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Abstract

Covariate shift, a widely used assumption in tackling distributional shift (when training and test
distributions differ), focuses on scenarios where the distribution of the labels conditioned on the
feature vector is the same, but the distribution of features in the training and test data are different.
Despite the significance and extensive work on covariate shift, theoretical guarantees for algorithms
in this domain remain sparse. In this paper, we distill the essence of the covariate shift problem
and focus on estimating the average Ez.,,... f(Z), of any unknown and bounded function f, given
labeled training samples (x;, f(x;)), and unlabeled test samples Z;; this is a core subroutine for
several widely studied learning problems. We give several efficient algorithms, with provable sample
complexity and computational guarantees.
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1. Introduction

A common assumption in several machine learning algorithms is that training and test data come
from the same distribution, which does not hold in many real-world applications. Covariate shift,
first introduced by Shimodaira (2000), is a widely used assumption for addressing such distribution
shifts. It assumes that the conditional distribution of labels given the features remains the same across
training and test data, i.e., pi(y|) = pte(y|x), while the marginal distributions of the features
differ, i.e., pr(x) # pre(x). Covariate shift has applications across various domains, including
Natural Language Processing Yamada et al. (2010), Signal Processing Yamada et al. (2012), Brain-
computer interfacing Li et al. (2010), Spam Filtering Bickel and Scheffer (2006b), Human activity
recognition Hachiya et al. (2012), speaker identification Yamada et al. (2010), and biomedical
engineering Li et al. (2010).

In this paper, we capture the core of covariate shift and introduce the following general problem,
which we refer to as covariate-shifted mean estimation. Let f : R? — [—1,1] be a bounded function
unknown to the algorithm. Given € > 0, along with n,, labeled samples (x;, f(x;)) for &; ~ pi,
and n¢. unlabeled samples ; ~ pye, the goal is to compute Z such that |Z — Egcp,, f(x)|< €. The
question is: for a target accuracy €, how many samples n;,, n; are sufficient to achieve this guarantee?
Notably, if both p¢, and pi. were known exactly, solving this problem would be significantly easier.
In this case

Pre(T) _
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providing direct access to an unbiased estimator of the desired quantity. Moreover, if the ratio
pre(T) /P () is bounded for a typical & ~ py,, we can control the variance of this estimator!,
and therefore estimate Egp,, f(x) from a finite sample drawn from p;,. As a result, most of the
interest is focused on approximately learning the density ratio pee () /per (), also called importance
weights. Independently, there is a rich body of work on importance weight estimation in both the
theoretical and applied literature, for example, Cortes et al. (2010); Wen et al. (2015); Hachiya
et al. (2012); Gopalan et al. (2022); Sugiyama et al. (2012b); see also Sugiyama et al. (2012a) for a
comprehensive review. However, surprisingly, relatively few studies attempt to address the following
two fundamental questions systematically.

1. What approximation guarantees can be obtained for a specific algorithm attempting to estimate
the density ratio with a given number of samples?

2. What kind of approximation guarantees do we need for the estimated density ratio to serve as
a good proxy of the true density ratio for covariate shift?

Since the covariate-shifted mean estimation problem cannot be efficiently solved in full generality,
certain regularity conditions must be imposed — either on the unknown function f or on the unknown
densities pi;, pre. Most prior work has focused on the development of algorithms under specific
restrictions on f, with the most significant theoretical results based on kernel mean matching. In
this work, we primarily focus on the latter approach, where we assume constraints on the densities
instead.

1.1. Related Works

Before presenting our results, we summarize the current state of theoretical results in this space.

Kernel Mean Matching based Approaches The most popular algorithm for the covariate shift
problem is the celebrated Kernel Mean Matching (KMM), introduced by Huang et al. (2006) —
one of the few results in this space with end-to-end theoretical guarantees. We discuss it in more
detail here, as it shares a superficial resemblance to our most general result due to its foundation in
Reproducing Kernel Hilbert Space (RKHS) theory.

Consider an RKHS H with a reproducing kernel map ® (see Section 5.1 for a brief overview
of RKHS notation), where the kernel is bounded such that || @[ < 1 for all . The standard
analysis of KMM assumes that f € H is bounded in the H norm, i.e., || f|| < M, and the density
ratio satisfies pie(x)/pir(x) < B. Theorem 1 of Yu and Szepesvari (2012) shows that, under these
conditions, collecting ny, > (M B/¢)? samples from py, and nge > (M/e)? samples from pe
suffices to estimate Ezp, . f(2) within an error of €. More detailed description of the algorithm can
be found in Appendix F.

We further observe that if f belongs to a function class F that allows it to be learned with
arbitrarily small error — i.e., one can find f such that, Egrpe | f(x) — f(z)|< ¢, with respect to
ptr — there is a naive approach to solve the covariate-shifted mean estimation problem. Specifically,
one can first approximate f with f up to an error &/ < &, and use f in place of f when estimating

Ei}'\’pte .f(i’) :

1. A variant of this condition is necessary. For instance, if pte and py, have disjoint support, estimating Egep,. f () is
impossible, even if we know both densities pte and p, exactly since we have no information about f on the support of
pte .




ALGORITHMS FOR COVARIATE SHIFT

In this case, we obtain:
Esmpie F(#) = Ezropye ()| < Bz |F(E) — F(2)|< BEgup, |f(z) — f(z)|< Be'.

Thus, setting ¢’ := ¢/B ensures the desired accuracy. The estimate }' can be found using L,
kernel regression with ny, ~ M2 /e’ = (M B/¢)? samples. Then nye ~ M2 /2 samples suffice to
estimate Ez~p,. }(m) within an error of €. See Appendix F for more details.

This highlights that the standard analysis of the KMM algorithm in a simple realizable scenario
falls short of providing an asymptotic improvement in sample complexity over the naive plug-in
method. Therefore, a more fine-grained analysis is necessary to justify the widely observed superior
empirical performance of KMM.

Importance Weights Estimation via Classification A common approach to estimating the density
ratio is to reduce it to a classification problem. Specifically, consider a distribution over pairs (x, y)
where y € {0, 1} is uniform, and « is drawn from p, when y = 0, and from py, when y = 1. The
Bayes-optimal classifier for this problem outputs Pr[y = 1|x], which can be transformed into the
density ratio pie(x)/pu ().

Given the extensive literature on classification, one can train a model to approximate Pr[y = 1|x]
and then apply the same transformation to obtain an estimate of the density ratio. This estimated ratio
can, in turn, serve as importance weights for solving the covariate-shifted mean estimation problem.

Logistic regression is a widely used method for estimating Pr[y = 1|«] in this setting, while the
use of more powerful models, such as kernel logistic regression has also been explored Bickel et al.
(2009); Sugiyama et al. (2012b).

Despite the popularity of this approach to handle the covariate shift, no end-to-end theoretical
guarantees are known. In this work, we bridge this gap by providing sample complexity and
approximation guarantees for covariate-shifted mean estimation using logistic regression and kernel
logistic regression under specific model assumptions.

Separately Estimating Both Densities A widely held belief in importance weight estimation is
that separately learning the densities pt, and pye, and then using their ratio, pte /Dty as an estimate
of pte/ptr is both inefficient — since density estimation in high-dimensional spaces often requires
exponentially many samples — and, more importantly, insufficient (see, for example, Section 2.1 in
Huang et al. (2006), or Section 2.2 in Yu and Szepesvari (2012)).

This intuition is natural, as even a small error in estimating the denominator py,, can lead to a
significant error in the density ratio. Consequently, it remains unclear whether, even in the situation
where we could obtain estimates for py; and pi within € total variation (TV) distance in time
polynomial in 1/, this would be helpful in solving the covariate shift problem.

Surprisingly, we show that with only a polynomial increase in sample complexity, it is indeed
possible to solve the covariate-shifted mean estimation problem for any pair of distributions within
an efficiently learnable class — provided that pic(x)/pt: () remains reasonably bounded for most
T ~ pi. There is a rich body of work in distribution learning theory demonstrating that many
distribution families can be efficiently learned, such as mixtures of Gaussians Moitra and Valiant
(2010); Liu and Li (2022), low-dimensional log-concave distributions Diakonikolas et al. (2017), or
graphical models with bounded treewidth Narasimhan and Bilmes (2004).

RHKS based density ratio estimations A recent work on the density ratio estimation essentially
assumes that the density ratio pie/py, is bounded in some fixed RKHS (i.e. concrete strong regularity



ADIL BLASIOK

condition on the density ratio) and provides an algorithm with a very strong recovery guarantee in
terms of the RKHS norm of the error ||7* — pi,/pre || Nguyen et al. (2024). For bounded kernels,
this implies a pointwise bound, and it is not difficult to see that such a strong guarantee for density
ratio estimation can be translated into guarantees for covariate-shifted mean estimation with arbitrary
bounded f. Those bounds are similar in spirit to our Theorem 16; but we instead assume that
log-density ratio belongs to RKHS, and provide directly a guarantee for covariate-shift problem. For
example, their assumptions, in contrast to ours, do not easily capture the case where p, and p. are
slightly shifted spherical Gaussians.

1.2. Our Results

In this paper, we introduce several algorithms for the covariate-shifted mean estimation problem,
providing theoretical guarantees on approximation bounds and sample complexity. Our first result is
an algorithm with small sample complexity when both p¢, and py. are multivariate d-dimensional
Gaussian distributions. Surprisingly, this is the first work to establish formal bounds for covariate
shift, just in the case of Gaussian distributions

Theorem 1 (Informal Statement of Theorem 5) Let pi, and pie be d-dimensional Gaussian dis-
tributions which are close to each other. There is an algorithm (Algorithm 1), such that for any f
satisfying supgcpa| f(x)|< 1, requires at most O (d? /e? log §) samples of (x;, f(;)), @i ~ pir
and T; ~ pre, and returns Z such that with probability at least 1 — 0,

1Z — Ezep,. f(z)|< €.
In the case when pye, pir are isotropic Gaussians, O (d /e%log(1/ 5)) suffice (Algorithm 2).

Our algorithms indicate that it is sufficient to learn the training and test Gaussian distributions to
within an ¢ total variation distance. Given such estimates, p¢, and pe, the estimator % f is good
enough for our purposes.

Next, we extend our approach to a broader class of probability distributions. Specifically, we show
that if py, and pie belong to any efficiently learnable class of distributions, the covariate-shifted mean
estimation problem can be solved with polynomially many samples by learning both distributions
individually.

Theorem 2 (Informal Statement of Theorem 10) Let f be a bounded function, pi., pte be a pair
of distributions, and let B > 0, be such that Pry~p,, (pte(x)/per(x) > B/4) < €. Let T be s.t.
P = /i for some e, and oy satisfying dpy (pres ) < & and dry (pee, ) < €/ B.

Then given access to 7 and using O(B? /% log(1/6)) samples samples (x;, f(x;)), T; ~ pix we
can return Z (Algorithm 3) such that, with probability at least 1 — 6,

1Z = Egrp,. f(2)|< O(e).

Our algorithm again employs the estimator % f where pye, pir, are approximations of py and

Py respectively — except of dismissing all samples for which % exceeds a threshold B. This
challenges the common belief that separately estimating both densities is insufficient for accurately
estimating the density ratio. We prove that when the tail of the density ratio is bounded, independently
estimating the training and test distributions to a small error is sufficient to solve the covariate-shifted
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mean estimation problem. While Algorithm 3 applies to a broad class of distributions, for Gaussian
distributions, Algorithm 1 still achieves better sample complexity (Theorem 1).

Our remaining generalizations build on Algorithm 3 and Theorem 2, focusing on efficiently
computing the approximate ratio 7. As previously mentioned, logistic regression is a popular method
for estimating such quantities, yet no theoretical guarantees exist for its performance. We prove that
when pie and py; belong to the same exponential family, logistic regression successfully computes
the required 7. Thus, we provide the first theoretical analysis of logistic regression-based density
estimation methods. Our analysis, combined with Theorem 2, leads to the following result.

Theorem 3 (Informal Statement of Theorem 13) Assume that pi, and pie belong to the same ex-
ponential family parameterized by 6 € RP. If the distance between py. and py, is at most B, we can
solve the covariate-shifted mean estimation problem using at most O(B*De~%) samples.

Finally, we present our most general result for the covariate-shifted mean estimation problem.
We prove that if In(p, /pie) belongs to a Reproducing Kernel Hilbert Space, the problem can be
solved with polynomial sample complexity using an efficient algorithm. Specifically, we show that
kernel logistic regression can be used to obtain the required estimate 7, which can then be used in
Algorithm 3 to obtain the required solution. Notably, our result only assumes regularity of the density
ratio pi;/pte With either of these densities can potentially be pathological by itself.

Theorem 4 (Informal Statement of Theorem 16) Let H be a RKHS of functions over U, and
Dirs Dte @ pair of distributions over U, such that In(py, () /pre(x)) € H. Assume that the kernel K
associated with H is bounded by D and the distance between py: and pe is at most B. We can then
solve the covariate-shifted mean estimation problem using at most O(B*De~%) samples.

Notation. We use high-probability bounds to refer to sample complexity bounds that are true
with probability at least 1 — § with the dependence of § on the sample complexity is log %. We use
drv (p, q) to denote the total variation distance between distributions p and g. The notation supp(p)
is used to denote the support of the distribution p. We define for p > 1, the discrepancy metric
between two probability distributions as
pi(x)\”
Rp(p1llp2) = Egz~ < > :
p(P1l|p2) = Eznp, (@)

Note that this is closely related with the Renyi divergence between p; and po, thatis Dy, (p | |p2) =

p%l exp(Ry(p1||p2). The quantity R, will be more convenient for us.

2. Covariate Shift for Gaussian Distributions

In this section, we present our results for Gaussian distributions. We prove that it is sufficient to learn
the means and variances of the training and test distributions to within an € error in order to solve the
covariate-shifted mean estimation problem with £ accuracy. In particular, we prove,

Theorem 5 Let pyy, = N (pyy, Bir) and pre = N (oo, Zte), Where ||, — pieoll2< O(1) and
1= -2 < O(1). Also, let ||y, [l2< O(1), || 245 |op< O(1). Forany f such that supzega| f ()| <
1, Algorithm 1 returns Z such that with probability at least 1 — 6,

|1Z = Exepy. f@)|< e )
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Furthermore, Algorithm 1 requires sampling at most O (g—; log %) samples of (x;, f(x;)), x; ~

Pir and T~ Dte-
For isotropic Gaussians, we can prove a tighter bound on the sample complexity.

Theorem 6 Let py, = N(Ntrv-[) and pye = N(“tea-[)’ where Hp‘tr - uteHQS O(l) For any f
such that supgcpa|f(x)|< 1, Algorithm 2 returns Z such that with probability at least 1 — 6,

|12 = Eaepe fz)[< e 2)

Furthermore, Algorithm 2 requires sampling at most O (8% log %) samples of (x;, f(x;)), x; ~

Dir and T; ~ Dre.

Algorithm 1: Covariate shift for General Gaussian pt and py,
1: Input: d, e, 6
2

K=0 (g—Q log %)
Generate K samples x; from pi, and K samples x; from pi.
Compute fi;, = & > iclk)2) Ti
Compute fi,, = 7 Dic[k /2] Ti
Compute Xy, = % Eie[Kﬂ} (2 — @2 1) (T2 — Toi_1) "
Compute Xie = + Dicirc/2) (®2i — ®2i—1) (D25 — Toi1)!
th\r = N(lj?ra Etr)’ ﬁt\e = N(lj.t\ev Zte)
fort =1,---,0(log(1/9)) do

Generate m = O (e72) samples (y;, f(y;)), with y; ~ .

for i € [m| do

Zi = p%figzzif(yz)

end for

Zy = % Zyil Zi
. end for B
: Return: Median of Z;’s

R A A S

_ s e =
SANS A S > ol

Our analysis proves that the estimator X = Z}% f is a good estimator. Note that this estimator is
biased. We divide the analysis into two parts: in the first part, we show that our estimator has a small
bias, and in the second part, we provide a bound on its variance. Finally, we apply concentration
bounds to establish the total sample complexity.

For the first part, we prove the following result. The proofs of these lemmas are deferred to
Appendix B.

Lemma 7 (Bound for Isotropic Gaussian Distributions) Let pi, = N (., I) and pre = N (pie, I)
such that || p, ||2< O(1) and ||py, — piel|2< B < O(1). Further, let pyy and pre be as defined in
Algorithm 1. Then for any function f such that ) pa|f(2)|< 1,

CIN 2l <o
EmNptr ﬁt\r(w) f(x) Em’\‘pte f( ) S O( )
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Algorithm 2: Covariate shift for Isotropic Gaussian pe and pt,

Input: d, e, 0
K=0 (g% log %)
Generate K samples x; from pi, and K samples x; from pi.
Compute fi;, = = >icli/2 Ti
Compute fiy, = = > icli /2 Ti
ﬁt\r :N<@7I)’ﬁt\e :N(ﬁ;?I)
fort =1,---,0(log(1/9)) do
Generate m = O (£72) samples (y;, f(y;)), with y; ~ .
for i € [m| do
Z; = 57%3]0(%)
end for
Zy = % >ie1 Zi
. end for
. Return: Median of Z;’s

R A A A

—_ e e e
Rl A T

Lemma 8 (Bound for General Gaussian Distributions) Let pe := N (4o, te), Ptr := N (Hy, Str)
and pir = N (fys Bir), Dre = N (fge, Tte) be as defined in Algorithm 1. If || e, — pell2< B <

O(1), || Z5 lop< O(1) then, for any function f, such that supzega| f()|< 1,
Dre(
Bavps 22 §(2) — Bap, £(2)| < O(0)

Pu()

In the next part, we show that the variance of our estimator is small. The proof is again deferred
to Appendix B.

Lemma 9 (Variance of our Estimator) If | =, |op, |2 lop< O(1), |25 — Lt < O(1),
and || iyl 2, [[ e — Biell2< O(1), then, the variance of our estimator can be bounded as,

Fanp [(ﬁe("’”) £(@) = Eanp £(a) ) 2

Pur ()

< 0(1).

Having established that our estimator has a small bias, i.e., O(¢), and a small variance, O(1), the
result follows directly from standard Chebyshev’s inequality.

For the high-probability statement, we apply the standard technique: given an estimator Z that
lies within the desired interval I with probability 2/3, we can take the median of O(log(1/¢))
independent realizations of this estimator to reduce the failure probability to ¢, using the Chernoff
bound.

3. TV Learnability implies Covariate Shift

In this section, we extend our algorithms to more general distributions. We show that, under mild
conditions on the training and test distributions, it is sufficient to learn both distributions to a small
total variation distance. In particular, we prove the following:
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Theorem 10 Let f be a bounded function, piy, pte be a pair of distributions, such that for B > 0,
Praepe (Pte(x)/per(2) > B/4) < . Let T, be s.t. T = Dio/Pix for some Die, and pey satisfying
drv (Pte; Pro) < € and dpy (pir, Dtr) < €/ B. Then Algorithm 3 returns Z such that, with probability
at least 0.9, we get

17 = By, (@)|< O(C).

Furthermore, Algorithm 3 uses only O(B? /?) samples (x;, f(x;)), Ti ~ Dir-

Algorithm 3: Covariate shift for any pte and pt, with bounded tails

Input: 7 = pye/pir, B, €
K =0O(B?/&?)
Generate K samples (x;, f(x;)) from p,.
if 7(x;) < B then
Zi =71(®;) f (2;)
else
Z;i=0
end if
Return: Z = + Zfil Z;

R e A U o > i e

In the next section, we will show how to compute the density ratio 7 used in Algorithm 3,
satisfying the conditions of the above theorem, for certain classes of probability distributions, without
explicitly estimating p¢, and pe.

Remark 11 This sample complexity upper bound should be contrasted with the following simple
lower bound: let B be such that Pryp,. (pte(x)/ptr(x) > B) = 2¢. Even with exact knowledge of
Dte and pyy, we require (B /) samples to solve the covariate-shifted mean estimation problem up
to error €. A simple proof of this lower bound can be found in Appendix C.

A relatively common assumption in the covariate shift literature, which is stronger than the one we
use, is that the density ratio pc(x)/pic () is bounded everywhere by B. We chose to relax this
assumption because it is not even satisfied for two non-equal univariate Gaussian distributions.

To put the sample complexity in Theorem 10 into context, note that we could apply it when py,
and pi, are isotropic Gaussian distributions, as in Theorem 6, with |p; — u2|< O(1). In this case,
for the desired accuracy ¢, we would need to set B := (1/ 5)1+0(1) and learn an isotropic Gaussian
pir up to an error of (1/£)27°(1) in total variation distance. This can be done using O(d/*+°(1))
samples. While the dependency on the dimension d matches that of Theorem 5, the dependency on
the accuracy ¢ is polynomially worse.

The following technical lemma will be crucial in our proof.

Lemma 12  Let pi,, pie be a pair of distributions, and S C U be such that Pry.p,. (S) > 1 — ¢
and Pro.p,.(S) > 1 —e. Let pyy and pye be a pair of estimations of py, pre respectively with
supp(pre) C supp(per) C S. Moreover, assume that Vx € S, pre(x) /por () < B. Then

Pre()

Egnpi, 2thi(m)f(fﬂ) —Egpmpe. f(@)| < Bdry (per, Pir) + drv (Pre, Pre)-

The proof of the above is in Appendix C. We now prove the main result of the section.
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4. Learning Density Ratio by Classification

In this section, we present an algorithm based on logistic regression that approximates the density
ratio 7 such that 7 = pe/pyy for some pair of distributions, with the guarantees that dry (per, pir) < €
and d7y (Pte; Pte) < €. This holds when both p. and p¢, belong to the same exponential family
(Definition 27), i.e., have the same values of the functions h and T'. Moreover, the probabilities Dir
and Py, provide guarantees for the density ratio, i.e., 7 = p% is a good approximation to r = %,
making it suitable for use as importance weights in the covariate shift problem (after appropriate
truncation). Although logistic regression has been applied in practice for estimating density ratios in

several previous works, such theoretical guarantees remained unknown. We prove the following:

Theorem 13 Assume that py, and p. belong to the same exponential family, with pe(x) = p(x|6te)
and py(z) = p(x|0y). Let Tty = Egop, T(x)T ()T and similarly for Sie. Define By =
Tr(Xy, + Xie) and assume, in addition, that |0y — Oiel|l2+|A(O) — A(Ore)|< Ba.

As long as Ra(pir||pte) < Bs, we can solve the covariate-shifted mean eastimation problem
using O(By B3 B3e~%) samples.

We now present the high-level idea of our approach. The details and proof of Theorem 13 is in
Appendix D.

General scheme. Consider a distribution Dy over pairs (z,y) where x € U and y € {£1}, s.t.
Pr(y =1) =1/2and Pr(z|y = 1) = pte(x) and Pr(x|y = —1) = pi(x). Then by Bayes rule

i Pr(zly = 1) _ 1
Py = 1) = 5l = 1) + Pr(aly = 1)~ 14 pu(@)/pn(@)

Hence, if we can find a Bayes optimal classifier for the distribution (x, y) calculating Pr(y =
—1|x), we could invert it to get a density ratio:

Pre(T) _ 1 _1 3)

puw(x)  Pr(y=-—1lx)

A known method (see for instance Bickel and Scheffer (2006a)) of estimating the ratio pie () /pi: ()
is then training a classifier for the binary classification problem (to predict y given features x from
distribution Dy), and using its output in place of Pr(y = —1|x) in Equation (3).

We show that if we use the negative log-likelihood as a loss function for classification training
(also known as the cross-entropy loss), to any classifier 7(x) we have found, we can associate a
pair of distributions pi and iy, S.t. Pre/Der = r(lT) — 1, and the regret of the classifier 7 (difference
between the population loss of the classifier, and the population loss of the Bayes optimal classifier
Prp, [y = —1]x]) is an upper bound for the sum of KL-divergences D1, (pte||Pte) + Dr L (Pix||Ptr);
see Theorem 40.

In particular, whenever we can guarantee that this regret is low, we know that the estimated
density ratio corresponds to the density ratio of a pair of distributions py;, Pt that are both KL-close to
the actual distributions py;, pte. Using the Pinskers inequality, this can be translated into TV-distance
guarantees, and via Theorem 10, after appropriate truncation, such a density ratio can be used as
importance weight for the covariate shift problem.

Interestingly, this method never explicitly recovers the densities pte and pg; which are shown to
exist — it only recovers the density ratio.
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Using logistic regression. When the distributions p. and py, are from the same exponential family,
we can use logistic regression to find the classifier that provides the right density ratio estimate. As
mentioned above, this is a commonly used method in practice, in Appendix D.1 we provide full
details of how to prove the appropriate recovery guarantees for this method. As it turns out, when
the pte and py, are from the same exponential family, the Pr(y = —1|x) follows exactly the logistic
model, and we can use standard regret bounds for logistic regression in a realizable setting. The rest
of the argument follows as described in the previous two paragraphs.

Moreover, in Appendix D.2, we discuss that in a special case where both p, and py. are spherical
Gaussian distributions (with unknown means), using new results of Bach (2021); Ostrovskii and
Bach (2018), we can actually obtain bounds on the parameter recovery in logistic regression, which
translates into a proof that logistic regression can be used for covariate shifted mean estimation with
better dependency on ¢ (i.e. 1/£? instead of 1/£%) by avoiding use of Theorem 10.

5. Reproducing Kernel Hilbert Spaces — Kernel Trick for Density Estimation

We now present a generalization of logistic regression beyond exponential families.

Specifically, we consider the case where In(pt, /pye) lies in a Reproducing Kernel Hilbert Space H.
We show that using kernel logistic regression Zhu and Hastie (2005), we can find an approximation
to the density ratio p¢/ptr, which is good enough to solve the covariate shift problem.

Before stating the main theorem, let us briefly review the theory behind RKHS. For a more
detailed exposition, refer to Ghojogh et al. (2021).

5.1. Quick RKHS Preliminary

Consider a Hilbert space H of functions over U (not necessarily finitely dimensional), together with
an inner product (f, g)y. If for each € U the evaluation functional ev,(f) := f(x) is bounded
(i.e. for each x € U, there is a bound 77, such that for each f € H we have f(x) < Ty|| f|l%), then
we say that (H, (-, -)#) is a Reproducing Kernel Hilbert Space (RKHS).

Using standard functional-analytic tools, this implies the existence of a feature map ® : U — H
— i.e., with any point x € U, we can associate a function ®, € H satisfying, for every f € H,
(f,®z)% = f(x). We can further associate with this RKHS a kernel K : U x U — R, given as
K(x1,x2) := (Py,, Py, ). As it turns out, every such kernel is positive semidefinite, and in fact,
this is a complete characterization of RKHS — every positive semidefinite kernel K : U x U — R
corresponds to some RKHS on U. For a given kernel K, the corresponding feature map is ¢, :=
K (z, ), and the subspace of finite sums ) . \; K (x;, -) is dense in H.

Why are RKHS good — the Kernel trick The key tool related to RKHS is the so-called kernel
trick” and, more specifically, the relatively simple yet powerful Representer Theorem. This theorem
states that the solution to a general optimization problem over the (potentially infinitely dimensional)
‘H can be found by reducing it to a finite-dimensional problem. For example, consider a sample
(z1,11), (x2,Y2), .. (Tn,yn) Where z; € U and y; € R.

Theorem 14 (Representer TheoremGhojogh et al. (2021)) Let H be an RKHS of functions over
U, together with the feature map ® : U — H. Let E : (U x R x R)"™ — R be an arbitrary error map,
(21,91), ... (@n, yn) € U x R be a sample, and B > 0 a non-negative bound. Then the minimizer 0
of

0cH :HllliorﬁHSBE((xlv Y1, 0('7;1))7 s (xnv Yn, O(yn)) (4)

10
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is a linear combination

0=> i, 5)

Kernel Logistic Regression Most of the content in this section is well-known. However, for
completeness, we provide a detailed analysis of kernel logistic regression. Kernel logistic regression
assumes that we observe samples (x;,y;) where ; € U is drawn from some distribution and
yi|z; € {£1} follows the logistic distribution,

Prlylz] = (1 + exp(y6*(x))) ",

where 8% € H for some RKHS H. Let us call the joint distribution of (x, y) drawn this way as Dg-.
Note that as long as || || < B, 6" is a unique minimizer of the population loss function given by
negative log-likelihood,

Lo(Dg+) := E(y )~y 10g(1 + exp(y0(x)).

That is 8, = arg min g, < 5Lo(Dg+). Using a standard argument based on Rademacher complexity,
we bound the error between the population loss and the empirical loss for all ||0]| < B. Combined
with the fact that empirical loss minimization for kernel logistic regression can be efficiently solved
(after applying the representer theorem, it reduces to an n-dimensional convex problem). We show
the following.

Lemma 15 Using n ~ B, |K (z, )| B2 /&2 samples from Dy we can efficiently find 0 satisfying
regret bound

Ly(Dg+) — Lo*(Do+) < €.

See Appendix E.1 for a full proof.

5.2. Covariate Shift via Kernel Logistic Regression

We now give the main result of this section. If the log of the density ratio of the training and test
distribution lies in some RKHS H, we can efficiently solve the covariate shift problem for these
distributions. This result is obtained by combining the regret bounds from Theorem 15, which imply
the KL-divergence bounds by Theorem 40, with the Pinsker inequality and Theorem 10.

Theorem 16 Let H be a RKHS of functions over U, and py;, pre a pair of distributions over U, such
that 6% (z) := In(per () /pre) € H.

Assume that the kernel K associated with H satisfies \/Egpi, K(2,2) + \/Egmp, K(z, @) <
D forall x € U, ||0*||< By, and Ry (pee||per) < Bo.

Then, we can solve the covariate-shifted mean estimation problem from py, to Py using at most
O(DB?B3 /<®) samples.

The full proof can be found in Appendix E.2.

Again, similar to the argument that using Theorem 16 directly in the special case of univariate
Gaussian distributions gives a suboptimal sample complexity, i.e., when py = N (g, 1), pre =
N (ptge, 1) s.t. ||p1 — p2]|< O(1), this result also gives a suboptimal sample complexity of O(e~%)
instead of O(72).

11
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Appendix A. Extended preliminaries

Definition 17 (Distance Measure) For any probability distributions p, q, p, define

) p(z)
; = Epog | == ,
Ql(p‘p Q) q p(a:)
and more generally
Qs(Plp; q) :== (Ezwq @ -1 S>1/s-
p(x)

By standard norm comparison for any 1 < ¢ < ta, Q¢ < Q,-

Definition 18 (KL Divergence) For any two probability distributions p and q, the KL-divergence,

Dkr(pl|q), between p and q is defined as
Dics(pl]g) = Eampln 22
q(x)

Definition 19 (TV Distance) For a pair p, q of probability distributions that are absolutely con-
tinuous with respect to some common measure, define the total variation distance between them
as,

drv(p.q) = / Ip() — q(@)|dz

Theorem 20 (Pinsker’s Inequality) The famous Pinsker inequality sates that for any pair p, q
of probability distributions that are absolutely continuous with respect to some common measure,

drv(p,q) < /2Dkr(p|| ).

Gaussian Random Variables

The following are well-known results about learning d-dimensional Gaussian random variables. Let
X1, Tom ~ N(p,X) and define,

N 1 -~ 1
p=_ Z T, X= % Z (i — Toi_1) (X2 — T2i1) (6)

i€[m] i€[m]

14


http://www.jstor.org/stable/27594104
http://www.jstor.org/stable/27594104

ALGORITHMS FOR COVARIATE SHIFT

Lemma 21 (TV Learning Gaussians, Theorem C.1, Ashtiani et al. (2020)) There exists an abso-
lute constant C such that if we take 2m = 20(d?*+dlog(1/6))/€* samples x1, - - -, Top ~ N(u, X),
then for @, X as defined in Eq. (6), with probability 1 — 6,

dry (N D), N (@ D)) < /2

Lemma 22 (Estimating Mean of Gaussians, Lemma C.2 Ashtiani et al. (2020)) If m > (2d +
6+/dlog(2/5)) /€% then we have for [i as defined in Eq. (6),

~ Twe—1/~ 62 5
Pri(p—p) 2 (p—p) 2 5| =5
Lemma 23 (Estimating the Covariance of Gaussians, Lemma C.3 Ashtiani et ak (2020)) There
exists an absolute constant C such that if m > C(d? + dlog(1/6)) /€% then for ¥ as defined in
Eq. (6) with probability at least 1 — §/2,

€
<

o~ V2d

Note that since for any positive semi-definite matrix A, it holds that || A|| < || A||,p-V/d, the
above guarantee is stronger than the standard on the Frobenius norms of the covariance matrix.

"2—1/222—1/2 T

Subexponential Random Variables
Definition 24 (Subesponential Random Variables) We say that a random variable Z over R is
(02, B)-subexponential, if and only if for every A\ < 1/B, Eexp(A(Z — E Z)) < exp(\%0?/2).

The following fact is easy to derive directly from the definition of subexponential random variables.

Fact 25 If Z1, ... Z, are (0, B;)-subexponential independent random variables, then Z =, Z;
is (o, B)-subexponential, where 0 = /> 012, and B = max;(B;).

The following are well known facts about Gaussian random variables.

Fact 26 If Z = N(u, 1), then Z?% is (16, 1/4)-subexponential. Further, if Z is a Gaussian vector
Z ~ N(p, ), with || Z||0p< O(1), and A is a symmetric matrix, then ZT AZ is (O(|| Al r), O(| Allop))-

subgaussian, where || A||op is the largest eigenvalue of A.

Exponential Families

Definition 27 (Probability Density of Exp. Distributions) We define an exponential family of
probability distributions as those distributions whose density (relative to parameter @ € © C RP)
have the following general form:

p(]0) = h(z) - exp (8T T(w) - A(©)).

for a parameter 0, and functions h and T'. The function A is then automatically determined as the
normalizing constant.
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This family captures several widely used probability distributions such as Gaussian, Gamma,
Binomial, Bernoulli, and Poisson.

In particular the log density ratio for any two distributions in the exponential family, is an affine
function of the reparmetrization T

In(p(x[01)/p(x(02)) = (61 — 62, T(x)) — A(61) + A(62).

Rademacher complexity

Definition 28 Rademacher complexity of a family F of functions © — R, with respect to the
distribution D is defined as

1
Rn,D(]:) = ]Eml,A..mnND Eal,...an — sSup Z O-if(mi)a
nfer=;

where o1, . ..oy are independent {£1} Rademacher random variables.

We will repeatedly use that left-composition of the entire function class with a single univariate
Lipschitz function does not increase the Rademacher complexity. The following is a corollary of
Lemma 5 in Meir and Zhang (2003), see also Theorem 4.12 in Ledoux and Talagrand (2013).

Theorem 29 [f(: R — R is a I-Lipschitz function, F' is arbitrary family of functions from © to R,
D is a distribution on © and F := {lo f : f € F'}, then

Rup(F) < Rup(F').

The main reason Rademacher complexity is useful is to provide generalization bounds: using a
finite sample, we can estimate simultanously expectation of all functions in the class with bounded
Rademacher complexity.

Theorem 30 Let x1,...x, ~ D be a sequence of i.i.d. random variables, and let F be a family of
functions. Then

1
Eosup | > f(@i) =B f(®)] < 2R p(F). (7)

i<n

Note that if F is in addition a family of functions bounded by c, a stronger concentration guarantees
are known for (7). That is, with probability 1 — §, we have

|13 fla) — Be f(@)] < Rop() + Y20

n n
fer i<n

)

but we will not be using this bound explicitly.

Concentration of Random Variables

Lemma 31 (Hoeffding’s Inequality) Let X1, - -, X,, be independent random variables such that
a < X; < b, and E[X;] = pforalli. Considerthe average of these random variables, X = % > X
Then, for allt > 0,
Pr[|X — p[>t] <2exp {_Qntz} .
T (b—a)?
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Appendix B. Proofs from Section 2

For the analysis of the algorithm, we let fre = N (fire, Ste), Pir = N (i, Str) to denote approxi-
mations to the pe, pt, respectively. We now begin with the first part of the analysis.

Bound on Bias of the Estimator: Proof of Lemmas 7 and 8

Lemma 32 For any p;, pte With corresponding approximations pey, Pro, and bounded f(x) such
that sup,| f (x)|< 1 we have

Pre(z)
EmNPtr ﬁt\r(x) f(x) - ECENPte f(x)

Proof First by triangle inequality we can decompose

< Q1(Per | pirs Pre) + drv (Pre, Pre)-

Pre() Pre(2)

Bape B (@) = B, £@)] < B, P22 (@) ~ By £@
FEagi £(@) ~ oy, £ () ®

We now consider the two terms separately. Using the fact that | f(x)|< 1, the second term gives,

|Em~ﬁ; F(@) — Exnpy. ()| =

/ (@) (ra() — pre())dar

< sup| f(@) / P — prelda
T @x
< dry (Pre, Pte)-

We now consider the first term.

Bavp, 20 (@) ~ Banii £(2)] = [Bovm, BP0 £(2) = By £(2)
_ - ptr(a}) _ .
= Ezpr ﬁt\r(w)f@) Egnpm f(2)
- ptr(x) _
S Bovre | ool 1‘

Using these bounds in Eq. (8) gives the result.
|

From the above lemma, we see that we need to first give a bound on Q1 (pt; | pir; Pre)- Since
from Definition 17, we know that Q1(-|-; ) < Q2(-|; ), in the remaining part we will show how
to bound Q2 (Per | Prs Pre)-

Lemma 33 Let p, p, and q denote probability distributions and let Z be a random variable defined
as Z = In(p(x)/p(x)) forx ~ q. If uw :==E Z and Z is (0, 1/2)-subexponential for o < O(1), then
Q2P |p; q) < O(u+ o).
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Proof We have
QoI 0 = Fany (X2 1)
2P 1P; q) = LB~y x)
= Epq(exp(Z) — 1)? = Egylexp(22) — 2exp(Z) + 1].

Since Z is subexponential, we have Eg., exp(Z — ) < exp(o), and therefore, E,, exp(2Z) <

exp(21 + 20). Now, we will use that for any y > 0, e < 1 +y + O(1)y? for y < O(1) and
e¥ > 1+ y which yields

Egeqlexp(2Z) — 2exp(Z) +1] =1+ 2u+O(1) - (n+0)* — 2(1 + p) — 2
=0(1) - (p+o0)>
|

We begin with the easy case and first give a bound on the bias of our estimator in the case when
Py and pye are isotropic Gaussian distributions.

Lemma 34 (Bound for Isotropic Gaussian Distributions) Letpy, = N (py,, I) and pre = N (e, I)
such that || ||2< O(1) and ||y, — piell2< B < O(1). Further, let pe; and pee be as defined in
Algorithm 1. Then for any function f such that ) pa|f(z)|< 1,

CI
EwNpcr ﬁi;(m) ( )

— Eanp, f(@)| < O().

Proof We will use theorem 33 to show Q2(Ptr | pir; DPre) < O(e) in this case. The remaining follows
from theorem 32.

Let p = Piys P = Ptr» and ¢ = pro. We need to show that Z, as defined in theorem 33 is (g, 1/2)
subexponential and E,, Z < O(e).

Now, Z = Inpy — InPy = (e — B, ) + 5 (ley — Bers Mer + By is @ Gaussian with mean
(I — Per> o) + 5 (Figy — Byps My + ey and variance || gy, — fi,]|3. From Lemma 22, we know
that that ||y, — f15, ||3< €2, and therefore, Var(Z) < 2. Further, the mean satisfies,

EZ = (g — Moy, 20 + Moy + Biy) < [ — Biell2]| 20000 + poey + By l2-

In the above, since ||tey, — pol|2< O(1), and ||y, ]l2< O(1), we must have || (1, |]2< O(1). There-
fore,

EZ < || — pocll2Cll 2+ [ e |2+ e ll2) < O(e).
We now claim that Z is (g, 1/2) subexponential with mean bounded by O(e). This follows since

Z is gaussian with std deviation €, the MGF of Z is bouneded by ¢=** for all A > 0, which implies
Z is (g,1/2) subexponential. This concludes the proof for isotropic Gaussian distributions. |

Lemma 35 (Bound for General Gaussian Distributions) Let pyo := N (ptio, Zte), Dtr := N (Hyy, itr)
and pe = N (g, Bir), Dre = N (foge, te) be as defined in Algorithm 1. If || puy, — piel2< B <
o(1), Zt_rlHOpg O(1) then, for any function f, such that sup,cga|f(x)|< 1,

Pe(@) oo 2l <o
EmNptr ﬁt\r(w) f(x) EmNPte f( ) S O( )
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Proof We will deduce this as a corollary from Theorem 33. To this end, let Z := In py, () — In per ()
for & ~ pre. Note that Z = x| Ax + b’z + ¢, where

—1
A= -2, )2
_ =1 _ -
b= Z:trllJ’tr - Etr My
_ P e
c= (UEEG e — B Bu Bg)/2-

Now, from Fact 26, =" Az is (|| A|| r, || A||op)-subexponential, and we know that || A||,,< || Al <

V|| Allop-

=1 -1/2 125 1/2 -1/2
L D o e L v P
From Lemma 23, we know that HEtrl/ 2Etr2 V2 l|lop< f This implies that all eigenvalues of

3, 1/22“2;1/2 are between 1 —£/2v/d and 1+ ¢/2+/d and as a result, ||Z)t]r M 21/2

5/[ Now, from assumption, |2, ||,p< O(1), and we get that,

—1Ijop<

1

_ —1
2o -G r< V- [Ba

2]t_1r1||0p§ O (¢).

Therefore, Z is (O(e), O(g))-subexponential. The random variable b' x is ||b||o-subgaussian,
and we can bound,

_ e P _ — 1 1y~
Hb||2: Hztrly‘tr i Ntr”2§ ||2tr1(y’tr - Htr)||2+”(2tr - Etrl)/“l’trHQS 0(5)-

For the first term we use Lemma 22 and for the second term we use the previous calculation along
with the assumption that ||ze;,|2< O(1). The sum of e-subgaussian and (&, €)-subexponential random
variable is (O(g), O(¢g))-subexponential again.

Finally EZ = Tr A + b pu,, + ¢, and since ||y, — feoll2< O(1), and || gy, ||2< O(1) imply
that || . ||2< O(1), Tr A < || A||r, all we need to do is bound c.

_ ~TS _ —~— —
(u‘tTrztrllJ/tr - /J‘tr Etr utr) < Hl"’tr( Etr )l‘l’trHQ—i_(Ztrl (l"’tr - I'l’tr)7 (/J/tr + utr)> S O<€)
The final statement of the lemma now follows from Lemma 32. [ |

Bound on Variance of the Estimator: Proof of Lemma 9

DPte (',-B)

In this section, we give a bound on the variance of our estimator == @) f(x) for & ~ pi,.

—1
2tr -

Lemma 36 Let X denote the estimator =< p“" m;f(a:)for x ~ pu. I |25 op< O(1),
S llr< O(1), and |||z, |t — ute||2§ O(1), then

Eampe [X2] < 24 2Qa(Pir | Pre; pir) < O(1).
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Proof

Pu(z)

< 2Eamp, [(ﬁe(‘”) - 1)2 f@)?

o~ 2
Epope [X%] = B, [(”te(m) f@)— fla)+ f<a:>) ]

2
e +2Epmp [£(2)”

< 2-Q2(Per | Pre; Ptr) + 2.

In the last line we used | f(x)|< 1.
Now, we consider the distribution of Z := Inpy(x) — Inpg(x) for @ ~ pi,. Note that
Z =x" Az + bz + ¢, where

——1 —=—1
A= (e -3 )/2

—T 1
b= X Hie — DI My
~T< 1

C = (Hie e lit\r — My DI @)/2

Now, from Fact 26, = Ax is (|| A||Fr, || Al|op)-subexponential, and since || Al/op< || A F<
Vd||Al|op we will give a bound on || A|| .
From triangle inequality,

1 _ _ _ 1 _
[AlF< [[Zee - Etel\lFJrHEtel - 2trlHF'*'HEtr - 2trlHF-
Now,
<! - -1/2 125112 -1/2
1B = i lop< 125 Zlop 120 B 2% = Tl 1250 o
From Lemma 23, we know that ||E;el/ 22;2;31/ o1 llop< 2%/&. This implies that all eigenvalues of

o _— 1
Etel/QZtGEteI/z are between 1 —¢/2v/d and 1 +¢/2v/d and as a result, ||E%e/22te E%e/z —1I||p<
£/V/d. Now, from assumption, || 3;.!||l,p< O(1), and we get that,

1

_— 1 o
[Zte  — E;elHFS V- [Zte  — Et_elHoz)S O (e).

Similarly, we can show that
—1
e —Z5F< O).

From assumption, we know that |£;.' — 3 !(|r< O(1), and as a result we get that || A]|,,<
|A]lr< O(1).

Therefore, Z is (O(1), O(1))-subexponential. The random variable b' x is ||b||2-subgaussian,
and we can bound,

—1 =1 __
[bll2 = [ZBte  fre — Etr B2
—1 1 —1 1
< ||2te Hie — Yte H’tr||2+H2te iy — DI u’trH?
1 -1
| lop< O(1).

— — o — /\_1 —
<[Zte Nlopllrer = BrellotlBerll2l[Zer = Se
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The sum of O(1)-subgaussian and (O(1), O(1))-subexponential random variable is (O(1), O(1))-
subexponential again.
Finally E Z = Tr A + ¢, and since Tr A < || A|| , all we need to do is bound c.
=1 __ R e P P
Hie Ste Hie — Hir e :u’tr) < Hutr (zte — X )utrHZ
—1 - _— - o
+ <Zte (/J/te - “tr)a (/‘Lte + I‘l’tr)> < O(l)

From Lemma 33, we can now bound Q2 (P | Pre; pr) < O(1). [ |

Lemma 37 (Variance of our Estimator) If |2, ||op, |20 [lop< O(1), |25 — Lt F< O(1),
and || p||2, [ ey — Boell2< O(1), then, the variance of our estimator can be bounded as,

Farpn [<mf(w) oy £(a)) 2

(@) < o).

Proof The proof follows from the following equation: for any random variable X and p,

E[(X — 1)?] = E[X?] — 20 E[X] + u? < E[X?] + 24[E[X] — ]

Now, letting X = ?:ijggf(a:) and p1 = Egnp,, f(z), from Theorem 36, E[X?] < O(1) and from
Theorem 8 |E[X] — p|< e. Furthermore, since | f(z)|< 1, we can further bound E5,,. f(x) < 1.

Therefore E[(X — p)?] < O(1). [

Proof of Theorems 5 and 6

Proof [Proof of Theorem 5]
From Lemmas 22 and 23, it is sufficient to use O(d? /&2 log 1/§) samples to obtain pr, and pre to

the required accuracy.
Pre(Z)
Ptr(T)

Now, from Lemma 8 our estimator X = f(x) for  ~ py, satisfies
Eenpy X — Egop f(2)[< e €)

Further, from Lemma 9,

— 2
Var(X) = Egep, [(pﬁe("") (@) — Eaop f(w)) <oq).

Pu()

We now use Chebyshev’s inequality to obtain our sample complexity bounds. Since the variance
of the estimator is at most O(1) the variance of Z = = > %f(a:i) is at most O(1/m). Now from

Chebyshev’s inequality and Eq. (9), for m > O(1/¢?),

pr[

3B f (@) — Eopy, f(@)

1
miptr
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We can now use the standard median trick to boost the probability, i.e., repeat the sampling
process of sampling m points O(log(1/§)) times. Let X denote the average of the m samples above.
Now, the median trick says generate X; fori = 1,---,O(log(1/d)). The median Y of these X;’s
satisfies with probability at least 1 — 4,

Y = Eznp fz)[< €

Proof [Proof of Theorem 6] From Lemma 22 it is sufficient to use O(d/e? log 1/§) samples to obtain

Per and pre to the required accuracy.
Pre ()
Ptr (T)

Now, from Lemma 7 our estimator X = f(x) for & ~ p, satisfies

‘]Em/‘“ptr X - Em"’pte f(a:>‘§ €.

The remaining proof follows the same as in the proof of Theorem 5. |

Appendix C. Proofs from Section 3

We will elaborate on Theorem 11, showing that the dependence on B in Theorem 10 is necessary.

Lemma 38 Let py, and pi. be any pair of distributions s.t. Pry~p,, (pte(x)/per(x) > B) = 2e.
Then, even if the distributions pi. and py, are known, we need Q)(B /) samples to solve the covariate
shifted mean estimation problem for py, and pye.

Proof Let S = {x : pio(x)/pi:(x) > B}. By assumption, we have p(S) = 2¢, and moreover
per(S) < 2e¢/B by the construction of the set B. The expectations with respect to p of functions
15 and the constant 0 function, differ by at least 2¢, so in order to solve the covariate-shifted mean
estimation problem, we need to be able to distinguish those two functions. But unless we sample
Q(B/e) elements x from py, it is unlikely that any of those will be in S, and the algorithm will only
have observed value f(x) = 0 in either of those two cases. [

Lemma 39 Let pi., pie be a pair of distributions, and S C U be such that Prg.p,, . (S) > 1 —¢
and Pry.p,. (S) > 1 —e. Let pyy and pye be a pair of estimations of py, pre respectively with
supp(pre) C supp(per) C S. Moreover, assume that VY € S, pro(x)/per(x) < B. Then

Pre(@ . _
Eape L £(@) = B £(2)| < B (res ) + drv i ).

Proof From Theorem 32,

Pre()
ECD"‘ptr ﬁt\r(x) f(x) - EmNPte f($)

< Q1(Per | pirs Pre) + drv (Dee, Pre)-
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Therefore, it is sufficient to bound Q1 (per | ptr; Pre) < Bdrv (Per, Pir). Since supp(pre) € S and
Vo € S, pre(x)/per () < B, we have

. - Pic()
Q1(Ptr | Pors Dre) = Egmp ﬁt\i(w) - 1‘
ptr(w) ’
<BE, 7 |= -1
- T Pbr ptr(w)

= Bdrv (pir, Prr)-

Proof [Proof of Theorem 10] Let S := {x : pre(x) /prr(x) < B}, and S’ := {x : pe() /ppr () <
B/4}. Moreover, define sets Ay := {@ : pro(®) < 2pte(x)}, and Ay := {@ : pir(x) < 2pie() }.

We would first prove that pie(S) = 1 — O(¢) and pi:(S) = 1 — O(e). Note that since K& =

% . % . %, Ate N Aty N S" C S. Let U denote the entire space. We have

* Pre(U\ Ate) < Pre(U \ Aie) +& < O(e),
 pre(S\ Au) < £ pu(S'\ Au) < £ pu(U\ Ay) < O(e),
* pe(S’) < e by assumption.

This yields that pte(S) > pre(Ate N Ay N S’) > 1 — O(e) and therefore pio(S) > 1 — O(e).
Furthermore, from the definition of S we also have P (S€) < Pre(S€)/B < (pte(S€) +¢)/B <
O(e/B). Therefore, we also have, p,(S) > 1 — O(e).

Now, consider the conditional distributions pte|s and pi;|s, which are defined as, p|s(z) = p(x),
ife € Sand 0if x ¢ S. We get the desired bound on the density ratio on the set S.

pels(@) _

Dtr ‘ S (CC)

Note that conditioning on S doesn’t introduce too much error, i.e., if dpy (pie, Pro) < € and

pte(S) > 1 — e then dpy (Pte, Prels) < O(e) by triangle inequality. Similarly, drv (perls, par) <
O(e/B) and we can apply the lemma Theorem 12 to deduce that, the bias is at most ¢, i.e.,

Eape L £(@) = Barp, £(2)| < 000)

Prels ()
pur|s(T)
hence Var(Z) < B. The final bound now follows directly from the application of the Chebyshev

inequality. Further, we can boost the probability using the standard median trick.

Finally, the random variable Z := f(x)1g(x) for @ ~ pye is always bounded by B,

This concludes the proof of Theorem 10. |
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Appendix D. Proofs from Section 4

As discussed in Section 4, we can connect the population regret of a classifier with respect to the
cross-entropy loss, with KL-divergence between some pair of distributions with estimated density
ratio, and actual test and training distributions.

Lemma 40 Let Dy be a distribution described above, r*(x) := Prp,[y = —1|x| and consider a
classifier 7 : U — (0, 1), intended to estimate r*.
Let Lp, # be an expected cross-entropy loss of classifier 7, namely

/:'D,f = — E(%y)wp[ly:_l log f(:l:) + 1y—1 log(l — f(cc))]

Then there exist a pair of distributions py;, pye such that the population regret for a classifier T is
equal

1 _ _
Rps:=Lpj — Lp;~ = i(DKL(pterte) + Drr(peellpe) + (1 — H(Y)),
where H(y') < 1 is a Shannon entropy of some binary random variable. In particular

Dk r(ptel|pte) + DL (per||Per) < 2R

Proof Cons1der a ]omt distribution Dy over (x, 1), s.t. the marginal distribution of « is the same as
inD,ie &~ ipy + $pe, and Prly’ = —1|z] := #(x).
We have

Li = Lr+ = E(gy)op, 1y=—1(10g(7(z)) = log(r*(z))) + 1y=1(log(1 — 7(z)) — log(1 — r*(z)))
1 7(x) 1—7(x)

1
= Sy, ] ik o7
g e 08 Ly T 1— ™ (z)

Ez~pee log 10)

Now #(x) = Prly’ = —1|x| = Pr[y’ = —1, x|/ Pr|z], and similarly r () = Pr[y’ = —1, 2|/Pr[z].

Hence

Ha) _ Prly = Lol Py = Ape(®) b, puela)

r(@)  Prly=—La]  Prly=—1] pu(x) Pu(x)’
and analogously
Plugging this back to (10), we get
Li— Lo+ = = Equp, log %Ez; + Egrp,, log g}ig - %log Prly’ = —1] + %log Prly = -1]+1

Dk r(pe||Per) + Drr(prellPre) + Drr(ylly').
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D.1. Using logistic regression — exponential families

When the distributions pe and py, are from the same exponential family, we can use logistic regression
to find the classifier provides the right density ratio estimate, for which the Theorem 40 applies. In
particular, for parameters 6. and 6y,, and functions h, T, let pie = h(x) - exp (OtTeT(:L') — A1),
and py; = h(x) - exp (GtTrT(:n) — A(6y)).

For these distributions,

1 1
warm = T T @ @) 1 o (T(@) (O — Ou) + AOr) — A(0r)

The logistic model is given by a joint distribution (2, ), parameterized by 8* € R and s* € R,

where
1

T 1t exp((6%, ) +57)
Hence, the distribution D; of (T'(x),y) for (x,y) ~ Dy indeed follows the logistic model, Eq.(11)

with parameters 8* = 0y — 0y, and s* = A(O.) — A(Oy,). Note that for the distribution following
the logistic model we have

Pry = —1|] (11)

_ 1
1+ exp(—(0,x) —s)’

Prly = 1|z]

and more succinctly

Prlyla] = (1 + exp(~y((0, @) + 5))) .

Since the empirical minimization of negative log-likelihood for logistic regression is a convex
problem, we can efficiently find a minimizer on a finite sample. Using a Rademacher complexity
bound for the associated class of loss functions, the minimizer on a finite sample will be an approxi-
mate minimizer with respect to the population loss. Concretely we can find (9, §) with population
loss ¢ close to optimal, i.e., regret bounded by &, where the loss is the negative log-likelihood. This
regret bound, by Theorem 40, lets us control the total KL-divergence Dy, (pte||Pte) + D 1, (Dtr||Der)-
By Pinsker inequality, this implies TV-closeness between the respective distributions and our approx-
imations. We can then invoke Theorem 10, to conclude that after truncation, the density ratio pee/per
can be used as importance weights for the covariate-shifted mean estimation problem.

Detailed proof of Theorem 13 As discussed above, in order to prove Theorem 13, we will
use Theorem 40, Pinsker inequality and Theorem 10. In order to implemenent this strategy, we need
to first show the regret bounds for logistic regression.
As is standard in this context, we will bound the Rademacher complexity of the class {{g : ||0]|<
By, s < By}, where
lo,s(z,y) = —log(1l + exp(—y((0,z) + 3))). (12)

We show the following lemma using methods that are now standard, but many of the proofs of
similar statements in the literature use stronger assumptions on the distribution of x (for example,
assuming that almost surely ||x||< C'/||X||sp), in order to provide better concentration results.

Lemma 41 The Radeamcher complexity of the class F = {x — (0,x) : ||0||< B} is at most
BVTrX/\/nwhere 3 := Eqg., xx! is the covariance matrix.
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Proof We can bound the Rademacher complexity of F (taking o; to be independent Rademacher
valued random variables) as follows

an,’D(]:) = :l:cr sup (oF} $Z,
H9||<BZ

= ma sup <Zazwza >

lel<B
O;&; S B\y\/E g;%; ?
> VEIZ

=Ezo B

Now, since E 0;0; = 0 for i # j, we get

zi|| = ZEH:UZHQ: nTrX.
i
Combining those two, we get
VTr X
Rop(F) < B ;
n

Since composition with a Lipschitz function does not increase the Rademacher complexity (Theo-
rem 29) we get for any Lipschitz function , the class {x — v((0,x)) : ||0]|< B} is also bounded

by BVTrX/\/n.

We can now lift this bound to a bound on the class of relevant loss functions.

Lemma 42 Let F' be any family of functions from U — R. Consider a family of functions
F CUx{0,1} = Rs.t. forevery f € F and everyy € {0,1} we have f(-,y) € F'. Let D be a
distribution over U x {0, 1}, s.t. Dy, is the marginal of D on U. Then

RH,D(]:) SJ Rn,Dm (]:/)'

Proof We can write arbitrary function f € F as f(x,y) = yfi(x)+(1—y) fo(x), where fo, f1 € F'.
Then

,an,D(]:) = E(m,y),a Jsvup Z O-’if(miv yz)
cF =

<Egy)o o e > Zazyzfo i) + E(my), s sup Zaz — yi) f1(zi).
1 !
Now, all we need to show is that for a fixed sample (x1,y1),. .. (€n, yn) we have

Es sup Uzyzf(wz) < E, sup Zazf mz)
feF feF

That is a special case of Talagrand’s contraction principle (Theorem 4.12 in Ledoux and Talagrand
(2013)), since for each i we have |y; f(x;)|< | f(x;)]- [
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Lemma 43 Let D be a distribution over pairs (x,y) withx € U,y € {£1}, and let & = Ezz”
be a covariance matrix of the marginal x. Consider a sample S = ((x1,y1), ... (n,yn)) drawn
i.i.d. fromD. Then

—~ BVTIrXY
Eswpr  sup |Lgs(S) — Lgs(D)|< —F———.
16]|<B.s<B vn

where £9,s (D) = E(m,y)wD 60,3 and EB,S(S) = % Zz €975($i, yl)

Proof Combining Theorem 41 and Theorem 42, together with the observation that ¢ — log(1 +
exp(t + s)) is a 1-Lipschitz function, we obtain the following corollary, where as a reminder, we
consider a family of loss functions ¢y (x, y) := log(1 + exp(y(0, ) + s)).

Corollary 44 Family of functions F; := {lps(x,y) : ||0||< Ba,|s|< Ba}, with respect to the
distribution Dy as in Section 4, has Rademacher complexity bounded as

Tr(ztr + 23te)
vn ‘

This, together with Theorem 30 and Markov inequality completes the proof of Theorem 43.

Ry (Fr) S Bo

Finally, since for a given sample S, a function (6, s) — 2975(5 ) is convex, we can efficiently
find an approximate minimum of this function. That is,

Fact45 Given a sample S = (x1,41), - - . (Tn, yn) and &' we can find in polynomial time 0, § such
that

Eéﬂé(S) rg ﬁgs—!—e

We are now ready to prove Theorem 13.
Proof [Proof of Theorem 13] Take g, dependmg on ¢, Bl, Bs, B3, which we will fix later. Us-
ing Fact 45, we can find 0,5 s.t. E :(8) < €' + ming 5978(5) Using Markov inequality for

n>e 2By Tr(Sy + o), Theorem 43 implies that with probability 9/10 simultaneously for all
0. s we have Lg (D) = Lg 5(S) £ £’. Combining those inequalities, we get

Ly (D) <&+ Ly (S) <2 + Lo +(S) < 3¢/ + Lo+ (D).
This implies bound on population regret
Ly (D) — Lo (D) < 3¢,
and by Theorem 40, this implies

max(Dg 1, (pee| |Pre)s D (pix||Per)) S €'

By Pinsker inequality (Theorem 20), we can deduce drv (pte, Pre) < Ve’ and similarly dry (Ptes Dir) S

~

\/g~ If R2(ptr||pte) < B3, then Emfvpte pte(m)/ptr(m) = EmNptr (pte(m)/ptr(m))z < B3 and by
Markov inequality Prg.p,. (pte()/per(x) > Bs/e) < . We can now apply Theorem 10, with
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B = Bs/e to deduce the desired statement. To this end, we need to choose ¢’ ~ (¢/B)? < ¢*/B3,
such that the assumption of Theorem 10 are satisfied.

This choice of €/, yields sample complexity used in the logistic regression phase of the argument
asn ~ B2 Tr(Sy + X ) ()2 = BlB%Bgls_S.

We need additional O(B2/e?) = O(B2e?) samples to apply estimation in Algorithm 3, which is
negligible. The total sample complexity is then O (B B3 B3 %) as desired. [ |

D.2. Improved Bounds for Gaussians

Error bounds on the estimated parameter 6 in the Gaussian case. In the case where both
distributions are d-dimensional Gaussian vectors with the same known covariance, the sample
complexity bound obtained by Theorem 13 is easily seen to be suboptimal. For instance, when
Pt = Ny, 1)y pre = N (B, I), St || ey — Mo ||< O(1) according to Theorem 13, we can solve
the covariate-shifted mean estimation problem using O(d/c®) samples (in this case we would have
B; ~ d,By < O(1), and B3 < O(1)). In contrast Theorem 6 shows that by learning the means
of both Gaussian distributions separately, we can solve the covariate shift problem using O(d/?)
samples.

As it turns out, specifically in the case of Gaussians, we can improve the sample complexity
in Theorem 13, and we can recover the importance weights 7, using only O(max{dlogd,d/e*})
samples using logistic regression, nearly matching the guarantees of Theorem 6.

This is a consequence of new results for the error bounds on the estimated parameter |0 — 6"
in logistic regression, as opposed to classical bounds showing only that the (population) loss at 0
is not much larger than the minimum value attained at 8*. Bounds of this form are only known
when covariate z itself is a sub-Gaussian random variable, so this statement is much less general
then Theorem 13, but provides much stronger results in this scenario. We present these improvements
in Appendix D.2

Theorem 46 (Bach (2021); Ostrovskii and Bach (2018)) Ler (x, y) follow the logistic model with

parameter 0%, s.t. ||0*||< O(1). Then using logistic regression by running an empirical minimization

of the negative log-likelihood in parameter space ||0||< C, after observing n 2, dlog d samples, the

estimated parameter 0 satisfies

. d

16 —6*|< —.
n

In our case, the covariate x follows a mixture of two Gaussian distributions. We will show that such

a random variable is indeed subgaussian, and therefore we can apply Theorem 46

Fact 47 Let x be distributed according to the mixture of two Gaussian distributions x ~ %N (pny, I+
SN (py, I), where ||y ], || o] | < O(1). Then @ is O(1)-subgaussian.

Proof Taking Z = (x, v) for a unit vector v, we reduce to one-dimensional case: Z is a mixture of
two univariate gaussians.
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Then

Eexp(AZ1) + Eexp(AZs)
2
exp(A1 + O(N?)) + exp(Auz + O(N?)
2

Eexp(A(Z — E 2)) = exp(~A(u1 + ji2)/2)

= exp(=A(p1 + p12)/2)
exp(AA) + exp(—AA)

5 )
where A = (1 — p2)/2. If o is a Rademacher random variable independent of Z, then

exp(AA) 4 exp(—AA)
2

using a well-known fact that Rademacher random variables are O(1)-subgaussian. This implies
Eexp(A(Z —E 2)) < exp(O(X?)) exp(O(N’A%) = exp(O(A?)),
when A = O(1). [ |

= exp(O(\?))

= Eexp(A\Ao) = exp(O(A\2A?),

N

We can now show that a bound on covariate shift, using w(z) := exp((@, x)) as an estimate for
the true density ratio pie(x)/pi () = exp((0*, x)).

Lemma 48 Tuking () as above, if |0 — 0*||< ¢, then for any bounded function f, we have
[Eznp, W(2) f(®) = Egnpy, f(@)|S €
Proof Taking w(x) := p1(z)/p2(z), we can bound

By () f(2) = Bonp, f(2)] < Bgnp, [0(2) — w(z)]

~ By (o) 1 - 100
i)
=Ben |1 )

Now, just by definition @ (z)/w(x) = exp((6 — 0*,)). Taking Z := (8 — 6%, z), since z ~ p;
is a multivariate Gaussian with mean p; and covariance I, Z is a univariate gaussian with mean
EZ = (0"—0,u,) <O(|6* —0|]2) < O(c) and variance Var(Z) = ||0* — 0]|2< 2.

The bound on E|1 — exp(Z)|< O(e) is a simple calculation proven after this proof. [ |

Lemma 49 Let Z be a univariate gaussian with |E Z|< ¢ and Var(Z) < 2. Then
E|l —exp(2)|S €.

Proof Let 1 :=E Z, s :=exp(p) — 1, Z = Z —E Z and 0 := VE Z2. We have

E|1 — exp(Z)|=E|1 — exp(Z)(1 + s)|
=E|1 — exp(Z)|+sElexp(Z)]

< E|1 —exp(Z]) + s\/Eexp(22)

< E|1 — exp(Z)|4+0(e).
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We can now bound
E(1 —exp(Z))? = 1 + exp(2Z) — 2exp(Z)

=1+ exp(40?) — 2exp(c?)

=1+ (1+0(c?) —2(1+ 0(c?))

< 0(c?).
Which gives ) )

E|1 — exp(2)|< |1 — exp(Z)][2< O(o). (13)

Hence E|1 — exp(Z)|< O(0) + O(e) = O(e)

Lemma 50 Let f be a bounded function, and Z := w(x) f (x) for © ~ p, and W as above. Then
Var(Z) < O(1).

Proof Indeed,

Var(Z) <EZ? < Egmpy ©(x) = Egnpy exp((20, 7)) = exp(20p1 + 4]0]%) = O(1).

Appendix E. Proofs from Section 5
E.1. Proof of Theorem 15

As usual, instead of minimizing the population loss directly, we minimize the empirical loss. For a
sample S = ((x1,y1), - .. (©n, yn)) drawn i.i.d. from Dy~ the empirical loss is defined as

~ 1
= 1 1 i % )
o=, sl + exp(ufe)

Lemma 51
Given sample S = ((x1,y1), - - - (Tn,Yn)) and desired accuracy €' we can efficiently find 0, s.t.

~

,Cé(S) — mein Lg(5) < .
Proof By the Representer Theorem, the optimal # can be written as a linear combination

0% = Z%(I)xi' (14)

Finding the minimizer of this form of the empirical loss function (14) is just a finite-dimensional
convex problem

min > log(1 + exp(yi(y, Ki))),
7
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where Kj is the i-th row of the kernel matrix K; ; := K(x;,z;), and as such it can be solved
efficiently. |

When the sample size is large enough, the standard Rademacher-complexity based considerations
leads to a generalization bound. The proof is almost identical to the one of Theorem 43. Instead of
direct calculation for the Rademacher complexity of the class of all bounded linear forms, we need
to show the corresponding bound for Rademacher complexity of the kernel classes. Variants of this
lemma appear for example in Bartlett and Mendelson (2002).

Lemma 52 [fH is an RKHS of functions over U with kernel K : U x U — R, and F := {0 € H :

0]1< BY, then
Rup(F) < \/Egp K(,2)B/\/n.

Proof For given x, let &, € H be such that (4, 0)y = 0(x))y. Sampling x4, . .., i.i.d. from D
and, o1, . . . o, independent Rademacher random variables, we have

E:c,a Slép Z Uze(fpz) = Ex,a Sgp<z O-i(bxia 0>
i 7

< BE. o)) 0:i®s, |l
7

By Jensen inequality

Ew,0||zaiq)wi||7'l§ \/Ew,0||zaiq)mi”2 = \/]Em Z<(I)mzv @mz> = \/ﬁ Eg~p K(xvm)
[ [

7

Combining those two we get
1 B
- Ezo sgp XZ: 0i0(z;) < % VEzp K(x,x).

The Rademacher complexity bound above, as usual, implies the following uniform bound for the
error between population loss an empirical loss of the kernel logistic regression classifier.

Lemma 53 Let H be a RKHS with kernel K, and assume that By K (2, x) < R2. Then when
n > R/e?, with probability at least 9/10 with respect to random sample S we have

o~

sup [Lg(S) — Lo(9)|< €.
lelln<B

Proof Combining Theorem 52 and Theorem 42, together with the observation that ¢t — log(1 +
exp(t+s)) is a 1-Lipschitz function, we get that for an RKHS #, the family {(x, y) — lg(x,y) : 0 €

., ||0]|< B} has Rademacher complexity at most O(B+/Ez~p K (x,x)/+/n), where lg(x,y) :=
log(1 + exp(@(x))). This, together with Theorem 30 and Markov inequality completes the proof

of Theorem 43. |
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As usual, those two lemmas together give the concrete regret bound for the kernel logistic
regression
Proof [Proof of Theorem 15] We will invoke Theorem 51 and Theorem 53 with &’ := ¢/3

We can decompose

~

L4(Dy-) — Lo-(Dye) = (L(Dg-) — L(S) + (L£4(5)
— Lg-(9)) + (L£4(S) — Lo« (Dg-)).

By Theorem 53, the first and the last summand here are each at most ¢’. On the other hand,
by Theorem 51, we have L;(S) — Ly (S) < €, leading to

ﬁé(D@*) — Lo+ (Dy~) < 3¢’ <e.

E.2. Proof of Theorem 16

Proof

With Theorem 15, this proof is identical to the proof of Theorem 13.

Consider a distribution D given by sampling y € {£1}, and then x from py, if y = 1 and z from
pre ify = —1.

We can apply the kernel logistic regression to a random sample from D — according to Theo-
rem 16, we will be able to find a function 6 € H with bounded regret with respect to distribution
D. According to Theorem 40, this @ is of form In(pge /Prr) for some pr; and pee both (¢/)%-close in
KL-divergence to pi, and pte respectively. Using now Pinsker we get the TV-distance bounds on
dry (P, prr) < €' and dpy (Pre, pte) < €'. The bound Ry (pir||pte) < Be, together with Markov
inequality implies that Prgp,.. [Dte() /pec(x) > B] < e for B = By /e.

We can now apply Theorem 10 with this B to deduce that we can use the truncated version
of exp(f(z)) as importance weights to solve the covariate shift problem; to this end we need
¢/ = /B = &2/ By; so the desired regret error in Theorem 15 is of order ¢4/ B3, and according to
this lemma we can get it with O(DB? B3 /&%) samples. [

Appendix F. Discussing KMM guarantees

Description of the Kernel Mean Matching algorithm The KMM algorithm in the realizable
scenario assumes that the unknown function f is bounded in some RKHS H, || f||x< M. If the
kernel corresponding to # is also bounded, say K (x, ) < 1 for all .

In this case, with enough samples we can guarantee that |[n,,! 3, @4, — Egp,, Pl < 6/ M
(and similarly for & ~ p¢.). Then by solving a linear program, we can find some weights ﬂAz s.t. the
empirical averages of the reproducing kernel map are close after reweighting, i.e., ||>_, Bi@mi /Ny —
> i @i, /el < /M (these weights exist, because in particular 3; = pee (i) /pec () is a feasible
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solution). Now it is easy to show that B can be used as importance weights to solve the covariate-
shifted mean estimation:

> %Bz’f(mi) = %Biq)wm Fin
= (Ezpe @z, ) + (A, fiu
Ezpe £(@) £ (1Al £l

where A == 3. 71 3;®p, — Bzep,, Pz satisties || Ay < e/M.

As discussed above, collecting ny,. > (M B/e)? samples from p, and nye > (M /¢)? samples
from pye is enough to guarantee the corresponding closeness of three relevant empirical averages to
their population averages.

Analysis of the plug-in method Alternative, naive approach, to solve the covariate shift mean
estimation problem in the same setup as above, is to find f with a sufficiently small distance L; from
f with respect to py;, and use it as a proxy for f when computing the averages with respect to pie.

Lemma 54 When f € H is bounded by | f||< M, using O((M/e")?) samples (z, f(x)) for
T ~ py we can find a function f s.t.

Exmp, | f(@) = F@)|< €.

Proof Consider the family of function 7' := {x — |h(z)|: h € H,||h||< 2M}. Since = — |x|
is 1-Lipschitz, and we have a Rademacher complexity bound for a radius M -ball in the kernel
space (Theorem 52), the Rademacher complexity of R, (F') < O(M/\/n).

Using Theorem 30 we obtain a generalization bound: after collecting n = O(M/e")? samples,
with probability 9/10 we get a uniform bound on the generalization error for every h € H with
A< 2.

1
sup —
h|<2M T

> |h(xi)|= Eg ()| £ /2.
i
In particular, taking h of form f — f’ for some || f'||x< M, we get

sup = S| F(@i) — (@)= Balf(x) — £()|='/2.

I I<m ™

It is enough therefore to approximately minimize the empirical loss: given samples (x;, f(x;)), we
need to find

min + S| (@) - Flwi),

PSR

By the Representer Theorem (Theorem 14), this minimum is realized by some f’ of form ), @, \;,
and the problem becomes just a minimization

min[[KA -yl

where K is a kernel matrix K;; = K (x;, x;), and y is a vector of observations y; = f(x;). This
minimization is just a linear program and can be solved efficiently. |
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Note that if we now find f with L; error &’ := ¢ / B with respect to py;, since the density ratio
Dte/Ptr is bounded by B we can also bound the L; error with respect to pge. This clearly implies
closeness of the expectations

Exnpio (@) = Eonp (@) < Eanpe | f(2) = F(@)|< BEgnyp,|f(2) — Fl2)|< e
We can now use (M /e)? samples from py. to estimate Eq.p,. f(x) by a sample average. This

leads to the final sample complexity ny, > (M B/¢)? samples from pt, and nge > (M /£)? samples
from pye, matching the guarantees of the KMM method.
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