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Abstract

Group Relative Policy Optimization (GRPO)
was introduced recently and used to train
DeepSeek—R1 for promoting reasoning in LLMs
under verifiable (binary) rewards. We show that
the mean+variance calibration of these rewards
induces a contrastive loss in which the contrastive
samples are synthetic data drawn from the previ-
ous policy. While GRPO was originally paired
with clipping to keep updates near the old pol-
icy, we analyze variants that differ in reward nor-
malization (mean-only vs. mean+variance) and
in how they regularize updates using KL diver-
gence: either penalizing divergence from the pre-
vious model (mirror), penalizing divergence from
a fixed reference model 7.¢¢, or combining both
forms of regularization. For each, the optimal
policy ,, admits an explicit form in terms of the
binary reward and the first and second order statis-
tics of the reward under m,, 1, as well as the poli-
cies m,—1 and 7. Iterating results in a sequence
{7n} whose probability of success (PoS) obeys a
simple recurrence that converges to a fixed point
determined by the reference PoS and the regular-
ization strength. We further show that this fixed
point exceeds the reference, demonstrating that
GRPO amplifies the policy’s probability of suc-
cess.

1. Introduction

In Reinforcement Learning (RL), a policy is learned by max-
imizing a reward that encodes constraints or an objective we
want the policy to conform to or achieve. Policy gradient
methods and actor-critic methods (Sutton and Barto, 1998),
enable RL-based training of parametric policies, including
Large Language Models (LLMs), particularly when dealing
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with non-differentiable rewards. Unlike supervised learning
or preference optimization, which require labeled training
data, reinforcement learning generates synthetic data sam-
pled online from the learned policy as training progresses.

Proximal Policy Optimization (PPO), introduced in (Schul-
man et al., 2017), is a widely used algorithm that facilitates
such training. PPO relies on importance sampling from the
model’s previous (“old”) policy while ensuring that updates
remain within a certain proximity to the old policy. Policy
gradient methods are known for their high variance, and
PPO mitigates this by learning a critic that reduces the vari-
ance of gradient estimates. The critic normalizes the reward,
and PPO’s advantage function—defined as the difference
between the reward and the critic’s evaluation—drives the
optimization process.

Group Relative Policy Optimization (GRPO) was recently
introduced in DeepSeekMath (Shao et al., 2024). GRPO
closely follows PPO’s optimization framework but differs
in how the advantage is computed. Specifically, GRPO
estimates the advantage using Monte Carlo rollouts rather
than a learned critic. Additionally, GRPO applies whiten-
ing to the advantage function, meaning it standardizes the
reward’s mean and variance. These statistics are estimated
from a “group” of Monte Carlo rollouts corresponding to
samples from the LLM policy conditioned on a single input
or query to the policy. Whitening the advantage function
has been recognized in many PPO implementations as an
important ingredient for training stability (Engstrom et al.,
2020; Huang et al., 2024).

GRPO therefore eliminates the need for training a
separate critic network alongside the LLM policy, in-
stead leveraging efficient sampling from the LLM’s pol-
icy. This is made feasible by optimized model serv-
ing through VLLM (Kwon et al., 2023). GRPO has
been employed in the DeepSeek model series, includ-
ing DeepSeek-v3 (Liu et al., 2024) and DeepSeek-R1
(Guo et al., 2025). DeepSeek-R1 unlocked reasoning
capabilities in open-source models, and its success can
be attributed to several factors and innovations, among
them: (1) A strong pre-trained model (DeepSeek-v3), (2)
The reasoning chain of thoughts <think>...<think>
<answer>...<answer> and (3) The use of verifiable
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binary rewards with GRPO to fine-tune the models on rea-
soning and math tasks.

We focus in this paper on the theoretical grounding of Rein-
forcement Learning with Verifiable Rewards (RLVR) using
GRPO. Verifiable rewards for RL with LLMs (Lambert
et al., 2024) typically include (i) correctness checks via
string matching to a gold answer when available or via
an LLM-as-judge otherwise (Guo et al., 2025; Hugging
Face, 2024; Luo et al., 2025; Guan et al., 2025). Addi-
tionally, (ii) execution-based pass/fail in code generation
(interpreters and unit tests) and (iii) simple binary checks
for formatting/refusals provide scalable 0/1 signals for train-
ing (Hugging Face, 2024; Guo et al., 2025; Lambert et al.,
2024). Verifiable rewards balance simplicity and bias and
are thought to be less prone to reward hacking than reward
models learned from preference data. We note that a recent
paper (Vojnovic and Yun, 2025) studies GRPO with a focus
on the policy obtained using an approximation of the KL
divergence used in practical implementations.

Related Work. Several variants of GRPO have been pro-
posed in the literature. The original GRPO practical recipe
(Shao et al., 2024) combines PPO-style clipping with an
explicit KL regularizer to a frozen reference model. On
the other hand, mirror-descent style updates that regularize
toward the previous iterate (rather than a fixed reference)
have been studied under the Mirror Descent Policy Opti-
mization (MDPO) framework, which interprets each step as
approximately solving a trust-region problem via a Bregman
(KL) proximity term to 7, _1 (see for example (Schulman
et al., 2015; Tomar et al., 2021; Gunter et al., 2024)). “Dr.
GRPO” (Liu et al., 2025) is a variant that removes variance
normalization (i.e., uses mean-only normalization of group
rewards), simplifying the scaling while keeping the same
overall training loop. Finally, recent large-scale systems
such as DAPO (Yu et al., 2025) report strong results when
removing the reference-model KL entirely (i.e., training
reference-free), alongside additional engineering choices
such as decoupled clipping and dynamic sampling.

Our work aims at understanding the differences between
these variants from a theoretical point of view and to explain
their empirical success. Our main contributions are:

1. Contrastive Loss (Sec. 2). We show that GRPO with
calibrated verifiable rewards is equivalent to an adap-
tive, weighted contrastive loss evaluated on samples
from the previous policy.

2. Policy Recursions. Leveraging this equivalence, we
derive, for multiple GRPO variants, a closed-form re-
cursion for the optimal policy as a function of 7.,
-1, and the previous policy’s probability of success
(PoS) p,—1. Section 3 analyzes GRPO (no clipping)
with a KL penalty to the reference; Section 4 studies

Mirror GRPO with a KL penalty to the previous iterate
only; Appendix F covers the mixed (two-KL) case, i.e,
combined KL penalties to reference and previous itera-
tion; and Section 5 treats the mean-only normalization.

3. PoS Dynamics , Robustness to Noise & Success Am-
plification. We prove that the induced PoS sequence
(pn) satisfies a recursion admitting a fixed point p*
and, under mild assumptions, p,, — p* with p* > Dyes,
establishing success amplification for GRPO. The step-
wise monotonicity of (p,,) depends on the specific vari-
ant. We analyze the robustness of GRPO to noisy
rewards in Section 6. The dynamic of the PoS and
robustness to noisy rewards are verified empirically in
Section 7. Code is provided in supplementary material.

2. GRPO VWith verifiable Rewards as an
Adaptive Weighted Contrastive Loss

Let pg be a distribution of prompts or questions, and let 7 be
a reward function that evaluates the output o € O of a policy.
As discussed in the introduction, we restrict our analysis to
verifiable rewards, meaning binary rewards, r : Q x O —
{0, 1}. Given a prompt g ~ pg, let mg(0|q) be the policy of
an LLM, where o represents the sequence outcome and 6 €
O the parameters of the model. g, denotes the “old” policy
or the policy from a previous iteration. m..¢ corresponds
to the reference policy, and KL is the Kullback—Leibler
divergence:

7(0lq)
KL(7||7ret) = EgnpoEonr( 1) log ()

7Tref(o‘CD

Define the mean and variance of the reward under a policy
v as follows:

Nu(‘]) = Eo’wv(.|q)r(% 0/) 0'12/((]) = Varo’wl/(.|q)7ﬂ(q, O/)'

For a regularization parameter 5 > 0, we start by recalling
GRPO’s optimization problem (Shao et al., 2024):

mg(0lq)
]E ~ EON‘[T € 7A7T k)
max Egnpg any (m%m(om) 000 (4 0)>

- BKL(’/TG ‘ |7Tref)
(GRPO-Clip)
where the “advantage” for an outcome o, A(q, 0) is given
by the whitened reward:

7“((], 0) - ,uma(,ld (Q)
7054 (q)

Aﬂe‘,ld (q, O) = ) ()
and for e € [0,1], the clipping function f. is given by
fe(z,y) = min(zy, clip(z, 1 — €, 1 + €)y).

We see that GRPO optimizes the whitened reward (referred
to as advantage, A(q, 0), in (Shao et al., 2024)) using im-
portance sampling from the “old” policy while maintaining
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Figure 1. Weighting of GRPO with the probability of success of
the old policy.

the optimized policy close to m..¢ as measured by the KL
divergence. The clipping used in equation GRPO-Clip en-
sures that the likelihood ratio between the policy and the
old policy is maintained within [1 — €, 1 + €].

2.1. Whitening the Rewards in GRPO As a Means of
Calibration

Recall that our reward r is a verifiable reward that evaluates
correctness of a reasoning or code execution, so (g, 0) €
{0, 1}. We note the probability of success of the old policy
Told*

P(q) = Pog(q) = PONWeom(.m) (r(g,0) =1) (2)

Hence, for a Bernoulli random variable, the mean and vari-
ance are:

fimog (0) = p(q) and 07, (q) = p(q)(1 = p(q)).

Let us assume in the following that 0 < p(q) < 1 so that

7%901(1 (g) > 0. Replacing mean and variance in the whitened

reward in equation | we obtain :

oty Tr@o =1,
Arow @ =Y 00" ey )~
p(a)(1-p(9) ’
Equivalently:
1-p(a) if 7 ( —
g,0) =1,
Aryyy(g.0) = 3V PO 3)
—\ o0 ifr(q,0) =0

Calibrated reward behavior. We see that the whitening
or the normalization of the verifiable reward in GRPO, cali-
brates the reward with respect to the conditional distribution

of the reward under 7y, (.|q) for every prompt ¢. This nor-
malization results in a calibration of the reward that involves
nonlinear functions of the probability of the success (PoS)
of the old policy p(q). See Figure 1 for an illustration. For
a correct answer 7 (g, 0) = 1, the calibrated reward is posi-
tive and decreases with the PoS p(q): rare successes (small
p(q)) receive more credit than easy ones (large p(q)). For
an incorrect answer (r(q,0) = 0), the calibrated reward
is negative, and its absolute value is increasing with p(q).
Wrong outcomes are more penalized when success is likely
(for high p(¢)) and less penalized when success is rare (low

p(q))

2.2. GRPO with verifiable Reward As a Weighted
Contrastive Loss

Replacing the calibrated reward A, (g,0) (equation 3)
for a verifiable reward in GRPO’s optimization objective
equation GRPO-Clip we obtain:

mo(0lq)

Eowﬂe“1d(~‘q)ff (’/TGM(OM)’ Aﬂ-sold (q’ 0)>

1-p(9) g " )min< mo(olq) 1+6)
pla) Toa(0]q)’

9 (0lq)
EON"T%M("‘]) max (), 1-— €> s

r(g,0)=0 T o1 (O‘Q

p(q)
1 —p(q)

where we used that for t > O and y > 0, f(z,y) =
zmin(y,1 + ¢€) and for z > 0,y < 0, fc(z,y) =
rmax(y, 1 — €).

The overall cost is further obtained by taking expectation

1-p

over ¢, noting p(q) = p,,(q), and writing w™ (p) = /=

andw™ (p) = /15

- mg(0lq)
Byt (p(@))Egr Jlmx(,l_ﬁ
e Or(qﬁ?;%(:‘o]) TGoia (0‘(1)

— ﬁKL(ﬂ‘gHﬂ’ref).

We see that GRPO is effectively a weighted contrastive loss
that is weighted by a ratio depending on the probability of
success of g, (-|¢). We see from the weights plots that if
the success probability of the old policy is high (p > 0.5),
the weighting for points with success is low since the old
policy is already good, and for failing points the weight is
high and hence they are more penalized. On the other hand
if the success probability of old policy is low (p < 0.5), the
weighting for points with success is high since we want to
reinforce those successes, and for failing points these are
still penalized but with a small weight.
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2.3. Stabilized GRPO

Note that in the previous sections we assumed that 0 <
p(q) < 1, so we ensure 02, (@) > 0. In the following, we

alleviate this by adding a smoothing factor € € (0, 1] in the
advantage as follows:

7(¢,0) = Hxy,, (q)
o2 (q)+e

To1a

Ar,, (a,0) =

This results in the following stabilized whitened reward with
a smoothing ¢ > 0.

o) — 4 T (@), r(g0) =1,
Are,, (@ ){_w;(p(q» r(g.0) =0, )
where:

) = — 2P =P
R e e

Replacing the stabilized advantage in equation GRPO-Clip,
we obtain the following contrastive optimization maxg R(6)
where R(0) is given by:

W2 (P04s () Eomry, (-1g) AX <7T9(0|q>) 1- e> }

7(4,0)=0 7o, (0lg

Equg {w: (peold (q))EONﬂ'eom('\(I) min
r(g,0)=1

— ﬂKL(WgHT(ref).

Stabilized GRPO with No Clipping To simplify Equa-
tion GRPO-Clip, let us consider this objective without the
clipping (¢ — +00); we obtain:

mo(0lq)
T o1 (0|Q) o
- BKL(WQ | |7Tref)

max EgnpoBonmoy, (1) (4:0)

(GRPO)

Taking the clipping parameter € — oo we obtain GRPO with
no clipping equivalent contrastive optimization as follows:

mo(0 | q)
max Eq {w;r 2600(0)) Eomrg (-l —— 7=
P Famra 42 (b0 (0) s 7,4(0 T 0)

- m(0 | q)
= 7 (P0as (@) Bomry (o) oo }
€ ( Id ) Or(q(i(gg(:gl) Ty (0 | q)

- ﬂ KL(WG H 7Tref)
(GRPO-No-Clip)

which is equivalent to the following problem:

mea’X EQNPQ {w:(penld (Q)) IEorvTrg(~|q):l]-r(q,o):l

- wt’;‘_(peold(q)) IEo~71’9(-|q)ﬂr(q,o):O} - B KL(T@ H TrTEf)’
(6)

We will focus first on this non-clipped version.

2.4. GRPO Iterations

Algorithm | in Appendix B summarizes GRPO iterations
(Stabilized and no clipping). We see that GRPO iterations
can be written as a sequence of optimization resulting in
policies we denote by 7y, the policy at iteration n. We see
that GRPO iterations can be written for n > 1:

0, = argmax Eq.,, {wj(pgnfl(q)) gEN L (g,0)=1
o o (1)
- w;(pGn,71 (Q)) 0]12 ]lr(q,o):O} - ﬁ KL(WG H Trref)a
o (-1q)
@)

Note that in Algorithm 1, expectations are estimated using
importance sampling from 7y, _,, and each maximization
problem is solved via gradient ascent for y steps. PoS are
estimated using a group size G, i.e G Monte-Carlo rollouts
from 7y, (.|q).

In the following we will replace the maximization on the
parameter space of the policy by maximizing over the space
of policies (i.e optimization on the probability space) in
order to analyze the dynamics of GRPO iterations as follows,
forn > 1:

T, = argmax Eg.,, {wj(pn_l(Q)) E Lr(g,0=1
™ ~(-la)

~ W (Pn1(0) E Trigormo} — BKUR | mrer),
w(:la)
(GRPO Iterations)

where p,,—1(q) is the probability of success of the policy
Tn—1 ( | q)

pnfl(q) = Eowﬂn,l(.\q) ]]-r(q,o)zl (®)

and the weights w! and w_ are given in equation 4. We
assume all throughout the paper that 7y = m.¢. Note that
moving the optimization from a parametric space to the prob-
ability space can be seen as assuming that the hypothesis
class of the parametric policies is large enough to represent
all policies. Note that in GRPO iterations the policy at it-
eration n depends upon the policy 7,1 via the probability
of success p,,—1, as well on the reference policy via the KL
regularizer.
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3. GRPO Dynamics: Fixed Point iteration for
Probability of Success

Our goal in this Section is to analyze the dynamics of the
GRPO iterations given in equation GRPO Iterations.

Theorem 1 (GRPO Policy Dynamics). Optimal GRPO it-
erations policies solving equation GRPO lIterations satisfy
the following recursion, forn > 1:

7Tref(o | Q)

el = W

eXP(; $n—1(¢ 0)> ;O
where
Sn—l(qa O) = w;r(pn—l(q)) ]]-r(q,o):l

- wg(pn—l(Q)) 17‘(11,0):07

and

Zn-1(q) = Pre(q) exp (%WJ(pnfl(Q))) + (1 -

Dref(q)) €xp (—%w; (pn_l(q))) , where the weights wr
and w; are given in equation 5, the probability of suc-
cess pn—1(q) of policy 7, —1(:|q) is given in equation 8, and
Dret(q) is the probability of success of the reference policy
Tret (+10): Pret (@) = Eormes (1) Lr(g,0)=1-

We turn now to the recursion satisfied by the probability of
success py, (q) of the policy 7, (+|q), we have the following
theorem that shows that this success probability satisfies a
fixed point iteration:

Plot of he, p,.(p) for various B and prer
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Figure 2. Fixed points as function of 8 and pyer for e = le®.

Theorem 2 (GRPO’s Probability of Success Fixed Point
Iteration). Assume pyotr > 0, define for > 0:

1
hefpref (p) =

1—pref 1 1
P e ( 5 \/p<1p>+e)
The probability of success along GRPO’s iteration satisfies

the following fixed point iteration, i.e, we have almost surely
forall q forn > 1
(10)

Pn (Q) = he,pref(q) (an(Q))v

and po(q) = pret(q)-

Remark 1 (Importance of € > 0). Note thatife = 0, he p,
is no longer continuous at 0 and 1, and we can no longer
guarantee existence of fixed points on [0, 1].

We study in the following proposition properties of the

function hc 4,

Proposition 1 (Properties of he p. ). he p,., Satisfies the
following properties:

* Existence of fixed points: he . is continuous from
[0,1] to [0, 1] and hence admits at least a fixed point
p* in [0, 1] (no guarantees for a unique fixed point)

* Monotonicity: h’s_’pref (p) = —hep (P —
1-2
P pres (p))gg [p(l_p)p_,_sp/z
- ifp <3 hl, .(p) <O0andhep. . (p) is decreas-
ing
- ifp> 3% hl, . (p)>0and hey . (p) is increas-
ing
- ifp= % R, (p) =0, andp = % achieves its
minimum
e Let logit(p) = 10g<1’%p) ,o(x) =

=, ((logitoo)(z) = =, (0 o logit)(p) = p).
Define Q. (p) = w7 (p) +w (p) = (p(1—p) +&)"%.

We have:
Q:(p) )
3 .

We drop in the sequel g, when referring to the sequence
pn(q), and write for short p,,. If the sequence defined in
GRPO'’s probability of success iteration equation 10 con-
verges we have therefore by continuity of h. p, ;:

hEvpref (p) =0 (loglt (prcf) +

Poo = nh—>r2<> Pn = nh_}II;o ha’pref (pnfl)

= Ne pres (nh_{go Pn-1) = e pyes (Poo)s

and hence po, = he .., (Poo ), and the limit point probability
of success of GRPO p, = p* is a fixed point of A, , (fixed
points exist by virtue of proposition 1). Note that the fixed
point p* is indeed a function of ¢, and this dependency in

he pror 18 Via Pref(q).

We see in Figure 2 various plots of the function h, ,, . for
different values of 3 and initialization p,.¢, as well as the
plot of the function y = p. Fixed points correspond to the
intersections of this line with the curve of h. , .. We see
that the fixed points are not unique in general, and p* = 1
is almost always a fixed point.
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3.1. GRPO: Fixed Point Iteration and Success
Amplification

Note that from the third item in proposition 1 the PoS recur-
rence in Theorem 2 can be written in terms of success odds
as follows:

Q. (pn—l (Q))
B

Theorem 3 (GRPO amplifies the probability of success).
For q ~ pg assume 0 < prer(q) < 1. Let p*(q) be a fixed
point of he . .(q) we have p*(q) > pret(q).

logit (pn(q)) = logit (pref(q)) +

We see from Theorem 3 for any prompt g, the fixed point
PoS p*(q) of the GRPO iteration leads to an amplification
of the probability of success of the reference model p,ct(q).
Note if pret(q) = 0 or preg(g) = 1, the iteration will lead
to p*(¢) = 0 and p*(q) = 1 respectively. In this case the
fixed point is not necessarily stable and a condition on f is
needed for its stability (See appendix D.2 )

4. Mirror GRPO: Mirror Descent with GRPO
Calibrated Reward

Note that we previously considered GRPO with no-clipping
and with a KL regularization to 7.

We consider here a mirror GRPO with a regularization to
Tp—1 in addition to 7..¢. For n > 1:

max Eqe g [En(jo) An-1(4,°)
— B(aKUn( | g) || Trer(- | 0)) an
+ (1= ) KUr(- | g) || 7n 1 (- | 0)))]-

where:
An—l (Q7 0) =

12)

{+w?(pn1(q))7
—wZ (pn-1(q)),

and pn—l(q) = ]P)Trnfl(ﬂq) (T(Qa 0) = 1)7 and mg = Tyef.

If @« = 1 we obtain KL regularization to the 7. If & = 0,
we obtain mirror regularization to the previous iteration
without considering the reference. Many recent works sug-
gested using @ = 0 such as DAPO (Yu et al., 2025) i.e
removing the regularization to the reference in GRPO while
maintaining the clipping. Note that proximal methods with
regularization to previous iterates play the same role as clip-
ping (Tomar et al., 2021; Gunter et al., 2024). Indeed PPO
style clipping (Schulman et al., 2017) was introduced as an
approximation of such proximal mirror descent.

We study in the following the case o = 0, the general case
a > 01is analyzed in Appendix F.

Theorem 4 gives the optimal policy for Mirror-GRPO itera-
tions, and its corresponding PoS recurrence:

Theorem 4 (Mirror-GRPO, o = 0). Fix o = 0 and a
prompt g, and let § > 0. Let Q.(p) = L Then

p(1—p)+e’
the following holds:

1. Optimal policy. The maximizer of equation 11 is
7Tn(0|q) = Zn%l((l)ﬂ-nfl(om) exp (%Snfl((bo)) )

where Sn—l(Qa 0) = wj(pn—l(Q)) ]]-7'(q,o):1
w;(pn—l(Q)) ]]-T(q7o):0 and Zn—l(Q) =

Pn-1(q) exp (%wi(pnfl(q))) S

Pn-1(q)) exp (—%w;(pnfl(q)ﬁ :

2. PoS and odds recurrences. The PoS of 7, (:|q), pn(q),

satisfies the following recurrence:

logit(pn () = logit(pu—1(q)) + W

(13)
Pn(q) = he g(Pn-1(q))

= U( logit(pn—l(Q)) + QE(pTL—l(q))/ﬁ> '
(14)

When compared with Theorem 2, we see that p,,_1(q), re-
places pyef(g) in the logit inside the sigmoid.

Theorem 5 (Monotone Improvement and Absorbing Fixed
Points). Fix a prompt q, the PoS iterations p,(q) of Mirror-
GRPO (a = 0) have the following properties:

1. Monotonic improvement and absence of interior fixed
points. For any p,_1 € (0,1), Qc(prn-1)/8 > 0, hence
logit(p,) > logit(p,—1) and p,, > pp—1. Consequently,
the equation p = o (logit(p) + Qc(p)/B) has no solution

n (0,1). The only fixed points are at the boundary: p €

l{o, 1}.

2. Convergence and stability. The fixed points of Mirror-

GRPO iterations (o = 0) satisfy:

(a) If pret(q) € (0,1), then (py(q))n is strictly increas-
ing and bounded by 1, hence p,, T 1.

(b) If pret(q) € (0,1), p* = 1 is (globally) stable fixed
point: limy,_, oo pr(q) = 1.

(¢) If Pret(q) = O then p,.(q) = O for all n.

When compared with Theorem 3, we see that for non-zero
Pret(q), Mirror-GRPO iterations of probability of success
converge to 1 that is a stable fixed point, whereas for GRPO
with only reference regularization we may have an interior
fixed point p*(q) > pre(q). In both cases, for zero pre(q),
GRPO with reference regularization or Mirror GRPO don’t
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create successes, and the fixed point success remains at
zero. From a practical point of view, removing the reference
regularization is convenient as one does not need to keep
in memory the reference model in addition to the current
model. In addition, it has more favorable PoS guarantees
than reference regularization only. Nevertheless, in many
situations one wants to achieve good performance on a
task via RL training while maintaining the knowledge of
the reference model and hence the case o > 0 is also of
interest, we study this case fully in Appendix F. The main
takeaway in that scenario where we interpolate between
a = 0 and a = 1, is that we lose monotonic improvement.
The PoS iteration incurs what we call a Rényi correction that
encodes the mismatches in successes and failures between
the reference and the previous iteration and we are back to
an interior fixed point in (0, 1) and no guarantees of global
stability as in the mirror-GRPO case. The next theorem
states this correction explicitly.

Theorem 6 (Two-KL PoS Recurrence and Rényi Correc-
tion). Fix a prompt q and o € (0, 1). Let the KL anchor be

the geometric mean ﬁr(fé_)l o w&emh S, and let Tyt 57 (+|q)

and 7,_1 s/r(-|q) denote the conditional success/failure
laws. Then the two-KL GRPO PoS satisfies

logit p,(q) = alogit(prer(q)) + (1 — ) logit(pn—1(q))
Qe (pn-1(q))

5 b
Agr(q) = (1 - a) (Da(mef,F(-\q)lIwn_l,p(~|q))

~ Da(ror,s (1) |mn-1,5(1a)) )
15)

+ Ar(q) +

Here D,, is the Rényi divergence and Ag(q) is the Rényi
correction.

5. Dr. GRPO and mean-only Normalization

We turn now to another reward normalization proposed in
Dr. GRPO (Liu et al., 2025). Liu et al. (2025) suggest to
use a mean-only normalization in GRPO. In our notations
this corresponds to the following reward calibration:

+wt(p(q), r(g,0) =1,
Am; 70 = _ 6
wlt:?) {—w w(@), r@o=0,
where
whp)=1-p, w (p)=p (17)

This results in the following (no clipping) Dr. GRPO itera-
tions for PoS:

logit (pn(q)) = logit(prer()) + %

and the following for Mirror Dr. GRPO:

logit(pn(q)) = logit(pa_1(a)) + %

These expressions can be obtained by applying Theorem 10
in Appendix E for this particular weighting with Q(p) = 1.
When compared with (no) clip GRPO, Dr. GRPO has a
trivial constant fixed point p*(q) = o(logit(pret(q)) + %)
While for Mirror Dr. GRPO , L,,(¢) = logit(p,(q)) is
an arithmetic progression and Ly (q) = Lret(q) + 5 and
pn(gq) T 1 for nondegenerate pyt(q) € (0,1). Comparing
to Mirror GRPO, we have a similar convergence to a PoS of

1 but the iterations are adaptive in the case of Mirror GRPO:

Qe (pn-1(9))
B

. 1
= logit(pn—1(q)) + B(c2_,(q) +e)F

we can think that the variance normalization corresponds
to mean-only normalization with an adaptive effective

logit(pn(q)) = logit(pn-1(q)) +

)

D=

Bett = B1/02_,(q) + €. For low variance, we make large

increments in the logits of PoS and for high variance, we
make smaller increments in the logits of PoS.

6. Robustness of GRPO Variants to Noisy
Rewards

We study in this Section the robustness of GRPO variants
to noisy rewards that can be encountered in practice, and
robustness would be a desired feature of GRPO. Let A €
[0, 1] and r be the true verifiable reward. We consider the
following noise model for the verifiable reward r:

7(g,0) = r(g,0), with probability A as)
’ 1—r(g,0), with probability 1 — \,

for A = 1, we have a noiseless reward; and for 0 < \ < 1
we have a noisy reward. The following theorem summarizes
the resulting true PoS recursion under this noise model.

Theorem 7 (Noisy GRPO PoS recursion). Fix q and sup-
press it in the notation. GRPO with noisy rewards satisfies
the following recursion for the true PoS:

logit(p,) = logit(po) + @A (Q(2A — D)pp—1 +1— X)),
et +1— A

where @A(Q) = log m,

19)
where Q(p) = % for mean only normalization and ) (p) =
B\/ﬁ' For Mirror GRPO (o = 0 in equation 11 ),
the anchor PoS p, is pn,—1 and for Mixed Ref-Mirror GRPO
(o > 0 in equation 11), the anchor p, = ﬁ(a)l defined in

n—
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Figure 3. PoS amplification for GRPO variants for (a) noiseless and (b) noisy settings.

Lemma 3 which incorporates the reference probability of
success pret. For A = 1, we recover GRPO iterations in the
noiseless case derived earlier.

It is important to note that > 0 and hence ®,(2) > 0
if A > 1 and ®,(Q) < 0if A < 1 (Proof in Appendix H).
Hence we see that noisy GRPO amplifies the PoS above p,
at each iteration when \ > %, which corresponds to small
noise scenarios. On the other hand, the PoS deteriorates for
large noise, corresponding to A < %

7. Experimental Validation

Setup We use the GSM8K  dataset from
(Cobbe et al., 2021) (MIT license), and
Qwen/Qwen2.5-0.5B-Instruct (Apache 2.0

license) by (Yang et al., 2024) as the reference policy.
We use GRPO implementation in TRL (von Werra et al.,
2020b), and train on the training split of GSM8K on a node
with 8 GPUs (GPUO for the vLLM server and 7 other
GPUs for distributed training). We use a learning rate
Ir € {l1e7% 5¢75}, clipping ¢ € {0.2,0.05} and the KL
regularizer 8 € {0.1,0.4}, and p in Algorithm 1 is set to
p = 1. Other hyperparameters are given in Appendix J .
We use the correctness of the LLM output as a reward.

Success Rate Amplification and Robustness to Noise
We trained different variants of GRPO using three ran-
dom seeds for each. The variants we considered are :
GRPO-CLIPPED-MEAN-VAR that is the original GRPO
(Shao et al., 2024) with mean and variance normalization
of the reward; GRPO-CLIPPED-MEAN that corresponds
to Dr GRPO (Liu et al., 2025) with mean only normaliza-
tion; MIRROR-GRPO-MEAN and MIRROR-GRPO-MEAN-
VAR, corresponding to Mirror GRPO with mean-variance
and mean only normalization respectively; MIXED-REF-

MIRROR-GRPO corresponding to mixed KL regularized
GRPO to reference and previous policies, with mean-var or
mean only normalization of the rewards; as well as DAPO
(Yu et al., 2025). Hyper-parameters used for each variant
are in the legend of Figure 3a, if unspecified the clipping e
of clipped GRPO variant is 0.2, and learning rate is 5¢ %
Ablations on these hyper-parameters are given in Appendix
C Figure 6. We consider two settings for the reward: noise-
less setting corresponding to A = 1 in equation 18 and the
noisy setting with A = 0.7 and A = 0.3 in equation 18. The
success rate of the trained policy with these variants is then
evaluated on the test set consisting of 1319 math questions,
where for each question the success rate is evaluated using
50 samples, and we report the Pass@1 that corresponds to
the average of that success rate on the test dataset.

In the noiseless case, we see in Figure 3a that as predicted by
our theory, Mirror GRPO and Mixed Ref Mirror GRPO with
both mean-var and mean normalization lead to success am-
plification along the training, and they slightly outperform
original GRPO-clipped-mean-var and Dr GRPO (GRPO-
clipped-mean). DAPO that is similar in spirit to the mirror
GRPO stands out in outperforming all variants. We note that
for both mirror GRPO and DAPO as shown in the ablation
in Appendix C, Figure 6, a careful hyper-parameter tuning
is needed since there is no regularization to mef.

In the noisy case, for moderate noise (A = 0.7) in Figure
3b (or larger Figure 7 in Appendix), we see that the original
GRPO with mean—variance normalization and clipping is
the most robust to noise, followed by the Mixed Ref Mir-
ror with mean normalization, and then by Mirror mean—var.
‘We also notice that, in this case, DAPO has a deteriorated
performance. For GRPO with clipping and mean—variance
normalization, note that it has KL regularization to the ref-
erence model. Clipping plays two roles in this scenario: it
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robustifies the training against adversarial noise and keeps
the policy in the vicinity of the previous one. For the Mixed
Ref Mirror, inspecting equation 19, since ®, > 0 for A > %
the logit improvement is taken above an anchor that is a
mixture of the reference and the previous policy. In particu-
lar, having the reference PoS inside this anchor maintains
performance improvement and helps fight off deterioration
under noise. For large noise A = 0.3 (A < %), we see in
Figure 8, performance deteriorates for all variants, this is
consistent with our theoretical results (equation 19) since
®, < 01in this case.

8. Discussion and Conclusion

Table 4 in the Appendix summarizes different flavors of
GRPO we studied in this paper and their corresponding
probability of success iterations. From a practical point of
view, our study suggests the following takeaways:

Practical Takeaways

* Normalization equivalence. The mean+variance
normalization in GRPO is equivalent from PoS
point of view to mean-only normalization using
an adaptive KL regularization Seg = So(q).

* Mirror versus Clipping and Reference Mixing
Mirror GRPO (KL to previous iteration only ) in-
stead of clipped GRPO guarantees monotonic im-
provement and convergence to PoS of 1 for nonde-
generate pro. Mirror GRPO has the best theoreti-
cal and practical guarantees. Adding the reference
regularization to this mirror descent results in an
interior fixed point and no monotonic improvement
is guaranteed. Practically speaking, keeping a refer-
ence policy in memory increases bandwidth/latency
and can slow training for large models.

* Coverage and exploration. In all cases GRPO
does not create successes and 0 is an absorbing
fixed point if p,ef(¢) = 0. Hence it is important to
maintain successes exploration (e.g., temperature,
entropy bonus, or data mixing) so successes have
nonzero support.

* Robustness to Noisy Rewards. For moderate re-
ward noise levels, GRPO with clipping, mean-var
normalization and reference regularization, as well
as Mixed Ref Mirror GRPO offer some robustness
to noise.

Impact Statement

Our work analyzes GRPO and focuses on verifiable binary
reward in a comprehensive way along multiple variants

and studies its robustness to noise. Verifiable rewards are
important for reasoning and code generation in LLMs. Other
rewards that are continuous are not covered in our analysis,
one can turn continuous reward to binary via thresholding,
nevertheless extending our analysis, techniques and tools
introduced in this paper to that setting remains interesting
and a venue for future research. Our analysis hinges on KL
regularization to previous iterations and does not incorporate
clipping. Clipping was introduced as an approximation
to the KL regularization to the previous iterations. Our
experiments suggest that clipping ensures further robustness
to noisy rewards. Understanding clipping within a robust
optimization framework is an interesting open question and
perhaps introducing a soft differentiable clipping will allow
the analysis of the clipping framework, using the techniques
introduced in this paper.
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A. Summary

Loss
Method normalization PoS recurrence (log-odds) Fixed point
Q. (pn— Q
No-clip GRPO (reference, mean + logit p, = logit prer + E(];" ) Interior (implicit): p = a'(logitpmf + #)
variance-normalized) variance
" . . 1 ) - . 1

No-clip Dr. GRPO mean-only logit p, = logit prer + B Interior (explicit): p = a(loglt Pref + 5)
(reference, mean-only)

. . . . Qs(pn—l)
Mirror GRPO (previous, mean + logit p, = logitp, 1 + 3 Boundary {0, 1}: from non-degenerate starts, p, 1 1
variance-normalized) variance

1

Mirror Dr. GRPO mean-only logit p, = logitp,,—1 + E Boundary {0, 1}: from non-degenerate starts, p, 1 1
(previous, mean-only)

i L . . I Ar(p)
Mirror + Reference (two- mean + logit p, = alogit pres + (1 — ) logit pp—1 Interior (implicit): logit p = logit pref + ———

a
KL, variance-normalized) variance + Ap(pa1) + Qe(pn-1) N Q. (p)
n — e\
B apB

. . o . . L Ag(p)

Mirror + Reference (Dr.) mean-only logit p, = alogit prer + (1 — ) logit pp—1 Interior (implicit): logit p = logit pres + ———
a
(two-KL, mean-only) + Ar(pn_1) + n L
B apB
1

logit(p) is the log-odds; Q. (p) = ;B> 0;a € [0,1]; and Ag(-) is the Rényi-based

Vp(l—p)+e

bias term (depends on the current policy, hence on p).

Figure 4. GRPO variants with fixed 8 and mixed penalty 8o KL(r||ret) + (1 — ) KL(7||mn—1)].

The main dimensions these variants in Table 4 differ on are: 1) the reward calibration: mean and variance normalization as in
the original GRPO or mean-only normalization as in Dr GRPO (Liu et al., 2025). Our theory showed that the normalization
results in different weighting schemes, nonlinear in the PoS for GRPO and linear in the PoS for Dr GRPO. 2) As discussed
earlier the analysis of the PPO style clipping to maintain the policy updates in the vicinity of the old policy is challenging
and it has been shown to be more stable to use mirror policy descent to train LLMs with RL (Gunter et al., 2024). Hence we
distinguish GRPO variants also with respect to the anchor distribution on which the KL regularization is applied : no-clip
refers to ¢ regularization only. Mirror corresponds to the KL regularization given in equation 11 with respect to the
previous iterate (o« = 0), we also consider the regularization to both reference and previous iteration (two-KL) for o > 0.
For a = 0, we see that we obtain a monotonic improvement in the PoS whereas mixing the reference and the previous iterate
in the iterations does not guarantee monotonic improvement. The PoS iteration in this case depends on the mismatch in
success and failures between the reference and the previous iteration that we quantify in Appendix F via a Rényi correction.

12



Reinforcement Learning with Verifiable Rewards

Algorithm 1 Iterative GRPO with verifiable rewards, modified from (Shao et al., 2024)

1: Input initial policy model mg, ; ;
2: policy model mg <— g
3: forn=1,...,M do

: Sample a batch D, from po

verifiable reward r; task prompts D; hyperparameters €, 3, @

init

4
5:  Update the old policy model 7y, < g

6:  Sample G outputs {o; }$; ~ 7, (- | g) for each question g € D,

7:  Compute rewards {r; }$_, for each sampled output o; by running verifiable reward r
8
9

Compute fl(q, 0;) using equation 4, where p(q) = po,,(¢) = é Eil 1r(q,00)=1
for GRPO iteration=1, ..., u do

10: Update the policy model 79 by maximizing GRPO objective with gradient ascent
11:  end for
12: end for

13: Output 7y

B. Algorithm

C. Additional Plots and Experiments

Trajectory of Success rates Along GRPO Iterations We randomly select few prompts from GSM8K test set and plot
in Figure 5 the trajectory of the success rate of the model along the GRPO iteration (estimated from 50 samples from the
model for each prompt). The success rate is computed from checkpoints of the model along the GRPO training. We see that
the trajectory of the success rate p(q) resembles the trajectory of a fixed point algorithm (see Figure 10 in Appendix I ). For
some points the convergence is fast to the limit point p* = 1, for others we see an oscillatory behavior (similar to the one in
last row in Figure 10). Interestingly when p.o¢ = 0, the probability of success does not move much along GRPO iterations

as predicted by our theory.

Succes Rate Trajectory along GRPO iterations for 7 random prompts in test set

10 { - =830

=320
- =241
—o— i=1291
*- i=1150
—e— =186

i=177

=~ \//*/

AL /\ \/

08

06

04

02

Empirical Succes Rate (Evaluated with 50 Samples)

0.0

500 1000 1500 2000 2500
Iteration

Figure 5. Success rate trajectory of the model on randomly selected prompts along the Clipped GRPO mean-var iters.
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Pass@1 on test set over training iterations (mean + std across seeds)

Model
—#— DAPO-epsilon-0.05
—x— grpo-mixed-ref-mirror-Ir5e-6-betall-mean
—u— grpo-clipped-mean-Ir5e-6-betall(Dr GRPO)
—+= grpo-mirrer-mean-var-lre-6-mirrorbeta-04
—+#4— grpo-mirrer-mean-lre-6-mirrorbeta-04
—+= grpo-mixed-ref-mirror-Ir5e-6-betall-mean-var
—i— grpo-clipped-mean-var
—s==— grpo-mirrer-mean-Ir5e-6-mirrorbeta-01
—7¥— grpo-mirrer-mean-var-Irse-6-mirrorbeta-01
—+— DAPO-epsilon-0.2

Pass@1

50 100 150 200 250
[teration

Figure 6. Noiseless Reward: For mirror GRPO that has no regularization to the reference model and only to previous iteration a high
regularization parameter and small learning rate are needed for instance 3 = 0.1 and a learning rate of I = 5¢~° are not successful,
but 8 = 0.4 and a learning rate of I = le~° are successful. For DAPO that has no regularization to the reference mode also, a small
clipping is needed, e = 0.2 fails whereas ¢ = 0.05 succeeds.

Pass@1 on test set over training iterations (mean * std across seeds)

Model
—®- gpo-clipped-mean-var-0.7-noise
—x%= grpo-mixed-raf-mi 0.7-noise
=m= gpo-miror-mean-var-betali-rle-G-0.7-noise
=+= gpo-clipped-mean-0.7-noise
—#= gpo-mixed-ref-mirrar-mean-var-0.7-noise
=+= gpo-mixed-ref-mirror-mean-0.3-betad3-0 7-noise
=—i= grpo-mirror-mean-betal3-Irle-6-0.7-noise
=== grpo-mixed-ref-mirror-mean-var-0.3-betad3-0.7-noise
=¥- gpo-mirrar-mean-0.7-noise
—#= DAPO-D.7-noise
—g- DAPD-epsilon-0.05-0.7-noise
=#= gpo-mirrar-mean-var-0.7-noise

50 100 150 200 250
Iteration

Figure 7. Noisy Reward: noise level A = 0.7 (A > %)
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Pass@1 on test set over training iterations (mean = std across seeds)

Model
-@- gpo-clipped-mean-var-0.3-naise
025 == gpo-clippad-mean-0.3-noise
=m= grpo-mixed-ref-mirror-mean-var-0.3-noise
=+= gpo-mixed-ref-mirmor-mean-3.3-noise
== Opo-mirrar-mean-0.3-noise
=+= grpo-mirror-mean-var-0.3-noise

0.20 O — (] DWPO-0.3-noise
./
0.15 \ - /.Lgr_ﬂ_,x__l .
— /"‘"—-—..__.::?""x
®
w
wm
& 0.10

0.05 \\ \M\\ /”"”__'““*-x ——

0.00 o O O — NS __._:|:
50 100 150 200 250
lteration

Figure 8. Noisy Reward: noise level A = 0.3 (A < %)

D. (No-Clipping ) GRPO : Proofs of Section 3

Proof of Theorem 1. The objective in Equation equation GRPO Iterations is concave and hence setting the first order
optimality conditions (See for example (Mroueh, 2024) ) we obtain:

T (o0lg) = Zn%l(q)memq) exp (% (@ (ot (0) Lo gyt — o (pn_l(qmr(q,o)_o)) ,

where
Zn-1(q) = / dmet (0|q) exp (; (W (Pr-1(2))Lr(g,00=1 — w2 (pnl(Q))]lr(q,o)—o))
= Eomer(-la) Lr(q,0)=1 €XP (% (@ (Pn—1(0)Lr(g,0=1 — w2 (pn—l(q))llr<q,o>=o)>
+ Eonrrer (-1g) Lr(q,0)=0 €XP <% (wf (Pn-1(0))Lr(g,0)=1 — Wi (Pn—l(Q))]lr(q,o):o))
— exp (%w:(pn_l(q))) Eomree(-g) Lr(g,0)=1 + €XD <—%w; (pn—l(Q))) Bonrrer(1a) Lr(g.00=0
= Pret(q) exp (%WSL (pn—1<Q))> + (1 = pret(q)) exp (—%ws‘ (pn-l(q))) ;
where

Pret(7) = Po(q) = Eonryer(-1g) Lr(g,0)=1-

15
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Proof of Theorem 2. Replacing 7, (|q) by its expression from Theorem 1 we have:

Pn(q) = Eonr, () Lr(g,0)=1

1 1
=7 /dmef(olq) exp (5 (wf (Pn—1(0))Lr(g,0)=1 — w{(pn1(q))lr(q,o)_o)> Ly(g.0)=1

1 1
- 7 exp (6 w (pn— 1(q))) Erpe Lr(g.0)=1

(@) exp (B (a1 ()
B Zn-1(q)

W (pn1(a)))
—pref(Q))exp( Fws (P 1(q)))

Replacing the weights expressions from equation 16 we obtain:

1—pn_1(q)
Dref eXp( <\/pn 1(q)(1—pn— 1(¢Z))+5>> (20)

1 1—pn_1(1) 1— 1 pw 1(9)
Dref €XP B (\/pn1(q)(1pn1(q))+6> +( pref) exXp B ( \/pn 1(@)(1=pn—1(q))+ )

1 1—p
Pref 5P (B ( p<1p>+e)>

1(__1-p _ i(___p»
Dref €XP B ( /7p(1p)+s) + (1 pref) €xXp B ( /7p(1p)+s)

We see therefore that GRPO’s probability of success satisfies the following iteration :

prer(a)exo (

* peala)exp (5 (pui(0))) +

— | @~

pn(Q) =

Define

he prer (P) =

Pnlq) = hepoc (Pn-1(q)).

We assume here that 0 < p,er < 1.We can simplify h.(p) as follows:

he pres (P) = )

1 1— pref —p _ 1-p
+ expﬁ <\/p(1—p)+s V/p(1—p)+e

1

1+ 1opeet Pret oxp

11
Pret < B \/p(lp)+s)
O

Proof of Proposition 1. Existence of fixed points For ¢ > 0 h. ,, . is continuous function from [0, 1] to [0, 1] and hence by
Brouwer’s Fixed Point Theorem at least a fixed point p* exists in [0, 1], i.e Ip* € [0, 1] such that p* = h. p, . (p*).

and let A = *=P=% and B(p) = 4 ————— hence we have:

B v/ p(l—p)+e

he peer (P) = 7 (2(p))

Monotonicity Let 0(2) = 1o

where
z(p) = —log(A) + B(p)

16
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we have
1—-2p

T 2B[p(1 —p) + )3/

Let us compute the derivative :

he et (P) = 0(2(p)) (1 — 0 (2(p)))2'(p)

— —o(z()(1 - o(=(p)))

1—-2p
28[p(1 —p) +e?2

s ifp<i,hl, (p) <Oandhey,, is decreasing

€,Pref

e ifp>1n. (p)>0andh.,,, isincreasing

€,Pref

cifp=1Lnl, (p)=0

€;Pref

Turning to third point:

he e (P) = 0 (2(p))

< DPref 1
o | log

1
1 — pret +6\/p(1—p)+6>

. 1 1
=0 <loglt(pref) + Bm)

and hence:
1 1
logit (e py; (P)) = logit(prer) + = —F———=. (21)
e Bl —p)+e
O
D.1. Proofs of Section 3.1
Proof of Theorem 3. We claim that any fixed point p* of h. satisfies
D" > PDref-
We have for all 0 I SE— 1
e have for all 3,e > exp( 3 \/m) <
1
hEapref (p) — Pref = — Dref
1_pref _ l 1
1 + Pref €xp < B A /p(l—P)+€)
S 1
1—Drer Pref
1+ 5 -
= Pref — Pref
=0.
Hence for any fixed point we have h. ;. (p*) = p* and we have p* > prer. O

17
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D.2. Stability fixed Point GRPO with Reference Only Regularization

We drop in the sequel the dependency on g to simplify notations and turn to the second question regarding the convergence
of the GRPO sequence given in equation 10 to a fixed point p* of h. ;.. Given the properties of h. , ., we can characterize
the limit point of the GRPO iteration as n — oo as follows, as a consequence of the local Banach fixed-point theorem:

Theorem 8 (Local Fixed Point Convergence). Let p* be a fixed point of h. p, .and assume that have |h_ , (p*)| < 1.Given

that he ... and b, are continuous in [0, 1], then there exists 6 > 0 such the iteration p,, = h. p, . (Pn—1) converges to
P*, if Po = Pret € [p* — 8, p* + ). In other words under this condition we have:

lim p, = p*.
n—oo

Lemma 1. Let p* be a fixed point: p* = he ... (p*), then we have:

1—2p*
28 [p*(1 —p*) +e]3/2

h;,pref (p*) = _ha’pref (p*)(]' - hgfpref (p*))
2p* — 1

=) S =) + PP

One condition for local convergence is therefore to have: [h. , (p*)| = p*(1— p*)wﬂ% < 1 which is satisfied

: * * * 2p* —1

if: 3> B(p") =p*(1-p )g[p(llfp—)ig]z/a

We see from Figure 9 in Appendix I the lower bound on f required to ensure local convergence of GRPO iterations to a
fixed point p*. Figure 10 in Appendix I shows iteration equation 10 as a function of n for different values of 3 and p,t. We

see that in most cases, there is a sharp transition where we observe fast convergence to 1 or to a fixed point p*. For § = 5
and p,of = 0.001, we see a divergent behavior.

Remark 2. Note that the condition on 3 is stated conditionally on a prompt q, to obtain results uniformly on q we need to
take sup on q in all lower bounds.

Practical Implications. In practical implementations GRPO is applied successively in stages where s is set to the last
iteration from the GRPO training in each stage (Guo et al., 2025). In light of our theory this ensures that we are amplifying
the probability of success w.r.t the new ¢, coming the previous GRPO stage.

Proof of Theorem 8. This is a direct application of local Banach fixed point theorem:

Theorem 9 (Local Contraction Mapping for One-Dimensional Functions). Let f : R — R be continuously differentiable,
and suppose that x* € R is a fixed point of f (i.e., f(x*) = x*). Assume that {’ is continuous and that

[f'(@)] < 1.
Then, by the continuity of ', there exists a radius v > 0 and a constant k with
If'(x)|<k<1 forallz € [z* —r, z*+7].

Consequently, f is a contraction on the interval I = [x* — r,x* + 7], and for any initial guess xo € I, the iteration defined

by
Tnt1 = f(zn)

converges to the unique fixed point x* in I.

18
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E. Mirror GRPO: Proof of Section 4

Theorem 10 (General Theorem with general weights and anchor policy).

7" = P(v,m) = argmax Er . g A, (-, q) — BKL(7||m5)

where

o [t a0 =1,
e )‘{—wm), r(4,0) =0, )

where p, =P, 1(7(q,-) = 1). Let Q(p) = w™ (p) + w™ (p). The following holds:
1.
o (0|q) exp %AV((L 0)
P (@) exp(50t (0, (0))) + (1 = pr, (0)) exp(— 50~ (0 (q)))

™" (olg) =

2. Let 2 _1(:|q),n > 1 a sequence of anchor probabilities, and pS,_,(q) their corresponding PoS. Let p, = p,, where
T, defined as follows :

we have:

Q(pn-1(g))

logit(pn(q)) = logit (pfrl(Q)) * B

and

pnlq) = Cr(logit (pg_l(q)) + W')

Proof. The proof of item 1 is the same as in Theorem 1. Turning to the second point we have by taking expectation on
success events:

exp(fwT(p,
pold) = pr. (q) exp(5w™ (pu(q)))

e (@) exp(50F (p0(0))) + (1 = pr, (@) exp(— 50~ (p0 ()
1

1+ exp(— logit(px, (4) — 5wt (2o (9)) — 5w~ (Pu(a)))

— o (togit(on, () + 2242

and hence using that sigmoid and logit are inverse we have:

. . Qpv(g
logit(p.) = logit(px, (q)) + %
O
Proof of Theorem 4. The theorem is immediate applying Theorem 10 with anchors 7, 1.
O

Proof of Theorem 4. (1) Monotonicity and no interior fixed points. Let L, = logit(p,). For p € (0,1), Q.(p) =
1/4/p(1 —p) + e > 0, so equation 14 implies L,, > L,_; and hence p,, > p,—_1. An interior fixed point would solve
L = L+ Q.(p)/B, impossible since the increment is strictly positive.
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It is easy to verify that p = 0 and p = 1 are fixed points :

. 1

he 5(0) = o(logit(0) + 57\/5) =o0(—00) =0
. 1

he,p(1) = o(logit(1) + /37\/5) =o(400) =1

(2) Convergence and stability. (1) If pg = prer € (0,1), then (p,,) is strictly increasing and bounded by 1, sop, T p < 1,
and the limit point is p = 1 the fixed point. (2) the fixed point is unique and stable if p,er € (0,1). (3) If prer = O,
p1 = he g(0) = 0, and so on, zero is an absorbing fixed point.

O
F. GRPO with Two KL Regularizers: PoS Recursion, and Fixed-Point
Consider the following iteration
T = argmax Bgepg (Ex(igAn-1(a,7) = B (aKU(n( | 0) || mer(- 1 @) + (1 = )KL(w(- | @) | maa(- 1)) ))
(23)
Lemma 2 (Geometric Mean). For any distributions m, Tyes, 7° let a > 0
oKL (7 ||7ref) + (1 — @)KL(x||7°) = KL(7||7Y)) 4 C (et 7°),
where 7(®) oc 79,1~ and C is constant in T.
Proof. See for example (Aminian et al., 2025). O]

By Lemma 2, we can rewrite GRPO objective with two KL regularization to previous iteration and to the reference as a
single KL regularizer to their geometric mean as follows:

T, = argmax Eqo,q (Eﬂ(_m)An,l(q, )-8 KL(7T||7}7(101)1)) , (24)

where
(1-a)

7~T(a) S

n—1 X Trraefﬂ'
To apply Theorem 10 we need to have an expression of the PoS under the anchor 7?7(1&1)1,

obtain a recurrence in p,,.

as function of pef and p,_1 SO we

Define the following success and failure conditional probabilities:

7Tref(0 ‘ Q) 1{r(q,o):1} 7Tn,1(0 | q) 1{7“(%0):0}

Tref,S(0|q) ‘= ,  Tn-1,8(01q) ‘= ’
(ola) Prer(d) 1s(0lg) Pnr (@)
e (0] @) 1¢r(g,0) = 0} B
Trref (O | q 1{7“ q, 0) =0 7Tn71(0 q 1{7‘(q,o:0)}
Trref, F(O|q) ‘= y, Tn—1,F\0|Q) = .
(ela) = (ola) -
and let

1 —«
Da(PIIQ) = o log [ 5q ),

be the Rényi divergence of order « € (0,1).
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Lemma 3 (PoS geometric mean). The probability of success of the geometric mean 7r( )

511 (g) = alogit(puer () + (1 — ) logit(pu-1(q)
+ (o= 1) (Dalrer,s (- | @)llmn 1,5 | )

— D (et (- | @)l 1,7 (- | )

logit p,,

Proof. Letws(q) = [ Lo(goy171 (0| @) doand wr(q) = [ Lr(g.0—07 s (0 | ¢) do

[ Lrigo)=171 (0 | ) do

() =
S Logoy=1 7 (0] @) do+ [ 1y(g.0=0mi (0 | ¢) do
_ 1
- wr(q)
1+ wg(tz)

(@) [ Leigoyomino | 9750 ) do
ws(@) [ Lygo=1me(0] @)m=F(0 | g) do

It is easy to see that :

op(a) _ (L pusa)"(1 = pns@)) [ i (o) ol o
ws(q) P (@) (Pr—1(0)) =) [ o olg)m, S(0|Q) 0

Taking log on both sides we have:

wsl) 5 pig(a) (q)

log WF(q) =1 m + log <(1 pnl 1(Q))(1_a)>

4 log / 7% (0lg) L% 1 (olg) do — log / 72 s (0lg)m1 % (olg) do

= —alogit(prer(q)) — (1 — a) logit(pn—1(q))
+ (= 1) (Dalmrer. (- | )llmn-1.r (- | )

~ Da(mret,s( | @)l|mn-15( [ )

1 —
— log/p”‘q“ ),

where

Da(PlIQ) =

is the Rényi divergence.

Finally we obtain:
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A (g) = !
et -« IOgit(pref(Q)) - (1 - Oz) logit(pn—l(Q))

1t exp| = (@ = 1)(DalmrersC | @)lima s [ 0))
~ Dot (- | @)l|mn-1,0(- | )
arlogit(pres(q)) + (1 — ) logit(pn-1(q))
| +(@=1)(Dalmers( | @)llmn15( | )

~ Dalmet,p (- | )lIma-1,6(- | )
This gives us finally:

logit i (g) = alogit(prer(q)) + (1 — @) logit(pn—1(q))

+ (o= 1) (DalTret,s (- | @)llmn-1,5(: | )

- Da(ﬂ-ref,F(' | Q)Hﬂ-nfl,F(' | Q)))

O

Theorem 11 (PoS recurrence for 2 KL regularizers). Fix « € (0, 1), 8 > 0.The probability of success for the iteration of
GRPO with 2 KL regularizer given in equation 23 satisfies the following recurrence:

logit p(¢) = alogit(prer(q)) + (1 — ) logit(pn—1(q))
Qe (Pr-1(9))

(1= 0) (Dalmecr | Dlimasr([@) 4Pt .

— Do (mret,s (- | @)|Imn—1,5(- | Q)))

A rRényi Correction

Proof. The proof is direct consequence of theorem 10 with geometric mean anchor (as showed in Lemma 2). We replace in
theorem 10 the anchor PoS by its expression computed in lemma 3. O

Let L,,(q) = logit p,,(q) and Lyet(q) = logit(pret(q)), hence we have the following recursion:
Ln(q) = Lret(q) = (1 — a)(Ln-1(q) — Lrer(q))
+ (1= @) (Da(mer,r (- | Dl 7010 (- | 0))

— Da(ret, s | @)lImn-1,5( | @) + Qlpn-1(4))

Let us assume that :

D(y(ﬂ'ref,S(' | Q)Hﬂ'n—l,S(' | Q))
< Do(vet, p (- | Qllmn—1,7( | 9)),

i.e conditional successes between reference and previous policy are closer than the failures than we have since €2, > 0:

Ln(q) = Lret(q) > (1 = @) (Ln-1(q) = Lret(q)) > (1 — )" (Lo — Lyet) =0

and we obtain that we amplify probability w.r.t to pyer.
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G. Back to Parametric GRPO Iterations

Let 7,, = my,,, the sequence of parametric policies solutions of problem equation 7 produced by gradient descent for example
as in Algorithm 1. We make the following assumption on the total variation distance TV between these parametric policies
and the non-parametric GRPO policies 7,, given in Theorem 1. We show in this Section if we have approximate policies we
can have still asymptotic convergence.

Assumption 1. We assume 7y = mg = myet and assume for all n > 1, there exists 6,, > 0 such that:
Tv(ﬁ'nHﬁn) S Tv(ﬁ'n—lHﬂ'n—l) + 6n7
such that there exists 6* € [0, 1) such that Y ;| 6; — 6% as n — oc.

We have the following theorem:

Theorem 12. Under Assumption | and assuming that p,, converges to p* the fixed point of he p, .. Let p,, the probability of
success of the policy ™ we have:
lim |p,, — p*| < 26™.
n—oo

In the case 6* = 0, we have convergence to the fixed point.

In Assumption 1 §,, represent statistical, approximation and optimization errors. We see from Theorem 12, that as long
these error remain small, the probability of success of GRPO parametric policy (estimated from samples and optimized for
instance with gradient descent) remains close to the fixed point probability success p*.

Proof of Theorem 12. Note that

We have:

|ﬁn _pn| = ]Efrn ]]-r(q,o)zl - E‘rrn ]]-r(q,o)zl

< 2TV (7p||mn)

<2 6 + TV(fo, m)

i=1

i=1

Assume the sequence p,, converges to p* the fixed point of A ;... Under Assumption 1 we have :

n
o NN o
i o = ol <2 Jim 0 =20
1=

H. Robustness to Noise

Fix a query g and let o ~ 7, (0 | q). Let (g, 0) € {0, 1} be the reward and define
Pv = Eonm, (o) [Lir(g0)=13] = P(r(g,0) =1 q).

Define the flipped label 7 by

- {Tv with probability A, A€ (0,1).

1 —r, with probability 1 — A,
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Lemma 4.

Let p, := p,(q) be the probability of success under r of a policy 7, (+|q), the noisy reward 7(-, q) under 7, (+|q)
is Bernoulli distributed with parameter

PA(py) = Pr, (7(g,0) = 1 q) = Apy, + (1 = N)(1 = py) = (2A = Dpy + (1 = A).

GRPO with a noisy reward 7 and an anchor 7, can be therefore written using Theorem 10 as follows:

where

since }P’l,(.‘q) (F(q, ) = 1) = ﬁk(pu))' Let Q(p) = w+ (p) tw

Note ps (q)

Let Z(q)
Lemma 5.

mT?X]EW(.|q)z‘~1u(', q) — BKL(~||7o)

A 0) = +W+(P)\(Pu)) IF(CLO) = 17
Al ){ ~(Ga®), 7(q,0) =0,
(p)-

= pxr, (q) the PoS of r under 7,. Hence the optimal policy is given using again Theorem 10 :

7o (0lg) exp £ A, (g, 0)

S o o e v ) B e P e A

[

(
)
 melola)exp (3 (@ (Br (00 (@) Lrtgop=1 — @ (5a(Pu(0)) Lr(g010) )
— a(po (@) exp(Fwt (Aa(po(9)))) + (1 — Pa(po(a))) exp(—Fw= (Pa(pu(9))))

= Pa(po(a)) exp(w (Pa(po(9)))) + (1 = pa(po(a))) exp(— 5w (Ba(pu(4))))
(PoS under r of Noisy GRPO) The following holds :

1 .
D (q) =P, (r(q70) = 1) = T ( )po(Q) [A€%w+(PA(Pu(¢I))) + (1 _ )\) —Fw (PA(PV(Q)))} )
a\q

Proof. Consider the expectation

1 1 N 1 -
DPr= ((]) = mEﬂ'o [1{r(q,o):1} eXp(BWJr(pV) 1{F(q,o):1}) eXp( - Bwf (pu) 1{F(q,o):()}):|7

where p,, := px(p.(¢)). We drop in the following g.

Conditioni

If r =0th

SO

Therefore

ngonr:

e indicator 1,1y is zero. If r = 1, then

PF=1|r=1)=)  PF=0[r=1)=1-)

1

1 . - 1w (5 14 (5
e 3 8~ o =] =2 b

E,. [1{r(q.o):1} e%w+(i’u)1{V(qyo)=l} e_%w—(ﬁu)l{?-(q,o)=0}:| = po [)\e%w-%-(ﬁu) +(1- )\)e—%w_(py) .
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H.1. Logit Expression

Set i i
a = ertP) 5, bi=e 59-Pr) 5 0,

Then equation 33 becomes
b= Do ()\a +(1- )\)b)
ﬁk(po)a + (]- *ﬁ)(po))b.

We now compute p* /(1 — p*). From the expression above,

p* Do ()\a +(1- )\)b)

L=p*  pa(po)a+ (1= Pa(po))b — po(Aa+ (1 = A)b)
The denominator simplifies as

Pr(po)a + (1 = pr(pe))b — po(Aa + (1 = A)b) = (Pr(po) — Apo)a + (1 = Pa(po) — (1 — A)po)b
= (1 - )‘)(1 7po)a+ >‘(1 7po)b
=(1—po)[(1=N)a+ \b].

Hence . \ L b
p — pO a + ( _ ) . (34)

I—p* 1—po (I=Xa+Xb

Now rewrite the second factor in terms of Q(p,, ). Since
a = e%‘*”r(ﬁu)’ b= eféwf(ﬁu)’ = ae%‘”*(ﬁu) — e%Q(ﬁu), beéw*(ﬁv) — 17
we get
Aa+ (1= AP L1 )
(T=Na+Xb (1 - \)er2P) 4 )\
Let us introduce 0
Ae+1—A
D,(Q) :=log —————
)\( ) Og(l—)\)BQ—F)\’
Taking logs in equation 34 gives
. p* Po 1~
logit(p*) = log = log + &, (=2(p,)).
( ) 1-—p* 1—po (B ( >)
Thus
1 Aef +1— )
logit(p*) = logit(po) + Px(=Q(p.)), D,\(Q) :=log —————.
ogit(p") = logit(po) + ®x(52(Pv)) M) =log ey (35)

H.2. Mirror GRPO iteration with Noisy Reward

We now consider an iteration (py, ), >0 defined by
Pn =D
where
Po=Pn-1,  Pv="DPa(pn-1) = 2A = Dpn_1+ (1= A),
and p is obtained from equation 35 with these choices.

Let
Ly, :=1ogit(pn),  Ln—1:=logit(pn_1).
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Applying equation 35 with (po,p,) = (Pn—1,Px(Pn-1)) gives:

Lo = Lo 1+ ®, (;n(ﬁx(pn_l)o , (36)

with @ as above.
This iteration will increase the logits at each iteration depending on the sign on ®.
Note that in our case

1
-0 >0.
B

Then e7%0) > 1 , and we can determine the sign of the increment ® A(%Q(, ).

AeF? 41— A L@ -1 eF? 1)

(1= Ner? 4+ A (1= Ner? 4 A
whose denominator is strictly positive. Therefore

sign (@A (;fz)) — ign(2A - 1)

Hence for A > % logit increases and for A < % it decreases.

(e

For Mixed Ref-Mirror GRPO (a > 0 in equation 11), the anchor p, = 1%21 defined in Lemma 3 that incorporates the

reference probability of success pyef. For A = 1, we recover GRPO iterations in the noiseless case derived earlier.

I. Plots
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Figure 9. Lower bound on 3 to ensure local convergence of GRPO fixed point iteration.
J. Assets

Hardware setup All our experiments were run on one compute node with Dual 48-core Intel Xeon 8468, 2TB of RAM, §
NVIDIA HGX H100 80GB SMXS5, 8x 3.4TB Enterprise NVMe U.2 Gen4, and 10x NVIDIA Mellanox Infiniband Single
port NDR adapters, running RedHat Enterprise Linux 9.5
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Iteration of pp 11 =he p(Pn)
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Figure 10. GRPO Recursion and convergence to fixed points of ., for e = 1le™®

GRPO Config Setup We use the group size G = 16 and per-device batch size 16 meaning each on each GPU a single
prompt x with 16 corresponding responses is processed. To increase the overall batchsize we use gradient accumulation of
4, ending with an effective batch size of prompts of 28. The context length used for this experiment is 200, and the sampling
temperature is set to 7 = 0.1.

Libraries Our experiments rely on the open-source libraries pytorch (Paszke et al., 2019) (license: BSD),
HuggingFace Transformers (Wolfetal., 2020) (Apache 2.0 license), and HuggingFace TRL (von Werra et al.,
2020a) (Apache 2.0 license).
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https://github.com/huggingface/transformers
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