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Abstract

High-dimensionality of data is often regarded as
a fundamental statistical impediment in Machine
Learning and Al. The purpose of this paper is
to clarify, on the contrary, when and how high-
dimensionality may be beneficial. In the setting of
a general random function model of data we delin-
eate between three notions of dimensionality: ef-
fective dimension peg, measuring total variability
across feature directions; correlation rank r, mea-
suring functional complexity across samples; and
latent intrinsic dimension d of manifold structure
hidden in data. Via a generalized Hanson-Wright
inequality, we show that increasing peg drives a
blessing of dimensionality phenomenon, whereby
data dot-products concentrate about their expec-
tations. In turn, we show that, under mild conti-
nuity assumptions (ensuring that features bring
additional information as dimension grows), per-
sistence diagrams recover latent homology when
Pest € w(logn) as n — oco. Informed by our the-
ory, we revisit the ground-breaking neuroscience
discovery of toroidal structure in grid-cell activ-
ity made by Gardner et al. (2022): our findings
provide the first empirical evidence that this struc-
ture is isometric to a flat torus model of physical
space, suggesting that grid cell activity conveys
a geometrically faithful representation of the real
world.

1. Introduction

Data geometry in Machine Learning. Consider a data
set of n samples and p features, Y1,...,Y, € RP. A wide
range of algorithms, models, supervised and unsupervised
learning methods process such data by taking as inputs
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the pairwise Euclidean distances, dot-products or cosine
similarities,
Y5 = Y517 = Yall” + 1Y% - 2Y - Yy,

, Yi Y, ey
CosSim(Y;,Y) YT
The collection of these pairwise quantities across ¢,j =
1,...,n conveys the geometric shape of the point-cloud
Vo = {Y1,...,Y,} C RP, and is the input to most di-
mension reduction and manifold learning methods, ranging
from Classical Multidimensional Scaling (Torgerson, 1952),
to Kernel PCA (Scholkopf et al., 1997), Isomap (Tenen-
baum et al., 2000), ¢-SNE (Van der Maaten & Hinton, 2008)
and UMAP (Mclnnes et al., 2018), which are hugely pop-
ular for data visualisation, as well as spectral clustering
(Von Luxburg, 2007) (via a kernel function) and hierar-
chical, agglomerative clustering methods such as UPGMA
(Sokal, 1958; Gray et al., 2023). The set of all pairwise dis-
tances is also the input to Persistent Homology techniques in
topological data analysis (TDA) (Edelsbrunner et al., 2002;
Zomorodian & Carlsson, 2004; Chazal et al., 2009; Chazal
& Michel, 2021). Pairwise distances or dot-products are
the input to classical supervised learning methods such as
kernel methods and nearest-neighbour methods (Scholkopf
& Smola, 2002), and dot-products between training and test
feature vectors define predictions in linear regression.

The disconnect between reality and existing statistical
theory of data geometry. In this work we present new
insights into statistical properties of the quantities in (1),
allowing us to explain how they convey latent geometry of
the data-generating mechanism. In doing so we address two
mismatches between the prominent statistical theory of data
geometry and the realities of data analysis. Firstly, the pop-
ular mathematical view of a mean-zero, identity-covariance
random vector is that, in high dimensions, its distribution is
concentrated near the surface of a hypersphere, and that i.i.d.
copies of such a vector are close to orthogonal with high
probability, see Hall et al. (2005), the textbook of Hastie
et al. (2009)[Sec. 2.5], and Cai et al. (2013) for refined anal-
ysis of similar i.i.d. setups. This rather degenerate limiting
geometry does not seem expressive enough to accurately
represent data in practice; it is incompatible with the widely
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accepted Manifold Hypothesis (Bengio et al., 2013; Feffer-
man et al., 2016), which is the premise of manifold learning
and nonlinear dimension reduction, asserting that nominally
high-dimensional data actually lie on a low-dimensional
set embedded in high-dimensional space. Secondly, much
existing theory, e.g., Hall et al. (2005); Ahn et al. (2007);
Shen et al. (2016); Aoshima et al. (2018) focuses on the
regime p/n — oo with which the phrase “high-dimension
low sample size asymptotics” (HDLSS), and more broadly
“high-dimensional data”, are typically associated. This ex-
isting theory may therefore seem irrelevant in the many
practical situations where p < n.

Contributions. Our main contributions are as follows:

* In Section 2 we present a generalised Hanson-Wright
(GHW) inequality which quantifies the concentration be-
haviour of dot-products between possibly dependent ran-
dom vectors with sub-Gaussian entries, and identify our
first notion of dimension: effective dimension peg.

* In Section 3 we identify a second notion of dimension:
correlation rank, and use our GHW inequality to explain
how latent topological structure emerges from a random
function model of data (from Whiteley et al. (2026)) as
Peft grows; we show under sub-Gaussian assumptions
that p/n — oo is not necessary, rather peg € w(logn) as
n — oo suffices.

* In Section 4 we consider consistency of TDA persistence
diagrams in the regime peg/ logn — oo as n — oo.

* In Section 5 we identify a third notion of dimension: latent
intrinsic dimension, and discuss how isometry between
observed and latent geometry can be measured in practice.

* In Section 6 we show how our theory manifests in both
simulated and real data, including the groundbreaking
neuroscience study of Gardner et al. (2022), where latent
spatial structure is known to exist.

Section 3 is directly influenced by geometric perspectives
of Whiteley et al. (2021; 2026); Gray et al. (2023) and in
particular the insightful statistical treatment of the manifold
hypothesis in Whiteley et al. (2026), but our main theoretical
results (theorems 2.1, 3.1 and Proposition 3.2) substantially
extend and refine some of their results; we allow more
general dependence structure across features and exploit
sub-Gaussianity. An extended discussion of related work is
given in the supplementary material, along with all proofs
and additional numerical experiments.

Notation and conventions. We write [n] := {1,...,n}
and /5 for the set of square-summable real sequences {z =
(z1,72,...) : ||| = (3, |7x|?)*/? < oo}. For two non-
negative sequences (an)n>1, (bp)n>1, an € (by,) means
liminf, o an /b, > 0. For two sequences of nonnega-
tive random variables (X, )n>1, (Yn)n>1, Xn € Op(Ys)
means that for any ¢ > 0 there exists M and ng such

that P(X,,/Y,, > M) < e for all n > ng. The sub-
Gaussian norm of a random variable X is ||X|y, =
sup,sq ¢~ /*E [1]9]*, and X is said to be sub-Gaussian
if || X ||, < oo. This condition can be understood as mean-
ing that the tails of the distribution of X decay at least as
quickly as a Gaussian, but includes the case where X is a
discrete random variables taking only finitely many different
values, or more generally the case where the support of the
distribution of X is bounded. The Frobenius and spectral
matrix norms are respectively denoted || - ||r and || - ||. I[]
is the indicator function, I, is the p-by-p identity matrix.

2. A generalised Hanson-Wright inequality

The Hanson-Wright (HW) inequality is a concentration in-
equality for the quadratic form: X T AX, where X is a vec-
tor of independent, sub-Gaussian random variables and A
is a matrix (Hanson & Wright, 1971; Wright, 1973; Rudel-
son & Vershynin, 2013), see supplementary material for
more background. Our GHW inequality concerns X T AX',
where X, X’ are allowed to be dependent, reducing to the
standard HW inequality of Rudelson & Vershynin (2013)
when X = X',

Theorem 2.1. Let X = (Xi,...,X,) and X' =
(X{,...,X,) be RP-valued random vectors such that the
pairs (X;,X}), j = 1,...,p are mutually independent, and
E[X,] = E[X}] = 0 and max(|[X; s, | X} 1) < K for
allj =1,...,p. Let A € RP*P. Then there is an absolute
constant c such that for any t > 0,

P(|XTAX' ~E[XTAX]| > t)

t? t
< 2exp {—cmin{ , }} .
KAAJE K2 A

Zero-mean i.i.d. vectors are close to orthogonal. As a
first illustration of how Theorem 2.1 can be used to under-
stand data geometry, we re-visit a conventional perspective
on zero-mean, i.i.d. random vectors. Let Xq,...,X,, be
i.i.d. copies of the random vector X in Theorem 2.1 sub-
ject to the additional requirement that its elements satisfy
E[|X;]?] = 1forj = 1,...,p, let ¥ € RP*P be positive
semidefinite and define Y; := st/ 2X,. Then Y4,...,Y,
are 1.i.d., each have mean zero and covariance matrix X,
and for i # j, E[Y; - Y;] = 0. We define the effective

dimension: =)
tr
DPeft = . (2)
%]

We have 1 < peg < rank(X) < p, with p.g = p when
all p eigenvalues of X are equal. Since tr(X) = E[||Y; —
E[Y;]||], pest can be understood as a normalised measure of
total variability of Y;. The quantity tr(3)/||3|| was termed
intrinsic dimension by Tropp et al. (2015) and Vershynin
(2018). Here, we refer to it as effective dimension in order to
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avoid confusion with the notion of latent intrinsic dimension
defined in Section 5.

Proposition 2.2. Let Y1,...,Y, be the i.i.d., zero-mean
random vectors defined above. If pogr € Q(logn), then

Y, Y; 10gn> 3)

tr(X%)

max
i,j€[n] Deft

I[ij]‘ € Op (
The proof of proposition 2.2 involves applying Theorem 2.1
with X = X;, X' = X;, A = X, sothat XTAX = Y -
Y ;, and taking a union bound over ¢, j € [n]. Proposition
2.2 tells us that if peg € w(logn), then Yq,...,Y,, tend
to be uniformly close to orthogonal, and have magnitudes
uniformly close to tr(3). This geometric configuration is
often referred to as “high-dimensional” behaviour of random
vectors, but Proposition 2.2 shows that “high-dimensional”
is perhaps a misnomer here, since only peg € w(logn) is
required.

3. Topology and manifold structure in data
emerges from random functions

Model definition and statistical properties. In this sec-
tion we define a general form of random function statistical
model which is substantially more expressive than the i.i.d.
setting of Proposition 2.2. The setup of the model follows
Whiteley et al. (2026) in part but not all; our model allows
for more general dependence structure across features. Sim-
ilarly to Whiteley et al. (2026) though, it is not our aim
to perform confirmatory statistical analysis or model fit-
ting, rather the utility of the model is to help us understand
the performance of TDA and manifold learning. The main
ingredients of the model are:

* ametric space (Z,dz), where Z isasetand dz(-,-) is a
distance function, and a collection of points 21, ..., 2z, €
Z. We write Z,, .= {z1,...,2,}.

* random, R-valued functions, X1 (-), ..., X,(-), each with
domain Z, so for each z € Z and j € [p], X;(z) is
a random variable. We write in vector form X(z) =
(X1(2), ..., Xp(2)).

* positive semidefinite matrices {3(z) € RP*P; 2z € Z}
and vectors {p(z) € RP; 2z € 2},

e random ‘noise’ vectors E1, ..., E,, € RP, which are in-

dependent of the X;.
‘We then define, with o > 0,
Y = 2Y2(2)X(2) + p(z) + oEs.

We denote the ‘noise-free’ component of the model
Y™ (2) = BY2(2)X(2) 4+ p(2), so that Y; = Y™ (z;) +
O’Ei.

A 1. The random functions X; are independent across j,
and for every j and z, E[X;(2)] = 0, E[|X;(2)|*] = 1 and
[|X;(2)|ly, < K, for some K < oo.

A2. The random vectors Eq, ... E, areiid., E[E;] =0,
E[E,E]] = I,, and the elements E,i(j), j=1,...,pof
each E; are independent and for all j, HEZ(] ) |y, < K for
some K < oo.

This model relaxes both the independence and identical dis-
tribution parts of the i.i.d. assumption in Proposition 2.2:
we allow that for any j € [p| and 2,2’ € Z, X;(z) and
X;(2") may be dependent, hence Y, and Y; may be depen-
dent; and A1 and A2 imply that Y; is a random vector with
mean p1(2;) and covariance matrix X(z;) + 02I,. Theorem
3.1 shows that despite this general dependence structure,
dot products amongst vectors Y1, ...,Y,, are concentrated
about their expectations in a manner analogous to Proposi-
tion 2.2. Extending the notion of effective dimension to the
present setting, we define:
() _ tr[3(z)]

Dest - .
B

Theorem 3.1. Assume that Y1,...,Y, follow the random

function model, AI1-A2 hold, and min;c|, p‘gg € Q(logn)

asn — oo. Then

E[Y; - Y]

Y- Y,
max 1 1
E[Y: (P2 E[[Y ;]2

i,j€[n] 215 215
E[|Y3 (]2 E[|Y;[?]2
logn
EOP( go)
M [n] Pefr

asn — oo.

We shall next see that under additional but mild assump-
tions, the quantities E[||Y;[|?] and E[Y; - Y;] have a
rich geometric interpretation, which can be transferred to

Yn ={Y1,...,Y,} by Theorem 3.1.
Relationship between point-clouds ), and M,,. Con-
sider the kernel function:

(z,2) = E[Y"(2) - Y™ (). )

and the assumptions:

A3. 2 — Y“f(z) is mean-square continuous, i.e., z — 2’
implies E[||[ Y™ (2) — Y™ (2")||?] — 0.

A4. The metric space (Z,dz) is compact.

Assumption A3 distinguishes each dimension of Y™ (z;)
as “signal” rather than noise — cf. E; being independent
across ¢ under A2 — ensuring the informative signal grows
with p. Moreover, under A3 the kernel function in (4) is
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continuous. If, in addition, A4 holds, for any finite Borel
measure v supported on Z, Mercer’s theorem (Steinwart
& Christmann, 2008)[Thm 4.49] tells us that the kernel
function in (4) has the representation:

E[Y™(2) - Y"()] = 6(2) - 6(z') = D Mun(2)un(2)
k=1
&)

where ¢ : Z — {5 is conventionally called a feature map
and the kth element of the vector ¢(z) is )\,1/ ®ug(z), where
the uy, are Lo(v)-orthonormal functions, the Ay are associ-
ated eigenvalues and r € {1,2,...} U {oo} is the largest k
such that A\, > 0. We call r the correlation rank, which can
be understood as a measure of functional complexity of the
kernel function, and hence the correlation between Y™ (2)
and Y™ (2/): r counts the number of orthonormal functions
needed to express the dot product ¢(z) - ¢(z') across all
2,72 € Z. Define:

M = {¢(2); z € Z}, M, = {¢(2;); i € [n]}.

It follows from (5) and A2 that
E[Y; Y] = ¢(z) - ¢(z;) + po’lIli = j]. (6)

Substituting (6) into Theorem 3.1, we see that when
min; p{) > logn, with high probability, Y; - Y; =~
B(z;) - ¢(2;) + po*Ii = j], implying that the geometry
of the point-cloud ), resembles that of M., up to some dis-
tortion depending on o. The normalizing terms E[||Y;||?]
appearing in Theorem 3.1 are typically unknown in prac-
tice; Proposition 3.2 explains the behaviour of Y; - Y ; and
CosSim(Y;,Y ) avoiding unknown normalization.

Proposition 3.2. If A1-A4 hold, then:

Yi Y d(z) é(z)

max i = j]| €
Bj€n]| P P
_ 12
00 | [y EIECAL CIE , o]
i€[n p

and with

(l¢(z)l* + po®)*/

Yij(0) = ilo)vi(o), (o) =

[o(z)l ’
max COSSim(Y% Y]) _ COSSIm((Zs(Zi)? ¢(Z7)) ‘
i#j€(n] Yij (o)
1
o ( 0%%()) |
MG en] Pef

Recalling (1), the first part of Proposition 3.2 implies that
if maxicry /(02 (20)] + [|w(z0)[2)/p + 0> € O(1) and

min,; pgg € w(logn), then for i # 7,

1 1
Y=Y & () - o) + 20 (D)

For the second part of Proposition 3.2, notice that 7;;(0) =
1, and for any o > 0, if ||¢(2)]| is constant in z (e.g. Z is a
vector space and the kernel (4) is a function of z — 2’), then

%_(jq) is constant in 7, j.

Relationship between metric space Z and manifold M.
Lemma 3.3 shows that under a mild non-degeneracy condi-
tion on Y™ (-), M is topologically equivalent to Z.

AS. If z # 2/, then E[|| Y™ (2) — Y™ (2')||?] > 0.
Lemma 3.3. Under A3-A5, ¢ is a homeomorphism between

Z and M, i.e., ¢ is continuous, invertible on its image, and
has a continuous inverse.

Informally, this means M resembles Z subject to some
transformation such as bending, twisting or stretching, but
not cutting, or puncturing; Z and M must have the same
number of connected components, the same number of one-
dimensional holes, two-dimensional cavities, and so on. The
term fopological manifold conventionally refers to some
topological space which is locally homeomorphic to a sub-
set of Euclidean space; we can therefore speak of M as a
topological manifold, but one which is globally homeomor-
phic to the metric space Z.

In combination, Theorem 3.2, Proposition 3.1 and Lemma
3.3 tell us that if the points in Z,, are distributed across Z,
then M., and hence ),, will convey the ‘shape’ of Z —in the
remaining sections of the paper we will explore implications
of this in TDA and manifold learning.

4. Consistency of persistence diagrams

In this section we discuss how, under the model from Sec-
tion 3, TDA can be applied to )V, in order to estimate certain
topological characteristics of M and hence Z. In the math-
ematical framework of persistent homology, a topological
space has associated Betti numbers Hy, H1, Ho, . . ., respec-
tively indicating the number of connected components, 1D
holes, 2D cavities, etc., which the space exhibits. Two
homeomorphic spaces, such as Z and M in the setting of
Lemma 3.3, have the same Betti numbers. TDA techniques
(Edelsbrunner et al., 2002; Zomorodian & Carlsson, 2004;
Chazal et al., 2009; Chazal & Michel, 2021), for exam-
ple implemented in the python package ripser (Tralie
et al., 2018), allow persistence diagrams associated with
data point-clouds to be computed (an example is shown in
Figure 3(c)), in turn enabling Betti numbers of the underly-
ing space to be estimated.

We view the sets p~1/2),,, p~1/2 M,, and p~'/2 M as met-
ric spaces by equipping them with Euclidean (i.e., £2) dis-
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tance. We denote by dgm(-) persistence diagrams under
some common choice of filtration'. In the supplementary
material we also discuss TDA operating on the normalised
vectors Y; /||'Y;||. A careful combination of existing results
(Chazal et al., 2013; Ivanov et al., 2016) detailed in the
supplementary material gives

dy (dgm(p~"/22,). dgm(p' M)
< 2(du(p~* M., p~ /2 M)
+ dGH(p_1/2yn7 p_l/gMn)>7 (8)

where d, is the bottleneck distance, a distance between per-
sistence diagrams; dgy is the Gromov-Hausdorff distance, a
distance between metric spaces; and dy is the Hausdorff dis-
tance, a distance between subsets of a metric space (Burago
et al., 2001).

The persistence diagram dgm(p~1/2)),) is said to be con-
sistent if the left-hand-side of (8) converges to zero in proba-
bility. The first term on the right-hand-side can be shown to
vanish as n — oo, if ¢(z1), ..., #(zy,) are i.i.d. from a mea-
sure on M satisfying standard regularity conditions (Chazal
et al., 2013). Proposition 3.2 allows us to show that, up to
an additive term depending only on o, the second term van-
ishes, as long as max;e () (tr[2(2:)] + || p(2:)|?) /p+ 02 €
O(1) and min, ¢y, pgg/ logn — oo:

(P~ *Vn,p” P M)
1
< max —|Y;- Y, —o(z) - o(25)]

1
S 02 +O]P’ ( Ogn(z)> ,
Milie[n] Peft

i,j€ln] p
where the first inequality is shown in the supplementary
material. This tells us that accurate estimation of topology
is possible without requiring p > n.

This perspective complements recent work describing a
curse of dimensionality for persistent homology (Damrich
et al., 2024; Hiraoka et al., 2024). While those studies
demonstrate that accumulating uninformative noise can
destabilise persistence diagrams, our model captures sce-
narios where a growing effective dimension pg brings ad-
ditional, structured signal (via mean-square continuity —
assumption A3). Thus, while unstructured noise obscures
topology, high dimensionality acts as a blessing when new
features expand the signal, driving the geometric concentra-
tion required for faithful recovery.

!which could be either the Rips, Cech, or Alpha filtration.

5. Looking for evidence of isometry

Isometry is a stronger form of relationship between Z
and M than homeomorphism, requiring that shortest path
lengths on M faithfully represent those on Z (Burago et al.,
2001). To define isometry mathematically, consider the ran-
dom function model with, for some d < cz, Z a smooth, lo-
cally d-dimensional subset of R?, with dz being Euclidean
distance. Examples of such Z include, in the case of d = 1,
a line segment, curve or circle (as in the toy example above),
and in the case d = 2, a disk, sphere, or torus. We refer to d
as latent intrinsic dimension.

For any two points z, 2z’ € Z, a path with end-points z, 2’
is a smooth curve 7 : [0,1] — Z, such that 9 = z and
1 = 2’; similarly a path between x,z’ € M is a smooth
curve v : [0, 1] — M, withyg = =, 71 = 2. The lengths of
these paths are L(n) = fol |7 ||dt and L(y) == fol |15 dt.
We say that isometry holds if for any path 7 in Z and the
path in v defined by v :== ¢(n;), L(7) and L(n) are equal
up to a constant of proportionality. In particular this im-
plies that the length of any shortest path in Z with end-
points z, 2’ is equal to the length of any shortest path in
M with end-points ¢(z), ¢(z’). It is known that isometry
holds under various sufficient conditions on the kernel func-
tion (z, 2') — E[Y"(2) - Y"{(2')] (Whiteley et al., 2021;
2026). However, in practice this kernel function will of-
ten be unknown. We can nevertheless assess evidence of
isometry given ), and Z,, in a manner inspired by the man-
ifold learning literature, specifically the first step of Isomap
(Tenenbaum et al., 2000).

We approximate shortest path-lengths in Z by constructing
a k-nearest” neighbour graph with vertex set Z,, and edge-
lengths ||z; — z;]| if z; and z; are neighbours; then compute
shortest paths in this edge-weighted graph. To approxi-
mate shortest path-lengths in M, we similarly construct a k-
nearest neighbour graph with vertex set ), and edge lengths
IY; —Y;||. We write L(z;, 2;) and L(Y;,Y ;) for the re-
sulting shortest path-lengths, noting that these lengths are
of the form 3, {2k, — 2k, | and 3, [[Ye,, — Yo, ||
for some [n]-valued sequences (k) and (¢,,,). If isometry
holds with constant of proportionality [, then when z is
close to 2/, ||¢(z) — ¢(2')|| = B||z — 2’||. This suggests
assessing evidence of isometry through linear regression
of the values (L(Y;,Y;);i # j) on to the associated val-
ues (L(z;, zj);1 # j) allowing for a positive intercept to
account for noise (informed by (7)). The correlation coeffi-
cient, p, associated with this linear regression numerically
quantifies the presence of isometry, with a maximum value
of p = 1 corresponding to a perfect linear fit.

23 default choice of k is to choose it to be the smallest value
such that the graph is connected
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360 (a) (b)

Latent angular position

Pett = 2

(c) (d)

per = 10 M= {§(2)iz € 2)

Figure 1. Ambient intrinsic dimension peg, correlation rank r, and latent intrinsic dimension d at play in simulation from a toy example
of the random function model with n = 1000. (a)—(c) show SVD visualisation of simulated data with respectively peg = 2, 5, 10; as pes
grows, the d = 1-dimensional manifold M = {¢(z); z € £} shown in (d) emerges in a » = 3-dimensional subspace. In this example
M is homeomorphic to the latent space Z, which is a circle. See Section 3 for details.

6. Experiments
6.1. Toy example

Let Z be a circle, with

Z={2=(21,22): 21+ 25 =1}, r=3,

#(2) = p'/?[z1, % sin(mzq/2), % cos(mza/2)].

The random functions X are i.i.d., zero-mean Gaussian
processes each with covariance function p~1¢(2) - ¢(2'),
p(z) = 0,%(z) =T, + 2117 and the elements of E; are

distributed A/(0, 1), and o2 = 0.02. Here, pig =(p+1)/2.
Figure 1 shows the first = 3 dimensions of the SVD
embedding of Y, for p) = 2, 5,10, with n = 1000, and
21, .- -, 21000 Uniformly spaced around Z. As pgg increases
the manifold M emerges, and is homeomorphic to Z.

6.2. Empirical estimates of p.g

Before turning to a detailed neuroscience case study on grid
cell activity, we estimate the effective dimension peg on a
small collection of benchmark datasets spanning biological,
textual, image, and time series modalities, including the
grid cell activity. Full dataset descriptions are provided in
Appendix J.

For each dataset, we estimate peg using pegt := tr(2)/[| 2],
where  denotes the sample covariance matrix of the cen-
tred data. In Appendix I, we investigate the effect of finite
sample size on the estimator peg, showing that it is system-
atically biased downwards, but asymptotically converges
to the true value. Thus, the estimator represents a conser-
vative lower bound. Table 1 reports the resulting effective
dimension estimates, along with the ambient dimension p
and sample size n for each dataset. Several datasets, includ-
ing the grid cell activity, exhibit effective dimensions in the
order of logn. This places them in a moderate effective-
dimension regime, where our theory predicts that observed
distances should reflect the geometry of an underlying latent
manifold, but with non-negligible noise.

Dataset p n Dett logn
Grid cell activity 149 15,000 12.67 9.62
Newsgroups 12,864 11,314 163.41 9.33
Planaria (stem cells) 5,821 8,959 37.55 9.10
Amazon Reviews 5,588 5,000 141.75 8.52
MNIST 784 5,000 10.21  8.52
S&P 500 1,258 470 12.13  6.15

Table 1. Effective dimension estimates pog for representative
machine learning datasets.

© 101
=
5
8 —e— mean P
min pef
6 1 —e— logn

T T T T T T T T
o] 1000 2000 3000 4000 5000 6000 7000 8000
Window length, n

Figure 2. pegt for the grid cell data as a function of window length
n. Curves show the mean +1 s.d. and the minimum across 30
contiguous time windows.

While the estimator pog uses the sample covariance and
reflects effective dimension under the assumption that 33(z)
is constant, p.g may vary across the latent space and in
many applications 7 may not be as large. To explore this,
Figure 2 shows the minimum and mean peg over 30 contigu-
ous time windows for the grid cell data, along with logn
for comparison. Note that for this example, a short time
window corresponds to data being confined to a small region
of physical space, which we posit in the following section
to be the underlying latent space. The quantity min peg cor-
responds most closely to the quantity in the asymptotic rates
of Theorem 3.1 and Proposition 3.2.
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Figure 3. Re-creating the grid cell analysis of Gardner et al. (2022). (a): UMAP visualisation of the grid cell data Y, .
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visualisation suggest the presence of toroidal structure, confirmed by the persistence diagram in (c), indicating Betti numbers Hg = 1,
H, = 2, H, = 1. In (b), cohomological decoding maps the circular coordinates of the torus to a rhombus. (d) shows how these
coordinates correspond to physical space through tesselation of the thombus. In (a), (c) and (d), points are colored by the first component
in the PCA embedding of the data to aid visual recognition of the torus.

6.3. Grid cell activity

Understanding how spatial location is represented in brain
activity is a fundamental neuroscience challenge. In 2014,
May-Britt Moser and Edvard 1. Moser received a Nobel
prize for their discovery of grid cells — nerve cells whose
firing activity is associated with a grid of spatial locations
(Fyhn et al., 2004; Hafting et al., 2005). Combined with
earlier work of co-prize-winner John O’Keefe (1976), this
discovery showed that the brain effectively creates a map of
the world around us through the firing patterns of neurons.
In their 2022 Nature paper, Gardner et al. (2022) established
a deeper understanding of grid cell activity using persistent
homology techniques, revealing the presence of toroidal
structure. We focus on a subset of the experiments they
reported, in which a rat was confined to a square enclosure
(“open field”), and the firing of p ~ 150 grid cells was
co-recorded and sub-sampled into n = 15, 000 time bins of
length 10ms, while simultaneously recording the rats phys-
ical position in the enclosure, which we denote &1, ..., &,.
Representing the neural activity data as Y1,...,Y,,, the

jth element of Y is the firing rate of the jth grid cell in
the ith time bin. After pre-processing Y1,...,Y,, (details
in supplementary material), Gardner et al. (2022) made the
following two key findings:

1. Persistent homology analysis of Y1,...,Y,, gave esti-
mated Betti numbers of Hy = 1 (one connected compo-
nent), H; = 2 (two 1D ‘holes’ ) and H, = 1 (one 2D
cavity), indicating presence of a torus.

2. Circular coordinates corresponding to the two 1D holes
in the torus were found to be associated with physical
locations through a two-step transformation: firstly, “un-
wrapping” the surface of the torus to form a rhombus
(moving along one edge of the rhombus corresponds to
moving 0 — 360° degrees around one of the 1D holds in
the torus); and secondly, covering the physical enclosure
with a tessellation of this rhombus.

Using the data and code of Gardner et al. (2022), available
at Gardner et al. (2021b;a), we re-created this analysis;
implementation details are provided in Appendix H. The
results are shown in Figure 3.



How High is ‘High’? Rethinking the Roles of Dimensionality in Topological Data Analysis and Manifold Learning

(a) (b)

(c)

0.6
0.4
0.2
0.0 .
-0.2
-0.4

=0.6

@
o

6.0 1

o
o

o

i

v
o

L

o

s
n

&=

n

&
=)

&~
=)

w

o
w
n

o
o

Shortest path length in ¥,

w
=

Shortest path length in ¥, to source
~
o

N

.,
~
o

02 oa 00 01 02 03 04 05
Shortest path length in Z, - model 3

Figure 4. (a) The tessellated rhombus is plotted atop the physical locations. Two physical locations (source: blue, sink: green), and the
shortest path between them in physical space is shown. In (a)-(b), points are colored by the shortest path-length in )),, from the source.
(b) The flat torus model is represented by superimposing the physical locations onto the central rhombus in the tessellation in (a). The
shortest path to the same sink point is shown, where distances on the flat torus allow for ‘teleporting’ (dashed line) at the boundaries.
(c) Relationship between shortest path-lengths in ), and in Z,,. The orange line shows best linear fit and the red line shows a moving

average (with shading for +1s.d.).

Grid cell activity as a random function model. We inter-
pret the grid cell experiment through the framework of the
random function model. Using the cohomological decoding
analysis of Gardner et al. (2022), we extract the rhomboidal
vectors defining the flat torus model of physical space. Fig-
ures 3(a)-(b) illustrate how the flat torus corresponds to the
UMAP visualisation of the data, which resembles a torus.
Figures 4(a)-(b) illustrate how physical locations &1, ..., &,
relate to locations z1, ..., z, on the flat torus, which we
denote Z. Opposite edges of this thombus are identified,
allowing paths on Z,, to ‘teleport’ at the edges to the corre-
sponding point on the opposite edge.

We view the observed neural activity as generated according
to

Y, =22 (2)X (2) + plzi) + 0B,
where X (z) represents the firing-rate modulation of neuron
j as a function of position, p(z) is the mean firing-rate
map, X(z) captures position-dependent covariance across
neurons, and E; represents independent noise.

From toroidal topology to geometric faithfulness. As
shown in Gardner et al. (2022) and re-created in Figure 3(c),
persistent homology of the point cloud {Y71,...,Y,} re-
veals toroidal topology. This observation is explained by
the results of Section 4: when the effective dimension is
sufficiently large, persistence diagrams constructed from the
neural data recover the topology of the latent manifold.

Taking this a step further, our theory allows us to investigate
a stronger geometric relationship. If grid cell population
activity satisfies the assumptions of our model, (7) explains
why neural distances faithfully reflect the intrinsic neural
manifold (a torus), while manifold-learning methods are
needed to relate this manifold back to physical space. To

assess this empirically, we follow the approach of Section 5
and approximate geodesic distances on M using k-nearest-
neighbour graphs constructed on ),,. In Figure 4(c), we
compare these distances with geodesic distances from a
fixed source point on the flat torus model Z,,; an example
path is illustrated in Figure 4(b). As per Section 5, an iso-
metric relationship between Z and M would manifest itself
in a linear relation between shortest path-lengths, with a
positive intercept due to noise. We show a straight line fit
from OLS in orange and report the corresponding correla-
tion coefficient, p = 0.75. The red line shows a moving
average (with window size 0.01n), and shading indicates
+1s.d. The near-linear relationship provides strong empir-
ical evidence of global isometry between the neural mani-
fold M and the flat torus representation of physical space.
Consistent with the moderate effective-dimension regime
identified in Section 6.2, this relationship is accompanied
by substantial scatter around the linear fit, as expected un-
der non-negligible noise. The deviation from linearity at
larger distances is likely attributable to estimation error in
the cohomological decoding of the rhombus vectors, which
affects the flat torus metric primarily at longer path lengths.

Relation to prior work on conformal isometry. Sev-
eral recent works have investigated the conformal isometry
hypothesis that grid cells form locally distance-preserving
representation of space. Xu et al. (2024) and Schgyen et al.
(2025) analyse how grid cell firing patterns should behave
under the assumption of conformal isometry, and show that
the resulting predictions are consistent with the hexagonal
structure observed in experimental data.

These works take conformal isometry as a modelling as-
sumption and study its consequences. In contrast, our con-
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tribution is complementary: we provide a statistical expla-
nation for when and why such geometric structure can be
recovered from noisy, finite-dimensional neural data. In
particular, our results show that the classical p > n regime
is not required; rather, effective dimension peg sufficiently
large compared to log n ensures that neural distances con-
centrate around their latent counterparts. In this regime,
we find empirical evidence for global isometry between the
neural manifold and a flat torus model of physical space.

7. Discussion

The generic structure of our statistical model does not con-
strain us to a specific parametric family of distributions.
However, our y/log n/pes convergence rates are directly
linked to the sub-Gaussian assumptions we make. Weak-
ening to sub-exponential or polynomial moment conditions
would result in slower convergence rates, logn being re-
placed by some faster-growing function of 7, connecting our
results back to the HDLSS setting of Hall et al. (2005) under
their very mild fourth-moment assumptions. We provide an
empirical demonstration of this degradation in Appendix B.
If stronger distributional assumptions were adopted (e.g.,
Gaussian, as in Gaussian process latent variable models
(Lawrence, 2003; 2005)), one could pursue likelihood-based
inference and formal model comparison. We view such para-
metric approaches as complementary to, but distinct from,
the non-parametric and geometric perspective adopted in
this work.

More broadly, our results suggest that the limiting “close-
to-orthogonal” geometry of high-dimensional data, as char-
acterised in Proposition 2.2, represents only one possible
asymptotic regime. Theorem 3.1 and Proposition 3.2 instead
imply a wide range of alternative geometric behaviours,
governed by the effective dimension peg. The ‘thin-shell’
concentration phenomena and near-orthogonality of high-
dimensional data have entered into machine learning folk-
lore and are often relied upon when arguing that learning
methods suffer from the curse of dimensionality (e.g., Hastie
et al. (2009)). The framework developed here provides a set-
ting in which such arguments may be revisited, and in which
meaningful latent geometric structure can persist even when
p > n is not satisfied.
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Appendices
A. Related Work

Curse versus blessing of dimension. The phrase “curse of dimensionality” is often used to convey the general idea that a
large number of features, p, can be statistically or computationally problematic for a variety of learning methods. Amongst
several manifestations of this issue, Hastie et al. (2009, Sec 2.5) highlight that n i.i.d. samples from the uniform distribution
on the mean-zero p-dimensional unit ball tend to all like close to its surface as p — oo grows. Refined analysis of this
phenomenon is developed in Cai et al. (2013). Our work contrasts with this perspective: in the setting of the random function
model we introduce, p.g — oo leads to the emergence of latent topology and manifold structure in data, arguably more of
a blessing of dimensionality (Kainen', 1997; Donoho, 2000). See Lawrence (2011, Sec. 2.1) for a discussion of similar
considerations in the context of dimension reduction techniques.

The Manifold Hypothesis. The manifold hypothesis asserts that nominally high-dimensional data from the real world are
concentrated on or near a low-dimensional set embedding in high-dimensional space (Cayton, 2005), Bengio et al. (2013);
Fefferman et al. (2016). This phenomenon is the motivation for intrinsic dimension estimation methods, e.g., (Kégl, 2002;
Levina & Bickel, 2004;?; Hein & Audibert, 2005; Carter et al., 2009; Little, 2011) and wide range of nonlinear dimension
reduction techniques, including: Tenenbaum et al. (2000); Van der Maaten & Hinton (2008); Mclnnes et al. (2018).

Whiteley et al. (2026) proposed a generic form of latent variable model to explain manifold structure in data. The random
function model considered in the present paper is a variation on the model of Whiteley et al. (2026), with the following
differences:

* In the present paper we parameterise our model in terms of the covariance matrices 3(-) and mean vectors (+), and it is
this parameterization which enables us to explain the role of the effective dimensions pig Whiteley et al. (2026) did not
consider this parameterization or the notion of effective dimension.

* Connected with this parameterization, the kernel function we consider (4) differs from that of Whiteley et al. (2026) in
how it is normalised.

» Whiteley et al. (2026) studied the statistical properties of the PCA embedding of data from their model, under assumptions
including: 1) finite rank (r < 00), ii) independence across features, iii) uniformly bounded fourth moments, and iv) latent
variables z; being random, and iid. By contrast our Theorem 3.1 and Proposition 3.2 address not the PCA embedding
for rather dot-products between data vectors, we make no assumption about r being finite, we assume sub-Gaussianity,
and do not make any statistical assumptions about the z;. In this sense the assumptions of the present work are in some
ways more general (we do not require independence) but in other ways stronger and leading to more refined results (we
require sub-Gaussianity, and that leads to our /log n/peg convergence rates.)

Whiteley et al. (2026) explained homeomorphic (as per Lemma 3.3) and isometric properties of kernel feature maps,
including giving sufficient conditions on the kernel function for isometry to hold, building on older work, Whiteley et al.
(2021).

Motivated by hierarchical clustering Gray et al. (2023) studied asymptotic behaviour of dot-products between data vectors
as a function of n and p under a tree structured model. They assumed mixing across dimensions and a polynomial moment
condition. The convergence rates they obtain are slower than those we obtain, reflecting our sub-Gaussian assumptions. The
notion of effective dimension does not appear in Gray et al. (2023).

The Hanson-Wright inequality. The Hanson-Wright (HW) inequality is a concentration inequality for quadratic forms
X " AX, where X is a vector of independent, sub-Gaussian random variables. A version of this theorem was first published
in (Hanson & Wright, 1971; Wright, 1973). The result has been revisited under various sets of assumptions surveyed by
Rudelson & Vershynin (2013, Rem. 1.2), who presented their own proof using tools from high-dimensional probability. Our
GHW inequality concerns concentration of X " AX’, where the random vectors X = (X1,..., X,)and X' = (X7,..., X,)
are such that the pairs (X;, X j’) are independent across 7 = 1, ..., p. Our proof follows the strategy of Rudelson & Vershynin
(2013, Thm 1.1) very closely and our inequality reduces to exactly their result when X = X’. At a technical level, the
generality achieved in our proof is therefore modest, but in terms of interpretation and applicability, our result presents a
substantial step forward because it opens the door to understanding the concentration behaviour of dot products among point
clouds using the GHW inequality.
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HDLSS asymptotics. The theory of high-dimension, low sample size (HDLSS) asymptotics Hall et al. (2005); Ahn et al.
(2007); Shen et al. (2016); Aoshima et al. (2018) has made a transformative impact on our understanding and intuition for
how random vectors behave in high-dimensions. The earliest of these works treated the case where n is fixed and p — oo,
whilst noting that the case p/n? — oo could be treated in a similar fashion. This reflects the 4-th moment conditions
assumed in Hall et al. (2005), which is considerably weaker than sub-Gaussianity. The significance of the regime p/n? — oo
can be illustrated as follows.

Let X = (Xj,..., X,) be a zero-mean random vector with i.i.d elements satisfying E[|X;|?] = 1 and E[| X;|*] < oo, and
let X’ be an independent copy of X. Then E[||X||?] = p and E[X - X’] = 0. Noting that || X||> — p and X - X’ are both
sums of independent, mean-zero random variables, Chebychev’s inequality implies:

2 X! 4
max{P(‘lX—1’>5>,P<’X X >5)}§]E[|)2(1H.
p p 6%p

Via a union bound, it follows that if X, ..., X,, are independent copies of X, then
max |2X; - X; — 1[i j]‘60<n>

X |[—Ag - i — L1 = =

ijelnl | p ! W

for p growing as n — oo, cf. Proposition 2.2. The sub-Gaussian setting of Proposition 2.2 is far stronger than the finite
fourth moment condition invoked above. The price to pay for the finite fourth moment condition is the slower n/,/p
convergence rate.

Under sub-Gaussian assumptions, when does p > n really matter? The convergence rates we obtain in the present
paper are closely tied to the combination of our sub-Gaussian assumptions and the max; ;c[,) appearing in Proposition
2.2 and Theorem 3.1. Let use define the matrix Y = [Yq|---[Y,]T € R"™". Assuming for ease of exposition that
E[|Y;]|?] = p and, our results about dot products Y; - Y; as in Proposition 2.2 and Theorem 3.1 can be re-written as
controlling p™1[[YY " — E[YY "]||max, where for a matrix A = (A;;), || Al|max = max;; |A;].

Under sub-Gaussian assumptions, other matrix norms of YY" —E[YY "] can scale differently with n and p, notably the
spectral norm. For example, with Y ; denoting the jth column of Y so that p~!YY T =p~! P Y, Y/, if the vectors
Y are i.i.d. and uniformly bounded as ||'Y||> < const. - n, then by Tropp et al. (2015, Sec 1.6.3.), p ~ n log n is sufficient
to control the relative error E[||[YY T — E[YY "]|]]/|[E[YY T]|, and this condition is, in the words of Tropp et al. (2015,
Sec 1.6.3.), “qualitatively sharp for worst case distributions”.

We note that the condition “p > n” is also famously associated with sparse regression problems in which the number of
available covariates, p, is much larger than the number of samples, n, as can be approached using the Lasso (Tibshirani, 1996)
and similar techniques. Those sparse regression problems seem not to be closely related to the geometric considerations in
the present work.

B. Empirical degradation outside the sub-Gaussian regime

In the main text, our concentration inequalities (e.g. Proposition 2.2) rely on the assumption that the noise variables are
sub-Gaussian. As noted in Section 7, relaxing this assumption to sub-exponential or polynomial moment conditions would
result in slower convergence rates.

To empirically illustrate this degradation, for a range of distributions with varying tail heaviness, we evaluate max; oY)

as the sample size n increases, with a fixed ambient dimension p = 100. To ensure a fair comparison, all data generating
distributions are standardised to have zero mean and identity covariance. We evaluate four distributions, representing a range
of tail behaviours:

1. Gaussian: A standard sub-Gaussian baseline.
2. Laplace: A sub-exponential distribution.
3. Student’s ¢ (df=5): A heavy-tailed distribution with a finite fourth moment.

4. Student’s t (df=3): A heavy-tailed distribution with an infinite fourth moment.
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We vary n logarithmically from n = 10 to n ~ 3000 and record the maximum inner product across all pairs. The reported
values for each n are averaged over 10 independent trials, and are shown in Figure 5. As expected, the sub-Gaussian
distribution exhibits slow growth, whereas the heavier tails grow faster. For the Student’s ¢-distribution with df=3, the
maximum inner product diverges rapidly.

Degradation of Inner Product Concentration (p = 100)

—o— Gaussian (Sub-Gaussian)

—¥— Laplace (Sub-Exponential)

10* 1 Student's t (df=5, Finite 4th Moment)
—&— Student's t (df=3, Infinite 4th Moment)

Yy,
I |

max|
i

100

10! 10?2 10
Sample Size (n)

. Y;-Y; . . T . . .
Figure 5. max;+; l ”p il for n independent samples in R'?. All distributions are scaled to have mean-zero and identity-covariance.

Sub-Gaussian (blue) and sub-exponential (green) distributions grow very slowly with n. Relaxing to a finite fourth moment (orange,
Student’s ¢ df=5) results in slightly faster growth, and distributions with an infinite fourth moment (red, Student’s ¢ df=3) diverge rapidly.

C. Proofs and supporting results for Section 2

The sub-exponential norm of a random variable X is:

I1X ||y, = sup g~ 'E[| X[)"/9.
q>1

Proof of Theorem 2.1. The proof follows the arguments of Rudelson & Vershynin (2013, Proof of thm 1.1) very closely. As
they did, by replacing X with X /K we can assume without loss of generality that K’ = 1.

Our first objective is to estimate
=P(XTAX' - E[XTAX'] > ).

Let A = (a;;)? _j=1- The independence assumption of the theorem implies that X; and X ]’ are independent for i # j. Using
this together with the zero-mean assumption of the theorem,

XTAX' ~E[XTAX'] Za”XX Za” (X, X]]
- Z ai (XX —EX;X]]) + > ai; X; X).
i#]
The problem is split up into estimating deviation probabilities associated with the diagonal and off-diagonal sums:
i i#]

14
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Note that X; X/ —E[X; X]] are independent, mean-zero, sub-exponential random variables, indeed for ¢ > 1, by Minkowski’s,
Jensen’s and the Cauchy-Schwartz inequalities,

1 1
E[|X.X! - EIX.X]"]"/? < E [|X.X/]"]"/" + [ELX.X])
1/2 1/2q
< 2B [1,X/|)" < 2B 1] B {10

and hence

By a Bernstein-type inequality Vershynin (2010, Prop 5.16),

m < exp [ cmin{ #* ¢ }}
1S - TATO T AT .
[A[R A

It remains to consider the term:

S = ZamXin'
i#£j
For A > 0 we have
o =P (S > t/2) < exp(—At/2)E [exp(AS)].

Let 61, ..., 0, be independent {0, 1}-valued random variables with E[d;] = 1/2. Then
S = 4E5[55]7 where S§ = 251(1 — §j)ainiX]’-7
0,J
and where E; denotes expectation with respect the distribution of § = (41, ..., d,). By Jensen’s inequality,
E [exp(AS)] < E [exp(4ASs)] .

With As == {i € [p] : 6; = 1}, we have

Ss= Y X] <Z a,-in> :

JEAS i€As

Conditional on § and (X;);ea;, Ss is a linear combination of mean-zero, sub-Gaussian random variables X j’ j € A§, with
associated coefficients > ai; X;. It follows that the conditional distribution of S5 is sub-Gaussian with (conditional)

sub-Gaussian norm: 5
1S5l < Cos. = 3 (z%xi) ,

jeAs \ieAs

i€Ns

for some constant C' > 0.
Noting that o3 is a function of X but not of X', the remaining steps in the proof follow the same arguments as in Rudelson
& Vershynin (2013, Proof of thm 1.1), so the details are omitted. ]

Proof of Proposition 2.2. Under the assumptions of the proposition we have E[||Y;||?] = tr2 and E[Y; - Y;] = 0 for
i # j, hence

Y- Y; .
mij(t) =P (‘ .~ s —1i ZJ]‘ > t) =P (|X/ =X, - E[X/ =X;]| > t- 1%).

Applying Theorem 2.1 gives

2(trx)? t-tr3 H ’

(1) < 2exp | —cmi ,
mii(t) < exp{ len{K4tr(22) i

15
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and by a union bound

Y. Y,
P L —Ii=j]| >t
(tn [Fi e >+)

< Y mu()

i,5€[n]

< 22 ex [—cmin{ tz(trE)Q L tr> H
= P Ki(2?) K23

2(trE)?  t-trs
=9 —cmi 21 . 9
exp [ len{K4tr(22)7 K23 + 2logn )

Let M > 0 be a constant whose value will be chosen later. Applying (9) with¢ = 4/ logn py,

Deff

Y'Y . logn
P | max L 1fi = > M
(m‘e[n] tr3 | j]’ Peff )
<2e c(logn) M min MEx)? 3] oS 1 +2logn (10)
xXp | — — .
= 2exp 81 2 Ke(x?) us’ \ 3] Viogn &
We have:
(r2)? =] _ (1X) _ M
5 = —— 1%l = =1,
tr(X4) tr¥ (327 PIPY:

where A\; > Ay > - - are the eigenvalues of 3. Using the assumption that tr(X)/||3|| € Q(logn), there exists ¢o > 0 and
ng > 1 such that for n > ny,

try 1 >
= >
%] viog n

Hence for n > ny,

n M@E)2[3] [os 1 > min{M c } (11)
Ktr(2?) 1327\ |2 Iogn | — i

K
Now fix any € > 0. By choosing M large enough that M /K > ¢y, using (11), and then, increasing M if necessary. we can
achieve:

M M
2 exp [c(log no)ﬁ min {K’ co} + 2log no]

M
< 2exp {— log ng <K2000 — 2>}

<e.

Combining this inequality with (10) and (11), we have for any n > ng,

P | max
i,5€[n]

which completes the proof. O

Y, Y;
tr3

1
—I[i:j}‘ > Og”M) <e,
Deft

D. Proofs and supporting results for Section 3

Throughout the proofs in this section we will repeatedly use the fact that the square root of a symmetric, positive semidefinite
matrix A is a symmetric, positive semidefinite matrix B such that BB = BB' = A.

16
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From the definition of Y; in Section 3 and A2, we have that
E[[[Yi]?] = tr(2(z:)) + le(z)[|> + po®,

and
E[Y;-Y,] = E[Y"(z) - Y™ (2;)] + 1]i = j]po>.

Let us define
Cij = E[[Y:l1*]*E(Y,*)"/2
= (ir(2(2)) + )l +p0%)" (2(S(z)) + ()| +po®) 2
and £;; = 2(2;)/2%(2;)'/? (N.B., for each 4, j, 3;; is a matrix).

We use the following lemmas D.1-D.5 in our proof of Theorem 3.1. These lemmas make rely on the same assumptions as
Theorem 3.1, but to avoid repetition we do not explicitly refer to these assumptions in the statements of the lemmas.

In the statements and proofs of lemmas D.1-D.5, M > 0 is an arbitrarily chosen constant and

logn
min (pég)
i€[n]

Lemma D.1. There exists c¢1,co > 0 and ng such that for n > ny,

foralli,j € [n].

Proof. We can bound the probability above using Theorem 2.1 with A = X;;, noting 3(z;)/2, £(z;)'/? are symmetric
matrices, and using the cyclicity of trace, || Zi;[|F = tr(2;2i;) = tr[2(z;)2(z;)]. to get

P <|X(zi)T2in(Zj) — E[X(2:) "%, X(2)]] > ;Cij>

<2 i £ 0C%s 12
= 2O | TN TS GG K2 ) (12

Then, focusing on the first term inside the minimum in (12), we use C;; > tr(2(z;))/2tr(2(2;)) /2, tr[2(2:)B(2;)] <
[tr(2(z;)?)tr(2(z5)?)] '/2 and the following bound on ,

logn _ [logn||5(z)||M/2]| () ||/
A )" ‘\/ tr (B 22T o
eff Peft
to obtain:
P05 (ogm)M? 8|2 ()| 2tr(S(20)) 2 tr(B(z;) 2
Kir[2(z)2(z)] = K? tr[3(2) 5 (25)]
e 00 (0] (£09)
= 4 i2 2
A (ma) (2”)
(logn)M?
ET’ (14)

17
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where ()\,(€ ))k>1 and ()\ )) x>1 are the eigenvalues of 33(z;) and 3(z;) respectively.

Now, for the second term inside the minimum in (12), using that
Cij > tr((2:))2tr(2(z))? > te(Byy)

2 (2:)[1M2)|2(2;)[|11/? > || =45 and the bound on ¢ in (13), we get

)

(Cy (B () M 1ognuz =) [V 2S(z,) 2
K=, = K Hz”n DS (=) 2

\/logn N/ 2tr(B(z4))1/2
||2 zi) ||1/2||§3(ZJ)||1/2 '

15)

Putting together (14) and (15), we have

. t*C3 tCi;
fin K4%r[2(z )E(Zj)]7 K2(13 |

M
> (logn) el min

M () 20e(B(z) 2 1
K27\ 122122 Viogn |

Using the assumption that min; e, tr(2(2;))/||2(2:) || € Q(logn), there exists co > 0 and ng such that for n > ny,

tr(2(z)) 1/ 2tr(B(z)) /2 1 .,
= €2.
IZEOI2IZB(=)I2 - Viogn

Hence, for n > ng,

. t2C%, tCy; . )M (M
min — NN § —=
K4tr(22) Kz, [ = " R2 K22

and substituting this into (12) the result of the lemma follows. O
Lemma D.2. There exists cs > 0 and ny such that for n > ny

P |w(z:) "2 (z) X (2) >Ecij < 2exp —CS%Q(IOgn) :
( > o) =2 (55

foralli,j € [n].

Proof. Since pu(2;) T 3(2;)'/2X(2;) is the sum of independent centered sub-gaussian random variables, its squared sub-
gaussian norm is bounded

(20) T2 () 2K ()17, < K2 lmz:) T2 (2) 2115 = K2 () T S(z5) p(z:).-

Therefore we can use a Hoeffding-type inequality for sub-gaussian random variables (see e.g. Vershynin (2010, Prop. 5.10)
or Vershynin (2018, Thm 2.6.3)) to get

TS (2K ()] > L0 ) < 2exp [ LG
P (|02 x| > g0 ) <2 p( K?u(z»Tz(zj)u(zi))‘ (10

Now, we use following lower bound on C’fj,

C 2 tr(B(z)) (=013,

18
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together with
:mezwwwmwmwM
(2 (2:)) 2r(S(z)) /2
to get
¢ o2 SEGI IS ) M 2r()) () I3
AETSCmt - M <<%»P” T
Man 2 e O IERTMIED]
= (logn)M? e
(tr > ||2 z] H ) T, <u(zj),U,§’>> N
o2 (BN ()
””)M(mmmﬂ (mw>>’

where U,gi) is the eigenvector of X(z;) associated with eigenvalue )\S). Therefore, using the assumption that
min;ep, tr(X(2:)) /]| 2(2:)[| € Q(logn), there exists c3 > 0 and n; such that for n > ny,

t*C3;
p(zi) T2 (z5)m(z:)
Substituting this into (16), gives the result. O

> c3M?(logn).

Lemma D.3. There exists c4, cs > 0 and ng such that for n > no
t M M
P <‘JE;—E(ZJ.)1/2X(Z]-)‘ > SC”) < 2exp <—(logn)C;(2 min {[(2,04}>
foralli,j € [n].

Proof. First, we bound the above probability using Theorem 2.1 with A = 03(z )1/ 2 to get

t
P (‘O’E;FE(ZJ)I/QX(Z])’ > 802])

<y ~ , t2ci2j tCyj (17)
= SO\ TN 2RI (5)] o K2[2(2) 2 [ )

Now, focusing on the first term inside the minimum, we use that C; > po®tr[3(z;)] and t > M/ (logn)/p to get

t*C3; M?logn
> .
o?K4tr[X(z;)] = K4

Focusing now on the second term inside the minimum in (17), and using that C;; > p'/?otr[2(z;)]*/? and t >
(logn)/p we get
tCij < M(\/logn)tr[(ﬁ(zj)]1/2
o K2||3(z)Y2|| ~ K2(|2(2)12||

Therefore, we have that

in t2C3 tCi; M(10 n)mm{M tr[(B(z)]V2 1 }
o2 K4r[2(z))] " o K2(|25(z) /2| ¢ K27 [2(2) 2| viogn J

and using the assumption that min, ¢, tr(2(2;))/[|2(2;)|| € Q(log n), there exists c4 > 0 and ny such that for n > no,

{SE) 1
=G 720 Viogn

19
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Hence, for n > no,

min el tC% > (logn) M min M c
o2 K4%r[3(z))]) o K2||2(2)Y2|| | — e K27
Substituting this into (17) gives the result. O

Lemma D4. Foralli,j € [n]:

¢ M?
P <|JEZT;I,(Z]')| > SCij) < 2exp <06K2 logn) .

Proof. Using that [|0E; u(z5)]|Z, < 0®K?||ps(z;)[13, we can bound the above probability using a Hoeffding-type equality
for sub-gaussian random variables to get

t t2C2,
P <|JEZT;L(,ZJ-)| > Cij> < 2exp —% .
8 o2 K2 u(z) |3

Then, using that C7; > po®||p(z;)|5 and > > M?(logn)/p, we get

t M?
P (’UE;FI,L(Z]‘)’ > 80117‘) < 2exp (—C(}{z logn) :

Lemma D.5. There exists c7,cg > 0 and ng such that forn > ng
t C7M . M
P (’UQ(Ei -E; —E[E; - Ejm > 8Cij> < 2exp <—(logn)K2 min {K2,08}>
foralli,j € [n].

Proof. First, we bound the above probability using Theorem 2.1 with A = 521, to get

t . t?CE tCy;
P <|02(Ei -E; —E[E; - E]])‘ > 8Cij> < 2exp (—07 min {04K4Jp’ JQKJQ .

Then we use that C;; > o?pand t > M+/(logn)/p to get

t2C%2 O, M M 1/2
min = b > ——(logn)min<{ — P .
oiK4p' 02K?2 [ = K? K2’ \/logn

Finally, using that p > min;e[, pég € Q(logn), it follows that there exists cg > 0 and ng such that for n > ns,
\/p/logn > cs. Therefore, we get that for n > ng,

t oM [ M
P <|0‘2(Ei -E; —E[E; - Ej])| > 8Cij> < 2exp (;@(logn) min {K2,08}> .

Proof of Theorem 3.1. Define

Y,-Y; E[Y;-Y,]
mij(t) =P 211/2 : 211/2 211/2 S 211/2
B[ (] 2E[1Y;17] B[] 2E[)1Y;1%]

>1).
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Using our definition of C;;, we can rewrite this as
mi(t) =P (Y, - Y; —E[Y; - Yj][ > tCy) .

We can then decompose Y; - Y; — E[Y; - Y] in the following way:

Y, -Y; —E[Y, Y]

= X(z) ' Z5;X(2)) — B[X(2:) " 2i; X ()]

+ M(Zi)TE(Zj)l/QX(Zj) + N(Zj)TE(Zi)l/QX(Zi)

+0E] B(2))'/*X (%) + oB] 3(2:)'/*X ()

+ 0B p(z) + oE] p(zi)

Using this decomposition, and a union bound to produce the result in terms of the maximum difference over all 4, j € [n],
we get

Tmax = P | max |Y;-Y,; —E[Y; - Y;]| > tCy; 75 (
(o Yo Yl > 165) < S,

P ({X(zi)Tzin(zj) ~E[X(2) 2, X(2)]| > ;C,-j) (18)

5>
ij

+P (‘u(zi)Tz(zj)l/QX(zj) > é%) +P (‘u(zj)TE(zi)l/QX(zi) > ;Oi]) (19)
+P (‘anz(zj)l/QX(zj)‘ > ;cij) +P (‘anTz(zi)l/QX(zi) > ;oij) (20)
+P <|anu(zj)y > gcij) +P (yaE}u(zm > ;Cij) @1)
+P (W(Ei -E; — E[E; - Ej])| > ;Cij) (22)
Next we use lemmas D.1-D.5 to bound the terms in expressions (18)-(22), respectively. Letting ¢ > c¢1,...,cs and

n4 > Ng,...,Ns, we get that for n > ny:

2
Tmax < Z {8exp ((logn)}% min {%,c}) + 8exp ( Clj\é (log n))]

j

M M M?
:8exp( (logn)fK mln{m,c}—kﬂogn) +8exp( CK2 (logn)—|—210gn).

Now fix any € > 0. By choosing M large enough so that > ¢, and then increasing M if necessary, we can achieve
2M M2
Tmax < 8e€xp <—logn<CK2 —2>)+86Xp (—logn<6K2—2)> <e
and the result of the theorem follows. O

Proof of Proposition 3.2. We have
E[Y: Y] = é(z) - 6(2) +po’li = j],
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hence
p p
_ ‘ Yi Y _ E[Y;- Y] E[IY:|*]2E( Y, 1%
B[ |21 2E(IY51212 EBIY (2] 2ElY 2]/ p
Y- Y; E[Y; Y] 1
< — d —max El[||Y;
< e Rt e - BT e
where )
1 (7 ;
*HlaX]E[HY ” ] = max tr[3(2)] + [lp(20) |l 102
D i€[n] i€[n] p
The first claim of the proposition then follows from Theorem 3.1.
For the second claim of the proposition, note that for i # 7,
CosSim(¢(zi), ¢(25))
i ()
¢ (2i) - 9(2)) E[Y - Y]

~ (oGP +po>) 2 (lo(z) 7 + po®) 72— E[IYIPIZE[[Y, 2]/

logn
€ Op ( g()> . 23)
milie[n] Pofy

The only differences between this and the result of Theorem 3.1 is that here we only need to consider the maximum over
i # j, and the normalisation by ||'Y,||||Y ;|| of the first term within the absolute value in (23).

So we need to prove that

Y- Y, E[Y;- Y]]
it | TS~ EQNYPIV2E]Y; 272

Consider the decomposition:

Y'Y, E[Y; - Y;]
I BN ]P]2EY 2]
B Y- Y; B ElY; - Y] (24)
B[ (21 2RIY; 12102 EBINY (2] 2R ]2/
1 1
1YY, [ - } . (25)
TLNGIINYGIE BNl 2EY 2]/
Theorem 3.1 implies that the maximum over ¢ # j of the term in (24) is in Op ( _log”p(i)>.
min;e(n] Pegt
Consider the term in (25). Using the triangle inequality, Cauchy-Schwarz, and triangle inequality again, we have:
1 1
v |
‘ YY1 EINYGP12E([Y, 772
Y (Yj ~ Y; >+ Y; (Yi B Y, )‘
Il NI EBORYGIR1Y2 ) BINYGIR2 Yl B[R]
1 1Y 1
< 1%l g T ¢ eH) . -
PHINYGI BORYGIRPZ | B[P il ElY)2) 2
Y] ’ 1Y H Y| ‘ ’ 1Y ‘
<o — 1|+ —~ — 1|+ | — (26)
[ %)M/ E[|[Y[2]*/2 E[|[Y;|]2]'/2 B[22
Theorem 3.1 implies
2 1
max LG M PR L"() 27)
E[[Y[?] min; pC)
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i.e., for any € > 0 there exists M and ng such that for any n > ng,

il ‘ logn )
[P’(max—l >M,——— | <e
< 121172 RO
ETYA [ mins 20
Now for any a > 0, (a + 1)|a — 1| = |a® — 1], i.e. |a — 1| < |a® — 1], hence
Rl ’ logn hals ’ log n
max|——————1>M, ——— = max|——Fr—= —1|>M,| ———,
i B[22 minipig o | E[Y]?) minipg)
so (27) implies:
Y| logn
max |————— — 1| € Op — .
o B[Y]2) 2 min; p{j}
Thus, via (26), the maximum over ¢ # j of the term in (25) is in Op log e ) . We have thus shown that (23) holds as
min; pege

required, and that completes the proof of the second claim of the proposition.

Proof of Lemma 3.3. We have:
E[| Y™ (2) = YM()|I”] = E[ Y™ (2)]I%] + E[IY™(2")|”] - 2E[Y"(2) - Y"(2)]
= o)1 + llo(="lI* — 26(2) - ¢(2")
= [lé(2) = (")]*.

Therefore assumption A3 is equivalent to continuity of ¢, and AS implies ¢ is invertible on its image M. A result in the
theory of metric spaces [Prop. 13.26](Sutherland, 2009), states that any continuous invertible mapping on a compact domain
has an continuous inverse. Therefore the inverse of ¢ is continuous. O

E. Supporting material for Section 4
E.1. Bounding the bottleneck distance

First let us collect the following definitions and results from Chazal et al. (2013, Section 2.1):

1. The Hausdorff distance between two compact subsets C; and C of a metric space is

du(C1, Cs) = max{ sup d(z,Cs), sup d(z,C1)},
zeCy zeCy

where the distance d(z, C') to a compact subset C' is the minimum over all y € C of d(z, y).
2. Two compact metric spaces are said to be isometric if there exists a bijection between them that preserves distances.

3. The Gromov-Hausdorff distance dgu (M, M') between two compact metric spaces M and M’ is the infimum of the
real numbers r > 0 such that there exists a metric space with compact subspaces C; and Cy which are isometric to M
and M’ respectively and such that dy(C7, Cs) < r. If M and M’ are compact subsets of the same metric space, then
deu(M, M") < dy(M, M’).

4. Let Filt(M) denote either the Rips, Cech, or Alpha filtration of M, dgm(Filt(M)) the associated persistent diagram
(simply writing dgm(M) for brevity in the main document), and dj, the bottleneck distance between persistence
diagrams. Then, for two compact metric spaces M, M’,

dy, (dgm(Filt(M)), dgm(Filt(M"))) < 2dgu(M, M').
Applying the above,

db (dgm(Fﬂt(yn)), dgm(Fllt(./\/l))) 2dGH(J}n, M) < Q(dGH(yn, Mn) + dGH(Mn, M))

<
< 2(dGH(yn>Mn) + dH<Mn>M))
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E.2. Bound on the Gromov-Hausdorff distance

Here, we prove that

1
Aeu(p™ Y, p P My,) < max — Y- Y, — 6(z:) - ¢(2;)] -
i.j€[n) p
Let W, := ¢(z;). Then,

Y = Y7 = [Wi — Wy
=Y Yi = Wi - W) + (Y- Y; =W, - W) —2(Y; - Y — W, - W)
< 4e.

where € = max; je(n) | Yi- Y; — W; - W

Applying e.g. Whiteley et al. (2021, Lemma 6), we have ||a| — |b]| < |a? — b?|'/2 for any a, b € R, therefore,
1Y = Y5 = Wi = W[ < Ve, (28)

forall i, j € [n].

Now, let us recall some definitions and results from Ivanov et al. (2016):

1. A correspondence between two metric spaces (M, d) and (M’,d’) is a subset R C M x M’ such that the canonical
projections 7y : (x,y) — z and my : (x,y) — y for (x,y) € R are surjective, and the set of all correspondences is
denoted R(M, M").

2. The distortion of a correspondence is
dis(R) = sup {|d(z,2") — d'(y,y/')| : (z,y), (¢, y') € R},
3. The Gromov-Hausdorff distance dgy(M, M) quantifies the ‘best correspondence’ (Ivanov et al., 2016, Theorem 1.1),
dega(M, M") = %inf{dis(R) :Re R(M, M)}
The set Rp = {(Y1,W1),...,(Y,, W)} is a correspondence between ), and M,,, therefore,
don(Vn, M) = %inf{dis(R) LR e R, M) < %dis(RO) < %JZ — Ve
where the penultimate inequality uses (28). Therefore,

€

_ _ 1
d%H(p 1/2yn7p 1/2Mn) = Edé]{(ynuMn) <

SRR

1 1
- SIY Y = b(z) - 6(z)] < —|Yi Y, = 6(2:) - d(z) — o°1[i = j]| + 0
22 p ¥ 00000 < ¥ X = 0 0leg) = o7l =] 4o

as claimed at the end of Section 4.

F. TDA and manifold learning using normalised data Y, /|| Y|

In connection with the second part of Proposition 3.2, we can consider TDA and manifold learning based on the ‘self-
normalised’ data,

Yo ={Y:/IYil;i € [nl}
Mo = {¢(zi)/ll¢(zi)ll; € [n]},
M= {¢(2)/l16(2)]; 2 € 2}
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A practical advantage of this ‘self-normalised’ setting is that we do not need to decide on a specific rescaling factor such as
p in the first part of Proposition 3.2.

We can consider the question of how M relates to Z, analogously to Lemma 3.3 but under the following assumption instead

of AS.
2
] -0,

Lemma F.1. Under A3, A4 and A6, z — ¢(2)/||¢(2)|| is @ homeomorphism between Z and M.

A6. If z # 2/, then:
Ynf(z) Ynf(zl)

* HJE[IIY“f(z)IIQW2 E[[Y=f(z")[I2]'/2

Proof. Using (5),

2

L 626

e MgC=N]
_1_ E[Y™(2) - Y (2')]
E[[Y ()21 2E[|Y = ()22

1 Yi(2) YOe ()
R U)E[

1H ¢(z) o)
2ol Mozl

()22 B (2) 12112

2]
The claim of the lemma then follows by the same arguments as in the proof Lemma 3.3. O

Lemma F.I motivates the application of TDA to Y, to discover the structure of Z. Following the same line of investigation
as in Section E.2, in order to bound d%y(Y,,, M,,) we can follow similar arguments as above subject to some small changes:
let Wi == ¢(zi)/[|¢(z)]|, so [Wif| = 1, and

2
— Wi — W, |?

H Y, Y;
Yl 1Yl

Y; Y; Y; Y; Y; Y,
= I.L_Wi.wi) + (J.J_W..W) _2(l']—Wi'W‘)‘
‘(IIYZ-II Y] [T/ #1 A Yl I ’

Y; Y;
=0+0+2’ L W, W,
Yl Y5 ’
< Ze,
where € := max;;c[n] H%H . ”%” - W, Wj‘ . Following through the same steps as in Section E.2 then gives:

dgy(Vn, M) < max

Y Y, 6(z)-6(z) ‘
YT TGN

Applying the triangle inequality and adopting the notation of the second part of Proposition 3.2 we therefore have:

déH(ymmn) < max

b
iF£]

CosSi i)y j
COSSIm(Y“YJ) _ 0S |m(¢(z ) (b(’z])) ’ + 1 -
7i5(0) maxiz; ¥ij (o)
where Cauchy-Schwarz and +;;(c) > 1 have been used. The first max;»; term on the Lh.s. of the above inequality is
controlled by Proposition 3.2, where as the second term goes to zero as o — 0.
The task of looking for evidence of isometry of the mapping z +— ¢(z)/||¢(2)|| can be conducted as in Section 5, simply
replacing Y; there by Y, /|Y;||; thus comparing shortest path-lengths in ),, to those in Z,,.
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G. Further discussion of the toy example

Recall in the toy example:
2 2
B(2) = p'/? | 21, = sin(n22/2), = cos(w22/2)| ,
m T
with z = (21, 22) € {(21,22) : 2} + 22} C R% We have:
1 ’ ’ 4 . / 4 !
—p(z) - #(2") = 2121 + —; sin(z27/2) sin(257/2) + —; cos(22m/2) cos(257/2).
p ™ us
_ / 4 o / 2
=221 + = cos|(ze — z5)m/2].
It can be shown that isometry holds, indeed by direct calculation:
_ ) 1=,
. 0, @#J,
which according to (Whiteley et al., 2021, Thm. 1) is a sufficient condition for isometry (the above expression for the partial

derivatives means the matrix denoted by H,,, in (Whiteley et al., 2021, Thm. 1) is proportional to the identity matrix for all

t).
The visualisation in Figure 1 was produced as follows. Write Y := [Y]---|Y,]T and consider the SVD:

aziaz;-

Y =U;3S;V] +U,S, V],

where S3 is the 3x3 diagonal matrix with diagonal elements which are the three largest singular values, and the columns of
Us; € R™*3, V3 € RP*3 are associated left/right singular vectors.

Subplots (a), (b), (c) in Figure 1 show for respective values of p, the rows of U3S3 as a point-cloud in R3, rotated to align
with (d) (this alignment accounts for the fact that singular vectors are only mathematically defined up to sign, so the sign
obtained when computing the SVD in practice is arbitrary).

H. Supplementary Grid-cell Experiments
H.1. Context

In this section, we will expand on the details necessary to reproduce the results in Section 6.3. Gardner et al. (2022) collected
data over multiple days, from three different rats, covering various modules (groups of grid cells) within each rat’s brain. In
all of our experiments, we focus on a single dataset: {rat ‘R’, module 2, day 1}, although this choice is arbitrary.

In order to visualise the toroidal structure in the data, as in Figure 3(a), we follow the approach of Gardner et al. (2022):
perform PCA on the data into six dimensions, followed by UMAP (Mclnnes et al., 2018) into three dimensions, and
colour points by the first PC. We follow this procedure for n = 15,000 points, which were selected by retaining the
15,000 most active points, as measured by the mean firing rate in each time bin. The hyperparameters used for UMAP
were: ‘n_components’=3, ‘n_neighbors’=2000, ‘min_dist’=0.8, ‘metric’=‘cosine’ and ‘init’=‘spectral’. Running the UMAP
algorithm on 15,000 points had the longest running time of any of our experiments, taking 3 minutes 32 seconds. This was
run on a Linux-based Dell Latitude laptop equipped with an 11th Gen Intel Core i7-1185G7 CPU (4 cores, 8 threads) and
15GiB of RAM, using Python v3.11.

We also replicate the persistent homology analysis in Gardner et al. (2022), using the ripser Python package. Since
computing the persistent homology of a set of points is computationally expensive and sensitive to outliers, it is common to
downsample and dimension-reduce the data beforehand. Following the approach used for the torus visualisation, we begin
by selecting the same 15,000 data points and apply PCA into six dimensions. The choice of six dimensions is explored in
detail in Gardner et al. (2022), where they show that the first 6 dimensions retain a large proportion of the variance in the
data. Using the authors’ code (Gardner et al., 2021a), we then downsample 800 points from the PCA embedding using a
density-based method informed by the fuzzy topological representation used internally by UMAP. Finally, a distance matrix
is produced from this reduced point cloud, which can be passed to ripser. Further details of this procedure can be found
in Gardner et al. (2022). The output of ripser can easily be plotted as a persistence diagram, as in Figure 3(c). We note
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that for purposes of visualisation, it was necessary to slightly shift one of the points in persistence diagram corresponding to
on of the 1-dimensional holes in order to visually distinguish it from the other, as their birth and death times were close to
identical. We also note that Gardner et al. (2022) reported bar-code diagrams, rather than persistence diagrams, but these
convey the same information; we show a persistence diagram to connect more directly with Section 4.

To produce plots (b) and (d) in Figure 3, we applied the cohomological decoding procedure introduced by (De Silva &
Vejdemo-Johansson, 2009) and implemented in Gardner et al. (2021a). This method produces two circular coordinates,
each corresponding to one of the two 1-dimensional holes identified in the persistent homology analysis. These coordinates,
referred to as foroidal coordinates are plotted in Gardner et al. (2022) as functions of physical space to reveal the underlying
periodic structure in the data. Gardner et al. (2022) show that the periodic structure can be represented by two vectors, rq
and r», that together define a rhombus that, when tessellated, captures the repeated pattern in the toroidal coordinates. In
(d), we simply plot the tessellated rhombus atop the physical locations (coloured by the first PC). In (b), the points inside
each of the rhombi are identified and then superimposed onto the central rhombus. To help the reader visualise how this 2D
rhombus relates to a 3D torus, we have added markings in red to illustrate that a torus is formed when opposite edges of the
rhombus are “glued" together.

H.2. Searching for isometry

This section contains additional analyses of the grid cell data of Gardner et al. (2022), expanding on the results presented in
Section 6.3. While Gardner et al. (2022) established how circular coordinates on the inferred torus align with physical z-y
coordinates, we go a step further by asking a geometric question:

is there evidence of isometry between the toroidal structure found in Y1, ...,Y,, and physical space?

To frame this question, we consider the grid-cell firing data Yy, ..., Y, to be generated from three alternative instances of
the random function model from Section 3, each of which is built upon a different choice of metric space (Z,dz) used to
represent physical locations. In each case, we then look for evidence of isometry between Z and M.

Model 1: Open field, with real-world Euclidean distance. Z is the open field of all real-world physical locations the
rat could have possibly occupied, specifically the square [—0.75,0.75]> C R? and z; = §; is the physical location of the
rat at the ith time point. The metric dz is Euclidean distance, i.e. straight-line distance. Making no use of the topological
analysis in Gardner et al. (2022), this model can be regarded as the default hypothesis for how physical geometry relates to
the geometry of M and hence ).

Model 2: Superimposition on rhombus, with Euclidean distance. Z is the central rhombus in the tesselation of
[—0.75, 0.75]2 obtained by Gardner et al. (2022) (see Figure 6 (b), left plot) and z; is the superimposition onto this rhombus
of the physical location of the rat at the ith time point (Figure 6 (b), middle plot). The metric dz is Euclidean distance on
the rhombus. Unlike Model 1, Model 2 accounts for the tessellated rhomboidal pattern in the firing data as a function of
physical space.

Model 3: Superimposition on rhombus, with Euclidean teleportation distance. Z and z; are the same as in Model 2,
but dz is Euclidean distance subject to periodic boundary conditions on the rhombus, i.e., points on opposing edges of the
rhombus correspond to the same position (same circular coordinates) and therefore paths on Z can ‘teleport’ at the edges to
the corresponding point on the opposite edge. Defining d = in this way extends Model 2 to respect toroidal topology.

In Models 2 and 3, the choice of superimposing on the central rhombus rather than any of the others is arbitrary — all that
matters is the superimposition of physical locations on to one common rhombus. The difference between the three models is
illustrated in Figure 6(b). Let &;, ; be two physical locations which the rat occupied at some points 7, j in time, indicated by
respectively blue and green dots in the left plot of Figure 6(b). Under Model 1, where z; = &; and z; = ¢;, the shortest
path in Z,, between these two points is shown in green. In Model 2, z; and z; are the superimposition of &; and &; onto the
central rhombus; for the particular points in the example of 6(b) middle plot, we have & = z; (blue), but §; # z; (green).
The shortest path in Z,, is shown in green. In Model 3, &; and §; are represented by the same points z; and z; as in Model 2,
but the definition of distance and hence shortest path is different because of ‘teleporting’, represented by a dashed line in the
right plot of 6(b), is allowed.

In our experiments, we work with the normalised data vectors Y; := Y;/||Y;||,i € [n], where the n. = 15,000 points are
the same as those in our contextual experiments. From a theoretical perspective, this normalisation acts as a natural rescaling
of the data to be applied by default as in the second part of Proposition 3.2; the first part of proposition 3.2 indicates that an
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Figure 6. (a) For 3 possible source locations shown in blue, all other physical locations visited by the rat are colored by the shortest
path-length in )/, from the source. (b) Left: The tessellated rhombus is plotted atop the physical locations. Two physical locations
(blue, green), and the shortest path in Z,, between them under Model 1 are shown. Middle: Representations of the same source and sink
locations under Model 2, in which physical locations are superimposed on the central rhombus in the tesselation. Shortest path in Z,,
under Model 2 is shown. Right: Under Model 3, the distance dz allows for ‘teleporting’ (dashed line). (c) relationships between shortest
path-lengths in Y, and in Z,, for Models 1-3 (left to right). Orange lines show best linear fit and red lines show moving averages (shading
for £1s.d.). Strongest evidence of isometry appears for Model 3.

alternative scaling, Y;/p*/?, would make sense if p~! maxc () (tr[2(2;)] + [|pe(2:)[|?) + 02 € O(1), but in practice we
may not be sure that condition is satisfied.

As discussed in Section 5, we use a k-nearest neighbour graph (in our case k£ = 10), with edge weights W;; = ||YZ — S?j II,
to approximate shortest path lengths in the point cloud Y, := {Yl, . ,Yn}. The shortest paths between points, denoted
f/(Yi, Y ;), are calculated using Dijkstra’s algorithm (Dijkstra, 1959) on the constructed graph. To aid visualisation of the
pattern in the data over physical space, as illustrated in Figure 6(a), we smooth the calculated on-manifold path lengths as a
weighted combination of the £ = 10 nearest neighbours in physical space. Specifically, for a source position &; and some

other physical position &;, with neighbourhood V;, we weight each point &, € N by

_ maxen; (& — &ll — 1€k — &ll)
D wen; maxien; (16 — &l — 116k — &)

Wi

and set the smoothed path length to the source to be L(Y;, Y;) := 3, en, W - L((Y3:,Yy). These smoothed path lengths
are also used in figures (b) and (c).
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Figure 7. Shortest path lengths on Z, from Model 3 are calculated by first re-tessellating the z; from Model 2 into the 8 rhombi
surrounding the central rhombus (illustrated above). Shortest paths to the same destination point in each of the thombi are calculated and
the minimum of the 9 distances is taken to be the distance under Model 3. Here, the shortest path is to the point in the rhombus directly
above the central rhombus.

The shortest path lengths in the open field, i.e. under Model 1, are calculated similarly: using a £ = 10 nearest neighbour
graph constructed from the physical positions z; = &;, followed by Dijkstra’s algorithm. For Model 2, the procedure is the
same, except the positions z; are now superimposed onto the central rhombus. Model 3 introduces additional complexity, as
paths are allowed to teleport at the edges to the corresponding point on the opposite side. We handle this by ‘re-tessellating’
the superimposed z; from Model 2 into the 8 surrounding rhombi, yielding a total of 135,000 = 9 x 15, 000 points. Each z;
now has 9 corresponding locations: one in each of the rhombi. Keeping the source point fixed in the central rhombus, we
compute the shortest path lengths to each of the 9 destination points. These paths are illustrated in Figure 7. The minimum
of these 9 distances is taken to be the path length under Model 3; in this case, the shortest path is to the point in the rhombus
directly above the central rhombus.

On examination of the three distance-distance plots in Figure 6(c), we see distinct relationships between distances on the
manifold ), and distances under models 1-3. Under Model 1, the relationship appears approximately linear for points near
the source (within a distance of 0.4 on Z,,). Beyond this threshold, however, distances on ), begin to decrease as distances
on Z,, increase, with the trend reversing again around a distance of 0.8 on Z,,. This relationship can be intuitively explained
by the toroidal structure in ),,: as the rat moves in a straight line through physical space, its corresponding position on Y,
wraps around the torus, eventually approaching its starting position from the opposite direction.

Under Model 2, superimposing all points onto the central rhombus essentially maps the entire physical space onto a single,
flat torus (a torus whose surface has zero Gaussian curvature everywhere). This accounts for the repeating spacial pattern
observed in the data. However, flattening the torus into a 2D shape introduces two ‘cuts’ - effectively “slicing” the torus -
which restricts the available paths. As a result, some shortest paths on the torus become inaccessible after slicing, forcing
detours that increase the measured distance. This constraint explains the deviation from a linear trend for distances greater
than around 0.4 on Z,,. Model 3 addresses this limitation by employing our ‘re-tessellation’ procedure, which allows paths
to traverse the full toroidal structure. While a small cluster of points still falls below the linear trend, we suspect this is due
to some error in estimating the vectors that define the rhomboidal flat torus.
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Finally, note that in all three plots we have a positive intercept. As discussed in Section 5, assuming our random function
model for the data, this offset is due to the positive noise term o and its appearance in equation (7), recalled here:

1 1
Y- Y,|? ~ Slot) - é(z)|? + 202

The moving averages, plotted in red, have been computed using a window size of 0.01n = 150, with the shaded region
showing 41 standard deviation. The results are not sensitive to the value of k used, with the correlation coefficient staying
within [0.73, 0.75] for Model 3 for reasonable values of & € [6, 20].

H.3. Alternative model

R/ir=25

Rir=1.5 Rir=2

Shortest path length in Y,
Shortest path length in ¥,
Shortest path length in ¥,

0 1 2 3 4 0 1 2 3 4 5 0 1 2 3 4 5 6 7
Shortest path length in Z, - Model 4 Shortest path length in Z, - Model 4 Shortest path length in Z, - Model 4

Figure 8. The top two rows show z; under Model 4 for three different ratios of torus radii R/r € {1.5,2,2.5} (left to right). The bottom
row shows distance-distance plots comparing the shortest paths on ), and Z,, for each torus. Unlike Model 3, these embeddings exhibit a
pronounced deviation from linearity, especially at larger distances.
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Building on the three models discussed in Section H.2, we introduce a fourth: in ‘Model 4°, the z; are points on a torus
embedded in R3. We construct this model by taking the decoded toroidal coordinates from Gardner et al. (2022) and
mapping them onto a standard 3D torus. The geometry of a 3D torus is not only governed by its circular coordinates, but
also by the ratio of the two radii: the larger radius R, which defines the circular path around around the central cavity, and
the smaller radius r, which defines the cross-section of the tube.

The top two rows of Figure 8 show the z; under Model 4 for three different values of the ratio R/r € {1.5,2,2.5}. The
bottom row plots the shortest path lengths on ), against the shortest path lengths on Z,,, which were calculated in the same
way as for Models 1-3. We see that the linear fit under Model 4 is much worse than Model 3 in the main text.

The fact that there exists no C? (twice continuously differentiable) isometric embedding of a flat torus into R? (proved by
(Hartman & Nirenberg, 1959), for example) means that shortest paths (and hence shortest path-lengths) in Z under Model 3
are not equal to those under Model 4. Assuming that Z from Model 3, i.e. the rhomboidal flat torus, is indeed isometric to
M, the non-isometry between Z under Models 3 and 4 explains the non-isometric relationship between distances on M and
Z from Model 4, observed in the bottom row of Figure 8. Intuitively, while distances may be preserved on the initial “roll up"
of the rhombus into a tube, the final step — joining the tube’s ends to form a torus — must involve stretching/compressing,
depending on the radii of the torus. Suppose that the tube is only stretched (and not compressed) to form the torus; this
distortion would inflate distances on Z from Model 4 (compared to Model 3), providing an explanation for the observed
deviation from linearity in the bottom row plots of Figure 8.

I. Estimating p.g

Here we investigate the effect of finite sample size on estimation of p.r. We simulate independent samples from a
multivariate Gaussian with p = 100. We define the covariance matrix such that the first 20 eigenvalues are 1 and the
remaining 80 are 0.1, resulting in an effective dimension peg = 28. As shown in Figure 9, the estimator p.g is systematically
biased downwards, but converges to the true value as n — oo. This shows that the estimates reported in Table 1 serve as
conservative lower bounds, which further supports our claim that the dimensionality of these datasets is sufficient to induce
concentration about the underlying latent structure.

Effect of Finite Sampling on the Estimation of Effective Dimension
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Figure 9. We simulate n independent samples from a multivariate Gaussian distribution (p = 100) with a known effective dimension
of pesr = 28 (black dashed line). The sample estimator pesr (blue line) exhibits a systematic downward bias at small sample sizes,
asymptotically converging to the true value as n grows. Shaded regions denote +1 standard deviation over 50 independent trials.
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J. Dataset descriptions

Here we provide brief descriptions of the datasets used in our empirical estimation of p.g, covering a range of data modalities
and application domains.

Planaria: a single-cell gene expression dataset from adult planarians (a type of flatworm) (Plass et al., 2018), where each
observation corresponds to an individual cell represented by gene-level expression features.

Newsgroups: a text dataset consisting of documents from the 20 Newsgroups corpus (Lang, 1995), represented using
TF-IDF features.

Amazon reviews: a text dataset consisting of reviews of Amazon products, represented using TF-IDF features (Kashnitsky,
2020).

MNIST: a dataset of handwritten digit images (of the digits 0 -9) (LeCun et al., 2002), where each image is represented as a
vector of grayscale pixel intensities.

S&P 500: a multivariate financial time series consisting of daily returns for stocks in the S&P 500 index over a five year
window (Cam Nugent, 2020).
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