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Abstract

Kolmogorov—Arnold Networks (KANSs) have re-
cently emerged as a structured alternative to stan-
dard MLPs, yet a principled theory for their train-
ing dynamics, generalization, and privacy proper-
ties remains limited. In this paper, we analyze gra-
dient descent (GD) for training two-layer KANs
and derive general bounds that characterize their
training dynamics, generalization, and utility un-
der differential privacy (DP). As a concrete instan-
tiation, we specialize our analysis to logistic loss
under an NTK-separable assumption, where we
show that polylogarithmic network width suffices
for GD to achieve an optimization rate of order
1/T and a generalization rate of order 1/n, with
T denoting the number of GD iterations and n the
sample size. In the private setting, we character-
ize the noise required for (e, §)-DP and obtain a
utility bound of order v/d/(ne) (with d the input
dimension), matching the classical lower bound
for general convex Lipschitz problems. Our re-
sults imply that polylogarithmic width is not only
sufficient but also necessary under differential
privacy, revealing a qualitative gap between non-
private (sufficiency only) and private (necessity
also emerges) training regimes. Experiments fur-
ther illustrate how these theoretical insights can
guide practical choices, including network width
selection and early stopping.

1. Introduction

Kolmogorov—Arnold Networks (KANs) (Liu et al., 2025b)
have recently emerged as a structured alternative to standard
multilayer perceptrons (MLPs), replacing fixed pointwise
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Figure 1. Comparison of MLP and KAN performance on genomic
sequence classification. Each point pair corresponds to a bench-
mark dataset from Table 1 of Cherednichenko & Poptsova (2025),
reporting Matthews correlation coefficient (higher is better) for a
baseline MLP model and its KAN-based counterpart. Most KAN
points lie to the right of their MLP counterparts, indicating im-
proved predictive performance when replacing MLP modules with
KAN layers.

nonlinearities with learnable univariate edge functions. This
architectural bias has led to strong empirical performance
in tasks where interactions can be effectively represented
through univariate components. Such settings arise in sci-
entific computing, physics-informed learning, time series
forecasting, and molecular and biological modeling (Li et al.,
2025a; Cherednichenko & Poptsova, 2025; Shukla et al.,
2024; Patra et al., 2025; Wang et al., 2025d; Vaca-Rubio
et al., 2024). In genomic sequence classification, for in-
stance, replacing MLP modules with KAN layers has been
shown to improve predictive performance on several bench-
mark datasets (see Figure 1).

At the same time, KANs raise new theoretical questions:
their training dynamics depend on a large collection of cou-
pled univariate function parameters, and standard analyses
developed for MLPs do not directly apply. In particular, the
interaction between width, optimization dynamics, and sta-
tistical generalization in KANs remains poorly understood.

Most existing theoretical analyses of KANs are algorithm-
independent, focusing on expressivity and approximation-
theoretic guarantees rather than the behavior of concrete
training algorithms (Zhang & Zhou, 2025; Liu et al., 2025a;
Li et al., 2025b; Wang et al., 2025¢). As a result, they do
not yield guarantees for the iterates produced by gradient
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descent (GD), nor do they explain how optimization dynam-
ics interact with generalization. A notable exception is Gao
& Tan (2025), who show convergence of GD for two-layer
KANSs under strong positive-definiteness assumptions on
the associated neural tangent kernel (NTK), which require
network widths that scale polynomially in problem parame-
ters. However, corresponding generalization guarantees for
GD-trained KANs remain largely unexplored.

In addition to optimization and generalization, privacy con-
siderations introduce an additional layer of complexity for
training KANs. As models are increasingly trained on sen-
sitive data in domains such as biology and medicine, it
becomes essential to understand how privacy-preserving
training procedures affect their performance. Differential
privacy (DP) (Dwork et al., 2014) provides a rigorous frame-
work for limiting the influence of individual data points, and
gradient-based methods with additive noise, such as dif-
ferentially private gradient descent (DP-GD), are standard
tools for achieving such guarantees (Abadi et al., 2016;
Song et al., 2013; Wang et al., 2022). However, existing
theoretical analyses of private gradient methods for neu-
ral networks predominantly focus on MLPs (Romijnders &
Koskela, 2025; Wang et al., 2025a; Shi et al., 2026).

Establishing theoretical guarantees for GD and its differen-
tially private variant (DP-GD) on KANSs is technically chal-
lenging. Along the optimization trajectory, the curvature of
the loss depends sensitively on how far the parameters move
from initialization, while DP-GD introduces stochastic per-
turbations at every iteration over a nonconvex landscape.
To address these challenges, we develop a unified frame-
work that combines self-consistent curvature control for GD
with a trajectory-wise sensitivity and stability analysis of
the projected DP-GD recursion. This framework enables
guarantees for (DP-)GD optimization, generalization, and
privacy utility in KAN training. Our main contributions can
be summarized as follows.

* Reference-point framework for GD and DP-GD. We de-
velop a unified reference-point analysis for training two-
layer KANs with GD and DP-GD, yielding bounds on the
optimization risk (training loss), the population risk, and
the trajectory-averaged population risk under (e, §)-DP
(Theorems 4.3, 4.11, and 4.15).

* Optimization and fast-rate generalization. Under NTK

separability and logistic loss, we show that polylogarith-

mic width suffices for GD to achieve an optimization risk

O(1/T) (Theorem 4.9) and a fast-rate population risk

bound O(1/n) (Theorem 4.12).

Differential privacy and utility. We provide an explicit

Gaussian noise calibration ensuring (e, §)-DP for DP-GD

on KANSs and establish a privacy—utility tradeoff with

an admissible width regime. Under NTK separability,
this yields a utility bound O(v/d/(ne)) for the trajectory-

averaged population risk, matching the classical convex
Lipschitz lower bound (Theorem 4.16).

* Sharp width characterization. In the NTK-separable set-
ting, we show that polylogarithmic width is not only suf-
ficient but essentially necessary for DP-GD to attain the
desired utility, revealing a qualitative gap between non-
private GD and DP-GD.

» Theory-guided practical implications, validated empir-
ically. Our theory provides guidance for selecting the
width m and the iteration number 7. For GD, it predicts
diminishing returns from increasing m and 7' beyond
moderate values. In contrast, under a fixed privacy budget,
it suggests that DP-GD benefits from moderate widths
and early stopping. These qualitative trends are supported
by the experiments in Section 5.

Organization: Section 2 introduces KANs and the model
studied in this work. Sections 3 and 4 present our main
results. Section 5 reports experimental findings. Related
work and conclusion are given in Sections 6 and 7.

2. Kolmogorov-Arnold Networks: A Primer

This section provides background on KANs and introduces
the concrete model studied in this work.

2.1. Motivation: Kolmogorov—Arnold Representation

Kolmogorov—Arnold type representation results (Kol-
mogorov, 1963; Arnol’d, 1957; Braun & Griebel, 2009)
show that broad classes of multivariate functions admit rep-
resentations as superpositions of univariate functions com-
bined with simple aggregation operations. This perspective
motivates neural architectures that place learnable univariate
components on network edges, rather than relying on a fixed
pointwise nonlinearity shared across units. KANs, intro-
duced by Liu et al. (2025b), embody this idea by explicitly
parameterizing edge functions, thereby inducing a structural
bias that differs from standard MLPs.

Formally, a KAN is a feedforward network that maps an
input vector x = (21,...,2Zpn,) € R™ to a sequence of
hidden representations x; = (%41, ...,%¢n,) € R™ across
layers £ = 0, ..., L, with xg = x and n; denoting the width
of layer ¢. Each edge (¢,7) — (¢ + 1, j) carries a learnable
univariate function ¢, ; ; : R — R, and the hidden units are
computed as

ng
Tpg1,j = Zcbé,j,z‘(l‘z,i), £=0,...,L-1. (1)
=1

In practice, the edge functions are parameterized using finite-
dimensional function classes such as basis expansions. We
defer the specific parameterization to Section 2.3.
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2.2. Empirical Context and Applications

We briefly summarize empirical observations and applica-
tion settings that motivate the study of KANS.

Architectural inductive bias and interpretability.
KAN:Ss introduce an architectural inductive bias by replac-
ing fixed pointwise activations with learnable univariate
edge functions, which can be particularly effective when the
target mapping exhibits low-dimensional structure, smooth-
ness, or compositional interactions. This design aligns natu-
rally with settings in which multivariate relationships admit
structured decompositions into simpler components. In ad-
dition, the explicit parameterization of edge functions can
support interpretability in practice, as individual compo-
nents may be visualized and inspected directly (Erdmann
et al., 2025; Ranasinghe et al., 2024).

Application landscape. Building on this architectural in-
ductive bias, empirical studies report competitive perfor-
mance of KAN-based models on a variety of structured
learning tasks (Liu et al., 2025b; Somvanshi et al., 2025);
see Figure 1 for an illustrative example in genomic sequence
classification. In practice, KAN variants have often been
explored as modular replacements for MLP components
within larger architectures. Representative examples in-
clude convolutional KAN layers for vision tasks (Bodner
et al., 2024; Ferdaus et al., 2024), temporal KAN designs
for time-series forecasting (Genet & Inzirillo, 2024), and
Transformer architectures in which the feedforward sub-
network is replaced by KAN layers (Wang et al., 2025d).
KAN components have also been combined with diffusion
models in several recent works (Xiong et al., 2025; Su &
Yang, 2025; Qiu et al., 2025).

2.3. Two-layer KANs with B-splines

We study a two-layer KAN with a single hidden layer of
width m and a scalar output, in which the univariate edge
functions are parameterized using B-spline bases.

Parameter representation. For analysis, we collect all
trainable coefficients into a single parameter vector. For
each hidden unit j € [m], the first-layer spline coefficients
{@ijkticla), ke[ are arranged into a vector a; € R us-
ing a fixed ordering of the index pair (i, k), and we set
a = (ay,...,a,) € R™P. Similarly, the second-layer
coefficients {c; 1. }re[p) are collected into vectors c; € R?
and stacked as ¢ = (cq,...,¢y,) € R™P. The complete
parameter vector is thus © = (a,c) € R™P(d+1),

Two-layer KAN model. Each univariate edge function
is parameterized using a B-spline basis {b;}7_;, and a
bounded activation function ¢ : R — R (e.g., tanh or
sigmoid) is applied after the first layer. The spline basis
functions are defined on an interval covering all values

encountered during training and satisfy the boundedness
conditions in Assumption 4.1. For an input xo = x € R%,
with input dimension d and hidden width m, the two-layer
KAN model is given by

m p
Lzzwbk (21), @

15 = (fzzaz,mbk 5501) J € [m].

This model closely follows the two-layer KAN of Gao & Tan
(2025), adding an explicit 1/+/d normalization in the first
layer to stabilize pre-activations as d grows and simplify the
Hessian analysis. The 1/,/m factor is the standard output
normalization to control the scale as m increases.

2.4. Toward a Theoretical Understanding

For the two-layer KAN model defined above, key theoreti-
cal questions remain open. In particular, it is unclear when
gradient-based methods optimize the model reliably, how
the resulting predictors generalize, and how these guarantees
interact with privacy constraints. This motivates our theoret-
ical study of optimization, generalization, and differential
privacy for KANs.

3. Overview of Our Results

Our formal results are presented in Section 4 in a general
form. In this section, we specialize to the logistic loss and
an NTK-separable regime to highlight the main implications
and intuitions. We use O(+) to suppress logarithmic factors
and write a < b if a and b are of the same order.

3.1. Optimization Bound

We run GD with a constant step size 7 > 0 for T’ iterations.
The following theorem provides the convergence behavior
of GD for KANSs. For readability, we suppress the explicit
dependence of the required width on problem parameters
and defer these details to Section 4.

Theorem 3.1 (Informal version of Theorem 4.9). Under
the NTK separability assumption with margin y > 0, if the
network width is polylogarithmic, i.e., m > polylog(n,T),
then with high probability (w.h.p.) over the random ini-
tialization, a two-layer KAN trained by GD achieves an
optimization risk (training loss) at most

6(721]11).

Remarkably, a polylogarithmic network width already suf-
fices for GD to attain an O(1/T") optimization rate.
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3.2. Generalization Bound

Building on our optimization guarantee, we establish the
first algorithm-dependent generalization bound specifically
for GD-trained KANs, achieving a fast O(1/n) rate up to
the separability margin and logarithmic factors.

Theorem 3.2 (Informal version of Theorem 4.12). Under
the NTK separability assumption with margin v > 0, if the
network width is polylogarithmic, and n'T' 2, n, then w.h.p.
over the random initialization, a two-layer KAN trained by
GD achieves the expected population risk at most

~7 1
o).
vin
where the expectation is taken with respect to (w.r.t.) the
draw of the training data.

Moreover, our result reveals an implicit regularization bias
toward solutions that remain close to initialization. See
Section 4.3 for further discussion.

3.3. Differentially Private Gradient Descent

Finally, we study DP-GD, where privacy imposes additional
width constraints, and give a sharp utility bound.

Theorem 3.3 (Informal version of Theorem 4.16). Under
the NTK separability assumption with margin v > 0, for

nT =< 7\2/%6 and a polylogarithmic width m =< polylog(n),

w.h.p. over the random initialization, the (e, §)-DP vari-
ant of GD algorithm (Algorithm 1) achieves an expected
population risk, averaged over T iterates, bounded by

(1),

Yine

Our result also characterizes an admissible width regime
with an essentially matching lower bound, showing that a
polylogarithmic width is necessary for DP-GD to achieve
the desired utility bound. See Section 4.4 for details.

3.4. Comparison to Prior Work

We refer to Theorems 4.9, 4.12 and 4.16 for the precise
statements of our results and highlight here the main points
of departure from existing theory.

Optimization bounds. The work most closely related to
our optimization analysis is Gao & Tan (2025), which stud-
ies GD for two-layer B-spline KANSs in regression. Under
a positive-definiteness assumption on the expected NTK
Gram matrix G*° (i.e., Apmin (G>°) > 0), they prove global
linear convergence (1 — ZAmin(G>))” but require net-
work widths that scale polynomially in the problem pa-
rameters. In contrast, we analyze GD for classification
under an NTK-separability condition. As noted by Nitanda
et al. (2019), this assumption is weaker than a Gram-matrix

positive-definiteness condition and can be satisfied in many
cases due to the universality of the neural tangent models.
This yielc}s su.blinf:ar convergence O(ﬁ) already in a
polylogarithmic-width regime.

Generalization bounds. Most existing generalization re-
sults for KANs are algorithm-independent (Zhang & Zhou,
2025; Li et al., 2025b; Liu et al., 2025a). By comparison, we
provide the first algorithm-dependent generalization bound
O(1/~*n) for GD-trained KANs under NTK separability.

Utility bounds for DP-GD. To the best of our knowledge,
this is the first utility analysis of DP gradient-based methods
for KANs. A minimax lower bound tailored to KANs under
DP is not currently available. We therefore compare to the
classical lower bound for general convex Lipschitz problems
(Bassily et al., 2019), which is widely used as a generic
baseline in the DP optimization literature. Our utility bound

o ( \/E) matches this baseline up to the separability margin

ne

and logarithmic factors.

4. Preliminaries and Main Results

We begin by describing our problem setup and then present
our main results. Proofs are provided in Appendix C-E.

4.1. Preliminaries

We consider the following empirical minimization problem
for a two-layer KAN classifier fg parameterized by © €
R™P(d+1) (gee (2)):

. B 1 n
ety £5(0) =5 2, o)

given a training data set S = {z; = (x;, y;) }}_, where each
z; 1s independently drawn from the population distribution
P. Here, we call Lg(©) the optimization risk (training
loss). Denote || - ||2 the standard Euclidean norm for vectors
and the operator norm for matrices. Throughout the paper,
we assume ||x;||2 < 1, the binary labels y; € {—1,+1}
and ¢(-) be a nonnegative convex loss function. Define the
population risk £(©) = E(x ,)~p[{(yfo(x))].

For notational convenience, we identify the concatenation
[aT,cT]T with the ordered pair (a,c). We train O(k) =
(a(k), c(k)) by GD with a step size n > 0:

a(k+1) = a(k) —n0aLs(0(k)),

clk+1) = c(k) — 19.Ls(0(K)).

Following Gao & Tan (2025), we use the standard Gaussian
initialization:

a(0) ~ N(0,1,,4p) and c(0) ~ N(0,L,,,,).  (3)

We impose two standard assumptions (Gao & Tan, 2025;
Taheri et al., 2025). Basis functions with degree exceeding
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three (e.g., cubic B-spline basis) and commonly used trans-
formation functions (e.g., sigmoid and hyperbolic tangent)
can be chosen so that the following assumption holds.

Assumption 4.1. Assume o satisfies |o(u)] < By,
l|o’(u)| < B., and |0”(u)| < B/ for all u € R. Fur-
ther, assume {by, }}_; satisfy |by(v)| < By, |b),(v)| < By,

and |b} (v)| < By for all v € range(o).

Assumption 4.2. Assume the nonnegative convex loss £ :
R — Ry satisfies |¢'(u)| < Bj, and ¢"(u) < By for all
u € R. Further, assume / is self-bounded with oy > 0, i.e.,
[/ (u)] < cpl(u) forall u € R.

The logistic loss naturally satisfies Assumption 4.2 with
Bj, =1, B/ = 1/4 and ay = 1. Unless otherwise specified,
we set By = B}/ = ay = 1 in the sequel. Throughout the
paper, we assume that Assumptions 4.1 and 4.2 hold.

4.2. Optimization Guarantees of GD

We now present our main results on the optimization bounds.
Our bounds are stated relative to a reference point ©* (e.g.,
an interpolating solution). For any ©* € R"?(4+1)_ define
its reference-point complexity by

€s(0%) = 21T Ls(0%) +[|6(0) — 7|3,

and further denote its expected counterpart by €(©*) =
Es[€s(0*)] and write Ag- = ||©(0) — ©*||2 for the dis-
tance from the initialization. Let C,; > 0 be a generic
constant depending only on the quantities specified in As-
sumption 4.1.Define p, := C,;, p®, which plays the role of
a (trajectory-dependent) smoothness parameter for Lg. An
explicit expression for py is provided in the appendix. We
use a 2 b (resp. a < b) to denote a > Cb (resp. a < Cb)
for an absolute constant C' > 0. Since p is fixed in our
parameterization, we suppress its dependence in our results.

Let {O(k)}1_,, be the iterates produced by GD with step
size 1), and let ©(T') be the output after T iterations. The
following theorem gives the convergence behavior of GD.

Theorem 4.3 (Optimization — General bound). Let ©* be a
reference point. Assume 1 < min{1/p;, 1} and A%. >
Imax{nTLs(07),nLs(O0)}. If m 2 (log(m/s) +
A% )AY., then with probability at least 1 — § over the
randomness of the initialization, it holds that

T *
£5(0(1) < 1 3 £s(0) < 7

Furthermore, for all k € [T — 1], with probability at least
1 — § over initialization, it holds that

10(k+1)—0* |l <V2Ae-, [|©(k+1)—0(0)|]2 <3Ae-.

Discussion of Results. Beyond the O(Cg(©*)/T') conver-
gence rate, Theorem 4.3 also shows that the GD iterates

remain in a controlled neighborhood of both the initializa-
tion ©(0) and the reference point ©*. As we show below,
this stay-in-a-ball property is the cornerstone of our anal-
ysis: it allows us to establish that the training loss Lg is
locally smooth and almost convex along the GD trajectory,
which in turn yields the convergence guarantees.

Remark 4.4 (Key proof idea). A main challenge in proving
Theorem 4.3 is that the curvature of the training loss Lg
is trajectory-dependent: explicit Hessian calculations show
that both the minimum and maximum eigenvalues depend
on the evolving deviation ||©(k) — ©(0)||2. To make the
curvature control self-consistent, we develop a double induc-
tion that simultaneously bounds (i) the cumulative training
loss 7 Z§=1 L5(0(s)) and (ii) the distances ||©(k) —O*||2
and ||©(k) — ©(0)||2. These coupled bounds ensure that
all iterates stay inside a region where the Hessian eigen-
values are uniformly controlled, thereby certifying local
smoothness and almost-convexity along the trajectory.

Risks under Realizability. To clarify the dependency of
©* in Theorem 4.3, we impose a realizability assumption,
which posits the existence of a model near the initializa-
tion that achieves arbitrarily small training error. Similar
assumptions have been considered in (Schliserman & Ko-
ren, 2022; Taheri & Thrampoulidis, 2024). We verify this
assumption in Theorem 4.9.

Assumption 4.5 (Realizability). Assume that for almost all
draws of S ~ P™ and for any sufficiently small ¢ > 0,
the set {© : Lg(©) < €} is non-empty, and define
g(e) :=inf {||© = ©(0)[|2 : L5(O) < €}. Assume more-
over that the infimum is attained, i.e., there exists ©¢ such
that L5(0°) < e and g(e) = [|©° — O(0)]|2.

Remark 4.6 (Milder condition). In Lemma C.6, we show
that Assumption 4.5 can be relaxed as follows: for any
sufficiently small € > 0, there exists ©€ such that L5(0O¢) <
€. This requirement is strictly weaker than Assumption 4.5.

Theorem 4.7 (Optimization under Realizability). Sup-
pose Assumption 4.5 holds. Let n < min{g?(1),
g*(1)(Ls(0(0)))~ 1} be a constant, and assume m 2
(log(m/8) + g*(1/T))g*(1/T). Then, with probability
at least 1 — § over the randomness of the initialization,

Ls(O(T)) <

Nl =

> eset) £ ),
k=1

The above optimization performance depends explicitly on

the realizability profile g. If g(¢) < log(1/¢), then choosing
2

nT =< nyields Ls(O(T)) < % under m > log®(n)

(up to logarithmic factors in 1/6).

Connection to NTK Separability. We next connect realiz-

ability to a separability condition formulated in terms of the
NTK features at initialization. As shown in Nitanda et al.
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(2019), this separability assumption is weaker than the posi-
tivity assumption on the Gram-matrix of NTK considered
in the literature (Arora et al., 2019; Du et al., 2019; Gao &
Tan, 2025). Let (-, -) denote the dot product.

Assumption 4.8 (NTK separability). Let v € (0,1]. As-
sume there exists @y € R™P(4+1) with ||©¢|l2 = 1 such

that y;(V fe(0)(xi), ©0) > 7, Vi € [n].

For concreteness, we specialize to the logistic loss in the
following theorem, which shows that with polylogarithmic
width, GD attains a O(1/T') optimization rate.

Theorem 4.9 (Optimization under NTK separability). Sup-
pose Assumption 4.8 holds. Let { be the logistic loss. Let
n < 1 be a constant, assume m 2, log(m/d)(log®(T) +
1og3(n/5))/’y6. Then, with probability at least 1 — 0 over
the randomness of the initialization, it holds that

Ls(O(T)) < ;kz_l Ls(Ok) < 28 (Ti;;;og (3)

4.3. Generalization Guarantees of GD

To derive generalization (population risk) guarantees for
GD, it suffices to control the generalization gap L(O(T')) —
L5(60(T)) and then combine it with our optimization results
(Theorem 4.3). We bound the generalization gap via on-
average argument stability (Lei & Ying, 2020). Without
loss of generality, we assume Ag+ > 1 (otherwise we may
replace it by 1).

Theorem 4.10 (Generalization gap via on-average argument
stability). Let S be an i.i.d. copy of S, and let ©* be a ref-
erence point independent of S. Assume ) < min{1/2p,,1},
A%, > 8max {nT(Ls(0%) + L5(0%)), n(Ls(O(0)) +
L5(6(0)))}, andm 2 (log (2) + AE.)AG.. Then, with
probability at least 1 — § over the random initialization,

Ay I
Es [£(0(T)) - Ls(0(T))] § -2~ Es[ Y Ls(0(1)]-
t=0
Here, the expectation is taken over the draw of S.

Theorem 4.10 shows that the generalization gap is controlled
by the cumulative training loss along the GD trajectory.
Consequently, whenever GD achieves small training loss, it
also enjoys a small generalization gap.

Combining Theorem 4.10 with the optimization bound in
Theorem 4.3 yields the following generalization guarantee.

Theorem 4.11 (Generalization — General bound). Suppose
the assumptions of Theorems 4.10 hold. Then, with proba-
bility at least 1 — § over the randomness of the initialization,

M 1
n nT

Es[£(0(T))] < ( )€(©7).

Discussion of Results. Theorem 4.11 has two immediate
implications. First, we can certify a suitable reference point
©* such that AL. < €5(0*) < (log*(T) +log(n/d)) /¥
for instance under the NTK separability assumption. Con-
sequently, taking 7' =< n and m = polylog(n,d~1), a
polylogarithmic width already suffices to achieve the fast
O(1/n) rate for the population risk. Second, our theorem
highlights an implicit regularization effect of GD. Since the
bound is stated in terms of €(©*), we may choose O* €
arg mine {£(0) + 3,70 — ©(0)||3}. Thus, our analysis
is informative whenever infe {£(0) + 277%”@ —0(0)[3}
is small, favoring predictors with low generalization risk
that remain close to initialization, consistent with prior ob-
servations on implicit bias in overparameterized learning
(Oymak & Soltanolkotabi, 2019).

We instantiate Theorem 4.11 under NTK separability, where
an fast rate in n up to logarithmic factors is obtained. We
also provide population risk bound under realizability as-
sumption in Theorem D.5.

Theorem 4.12 (Generalization under NTK separability).
Suppose Assumption 4.8 holds. Let ¢ be logistic loss. Let
n < 1 be a constant step size. Assume that n'T 2 n and
m 2 log(2)(log®(T) + log®(n/d)) /+5. Then, with prob-
ability at least 1 — § over the randomness of the random ini-
tialization, it holds that Es [L(©(T))] < WM.

vin
4.4. Differentially Private Gradient Descent

To enable training KANs on sensitive datasets, we study
a differentially private variant of GD (DP-GD). We first
present DP-GD with an explicit choice of the Gaussian noise
variance ensuring (¢, 0)-DP, and then establish its privacy
and utility (population risk) guarantees.

We begin by recalling DP (Dwork et al., 2006). Two datasets
S and S’ are neighboring if they differ in one data point.

Definition 4.13 (Differential privacy). We say that a ran-
domized algorithm A satisfies (e, d)-DP if, for any two
neighboring datasets S and S’ and any measurable set
E in the output space of A, it holds P(A(S) € F) <
e‘P(A(S’) € E) 4 6. We say A satisfies e-DP if 6 = 0.

We ensure DP by adding Gaussian noise to the gradients at
each iteration and projecting the noisy updates onto bounded
domains. The noise variances are chosen according to the
{5-sensitivity (Definition E.2) of the per-iteration gradients.

Specifically, let a(0) € R™ and c(0) € R™P be the
initialization of DP-GD generated according to (3). For
R > 0, let B(u, R) denote the closed Euclidean ball cen-
tered at u with radius R. We define the parameter domains
0y = B(a(0), Ry) and Q. = B(c(0), Ry) for some con-
stants Ry, Ry > 0, and let Projg,(-) denote the Euclidean
projection onto 2. Rather than using gradient clipping, we
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control sensitivity by constraining the iterates via projection.
Given dataset .S, step size 7, and privacy parameters (€, d).
Fork = 0,...,T — 1, let O(k) = (a(k),c(k)), DP-GD
updates a(k) and c(k) via

a(k+1) = Projg,_(a(k) — n(9aLs(O(k)) +bi(k))), &)

c(k+1) = Projo_(c(k) —1(9eLs(O(k)) +ba(k))). (5)

Here, by (k) € R™% and by(k) € R™? are independent
Gaussian vectors given by

by (k) "R N(0, 02 Tngp) and by (k) "5 N(0,02 T,,).

2

with 03 = C16% and 05 = Cy5% Here, &
T (14 28C1/0) (326) =1, Oy = 8(B}B, B} By)*p* (4D +

27”%\(25/%)2, and Cy = 8(B}By)*p. The detailed pro-
cedure is summarized in Algorithm 1 (see Appendix E), and
its privacy guarantee is stated below.

Theorem 4.14 (Privacy guarantee). Algorithm I satisfies
(e,9)-DP.

Unlike non-private GD, DP-GD injects additive Gaussian
noise into the gradient at every iteration. Consequently,
the iterates follow a stochastic trajectory and monotonic
decrease of the training loss is generally not guaranteed in
this nonconvex setting. We therefore study the averaged
population risk along the DP-GD trajectory.

Fix any reference point ©* = (a*, c*). We assume a* €

Qa, c* € ), and that ©* is independent of S. Ag« =
~ 2

|6(0) —©*||. Let p = Cyp p* (p+22) and R = Ry + Ro.

Theorem 4.15 (Utility guarantee — General bound). Let
{©(k)}YE_, be produced by Algorithm 1. Assume ||©(0)

(0) —
©*(13 > Cmax{nT (Ls(0%) + L5(6%)),n(Ls(6(0)) +
L5(6(0)))} and n < min{1/3p,1}. If m 2 (log(%) +
R?) max { R* + K%*, (M)Q} and

ne

m S (ne)* (d®(nT)* (log(m/8) + R?)1og*(T/5)) ",

then with probability at least 1 — & over the randomness of
the initialization, 7 Zle Es,4[L(O(k))] is controlled by

1 mi,~, nT  mnTdlog(%)
G+ e+ (L ) =557 46
Discussion of Results. A key contribution of our DP analysis
is a width characterization for private KAN training: we
prove matching upper and lower bounds on an admissible
width regime. In particular, under the NTK separability
setting (see Theorem 4.16), a polylogarithmic scaling of m
is not only sufficient but also essentially necessary for DP-

GD to attain a utility rate O(v/d/ne), matching the classical

convex Lipschitz lower bound in its dependence on d, n,
and € in Bassily et al. (2019).

We next specialize Theorem 4.15 to the NTK-separable
setting, obtaining a utility rate of order O(v/d/(ne)).

Theorem 4.16 (Utility under NTK Separability). Letr As-
sumption 4.8 holds. Assume n < 1 be a constant, § < %,

nT = W’% and m = log®(n/5)/~. Then, with

probability at least 1 — § over initialization,

T
F 2 EealL®)] < s ()

5. Practical Implications and Experiments

In this section, we empirically validate our theoretical re-
sults and translate them into concrete practical guidance for
achieving optimal inference performance.

5.1. Practical Implications for Training KANs Using GD

Our theory provides explicit recommendations for choos-
ing the network width m and the number of iterations 7',
identifying critical regimes for both GD and DP-GD.

Training and test accuracy saturate beyond critical
width. Both the optimization bound (Theorem 4.9) and
the generalization bound (Theorem 4.12) indicate that in-
creasing the width m improves accuracy only up to a critical
threshold my; (typically on the order of log(n)). Beyond
this regime, both training and test accuracy plateau and may
exhibit fluctuations, suggesting that further increasing the
network width is unnecessary and offers limited benefit.

Training accuracy may continue to improve with train-
ing iterations. The optimization bound furthermore pre-
dicts that training accuracy may continue to improve as the
number of GD iterations 7" increases. However, this sug-
gests that additional iterations primarily benefit optimization
rather than generalization.

Test accuracy saturates with increasing training itera-
tions. In contrast, the generalization bound indicates that
test accuracy saturates beyond a critical threshold 7¢,;; and
may even deteriorate. Consequently, running GD for sub-
stantially longer yields at best marginal additional general-
ization gains.

Private utility is maximized when width and training
iterations lie in an admissible range. The utility bound
of Theorem 4.16 provides explicit guidance for choosing the
network width m and the number of training iterations 7" un-
der a fixed privacy budget. In particular, the bound suggests
using a polylogarithmic width and an effective training hori-
zon T on the order of ne/+/d (up to logarithmic factors and
problem-dependent constants) to achieve favorable utility.
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Figure 2. (a) Training and test accuracy as a function of the width m (with 7" fixed) and the number of iterations 7" (with m fixed) for GD,
and (b) private utility as a function of m and T" for DP-GD, on synthetic logistic data (top row) and MNIST (bottom row). In (a), the
vertical dashed lines indicate empirically observed change points beyond which increasing the width m yields diminishing or flat training
and test accuracy, while increasing the number of training iterations 7" primarily improves training accuracy but leads to diminishing or
flat test accuracy, consistent with the theoretical bounds. In (b), the dashed lines indicate observed turning points beyond which private
utility degrades due to the amplification or accumulation of privacy noise, in line with the private utility bound. Together, these results
suggest selecting width and training duration within the admissible regimes identified by the theory.

This implies that the width m should be sufficiently large to
enable learning, but not so large that it excessively amplifies
the injected noise. Similarly, the number of iterations T'
should be large enough to benefit optimization, yet small
enough to avoid excessive accumulation of privacy noise,
thereby motivating early stopping.

5.2. Empirical Validation

Figure 2 reports the accuracy of GD and DP-GD on syn-
thetic logistic data and MNIST, supporting the practical
implications of our theory. Experimental details and hyper-
parameter settings are provided in Appendix F.

Figure 2(a) shows that, on both datasets, increasing the
width m yields rapid gains in training and test accuracy in
the small-width regime (up to approximately me;; ~ 24),
after which accuracy diminishes and the performance curves
become largely flat, consistent with the theoretical bounds.
As the number of training iterations 7" increases, training ac-
curacy improves (or remains near its peak), whereas test ac-
curacy stabilizes much earlier. In particular, once 7" reaches
a moderate scale (around T, ~ 256), further iterations
provide little additional improvement in test accuracy.

Figure 2(b) shows that for fixed privacy budget ¢ = 2, pri-
vate utility (test accuracy at the last iterate) increases with
either m or T" up to an observed turning point (up to approx-
imately m. = 64 and T =~ 64), after which performance
degrades, highlighting the importance of moderate widths
and early stopping. On MNIST, private utility peaks around
m ~ 8 and T' =~ 64. Overall, the empirical trends align well

with our theoretical implications.

5.3. Separability Validation

To further examine the practical achievability of Assump-
tion 4.8, we conduct an additional empirical study on syn-
thetic datasets that are not linearly separable in the input
space. For KAN, we use the same two-layer model as in (2).
As a baseline, we consider a parameter-matched two-layer
ReLU network of the form

1 i <aj ) X>
freru(z) N ; c; ReLU( N ),
with Gaussian initialization a; ~ N(0,I;) and ¢; ~
N(0,1). For a KAN with hidden width m, we set the ReLU
width to h = pm, where p is the number of spline basis
functions, so that the two models have the same number of
parameters.

We consider three structured nonlinear datasets. In the multi-
interval one-dimensional dataset, the label is determined by
a non-monotone rule on a single coordinate: points with x;
in two outer intervals are assigned one label, while points
in a middle interval are assigned the other. In the XOR-
gap dataset, the label is given by the sign pattern of two
active coordinates, with a margin gap excluding points near
the coordinate axes. In the checkerboard-gap dataset, the
label is determined by the parity of the signs of several
active coordinates, again with a gap around the decision
boundaries. In all cases, the remaining coordinates are
sampled as nuisance dimensions.
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Table 1. Empirical NTK margin on nonlinear synthetic data.

Model Data m=8 m=64 m=2512
ReLU  Multi-int.  0.0151 0.0191 0.0197
KAN Multi-int.  0.0400  0.0883 0.1027
ReLU XOR 0.0226  0.0285 0.0284
KAN XOR 0.0243  0.0503 0.0599
ReLU  Checker. 0.0060  0.0104 0.0111
KAN Checker. 0.0206 0.0451 0.0538

For each model and width, we compute the empirical NTK
margin at random initialization by solving the corresponding
max-margin problem in the tangent feature space,

S 2y Vom0
We repeat the experiment over multiple random initializa-
tions and report the mean margin. Table 1 summarizes
the results for representative widths m € {8,64,512}. On
all three nonlinear datasets, the empirical NTK margin of
KAN is positive and increases with width. Moreover, it
is consistently larger than that of the parameter-matched
ReLU network, with the gap becoming more pronounced at
larger widths. While these results do not provide a complete
characterization of Assumption 4.8, they offer additional
evidence that NTK separability is practically plausible for
structured nonlinear data aligned with the KAN architecture.

6. Related Work

There are only few theoretical results analyzing the training
dynamics of KAN under gradient methods. In this section,
we discuss related work on KANs and differentially private
optimization, and position our results relative to existing
guarantees. Additional discussion on analyses for MLPs is
deferred to Appendix A.

Gradient-based analysis for KANs. Besides Gao & Tan
(2025), Wang et al. (2025c) studies expressiveness and GD
dynamics via spectral bias in a simplified setting, which is
orthogonal to our guarantees. Most existing generalization
results for KANSs are algorithm-independent, e.g., Zhang &
Zhou (2025); Li et al. (2025b); Liu et al. (2025a) rely on
uniform-convergence-style arguments and therefore do not
yield bounds tailored to GD iterates.

Utility analysis for DP-GD on MLPs. Rigorous utility
analysis for DP-GD and DP-SGD on MLPs remain limited
(Bu et al., 2023; Romijnders & Koskela, 2025; Shi et al.,
2026; Wang et al., 2025a). Wang et al. (2025a) derive util-
ity bounds for smooth three-layer MLPs in an over-scaled
regime, and explicitly leave the standard 1//m scaling as
an open problem. Other works rely on convex reformula-
tions or alternative threat models (Romijnders & Koskela,
2025), or provide task-specific evidence that noise can act
as an implicit regularizer (Shi et al., 2026). There are also

works on DP optimization for nonconvex objectives, which
mainly focus on stationarity or empirical objective gaps
(Zhang et al., 2017; Wang et al., 2019; Bassily et al., 2021;
Lowy et al., 2024).

7. Conclusion and Limitations

We provide optimization, generalization, and private util-
ity bounds for training KANs with (DP-)GD, identifying
regimes of width and training duration beyond which perfor-
mance saturates or degrades. These insights offer concrete
guidance for choosing model size and training horizons
and are supported by experiments on synthetic data and
MNIST. Several limitations point to future work: extending
the analysis beyond two-layer KANSs, relaxing the smooth-
ness assumption on o to cover non-smooth activations such
as ReLU, and generalizing our guarantees from GD to SGD.

Impact Statement

This paper advances the theoretical understanding of train-
ing Kolmogorov—Arnold Networks under differential pri-
vacy. Our results provide explicit (¢, §)-DP guarantees and
corresponding utility bounds, which can support the prin-
cipled use of gradient-based training on sensitive datasets
(e.g., in biology and medicine) by limiting the influence of
any single individual’s record. At the same time, our bounds
make explicit the privacy—utility trade-off and the depen-
dence of performance on design choices such as width and
early stopping. As with any DP method, these guarantees
mitigate but do not eliminate privacy risks, and practitioners
should select privacy parameters (¢, §) and validate models
in the intended deployment context.
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Appendix

A. Further Related work for MLPs

Most existing optimization and generalization results on MLPs focuses on fully-connected architectures. A central tool
is the NTK (Jacot et al., 2018), which has enabled global convergence analyses and, in the lazy-training regime, sharp
statistical rates in various settings (Arora et al., 2019; Cao & Gu, 2019; Allen-Zhu et al., 2019; Zou et al., 2020; Chen et al.,
2021; Nguyen & Miicke, 2024; Nitanda & Taiji, 2021; Zhou et al., 2026b), often requiring widths that scale polynomially
with n. In parallel, generalization has been studied via uniform convergence using capacity measures such as Rademacher
complexity and covering numbers (Bartlett et al., 2017; Frei et al., 2023; Ji & Telgarsky, 2020; Nitanda et al., 2019; Lei et al.,
2026; Li et al., 2025¢; Zhou et al., 2024; 2026a). More recently, there has been growing interest in generalization analysis
based on algorithmic stability (Richards & Kuzborskij, 2021; Lei et al., 2022; Taheri et al., 2025; Taheri & Thrampoulidis,
2024; Wang et al., 2025b), which provides algorithm-dependent generalization bounds directly tied to the training dynamics.

B. Useful Lemmas

In this section, we introduce several useful lemmas that will be used in the proofs.

Lemma B.1 (Concentration of the norm of Sub-Gaussian vectors (Wainwright, 2019)). Let u € R® be a centered Sub-
Gaussian vector with parameter o2, i.e., E[u;] = 0 and E[e**] < eX*7°/2 for all A > 0 and i € |s]. Then with probability

at least 1 — § for 6 € (0, 1), it holds that
1
llulls < 4o0v/s + 20\/log(5).

Corollary B.2. With probability at least 1 — § over initialization c(0), it holds that

2 2m
lc(0)]]2 < 4/pm + 2 log(g) and Hel[ax] |ci(0)]]2 < 4y/p+2 log(T). (6)

Proof. Note ¢(0) ~ N(0,L,,). Applying Lemma B.1 twice with u = ¢(0), s = mp and 0 = 1 and with u = ¢;(0),
s=pando?=1overallie [m], respectively, we can obtain the desried results. O

Lemma B.3. Ler s € Nand A; € R™i*"™ for i € [s]. Define the diagonal block matrix

A, - 0
B = . : c RZ§:1 mi X357 ni

0o - A,
Then, it holds that
[Bll2 = max [|A;[2.
i€[s)

Proof. Since the operator norm of any PSD matrix A is equal to the associated largest eigenvalue, i.e., ||Al2 = Apax(A).
Then, it holds that

IBll2 = /|[BBll2 = \/Amux(BTB) = max /Ao (AT A7) = max /| AT A, = maxc ]| Az,

which completes the proof. ]

Denote [01, 03] = {a®1 + (1 — a)O4 : « € [0, 1]} as the line segment between O and O5.

Lemma B.4 (Local quasi-convexity property (Taheri & Thrampoulidis, 2024)). Suppose G : R? — R be a second-order
differentiable function satisfying Amin(V2G(0)) > —kG(O). Let ©1,05 € R? be two arbitrary points with distance
|©1 —O2ll2 < D < \/2/k. Let T := (1 — D?k/2)~L. Then,

GV) < G(01),G(O2) ;.
V%, OO S T (G(01), 6100

13
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C. Proofs for Optimization.

Matrix form of fo: For any scalar v € R, we denote h(v) = [b1(v),...,b,(v)]T € RP. For s € N and a vector
u=[uy,...,us]" €R* wedenote h(u) = [h(u;)",..., h(us)"]T € R*P.

To proof Proposition C.2, we need the following results for gradients and Hessians. To better understand the gradients and
Hessians, we introduce the matrix multiplication form of fg. Denote A = [ay, ... ,am}T € R™*9_ fg can be rewritten as

fo(x) = %cTh(J(%Ah(x))).

Let C, 3 be a constant that depend solely on o, b.

Lemma C.1 (Gradient and Hessian). Let § € (0,1). Suppose (6) and Assumptions 4.1 and 4.2 hold. It holds for any
© = (a,c) and any x € X that

=52 max e (0) — cill2)
1€[m]

94060, < Conp (VB +

and

Cop (v + v/IOBTHTA) + maciog Je0) — i)
- |

Proof. We will control ||V fo(x)||2 and || V2 fo(x)||2 separately. It’s obvious that

IV*fe ), <

et = o (= AnG0), < 5 o
For all v € R, we denote h'(v) = [b] (v),...,b,(v)]" € RP and b (v) = [} (v),...,b)(v)]" € RP. Define
u(x) = a(%Ah(x)) and D(x) = diag(a’(%ajh(x)))zl e R™X™, 3)
Note that fo(x) = \/%cTh(u(x)),
"0 o) 0
ah(u(x>) _ Uz2(X o mpXxm
T(X) = . . . . eR
0 0 0 Nh'(um(x))
and
0
N0 | o (Galhe)heT| € mrcot
0
According to the chain rule, for any ¢ € [m], it holds that
0ol Ph(uex) Bul) 1, 1 o
aaif@(x) - 8h(u(x)) 811()() aai - m< uh ( 2( ))> (\/& i h( ))h( ) .

Recall that a = Vec({a;}~,) € R™? is the vectorization of a. It holds that

aaf@ (X) =

1 / m mp
WVec({a (Tal h(x))(c;, h (Uz(><))>h(x)}7 1) e R™,

14
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and its associated || - ||-norm can be controlled by
[0n o (x) = #(io’(ifh(x))z e (1,0} () 3)
a W P \/g 7 (3] (1 2

m 1

<B'B ( ; 2) ’

< BBy [ ; |(ci,h

< BBy 2 @1 le2)”

’ , |p?
< B! BB, E(HC(O)HQ + [le(0) — ¢ll2) ©)
log(2
< B,B,Bip (4\/54' 2 s(3) + ax [[ei(0) — CiH2>7 (10)

where the last inequality used (6). Combining the estimates for ||Jc fo (x)]|2 (see (7)) and ||0a fo (x)]||2 (see (10)) and the
fact Vfo(x) = [0cfo(x)T,0afo(x)]T, it holds that

HVf (X)H <C (f—i— g(%) + max ||c;(0) — ¢;| ) (11)
S 9 = o,b D p m iciml % ill2 ) -
Now, we turn to estimate the Hessian of fg(x). Note that
03, fo(x) -+ 0
Dafo(x)=| Do | e R,
0 o 03 fe(x)
where
_ 1 " 1 T / T
0%, fo(9) =7 (o (gl b)) s i (o (Taz h(x))))
! 2 1 1 x

+ (o (ﬁaj h(x))*(ci, h (g(ﬁaj h(x))))))h(x)h(x)T € Rrdxpd,

Denoting w; :0”(%ajh(x))h’(o(%ajh( x))) +o’ (f a/ h(x )) h”(a(%ajh(x))).W@ can rewrite 02, fo(x) as

(ﬁif@(x) = (ci, w,;)h(x)h(x)T.

1
dym
Note 92 fo(x) is the block diagonal matrix. From Lemma B.3 we know

102 fo(x) ||, = max |02, fo(x)||, = max sup |v' 02 fo(x)v]|

i€[m] i€lm] |v|=1
= e s (e wi) (06), v)?] < g ma e [, 60
< ﬁn (9 ma [[wall s, + fles(0) = <], )
< B}~ ma [[wi, (les O], + [fei(0) — eill,)
< 5 2 i, (MqugwkmowAu)
<Bb(B”Bb—|—B’QB,')’)\/>(4f+2 log(%)wLirg%HCi(O)—cin)’ (12)

15
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where the second equality used the fact that ai fo(x) is symmetric, the first inequality used Cauchy-Schwarz inequality, the
third inequality used Assumption 4.1 that sup,cg |b(t)| < By, the last second inequality used (6), and in the last inequality
we controlled ||w;||2 by using Assumption 4.1 as follows

1o = |lo” 7aT ’ 7aT o —aT 201 —aT
ol = o (= 160) W (o (o 100)) (a0 W (o (a7 hx)
< 0" loov/PlV [loo + 0”2 v/DIIV" loo < v/P(By By + B By).

Now, we turn to estimate ||0.0a fo (X)]|2. Note 0.0 fo (x) is a block diagonal matrix which has the form

aclaihf@(x) 0
8caaf® (X) = L c ]Rmpdxrnp7

0 o+ e, 0a,, fo(x)
where O¢, O, fo (x) = ﬁa’ (%ajh(x)) h(x)h'(u;(x))" € RP¥*P. From Lemma B.3, we know

10c0a fo ()|, = max [|c, 0a, fo (x|,
1

= ——— Imax su

p i h(x
vmd i€[m] flufl,=|v]2=1 (\f () (h(

16" oo [ (x) |2 max [ (us ()2 <

su) (b (u;(x)), v)
B! B,B}p

N (13)

< \/—
where the last inequality used Assumption 4.1.

Note the Hessian of fg(x) has the form

2 82f®( ) acaaf@(x)—r _ 0 acaaf@()‘:)—r
Ve = g bufolx)  92fo(x) }‘ [5c5af®(x) 22 fo ()

Combining the above estimates for ||0c0a fo (x)||2 and ||02 fo (x)||2 and the fact that V2 fg(x) is symmetric, we know

’|V2f@(x)||2 = Sﬁlp |VTV2f@(X)V| = ’ suI))H |2v1T DeOafo(X) Vo + Vg 02 fo(x) vzf
Vil2= Vi,Va 2:1
< 2||0c0afo(®)|, + |02 fo (x|, (14)

Copp? (VP + 10g(F) + maxiepmy [|ei(0) — i)
< N .
The proof is complete. O

Building on Lemma C.1, we establish in the following upper and lower bounds on the largest and smallest eigenvalues of
V2L5(©), respectively. These bounds depend on the quantity max;e(,, [|¢;(0) — ¢;||2. We will show that this term remains
controlled along the gradient descent trajectory. Consequently, the loss function £(y fo(x)) is weakly convex and smooth
with respect to the variable O.

Proposition C.2 (Smoothness and Curvature). Let 6 € (0,1). Suppose (6) and Assumptions 4.1 and 4.2 hold. Assume
m 2 max{log(m/d), p}. It holds for any © and any training dataset S, that

)\min (VZES(@)) P CU,b p2 ( V log\(/Ein) + \/ﬁ + RC) ES(@)

and
/\Inax (Vzﬁs (@)) < Ca,b p2 (p + R(Q;) )

where R = max;c(y,) [|ci(0) — |2

16
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Proof. The gradient of loss is given as

Vi(yfo(x)) = l'(yfe(x))yV fo(x).

For the Hessian of loss, note that

V2(yfo(x)) = (" (yfo(x)Vfe(x)Vfe(x) "+ (yfe(x)yV?fo(x).
Since ¢ is convex, ¢’ (a) > 0 for all a € R. Then, £ (yfo(x))V fo(x)V fo(x) " is a PSD matrix. By further noting that
|¢/(a)] < Gy =1and |¢"(a)| < Ly = 1forall a € R, we have

10w fo [V fo ()|, < Amin(V*Ayfo(x))) < Amax(Vwfo(x) < [Vie®)|; + [V o), (15)

Plugging the estimates of ||V fo (x)||, and || V2 fo (x)
Uy fo(x)), we know

H2 (see Lemma C.1) back into (15) and noting that |’ (y fo (x))| <

gbp%(\/log —|—f+R)

Amin (V2(yfo(x))) > — \F t(yfe(x)),
and
2 2 log(*§) 2
)‘maX(v ﬂ(yf@(x))) <Copp (PJF m + Rc)
with Re = max;epy,) [|ci(0) — ci|2.

By applying the same argument to each sample loss and using that the empirical loss is their average, we obtain,

A (V2£5(0)) > Coppz (s /1og\(/:;%) + P+ Re) £5(0).

and from the condition m = max{log(m/J),p} we have
Amax (V2Ls(0)) < Copp®(p + R2).
The proof is complete. O

In the subsequent proof, we work with vectorized quantities, and therefore © € R™P(4+1) Let {O(k)} ke[T) be produced
by GD with T iterations. By using self-bounding property of the loss ¢, we have following estimates of a and c.

Lemma C.3. Let ¢ € (0, 1). Suppose Assumptions 4.1 and 4.2 hold. Let {©(k)} e[| be produced by GD. The following
statements hold true.

(a) Forall k € [T — 1], we have

max Hc] (k+1)—c;(0

max I, <

k
nBy/p

< Ls(O(t
v 2

(b) Leté € (0,1), assume m 2 log(m/d) and (6) holds. Then, for all k € [T — 1], we have

k
s ay(k+ 1) - )IIQ_W(MH log(22) ”B”fzjﬁs () Y £5(6()).
t=0

Proof. We first prove part (a) of the lemma. For any j € [m], by the GD update rule and the self-bounding property of the
loss ¢, we have

410 @, = | 20, < 25 s |
e e
<1ply 22| o] < * P50 ) 16)

17
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where the second inequality used sup,,cp |bx(v)| < By, and the last inequality follows from the self-bounding property
|¢/(v)] < £(v) forall v € R.

Furthermore, by summing over iterations, we obtain

lej(k +1) = e;(0)]], < iH (t+1) —¢; (1) <"Bbﬁ§kjc O(1)) (17)
C; —c C; < s .
] J 2 — P J 2 \/m poart

Now we consider part (b) of the lemma. Using the same notation as (8), we denote u,;(x) = (\1[ [ h(x)) for any

j € [m] and x € X. According to the update rule, |¢'(v)| < ¢(v) and the above inequality, we know for all j € [m] and
k=0,...,T —1,it holds that

gk + 1) 2y (k) |, < FH—D (0o () (=] ) ey B (o (e ' ()

< Flzz "(yifou (xi))[llo”lloolle; ll2Ih (u; (x:)) [l2] B (u; (7)) |2

L LL A PHTNREI)

W(H%(@Hz + [lej (k) — ¢;(0)]2) Ls(O(k))

S@(ZlerQ log( 5 an\[ZE )ﬁs( (k)),

where we have used Cauchy-Schwarz inequality in the second inequality, and in the third inequality we have used
Assumption 4.1 and the self-boundedness property |¢'(v)| < ¢(v), and in the last inequality we have used (6) and (17).

Hence, it holds for all j € [m] that

aj(k+1) —a;(0)], < ZHaJ 1) — a;(t)]],
_ 1B, ByBip 2m,  1By/D — k
< Tt (avp + floe (57) + T D2 L5(0(3) 3 Ls(O(0)
The proof is complete. O

For any reference point ©* € R™P(@+1) et ¢ = Cypyp? (V1og(3) + /b + 3]|©(0)
232 % %
max{¢2(|©(0) — ©*|3,3]6(0) — ©*[13)}).

©*||,). and pe = Cop p* (p +

Observe that the only source of randomness in Theorem 4.3 comes from the initialization, and the conclusion holds on the
event (6). Therefore, we equivalently restate Theorem 4.3 on the event (6), replacing the statement “with probability at least
1 — §” by the condition (6).

Theorem C.4 (Restatement of Theorem 4.3). Let § € (0,1). Suppose (6) and Assumptions 4.1 and 4.2 hold.
For any reference point ©* € R™PH1) satisfies ||©(0) — ©*||2 > 4max{nTLs(0*),nLs(0(0))}, assume m >

C,pp?(log(m/8) + p+ |©(0) — ©%12)|©(0) — ©*||3, and n < min{1/p,, 1}, then we have

£5(O(T)) < 7 30 L5(0() < 2£5(67) + —[[0(0) — &7

Furthermore, for all k € [T — 1), it holds that
1©(k +1) — ©%[]; < V2[|0(0) = ©%|ly and [|O(k+1) — ©(0)]]2 < 3[|©(0) — O,

18
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Proof. We use the induction strategy to prove the following statements. It holds for any k € [T'] that

Zﬁs ) < nkﬁs( *H@ — O §+

5 L5(60(0),

|©(k) — ©*[]2 < v2[|0(0) —©*||, and ||©(k) - ©(0)|, < 3||©(0) — O,

Note that the statements hold with k£ = 0. Here, we take the conventional notation 22:1 = 0. We assume that the above
statements hold for all ¢ € [k] and will prove that they also hold for t = k + 1.

For any fixed ©* = (a*,c*), ¢ € [k] and o € [0, 1], we denote O, = aO(t) + (1 —)©* and co ¢ = ac(t) + (1 —a)c* as
the convex combination of the reference point and the output of the ¢-th iteration. According to the induction assumption, we
know Re = maxic ] [|€i(0)—[ca,ilill2 < max{[lc(t)=c(0)]2; [[¢*—c(0)[2} < max{[|©(t)=O(0)]]2, [0 =O(0)[]2} <
3“@(0) — 0| ,- Then, from Proposition C.2 we know the least eigenvalue of V2L (6.,¢) can be controlled as follows.

Amin (V?L5(0a ) > —C\j“;lzs(@a,t). (18)

where cpax = a,bp% (\/1095@"' VP + 3”@(0) _e* 2)‘

Then from Taylor’s theorem and (18), we know that there exists a o € [0, 1] and the associated O, such that with
probability at least 1 — ¢, it holds that

£5(6°) = L5(O(1)) + (VLs(O(1)), " — 6(1)) + 3 (6(1) ~ 6°) V2L5(0,) (O(1) ~ ©°)

> £5(0(1)) + (VLs(O(1)), 0" — (1)) — ‘jﬁ (Oan)l|O(t) — 075

It then follows that

Ls(O(t) < Ls(0F) = (VLs(O(1)), 0% — O(t)) + Cmax hax L5(Oa4)|[O(t) — 07 3 (19)

2+/m a€l0,1]

Now, we turn to estimate the largest eigenvalue of V2Lg(0,, ). For all ¢ € [k], from Proposition C.2, Lemma C.3 and the
induction assumption on the upper bound of Y L5(O(t)), it holds that

)\max(VQ‘CS(e(t =+ 1)))
< G (p+ max{ei(0) — ei(t +1))?)

< Copp? (p + %229 (niﬁs(G(s)))Q)
< Copp?(p+ Bj ( nkLs(©" f||@ )— o[ + gﬁs(@(o)))Q).

Note that the condition [|©(0) — ©* |3 > 4 max{nTLs(0*),nLs(O(0))} implies the estimate LnTLs(0*) + 5||6(0) —
||§ + %77/.35(@(0)) < ||©(0) — ©*||3. Then, the above inequality can be further bounded as follows
2 2 Bip * |4 3
A (VL(O( +1))) < Co? (p-+ L6(0) ~ 0 ) < Cos® = 1,

where the last inequality used the condition m > ||©(0) — ©*||4. Then we know £(O(t + 1)) is p-strongly smooth through
the trajectory of {O(t) };c[x). From the descent lemma (see e.g., (Taheri & Thrampoulidis, 2024)), we know if n < 1/py, it
holds for any ¢ € [k] that

Ls(Ot+1)) < Ls(O(t) ||v,c5 (20)

[
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Combining the above inequality and (19), we know

Ls(O(t+1))

< L£5(0%) — (VLs(O(t)), 07— O(t)) — gHVﬁs(@ t |12

Cmax hax L5(Oa,)||O) —

2
))HQ 2\/m a€[0,1]

* 1 %|2 %12 Cmax
= £5(6") + 5. ([6() ~ O[3 ~ [0t + 1) = O°[) + 377 max L5(Ow)]|O() -

where the last equality used the fact VLg(O(t)) = %(@(t)fG(t+1)) and the identity 2(u, v) = |[u|3+||v||3 - |lu—v]3.

15 (21)

Now, we turn to estimate max,e(o,1] £5(0a,¢). From the the induction assumption [|©(¢)—0* |2 < v2||©(0)—
t =0,...,k, the condition m > 64c2 _[|©(0)—©O*||3 (implied by m > p*(log(m/8)+p+©(0) —0*(|2)||©(0) —O*||3),
we know

vm. (22)

%112
e —o*||; < o

Therefore, Lemma B.4 with D2 = 42/m and Kk = Cﬁ (hence D*k < 1/4) implies, forallt =0, ... k

max Ls(Ous) < %max{ﬁs((%(t)),ﬁg(@*)} %(ES(G)(t)) 1 £5(0%)).

a€l0,1]

Plugging the above inequality and (22) back into (21) yields, for any ¢t = 0, . .., k, we have

Ls(O(t+1) < Ls(0%) + 217](||@(t) — [P ||e+1) — o7 |}) + 20‘“\/3 (Ls(@(1)+Ls@) o) — o]
< Lo(0%) + %(H@(t) —or P |lett+1) - o) + 6(,cs(e(t)) 4 £s5(6%)) 23)

Summing over ¢ € {0,...,k} yields

]ilzs ) < k+1)/35(@*)+%||@(0) —@*H;—l—ég(ﬁs(@(t))—kﬁs(@*))
7 1 R
= gk + DLs(O) + 2 [6(0) - ©7]f; + 6;25(6@)).
It then follows that
k+1 7 s
77;»65(@(75 < ek +1)Ls(07 fll@ — 07| + £ £5(6(0),

which completes the first part of the induction.
It remains to show [|O(k 4 1) — ©*|| < v/2||©(0) — ©*||2 and ||©(k + 1) — ©(0)|2 < 3||©(0) — ©*||2. Note we have

the estimate

|0k +1) — %2 < ||lek) — o2 +

21Ls(0) + 3Ls(O(h)

k
< [00) ~ |2 + Tnkes() + 13" £s(e(n)

t=0
6 14
< 2[6(0) - €73 + ZmkLs(©") + 1L Ls(0(0))

< 2[|6(0) - (24)

[
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where the first inequality used (23) with ¢ = k, and in the second inequality we used the first inequality recursively, and
the last second inequality is according to the induction assumption 7 le:l Ls(0(s)) < InkLs(© ) 3le(0) — o3 +
2L5(0(0)), and in the last inequality we have used ||©(0) — ©* z > dmax {nTLs(0*),nLs(O } andn < 1.

The second part of the induction is proved by noting that

10k +1) = 0(0)[2 < [|[O(k + 1) = ©7[|2 + [|©7 = ©(0)[|2 < 3[[©(0) — O72.

Finally, note (20) implies Lg(O(t + 1)) < L5(©(t)) holds for all t € [T' — 1], then

T
6 3 2 1
< — < — * — _ O
Ls( <7 ]; 5L5(07) + 55 (1000) — 07, + g7 Ls(6(0)) (25)
2
<2 * — — 6*
<2L5(0%) + nTH@(o) o5,
which in the last inequality we have used the condition ||©(0) — ©*||3 > 4nL5(0(0)). The proof is completed. O

Assumption C.5 (Weak Realizability). For any € > 0, there exists ©¢ such that Lg(0°) < e.

Lemma C.6. Suppose Assumption C.5 holds. For any € > 0, one can define a non-increasing function g : Ry — R such
that there exists O satisfying
Ls(©) <e and [©°=6(0)]l2 = g(e).

As a corollary, Assumption C.5 implies Assumption 4.5.

Proof. Define Q, := {© : L5(0) < 1/n} and Qg := R™P(d+1)  Then, Q,, C Q,_; for all n € N. Further, by the
continuity of Lg(-), we know each €2,, is closed. Then, there exists O, satisfying ©,, = argmingeq,, ||© —©(0)||2. For any
e, there exists n € N such that € € [1, -1 (we take § = 00). Setting O° = ©,,, we know L5(0°) = L5(0,) < L <e.
Then, for any € and the associated n, we know

€) =|©n = min ||9 o(0

I, = in 0 - €0,

Now we show g(€) is non-increasing. Specifically, for any O < €1 < €3. For the case €1, €3 € (— 1] for some n, we know

n+12
g(€e1) = g(e2) = mingeq,, |© — O(0)]|2. For the case - +1 <€ < n11 < n2+1 <€ < for some nq > ng, we know

gler) = mln H@ o(0 H2> mln H@ o0 H2 g(€2),

where the inequality follows from 2,,, C £2,,,. This completes the proof of the first part of the lemma.

Note that the condition ||©¢ — ©(0)||2 = g(e) implies ||©¢ — O(0)||2 < g(e). Then, Assumption 4.5 holds. O

Now, we give the proof of Theorem 4.7 as follows. Observe that the only source of randomness in Theorem 4.7 comes from
the initialization, and the conclusion holds on the event (6). Therefore, we may equivalently restate Theorem 4.7 on the
event (6), replacing the statement “with probability at least 1 — ¢” by the condition (6).

Theorem C.7 (Restatement of Theorem 4.7). Let (6) and Assumptions 4.1, 4.2 and 4.5 hold. Assume 1 <

min {g2(1), g*(1)(Ls(0(0) '}, m = (log(m/8) + ¢*(%))g* (7). Then, it holds that |©(k) — OT 3 < 4g*(%)
and

2(1
esO() < 13" eso) 5 2 )

71

Proof. Assumption 4.5 with ¢ = 1/7 implies that there exists a non-increasing function g : R — R such that there exists
YT with . .
Ls(©YT) < 7 and [©(0) = V7| = g(7) = g(1).
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Recall that we denote Ag1/r = ||©(0) — ©Y/7||5 and €5(0Y/T) = 2nT + ||©(0) — ©/7|3. Then, the conditions m >
(log(m/é) + g*(1/T))g*(1/T) and n < min {g*(1), g*(1) (/.15(@(0)))_1} ensure that all the conditions in Theorem 4.3
are satisfied. Applying Theorem 4.3 with ©* = ©'/7 implies that

< 2TLs(OVT) + Agr/r _ 20+ (%)

~ nT - oar

This completes the proof of the Theorem. O

Ls(6(T))

The proof of Theorem 4.9 is given as follows.

Proof of Theorem 4.9. We first bound the values of fgo)(-) over the training dataset S. Recall that we defined h(v) =
[b1(v),...,by(v)]" € RP for any scalarv € Rand h(u) = [h(u1) ", ..., h(us)"]" € R for vector u = [us,...,us] €
R?. Note that

1 1 1
fo)(x) = ﬁc(O)Th(a(ﬁAh(x))) - = ;ci(O)Th(a(ajh(x))/\/E).
Denote h; ; = h(o(a; h(x;))/V/d) forall j € [n]. Then, from the fact c;(0) ~ N(0,I,) we know

_ LS o >oimy b3
foo)(x;) = m;cl(O) by ~ N (0, LR,

Then, fo(o)(x;)/(X ity [1hy;13/m)'/? ~ N(0,1) for all j € [n]. According to (2.3) in (Vershynin, 2018), we know with
probability at least 1 — 6/2 over ¢(0), it holds for all j € [n] that

Sy |Ih 113
m

2n

oo < /210 (5) (

where the last inequality used Assumption 4.1. Let @y € R"(4+1P be the parameter that satisfies the NTK separable
assumption (see Assumption 4.8). Take 7 =< (log(T) + +/log(n/d)) /v, we denote ©, = ©(0) + 70 = [c],a] . For
any j € [n], from Taylor’s theorem we know there is a ©’. € [©(0), ©.], it holds that

yifo.(x;) = yjfo) (%) + v;{V fe()(x;), 0 — ©(0)), + %%’(67 —0(0)) V% for (x,)(©, — ©(0))

)é < By f2plos (). (26)

2
> —|fo(0) (%) + 7 y; (Vo) (%)), ©0), — %Hvzfe; (x5,
2
> 7y — Byy/2plog (%) - %||V2f®; (=),

n T2 Cgﬁbp% D+ +/log(m/d) + 7
> 7y — Bypy/2plog (5)—? (\[ N /%) )
STV L2007bp% (vP+ /log(m/8) + 1)
=2 2 vm

Y

L 2 log(1),
4
where the first inequality used Assumption 4.8 with ||©||2 = 1, the second inequality again used Assumption 4.8 and the
estimate of | fg (o) (x;)| from above, the third inequality used (15) with |[¢/(-)| < 1 and the fact max;em) [|(c7)i — i (0)[]2 <
[©- — ©(0)||2 = 7||©0]|2, and the fourth inequality used the fact 7 < (log(T') 4+ \/log(n/§)) /7, and in the last second
inequality we have used the condition m > log(m/d) (log®(T) + log®(n/d)) /7° 2 (v/log(m/d) + 7)%72 /42
Then, for all j € [n], it holds that
1
((y; o, (x;)) =log (1 +exp (= y;fo, (x;))) < exp (= y;fo, (x;)) < exp(=log(T)) = =.

Then, we know L5(©,) < # and the corresponding g(1/7") = ||©; — ©(0)|2 = 7 < (log(T) + \/log(n/d)) /7. Then,
we know Assumption 4.5 holds with e = 1/T". Plugging the estimate of g(1/7") back into Theorem 4.7, and note that (6)
with § replaced by §/2 holds with probability at least 1 — §/2 over initialization ¢(0), we can obtain the desired results. [J
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D. Proofs for Generalization

To establish generalization results of GD, we introduce the concept of algorithmic stability. For a randomized algorithm A,
let A(S) € R™P(4+1) be the output of A based on dataset S. The on-average argument stability measures the on-average
sensitivity of the output up to the perturbation of the dataset.

Definition D.1 (On-average argument stability (Lei & Ying, 2020)). Let S = {z1,...,2,} and S = {2, ..., 2} } be drawn
independently from P. For any i € [n], define S* = {21, ..., 2i_1, 2}, Zit1,- - -, 2n}. Let A(S) and A(S?) be produced by
an randomized algorithm .4 based on .S and S respectively. We say A is on-average argument e-stable if

Esgal ZHA —A(SH] <€

We consider using the connection between the on-average argument stability and generalization error bounds (Lei & Ying,
2020).

Lemma D.2 ((Lei & Ying, 2020)). If A is on-average argument e-stable and the loss { is L-Lipschitz with respect to A(S),
then
Es.a[L(A(S)) — Ls(A(S))] < 2Le.

We will first estimate stability bound of GD and then using the above connection to obtain the generalization error bounds.
Our stability analysis requires the following lemma.

Lemma D.3 (Expansiveness of GD). Suppose Assumptions 4.1 and 4.2 hold. Let o € [0, 1]. For all ©,0' € R™P(d+1) e
denote O, = a© + (1 — «)©'. Then, it holdsfor any training dataset S that

[© = nVLs5(©) = (6" = 1V Ls(@))]l, < mmax {1~ nhin (V*L5(O)): mAmax(V*L5(0)) }[© — €

Proof. The proof can be directly obtained by Lemma B.1 in (Taheri & Thrampoulidis, 2024). Specifically, similar to (32) of
their Lemma B.1, one can show that

|[© =nVLs(®) — (0' —nVLs(0))], < max |[I-nV>Ls(Oa)], H@ o

a€l0,1] H2

Note that

max [[T=nV*Ls(©a)]l,,, < max{|1 = nhnin (VL5 (Oa))], |1 = MAmax(V2Ls (Oa))] }

< max {1 — nAmin(V2£s(@a)), 77/\max(v2£S(®a))}‘

Combining the above two observations and noting that (6) holds with probability at least 1 — § over initialization c(0)
complete the proof of the theorem. O

Recall that ¢y = Cop p? (V1og(%) + /b + 3||©(0) — @*Hz) and py = C,pp*(p + 3]|©(0) — ©*||3). The following
lemma gives the on-average argument stability bound of GD. In this section, we assume the reference model ©* is
independent of .S.

Observe that the only source of randomness in Theorem 4.10 comes from the initialization, and the conclusion holds on the
event (6). Therefore, we may equivalently restate Theorem 4.10 on the event (6), replacing the statement “with probability
at least 1 — §” by the condition (6).

Lemma D.4 (Restatement of Theorem 4.10). Let § € (0,1). Suppose (6), 4.1 and 4.2 hold. For any reference point
0* € R™(4+Y) satisfies |©(0) — ©*||3 > 8 max {nT(Ls(0%) + L5(6%)),n(Ls(0(0)) + L5(©(0))) }, suppose n <
min{1/2py, 1}, and

m *
m 2 p*(log(—5) +p + [1©(0) — ©7[[3) max {[|©(0) — ©7(|3, ©(0) — 6|2}

Then, it holds that

T
Es[£((T)) — L5(O(T))] < Cou? (o + 110" — OO)I3) TEs[ 3 £5(0(1))].

t=0
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Proof. For any i € [n], let {©(k)} and {©(k)} be produced by GD based S* and S~¢, respectively. Observe that
the condition [|©(0) — ©*[|3 > 8max{nT(Ls(0*) + L5(0%)),n(Ls(O(0)) + L5(©(0)))} implies [|©(0) — ©*||3 >
dmax{nTLg:(0%),nTLs-:(0%),nLsi(0(0)),nLs-i(©(0))} for all i € [n]. Then, Theorem C.4 can be applied to any
S% and S~% and the associated GD outputs ©¢(k) and © (k).

For any i € [n], define S™% = {z1,...,2i-1,Zi+1,- - - 2n} = S\{2i}. From the update rule of GD and the self-bounding
property of ¢, forany k = 1,...,T — 1, it holds

Ok +1) —0'(k+ 1),

= [[O(k) = nVLs(O(k)) — ©'(k) + 1V Ls: (O (k))

I

<o) - "= Vvre0m) - o'k + L Dvre @ @], + L Telfow(x0) - VoW Forw ()],

< Gy (k)||ek) —e' k)|, + %V(%‘fe<k>(xi))||vfe< (xi) ||, + (Y for ey (X)) |V for iy (1) [ ] (27)
where in the last inequality we have used Lemma D.3 with § = S7% Here, Gi(k) = max,ep1 {1 —
NAmin(VZLs-1(04)), NAmax (V2 Lg-i1(Oa(k))) } with O4(k) = aO(k) + (1 — a)©'(k). From Proposition C.2 with

S = S~ we have the following estimates

o Con? (/0BT + /B -+ maxicm :(0) — [calh)il)
Amln(v ‘CS*1 (@Oé(k))) 2= \/m

Ao (V2L5-+(0a (k) < Cop 2 (p + marx e4(0) — fea ()} ]3)-

Ls-1(Oa(k)),

To control G¢, (k), we need to estimate Ayin(VZLg—: (04 (k))) and Apax (VZLg-: (04 (k))), respectively. Since O (k) and
©%(k) are the outputs of GD, from Theorem C.4 we know

max [[c;(0) — [ca(k)]ill2 < [16(0) = Oa(k)]l> < max{[©(0) — O(K)]2, [|6(0) — ©'(k)l|2} < 3[©(0) — ©7]l2.

Recall that we defined cpyax = Cyp p% (\ /log(%5) + /p + 3”@ — O H . It then follows that

Amin (V2Ls-:(0a(k))) > —C“jgﬁs—wea(k)), (28)
Ao (V2L5+(0a (1)) < Co? (p+3[0(0) — ©° ). (29)

Applying Theorem C.4 again, we have

|©(k) — 0 (k)||, < ||Ok) —

I, <

+][©(0) — ©'(k)|, < 6]|©(0) — ©*||,

0,
Define D = 6]|©(0) — ©*||2 and x = <. The condition m > 36¢2,,.11©(0) — ©*||3 implies D?x < 1. Hence,
Lemma B.4 with 7 = 2 yields

max Lg—i(04(k)) < 2max { Lg—:(O(k)), Ls—: (07 (k))}

a€l0,1]

_ 2 - max { (1~ 1)L (O(K)), (n — 1)Ls-(67 (1))}

n —

< Ll max {nES(G)(k)), nlgi (@Z(k))}

< 4max {Ls(O(k)), Ls:(0°(k))}. (30)
Plugging (30) back into (28) yields

4Cmax

)\min (VzES(@a(k))) Z - \/TTL

max { Ls(O(k)), Ls: (0 (k)) }. 3D
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Note that n < 1/pe < (Cop p*(p + 3]©(0) — @*||§))_1 implies NAmax (VZLg-:(04(k))) < 1. Then, we have

4ncmax

Jm

Further, from Theorem C.4 and Lemma C.1 and the condition m 2 log(1/4), it holds for any k € [T — 1] and any x € X
that

GL(k) <1+

max {Ls(0(k)), Ls: (0 (k) } =t 1+ M (k).

|V fory(x)||, < Copp(vo+ max [ci(k) — ci(0)[l2) < Copp(vp + 1O(K) — ©(0)]|2)
< Copp(vp +3(07 = ©(0)]2). (32)
Plugging the estimates of G?, (k) and ||V fg k) (x)||2 back into (27), we get
Ok +1) — 0°(k + 1),
< (14 MI(R) [0(8) — O (R) |, + Coan(V+ 310" — O(0)2) 2 [0y orsy (x0) + E(y ety ()]

k
( [T (1+aris
t+

s=t+1

< Copp(v/p + 3]0 — 6(0) V) [E(yifow) (xi) + (yifoiw) (X)))]

3\3
> lMx-

Mw
v \—/

< Coip(VB+310" = 0(0)]12) 2 3~ (exp ( S0 2159)) oo () + E(uLfor o)
t=0 s=t+1
k
< Coup(vP +3[0" = ©(0) |2 )*exp(rgel% M(s)) Y [€(yifoun (xi) + L(yifoin (xD)], (33)
s=1 t=0

where the third inequality uses the inequality (1 + z) < e* for all zz >

Since \/m > 2nCmax MaX;e(y) { Zs:l Ls(O(s)), Zs:l Lgi(O%(s ))}, then According to Theorem C.4 with training
dataset S and S7, respectively, it holds that

k

k k
max 3 (5) < 2 max { 37 £5(6()). 3 £5:(6/()}

1€[n] ( ze[n]

s=1 s=1
2ncmax * * %12
< Ze[n]{?Tﬁs(@ ) +2TL5:(07) 7||@ -e[}
2ncmax %12 1 %12
S Jm ?El[n]{ |©©) -© 2+;H@(0)_ 2}
<1

7

where in the last second inequality used |©(0) —©*||3 > 8 max{nT (Ls(0*)+ Lz ( )} = 877Tmax{£g( *), L35(©%)}
due to L5(0*) + L5(0*) > Lg:(©*), and in the last inequality we have used m 2 ¢Z,,, < Copp®(log(%) +p+ || (0)—
©*13).

Putting the above observation into (33) yields
77 k
Ok +1) —©'(k+1) )|, < Cowp(v/p+ 310" — ﬁ Z (yifou (%)) + £(yi for k) (x7))]
t=0
Summing over ¢ € [n] and taking an average, it holds
n k
1 .
Eg s Do [0+ 1) =0k + 1)],] < Coun(vB+316" = 00)]12) L 3" Es[Ls(O(1))] (34)
i=1 t=0

where we have used Eg 5 [Lgi (0°(t))] = Es[Ls(O(t))]. The proof of the first inequality of the lemma is complete.
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From (32) we know for all k € [T — 1] and (x,y) € X x Y, the Lipschitz constant of ¢ with respect to O(k) can be
controlled as ||VL(y fou) (x))ll2 < (Vo X2 < Copp(y/p + 3||©0* — ©(0)[|2). Then, from Lemma D.2 and the
on-average stability inequality (34), it holds that

T
Es[£(O(T)) ~ L5(O(T))] < Coup® (p+ 0" — O(0)3) LEs [ Y- £5(01))]-
t=0

By further noting that (6) holds with probability at least 1 — § over initialization c(0), this completes the proof of the
theorem. O

Combining Theorems 4.3 and 4.10, the proof of Theorem 4.11 follows immediately.

Proof of Theorem 4.11. Eq. (25) together with the condition for m and the condition A%. = [|©(0) — ©*|3 >
8max{nT(Ls(0*) + Lz(0")),n(Ls(O(0)) + L5(O(0)))} show that

1< 1 1 2

73 £s(6(R) < 1L5(0(0) + 2L5(6") + —[0(0) - 6

T
k=0

_ 2TLs(0") + 2||e(0) — O |2 _ 2¢5(67)
- nT - T

where €5(0*) = 2nTLs(0*) + ||©(0) — ©*||3. Combining this with Theorems C.4 and D.4 yields

AL, 1 .

T
Es[(0(T)] < 222 [ 3 £5(0(0)] +Es[£s©()] 5 (
t=0

where €(0*) = Eg[€5(©*)]. By further noting that (6) holds with probability at least 1 — § over initialization ¢(0), this
completes the proof of the theorem. O

Theorem D.5 (Generalization under Realizability). Suppose Assumption 4.5 holds. Let 1 be a constant step size sat-
isfying 1 < min {g*(1), ¢*(1)(£s(0(0))~", (*(p + ¢*(1/T)))~"}. Assume nT 2 n and m 2 (log(m/é) +
g2(1/T)) g*(1/T). Then, with probability at least 1 — & over the random initialization, it holds that

(n+g2(1))92(%)_

Es[£(O(T))] <

S N

Proof. The proof follows directly from Theorem 4.11. It suffices to verify that the width and step size conditions on m
and 7 required by Theorem 4.11 are satisfied, which can be shown by arguments similar to those used in the proof of
Theorem 4.7. O

Proof of Theorem 4.12. Plugging the estimates of Ls(0(0)) and g(1/7T) (see the proof of Theorem 4.9) into Theorem D.5
completes the proof of the theorem. O
E. Proofs for DP-GD

E.1. DP-GD Algorithm

The detailed differentially private GD algorithm given in Section 4.4 is described in Algorithm 1.

E.2. Privacy Guarantee

In this subsection, we provide proofs for privacy guarantee (i.e., Theorem 4.14) of our DP-GD algorithm. The proofs are
based on Rényi differential privacy (RDP), a relaxation of classical differential privacy that allows for a more refined analysis
of privacy loss. We call two training
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Algorithm 1 Differentially Private GD for KANs

1: Inputs: Dataset S = {z; € Z}_,, step size n > 0, iteration number 7" > 0,
privacy parameters €, § > 0.
Generate a(0) and c(0) via (3)
Set ©(0) = (a(0), ¢(0)).
for k=0toT —1 do
Update a(k + 1) via (4)
Update c(k + 1) via (5)
SetO(k+1) = (a(k +1),c(k + 1))
end for B
return: O, := O(T) = (a(T),c(T))

R AN G

Definition E.1 (RDP (Mironov, 2017)). For A > 1, p > 0, a randomized algorithm A satisfies (), p)-RDP, if, for all
neighboring datasets .S and S’, we have

1

9
DA(A(S) || A(S))) := ﬁ1og/ (}%)APA@/)(@) do < p,

where Py (g () and P 4(g/)(6) are the density of A(S) and LA(S"), respectively.

To achieve DP, we need the concept of ¢5-sensitivity defined as follows.

Definition E.2 (¢5-sensitivity). The /»-sensitivity of a function (mechanism) M : Z" — W is defined as A =
supg g/ [[M(S) — M(S’)||2, where S and S’ are neighboring datasets.

A basic mechanism to obtain RDP is Gaussian mechanism.
Lemma E.3 (Gaussian mechanism (Mironov, 2017)). Consider a function M : Z" — R% with the {5-sensitivity parameter

A, and a dataset S C Z™. The Gaussian mechanism G(S, ) = M(S)+b, where b ~ N (0,0%1,), satisfies (), AN )-RDP.

202

A connection (¢, §)-DP and RDP is established in the following lemma.

Lemma E.4 (From RDP to (¢, d)-DP (Mironov, 2017)). If a randomized algorithm A satisfies (\, p)-RDP with \ > 1, then
A satisfies (p +1og(1/6) /(A —1),6)-DP for all 6 € (0,1).

The following post-processing property enables flexible use of private data outputs while preserving rigorous privacy
guarantees.

Lemma E.5 (Post-processing (Mironov, 2017)). Let A : Z™ — W satisfy (A, p)-RDP and f : Wy — Ws be an arbitrary
Sfunction. Then f o A : Z™ — W, satisfies (\, p)-RDP.

The following RDP composition theorem characterizes the privacy of a composition of parallel or adaptive mechanisms in
terms of the privacy guarantees of the individual mechanisms.

Lemma E.6 (Composition of RDP (Mironov, 2017)). Fix an order A > 1. For eachi € [k], let A; : Z™ — W) be a
randomized mechanism satisfying (\, p;)-RDP. Then the following statements hold.

(a) Joint (simultaneous) release. Let A(S) = (A1(9), ..., Ax(S)). Suppose { A;}¥_, are independent. Then A satisfies
(A 33 pi)-RDP.

(b) Adaptive composition. Suppose Ay, ..., Ay are applied sequentially, and for each i € [k], A; may depend on the
previous outputs A1 (S), ..., A;—1(S). Iffor every fixed realization w; := (A1(S), ..., A;—1(S)) of previous outputs,
the conditional mechanism A; (- ; w<;) satisfies (X, p;)-RDP, then the overall mechanism

A(S) = (A1(5)7A2(S;A1<S)), . ,A}C(S; Al(S), . ,Akfl(S)))
satisfies (), Zle pi)-RDP.
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Based on the above lemmas, we now prove Theorem 4.14.

Proof of Theorem 4.14. Without loss of generality, we assume that the neighboring datasets .S and S’ differ in the first data
point, i.e., z; and z{. We begin by estimating the {>-sensitivity of 0, L5(0(k)) and 0. Ls(O(k)) at each iteration k. Note
Lemma B.2 implies ||c(0)||2 < 4,/pm + 24/log(2/0) with probability at least 1 — ¢,/2. In the following proof, we assume
the event {c(0) : [|c(0)[2 < 4,/pm + 24/10og(2/5)} holds and aim to show Algorithm I satisfies (e, d/2)-DP.

Noting that S and S’ differ in the first data point. From the update rule of a(k) we know

10aLs(O(k)) — BaLls (O(k))

I

L (0at@® k), 1)

o<t

(le(O)l2 + lle(0) —el2) <

= lHaaz O(k), z1) — BaL(O(k), 2})
_ 2B;B,B{Bip
N

where in the last second inequality we have used (9) together with Assumption 4.2, and the last inequality follows from
c(k) € Qc = B(c(0), Rz) and the condition for m.

+ |0at(0 (k). 21)|,)

Lp+ log(?(/(%Jng)’

I,
QBgB;B,ngp(
n

Hence, the (o-sensitivity of the gradient d,Lg(O(k)) is Ay = 23,235;73;&)}7(4\/15 + W). Let C; =

8(B} B, B} By)?p? (4/p + 22102 )? We set

2T(1 + log(iT/ﬁ))Ag - ClT(l + log(QET/(;))

€ n2e

0'1:

Lemma E.3 implies that the mechanism 9,L5(0(k)) + by (k) satisfies (), 4T) -RDP with \ = 21%(2/5). Applying
Lemma E.5 (post-processing property) we know a(k + 1) = a(k) — n(@aﬁs(@( )) + by (k)) also satisfies (A, ;5)-RDP.

Similarly, combining Assumption 4.2 with (7), we know
~ ~ 1 ~ ~ 2B)B
|0 L5 (O (k) — 0L (O(R))]|, < ﬁ(‘|8c€(@(k),zl)||2 + [|0cL(O(k), 21)]|,) < =5 *’\f

Then, the (5-sensitivity of . Ls(O(k)) is Ae = 23""54‘/5. Let Cy = 8(B}By)*p. Set

€ n2e

03 =

Hence, by applying Lemmas E.3 and E.5 again, we know both the mechanism 0.Ls(0(k)) + ba(k) and c(k + 1) satisfy
(\, 7 )-RDP.

According to part (a) in Lemma E.6, for each k = 0,...,T — 1 and condition on the fixed (©(1),...,O(k)), we know
O(k+1) = [a(k + 1), c(k + 1)] satisfies (), 57 )-RDP. Combining all iterations, from part (b) in Lemma E.6, we know
O(T) is (A, 5)-RDP where A = 1 + 21%(2/6). Finally, Lemma E.4 implies O(T) satisfies (e, ¢)-DP. Combining this
observation with the event {c(0) : |[c(0)||2 < 4,/pm + 24/10g(2/J)} holds with probability at least 1 — ¢ /2 completes the
proof. O

E.3. Utility Guarantee

Now, we present the proofs for Theorems 4.15. Throughout this subsection, we condition on a fixed initialization
satisfying (6). Thus all estimates below are deterministic with respect to the initialization. The expectation E 4 is taken
only over the Gaussian perturbations generated after initialization, and Eg_4 is taken over the sample and these Gaussian
perturbations, conditional on the initialization. At the end, since (6) holds with probability at least 1 — § over the initialization,
the resulting utility bounds hold with the same probability over the initialization.

We require the following two properties of the training loss to estimate the optimization error of DP-GD.
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Lemma E.7. Let § € (0,1). Suppose (6), m 2 log(m/5) and Assumptions 4.1 and 4.2 hold. Let p = C,, p*(p + R3) and
k= Ca,bp(l + @). For any S and any 6= (a, ) with ¢ € Q, it holds that

)\max(v2£S(é)) < ﬁa )\min(vz»CS(é)) > —

and

IVLs5(8)]; < 2pL5(6).

Proof. Since ¢ € Q, we know maX;e[m [[c; — ¢i(0)|]2 < Ra. Applying Proposition C.2 with © = O, the fact
maX;e(m) |¢i — ¢;(0)[]2 < Ry and the condition m 2 log(m/d), we obtain the estimates Amax(V2Lg(0)) < p and
Amin(V2Ls(0)) > —kl(y f5(x))/+/m immediately.

Note that in the proof of Proposition C.2, p is an upper bound for the term sup,c y |V fo (x)|13 + ||V? fo (x)||2. Then, it
holds that

I9Ls@); = || = 3¢ (i (xad)wi ¥ )
i=1

2 1,
< \n;e (41 (1)

2 2
sup ||V fo (i)
i€[n]

1 n
< OBY| " Uyifa(x)| = pBiLs(8) < 20L5(0),
=1

where the second inequality used the self-boundedness property and |¢'(-)| < Bj (see Assumption 4.2). This completes the
proof of the lemma. O

Lemma E.8. Let 6 € (0,1). Suppose (6), Assumptions 4.1 and 4.2 hold. Let {é(k)} be produced by Algorithm I based
on S with T iterations. Let B(k) = (b1(k), ba(k)), where by (k), ba(k) are independent Gaussian noise vectors added at
iteration k. For k = 0,...,T — 1, it holds that

£5(B(k+1)) < £5(8) — (5 = )16(®) Bk + DI + FIB(H) B

Furthermore, if we assume n < 1/p, then

Ls(O(k+1)) < Ls(O(k)) + 1Bk

Proof. Denote 2 = Q4 x Q¢ = B(a(0), Ry) x B(c(0), Rz). From the update rule of DP-GD, forany k = 0,...,7 — 1,
we know

O(k + 1) = Projo (0(k) — (VLs(O(k)) + B(k))).

Let W (k) = O(k) — n(VLs(O(k)) + B(k)). Note that Q is a closed convex set. By the projection theorem, we know

(W(k)—O(k+1),0(k) —O(k+1)) <0.
Substituting the definition of W (k) and dividing ), we have

%Hé(k) — B0k + )| < (VLs(B(K)) + B(k), O(k) — B(k + 1)), (35)

On the other hand, according to Lemma E.7, we know that Ap,ax (VQES(@)(I@))) < pfor all k € [T] with probability at
least 1 — §. It then follows

Ls(O(k+1)) < Ls(O(k)) + (VLs(O(K)), O(k +1) — O(k)) + §|}(§(k +1) -0,
< L) — (5 = D)B(F) — Bk -+ 1)} + (B, 6(®) ~ 6(+ + 1)
< £5(8(4) ~ (5 ~ 5180 — Bk -+ 1) + Z[BE:)

where in the second inequality we have used (35) and the last inequality is due to ab < % + % The proof is complete. [
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Our proofs also need the following mirror descent inequality.

Lemma E.9. Ler Q C RV e g nonempty closed convex set, and let Projo(+) denote the Euclidean projection onto Q.
Fix any 1 > 0 and any vector g € Rt Define

ot = Pron(G — ng).

Then, for any comparator ©* € Q, the following inequality holds

. 1 . « n
(9. 0-0%) < 5 (0~ O3~ 07 - 6°[3) + 5ol

Proof. Let z := ©—ng such that © = Proj,(z). From the projection theorem we know forall u € , (=0T, u—0T) <
0. Choosing u = ©* € () and substituting z = © — ng yield

n(g, ©* —01) > (0 -06%, 0" -0T). (36)

Note that for any vectors a, b, c € R("*D% 2(a —b, ¢ —b) = ||b —c||3 + |]a— b||3 — ||a — c||3. Applying this with
(a,b,c) = (0,01, 0%) gives

* 1 * *
(0-0%, 0 —0%) = S(lloT -3 +]lo - oF|3 - o - 67[3).
Combining (36) and the above equality and dividing by 7 yield

(9.0 - 0%) > —(|o* o3+ [0 -e%3- |0 -63).

1
2n
Therefore,

1
(9. 0-07) = (5, 0-07) (90"~ 07) < (5, 0-07) + 5 (|0 - O[3 ~ 0" ~ &[; - ] - O7)

1 1 . .
Sl + 516 O3+ 5 (o — o[ ~ o ~ & ~ ] - o75)

IN

i _AO*12 _ + _ a*|2 ﬂ 2
3 (10 =71 — lo* —&°[13) + ol

where we have used Cauchy-Schwarz inequality and the basic inequality 2ab < a? + b? for all a, b € R. This completes the
proof of the lemma. O

Now we give the optimization risk bounds. For convenience, we restate it below. Let R = Ry + Rs.

Theorem E.10. Suppose (6), Assumptions 4.1 and 4.2 hold. Let {©(k)} be produced by Algorithm 1 withn < min{1/3p,1}
and T iterations. For any reference point ©* = (a*, c*) with a* € Qa and c* € Q, assume m 2 p*(log(m/5§) + R?)(R*+
|©* — ©(0)||3). Then, it holds that

mpinTdlog(2T/5)
n2e?

+2L5(6(0)).

el
[M]=

EA[Ls(O(k)] < AL5(07) + 277%\@(0) _ o2+
k=1

Here, the expectation is taken only over the Gaussian perturbations generated after the fixed initialization. If we further
assume A2, > nLs(0(0)), then

mp*nTdlog(2T/9)
n2e2

7 L BalLsB()] < 4L5(6%) + —18(0) — 7[5 +

T
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Proof. Note that ||c(k)|l2 € € for all iterations k. Then, Lemma E.7 shows that Ay, (VQK(yfé(k)(x))) >
—%é(yfé(k)(x)). Similar to (19), for any fixed ©*, according to Taylor expansion and the estimate for

Amin (V2E(Y f5 4y (X)), we have

Ls(O(k)) < Ls(0*) — (VLs(O(k)), 0" — O(k)) + Q\rarg%xl]ﬁs )€ = 0| (37)

where éa,k = aO(k) + (1 — @)©*. Note that p < 1/(2). From Lemma E.8 we know that

£5(B(k+1)) < £5(B() + 2B,

where B(k) = (by(k), ba(k)) with by(k), ba(k) being the independent Gaussian noise vectors added at iteration k.
Plugging (37) into the above inequality yields

(e

Ls(O(k+1)) < L5(0") = (VLs(O(k)), 07 = B(k)) + Z[B®)[; + 2\F max L5(0ar)]|0 -

On the other hand, Lemma E.9 with g = VLg(0(k)) + B(k), © = O(k) and ©1 = ©(k + 1) implies
(VLs(O(k)) +B(k),O(k) —0%) < %(H@( ) —O%[3 - 1Ok +1) - @*H%) + gHVLS(é(k)) +B(k)|3-
It then follows that
~(VLs(6(k)).0"~6(k)) < %(Héw)—@*H%—né(kﬂ)—e*n%)+g||V£s<é<k>>+B<k>||%+<B(k>,e*—é<k>>-
Putting the above inequality into (38), we know
Ls(Ok+1)) < Ls(07) + %(uéuﬂ) — O[3 6k + 1) = ©°[3) + L VLs(S(k)) + B()|1

+(B(k),0* — O(k)) + gHB(k:) 2y i max Ls(Oa), (39)

H2 ael0,1]

K * 2 : : * Q * Q
QmHG - |5 < . which is ensured by the fact [|[©* — O(k)||2 < [|©* —O(0)]|2 +

16(0) — O(k)||2 < [|©* — ©(0)||2 + R and the condition m > p?(log(m/8) + R2)(R* + ||©* — ©(0)||4).

where the inequality follows from

Applying Lemma B.4 with D = [|©* — O(k)||, and & = J=.and 7 = (1 - £D/2)~", we know

max Ls(@ar) < %max{ﬁg(é(lﬂ)),ﬁg(@*)} %(ﬁs(@(k)) 1 £s(0").

ael0,1]
Plugging the above inequality back into (39) and taking expectation over the randomness of B(k), it holds that

Bae)[£5(B(k +1))] < £5(8) + 5 (18(k) ~ €713 Bage 180k + 1) — 0°[]) + FIVLs(B(k) 3

log(2T/5)

3mpnT (1 +
2n2e

< Ls(0") + i(\léw) — 0|3 - Epuy [0k +1) — ©7[13]) + npLs(O(k))

3mp77T(1 + 10g(2T/5))
2n2e

) (Crd+ Cs) + %(Ls(é(k;)) + Ls5(0%))

1 -

(Crd+Cs) + 2 (Ls(O(K)) + L5(67)), (40)
where in the first inequality we have used Eg ;) [(B(k), 0% — (:j(k:)ﬂ = Eg( [(B(k), Vﬁg(é(k))>] = 0 by noting
that E[B(k)] = 0 and ©* (:)( k) and S are independent of B(k), and E[|[b||3] = o*d if b ~ A/(0,0°14), and the second
inequality is due to |VLs(O(k))||2 < 2Ls(0(k)) implied by Lemma E.7.

31



Optimization, Generalization and Differential Privacy Bounds for GD on KANs

Taking the expectation over all {B(¢ ) ! on both sides of the above inequality and applying it recursively, we have

T 3mp7]T2(1+10g(2T/5))

2n2e

B [£s(B(01)] <5 £5(6)+5-18(0) =" [3+ (n7+5 Z]EA Ls(B(k)]+
1

(C’1d+02).

Noting that n < == 1mphes np + % < %. It then follows that

2
5

ImpnT?(1 + 71%(2”6))
2n2e

> EA[Ls(O(k))] <ATLs(0%) + %Hé(o) — 02 + (Crd + Cs) +2L5(0(0)).  (41)
k=1

Therefore,

T
T S BALLS(O()] < 4£5(67) + 57 180) - o[ + ML EECID) | 2 1 0y,
k=1

T
By further using A2, > nLg(6(0)), it holds

mpinTd 10g(2T/5)
n2e2

T
1 ~ 4~ .
7 Y Ea[Ls(O(k))] < 4L5(07) + ﬁ||@(0) ~O"[I3 +
The proof is completed. O

Now, we turn to prove our generalization bounds for DP-GD. Recall that we define S = {z1,...,2,} and S = {2},..., 2.}
be drawn independently from P. For any i € [n], define S* = {z1,...,2;-1, 2}, 2i41, . - -, 2n }. We need high probability
version of optimization risk bound.

Lemma E.11 (High-probability optimization bound for DP-GD). Suppose (6) and Assumptions 4.1 and 4.2 hold. Let

{é(k;)}gzo be produced by Algorithm 1. Assume the conditions of Theorem E.10 hold and ||©(0) — ©%||2 > CnLs(©(0))
with C > 0 a constant. Then, conditional on (6), with probability at least 1 — & over the Gaussian perturbations,

1

T

Lo(B() S Lo(0r) + WOO O3 | mp'nTdlog(T/6) Ry log(T/5)

E

P nT n2e2 ne

Proof. The proof follows the proof of Theorem E.10, except that we do not take expectation over the Gaussian perturbations.

After summing the one-step inequality, the only random terms are

E:IIB )l and Z O (k).

The first term is controlled by a standard chi-square concentration bound for Gaussian vectors:

S B (k)3 < T Los (/o)

n2e2
with probability at least 1 — 6/2.

For the second term, since (:)(k) is measurable with respect to the past randomness and B(k) is an independent centered
Gaussian vector, the sequence (B(k), ©* — ©(k)) is a martingale difference sequence. Moreover, on the projected set,
|I©* — ©(k)||2 < 2R. Therefore, by conditional Gaussian concentration, with probability at least 1 — §/2,

%(B(k),@* —8(k)) < w_
k=0 ne

Substituting these two bounds into the summed optimization recursion gives the claim. O
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The following lemma provides on-average argument stability bounds for DP-GD algorithm.

Lemma E.12 (DP-GD stability). Let & € (0, 1). Suppose (6), Assumptions 4.1 and 4.2 hold. For any i € [n), let {©(k) A

and {él(k)}fzo be produced by Algorithm 1 with 1 < min{1/3p, 1} and T iterations based on S and S, respectively. For
any reference point ©* = (a*, c*) with a* € Q, and c¢* € Q., assume

)

m 2 p?(log(%) + F2) - max { R* + 0" = 6(0) 3, (nT(Ls(0") + L5(©") +1(Ls(6(0)) + L5((0)))”

(Rp3/277T log(T'/4) )2}
ne ’
and

(ne)*
p10d?(log(m/6) + R2)(nT)*log*(T/6)
Then, conditional on (6), for any k =0, ..., T — 1, it holds that

k
Egg A{ Z 1Bk +1) — 67 (k + 1)”2} < 2encg’bp75\/;5+ ) ZES,A [Ls(O(t))] + 2R.
t=0

Proof. All expectations below are taken conditional on the fixed initialization satisfying (6). For each i € [n], the two
trajectories {O(k)}7_, and {Oi(k )
the stability recursion

Recall that S=% = S\ {z;}. Since the projection is non-expansive, using Lemma D.3, the self-bounding property of ¢, and
Lemma C.1, we obtain

_o are coupled with the same Gaussian perturbations. Thus the noise terms cancel in

|0k +1) = ©'(k+ 1)||, < |O(k) — 1V Ls(O(k)) — nB(k) — ©'(k) +nVLs: (67 () + yB(k)],

< |6 - @vcsﬂ-(é(k)) &)+ N @ W, + LIV (6)) — VT ()|
< GL(k)||6k) — O k)|, + 1 [ (i fo oy XY Fagy (xi)ll2 + (Y fai oy XD IV fi 1y (%) 2]

< GL(K)||O(k) — ©'(K)||, + Copp(v/D + R)Z [€(yi fo (%)) + (i fai iy (X)) ] (42)

where G¢, (k) < 1+ M(k) with Mi(k) = f}& max {Lg-:(0(k)), Ls-i(07(k))}. Here & is the curvature constant in
Lemma E.7.

By Lemma E.11 applied to the two datasets S and S?, with failure probability 6 /2 for each, we obtain that with probability
atleast 1 — 6,

13 £5(6(0) 5 18(0) - 07 + T L5(67) +1Ls(B0) + mpld* T2 log(T/0) | Rp* T log(T/5)

n2e? ne
~ 47272 3/2
. . mp*dn~T*log(T/d Rp*/*nT log(T/§
§j/:S ) S16(0) — O3 + nTLs: (0%) +1Ls: (6(0)) + ”n%z B(T/0) ”ne 8(T/9),

Denote this high-probability event by Eéé)t On Eép)t, we use Lg—i(0) < P Ls(0) < 2L£4(0), and similarly Lg—: (67) <
2Lg:(©%). Therefore,

Z M) < max{ Z £5(@(s), Y £5:(8'(9)))
s=0
< 7 (160 —er 3 + mp4d772£iog(T/6) . Rp"’/znl;iog(T/é))
<1
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where the last inequality follows from the condition of m.

Hence, on é'opt, it holds
k
1—[(1—|-MZ <exp<ZMl
s=t+1 s=t+1

Unrolling the recursion (42) gives, on Eép)t,

k
|6k +1) — Ok +1)]|, < enC”bp\[+R Z[ (Wifouy (i) + (i fai 4y (x ))]

t=0

opt)*» the projection gives the crude bound Hé(k +1)—0i(k+1) H2 < 2R. Since PA((Sép)t)c) <4,
taking expectation over the Gaussian perturbations yields

On the complement (%)

A[Hé(k-ﬁ-l)—éi(k‘%—l)HQ} encgbp(\f—FR ZEA{ ylfe t)(xl)) +£(ylf@1(t( ))} + 2R6.

n
t=0

Finally, averaging over i € [n] and taking expectation over S, S, we get

k
SSA[ ZH@ k+1 éi(kH)Hz} < 26770"’”2\/“}3) S Esa[Ls((t)] +2Rs,

t=0
where we used Eg 5 4 [Lgi (@)l(t))] =Eg 4 [ﬁs(é(t))} . This completes the proof. O

Theorem E.13. Suppose (6) and Assumptions 4.1 and 4.2 hold. For any reference point ©* = (a*,c*) with
a* € O and c* € Qc, assume |O(0) — ©*||3 > Cmax{nT(Ls(0*) + L5(0%)),n(Ls(0(0)) + L5(6(0)))}.

Suppose < min{1/3p,1}, m = p*(log(%) + R?) max {R* + 16(0) — ©%||4, (M)z} and m <

( 6)4 i ne
plo(log(%HRJ)Ld?(nT)‘l ogz(r75) - Then, for any k € [T), it holds that

- PPm46(0) - O°|l3 , mp°di*T* log(T/3)

Es,4[L(O(k) — Ls(O(k))] < + p24.

n n3e?

Proof. We will use Lemma E.12 to prove the theorem. The lower-width condition controls the deterministic localization
terms and the martingale fluctuation term in the high-probability optimization bound, while the upper-width condition
controls the usual DP noise-square term.

Note that the condition for m implies Cy = 8(B;B., B} By)*p*(4,/p + 27”1%\(%%)2 < p?and Cy = 8(B,By)*p < p.
For any S and the trajectory produced by Algorithm 1, (41) and the comparator condition imply

mptdn?T? log(T/(S)
n2e?

T
ny Ea[Ls(O(k)] < [6(0) — 075+ (43)
The same bound holds with S replaced by S*, using Lg:(0*) < L5(0*) 4+ L5(©*) and similarly for 0(0).

The assumptions on m ensure that the width condition required in Lemma E.12 is satisfied. Therefore Lemma E.12, together
with (43), gives the following on-average argument stability bound

||9() 0|3 mp4d?72T210g(T/5)
n n3e?

+ 4.

€st, ab

From Lemma C.1, the condition on m, and the fact that the iterates stay in the projected set, the loss is Lipschitz with respect
to the parameter, it holds

sup |0 (g ) G|V g0y ), < Cop(v/D + R).
(x,y)EX XY
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By Lemma D.2, we have

= ~ 0(0) — ©*[)3  mp*dn*T*log(T/s
Es.A[LO(K) — Ls(O(k)] < plyi+ 1) (10Ol 0BT | gy
< PPmYO) —0[F  mpldn*T?log(T/5) o

where the last inequality uses m = p? (log(%) + R?) (R* + 16(0) — ©*||4), which implies R < m'/* and \/p < m!/*
This completes the proof. O

Theorem E.14 (Restatement of Theorem 4.15). Let the sequence {(:)(k) 5:1 be produced by Algorithm 1 with step
sizen > 0. Let ©* be a reference point satisfying |©(0) — ©*[|3 > C’max{nT(ﬁs(@*)s/;&— L5(0%)),n(Ls(0(0)) +
Lz(00)}. Ifn < min{l/3p,1}, m = p*(log(3) + R?) max {R* + Ag., (M)Q} and m <

ne
(ne)*
p10d2(log(m/8)+R2)(nT)* log*(T/4) *

Then with probability at least 1 — 0 over the randomness of the initialization, it holds that

1/4 ’7T

T
T O Es alL@OU] S (7 + )R + (14 ) T 1

5 + p26.

)T e

Furthermore, by setting nT =< ¢for a > landcy € (0,1], and assuming 6 < ‘/;/2, it holds that

Vd log®(n/§) ~ nep
log®(%) ~, , log®* ' (%)\ Vd
*ZE“ D% ( o e T T am )

Proof. Let &,;; denote the initialization event in (6). By Corollary B.2, we have
P(Enit) > 1 — 4.

We prove the desired bound on &;,;;. Conditional on this event, all expectations [E 4 are taken only over the Gaussian
perturbations generated after initialization.

On &ipit, combining Theorems E.10 and E.13 gives

1 & - 1 & ~
7 2 Esa[LO®K)] = = Y Esa[L(O(k) — L£5(O ZESA [Ls(O(k))]
k=1 k=1
1T mt4N+, 77T manlog(T/5) 3
§(77T+ n )A *+( ) n2e2 2.

This proves the first claim on &yjt. Since P(Einit) > 1 — 0, the first claim holds with probability at least 1 — § over the
initialization.

Now set nT" =< #ﬁn/é) Then w Moreover, the upper-width condition gives
(ne)? _ log**2(n/0)
p10d?(log(m/8) + R?)(nT)*log*(T/5) =~ ¢4R?
Hence
mt/4 < 1oga7%(n/6)
n ~  conRY?2
Therefore,

wlw

A

(\/310%&(”/5)+10ga%(n/fs))p* Vi log™'(n/0) |

cone con c3R2ne

= Es AL ()]
k=1

35



Optimization, Generalization and Differential Privacy Bounds for GD on KANs

Under the assumption § < \C/Z and using « > 1 and A@* > 1, the right-hand side is bounded by

(P8 Gy, o (5)) A
co ’ c3R? ne’
This completes the proof. O

E.4. Proofs under NTK Separability

Theorem E.15 (Restatement of Theorem 4.16). Let Assumptions 4.1, 4.2 and 4.8 hold. Assume n < (log(n/9)) 2 pe

/2
a constant, nT' =< #ﬂe(n/é) and m = ¢ ("/6) . Let R < M and § < */;/2 Then, with probability at least

1 — & over the initialization c(0), it holds that

Vd

vine’

;;E&A (£BH)] < og® (1)

Proof. Note that in the proof of Theorem 4.9 we showed that with probability at least 1 — § over ¢(0), it holds that
L5(0;) < £ when we set O, = O(0) + 70 and 7 < (log(T") + /log(n/d)) /7. Here, ©¢ and ~ are the parameter and
the margin in Assumption 4.8.

Setting Ry + Ry = R < 7 =< (log(T) + /log(n/d))/~ and the reference point ©* = O, € B(6(0), R). Then,
Ao+ = [|©" = O(0)[]2 = 7.

Now, we show that the conditions in Theorem 4.15 are satisfied. Let co < 7% € (0,1] and o = 5/2.

4

Then, we know m > (log(2) + R?*)(R? + A%.) =< log®(n/s)/7° and m < plo(log(%)+R§;’;g(nT)41Og2(T/5) =

log®(n/5) /5. These matches the width condition stated in the theorem.

Note S is an independent copy of S, one can also show that L5(0%) < 4. Since Lg(0%) + L’g(@*) < 2, we have
nT (Ls(©%)+L5(0%)) < n. Moreover, by the initialization bound used in the proof of Theorem 4.9, L5(6(0))+ 5(9(0))
is at most logarithmic in n/8. Together with n < log™'/?(n/§), this term is dominated by A2, = [|©* —©(0)||2 < /o)

72
Therefore the comparator condition in Theorem 4.15 is satisfied.

Noting that § < Vd Applying Theorem 4.15 with « = 5/2, ¢y =72 and R? < 7% = A2@* log(n/8)/+?, we know

~ nep 3/2 "

T
L S Esale®)] 5 o (1) 40
=1

vine
This completes the proof of the theorem. O
F. Detailed Experiments

This section provides the detailed DP-GD algorithm and describes the experimental details and hyperparameters.

F.1. Datasets

We consider a synthetic binary classification dataset and MNIST (Deng, 2012) for our experiments.

Synthetic Logistic Dataset. We generate a challenging dataset {(z;, y;)}?; with z; € [—1,1]¢ uniformly sampled. The
label distribution is defined through a logistic model

Yi ~ Bernoulli(a(s ~h(x;) + §i))a
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where o (-) denotes the sigmoid, s > 0 is a signal strength parameter, and &; ~ A (0, ag) is optional label noise. The latent
score h(x) is created in a spline-like manner with random coefficients:

d

"
h(z) =) ui(wig),  wylwig) =) 050 belwiy).
(=1

j=1

The basis functions by(-) are triangular functions centered at uniformly spaced knots {t,}¥_, C [-1,1],

|Z‘ —tgl
= 1 —
be(x) max( ,01,

with A = % denoting the knot spacing and 6, ~ A (0, 1) being random coefficients. For our experiments, we set s = 4,
d =10, ag = 0.1, and k = 40.

MNIST. We transform MNIST into a binary classification dataset by restricting it to the first two classes (digit zero and
digit one).
F.2. Model Hyperparameters

We study the two-layer KAN described in the main paper. Unless otherwise specified, we set the model width to m = 32,
the number of splines to p = 8, and the number of full-pass iterations to 7" = 100. We use a learning rate of n = 0.5
for MNIST and n = 1 for the synthetic logistic data. The larger step size for the logistic data is chosen to speed up the
experiments. We observe similar qualitative trends when using smaller step sizes.

For the synthetic logistic data, we use n = 20,000 training samples and 8,000 test samples. For MNIST, we use the full
training and test sets restricted to the two classes under consideration. Unless otherwise specified, we set the gradient ball
bounds to R; = Ry = 1, the privacy budget to e = 2.0, and § = 1/n.

F.3. Experiments

The paper shows results for two types of experiments.

Loss over m. Here, we vary the model width m and report the resulting training and test metrics of the model for each 50
random seeds on the synthetic data and 20 random seeds on MNIST.

Loss over 7. Here, we vary the full training dataset iterations 7" and report the resulting training and test metrics of the
model for each 50 random seeds on the synthetic data and 20 random seeds on MNIST. For MNIST, we use full-batch GD,
which incurs a higher computational cost as the width m increases, hence MNIST experiments are restricted to widths up to
m = 32.

F.4. Loss curves

Figure 3 presents loss curves, analogous to the accuracy curves in the main paper.
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Figure 3. Training and test losses versus m and 7'.
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