1) = Q2 + 7 +
Prox;,(—Q2), therefore we can simplify the last expectation term as follows.

E {p/(f‘ﬁzl)l~

o p'(fﬁ%)#(% + 7+ PTOXr*p(—Q2))2]

(@1 - Prox;p(Ql))??} _E

= E |/ (521) 515 (@2 + Proxs, (~Q2))’ +E[p'<nzl)1}

+E [p/(mZ1)71:(Q2 + PrOXfp(_QZ))]

— 5 [0/(-k21)513(Qa = Proxs,(Qu))?] + | B | #(-521) (@2 - Proxs, (@2)
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OF,

52, we have

where last equality follows from that (77, Z2) 4 ((=Z1,—2Z3)). For the first expectation term in

E _p’(/{Zﬁ%(Q;l Prox;,(Q1))[—A(kaZi + 0 Z5) + 1]}
=E -p/(KZ1)%(Q2 + 7+ Proxz, (—Q2))[-ANkaZ1 + 025) + 1}]
=E P/(HZl)%(—(—Qz) + Prox,(—Q2))[-A(kaZ1 + 0Z2) + ]} +E[p'(6Z1)[-NraZy + 0Z2) +1]]

=5~ WaB(p (7)) ~ E |/ (~521)2(Qz ~ Prom(czz»}

—E p/(—/ﬁZl)%(Qg — Prox;,(Q2))[MraZy + O'ZQ)]:| .

OF,
or

OF .
or *

Based on two simplifications in , we can compute the partial derivative

OF (a,0,7) OFy  O0Fy 1 1
— 5 = o + 5 1 )\IQ2OzE(pN(I{Z1)) — ﬁE [p/(—/@Zl)(Qg — Prox;p(Qg))Z}

2B (-1 21)(Qs — Proxs(Qa))AkaZs + 0 25)]

Next we compute the derivative w.r.t o, this is important for simplification in later steps.

OF (o, 0,7)

90 =E pl(—[ﬁjzl)%(QQ — PrOX»,:p(QQ))[l — Af]ZQ:l +E |: (/QZl) (Q2 + PI‘OX,p( QQ))[I — )\f]ZQ

(1 — )\T) [ ( IiZl)(QQ — PI‘OX,:[)(QQ))ZQ]

I\l\.’)ﬁz\l\.’)

(1= A)E[p'(—=kZ1) (1 — M) [kaZy + 0Zs) — Proxz,((1 — A\F)[kaZy + 0Z5))) Zs)

_a —;\7’)20 201 T — AN B Zop! (—21) Proxs, (1 — AF)[aZs + 07s])
(=X 201 - A7) ( (1 = \)ap'(—KZy) >
N 7 7 1+ 7p” (Proxs,((1 — AF)[kaZy + 0Z5)))
_ A=)

1-2E (=KZ1)
T 1+ 7p" (Proxs,((1 — AF)[kaeZy + 0 Z5]))
Similarly, for derivative w.r.t o, we have

aF(g&O, 7) —F {p/(—nZ1);(Q2 — Proxz,(Q2))[1 — Af]ﬁZI} +E [p'(ﬁZl);(QZ + 7 + Proxz,(—Q2))[1 — )\7:]/121]

= (1= )&*E(p"(kZ1)) + ME [Z1p'(—KZ1)(Q2 — Prox;,(Q2))]
A7)

= (1= )R*E(p"(kZ1)) + 2“(%1& (210 (=K Z1) (1 = AF)[kaZy + 0 23] — Proxi,(Q2))]

26(1 = A7) (1 — M)ka " (1 = M)kap' (—kZy)
o (B v o) -2 (I ) )

(1 — \)%k%a 2/&2(1 — A7)

= (1= M)RE(p"(k21)) +

= (1 = \)K’E(p" (kZ1)) +

E[p"(=rZ1) Proxs,(Q2))]

T T
2(1 — \7)%k2a ( P (—kZy) >
T 1+ 7p"(Proxs,(Q2)) )

30



Signal Strength in Logistic Regression

oC aC

Next we can compute the partial derivative e e using chain rule and derived w, we have
ocC r r rA 9 AK2a? + o?)rA r oF
7 _ ]E /! Z _
ov 202 + 4(rv+ N) (rv—l—/\)Qﬁ aB(p(r21)) + 2(rv 4+ A)? (rv+ A)? oF
r 2A%r2 (k202 + o2
= oy TATIE LT L [l (- 52)(@2 ~ Prose,(Q2))7
+ 2r7E [p'(—kZ1)(Q2 — Proxs,(Q2)) [N kaZi + 0Z5)]]
and
ocC o 1 v vA 9 Av(k%a? + o?) v oF
=4 — E(o (kZ — -
or N i 2v i d(rv+N)?  (rv+ )\)QH oB(p"(r21)) + 2(rv 4 A)2 (rv+ X\)2 or

Setting both 4 = 0 and 2% = 0 we can get 2 = s and
o2 2A%(k%a? + o2
2 % +E [p/(=rZ1)(Q2 — Prox;,(Q2))*]

+ %R [0 (—KZ1)(Qa — Proxs,(Qa))\(50Zy + 025)]].

(38)

Next we compute 9, < based on already derived aF(g‘(f"F) and 8F(§‘f”:):
oC rok? ruA oF
= Y B (k7 e 2 il
da  (rv+ M) (p"(w21)) + (Ter)\)KJ ot Oa
TON (1 - 7)%k%2a 26%2(1—MF) ., 2(1 — \)%k%a P (—KkZy)
= — E - Z P 7 ~ E =
(rv+ /\)H at T + T |7 (=r21) Proxs, (Q2))] + T 1 4 7p" (Prox;,(Q2))

oC —r TUNC oF

9 Vi otx oo

_ =T rolo n (1 - \7)%0 1 — 9K 0 (—kZ7)
Ve (rv+ ) F 1+ 7p” (Proxs,((1 — AF)[kaZy + 0Z5)))
Setting both % = 0 and % = (0 and use % = % and 7 = r-&-ﬁ’ we can get
o
— 55 = Elp"(=rZ1) Proxs,(Q2))]. (39)
1 ) p(~rZy)
1——-=2(1-X")E . 40
R b oy “

Combine (38),(39) and (40), we have

2 = W +E [ (=5 21) (1 = X) 50 + 025] — Proxs, (1 = X saZa + 0 25]))’]

+ 2XrE [p'(—kZ1) (1 — M) [kaZy + 0Z5] — Prox;,((1 — A\F)[kaZy + 025))) [(kaZy + 0Z5)]]
— 2 E[p"(—kZy) Proxs,((1 — A)[kaZy + 0 Z)))]

20
P (—rZ) >

1 .
- 5 201 -)E (1 + 7p" (Proxs,((1 — A\F) [k Zy + 0 23)))

(41)

C.4. Uniqueness of the population optima

The system of equations derived in the previous section provides a way to compute the constants (., o). However, to
establish a well-defined relationship between the proxy quantities and the signal strength x, we must ensure that this solution
is unique. In this section, we prove the uniqueness of the optimizer for the scalar optimization problem in (33).

Although the objective function R (o, r, 7, @) is jointly convex in (o, 7, ) and concave in r. To guarantee unique optimal
solution (04, T, Vs, avs ), we shall verify that (1) for fixed r, R(o, r, 7, &) is jointly strictly convex in (o, 7, v) (2) for fixed
(0,7,a), R(o,r, U, ) is strictly concave in 7.
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We begin with proof of strict convexity, the objective function can be decomposed into three parts:

(partone) Fi(o,7,0)=—— + — + 7~)
1%

.0) = (p(— _r/v r/v 1
(part éwo) FQ("’”’O‘)_E(”( KZl)Mp(')<)\+r/ﬂﬂazl+/\+T/l7022’/\+7“/17>>’ @2)

o / r/D r/v 1 1
(part three) Fs(o,7,a) =E (p (KZ1) M <)\ n 7n/ﬁlszl + . T/DO'ZQ + pERy Al ey r/ﬂ))

1 r/v
AN+r/D)  A+r/D

We begin by simplifying F3(o, 7, a),

~ T/ % 1 1
Fs(o,0,a) =E (p’(le)Mp(,) ()\—l—/r/DHaZ )\+/ /,,O'ZQ + Py A—&-r/D))

1 /v 2 1
g gt Bzl (nZ)]

N S AL r/v ! 2
=E|J(kZ z Z -
(P(’f min | p(t) + = (A+r/ﬁm PR A e

1 T/ "
AN+1/0)  AN+r/D

]E(ID’(,{Zl)mtin p(t) —t+ 5 & ()\_’_;/ﬁnaZlJr)\:_/f/Dath) ])

e (’“(“Z” [2@ T (A L A+//(’Z>D

1 r/v y
4N+ 1r/D) B )\—I—T/DH%LEZ [P (1 2)]

6h) )\+r/z7 r/v r/v 3 2
_E(p KkZ7) mln [p 5 <)\+r/ﬂl€a21+)\+r/170'22 t
Qg (p (kZ1) m [p —t+ ft2 + 27(2? — (kaZy + 023)) })
r? /v 2 T 2

+E < (kZ1) [2 N+ 79) (kaZy + 0Z5)° — g(fszl +07Z5) ])
:E(p (kZ7) m1 {p —t+7t2—|—2~(t—(/£ozZ1—|—oZg)) })

N r?/v? (Pa® +0?) 1 (KPa®+07)

2\ +1/v) 2 2w 2

_ , . B 52 T _r)\(nonrU)
=E|(p (HZl)mtln {p( )—t+ 215 + 2~(t (kaZy + 0Z3))? ERVTpv s

where (1) we use E (p'(kZ1)) = 1/2 and stein identity E (p'(kZ1)Z1) = kEz [p”(xZ)] and (2) we use the following
identity:

Ada a > a 9 a? , M2 a 9
t— “w? - ————w? =" (-
2 ( /\+aw> MR T v L e LU
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Similarly, we can show that

i T/ r/v 1
Fy(o,v,a) =E (P/(_“ZI)MP(-) ()\_,_r/l;'%azl + )\+7"/170Z2’ /\+7’/’7>)

, N+r/o [ 1D r/v 2
=E|p(-xZ t Zy+ ———=0dZy—t
(p( kZy)min | p(t) + — (AJFr/ﬁmﬁAJrr/Daz
A T A (Ii2a2 —1—02)
=E | p'(—kZ1) mi )+ St —(t— VA Z))? ) - ————-—~
<p( K 1)Hltln|:p()+2 +217( (kaZy + 0Z3)) 105 1)
Therefore, we can simplify the R(o, r, 7, «) as follows: For fixed r > 0,
R(CT,T,I;,O[) :F1(0'7I;,CJL)+F2(O'7ﬂ,04)+F3(0'7ﬂ,04)
ro  rv . A T
~ i+ e (et 0+ 3¢+ 50— o <o)
! . A 2 r 2
+E(p (nZl)mtln p(t) —t+ 515 + %(t — (kaZy + 0Z3))

Step (1): strict convexity
To show the strict convexity of R(o,r, 7, o) for fixed r > 0, it suffices to show that the hessian of following function is

jointly strictly convex in (o, 7, «).

1. Gi(o,7,a) =E (p'(fnZl) miny [p(t) + %t2 + 5z (t — (kaZy + JZQ))2])
2. Go(o,7,0) =E (p/(kZ1) ming [p(t) —t + 3% + 5= (t — (kaZy + 07Z3))?])

Since p(t) is a convex function, and the term £ (t — K Z; — 0Z5)? can be written as 2t —kaZy, —0Z5)|1%, which is

the perspective function of the squared norm, known to be jointly convex in (¢, «, o, 7) when & > 0. It suffices to show
G1(o, 7, ) is strictly convex in (o, 7, «).

By Lemma C.7 and the fact that p’(¢) > 0 for all ¢ € R, it suffices to show that

A
E <mtin {p(t) + §t2 + 2%(t — (kaZy + O'ZQ))2:|> (43)

is strictly convex in (o, 7, o). Define q(, o) = v'Kk2a2 + o2, then we have

E (mtin [p(t) 422 T

St ot~ (kaZi + aZz))2D —E (mtin [p(t) + 22 Do q(a,a)Z)2]> .

2 2v

We first show that
- . A r v
L(g,7) := E[mtm {p(t) + 5t (- qZ)QH = E[Mp( (a2, )]

is strictly convex in (g, 7), where p(t) := p(t) + %tQ is a strictly convex function. The proof is adapted from Lemma C.1 in
(Thrampoulidis et al., 2018), we present the modified version here for completeness.

For any ¢ > 0,7 > 0, it suffices to show that
F((ﬂ,y) = L(q+:v,17+y) - L(Qvl)) - Ll(Qa 17)1’ - LQ(Qa’;)y > Oa for all x > —-q,Yy > 77}7

where L1 = 0L/0q and Ly = OL/0v. First note that Mj(a, b) is jointly convex in (a, b), this implies that I'(x, y) is jointly
convex in (z,y). Moreover, I'(0,0) = 0, by mean value theorem, there exist t* € (0, 1) s.t.,
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= lVI‘(t*:z:,zf*gj)T(t”‘x,t*y)
Here we use
=(0

So it suffices to show for any x > —q,y > —v
VI(z,y) " (x,y) > 0 forall (z,y) # (0,0).
This is equivalent to show

[Li(g+ 2,0 +y) — L1(q, 0)] ¢ + [La(q + 2,7 +y) — La(q, 7))y >0

Using dominated convergence to interchange derivatives and expectation, it is equivalent to show
[Li(g+ 2,7 +y) — Li(q, )]z + [L2(g + 2,7 +y) — L2(q,7)]y

=z [Zﬁ’ <Prox,3((q +12)Z; ”jy)) -zp <Proz,;(qZ; i))]

- 2 N
-1 v+uy 1 v
+ yE ?‘0/ <Proxﬁ((‘I+x)Z; - )) + 27,0’ (Proxﬁ(qZ;r)) ]

:E{[ (Proa:p((q—i-x)Z ) P < ﬂ «
{xz_;r( (pmxp((q+x ) (pmxp (az: )))H

(e (et n 22 i)

+E [ﬁ’ (Prox,; ((q +2)2: ”7fy)> i (pmmﬁ <qZ; :))]
X [szﬁ <(q+x)Z; ”jy> ~ Proz; (qZ; :)} >0

where we use identity z — Prox;(z; b) = bp/(Prox;(z; b)) in last equation. The proof is completed by observing that
vy
N[z
(1) (T +5, ) >0,
(2)p"(t) > 0= [§(t1) — @ (t2)](t1 — t2) > O,

(t)
3)E {” <Proxp (q+2)Z: jy)> _F <meﬁ(qz; i))]z > 0.

We have show that L(q,7) := E[M;.)(qZ, 2)} is jointly strictly convex in (g,7). Next we will establish that
E[Mj()(kaZy + 0Zs, 2)] is strictly convex in (o, 7, ), where Z; o N(0,1).

By dominated convergence theorem and Lemma C.8, for fixed 7 > 0 we have

oL _
dq

qp” (Proxﬁ(qZ; %))
L+ 2p" (Prozs(aZ; 7))

>0, (44)
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which suggests that for fixed 7, L(q, ©) is strictly increasing and strictly convex in gq.

(o,0) and let A € (0, 1). Define the diagonal matrix D = diag (x, 1), so that ¢(§) = || D&||2.

Now fix 7 > 0. Write £ =
(@, (). We will prove strict convexity of the map & — L(q(&), 7)

Take two distinct vectors & = (aV), o)) # & =
by the definition of strict convexity.

e Case 1: & is not parallel to &5. Then, by strict convexity of the Euclidean norm, we have

q((1 = A1+ A&a) = [[D[(1 = A& + A&)][|2
< (L= N)[D& |2 + Al D&l

(1= N)q(&1) + Aq(&2)

Let us denote the convex combination of components as

a=1-2NaW+ 1@ 5=01-NcW +r?.

Then we have

E | My ( k321 + 670, 2
A() r

:]E_Mﬁ()< cw ez
— 5 |30 (a1 - V&1 + 22,2 )|
<[t (- Maten7 + ez )|

E{M (w602, 7)] 38 a1, (w67
{M _ <m<1>zl+a< %,;ﬂ
+AE {Mﬁ(.) (Hoz(Q)Zl +0?2,, :)] :

where the first inequality follows from the strictly increasing property, and the second inequality follows from strict

convexity(it is possible that ¢(£1) = ¢(&2)).
(L= M& + &%) = (1 = A)g(&) + Ag(&2). But

» Case 2: when &; is parallel to & but ||&1]| # [|&2]]
q(&1) # q(&2), then by strict convexity, we have

E [Mﬁ(-) <Q((1 V& +AL)Z, :ﬂ

<(1-NE {Mﬁ(.) (q(&)l Z)] +AE {M"“ (‘J(&’)Z’ :ﬂ

Based on these two cases, we conclude that for fixed 7, E [Mj) (k1aZy + 025, 2)] is strictly convex in (o, o, 0).
o 5(2)), and define & = (1 —\)aM) + Ao, 7, 7 defined

=

For joint convexity including 7, let (a("), o), (1) £ (o)
similarly.
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+ Scenario 1: If (a1, (V) = (), 52, 5() £ ()
(1= X)pM + A0 )]

r

E |:M/3() (H@Zl + 625,
=FE|M K262 + 527 (1_ +/\V(2)
= 50) ReQ® + 0“4,
(2)
_E[ (1—/\+/\\/n2a2+az T+/\V )]
r (1)
< (1 — )\)E Mﬁ(.) (\/ K202 4 5’22, VT>:|
] 5(2)
+ AR [Mﬁ(_) (\//@'2&2 + 527, ”Tﬂ
r S
= (1 - ME | My, (ma(l)Zl +oM27,, . )]

»(2)
+/\E |:Mﬁ() (HOZ(Q)Zl +0'( )ZQ, , ):|

where inequality follows from Step (1) strict convexity.

* Scenario 2: If (o), oM #£ (a?,0(?)) 5(1) = 5(2) this scenario is identical to the fixed # case, which we have
already established in Case 1 and Case 2 above.

+ Scenario 3: If (o), c(M) £ (a®, @) and 21 # 53, denote &, = (M, 0M), & = (a?,0?). By the

subadditivity of the Ly norm, we have
(1) (2)
Q o
,<a=np(Zo )] +2fo (5o )

VK252 452 = (1=XNalM + Aol
Kat + 0% = HD ( (1= N)o® 4 Ae®
(1— 1M +/\17<2>>}

2

We prove strict convexity by definition:

r

1= + 2@
:E[Mm-)(v’*?d”&zz( )Vr : ﬂ

1= AW + Ar®@ )}
T

E |:M[;() <K1d21 + &ZQ,

(Bq.44) <E [M,x.) ((1 D2 + A DEalla2, ¢

(1) 7(2)
(Step 1: strict convexity) < (1 —\E [Mﬁ ) <||D§1||QZ )} + A\E [ () <||D§2|QZ )]
(1)
=(1-M\E [M,,(.) ( Wz oMz, Y )}
r

5(2)
+ AE [Mf,(.) <m<2>21 +0P2,, ”T )]

Summarize Scenario 1-3 and Case 1-2, we have shown the strict convexity of R(c,r, 7, «) for fixed r > 0.

Step (2): strict concavity

We aim to show that for fixed o, 7, a, the function R (o, r, 7, o) is strictly concave in 7. Since all four terms in R (o, r, 7, @)
is concave in r, it suffices to prove the strict concavity in

Li(r) =E (p’(—nZl) min p(t) + ?(t — (kaZy 4+ 0Z3)) D .
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By dominated convergenc theorem and Lemma C.8, we can show that

L 1 7\’
dirl =K [wpl(ngl)ﬁ' <Prozﬁ(naZ1 + 02y; T)) ]
d?Ly 1 p" (Proxs(kaZy + 0Zs;2))
=E |-—p'(-KZ Prox;(kaZy + 0 Zs; 2 L r <0
dr? l P ( 07 ( i ! 2 )> + Z (Proxp KoZy + 0 Zy; T))

Because the second derivative is strictly negative for all 7 > 0, the function L, (r) is strictly concave in 7, and hence so is R.

C.5. Applying CGMT to connect PO and AO

~AO
Recall in the process of simplifying AO, we decompose 3 in (26) and obtain the equality that direction(P1+3 ) =
direction(Pg). Therefore, the solution of AO can be expressed as

BAO 0 + ﬁ*
=0 OZK/
18]l

where [|0,] =1 ~and direction(8,) = direction(P1g), and g ~ N (0, I,) is independent of 3,. Based on the convergence

of optima (&, 7, V Q) — (0x, Ts, Ux, (i ), we have

(45)

~A0 (3,

« 46
N X (46
P32 o, @7)

To apply the asymptotic convergence of CGMT (Lemma C.2), for any € > 0, we introduce sets S1, S as follows:
B. - 6} 7

Slz{ﬁngl‘<,6,lg||>—a/€

S, ={BeR": |||PJ‘,8H2—0*| <e}.

~AO
The convergence in (46) and (47) guarantees that as n — oo, 3 € S; with probability 1 for j € {1, 2}. To extend such a

~PO
statement to the PO solution, we will show 3 € S; with probability approaching 1 using Lemma C.2. First, we recall the
PO in (22), AO in (23), and the scalar optimization in (33).

~PO .
We start with showing that 3 € S; with probability approaching 1. Let S := Sg\S1. Denote ®s:(H) and ¢s:(g, h)
the optimal loss of the PO and AO, respectively, when the minimization over (3 is constrained over 3 € Sf. In terms of AO,
B € St is equivalent to put constraints on a, we can express ¢s¢ (g, h) as follows under same argument,

Pse = min max Ry(o,r v, a).
i(gh) = 0<o<e1,0<i<6e1 >0 n(o:7, 7, 0)
|t |<ei/k

la—auy|k1>€

. . P . . -
Recall in Section C.2, we show that ¢(g,h) — ¢. Follow a similar argument, we can show there exist a constant ¢se,
defined as

Pse = min max R(o,r U, aq).
1 0<0<c1,0<0<6c; >0
lai|<c1/k

la—a|k1>e€

such that ¢s¢ (g, h) L d_)gf. Based on the uniqueness of the optima (o, 7, 7, a ), We have ¢ < d_)gf. Then based on
Lemma C.2, we have

lim P(B €8 =1. (48)

n—r oo
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~PO
With same argument, we can show that (48) holds for S;. Define a(p) := (8./|B.ll2,8 )/||B.] and o(p) =

~PO ~PO

[PL+B "|l2. Since we have proved that the events 3 ~ € S; for j = 1,2 happens with probability approaching 1,
we arrive at following results:

Qs (49)
O (50)

C.5.1. PROVING ASYMPTOTICS WITH LOCALLY LIPSCHITZ FUNCTION

Suppose % Z?Zl X /Bho,; ~> 11 for a distribution II with finite second monment. Then based on (49) and (50). We have for
any locally Lipschitz function W,

LS 0 (VBlBa, — auB. ) V8., ) B ElW(0.2, 8)), (51)
p
j=1

where 8 ~ II is independent of Z ~ N(0, 1). The proof follows closely along the lines of the argument in the proof of
Theorem 3.3 in (Zhao et al., 2022), and is therefore omitted.

C.6. Additional useful lemma

The next lemma establishes a bound on the norm of a normal random vector.

Lemma C.3. Let Z € R” be a vector of i.i.d. standard normal variables, then we have
P (|1Z] > 2v/7) < exp(—n/2)

Through the reformulation and transformation of the original optimization problem (3), we will frequently use the following
lemma to flip the optimization order:

Lemma C.4. (Sion, 1958, Sion’s minimax theorem )

Let X CR™andY C R™ be convex space and one of which is compact. If f : X x Y — R is a continuous function that is
concave-convex, i.e. f(-,y): X — R is concave for fixed y, and f(x,-) : Y — R is convex for fixed .

Then we have that

sup inf f(z,y) = inf su z,Y).
sup inf f(z,9) yeyw€§f< y)

The following result is also useful in our proof.

Lemma C.5. Let K, o, and V' be any positive numbers. Let g is a vector with the same dimension as 6 to be minimized. It
holds that
. T . T
min max {rog' @ +rK} = max min {rog' 0 +rK
H9H=1re(0,v]{ g } r€(0,V] \|e|\:1{ g }
The next lemma is useful when we find the optimality condition for the scalar optimization problem.

Lemma C.6 (Identities for logistic link). Let p'(t) := ﬁtet and Zy ~ N(0, 1) independently. For any > 0, we have

E(p'(kZ1)) = % E(Z2p' (k7)) = %

Proof. Direct consequences of the symmetry of the standard normal distribution. O

Lemma C.7 (Weighted Integral Inequality). Lef g1, g2, g3 : Z — R be measurable functions, f : Z — R be a probability
density function, and q : Z — R be a positive weight function. Suppose that:

1. g1(2) < g2(2) + g3(2) for all z € Z (pointwise inequality),
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2. [1(2)f(2)dz < [(92(2) + g3(2)) f(2) dz (strict integral inequality),

3. q(2) > 0 for almost every z € Z.

Then
/ 4(2)91(2)f(2) dz < / 0(2)(02(2) + g3(2)) (=) d. (52)

Proof. Define h(z) := g2(2) + g3(2) — g1(2) > 0 pointwise. By assumption (2),

/ h(2)f(z)dz = / (92(2) + 93(2)) F(2) dz — / 01(2) () dz > 0.

Since h(z) > 0 everywhere and [ h(z)f(z) dz > 0, the set
A:={z€ Z:h(z) >0}

must have positive f-measure, i.e., [, h(z)f(z)dz > 0.

For almost every z € A, we have h(z) > 0, ¢(z) > 0 (by assumption (3)), and f(z) > 0. Therefore, g(z)h(z)f(z) > 0 for
almost every z € A, which implies

/ q(h()f(2) dz = /A q(h(2)f(z) dz + / dh() (=) dz > / 4()h(2) () dz > 0.

e A
Expanding h(z), we obtain

/ 4(2)(02(2) + 05(2) — 1 (2)) () dz > 0,

which is equivalent to the desired inequality. O

The next lemma summarizes the partial derivatives of the Moreau envelope function, which will be used frequently when we
derive the system of equations from the first order optimality condition in (37).

Lemma C.8 ((Rockafellar & Wets, 2009)). Let & : R? — R be a convex function. Forv € Re andt € R, the Moreau
envelope of ® is defined as

. 1 9
Ma(v.1) = min {@(x) + 5[~ v[[*}.
and the proximal operator is the minimizer of this problem, i.e.,
. 1 9
Prox;e(v) = arg min {t@(x) + =[x — V]| }
x€Rd 2

The derivatives of the Moreau envelope are given by

3Mq> 1 3M<I>

1 2
S = ;(V*PrOth:.(V)), T :*QTQHV*PTOX@(V)H .

In the scalar case, for a convex differentiable function p : R — R, define

) = arg mi L2 D)= by .
Prox(z;b) = arg min {p(m) + Zb(x z) }, W(z;b) = bp' (Prox(z;b)).
Then for (z,b) € R x Ry,

U(z;b) = z — Prox(z;b),

and VU is differentiable with partial derivatives
ov

o bp'(x)
0z (2:0)

ow p(a)
T 1+ b @)

, (2;0) = ————
z=Prox(z;b) b 1+0 ,D” (SC)

z=Prox(z;b)
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D. Validity of data splitting method

We begin with case X = I,,. Since we split the data into two halves, the ratio between sample size and dimension reduce,
we use 0, (0) and a.(9) to denote the solution of system of equation (5) with half . Based on (49) and (50), we have

1T = B.87 /181118 | = 0u6/2), BIBY /1B = a-(5/2) (53)
1T = 887 /18118 | = 0u(6/2), BIBZ /1.1 = au(5/2) (54)

~(1 ~(2
Let Pt =1 — ,B*ﬁ;r/||ﬁ*||2. It remains to show that cross product terms varnishs, i.e., <PJ-,6( ),PJ-,B( )> =
PJ_B(l) PJ_B(Q) P
Sy, = -0
<|Piﬁm| P3|

Let Z ~ N(0,L,), we first assume that

P38, 4 P'Z 55)
P3| IP+ZII

Based on above equation, we can show that
< PJ‘BS) PJ‘BE\Q) > 4 < PLzM PLiz® >
N S VA e N

W b Ut ge BIZD)BZP) s
[PLzW| |PLz®| ~p 18.[2

It suffices to show (55). We provide a slightly general version of proof in the below.

We write P = AAT where A is a p x 1 matrix. This projects onto a 1-dimensional subspace of RP. We write P- = BB T
where B is a p X (p — 1) matrix. This projects onto the orthogonal complement of the subspace spanned by A, which is
(p—1)-dimensional. We have BTA =0 € RP~D*1 ATA =1and B'B =1,_;. Forany (p—1) x (p— 1) orthonormal
matrix G, BGB T rotates the subspace spanned by the columns of B.

Consider Y := {AAT + BGBT : Gis (p — 1) x (p — 1)( orthinormal matrix )}, the set of all orthonormal matrix

U € RP*P such that UB, = 3,, and perform rotation on the unit sphere lying in span{3,}*. By the isotropy of N (0, L,),
the distribution of % is U-invariant, that is, it is the uniform distribution on the unit sphere lying in span{3,}+.
PB,

=2 is also {/-invariant.
IPLB1l

Therefore, it suffices to show that the distribution of

For any U € U, there exists an orthonormal matrix G such that U = AAT + BGB'. We want to show
PJ_B)\ d PJ‘BA
P85 P8l

Since |PL3, || = [[UP+2, |, it suffices to show that UPL3, < P13,.

5 d 5 5 . . . . . .
We first show that U3, = 3,. Note that US3, is the estimator in (3) with observed covariates replaced by {UX;}?_,. Since
U is orthonormal, both covariates are random vector with i.i.d N (0, 1) as entries. Since U € U, we have B UX, =8] X,
for 7 < n. Therefore, the joint distribution of the new observed data remains the same as the original joint distribution. As a

o . . 5 d 5
result, the distribution of the 3, remains the same, i.e., U3, = 3,.

Consequently, we derive that
UB, 438, — BB'UB,<LBB'3,— BGB'3,<P'5,.
We complete the proof by observing UP+ = BGB .
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D.1. Proof of Theorem 5.2

~(1 1
For part 1, according to (8), ||21/2,6’E\ )H2 = Var(X | ,8; )) k2a2(6/2, k) + 02(§/2, k). It suffices to show that

~(1
condition on 3, °,

2
~(1) 1 T(1) 1 M| P T51) | 5@

= — E X. - — E X, — X .
S1(By) = l i B n/2 i Ba ] Var( By 18\)

n/2 i€ Do

~(1 ~(1
Let m = n/2. Define Z; := X;ﬁg\) for i € Dy. Because ,6'5\) is computed using only D, it is independent of
{X; : i € Dy}. Hence, conditional on 31) , the random variables {Z; : i € Dy} are i.i.d. with

~(1) ~()T __~(1)
Zi| By ~N(0,v1), vi:=08\ X8, .

In particular, E [Zi | 3(1)] =0,E [Zf | B(l)} =v,E [Z;1 | B(l)} = 3v? < co. So it remains to show:

1 _
— 372250 and 7% 50,
1€ Do
which is guaranteed by law of large number.

For part 2, under similar argument, we can show: condition on ,8_ 3 » and ,8; )

1 750 T752) IP ~1) ~(2)
o ; <Xi ﬂ_m) (Xi A ) 8UL=B,. (56)
i€Dq

()T (2
The quantity on the RHS is closed to ﬁf\ ) 25& ), we can show that

SMT ~2) AT (52

3" eaY - B ep”

~(2)

52 W
B

B_ix— B

max
1€Dy

max
2 1€Dy

Amax(X) = op(1), e

2

1
where last equality follows from part 1 in Theorem 3.1 and leave-one-out stability assumption max;¢p, || B(_Z A=B l2 5

0.

~(1 ~(2
Together with (56), (57) and <21/265\ ), 21/2[35\ )> 2y k202(6/2, k), we have

T 2 (7B (RTBY) B waziaran)
€Dy

D.2. Proof of Theorem 5.5
Proof of Theorem 5.5. Fix § > 2 and A > 0. Let the true signal strength be s € int(KC).

By the conditions of Theorem 5.2, the empirical quantities in (13) and (14) provide consistent estimators of the cor-
~ ~(1 ~(2 ~(1) ~(2
responding population proxies Fi(k), Fo(rk). Equivalently, Fy, = 1[S) (ﬂf\)) + Sg(ﬂf\))] — Sg(ﬁf\ ),ﬂg\ )) and
7 51 5@ .
Fy, = 85(8, ", 8, ) satisfy R R
Fin 5 Fi(r), Fon S Fa(k). (58)
By Assumption 5.4, for j € {1, 2}, F; is continuously differentiable and strictly monotone on K. Hence F); is one-to-one on

K and admits an inverse Fj_1 defined on F;(KC). Moreover, strict monotonicity implies that Fj_1 is continuous on F;(KC).

Define the estimators (as in (13) and (14)) by

Rin = F7 (Fin),  Rop = Fy '(Fa).
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Since ﬁj’n 2, Fj(k) and F{l is continuous at F; (), the continuous mapping theorem yields

Rjm=F N (Fin) 5 FU(Fi(R) =5, je{1,2}

Therefore, both estimators in (13) and (14) are consistent for x. ]

E. Additional details on Leave-one-out estimator

E.1. Approximate Leave-one-out estimator

~(1
Without loss of generality, we consider the approximation of X ;r 6(_3 » with any ¢ € D;. To ease the notation, we
drop the subscript A and superscript (1). Let Z = {1,...,n/2} be the indices of all observations in D1 and Z_; =

{1,...,4—1,i+1,...,n/2} be the indices of all but the i-th observation in D;. Now we can write out the first-order
optimality condition for 3 and 3_;:

0= ZX]' (YJ - (,@TX]>> - )‘Z(BTXj)va

JET Jez
JEL_; JET

Taking the difference between these two equations yields

(3 (3T x)) X [ (3) - (31

JEL;

Al Y xx/B, - Y X, x/B-X,X]p
JEL_; JET;

~ ~ ~T ~T
Because the difference between 3_, and 3 is small, so we can well approximate the difference p’ (ﬁ _iX j> —p (ﬁ X j)

~T
using a Taylor expansion of p’ around 3 X ;. In other words, we have

0~ X, (vi—p' (B X))+ X o (B'X,) X,X] (B_, - B)
JET_;
+A Y XX (B, - B) - A X X/

JEL;

To simplify the notation, we introduce the followings for denoting the Hessian matrices appeared in the above display:

H==Yp"(B X,)X,X],

JjET
~T
Ho=- Y o' (B X,)X,x].
JEL;
T T
Sa= > X;X] , S=) X,X].
JEI_; JET

Admitting this second order approximation, we have
(AT 3 3 T3
Xi (Yi-p (B Xi)) ~ (Hoi = 2S-) (B, — B) + AX: X[ B,
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or

(Boi—B) ~ (=) [x: (vi— o (B' X)) - 2x: X[ B].
Therefore, we can approximate the term ,@LX i by

=B X+ X7 (Hoi = AS_) " {Xi (Yi Y (ETXi» - )\XiXini'} . (59)

The derivation above involves an matrix inversion for each ¢ € Z. To obtain the inverse of (H_; — AS_;) foralli € T
efficiently, we can take advantage of the fact that they are each a rank one update from the

H_;—AS_;=H—\S+ [A+p” (BTXi):| X:x;

Applying the Sherman-Morrison inverse formula, we have for each i:

(#=28)" [+ (B X)) XX (1= 28) ™!

(H_;—AS_)) ' =(H-XS)"" — (60)

1+ Dot (B X)) XT (- 08) 7 X

E.2. A simple experiment to justify approximation
We conduct a single experiment with the following setup. The dimension is p = 400, sample size n = 1600, 3 and 3, are
generated in same way described in Appendix A.4 with || 3, ||2=1. The regularization parameter is set to A = 0.1.

~(1 ~(2
Table 11 compares the real leave-one-out (LOO) quantities {X;ﬁ(_i)’)\,i € Dy} and {X;rﬁ(_L))\,Z € Dy} with their

~(1 ~(2
approximation (59). We present first 10 LOO quantities in {X:B(,;A,i € D;} and {X;—,B(,i)’)\,i € D} with their
approximations. The approximations closely track the exact LOO values, with discrepancies that are uniformly small and
negligible relative to the scale of the signals. This numerical evidence supports the accuracy of the proposed approximation.

Table 11. Comparison between real LOO quantities and their approximations (first 10 observations).

First split Second split
Index: | Real LOO Approximation | Real LOO Approximation
1 0.2471214 0.2477251 | 2.4368342 2.4367580
2 -1.0661952 -1.0661990 | -0.0031643 -0.0033081
3 -0.1917419 -0.1920940 | -0.5036449 -0.5035390
4 -0.6970390 -0.6971530 | -4.1231264 -4.1215712
5 1.2740254 1.2739269 | -0.7974870 -0.7974673
6 0.8147184 0.8129966 | -0.6329518 -0.6329617
7 1.8356401 1.8355068 | -1.6076504 -1.6076396
8 1.2957842 1.2956204 | -0.7227844 -0.7226167
9 -4.3480549 -4.3455375 | -2.3697001 -2.3653737
10 3.5038383 3.5031352 | -0.5134615 -0.5131449

E.3. Sufficient Condition on Leave-One-Out Stability

We establish leave-one-out (LOO) stability for the generalized ridge estimator and prove that it holds with high probability.
To keep the presentation concise, we first present the proof for the case ¥ = Cov(X) = I, in Section E.3.1, and then extend
the result to general covariance matrices in Section E.3.2.

E3.1.CASEX =1,

Without loss of generality, we establish the stability result by removing the first data point. Recall that the sample size is n,
the dimension is p, with aspect ratio n/p = § > 1.
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Key lemma. Using a Taylor expansion and concentration inequalities for (i) the singular values of the sample covariance
matrix and (ii) || X1 |2, we obtain the following result:

Lemma E.1 (Single-point LOO stability). Let B \ be the generalized ridge estimator and B A,—1 be the estimator without
the first sample point. Then

3 3 3p°/¢ 1
P (Hﬂ)\,l - /6)\"2 > (1_\/%)271) S 6€Xp (—2\/]5> .

Applying Lemma E.1 together with a union bound, we obtain that

max By, ~ Byl <
[n]

1€

with probability at least 1 — 6 exp(—0.5,/p + logn).

Proof of Lemma E.1. We begin with the first-order optimality conditions for the full-sample and leave-one-out estimators:

ozf:xj (v - (B X)) —/\i(BIXj) X, 61)
j=1 j=1

0= X, (¥~ (BL1X)) A3 (BruX,) X, )
=2 =2

Taking the difference between (61) and (62) and applying a Taylor expansion to p’, we obtain
~T n ~ ~
0=X, <Y1 4 (ﬂ,\ X1)) + Z XX p"(t;) (ﬂ,\,—1 - @\)
j=2
n ~ ~ ~
AN XX (Ba— Ba) ~ AX1X [ By,
j=1

where t; lies on the line segment between ,B'IX j and BI,—1X 4
Define the positive definite matrices
Ho,=Y X;X]p'(t;), H=)» X;X].
j=2 j=1
Since p(t) = log(1 + ), we have 0 < p”(z) < 1/4, which implies
H<H_,,+MH <2H.
Consequently,
%H‘l < (H_1,+XH)"' < H

and therefore T
[ Xall2- [ X1 Ba—1l | | X1z
)\min(H) 2Al‘nin(H) '

1Bx._1 — Ball2 < (63)

The proof is completed by taking ¢ = p'/3 in the following concentration lemmas.

Lemma E.2 (Gaussian concentration for linear forms). Let b € By, be a random vector independent of X1 ~ N(0, I).
Then for any t > 0,
2
IP(XTb >t)<2 ).
| X1 0] S 4€xp oL
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Lemma E.3 (Extreme eigenvalues of Wishart matrix). Let X ; N (0,1I,) for j € [n], and n/p = 6 > 1. Then for any

t>0,
1 — 1 &
(1—+/1/6 —t/v/n)* < Amin - S XX | < Amax p S X;X[ | <A+ V1/5+t/vn)?
j=1 j=1

holds with probability at least 1 — 2 exp(—t?).
Lemma E.4 (Norm of Gaussian vector). Let X1 ~ N(0, I,,). Then for any t > 0,

[ X1l <P+t
with probability at least 1 — exp(—t%/2).
E.3.2. EXTENSION TO GENERAL X

We now extend the result to general covariance matrices X satisfying 0 < ¢; < 0pyin(X) < omax(X) < ¢ < o0.

The derivation follows the same structure as in Section E.3.1. Define
T T
H_, :ZXij o (t;), H:ZXij.
Jj=2 j=1
Since p(t) = log(1 + €') implies 0 < p”(z) < 1/4, we again have

H<H_i,+\H < 2H,

which yields
1
inl < (H_y,+XH)"' <H"
Consequently,
- - IX1ll2 - 1X Byl | X0l
— < : . 64
||B>\,—1 /6)\”2 = Jmin(H) 20min(H) ( )

The proof is completed by taking ¢ = p*/3 in the following modified lemmas, which account for the general covariance
structure via the transformation X ; = ¥1/2Z; with Z; ~ N(0,I,).

Lemma E.5 (Gaussian concentration for linear forms, general ). Let b € Bp be a random vector independent of
X4 ~ N(0,%). Then for any t > 0,

P (|X1Tb| > t) —P (|Z1TZl/2b| > t) < 2exp (— 2;;) :

where we use | =1/2b||y < \/eaL and Z1 ~ N(0, I,,).

i.i.d

Lemma E.6 (Extreme eigenvalues, general ). Let Z; " N(0,1,) for j € [n], and n/p = 6 > 1. Then for any t > 0,
1 ¢ T 2
Omin | Z;ijj > (1—+/1/6 —t/\/n)
j=

holds with probability at least 1 — 2 exp(—t2). The result for H = 2?21 X; X;—followsfrom the inequality Apmin(ABA) >
Amin(B) - A2y (A) applied with A = $V? and B= 237" Z;Z .
Lemma E.7 (Norm of Gaussian vector, general X). Let Z1 ~ N(0,1,). Then for any t > 0,

[Z1]l2 <P+t

with probability at least 1 — exp(—t2/2). The result for X1 = $Y/2Z follows from ||£Y/2Z 1|2 < \/c3| Z1||a-
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F. Predictive classification error analysis

We add analysis of predictive classification error(CE) for prediction Y = X ;B » > 0} where X r is new covariate.
Specifically, we first derive the limit of CE evaluated on test data, and then conduct experiments to illustrate the effect of
lambda. To make presentation clean, we consider ¥ = I, in the following analysis of CE.

Let (X 7, Yr) be a pair of future data sampled from the same population as the observed data, i.e., X1 ~ N(0,I,), Y ~
Bern(p'(X}.3,)). Given the covariate vector X 7 and the estimator 3, the binary prediction is given by ¥ = 1{X .3, >
0}. We will use E7 to denote the expectation w.r.t. (X7, Y7). Therefore, Ep[1{Y # Yr}] is a random variable where
randomness comes from 3,.

We first simplify E7[1{Y s Y7}] as follows:
Er[1{Y £ ¥r}] = Bx, [Br (1{¥r £ 1{X]B, > 0}} | X1 )]

. ~ (65)
= Ex, [/(X7B)LU{XIB, <0} + (1 -/ (X7B))X 1B, 2 0}].

The evaluation of the second equation in above equation relies on the following characterizations of X ; B, and X ; B - Let
71, Z5 be two independent standard normal random variables. We introduce two random variables:

Wi = ||B. 1221,

3,7 Z.

This construction of (Wy, Wa) preserves the conditional distribution of (X }.3,, X 1.3, ) given the actual observed data,
ie.,

WQI

Wy~ N0, 18,17, W~ N(©O,[B,]), Cov(X18,.W2)=B8!B,,
X718, ~N©O, 8,17, X7By~N(O,[B\]?), Cov(X1B.,X71B,) = BBy

Since (W7, Wa) 2 (X ; B., X ; B 1) conditioning on the observed data, we can evaluate the above equation as follows:

Ex, |0/ (X78)UX 1B, < 0} + (1 - /(X78.)1{X 1B, = 0}
=Ew,wy) [0/ (W1)L{W2 < 0} + (1 — p/ (W1)1{W> > 0}]

:E(thﬂ p(||ﬂ*||2Z1)1 ||/8 H ﬂ* /3)\Zl+\//3/\”2 HB || /8 /3/\) Z2 <0
2
s, | (18,1220 B. by
VIBIRIB I - (815,)°
B. B,

+ 1= (18.221)®

VIB.I2IB, 12 — (8] B,
=Ez, [0 (a1 21)®(—a221)) + Ez,[(1 — p'(a121)) (a2 21 )]

where we use the shorthands a; := || 8, ||2 and ag := ﬂja,\/\/Hﬁ*H?HB/\H? — (8] B,)? to simplify the notation.
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Next we will study the convergence of E, [p'(a1Z1)®(—a2Z1)]; the convergence of Ez, [(1 — p/(a1Z1))®(a2Z)] can be
showed using the same argument. Note that

oo

Ez, [p'(a1Z1)® (—a221)] Z/ [ (a12)® (—azz2) ¢(2)dz].

We will show Ez, [p'(a1Z1)® (—a2Z;)] converges in probability to Ez, [p'(kZ1)® (—awk/0.Z71)]. Let v = (v1, v2) be
a two-dimensional vector. We define the function h(v, 2) := p’(v12)®(—v22)¢(z), which is continuous with respect to
v for any z € R. Furthermore, |h(v,z)| < ¢(z) for any z € R. By Dominated Convergence Theorem, the function

[ _BiB. P,
g(v) = 7 IENIREAR
\/(;Tﬁ and applying Slutsky’s theorem, we conclude that

()

By the continuous mapping theorem, we have g(a) LN g(ay),ie.,

SR 2o 2
/6)\H2_>Oé*"'i +U*v

) > ( Z*ﬁ/a*

h(v, z)dz is continuous with respect to v. According to ||3, ||§ 5 k2,

18,112
BIBVIBIPIBIP — (81 B,

Ez, [¢'(a121)® (—a2Z1)) 5 Ez, [0 (kZ1)® (—awk/ouZ1)] . (67)
Similarly, we can show
Ez [(1 - 0 (@121)® (a221)] 5 Bz, (1~ 0/ (20))® (/0. 21) (68)
Based on (65), (66), (67) and (68), the following convergence of the generalization error holds:
Er[1{Y # Y7} = Bz, [0/ (521)® (—0 /0. 21)] + Bz, [(1 = 9/ (KZ1))® (k0. Z1)]. (69)

We evaluate the right-hand side using numerical integration.

To investigate the effect of A on CE, we adopt the same experimental setting as in Figure 4. Specifically, we vary A from 0.1
to 1.5 and consider § = 4 with x = 1, 2. The results are presented in table 12:

Table 12. Effect of A on limit of predictive classification error

A 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5
k=1 0.396071 0.396049 0.396050 0.396056 0.396062 0.396067 0.396073 0.396075 0.396077 0.396081 0.396084 0.396089 0.396095 0.396101 0.396097
k=2 0.291771 0.291989 0.292111 0.292183 0.292229 0.292266 0.292281 0.292303 0.292314 0.292323 0.292333 0.292343 0.292354 0.292366 0.292361

We note that the effect of A on the absolute value of CE is very small, but the pattern is consistent with that of the squared
error in Figure 4. For k = 1, the CE exhibits a U-shaped curve, while for x = 2, the CE increases monotonically.
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