On Regret Bounds of Thompson Sampling for Bayesian Optimization
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Abstract

We study a widely used Bayesian optimization
method, Gaussian process Thompson sampling
(GP-TS), under the assumption that the objective
function is a sample path from a GP. Compared
with the GP upper confidence bound (GP-UCB)
with established high-probability and expected re-
gret bounds, most analyses of GP-TS have been
limited to expected regret. Moreover, whether
the recent analyses of GP-UCB for the lenient
regret and the improved cumulative regret upper
bound can be applied to GP-TS remains unclear.
To fill these gaps, this paper shows several re-
gret bounds: (i) a regret lower bound for GP-TS,
which implies that GP-TS suffers from a polyno-
mial dependence on 1/§ with probability 4, (ii) an
upper bound of the second moment of cumulative
regret, which directly suggests an improved regret
upper bound on 6, (iii) expected lenient regret
upper bounds, and (iv) an improved cumulative
regret upper bound on the time horizon 7'. Along
the way, we provide several useful lemmas, in-
cluding a relaxation of the necessary condition
from recent analysis to obtain improved regret
upper bounds on 7.

1. Introduction

Bayesian optimization (BO) (Kushner, 1964; Mockus et al.,
1978) is a powerful framework for black-box optimiza-
tion problems. BO aims to optimize an expensive-to-
evaluate black-box function using a small number of input-
output pairs by adaptively querying input points based on a
Bayesian model, typically a Gaussian process (GP) model.
BO has been applied to a wide range of applications, such as
materials informatics (Ueno et al., 2016), AutoML (Snoek
et al., 2012), and drug discovery (Korovina et al., 2020).
Alongside these applications and algorithmic developments,
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theoretical properties of BO have also been studied. This
paper focuses on regret analysis under the assumption that
the objective function is a sample path from a GP.

Gaussian process upper confidence bound (GP-UCB) (Kush-
ner, 1964; Srinivas et al., 2010) is a BO algorithm with
well-established theoretical guarantees. The theoretical per-
formance of BO methods is often measured by cumulative
regret (Srinivas et al., 2010), for which both high-probability
and expected upper bounds of GP-UCB have been derived
(Srinivas et al., 2010; Takeno et al., 2023). High-probability
upper bound of an alternative criterion called lenient regret
(Merlis & Mannor, 2021), which counts a regret exceeding a
given tolerance, has also been obtained by Cai et al. (2021);
Iwazaki (2025b). Furthermore, Iwazaki (2025b) has shown
a tighter high-probability upper bound for the cumulative re-
gret. These results position GP-UCB as the most extensively
analyzed algorithm in the BO literature.

GP Thompson sampling (GP-TS) (Russo & Van Roy, 2014)
is another well-known BO algorithm with regret guarantees.
GP-TS achieves a similar expected cumulative regret up-
per bound as GP-UCB (Kandasamy et al., 2018; Russo &
Van Roy, 2014; Takeno et al., 2024). However, its high-
probability regret upper bound is limited to the direct con-
sequence of the expected regret bound, leading to worse
dependence on probability ¢ than GP-UCB. In addition,
neither high-probability lenient regret bounds nor tighter
high-probability cumulative regret bounds have been estab-
lished for GP-TS, which has been explicitly described as
an open problem in (Iwazaki, 2025b). Despite these limi-
tations, GP-TS remains a promising alternative among BO
methods with regret guarantees, since GP-UCB often re-
lies on a carefully tuned confidence width parameter that
lacks such guarantees in practice. Therefore, more refined
regret analyses of GP-TS are needed to support its empirical
effectiveness.

This paper aims to bridge the gap between the regret analy-
ses of GP-UCB and GP-TS discussed above. First, we inves-
tigate the dependence on probability § in high-probability
regret bounds. While GP-UCB enjoys logarithmic depen-
dence on 4, existing analyses of GP-TS require polynomial
dependence of 1/4, raising the question of whether logarith-
mic dependence is achievable by GP-TS. For this question,
we construct a problem instance in which GP-TS incurs
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Q(1/6°) regret, which implies a purely theoretical limitation
that GP-TS cannot obtain O(log(1/4)) regret upper bounds
in general. Second, we derive an upper bound on the second
moment of the cumulative regret, which directly leads to
an improved cumulative regret upper bound on §. Third,
we show that GP-TS achieves polylogarithmic expected
upper bounds on lenient regrets, the first such bounds for
any algorithm. Our proof for the lenient regret is different
from (Cai et al., 2021; Iwazaki, 2025b) and readily suggests
polylogarithmic expected lenient regret upper bounds for
GP-UCB by combining the known proof techniques (Russo
& Van Roy, 2014; Takeno et al., 2023). Finally, by adapting
the recent analysis of GP-UCB by Iwazaki (2025b) and our
lenient regret upper bounds, we obtain an improved cumu-
lative regret bound on the time horizon 7" for GP-TS. Our
refined analysis, applicable to both GP-UCB and GP-TS,
relaxes the conditions on Matérn kernels.

Our contributions are summarized as follows:

1. Theorem 3.1 provides the problem instance in which
GP-TS incurs §2(1/0¢) regret with probability . This
result implies a purely theoretical limitation of GP-
TS that the regret upper bounds of GP-TS cannot be
bounded from above by O (log(1/4)).

2. In Theorem 3.2, we derive the upper bound on the
second moment of the cumulative regret and the high-
probability cumulative regret bound that improves de-
pendence on probability ¢ by a factor of 1/ V.

3. In Theorem 3.3, we obtain the expected lenient regret
upper bound for GP-TS, which is polylogarithmic on
the time horizon 7" as with the high-probability bound
of GP-UCB.

4. Theorem 3.5 presents the O(v/T) high-probability cu-
mulative regret upper bound, where O hides polylog-
arithmic factors on 7', improved with resect to " for
squared exponential and Matérn kernels under a looser
condition on Matérn kernels by the refined analysis
shown in Lemma 3.4.

Along the way, we obtain useful lemmas, which are dis-
cussed alongside the most relevant theorems.

1.1. Related Work

Common theoretical assumptions for BO are categorized
into the frequentist setting (Chowdhury & Gopalan, 2017;
Iwazaki, 2025a; Iwazaki & Takeno, 2025; Janz et al., 2020;
Srinivas et al., 2010) and the Bayesian setting (Iwazaki,
2025b; Scarlett, 2018; Srinivas et al., 2010; Takeno et al.,
2023; 2024). In the frequentist setting, the objective func-
tion is assumed to be an element of a reproducing kernel
Hilbert space endowed by a predefined kernel function. In

the Bayesian setting, the objective function is assumed to
be a sample path from a GP with a predefined kernel func-
tion. Note that neither setting encompasses the other as
discussed in Section 4 of (Srinivas et al., 2010). As already
discussed, this paper focuses on the Bayesian setting. In
addition, we focus on the noisy setting, where observations
are contaminated by noise, since a noise-free setting has
been considered separately using different proof techniques
(De Freitas et al., 2012; Iwazaki, 2025a).

GP-TS has also been considered in the frequentist setting
(Chowdhury & Gopalan, 2017; Vakili et al., 2021b). Al-
though we will not consider the frequentist setting, the proof
technique in (Chowdhury & Gopalan, 2017) could poten-
tially be leveraged in the Bayesian setting, as discussed in
Section 4. Furthermore, GP-TS has also been extended to
various problem settings, such as parallel BO (Herndndez-
Lobato et al., 2017; Kandasamy et al., 2018; Nava et al.,
2022), constrained BO (Eriksson & Poloczek, 2021), multi-
objective BO (Bradford et al., 2018; Paria et al., 2020;
Renganathan & Carlson, 2025), preferential BO (Sui et al.,
2017), and reinforcement learning (Bayrooti et al., 2025a;b).
Thus, fundamental refinement of analysis for GP-TS is
needed. Note that, for (Bayrooti et al., 2025a;b), we will dis-
cuss their result that appears to contradict our Theorem 3.1
in Section 3.1.

Since the posterior sampling of GPs cannot be conducted
analytically, we require an approximation, for example,
proposed by Wilson et al. (2020; 2021) based on random
Fourier feature (Rahimi & Recht, 2008). In our analysis, we
ignore this approximation error, though it may be addressed
by high-accuracy approximations as with (Mutny & Krause,
2018).

In the BO literature, many other algorithms have been stud-
ied. For example, probability of improvement (Kushner,
1964), expected improvement (Mockus et al., 1978), knowl-
edge gradient (Frazier et al., 2009), entropy search (Hennig
& Schuler, 2012; Villemonteix et al., 2009), predictive en-
tropy search (Herndndez-Lobato et al., 2014) have been
extensively studied. However, regret guarantees for these
algorithms remain an open problem.

Except for GP-UCB and GP-TS, several BO algorithms with
regret guarantees have been proposed recently (Takeno et al.,
2023; 2024; 2025a;b). These existing methods are random-
ized algorithms, as with GP-TS, and their regret analysis
follows a similar approach to GP-TS. Therefore, our proof
technique may be useful for analyzing those algorithms.

Scarlett (2018) has shown the algorithm-independent regret
lower bound in the Bayesian setting. Specifically, Scar-
lett (2018) has shown the Q(+/T) regret lower bound for
conditional expected regret with one-dimensional objective
functions. Therefore, rigorous high-probability regret lower
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bounds have not been established. Thus, as discussed in Sec-
tion 4, proving the optimality of BO algorithms rigorously
remains an open problem.

TS (Thompson, 1933) has been extensively studied in the
bandit literature, and many regret bounds of TS have been
provided, as reviewed in (Russo et al., 2018). In particular,
Agrawal & Goyal (2017) have shown the expected regret
lower bound for (independent) Gaussian multi-armed bandit.
However, to our knowledge, regret lower bounds focusing
on probability, particularly applicable to GP-TS, have not
been established.

We analyze lenient regret, recently introduced by Merlis &
Mannor (2021) in the bandit literature. Cai et al. (2021)
have derived the high-probability lenient regret upper bound
of GP-UCB in the frequentist setting. Iwazaki (2025b) has
extended this analysis to the Bayesian setting. We show the
Bayesian expected lenient regret upper bound of GP-TS, in
which we employ a different proof from (Cai et al., 2021;
Iwazaki, 2025b).

2. Preliminaries

This section provides problem setup, regularity assumptions,
and background knowledge for GP-TS.

2.1. Problem Setup

We consider a sequential decision-making problem to opti-
mize an unknown black-box function f:

x* = argmax f(x),
zeX
where X C R? is an input domain and d is an input di-
mension. Here, “black-box” means that we can obtain only
(contaminated) function values, and other information, such
as derivatives, is unknown. Furthermore, we generally as-
sume that f is expensive to evaluate. Therefore, our goal is
to optimize f with fewer function evaluations.

In this problem, BO sequentially evaluates the maximizer
of an acquisition function (AF), which is designed so that
beneficial inputs are chosen based on a Bayesian model.
That is, for all iterations ¢ > 1, BO algorithms sequentially
evaluate f(x;), where x; = arg max_ y oy (x) with some
AF oy : X — R based on the Bayesian model. By this pro-
cedure, BO aims to achieve a sample-efficient optimization.

In the BO literature, the performance of algorithms is often
measured by cumulative regret (Srinivas et al., 2010):

T

Ry = Zf(fﬂ*) — fl@e).

t=1

In particular, if the cumulative regret is sublinear Ry =
o(T), then we can see that the solution of the BO algo-

rithm converges to the optimal solution. This is because
we can choose the solution &; so that f(x*) — f(&;) <
#Rr = o(1). Hence, we focus on sublinear cumulative
regret bounds.

In addition, we consider the performance measure called
lenient regret (Cai et al., 2021; Merlis & Mannor, 2021):

LRy = Zf(w*) — f(xe),

teT

where T = {t € [T] | f(=*) — f(xz) > A} and A > 0'is
a predefined constant. The lenient regret measures regret
under a given tolerance A, where the input « that satisfies
f(x*) — f(x) < Alisregarded as a sufficiently good action.
We further analyze upper bounds of |7 as with (Cai et al.,
2021; Merlis & Mannor, 2021).

2.2. Gaussian Process Regression

In this paper, we assume the following regularity condition
on the objective function f:

Assumption 2.1. The objective function f : X — R fol-
lows GP(0,k), where ¥ € R4, k: X x X — Risa
kernel function, and GP(0, k) denotes a zero-mean GP with
a covariance function k. Furthermore, the kernel function
satisfies k(z,z’) < 1 for all z, ' € X. Observation noise
{€; }ien are mutually independent and ¢; ~ N(0, o) with
o2 > 0 for all i € N. The noise contaminates observations
as y; = f(x;) + €.

Let the training dataset D; = {(@;,y;)};_;. Under As-
sumption 2.1, the posterior distribution of f given D is also
a GP, whose mean and variance are derived as follows:

wi(x) = kt(m)T(Kt + UQIt)_lyt7
=k

-1
o?(x) (x,x) — ky(x)" (K¢ + 0'2It) ki(x),
where k¢ (z) = (k(z, 1), .. .,k(m,af;t))T e R, K, €
R*** is the kernel matrix whose (7, j)-element is k(x;, z;),
I, € RY** is the identity matrix, and y, := (y1,...,y:) | €
R? (Rasmussen & Williams, 2005).

For continuous input domains, we consider the following
additional assumption (Kandasamy et al., 2018; Srinivas
et al., 2010; Takeno et al., 2024; 2025c¢):

Assumption 2.2. Let X C [0,7]? be a compact set with
some r > (. There exist constants a,b > 0 such that the
kernel k satisfies the following condition on the derivatives
of a sample path f:

> L) < aexp (— <§>2> , for j € [d],

where [d] = {1,...,d}.

of

Pr (sup £
J

xeX
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This condition is satisfied by the common kernel functions
(Srinivas et al., 2010), such as linear kernels ky;, (z, ') =
x 'z, squared exponential (SE) kernels ksg(x,x') =
exp (— ||z — a'[|3/(262)), and  Matém  kernels

1-v ollz—z s\ Y e’
kntat (z, ') = %(ﬁ”e Hz) Jy(ﬁne \b)

with v > 2, where /,v > 0 are the lengthscale and
smoothness parameter, respectively, and I'(-) and J,, are
Gamma and modified Bessel functions.

In addition, we leverage the following result (Theorem E.4
of Kusakawa et al., 2022) for continuous input domains:

Lemma 2.3 (Lipschitz constants for posterior standard de-
viation). Let k : R? x R* — R be linear, SE, or Matérn
kernel with v > 1 and k(x,x) < 1 for all = € R%. More-
over, assume that a noise variance o? is positive. Then,
foranyt > 1 and D;_1, the posterior standard deviation
oi—1(x) satisfies that

Ve, x' € R oy q(x) — or_1(x')] < Lolle — 2'||1,
where L, is a positive constant given by

ifk = krin,
lfk:kSE7
Lo ifk = kg withv > 1.

‘We use this lemma to handle discretization error, as in the
existing analysis of GP-TS (Takeno et al., 2024).

Finally, to obtain a tighter regret upper bound on 7', we
further leverage the following lemma (De Freitas et al.,
2012; Iwazaki, 2025b; Scarlett, 2018):

Lemma 2.4 (Conditions on the global maximizer of sam-
ple path). Let X = [0,7]% Suppose k = ksg or k =
knat With v > 2 and Assumption 2.1 holds. Then, for
any ogp € (0,1), there exist strictly positive constants
Cgaps Csup» Cquad, Pquad > 0 such that the following state-
ments hold simultaneously with probability at least 1 — dgp:

1. The function f has a unique maximizer x* € X such
that f(x*) > f(&") + cgap holds for any local maxi-
mizer £* € X of f.

2. The sup-norm of the sample path is bounded as
[flloo < Csup-

3. The function f satisfies V& € Ba(pquad; *), f(x*) —
el — 2|3 > (@), where By(pia*) = {= €
X | l* —z|2 < p} is the L2-ball on X, whose radius
and center are p and x*, respectively.

We use this lemma to derive a similar proof as that of
(Iwazaki, 2025b). For more details, see (De Freitas et al.,
2012; Iwazaki, 2025b; Scarlett, 2018).

Algorithm 1 Thompson Sampling

Require: Domain X, kernel function k

1: D() < (Z)

2: fort=1,...,7T do

3 Update GP posterior p(f | Di—1)

4 Generate sample path g; ~ p(f | D¢—1)
5: Ty < argmax,c y g¢(x)

6 Observe y; and D; «— Dy_q U (@4, y¢)
7: end for

8: return Some recommended input &

2.3. Maximum Information Gain (MIG)

The complexity of BO problems is commonly quantified by
the MIG (Srinivas et al., 2010) defined below:

Definition 2.5 (Maximum information gain). Let f ~
GP(0,k) over X C [0,7]%. Let A = {a;}L_,, where a; €
X foralli € [T]. Let £, = (f(a)))_, ea = (ei)r_,s
where Vi, e; ~ N'(0,0%),andy, = f 4 + €4 € RT. Then,
MIG A7 is defined as follows:

= max Iy a; £ a),
where I is the Shannon mutual information.

The MIGs of several commonly used kernel functions are
known to be sublinear in terms of 7. For example, vp =
O(dlogT) for linear kernels, v = O((log 7)) for

SE kernels, and yp = O (Tﬁ (logT) %) for Matérn-v
kernels, respectively (Iwazaki, 2025b; 2026; Srinivas et al.,
2010; Vakili et al., 2021a)". For convenience, we define the
above known upper bound of MIG as 7; : R>g — Rx>q,
which is a concave function with respect to ¢ > 1 (Iwazaki,
2025b; 2026; Srinivas et al., 2010; Vakili et al., 2021a). We
will use this concavity particularly to show Lemma E.7.

2.4. Gaussian Process Thompson Sampling

GP-TS (Kandasamy et al., 2018; Russo & Van Roy, 2014,
Takeno et al., 2024) is the BO method that sequentially eval-
uates the optimal point of a posterior sample path. Therefore,
the AF of GP-TS is formalized as

@ = arg max g;(z),
xeX

where g; ~ p(f | Di—1). Algorithm 1 provides a pseu-
docode of GP-TS.

The expected regret upper bounds under Assumption 2.1
have been shown as (Kandasamy et al., 2018; Russo &

!Although Vakili et al. (2021a) claimed the tighter MIG upper
bound for Matérn kernels, we use the bound from Iwazaki (2025b)
due to the issue pointed out by Iwazaki (2025b); Janz (2021).
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Van Roy, 2014; Takeno et al., 2024):
E[Rr] = O(\/Tr),

where O hides polylogarithmic factors in terms of 7". There-
fore, for any ¢ € (0, 1), the following inequality holds with
probability at least 1 — §:

RTzé(m>,

0

as a direct consequence of Markov’s inequality (Russo &
Van Roy, 2014).

3. Regret Analysis

This section describes our regret analyses.

3.1. Regret Lower Bound

First, we show the simple two-armed problem instance
where GP-TS must incur (1/0)¢ cumulative regret, where
¢ € (0, 1), with probability at least 6 € (0, 1).

Theorem 3.1. Assume that X = {x() 2}, ¢, ~ N(0,1)
forallt € [T], and

FEM) N N[O 1 1/2
f(x®?) 0 )\ 1/2 1 '
Then, if Algorithm I runs and T > e, the following holds:
c
Pr(Rp >T/2) > T;,

where c1 and co are strictly positive constants.

This theorem implies a purely theoretical limitation that we
cannot obtain O(log(1/d)) cumulative regret upper bounds
for GP-TS in general. This is because we can show a con-
tradiction from Theorem 3.1 if we set 6 = ¢1/7°>. On the
other hand, in practice, GP-TS often shows superior perfor-
mance. Indeed, since the constant co = 17 in Theorem 3.1,
shown in Appendix A, is highly large, Theorem 3.1 does
not necessarily suggest the practical instability of GP-TS.
This result motivates us to improve the exponent of 1/ in
the regret upper bound. See the following proof sketch and
Appendix A for the proof.

Proof sketch. We derive a lower bound on probability
Pr(E; AN E. N Exg) > ¢1/T%,
where the events are defined as follows:
Ep= {f(:c(l)) > 4y/log T and f(z®) > f(z™) + 1} :
1 t
E. = {Vt € ([T/21], ; ;e > 1} :

Brs = {vt € [[T/2]], 2 =2V},

for which we leverage Lemma 5.1 of (Takeno et al., 2025a)
shown in Lemma A.1. Obviously, under these events, GP-
TS suffers from T'/2 regret by querying the suboptimal arm
x() for T/2 times.

Extendability of Theorem 3.1. Extending Theorem 3.1
to arbitrary algorithms is difficult. On the other hand, we
expect similar results to hold for algorithms without tuning
parameters that promote exploration, such as the confidence
width parameter in GP-UCB. Indeed, the proof of Theo-
rem 3.1 is inspired by Theorem 4.6 in (Takeno et al., 2025a),
which analyzes the regret lower bound of GP-UCB with a
fixed (non-increasing) confidence width parameter. There-
fore, we conjecture that, without some tuning parameter
or modification of the algorithm to promote exploration,
the BO algorithms cannot achieve O(log(1/6)) cumulative
regret upper bound in general, though solving it rigorously
still remains open.

Contradictions from the existing study. Bayrooti et al.
(2025a;b) (for example, Remark 4 of (Bayrooti et al.,
2025a)) have reported the O (/Tyr log(T'/5)) regret up-
per bound that appears to contradict Theorem 3.1. Their
analysis in the Bayesian setting closely follows the proof
technique of (Chowdhury & Gopalan, 2017), originally
developed for the frequentist setting. We conjecture
that this transfer may not be fully justified, as the ran-
domness of f could affect the validity of the argument.
In particular, Eq. (11) in (Bayrooti et al., 2025b) and
Eq. (18) in (Bayrooti et al., 2025a) may fail to hold in
general. This is because, following the definitions in
(Bayrooti et al., 2025a), the realization {1 (S k, bpi) 1S
not necessarily smaller than the conditional expectation
E [€k—1(Shk, ank) | @ni ¢ Skl since the saturated set
Shi and by, = arg Milge A\s, . &k—1(8h. i, a) are ran-
dom. On the other hand, we believe this issue can be ad-
dressed through suitable modifications to the analysis and
the algorithm, such as variance inflation, as in (Chowdhury
& Gopalan, 2017), at least for our problem setup, though it
remains necessary to verify whether the proof technique of
(Chowdhury & Gopalan, 2017) extends consistently for the
problem setup in (Bayrooti et al., 2025a;b).

3.2. Improved Regret Upper Bounds Regarding ¢

We confirmed that GP-TS cannot achieve O(log(1/4)) up-
per bounds with respect to ¢ in general by Theorem 3.1. The
best known dependence on ¢ in the sublinear cumulative
regret upper bound for GP-TS is O(v/T~yr logT/§) (Russo
& Van Roy, 2014; Takeno et al., 2024). The following the-
orem tightens the dependence on ¢ by showing the upper
bound of the second moment of cumulative regret:

Theorem 3.2 (Informal). Suppose that Assumption 2.1 and
|X| < oo hold or Assumptions 2.1 and 2.2 hold. Then, if
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Algorithm 1 runs, the following holds:
E [R}] = O(TyrlogT).

Thus, from Markov’s inequality, we have

(mr=o (T ) 21

forany § € (0,1).

Theorem 3.2 tightens the term 1//8 from the existing result
O(\/TWT/(S) (Russo & Van Roy, 2014; Takeno et al., 2024)
though the additional log T" factor is required in the case of
|X'| < oo compared with (Takeno et al., 2024). Furthermore,
the upper bound of the second moment itself implies the
concentration property of the cumulative regret incurred
by GP-TS. On the other hand, we have not revealed the
tightness for . Showing the optimal bound for §, which
maintains the sublinearity in terms of 7, is an interesting
future work. See the following proof sketch and Appendix B
for the formal statement of Theorem 3.2 and the proof.

Proof sketch. The high-probability result follows from the
upper bound on the second moment and Markov’s inequal-
ity. The proof for the upper bound of the second moment
mostly follows the existing analysis (Russo & Van Roy,
2014; Takeno et al., 2024). For simplicity, we first focus on
the case of | X'| < co. From Cauchy-Schwarz inequality and
the properties of GP-TS that (x* | D;—1) and (@ | D;—1)
are identically distributed and «* 1 x; | D;_1, we can de-
compose the regret similarly to (Russo & Van Roy, 2014):

T
E[RZ) ST S E|(f(x*) - U(@")’ + ot (x) |,

where < hides O(1) factors, (¢); = max{0,c}, and
Uy() = py—1(x) + B/ %011 () with B, = O(logt). The
sum of posterior variances can be bounded from above by
~r (Srinivas et al., 2010). On the other hand, although
the upper bound 3, E[(f(z*) — Up(z*)) ] =0(1)is
known (Russo & Van Roy, 2014), we need an upper bound
of E[(f(z*)— Ut(sc*))i] to obtain the upper bound of RZ..
Thus, we provide its upper bound in Lemma E.5. For con-
tinuous input domains, for a similar reason, we provide the
upper bound of squared discretization error in Lemma E.6.

3.3. Lenient Regret Upper Bounds

The following theorem provides the expected lenient regret
upper bound for GP-TS:

Theorem 3.3. Fix A > 0andd € (0,1) andlet T = {t |
f(x*) — f(z¢) > A}. Suppose that Assumption 2.1 and
|X| < oo hold or Assumptions 2.1 and 2.2 hold. Then, if

Algorithm 1 runs, the following inequalities hold:

E[|T] < Twax;

E[LRr] = O (v/Br T s ) -

Here, T,.x satisfies:

O (Zrgeet ik = kLin,
logtt T .
- 0 () k= b,
4v+d 1+%
0 ((W) ) if k= katat,
where Bp = O(log(|X|T)) and v > 1/2 for the case of

|X| < o0 and fr =
of continuous X.

O(dlog(dT)) and v > 1 for the case

Theorem 3.3 shows that GP-TS attains a polylogarithmic
upper bound on the expected lenient regret, matching the
order of the existing high-probability upper bounds for GP-
UCB (Cai et al., 2021; Iwazaki, 2025b) in terms of 7. In the
next section, we leverage Theorem 3.3 to derive an improved
upper bound on the cumulative regret with respect to T'. We
employ a different proof technique than that of (Cai et al.,
2021; Iwazaki, 2025b) to obtain a bound on the expectation,
as an analysis of expected lenient regret has not previously
appeared in the BO literature. We expect that our proof
technique can be extended to obtain the Bayesian expected
lenient regret upper bound for GP-UCB. See the following
proof sketch and Appendix C for the proof.

Proof sketch. For simplicity, we here denote the case of
|X| < co. We employ a proof inspired by that of the ellipti-
cal potential count lemma (Flynn & Reeb, 2025; Iwazaki &
Takeno, 2025). That is, we leverage the inequality

|szm{1,f<w*>Af<wt>}

teT

<y (f(=") ;2f(wt)) ,

teT

which holds because W > 1forallt € T. Then,
by applying the properties of the expectation, GP-TS, and
GPs, we can obtain

=171 % 35 (2| ot

teT

+E

Z U?l(wt)‘| > ’

teT

where < hides O(1) factors. Thus, we need to obtain an
upper bound of E [}, . 071 ()] +E [Y, o7 071 ()],
which is nontrivial, especially because x; and =* are not
necessarily identically distributed given the condition D;_
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and t € T. Hence, we show Lemma E.7, which states

Z 0?—1(56*)] < T

teT

> 03—1(%)] < ArlTs

teT

E

E

from which we obtain the upper bound of E[|T|]. Regarding
the upper bound of E [LRy], we can obtain E [LRy] <

;“/2 (B [Xieror-1()] + E 3,7 or-1(a)]) by the
similar proof as that of (Russo & Van Roy, 2014; Takeno
et al., 2024). Then, by adopting the following inequalities
shown in Lemma E.7,

E lz at_1<as*>] S VEITFegr,

teT
E thl(mt)] S VElITFenrn,
teT

we see that E [LR7] < /BrE[|T|3g 7). Therefore, com-
bining the upper bound of E[|T|] concludes the proof. See

Appendix E for the details of Lemma E.7.

3.4. Improved Regret Upper Bound Regarding T’

We show the following generalized result before obtaining
the regret upper bound specific to GP-TS:

Lemma 3.4. Let X = [0,7]% Suppose Assumptions 2.1
and 2.2 hold. In addition, assume the three conditions in
Lemma 2.4 and the following event I are true:

E= {Vt eN, f(a*) — f(z:) < 28011 () + ;} :

where {3; }1cn is some monotonically increasing sequence
with i = O(logt). Then, the following holds:

_ JOWTlogT) ifk = ksg,
T O(WT) if k = knpay withv > 2,

where the hidden constants may depend on d, v, {,r, 02, and
the constants Csup, Cgap, Pquad s Cquad N Lemma 2.4.

Since the assumption in Lemma 3.4 holds for GP-UCB,
Lemma 3.4 can be applied to the analysis for GP-UCB. No-
tably, our result relaxes the condition on Matérn kernels
from 2v + d < v? (Iwazaki, 2025b) to v > 2 by the refined
analysis, which is discussed as an open question in (Iwazaki,
2025b). Fortunately, although Iwazaki (2025b) conjecture
that this relaxation of the condition requires stronger regular-
ity conditions than those in Lemma 2.4, we did not require
such conditions. See Appendix D for the detailed proof,
though we provide a short description about the difference
from the proof of (Iwazaki, 2025b) and the proof sketch
hereafter.

Difference from the proof of (Iwazaki, 2025b). Iwazaki
(2025b) showed the proof that (i) derive O(l) regret up-
per bound over the input sets distant from x*, that is,
X\B(pquad; *), by the lenient regret upper bound with
fixed A and (ii) obtain the upper bound of regret incurred in
B(pquaa; *) by utilizing the fact that the inputs {@; }icy
concentrate around x* and the MIG over B(p; *) becomes
small in proportion to p. The first difference is that we
control A based on 7 so that the resulting sum of regret is
O(V/T). The second difference, particularly for the case of
Matérn kernels, is that we repeatedly apply the arguments
like the lenient regret upper bound and the property that the
MIG over B(p; *) becomes small in proportion to p. From
these differences, we can tighten the regret upper bounds in
the derivation, thereby simplifying the analysis for SE ker-
nels and relaxing the required condition for Matérn kernels.

Proof sketch. We here concentrate on the case of Matérn
kernels, since SE kernels can be handled by a simpler analy-
sis. We divide the index set [T'] as

To={te[T]| f(z") — f(xt) > A1},
Ti={te[T]|A; > f(x") — f(®) > Aiga}, Vi€ [i — 1],
Ti={te[T]|A; = f(z") — f(z)},

where we discuss the condition of i € N and monotoni-
cally decreasing Ao, ..., A; > 0 later. Roughly speaking,
we tune A; so that the cumulative regret over the index
set 7; can be bounded from above by O(v/T) and con-
firm that 4 can be set to a finite integer even for such A;.
If Y ,cr f(x*) = f(z) = O(VT) forall i = 0,...,i
with 7 = O(1), then Ry = O(iVT) = O(VT). First,
we obtain the regret bounds for 7o as O(v/T) with A} =

T 2(v+d) by the similar argument as the lenient regret
bound. Next, for the sufficiently small Ay, we can derive

x; € B( c;uladAi;w* forall ¢t € 7; and i € [i] by the
condition 3 of Lemma 2.4 and Lemmas 4 and 20 of (Iwazaki,

2025b). This fact suggests that the MIG for 7; for all i € [4]
A
based on Corollary 8 of (Iwazaki, 2025b). :l"herefore, we can
tighten the upper bound of | 7;| for all € [: — 1]. In addition,
we can tighten the upper bound of . f(z*) — f()

for all 7 € [i]. From these tightened upper bounds, we can
see that 3, - f(x*) — f(z:) = O(WT) forall i € [i] if

. . —1
can be bounded from above in proportion to /¢ ;.4

1
A; =0 (T* v ) ,
v vd
A1 =0 <T2(V+d) Aﬂ”*‘”) foralli € [i — 1.
Finally, we show that the above condition can be satisfied

with i = O(1) if v > 2 by the arguments based on the
formulas for the sum of a geometric series.
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From Lemma 3.4, we obtain the following improved cumu-
lative regret upper bound of GP-TS:

Theorem 3.5. Fix§ € (0,1) and dgp € (0,1). Assume the
same premise as in Lemma 2.4. Suppose Assumption 2.2
holds. Then, if Algorithm I runs, the following holds with
probability at least 1 — § — dgp:

T owWT) if k= Enta with v > 2,

where the hidden constants may depend on 1/8,d, v, ¢, r, 02,
and the constants Csup, Cgap, Pquad, Cquad COFresponding
with dap.

Theorem 3.5 shows that GP-TS achieves O (v/T') cumulative
regret upper bound as with GP-UCB, which is discussed as
an open question in (Iwazaki, 2025b). Thus, compared with
the known-best high probability cumulative regret upper
bound for GP-TS O(v/y1rT logT/§) (Russo & Van Roy,
2014; Takeno et al., 2024) (or O(y/~yrT log T'/$) in Theo-
rem 3.2), Theorem 3.5 shows the improved result with re-
spect to T'. Note that, although the dependence on § is worse
than that of GP-UCB, the dependence on dgp is almost the
same. Thus, the resulting dependence on probability of GP-
TS and GP-UCB may be the same since the dependence on
0GP 1N Csup, Cgaps Pquad ANd Cquad have not been explicitly
provided. Although Lemma 3.4 can be applied to GP-UCB
directly, its application to GP-TS requires a careful deriva-
tion since we have only shown the expected regret bounds
without conditioning on the conditions in Lemma 2.4. See
the following proof sketch and Appendix D for the proof.

Proof sketch. Under the three conditions in Lemma 2.4,
from the similar arguments as that of Lemma 3.4, we can
decompose the cumulative regret as

Rp < ZZf(w*>—f($t)7

i=0 4e7;

where the index sets 7~; are defined as
To={te[T]] f(@") = f@:) = A},
~ f@) = f(ze) = Aia _
7= e =t L viefo,

{ Ney € B (, /cquladAi;as )
T = {t €T |z eB <\/c;uladAi;ac*> } .
Therefore, if we can show the expected regret upper bound
E [zteﬁ Flz*) — f(xt)} = O(JT) foralli = 0,...,i
with i = O(1), we can obtain Ry = O(i2V/T) = O(V/T)
by the union bound and almost the same proof as that of
Lemma 3.4. We can show E [Eteﬁ flx*) — f(a:t)} =

O(VT) foralli = 0,...,i by the similar proof as those of
Theorems 3.2 and 3.3 and the same {A;}¢_; and i as in the
proof of Lemma 3.4.

4. Conclusion and Discussion

In this paper, we showed several regret bounds of GP-TS in
the Bayesian setting. First, we constructed the simple two-
armed problem instance where GP-TS suffers from 1/4¢
regret with probability 6, which implies that O (log(1/4))
regret upper bounds cannot be obtained by GP-TS in general.
Second, we showed the O (/T /&) cumulative regret up-
per bound tighter by a 1/ /0 factor than the existing result.
Third, we proved the polylogarithmic expected lenient re-
gret upper bounds by the different proof from (Cai et al.,
2021; Iwazaki, 2025b). Lastly, we showed the O~(\/T) high-
probability cumulative regret upper bound by extending the
analysis by Iwazaki (2025b), in which we relaxed the con-
dition of v and d for Matérn kernels to only v > 2, which
matches the condition needed for Lemma 2.4. Note that this
refined analysis can readily be adapted to that of GP-UCB.
Hence, Lemma 3.4 and Theorem 3.5 partially address the
limitations discussed as the “Smoothness condition” and the
“Extension to other algorithms” in (Iwazaki, 2025b).

However, our analyses still have the limitations listed below:

e Optimality for §. Although we show the regret lower
bound for GP-TS in Theorem 3.1, it does not imply the
tightness of our Theorem 3.2 in terms of §. In addition,
whether a similar result can be obtained for continuous
X is unclear. Therefore, showing the tightness on ¢ and
T or a sharper concentration property of Rt incurred
by GP-TS for both finite and continuous input domains
remains as future work.

Analysis of GP-TS with variance inflation. We con-
jecture that GP-TS with variance inflation (Chowdhury
& Gopalan, 2017) can attain an O(/T~yr log(T'/0))
cumulative regret upper bound by almost the same
proof as that in the frequentist setting (Chowdhury &
Gopalan, 2017). However, we expect that extending the
analysis by Chowdhury & Gopalan (2017) to the poly-
logarithmic lenient regret upper bound is not straight-
forward because of the use of the Azuma—Hoeffding
inequality that causes O(v/T) dependence. This dif-
ficulty also hinders the application of the analysis of
the improved regret upper bound on 7". An analysis of
such a modified algorithm may be an important direc-
tion for achieving a regret upper bound with improved
dependence on § of GP-TS.

L]

Condition on v and d for Matérn kernels. We have
relaxed the condition for Matérn kernels on v and d
from 2v + d < v? (Iwazaki, 2025b) to v > 2 in
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Lemma 3.4 and Theorem 3.5. This condition v > 2
is also currently needed as the sufficient condition of
Assumption 2.2 and Lemma 2.4, which is leveraged
in most prior works (Iwazaki, 2025b; Scarlett, 2018;
Srinivas et al., 2010). However, this condition v > 2
cannot be satisfied by the widely used value v = 1/2
or 3/2. Therefore, it is crucial to determine whether the
condition v > 2 cannot be avoided or if this condition
can be further relaxed.

* Extension to other algorithms. As discussed in Sec-
tion 1.1, there are several algorithms except for GP-
UCB and GP-TS with the O(y/T7) expected cumu-
lative regret upper bounds (Takeno et al., 2023; 2024;
2025a;b). Therefore, extending our analyses to those
algorithms would be an intriguing future direction.

* Extension to other problem setup. Although we and
Iwazaki (2025b) focused on the analysis of vanilla BO
algorithms, BO has been extended to various problem
settings, including multi-fidelity (Kandasamy et al.,
2016; 2017; Takeno et al., 2020; 2022), multi-objective
(Inatsu et al., 2024; Paria et al., 2020; Zuluaga et al.,
2016), constrained (Eriksson & Poloczek, 2021), and
parallel BO (Kandasamy et al., 2018; Nava et al., 2022).
Thus, extending our analysis to these settings would be
of interest to investigate the theoretical performance of
BO algorithms.

 Limitations discussed in prior work. The limitations
named as “Optimality,” “Extension to the expected
regret,” and “Instance dependence analysis in the fre-
quentist setting” discussed in Section 4 of (Iwazaki,
2025b) still remain as interesting directions for future
work.
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A. Proof of Theorem 3.1
Theorem 3.1. Assume that X = {xV) 22}, ¢, ~ N(0,1) for all t € [T), and

f (™) 0 1 1/2
( fx®) ~No )L 1 ' M
Then, if Algorithm I runs and T > e, the following holds:

C1

Pr(Ryr >T/2) > Tez’ 2
where c1 and co are strictly positive constants.
Proof. We show that the probability that the following events simultaneously hold can be bounded from below by =+:
By = {1@V) > 4/log T and f(2?) > f(=V) + 1}, 3
1 t
E.= {Vte[[T/Q]],t;ei21}, 4
Ers = {vt e [[T/2]), 2, =21}, )

If these events simultaneously hold, we can see that Zthl f(x*) — f(xr) > T/2, which concludes the proof.

Probability of E:  From the assumption, we can see that (f(z"), f(z(?)) and (Zy + Z1, Zy + Z>) are identically
distributed, where Zy, Z1, and Z5 are independent and identically distributed as A(0,1/2). Thus, we can rephrase the
probability as

Pr (f(:c(l)) > 4y/log T and f(z®) > f(x™) + 1) =Pr (Zo + 71 > 4+/logT and Zy — Z7 > 1) (6)
> Pr (Zo >4 1ogT) Pr(Zo—Zy>1and Z; > 0).  (7)

Since Pr (Zs — Z; > 1 and Z; > 0) does not depend on any variables, we treat it as a constant. Furthermore, using Gaussian
anti-concentration inequality 1—®(c) > \/% =0 exp(—c?/2), we can obtain the lower bound of Pr (\/§Z0 > 44/2logT ) :

1 442logT

Pr (ZO >4 1og(T)) > g
V2or32logT + 1
1 4\2logT 16

exp(—161logT) 3

> 9
T Vor32logT + 1 ©)

Hence, by choosing sufficiently small ¢y > 0, we can obtain
Pr (f(sc(l)) > 4y/log T and f(z®) > f(z®) + 1) > ¢ T, (10)

Probability of E.: We apply Lemma D.1 of (Takeno et al., 2025a):

Lemma A.1 (Lemma D.1 of (Takeno et al., 2025a)). Let {¢;};>1 be a mutually independent sequence of standard normal
random variables, that is, ¢; ~ N'(0,1) for all i > 1. Then, there exists a positive constant C' such that

Z?:1 €i
Pr{vi<T, ==12>-1) >0 (11)

Therefore, Pr(E,) > c. with some absolute constant ¢, > 0.

12
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Probability of Exg: For the first iteration, Pr(x; = ") | Ef A E,) = Pr(z; = ) = 1/2 since Dy = (), the prior
mean is zero, and the algorithm is independent of f and e. We will show

Pr(zi =2 | By AE.AEy) > 1/2 for all ¢t € [9], (12)
Pr(zi =W | E; AE.AE)>1-1)T forall t € {10,...,[T/2]}, (13)

where the event E; = {Vi € [t],z; = "} and 10 is chosen for simplicity. Then, we can show the probability that (1) is
chosen successively [T/2] times can be bounded from below by an absolute constant.

First, we show Pr(x;y; = V) | Ef A E. A E) > 1/2 fort € [9]. If E; is true, the posterior distribution of
(f(zW), f(x?)) given D; can be obtained as

_ 1 1
N ( %WE) o (14)
2+1) Yt 20+t

where 7y = £ ' y; = f(&M) + 1 32'_| €. Note that we use the Woodbury formula (117 + 1)~ = I, — 117 a5 with

t+1
the proof of Theorem 4.6 in (Takeno et al., 2025a). Therefore, we can obtain the posterior distribution of f(z(?)) — f(x(1)
as
t 3t/4+ 1
— U . 15
N( 2+ 1) 41 ) (1>

Hence, for any D, that satisfies E}, we can obtain

Ly
Pr(zip1 =z | D) =@ . (16)
(@ | D2) (2\/t+1\/3t/4—|—1>
If E¢ and E, are true, then 3, > 0 because f(:c(l)) > 44/logT, % Z?:l €; > —1and T > e. Hence, we see that

Pr (xm — a2 | By AE A Et) 17)
= ]EDt|Ef/\Ee/\Et [PI‘ ($t+1 = m(l) | Dt N Ef N Ee A Et>:| (18)
@ Ep,|B;nB.AE, [Pr (”ctﬂ =z ‘ Dt)] (19
(b)
> 1/2, (20)

which holds because (a) {x; }:<; is fixed given D, and @41 L f, {e;}1>1 | D; and (b) 7, > 0 under the conditions E, E.,
and F;.

Next, we obtain the lower bound Pr(x;; = @ | E¢,Ec, Ey) >1—1/T forallt > 10. If Ey, E., and E; are true, then
we see that

LW

B o

=1
O T
> 24/2log (2> —4+/logT (22)
@QMﬂ%<§>—ﬂﬂ% 23)

@ 2\/t+71\t/3t/4ﬁ 2log (Z) ~ flaW), (24)

13
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where the inequalities hold because (a) E. is true, (b) g(T') = 24/2log (%) — 4y/log T has the maximum g(4) ~ —2.354

o . , _ 2 1 _ 1 . o 2\/t+14/3t/4+1 _ VIFI/3i4 -
at T = 4 since ¢'(T) = % <\/210g(T/2) m), (c) Ey is true, and (d) g(t) = ‘ = > is
monotonically decreasing for ¢ > 0 and g(t) < ¢g(10) ~ 1.934 < 2 for ¢t > 10 (note that log(7/2) > 0 due to T > e).
Therefore, we obtain

t
WETI\/3t/4+1
go= faV)+ 23 g » AP LVIATL oy (T) (25)
t = t 2
tij; T)
o > [2log (= ). 26
2VE+1,/3t/4+1 g<2 (20

Hence, as with the case of ¢ € [9], for any D, that satisfies E, E., and E,, we see that

s
Pr(zi =2 | D) = @ <2W$W> (27)
> o ( 2log (g)) (28)
1
>1- = (29)

where we use the inequality ®(c) > 1 — %6*62/ 2 (for example, Lemma 5.1 of Srinivas et al., 2010). Thus, for any ¢ > 10,
we derive

Pr (mtﬂ — a2 | Bf AE A Et) (30)
=Ep,|g;nE B, [Pr ($t+1 =z ’ D NEj NEe N Et)} GD
@ Ep, | £;nEAE, [PI‘ (33t+1 =z | Dt)} (32)
>1-1/T, (33)

where the inequality (a) holds because {x; };<; is fixed given D; and @41 L f, {€;:}1>1 | Ds.

Consequently, we see that

Pr(Ers | Ef A E.) = Pr (Vt e [[T/2]],x = 2D | By A E) (34)
/2]
=Pr(z; =2V | EAE) [] Pr (th =2 | By AE. A Et> (35)
t=1
1 1 max{[T/2]—10,0}
> 510 <1 - T) (36)
1 1 T/2
> 5 (1-7) (37)
1
> ﬁ = CTS;, (38)

where the second equality follows by the repeated applications of Bayes-rule, and the last inequality follows from Bernoulli’s
inequality (1 4+ ¢)” > 1+ rcfor all integer > 1 and ¢ > —1.

14
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Resulting lower bound: Combining all the lower bounds for the probability, since £y A Ec A Etg = Zthl flx*) —
f(xy) > T/2, we can see that

T
Pr (Z fx*) — f(m,) > T/2) > Pr(Ef A E. A Brs) (39)

t=1
= Pr(Exs | Ef A E.) Pr(E;) Pr(E.) (40)

CfCeC
> L (41)
O
B. Proof of Theorem 3.2

Here, we show the proof of the formal version of Theorem 3.2:

Theorem B.1. If Algorithm I runs, the following inequality holds:
o If Assumption 2.1 holds and | X| < oo,
E [R%] < 12C:T(Br + Dy + B/* = O(TBryr), (42)

where C1 = 2/log(1 + 07 2) and B; = max{1,21og(24|X|T?/\/2r)} forall t € [T).

o If Assumptions 2.1 and 2.2 hold and v > 1 for Matérn kernels,

E[R}] < 27+ B;/” +18T(Br +1) (2 + Ciyr) = O(Tfrr), (43)
where C; = 2/log(l + 072), B = max{l,2log(36[drLT1T?/\2r))} for all t € [T], L =

max{L,,by/log(ad) + 1} and L, is defined as in Lemma 2.3.
Proof. Let Up(x) = pr—1(x) + ﬁtl/zat,l(w) and (a)4 = max{0,a}.

First, we consider the case of |X'| < co. We can obtain

_ - 2
E[R?] <E (Z f(x*) = U(@”) + Ue(*) — ge(x*) + ge(xt) — Us(e) + Ue(@e) — f(ﬂct)> (44)
t=1

T 2
<E (Z(f(w*) —Ui(x")) , +Us(x") = go(@) + (ge(20) — Us(2)) , + Us(e) — f(mt)> . (45)

t=1

which holds because g: () > g:(x*) from the nature of GP-TS and f(z*) — f(x;) > 0 for all ¢ € [T]. Furthermore, by
the Cauchy-Schwarz inequality, we obtain

T
E[R}] < GTZE[<f<w*> ~U@))’ + Bio? (@) + (o (@) - gu(a)? (46)

t=1

2 2
+ (ge(e) — Ut(ﬁﬂt))Jr + Boi_1(xe) + (e—1(e) — flr)) ] (47)
From the independence x; L f | D;_1 and * L g; | D;—1 for all ¢ € [T], we see that

E[(pu-1@") - @)’ =E [E[(m-12") - (@) | @, Dpoa] | =B [0, 2")] (8)

E|(p-1(@0) = f(@)°] =E [E [(1-1(20) = f(@0)" | @1, Dpa] | = E [0, (@0)] (49)
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In addition, since «; | D;—; and «* | D;_; are identically distributed from the nature of GP-TS, we obtain E [af_l (ac*)] =
E [07_,(2)]. Hence, we derive

E[RF] <67 E |(f(@') = Ui(@"))] + (9:(@:) = Us(@e)) +28; + Doty (@) | (50)
t=1

Aq As

Regarding the term A;, from Lemma E.5, we see that

T

1/2
. o) 2 2 1/2
GTEE[(f(w ) = Un(@")) + (9:(me) — Us(a) 4 < 12TZ 24T2 = B (51)
Regarding the term As, since ZtT:l o? ;(x;) < Cyyr (Srinivas et al., 2010), we obtain
GTZE (B¢ + 1)oi_y(z4)] < 12C,T(Br + L)y (52)
Consequently, we derive the following desired result:
E [R}] < 120:T(Br + Ve + B¢ = O(TBrr). (53)

Second, we consider the case of X C [0, 7]¢. Purely for the sake of analysis, we consider equally divided grid points X},
where the grid size for each dimension is 7; = [drLT], |X;| = 72, and L = max{b(y/log(ad) + 1) Ly} with L, defined
in Lemma 2.3. We denote [&]; = arg ming, ¢ y, | — @’||1. Therefore, sup,c y | — [&]][1 < 77

Since g¢(x:) > g:([x*]:), we can obtain

E[R7] <E KZ f(@®) = f([z"]e) + f([x"]e) = Ue([z*]e) + Ue([z"]e) — ge([27]2) + ge(e) — gel[e]e) (54)

+ gel@ide) — Uillide) + Us((aile) — f(lde) + £(aile) - f<sct>)2} (55)
< 9Téﬁ [(f(x*) — £([@"10)” + (9u(=0) —Agtawt]t))z + (f([=) = F(@0)” (56)
+ (f([2"]:) - Utuw*]t))i: (gtdwtm ~ Ui([))’ (57)
+ (e ([27)0) = gel[*10)” + (e () —Amwt]t))"’ + ot ([)0) + @031([%1»]. (58)

For the term A7, from Lemma E.6,

T T
9TZE[(f<w*> — F([&10)* + (gee) — ge[i))* + (£ (i) — f(wa)ﬂ <2y Ti =27 (59)

Note that, since g; and [ are identically distributed, we can apply Lemma E.6 to g;. For the term A, as with the case of
|X| < oo, from Lemma E.5

T
9TZE[(f<[w*]t>thw*]t))iﬂgt([ o) = Un(() ] 18T236T2* = (60)
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For the term A3, as with the case of | X| < oo
T
9Ty E [(Nt—l([m*]t) = 9e([210)" + (w1 (o) — F([2]0)” + Bro?y (&) + Beoiy ([wi]e) (61)

<IBT(Br+1)) E {a?_lqcct]t)] : (62)
t=1
From Lemma 2.3 and 0;_1 () < 1 for all x € X, we see that for any ¢ > 1 and D;_,

Vo, a' € X, fofy(x) — of 4 (2')] < lov-1(x) + o1 (2)|oe-1 () — ov1(2')] < 2Lo |2 — a1 (63)

Thus, from Zle o?_1(xy) < Cyyr (Srinivas et al., 2010) and the definition of X}, we obtain

T T
S E [aflqwtm} <Y E [|a$1<[wt]t> — o7 ()] + 0Py () (64)

t=1 t=1

K
<> =+ Y E [afl(wt)] (65)
t=1 t=1
<24 Chr. (66)
Combining all the results, we see that

E[R2] < 27+ BY/* + 18T (Br + 1) (2 + Ciyr) = O(TBryr). (67)

C. Proof of Theorem 3.3

First, we show the following general theorem to show the kernel-specific results in Theorem 3.3.

Theorem C.1. Fix A > Oandlet T = {t| f(x*) — f(at) > A}. Then, if Algorithm I runs, the following inequality holds
foranyT' > 2:

o If Assumption 2.1 holds and | X| < oo,

32C BT, 0 1
E[| 7] < Tiax < % + 7 (68)

where Cy = 2/1og(1 + 072), Tinax = max{t € Ry | t < 2A8r% 4 LY ang g, = 21og(2|X|T?t(t + 1))

o If Assumptions 2.1 and 2.2 hold,

3201 Brir,,.. . 873 ( 1z 2 1
E[7T]] £ Tmax < Az + TAQ + 7 (69)

~ 2 1/2 2
where C1 = 2/log(1 + 072), Timax = max{t € Rso | t < 329815 4 87 (ﬂXQ L) 1Y, and By =
2log(2[drLt]?T?t(t + 1)), and L = max{b+/log(2adT?), L,} with L, defined in Lemma 2.3.

Proof. First, we consider the case of | X'| < co. We define the event for the credible intervals of f and g,:
E={vt>1e X, |f(@) - p(2) <8 0 1(@),l9i(@) — g (@) < B 001 () }, (70)
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where 3; = 2log(2|X|T?t(t + 1)). We denote a complementary event of £ as E°. Then, using Lemma E.1 (Lemma 5.1 of
(Srinivas et al., 2010)) and the union bound, Pr(E¢) < 1/T?. Therefore, we can see that

E(I71 = E[T| | E)Pr(E) + E[|T]| | B Pr(E°) @)
<E[T|| B+ 7. )

where the inequality holds because Pr(E) < 1, E[|T| | E¢] < T, and Pr(E°) < 1/T2.

Regarding E[|T| | E], as with the proof of the elliptical potential count lemma (Flynn & Reeb, 2025; Iwazaki & Takeno,
2025), we can obtain the upper bound as follows:

E[|T] | E] = lZmln{ )A_f(‘”t)} E (73)
teT
. 2
)E Zmin{L (f(w );2f(wt)) } ’E (74)
teT
o 2
<E [Z @) AQf @) | & (75)
teT
24@ Ut (") + o 1($t))2 ‘ E (76)
teT
c>8ﬂT( > o? ‘E +E|D o} (m))‘E) (77)
- A2 t— 1 t—1\Lt
teT teT
(d)
i IGBT ( Zat 1 +E Zof_ﬂmﬁ]), (78)
teT teT

where the inequalities hold because of (a) W >1fort €T, (b) f(xz:) + 25,51/20,5,1(@) > gi(xe) > ge(x*) >

flx*) — 26751/2075_1(3:*) due to the conditioning by E and the nature of GP-TS, (c) (a + b)? < 2(a? + b?) for any a,b € R,
and (d) the definition of the conditional expectation E[X|E] = E[X1g|/Pr(E) (Example 34.1 of (Billingsley, 2013)),
Pr(E)>1-1/T? > 1/2duetoT > 2,and 02 _,(x;) > 0.

Therefore, combining Lemma E.7, we obtain

32C1 Bryg|T
E[|T]| E] < TE””. (79)
Thus, we see that
32C BrimT
E[|T]) < — % + = (80)

Hence, E[|T1]] € {t € Ry | t < % + %} and E[|T| < Tiax from the definition of Tyyax.

Next, we consider the case of X C [0, r]¢. Purely for the sake of analysis, we consider equally divided grid points X}, where
the grid size for each dimension is 7; = [drLt] and |X;| = 7{, where L = max{b+/log(2adT?), L, } with L, defined in
Lemma 2.3. We denote [x]; = argming, ¢y, || — @’'||1. Therefore, sup,¢ y || — [z];[|1 < 1/(Lt)

We define
Evip = {If I < by/Iog(2adT?) |, 81

where || f{|Lip is the Lipschitz constant of f. From Assumption 2.2, Pr(Ef; ) <1/ (27?). In addition, we define the event
for the credible intervals of f and g;:

E={vt>1Ye e, |f(@) — p(@)| < B o1 (@)loi(@) — @) < B oa(@)} 82)
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where 3; = 21og(2|X;|T?t(t + 1)) = 2log(27T?t(t + 1)). From Lemma E.1 and the union bound, Pr(E¢) < 1/(27?).
Hence, we see Pr(E£° V Ef; ) < 1/T2.

Therefore, we can see that
E[|IT]] =E[T] [ £ A Evip) Pr(E A Evip) + E[|T| | £V Ef;,| Pr(E° V Efy,) (83)

1
<E[T]|EA ELip] +

ak (84)

where the inequality holds because Pr(E A Evip) < 1, [T] < T as., and Pr(E°V Ef; ) < 1/T?2. Then, as with the case of
discrete X', we obtain

E[|T|| EA ELyp) =E Zmin{LW} E A Epip (85)

LteT
- ) )

<E Zmin{l, (f( );f(mt)) } ' E A Erip (86)
teT
- ) )

< E Z (f(w );Qf(ﬁct)) EA ELip (87)
LteT

where the first inequalities hold because 1 < w due to the definition of 7.

Since the event E and E i}, holds and discretization error can be bounded from above by 1/t from Lemma E .4, for all ¢ > 1,

f(@) = fze) < |f(2") = f([2"])[ + | f([2"]e) = pe—r([27]e) | + pe—1([2"]e) = pre—1([@e]e) (88)
+ 1 f([@ele) = a1 ([e]e)| + | f(2e) — f([2e]0)] (39)
< pe—1([®7]e) — pe—r([xe]e) + 53/2(%—1([50*]0 o ([zee) + % (90)

Furthermore, we can obtain

F(a) = flw) < 28 (00 1((710) + ora(led)) + 5 o1

because
gi(@;) > gi(x*) (from the nature of GP-TS) (92)
= () + 6% (led) + 5 2 peal(27]) - 8@ - 7 ©3)
= ua(@) = pa () < B (@a (7)) + o (o) + 7. o4

Finally, we see that

F@*) = fe) < 26, (v (@) + orr (@) + W (95)

because
sup lo1-1(2) — or-a([alo)| < Lolle — (ol < 7 96)

due to Lemma 2.3.
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Hence, noting f(x*) — f(x;) > 0 forall ¢ > 1, we obtain

| va o 162+ 1)\
]EHT‘ ‘ E N ELip] < EE Z Qﬂt (O't_l(IE )+ at_l(a:t)) + / EA ELip )
teT

(@) 1287 5 e o 48 (8 +1)?

< 2 B {oia@) +oi (@)} | EABup| + 5E Dy E N Evip| 98)
teT teT

®) 1287 ) . ) 872 ( 1/2+1)

< Az B Y Aoti(@) + o (@)} | EA By | + Az 99)
teT

where the inequalities hold because of the monotonicity of (3, (a) the Cauchy—Schwarz inequality, and (b) Zthl 1/t? <
72 /6.

Finally, for the term E [ZteT {o?_1(x") + of  (m:)} ‘ E N ELip} , since we can apply the same proof as the case of
|X| < oo (with Pr(E A Evip) > 1—1/T?% > 3/4dueto T > 2), we obtain

3201 Breyry | 878y +1)°

B[] | B A Buy) < =00 I (100)
and
E(7]) < 2Py | 87 (5 At 1 (101)
= A2 AQ T

- 2, ,1/2 2
Hence, E[|T]] € {t € R>q | t < 3201%27“‘”] + & “’gz 4 7} and E[|T| < Tynax from the definition of Thax. O

Next, we show the general lenient regret upper bounds for ), - f(x*) — f(z:).

Theorem C.2. Fix A > 0and § € (0,1) and let T = {t | f(x*) — f(x;) > A}. Then, if Algorithm I runs, the following
inequality holds for any T' > 2:

o If Assumption 2.1 holds and | X| < oo,

lz f(z f(zxe) ] < 4\/015TE [T N3egr) +1 < 4/ C1BrTmax VT + 1- (102)
teT

where 3; = max{1,2log(4|X|T/v/2m)} for all t € [T] and Tyax is defined as in Theorem C.1.

e [f Assumptions 2.1 and 2.2 hold,

E > fl@)— fla ] <4+48M% + 4\/01/3T]E T ey < 4+ 481" + 4v/CrBrTmac o (103)
teT

where Cy = 2/log(1+ o=2), B; = max{1, 2log(4[dr LT 9T //27) } for all t € [T, L = max{L,,b(+/log(ad) +
ﬁ/Z) Y, Tinax is defined as in Theorem C.1, and L, is defined as in Lemma 2.3.

Proof. Let Uy(x) = p—1(x) + Btl/QJt,l(m) and Li(x) = pe—1(x) — ﬁtl/Zot,l(w). Moreover, we define (¢)y =
max{0, c}.
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Since g¢(x:) > g:(x*) and 5, is monotonically increasing, we can derive

E|> fa*) = f(z) (104)
teT
<E Z <f(a:*) — Un(*) + 28, %01 1(2") + Lo(@") — gi (") + ga(a0) — Us(zy) + 26,041 () + Ly(@e) — f(mt)ﬂ
“teT
(105)
- T
< B[S (70 - Uile), + (") = @), + (o)~ Uwn))., + (Buen) = f(a0), )] (106)
Li=1
Ay
+ 25;/2115 [Z (at_l(as*) + 01 (oct))] : 107)
teT
Az
For the terms A; and As, by applying Lemma E.5 and Lemma E.7 respectively, we have
T
4
A< ; 7 =1 (108)
Ay < 44/C1BrE( T Feyry (109)

which is the desired result. Note that, for the terms (Ly(x*) — g;(*)), and (L(x) — f(z))_, we apply Lemma E.5 to
—g¢ and —f.

Next, we consider the case of X C [0, r]¢. Purely for the sake of analysis, we consider equally divided grid points X}, where
the grid size for each dimension is 7, = [drLT] and |X;| = ¢, where L = max{b(\/log(ad) + \/7/2), L, } with L,
defined in Lemma 2.3. We denote [x]; = arg ming ¢ y, ||@ — @'||1. Therefore, sup,c y | — [z]:]l1 < 7.

Since g¢(x:) > g:(x*) and 5, is monotonically increasing, we can derive

E Zf(w*)—f(wt)] (110)
teT
< ELZTQ@:*) = F(T) + £ — Unl@)e) + 26 200 (@*]0) + Le(f*) — ge((]) (1)
+ gi(@0) — ge([m]e) + ge([=)e) — Us([m)e) + 28, o1 ([d]e) + Lo([z)e) — f(e)e) + flzdds) — f(wt))]
(112)
< E[;Qf(w*) ~ R 0] + o) — gu(f@ale)] + |F(els) - f<a:t>|)} (113)
Ay
n E[Z((f([w*m (), + (L)) - a@710), + (oellede) — Ualled), + (Lelede) — f([asthmﬂ
As
(114)
T
+ 2ﬂ;/2E[Z<|at_1<m*> — o1 (@) + lowa (@) - at_lqmt]m)} +2/3¥2E[Z (at_1<m*> + ot_1<mt>>} :
t=1 teT
As Ay
(115)
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Regarding the term Aq, from Lemma E.4, we obtain
1
A1g3;T 3. (116)
Regarding the term Ao, from Lemma E.5, we derive
T
A2S4;E:1' (117)

Regarding the term Ag, from Lemma 2.3 and the construction of X}, we have

T
1
A, §4ﬁ;/QZT = 4B}/, (118)

t=1

Finally, regarding the term A4, from Lemma E.7, we see that

A1 < 44/ CLBrE] T sy, (119)
Consequently, we obtain the desired result:
E|[Y fl*) - f(ﬂft)] <4+48)°% + 4\/C1ﬂT]E[|7'H%[|T|]- (120)
teT
O

Finally, we show the kernel-specific results shown below.

Theorem 3.3. Fix A > 0and 6 € (0,1) and let T = {t | f(x*) — f(xr) > A}. Suppose that Assumption 2.1 and
|X| < oo hold or Assumptions 2.1 and 2.2 hold. Then, if Algorithm 1 runs, the following inequalities hold:

E[|T] £ Tax, (121)
E > fx) - fla) =O(\/M)- (122)
teT
Here, T« satisfies:
o ﬂTdA#) if k = kL,
BT 10gd+1T . —
Tume= {00 &2 Yk =kse, (123)

e PN
19) (W) if k = kntat,

where B = O(log(|X|T)) and v > 1/2 for the case of |X| < 0o and Br = O(dlog(dT)) and v > 1 for the case of
continuous X.

Proof. From Theorems C.1 and C.2, it suffices to show the upper bound of 7},,,«x. For both cases of discrete and continuous
input domains, we see that

BTV T s
Tinax = O (12 . (124)
For the linear and SE kernels, we obtain a crude upper bound by substituting v with 7, . as follows:
Bryr
Tmax =0 < A2 . (125)
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Since y7 = O(dlog T') for the linear kernel and vp = O(log? ! T) (Srinivas et al., 2010; Vakili et al., 2021a), we obtain
L v+d
the desired result. For the Matérn kernel, by substituting vy = O(T %% log 2 T) (Iwazaki, 2025b), we see that

_d 4v+d
BrTaat® logzvd T

Tonax = O Az (126)
2 Brl wE T
& T’ =0 (T o ) (127)
dv+d 455
log2v+d T
& Tipax = O <6T°i2> : (128)
which concludes the proof. O

D. Proof of Theorem 3.5

First, we show the following general result regarding the improved regret analysis, refined from (Iwazaki, 2025b):

Lemma 3.4. Let X = [0,7]% Suppose Assumptions 2.1 and 2.2 hold. In addition, assume the three conditions in Lemma 2.4
and the following event E are true:

b= {Vt EN, f(z*) — f(z) < 28,011 (w) + tlz} ! (129)

where {f; }ten is some monotonically increasing sequence with By = O(logt). Then, the following holds:

2 @)~ fl@)= O(T) if k= ko with v > 2, (130)

t=1

S {O(ﬁlogT> ifk = ks,

where the hidden constants may depend on d, v, ¢, r, o%, and the constants Csup» Cgaps Pquad Cquad it Lemma 2.4.

Proof. We consider the cases of SE and Matérn kernels separately.

Case of SE kernels.

We set A = ﬁT% If A > min{cgap, Cquadpzuad}’ we can see that T < min{cgap, cquadp?luad}”ﬁ%fy%. Therefore,
ST @) = f(x) < conp min{cgap, CquadP2uaa} 28575 = O(log?* ™ T). Hence, we consider the case of A <
min{cgap, Cquad pgu aq ) below.

We divide the index set [T'] as follows:

T=A{te[T]] f(z"
TC={te[T]] f(="

~—
|
=
8
~+
~—
|
:v—/

(131)
(132)

|
g
3
>
-

We will obtain the regret incurred regarding 7 and 7 ¢, respectively.
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For the set 7, we can obtain the upper bound of |7| as follows:

|T|= Zmin{LW} (133)
T
N (f@) — f)*
_ Zmin{l, - t } (134)
teT
. 1/2
© 5 (28, atflggt) +1/t%) (135)
teT
®) 8 >
< %20}271(1%)4_& (136)
teT
© 2
2 ClAiTVT + 312 (137)

where the inequalities hold because (a) the event E holds and w > 1, (b) (a+b)? < 2a? + 2b forall a,b € R
and 251 1/t4 <237 1/12 < 72/3,and (¢) 1, 02 (@) < Cryr with Cy = 2/log(1 + o~2) (Srinivas et al.,
2010), respectively. Therefore, from Lemma E.3, we can obtain

Y f@) = f(@) < VCiBrIThr +7°/6 = O(VT). (139)

teT

For the set 7¢, due to A < min{cgap, Cquad pfmad} and the condition 3 in Lemma 2.4, we can obtain Lemma E.2, which is

modified from the proof of Lemmas 4 and 20 of (Iwazaki, 2025b). Therefore, we see that x; € B (, /c quadA x ) where

B (, / quladA T ) is the L2 ball whose center and radius are ™ and 4 /c quadA respectively. Thus, by denoting the MIG
over the domain X as yp(X), we can obtain

> @) = fla) < \/ClﬁTT'YT <B <\/ﬂ x )) +72/6. (140)

teTe

From Corollary 8 of (Iwazaki, 2025b), we can choose sufficiently large C'sg so that

202 log"™ ¢
ve>2ne [0,/ 5| % (B@0) < Osp | —r—~ +logt |, (141)
e2cy 1ogd( 2t )
n-ecq
2
where ¢g = max {1,exp (£ (¢ —1))}. If \/ quadA > \/ D (%) we can see that Zle fx*) —
f(xs) < coup (%) O(lode+4 T). Thus, we consider the case of |/c g A < 4/ 3 ° hereafter. Then, we see
that
1 d+1 T
vo (B (yJerlatiz® ) ) < Cse %8 tlogT (142)
log? [ —2£2—
&) cqumdecdzk
lo d+1 T
= Csn = 4+ logT | . (143)

2Cquadl?
((1/2)108 T + 1og (5222 )
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Bryreca

Since (1/2)logT is dominant (in terms of T') compared with log <M> = Q(—(d+2)loglogT), we have

d
((1/2) logT + log (26‘4““‘62 )) = Q(log? T'), and thus,

Bryreca
yr (B (,/ Couaa s @ )) = O(logT). (144)

Consequently, we obtain

> fE) - \/CI/BTT'YT (@ x )) +72/6 (145)

teTe
= O(VTlogT). (146)
Case of Matérn Kkernels.
I (V+d)
We set Ay = T 204 If Ay > min{Cgap; Cquadfiyaa}> We can see that T < min{Cgap; CquadPonad}
2(u+d)
Therefore, Z;‘F:l f(&*) = f(®:) < coup Min{Cgap; CquadPiyaa) = O(1). Hence, we consider the case of
Ay < min{cgap, Cquad pguad} below.
We divide the index set [T'] as follows:
To=A{t € [T]] f(®") - fz:) > Ar}, (147)
Ti={te [T A > f(x) — f(®e) > Aisa},Vi € [i - 1], (148)
Ti={te[T]|A; = f(z") — f(z)}, (149)
where i € N and monotonically decreasing Ao, ...,A; > 0 will be chosen hereafter so that the desired result can be

obtained.

First, we show the regret incurred for 7. As with the case of SE kernels, we have

ol =" min{l,f(m )A_ f(wt)} (150)
teTo L
o 2
-y min{l, (= )Agf(wt)) } (151)
teTo 1
8 2
< BlT th Nen) 3A2 (152)
teTo
8C1BrYT |
< + (153)
A2 3A2
~ _d _v
=0 (|76|2V+dT(V+d)) . (154)
Therefore, we see that
2u+d
7o) = <T2<V+d>) (155)

2y+d
2 8C v ~
Note that, if ’T 3A7 is dominant compared with M then |7o| = 0) ( (v+d > O < ”+d)). Hence, from
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Lemma E.3, we obtain

D fa) = (@) < \/CLBr|Tolym) (156)

teTo

2v+d 2vtd \ 2v+d
=0 | T4+ <T4(u+d)) (157)
=0 (VT). (158)
Next, we consider 7; for all i € [i]. Due to Ay < min{cgap, CquadPayaq} and the condition 3 in Lemma 2.4, we can

obtain Lemma E.2, which is modified from the proof of Lemmas 4 and 20 of (Iwazaki, 2025b). Therefore, we see that
x; € B (,/ Counalis T ) forall ¢ € 7; and i € [i]. Thus, from Lemma E.3, we can obtain

vieli, ) fla @) < \/015T|7?|7m| (B (\/ Counali; T* )) +72/6. (159)

teT;

From Corollary 8 of (Iwazaki, 2025b), we can choose sufficiently large Chat so that

2vd d 4v+4+d
Vt > 2,¥n > 0,7 (B(1;0)) < Cuat (12u+dt2v+d log2v+d ¢ 4 log? t)

(160)

Therefore, we have

_vd d 4v+d
i (8 (Veghatia®) ) =0 (AE”” T 5 g3 7] + log? m) . (161)

vd
If the term log® |T;| = O(log? T) is dominant compared with A2 "¢|T;| 2v+d log 2V+Ul |7:|, then the corresponding
regret for 7; can be readily bounded from above by O(v/T). Thus, hereafter, we focus on the set Z C [i], for which

vd d dv+d
ATy 2v+d log2v+d | T;| is dominant compared with log” T'. Therefore, we have

- 2v42d v
VieI, Y fla)— flx) <O | \|T]2Fd AT | (162)

teT;

. 1 _
Hence, if we can set A; = O (T _;) when i € Z, by the upper bound |7;| < T', we can obtain

> @)~ f(@) <0 (VT), (163)
teT;
Hereafter, we will confirm the condition that we can choose Ay, ..., A;_; so that the resulting regret over T1,...,7;_1 is

O(VT) and A; = O(T_%).

As with the previous derivations, for all i € Z\{i}, we have

. f(@*) — f(z:)
|T:| = mln{l,} (164)
teZTi AVES)
o 2
= Z mln{ f(@) 5 f(mt)) } (165)
AN
teT; i+l
85T w2
< (166)
= a7, tez;;at TN P41
8C1ﬂT’Y|Ti‘ (B (\/ qumdA“:l: )) 7'('2
< 5 + (167)
A7 3A7,
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Then, we consider the following two cases, depending on which term is dominant.

Case of SCIBTW‘T”(B(V Camalii®” >) >

A72+1 - 3A72+1

In this case, we see that

vd
|T:| = <A2y+dA +1|T|2”+d>

which immediately suggests that

Therefore, for all i € Z\{i}, we can see that

Z f(@") = f(x) < \/015T|7;|7Ti| (B (\/ Counalis T )) +7%/6

teT;

2v+42d
2v+d 2v+d

2v vd
2v+d 2u+d
(A AZ“) A;

d 1/+d
= (A A )
d v+d

To obtain A2 A, +1" = O(VT), we require the following condition:

Il
O

vd
Ajyr = ) (T 2(u+d)A (V+d)> ’

where ) hides polylogarithmic factors.

Case of 8CIBT7‘”'(B(V ';uladA“w*)) < -

Ai{»l 3A12+1

In this case, we see that

Tl = O (Az‘_+21) :

Therefore, for all i € Z\{i}, we can see that

Zf(m*)f(mt)S\/ClﬂTml’nm( (Veatatiar)) +2/6
teT;

B 2(v+d)

0 \/ (A7) 2 AQ””)

vd 2(v+d)
-0 (A (v+d) A7 2v+d ) .

7 1+1

vd 2(v+d)
To obtain A; 2(2v+d) A +12"+d = O(VT), we require the following condition:

vid vd
N Q(T i(vtd) A HD )
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s (8( b)) |
- 3A2

i+1 i+1

It suffices to consider the case of

due to the following reason. Since we currently

_ _ 1
focus on ¢ < i such that A; = Q(T~v), we have

2w4d vd vd d vd ~ v vd
T~ 4(v+d) A;l(wrd) T 2(V+d)A (v+d) p~ 3(v+d) Al Avtd) _ 5[ 77 20+d) A2 FD |

?

v vd
Therefore, the required condition A, = Q [ T 2(v+d) Af(wrd) ) is a strong condition. Hence, it is sufficient that we can

8C1BT7|7; (B(m’m*» > _m°

Af+1 - 3A12+1

prove for the case that holds for all i € Z\{i}.

Thus, since Ay =T 2(v+4)  we choose A; as
vd il
A; = &) ( 2(u+d) PO 1<2(u+d)> ) ) (179)

Under this setting of A;, the regret ), f(x*) — f(x;) = O(V/T) for all i € [i]. Finally, we will confirm the condition
- 1 _
that above A; can reach to A; = O (T~ v) with finite i.

Case of > 1. Due to the condition, we can obtain

2(w+d) +d)

A, =0 (T_2(V+d)> . (180)

_ ~ 1
Thus, we can choose 1 = "M—‘ = O(]_)’ by which A*- =0 < > The condition > 1 can be transofrmed as

2(v+d) +d)
(v —2)d — 2v > 0. Therefore, this condition holds if and only if v > 2 and d > -2% simultaneously hold.

Case of ( ) < 1. From the above discussion, this condition holds if (i) » < 2 or (ii) ¥ > 2 and d < ;=5 simultaneously

Jj=1 1
hold. If Z =1 (m) with finite 7 can be 234 + 9 we can get A; = O( ) From the formula for the sum of a
geometric series, we obtain

; : vd ‘

‘ ( vd >J1 1- (2(V+d)) 2(v +d) ,
o = - as i — oo, (181)
= 2(v +d) 1— (2(1’/}1(1)) 2v+d) —vd

i _
since (ﬂﬁiid)) — 0 due to the condition. Therefore, to get finite 7, we require the condition

2(v+d) S 2(v+d)

182
2(v+d)—vd vz (182)
which can be rephrased as (v + d)(v — 2) > 0. Hence, if v > 2, we can set 7 as the smallest integer such that
1- (2(5101))2 2(v +d) vd : 2(v+d) —vd
> 5 s 11— ( ) > 5 (183)
1— (—ud v 2(v+d) v
2(v+d)
2(w+d)—vd vd i
1— > 184
< R <2(v T d)) (159
2(w+d)—vd vd -
&1 1—-——F /1 — | < 185
o ) s (50 5) <+ (189

28



On Regret Bounds of Thompson Sampling for Bayesian Optimization

Regarding the last transformation, note that (ﬁ) <1< log (2(;711)) < 0 from the condition. Thus, we can set

= [bg (1 —~ W) /log (2(Vyid)ﬂ =0(1).

Summarizing the both cases, we can seti = O(1) if v > 2. Consequently, since the all regret incurred over 7y, . . ., T; are
O(V/T), the cumulative regret is bounded from above as

> fa) Zo ) =O0(T),

which is the desired result. O

Theorem 3.5. Fix 6 € (0,1) and égp € (0,1). Assume the same premise as in Lemma 2.4. Suppose Assumptions 2.1 and
2.2 hold. Then, if Algorithm 1 runs, the following holds with probability at least 1 — § — dgp:

{mﬁlogT) if k= ks,
Rr = 5

. 186
(VT) if k= kyag withv > 2, (136)

where the hidden constants may depend on 1/6,d,v, ¢, r, o2, and the constants Csup» Cgaps Pquad, Cquad COFresponding with
dgp.

Proof. The overview of proof of this theorem is similar to that of Lemma 3.4. However, since the cumulative regret upper
bound of GP-TS is shown via the expected regret bounds, we will transform the cumulative regret so that the proof of
Lemma 3.4 can be applied. Let the index set 7; C [T] foralli = 0,...,i be

Tio={te[T]|Ai > f(x") — f(xe) > Aigr}, (187)

with convenient definition of Ag = 2c¢gyp, and Aj, = 0. For the both cases of SE and Matérn kernels, we choose {Ai}zzl
and 4 as with the proof of Lemma 3.4. Hereafter, we define 5; = O(log T') as the maximum of those defined in Lemmas C.1
and C.2 to apply both cases’ proofs.

Assume the three conditions in Lemma 2.4 hold. Then, we can decompose the cumulative regret as follows:

D f@t) = ) =) > &) — flm). (188)

t=1 i=0 teT;

Under the condition Ay < min{cgap, Cquad pguad} and the condition 3 in Lemma 2.4, we can obtain Lemma E.2, which is
modified from the proof of Lemmas 4 and 20 of (Iwazaki, 2025b). (Note that, if A; > min{cgap, cquadpzuad} we can get

Ry = O(1) as with the proof of Lemma 3.4.) Therefore, we see that A; > f(x*) — f(z;) = =, € B (1/ quddA“ T )
for all i € [i]. Hence, we have the upper bound below:

T %

D f@t) = flm) <D0 (@) = fla), (189)

t=1 =0 teT;

with 7; = {t €T flx*) — f(ze) > Aig1 ANy € B(w quadAl,w )} We will show upper bounds of
E[Sie7 f@) - fl@)].

At first, for any 77, the proof of Theorem C.1 derives

(190)
Alz"rl A’?—‘1—1

}:O BrE [ZteT{Ut () + o7 1(1})}} +O< Br )
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Furthermore, the proof of Theorem C.2 derives

Zf f(x) gO(logT)+25;/2 E Zat,l(m*) +E Zat,l(mt)

teT; teT; teT;

By applying Lemma E.8, we obtain’

]E[ } = O | max BT%EH%” (B (' quadA“O)) br (191)

2 ’ 2 ’
A7—‘,—1 A1,+1

Ti

and

gﬁf(w*)—f(wt) = <\/BT1E[ hﬁ[l’rl] <B (Wo))) (192)

By taking the union bound regarding the conditions in Lemma 2.4 and the Markov’s inequality for E [E e flx") = f( ast)}

foralli = 0,...,1i, the three conditions in Lemma 2.4 and the following inequalities hold simultaneously with probability at
least 1 — 6 — dgp:
" i + 1
Z f(@*) = f(ze) =0 BrE [ } ’Y]E[l d) B4/ quadAwO (193)
teT;
The remainder of the proof is the same as that of Lemma 3.4, although the dependence on 1/§ and i is worse. O

E. Supporting Lemmas

Lemma E.1 (Lemma 5.1 of (Srinivas et al., 2010)). Suppose that Assumption 2.1 holds. Fix § € (0, 1). Then, for any X
such that | X| < oo, the following inequality holds with probability at least 1 — §:

Pr (Vt >1,Va € X, |f(@) — s (z)] < ﬁg/%t_l(x)) >1-4, (194)

where 3; = 2log(|X|t(t + 1) /6).
Lemma E.2 (Modified from the proof of Lemmas 4 and 20 of (Iwazaki, 2025b)). Suppose f is continuous. Then, under
conditions 1 and 3 in Lemma 2.4, x € B (,/ qulade x ) C B(pquad; *) holds for any & € X such that f(x*) — f(x) < ¢

with € < min{cgap, CquadPoyad }-
Proof. From Lemma 20 of (Iwazaki, 2025b), we see that

z € B(pquaa; *). (195)

Hereafter, we follow the proof of Lemma 4 in (Iwazaki, 2025b). From the condition 3 in Lemma 2.4 and & € B(pquad; €*),
we obtain

Ve e {z e X | f(z") — f(z) <€}, f(2") — f(@) 2 cquaallz” — 2[5. (196)
Since f(x*) — f(x) < €, we have

Cquad||T* — |3 < e ||2F -z < c;ulade, (197)
which shows the desired result © € B (, /c Cque dde x ) O

2For the case of Matérn kernels, although the upper bound F [

] O(Br/AZ.,) is worse by log T factor than that in Lemma 3.4,

we can apply the same proof since the logarithmic factor does not change the result. Alternatively, we can remove St by a finer
discretization.
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Lemma E.3 (Modified from Lemma 21 of (Iwazaki, 2025b)). Fix any index set T C [T|. Then, we have the following
inequality:

> 28201 (@) < 20/C1Br( T (Xr), (198)

teT

where Cy = 2/log(1 + 0~ 2), X1 = {@; }1e7, and v7(X7) is the MIG defined over Xr.

Proof. See the proof of Lemma 21 of (Iwazaki, 2025b). O]

Lemma E.4 (Discretized error, Lemma H.2 of (Takeno et al., 2023)). Suppose Assumptions 2.1 and 2.2 hold. Let X; C X
be a finite set with each dimension equally divided into T, = bdruy (\ /log(ad) + ﬁ/?) foranyt > 1. Then, forall t > 1,
the following inequality holds:

E [sup f(@) - f([w]m} <L (199)

xeX

where [x]; is the nearest point in X; of x € X.

Lemma E.S5. Suppose Assumption 2.1 holds. Let X; C X be a finite set. Then, the following inequality holds:

E {féli {(f@) - Ut<w>)+}} < uit (200)
E{;ggt{(f(w)—Ut(w))iH < 2%1:27 (201)

where (¢)4+ = max{c,0} and Uy(x) = pp—1(x) + 5,51/20)5_1(;13) with B; = max{1, 2log(|X;|u/v/27)}.

Proof. As with (Russo & Van Roy, 2014), we use the following fact:

s a?
E[ZJr] < E exp {—2} ) (202)
E[Zi] = (m2 + 52)<I>(a) + msg(a) < % exp {—0;2} , (203)

where Z ~ N(m, s?) with m < 0 and o = m/s. The former inequality is used, e.g., in (Russo & Van Roy, 2014; Takeno
et al., 2023). Both inequalities can be obtained, e.g., by the moments of the truncated normal distribution.

For the first inequality, following the proof from (Russo & Van Roy, 2014), we can see that

E [sup (f (=) — Ut(w))+:| <SE| Y (fl@) - U2)), (204)

TEX} zEX,
< Y Ep, [E[(f(@) - Unla)), | D] (205)

TEX;
where f(x) — Ug(x) | Di—1 follows N(—Btl/zot,l(a:), ot—1(x)). Therefore, we can obtain
. or1(x) B

B [sup /(2) - V(o)) < > e {—2}] 206
< 5(% exp {ﬂ;} 207)
<1 (208)

t
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where the second and third inequalities holds because of ;1 () < 1 and the definition of 3;, respectively.

For the second inequality, as with the above derivation, we see that

E|sup {(f() - Ut(a:))i}} <> Ep, [E[(f(@) - V@) | Dii ] (209)
TEA TCX;
7 1
<3 Eop., [U“(m)(ﬁf/j ) exp {—ﬁt}] (210)
rEX: v 277615 2
26,21 B
—— —= 211
ST P 211
1/2
< B 212)
Ut
where the second and third inequalities hold because of o7 (x) < 1 and the definition of 3;(> 1), respectively. O

Lemma E.6 (Squared discretized error). Suppose Assumptions 2.1 and 2.2 hold. Let X; C X be a finite set with each
dimension equally divided into 7, = {bdm [ uy (log(ad) + lﬂ foranyt > 1. Then, for allt > 1, the following inequality
holds:
2 1
E [ sup (7(2) - 1)’ < - @13

reX Ut

where [x]; is the nearest point in X; of x € X.

Proof. Let L¢ be the Lipschitz constant of f. From Assumption 2.2, we see that

C
Pr(L2 > ¢) < adexp (WT?) . (214)
Therefore, we can obtain
E[L3] :/O Pr(L7 > c¢)dc (215)
< / min{1, ade~ /%" }de (216)
0
= b?log(ad) + / ade=/%" dc 217)
b2 log(ad)
= b?log(ad) + b2/ ade” “dc (218)
log(ad)
= b*(log(ad) + 1). (219)
Then, we see that
2
E {sup (f(x) — f([z]e)) ] <E [L% sup [l — [2][|3] - (220)
xcX xeX
From the construction of X;, we see that
1
sup ||z — [z],|? < . 221
sup o = el < 7S (221)
Therefore, we derive
2 E[L}]
E | su x) — f(|x < 222
sup (7(e) — 1))’ < Sy 022)
< i (223)
Ut
O
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Lemma E.7. Suppose Assumption 2.1 holds. Fix A > 0 and let T = {t | f(x*) — f(xr) > A}. Then, if Algorithm 1 runs,
the following inequality holds:

E [Z oi1(x)| < Ciimyrys (224)
teT

E lz Ut—l(wt)] </ CLE[ T 17, (225)
teT

and

E [Z U?l(w*)‘| < CvAR( T (226)
teT

E lz Ut—l(m*)] </ CLE[T 3y (227)
teT

where Cy = 2/ log(1 + o~ 2).

Proof. First, we can see that

(a)
E [Z o 1 (z)| < CiEly ] (228)
teT
b ~
© B (229)
(0)
< Ciig)T)- (230)

The inequalities hold because of (a) D, o? (x) < C1v 7 from Lemma E.3, (b) 7 = 7 for any ' € N, and (c)
Jensen’s inequality and the concavity of 7.

(a)
th_l(mt)] <E| N7 0y (x) (231)
teT teT

YE {, /Cl\TH‘TJ (232)

(c)
< \/CiE[ITIIE [%7] (233)

(d)
<  CiE(IT =7 (234)

The inequalities hold because of (a) Cauchy—Schwarz inequality (b) ZteTaffl(wt) < Cl'Y\TI from Lemma E.3 and

~vr = A forany T € N, (¢) Cauchy—Schwarz inequality (|E[XY]| < +/E[X?]E[Y2] for any random variables X and V),
and (d) Jensen’s inequality and the concavity of ;.

Second, we can obtain

E

For the proof with respect to o7_; (z*), we use the property of 7, = {t | g:(x;) — g:(z*) > A}. Let 1 be the indicator
function that is 1 if E is true, and 0 otherwise. Since (1 f(z)—f(zy)>a | Di—1) and (Ly, (z,)—go(z*)>a | Di—1) follow the
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identical distribution, we can see that

T
E[|T]] = Ep,_, lz E [1f@)—f@o>a | Di-1] (235)
t=1
T
=Ep,_, [Z E [Lg, (@) -g:(@)2a | De1] (236)
t=1
T
=E Z ]lgt(wt)gt(w*)M} (237)
t=1
= E[|7,[]- (238)
Then, we can show the results regarding o7, (x*) as follows:
£ 20?1(33*)] =Ep,_, | > E[o7 (") j@)—f@nza | Di1] (239)
teT te[T)
QB | Y E 07 (@) @) -geza | Dici] (240)
te[T]
=E | Y 07 1() g, @) g.(a)>a (241)
te[T]
(b)
< GiE[y7, ] (242)
(e .
< CrE)T, ) (243)
= C1yg7)- (244)

The equalities and inequalities hold because (a) (07_1 (") (g)— f(w)>a | Die1) and (071 (24) Ly, (z,)—gs (z)>A |
Dt—l) follow the identical distribution, (b) Zte?’g o? (xy) < C177,| from Lemma E.3, and (c) y7 = 77 forany T € N
and 4 is a concave function.

Furthermore, by the same reasons shown above, we can see that

E|Y ora(@)| =Ep, | Y Elora(@) @) s@oza | D] (245)
teT LtelT]
= EDt—l Z E [Ut—l(mt)lgt(wt)—gt(w*)zA | Dt—l] (246)
| te[T)
=E | Y o1 1(@) Ly, (2)—g ()2 (247)
te[T)

<E [\/C1|7§|’7\Tg\ (248)
</ CLE[| Tg|Jvey T, ) (249)
< OE[T Iy (250)

O
Lemma E.8. Suppose Assumption 2.1 holds and k = ksg or k = knay with v > 1/2. Fix Ajp > 0 and let T =
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{teT]| flx*)— f(xe) > ANaxy € B(p;x*)}. Then, if Algorithm I runs, the following inequality holds:

E | 0?4 ()| < Crigry (B(p:0)), (251)
teT

E Zotq(wt)] < \/CIE[|TH'~YJE[\TI] (B (p;0)), (252)
teT

and

E [Z 0?1(39*)] < CigqTy) (B (p:0)), (253)
teT

E lz o1 (x)| < \/CIEHT”:V]E[\TI] (B (p;0)), (254)
teT

where Cy = 2/ log(1 + 02) and 1 (X) is the MIG over the domain X.

Proof. First, we can see that

(a)
E 2031(«%)] < CiE[y 7 (B(p;x"))] (255)
teT
Y B 7 (B (0:0))] (256)
(c)
< Chmgry (B(p:0)). (257)

The inequalities hold because of (a) Y, 07 1 (x:) < C1y7 (B (p;x*)) from Lemma E.3 and z; € B (p;x*), (b)
yr (B (p;x*)) = 37 (B (p;0)) for any T € N due to the definition of 4 and the shift-invariant property of the SE and
Matérn kernels, and (c) Jensen’s inequality and the concavity of 7.

(a)
E [Z at_l(act)] SE|NTIY o7 (x) (258)
teT teT

Second, we can obtain

<[\ Thm Bra)] 259)
Yk [/ CIT i (B (p;0))] (260)
< \JOEITIE [ (B (5:0)] (61)
2 JOEIT ey (B (p:0). 262)

The inequalities hold because of (a) Cauchy—Schwarz inequality (b) >, 07 (z¢) < C1y7 (B (p; x*)) from Lemma E.3
and x; € B(p;x*), (¢) vr (B (p;x*)) = 47 (B (p;0)) for any T' € N due to the definition of 4 and the shift-invariant
property of the SE and Matérn kernels, (d) Cauchy—Schwarz inequality (|[E[XY]| < /E[XZ2]E[Y?] for any random
variables X and Y'), and (e) Jensen’s inequality and the concavity of 7,.

For the proof with respect to o7_, (x*), we use the property of Ty = {t € [T] | ge(m¢) — ge(x*) = A A |lz — 2|2 < p}.
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Let 1 g be the indicator function that is 1 if £ is true, and O otherwise. We can see that

T
E[TN=E (D E[Liw)sw)>anle—al<p | Dtl]]
t=1
T
=E |Y E Iy @)-g(@)>anz—a* |2<p | Dt—l]]
t=1
=E[T,l,

where the second equality holds since (:ﬂ'f(w*)_f(wt)ZA/\”wt_w*HQSP | Dt_l) and (]]'gt(wt)_gt(w*)ZA/\Hwt—w*HQS/) | Dt—l)
are identically distributed.

Then, we have

E | oia(@)|=E Zﬁ{of_l(m*)ﬂf(mf(mt>>wteg<p;m*)‘7>t_1} (263)
teT te[T]
(a)
= ZE[U?_l(wt)]lgt(mt)9t(T*)>A/\|.’1:t:1:*|2<p Dt—1:| (264)
te(T]
=E ) o7 () (265)
teTy
®) .
< CiEE [y, (B (p;27))] (266)
© )
< CiE [Fi7,| (B(p;0))] (267)
(d)
< Gz, (B (p;0)) (268)
= C13g)7) (B (p; 0)) (269)
where the equality and inequality hold because (a) (07_i(®*)1j(w ) f(ws)>ArzicB(pas) | Di—1) and

(021 (@) Ly, (a,)—gu (%) > A —z* |2<p | Di—1) are identically distributed, (b) ", 07_1 () < Cry7 (B (p;z*))
from Lemma E.3 and «; € B (p; *), (c) vr (B (p;x*)) = 37 (B (p; 0)) for any T € N due to the definition of 4 and the
shift-invariant property of the SE and Matérn kernels, and (d) Jensen’s inequality and the concavity of 47. By almost the
same arguments shown above and Lemma E.7, we further obtain

E lz Utl(m*)] < \/ClEHﬂHJE[\TH (B(p;0)),

teT

which concludes the proof. O
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