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Abstract

Analysis of extremal behavior of stochastic processes is a key ingredient in a wide variety of appli-
cations, including probability, statistical physics, theoretical computer science, and learning theory.
In this paper, we consider centered Gaussian processes on finite index sets and investigate expected
values of their smoothed, or “soft,” maxima. We obtain upper and lower bounds for these expected
values using a combination of ideas from statistical physics (the Gibbs variational principle for
the equilibrium free energy and replica-symmetric representations of Gibbs averages) and from
probability theory (Sudakov minoration). These bounds are parametrized by an inverse tempera-
ture S > 0 and reduce to the usual Gaussian maximal inequalities in the zero-temperature limit
B — o0o. We provide an illustration of our methods in the context of the Random Energy Model,
one of the simplest models of physical systems with random disorder.

Keywords: Gaussian processes; maximal inequalities; information theory; disordered systems

1. Introduction and informal summary of results

The study of extremal behavior of stochastic processes is of fundamental importance in a wide
variety of applications, including pure and applied probability, theoretical computer science, math-
ematical statistics, and statistical physics. For example, the method of generic chaining (Talagrand,
2014) gives sharp upper and lower bounds on the expected supremum of a centered Gaussian pro-
cess X = (X¢)ier in terms of the geometry of the index set 7" induced by the natural metric
d(s,t) := (B|X, — X;|?)!/2. The underlying intuition here is that, for finite T, \/log |T| is a good
proxy for the expected supremum of the centered Gaussian process (X¢)¢cr, in the sense that

ay/10g [T] S E| sup X| < A/log [T], (1)
teT

where @ = min{d(s,t) : s,t € T,s # t} is the minimum separation between the elements of 7'
and A = max{d(s,t) : s,t € T} is the diameter of 7. Here, the upper bound is by the well-known
maximal inequality for Gaussian random variables, while the lower bound follows from Sudakov
minoration. Another important observation is that the zero-mean Gaussian random variables X
and X are highly correlated when d(s, t) is very small and nearly independent when d(s, t) is very
large. The method of generic chaining is, essentially, a multiscale iterative application of these
ideas, where at each scale n = 0,1,2,... one approximates the process X by its “subsampled”
version at a finite set of indices 7, C T satisfying the cardinality bound |T},| < 22".

While the expected supremum is a natural measure of the size of X, there are various “smoothed”
versions of it that may be of interest in their own right, for example in the context of concentration
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and superconcentration phenomena in Gaussian random fields (Chatterjee, 2014). For example, if
T is finite, then max;cp X; can be bounded from above and from below by the “/3-softmax” for
every 8 > 0:

1 log |T’
max X, < zlog ) e’ <maxX, + gﬁ’ 3 @)
teT
Another smooth proxy for the maximum is
1
Xif) = Y XpefX 3
g( ) /8) Z(/B) te ) ( )

teT

where Z(8) 1= Y ,cr e#Xt is known as the partition function. It satisfies the inequalities

log |T
max X; — og [T
teT 15}

< : < :
<g(X;B) < I{lea%Xu 4)

moreover, as we increase the parameter 5 > 0, g(; X)) varies from the sample average \71| Y oer Xt
at 8 = 0 to the maximum max;c7 X¢ in the limit as § — oo.

With these considerations in mind, let X = (X;);er be a centered Gaussian process with a
finite index set 7. We will assume throughout that E| X — X;|? > 0 for all s # t, i.e., d is a metric
and not a pseudometric. For each 5 > 0, we introduce the quenched Gibbs average

1
=B XN | =Eg(X; 5
and the quenched equilibrium free energy
1 1 1 log |T|
= —Elog | - Y ¢ | =_ElogZ(B) - : 6
4(5) = 5B1og (m > ) SBlog 2(8) - =, ©)

The terminology originates in statistical physics of disordered systems (Bovier, 2006), where 1" is
interpreted as the state space of a physical system and — X is the random energy of the state t € T.
Each realization of X gives rise to a family of random Gibbs measures (g)g>0 on 1"

B
vg(A) = Zt;?ﬁ)

where the parameter [ is the inverse temperature. In the infinite-temperature limit 3 — 0, vg
converges to the uniform distribution on 7", which we will denote by . If we write (f)g for the
expectation of a function f : T" — R w.r.t. vg, then we can express the quantities (5) and (6) as

. ACT

9(8) =E[(X)s] and  6(8) =E[(X)s— 87 D(wslw)],

where D(-||-) is the relative entropy (or Kullback—Leibler divergence). The term “quenched” refers
to the fact that the disorder (X;):cr is frozen (or quenched) when computing the Gibbs averages
(-) 8, and the expectation E[-] w.r.t. the randomness of X is taken at the end.
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In light of (2) and (4), both g(3) and ¢(3) can be viewed as smoothed versions of the expected
maximum of X. In particular, both converge to it in the zero-temperature limit 5 — oo. Since
\/log |T'| is present on both sides of (1), it is natural to ask which quantity plays the role of /log |T'|
for finite values of /3. Ideally, it should converge to y/log |T'| as f§ — oo and to 0 as § — 0. In this
paper, we show the following:

1. For every 8 > 0, the quenched Gibbs average g(f) can be upper-bounded as

9(B) < o/ ED(vslvo)

where o2 is the maximum of the variances Var[X;]. Moreover, a Sudakov-type lower bound
holds in the low-temperature regime: There exists a threshold 8, > 0 that depends on the
covariance structure of X, such that

9(B) 2 a\/ED(vg|vo)  for = B

where a > 0 is the minimum separation between the elements of 7. When the X,’s are i.i.d.
N(0, 02) random variables, the upper and the lower bounds match up to universal constants

and hold for all values of (3:
9(8) < oy/ED(vg|[vo).

2. The quenched free energy ¢(/3) can be upper-bounded as

¢(8) S oy/ED1 j2(vsw0),

where D /5(-||-) is the Rényi divergence of order 1/2 (see Section 2.1 for the information-
theoretic background). When the X;’s are i.i.d. N(0, 0?) random variables, there is a match-
ing lower bound for all values of /:

P(B) = 04/ EDl/Q(Vﬁ [v0).

Since a > 0, all the X;’s are almost surely distinct, so the Gibbs measures v5 converge to a (random)
Dirac measure as 5 — oo. Consequently, the information divergences in the above inequalities
converge to log |T'|, as expected. Similarly, since vg converges to the uniform measure v as 3 — 0,
our inequalities have the right high-temperature behavior as well (wherever applicable).

1.1. Related work

Approximation of the maxima of random processes on finite sets by their smoothed versions is
a widely used technique in statistical physics and in probability theory (Bovier, 2006; Adler and
Taylor, 2007; Talagrand, 2011; Panchenko, 2013; Chatterjee, 2014). However, in most of these
applications, one is interested mainly in either the expected maximum itself (corresponding to the
zero-temperature limit) or in various asymptotic quantities arising in the so-called thermodynamic
limit (when the size of the index set tends to infinity). To the best of our knowledge, the upper and
lower bounds presented in this paper for 5 > 0 are new.
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In the context of Sudakov minoration, we should mention recent work of Liu (2022, 2023),
where lower bounds are given for quantities of the form

Elog / et p(at), (7)
T

where /1 is a probability measure supported on a compact convex set T C RY, (-, -) is the Euclidean
inner product, and Y is a random vector in RV, It is natural to view (7) as a softmax-type relaxation
of the expected “Y-width” of T', E[max;c7(¢,Y)]. Liu obtains Sudakov-type lower bounds on
(7) by first lower-bounding it by the expected supremum of a related process on a certain subset
of T" and then using a deep convex-geometric result of Pajor (1984) to lower-bound this expected
supremum in terms of the packing numbers of 7'. The dimension reduction approach to Sudakov
minoration due to Mendelson et al. (2019) alsy plays a key role here for obtaining dimension-free
lower bounds. In contrast to our results, which are specific to Gaussian processes with finite index
sets, the bounds of Liu apply to linear processes of the form X; = (¢,Y’) with compact convex
index sets, and Y is not required to be a Gaussian random vector.

1.2. Organization of the paper

The remainder of the paper is structured as follows. Section 2 introduces some concepts from
information theory and from statistical physics that will be used later on. Upper and lower bounds
on the quenched Gibbs average g(f3) are stated and proved in Section 3, followed by the results
on the quenched free energy ¢(() in Section 4. Section 5 presents an application of our results to
deriving upper and lower bounds on the quenched pressure in the Random Energy Model (REM),
one of the basic models of physical systems with random disorder (Bovier, 2006).

2. Preliminaries and auxiliary results
2.1. Some notions from information theory

Let P(T') denote the set of all probability measures on 7'. For any two p,v € P(T') with v strictly
positive everywhere, the Rényi divergence of order « € (0, 00), a # 1, is defined as

1

Da(ully) i= ——

log > pu (' ~(b).

teT

The limit of D, (u||v) as & — 1 exists and is equal to the Kullback-Leibler divergence D (u|v),
see, e.g., van Erven and Harremogs (2014). The Shannon entropy of u € P(T) is

H(p) := =Y p(t)log p(t).

teT

We will mainly deal with the situation when ;o = v for some 3 > 0 and v = 19, the uniform
distribution on 7". The expressions for the Rényi divergences D, (vg||vp) involve the log-partition
function A(B) := log Z(3), whose first and second derivatives are given by A’'(8) = (X)g and
A'(B) = (X?)5 — ({X)p)% Since A”(3) > 0, it follows that A(f3) is a convex function of 3. One
useful consequence of this is the following (see Supplementary Material for the proof):

Lemma 1 The function 3 — ||vg||3 = > ,cr Vg(t) is nondecreasing.

4
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The quantity ||vg 2, which is sometimes referred to as the participation ratio (see, e.g., Section 5.3
of Mézard and Montanari (2009)), can be expressed in terms of the partition function as follows:

1 Z(2
||V,3||% = Z2(B) ZEQBXt - Zg(g;

teT

The negative logarithm of ||v5||3 is equal to H2(v3), the Rényi entropy of v of order 2.
With these preliminaries out of the way, we have

D(vgllvo) = log |T| = H(vp) = log [T| + 5(X)s — A(B) ®)

and
Da(vsllvo) = log || + —— (A(af) ~ ah(8)). ©
In particular, specializing (9) to o = 1/2 gives
Dy j2(vgllvo) = log |T| + log|vo]13. (10)

2.2. A replica-symmetric representation of the quenched Gibbs average
The following lemma relates the quenched Gibbs average ¢(/3) to the geometry of (7', d) and to the

Gibbs measure at inverse temperature 5 (see Supplementary Materials for the proof):

Lemma 2 The quenched Gibbs average can be expressed as

9(8) = 5 3 (s, 0Bl (s)ws(0). ()

s,teT

In particular, if the Xy’s are i.i.d. N(0, 02) random variables, then

9(B) = Bo*(1 —r(B)), (12)

where r(3) := EHI//BH%

Results of this type are common in the literature on statistical physics of disordered systems (see,
e.g., Lemma 1.3.11 in Talagrand (2011) or Lemma 1.1 in Panchenko (2013) in the context of the
Sherrington—Kirkpatrick model), where they are referred to as replica-symmetric representations:
Let (71, 7%) be a random element of 7' x T sampled from the product measure v5 ® vg; 71 and 72
are independent replicas of the system at inverse temperature 3. Then we can write (11) as

9(68) = B(X)s = DB, 7)),

where (-) g is the expectation w.r.t. v3 ® v and where E[-] is the expectation w.r.t. X.



CHU RAGINSKY

3. Upper and lower bounds on the quenched Gibbs average

Our analysis of the quenched Gibbs average g(/3) relies crucially on the fact that it can be expressed
as an expectation of X first w.r.t. the Gibbs measure g and then w.r.t. the randomness of X. To
obtain an upper bound on g(f3), we make use of the Gibbs variational principle (Dupuis and Ellis,
1997) which, in the context of statistical physics, captures the Legendre—Fenchel duality between
the relative entropy and the free energy. For the lower bound, we make fundamental use of the
replica-symmetric representation of g(3) in Lemma 2 and of Sudakov minoration.

3.1. Upper bound via the Gibbs variational principle

The Gibbs variational principle states that, for any function f : 7' — R,

—log(vo,e ') = #eir?}(fT) {{u, f) + D(plwo) } ,

where (1, f) denotes the expected value of f w.r.t. .

Theorem 3 The quenched Gibbs average is bounded from above as

9(B) < y/20*ED(vg||w)

where o2 is the maximum of the variances Var[X;).

Proof Applying the Gibbs variational principle to the (random) function f(t) := —\X; for some
A > 0 (to be chosen later) gives

—log (é, > eAXt) < —AX)g + D(wslvo)-

teT

Rearranging and taking expectations w.r.t. X, we obtain g(3) < E[D(v4|vo)]+¢ (), where ¢(A)
can be estimated using Jensen’s inequality and properties of Gaussian random variables:

1 1 1 1 o2
= —El — A ) < 2 — N EM ) < 2
o0 = 3o (320 ) < oy o) <

teT teT

Combining the above and optimizing over A yields

1 o2
<inflZ _ 2
9(B) < ;T;%{)\ED(VBHV(J) + 5 } \/202ED(v5|10),

and the proof is complete. |

Using the expression (8) for D(vgl|vp), we immediately obtain the following:

Corollary 4 ¢(3) < \/202(10g |T| — EH (vg)).

Since the X;’s are distinct a.s., the quenched entropy EH (v/3) vanishes in the zero-temperature limit
B — o0, and we recover the well-known Gaussian maximal inequality with the sharp constant:

E[maxXt} < /20210 [T]. (13)

teT
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3.2. A low-temperature lower bound via Sudakov minoration

Since the X;’s are a-separated, i.e., d(s,t) > a > 0 for all distinct s,¢ € T, we can lower-bound
the expected maximum of X via Sudakov minoration (see, e.g., Lemma 2.4.2 in Talagrand (2014)):
E[I?a%Xt} > cay/log |T], (14)

€

where 0 < ¢ < 1 is a universal constant (Lemma 5.5.6 in Marcus and Rosen (2006) gives ¢ = ).

17
Our next result is a low-temperature relaxation of Sudakov minoration:

Theorem 5 There exists an inverse temperature threshold 0 < (8, < oo that depends on the
covariance structure of (X )ier, such that

9(B) = car/ED(vg|wo)  forall > B,

where ¢ > 0 is the same constant as in (14).

Proof Let A := max{d(s,t) : s,t € T} denote the diameter of (T, d). Then Lemma 2 allows us
to bound ¢(3) from above and from below as follows:

Ba’ pA?

(=) < 9(8) < P50 - (),
where 7(8) = E||vs||3. The function (/) is nondecreasing by Lemma 1 and bounded between
r(0) = & and 1. Therefore, there exists some value 3, > 0, such that 1 — r(3) < €a> for all

] = 28
B > Bx. This implies that

B 2 B 15)

w.r.t. 5 gives

where we have used (15) and the fact that ¢’(3) > 0, which follows from the convexity of 5 —
B(B). Thus, for any § > S,

§(8) > lim §(8) = B max X;| — cav/log[T] > 0,

B—o0 teT

where the inequality is by Sudakov minoration. |
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3.3. A lower bound for i.i.d. processes

When the X;’s are i.i.d. N(0, 02) random variables, the separation condition holds with a? = 252,
In this setting, we can extend the range of our Sudakov-type lower bound on g(/3) to all values of
5, but with a slightly worse constant:

Theorem 6 When X,’s are i.i.d. N(0, 0%) random variables, we have

9(B) = co\/ED(vg|vo)  forall B> 0.

Remark 7 As will become evident from the proof, the lower bound with the worse constant c/2
holds only in the high-temperature regime 3 < (., where the threshold B, is determined in exactly
the same manner as in Theorem 5. In the low-temperature regime 3 > [, the constant is still c.

Proof In the i.i.d. case, a> = A% = 202. Since r(f3) is nondecreasing, the same choice of /3, as in
the proof of Theorem 5 ensures that

1—7‘(5)2 5 ﬁéﬂ*

| S

This is equivalent to the inequality 1 — r(3) > %\ /1 —r(p) for 5 < S,. For any such 5 we have

(8) = 8021~ 1(8) = e\ L2021 () = co 1 308) = e[ L BD I,

where we have used Lemma 2 and the fact that ED(v3|lvg) = B(9(8) — ¢(8)) < Bg(B). This
establishes the lower bound in the high-temperature regime. The analysis of the low-temperature
regime 5 > [, is exactly the same as in the proof of Theorem 5. |

4. Upper and lower bounds on the quenched free energy

The analysis of the quenched free energy ¢(/3) is complicated by the fact that, unlike the quenched
Gibbs average g([3), it cannot be expressed as an expected value of X w.r.t. a random measure on
T'. The appropriate strategy here is to capitalize on the easily verified fact that g(3) is equal to the
derivative of S¢(/3) and use the fundamental theorem of calculus in conjunction with the already
available upper and lower bounds on g(3).

4.1. Upper bound

The following upper bound is a counterpart of Theorem 3 for g(/3):

Theorem 8 The quenched free energy is bounded from above by

B(8) < \/202EDy o vo),

where D 5(+||-) is the Rényi divergence of order 1/2.
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Proof It is convenient to work with the function ¥ () := S¢(8) = A(S) — log |T'|, since g(B) =
Y'(/3). Define the shorthand D(f) := ED(vl|vp). A straightforward computation gives

D(B) = B4 (B) — v (B). (16)

Then

8 B 1 (B
¢(ﬁ):/0 g()\)d)\g/o V202D(\) dX < V202 - 5/0 D()\) dA,

where the first step is by the fundamental theorem of calculus, the second uses Theorem 3, and the
third is by Jensen’s inequality. Using (16), integration by parts, and convexity of i), we obtain

1 B _1 B , B 9 B B
5 [ owan=5 [Cowm —venan=ve -5 [Temar<ue -2 (5).

Moreover, by the definition of 1,

Y(B) = 2¢ <§> =log |T'| + Elog (Zeﬁxt) —2Elog (Zeﬂxt/2>

teT teT
=log|T| +Elog Z(8) — 2Elog ) _(Z(B)vs(t)"/
teT
=log|T| —2Elog Z(yg(t))lm.
teT

Recognizing the latter expression as the expectation of the Rényi divergence D; /5(vg||vo) in (10)
and using this in our bound for ¢)(/3), we obtain the desired estimate. |

4.2. A lower bound for i.i.d. processes

When the X;’s are N(0, 02) random variables, the inequality in Theorem 8 can be reversed:

Theorem 9 When X,’s are i.i.d. N(0, %) random variables, we have

o(B) >

FTAVED1p(vsllve)  forall 520

where c is the constant in the Sudakov minoration bound (14).

Proof We start by applying the fundamental theorem of calculus, but then invoke Lemma 2:

V(B) = /Oﬁg(k) d\ = o? /B AL —r(A)dA = 02(522 - /OB Ar(A) dA).

Integrating by parts and using the monotonicity of r(\), we obtain

’ O N
/0 M) dx =) —/0 Trya< ).
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Substituting this into our expression for ¢(3) and using Theorem 6 gives

B2o? Be(B) o Cﬂcr
2 9 =

¥(B) = (1—=7r(8)) = ED(vs(vo),
where c is the constant in (14). Since the Rényi divergence D, (+||-) is an increasing function of «

(van Erven and Harremoés, 2014), we obtain the claimed lower bound. |

The appearance of the Rényi divergence in upper and lower bounds on the quenched free energy is
rather natural from the viewpoint of statistical physics, where Rényi entropy is used to quantify the
sensitivity of equilibrium free energy to changes in temperature (Baez, 2022).

4.3. A Sudakov-type lower bound without independence

When the X,’s are no longer independent, it is still possible obtain a Sudakov-type lower bound on
a quantity closely related to the quenched free energy ¢(/3). To state it, we first need to introduce
additional notation. For a centered Gaussian process X = (X;):cr and for a subset A C T, let
$3(X; A) denote the S-softmax of (X¢)ica:

Pg(X log(z BXt)
teA

It is easy to see that ®g(X;-) is monotone w.r.t. set inclusion: if A C A’, then ®3(X;A) <
Pg(X; A"). We then have the following inequality, which can be viewed as a “softmax” relaxation
of a result due to Talagrand (1992):

Theorem 10 Ler S be a 40-packing of (T, d), i.e., d(s,t) > 4o forall s,t € S with s # t. Then

E®s(X; | B(s,0)) = 0B®s,(G: 5) +
ses

ZE% (X; B(s,0)), (17)
sES

where G = (Gy)er consists of independent N(0, 1) random variables and where B(s, o) := {t €
T :d(s,t) < o} is the closed ball of radius o centered at s.

The proof, which is somewhat technical, can be found in the Supplementary Materials.

Let us now examine some consequences of Theorem 10. First, since ®(X;-) is monotone
w.r.t. set inclusion, it follows that the right-hand side of (17) is automatically a lower bound for
E®3(X;T). Second, we recover Talagrand’s minoration result (for finite T") in the zero-temperature
limit. Indeed, using (2) and Sudakov minoration in (17) gives

log |T
E[maXXt} > aE[maXGs] +minE[ max Xt} — og|T|
teT ses s€S  LteB(s,0) I}
log]S]—i—mlnE{ max Xt} —M,
seS teB(s,0) I}

Taking 5 — oo, we obtain Talagrand’s result. Finally, since ¢(3) = E®(X;T) — IOgTJT‘, Theo-
rem 10 can be used to lower-bound the quenched free energy without assuming independence.

10



TALAGRAND MEETS TALAGRAND

5. Application: the quenched pressure in the random energy model

We now illustrate the use of our results in the context of the Random Energy Model (REM), in-
troduced by Derrida (1981). The REM is the simplest model of a physical system with random
disorder; yet, despite this apparent simplicity, its behavior exhibits many nontrivial features, includ-
ing a phase transition (see Chapter 5 of Mézard and Montanari (2009) or Chapter 9 of Bovier (2006)
for more details on the REM).

The state space of the REM is the binary cube 7' = {—1,+1}". Each of the points ¢ =
(t1,...,tn) € {—1,4+1}" corresponds to a configuration of N spins, each of which can point up
(4) or down (—). The energies of the configurations ¢ € T are i.i.d. N(0, N/2) random variables
X, where the independence translates into the absence of interactions between the /N spins. One of
the quantities of interest is the quenched pressure

Pu(8) 1= Elog Z(6),
where

ZnpB) = Y,

te{-1,+1}N

is the (random) partition function. The REM exhibits a phase transition in the infinite system limit
N — oo: For 5. = 2+4/log 2,

. Jlog2+ 2 <.
R R P A P

(see Giardina and Starr (2007) for a self-contained proof of this using variational methods). The
phase transition manifests itself in the different behavior of limy_,~, Px (/) as a function of /3:
quadratic for 8 < (5. and linear for 3 > .. We now show that Theorems 3 and 5 can be used to
give an elementary derivation of upper and lower bounds on the quenched pressure for each finite
N. While the constants in these bounds are not sharp, the bounds still pinpoint the different scaling
of Py (/3) with 8 (quadratic vs. linear) in high- and low-temperature regimes.

Theorem 11 For each N and each 3y > 0, define the functions

RCTTI Lk i B< By
= yPo) = 232
N log 2 + % +c(f — ﬁo)\/ﬁED(VN,,BOHVN,o), B> Bo
and
_ log2 + 22, B < Bo
AN (B; Bo) = k

log2 + %3 + (B — 50)\/%ED(VN,5HVN,O)7 B> Bo

where c is the constant in the Sudakov minoration bound (14) and where vy 5(t) = Xt /Z ()
is the REM Gibbs measure at inverse temperature 3. Then there exists an inverse temperature
threshold B, = BN« > 0, such that

Oy (B B«) < Py(B) < Bionzfogzv(ﬂ;ﬁo)-

11
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Remark 12 Notice that the quadratic (high-temperature) and the linear (low-temperature) pieces
of Qn(B; Bo) agree when 3 = By. The same applies to Qn (B3; Bo), although its low-temperature
portion contains a nonlinear factor \/ED(vy gllvno) = \/Nlog2 — EH (vy g), which can be
further upper-bounded by /N log 2. In particular, Qn(3; Bc) is equal to log 2 + %for B < B.and
bounded from above by 5. = B+/log?2 for B > B.. This gives the correct upper bound for every
finite N (Giardina and Starr, 2007). See also the work of Olivieri and Picco (1984) for finite-N
corrections to the asymptotic value of the free energy in the REM.

Proof Let gn(8) := E[(X, vy g)]. Then

1 8
Py (B) = Py (o) + gzv(/\) dr,  forall B> Sy > 0. (18)
Using Jensen’s inequality and the properties of Gaussian random variables, we obtain
2
Pn(B) <log2+/8— 19)

On the other hand, from (18) and Theorem 3 it follows that

AN
Py (f) gPN(,BO)+/ \/NED(I/N7)\HVN70)d)\

<log2+ﬁ0 + (8- Bg)\/ ED(vngllvno),

where the second step follows from (19) and from the fact that A — ED(vy x||vn,0) is nondecreas-
ing. This gives Py (3) < Qn(3; o), which we can tighten further by minimizing w.r.t. .

To obtain the lower bound, let 3, > 0 be such that rn (3) = E|lvy s[3 < 1— % forall g < ..
Then, for 3 < B, using (18) with 3y = 0 and Lemma 2 we have

Px(B) = 1o 2+1/'BA(1—T () dx
N = log 2 Jy N
2 B
:log2—|—54—;/ Arn(A) dA
0

2ﬁ2
>log2+ ——
og2+ 3
For 5 > ., we can use (18) with 8y = [3, and the fact that 5 +— gx(/3) is increasing to write

Pr(B) 2 Pr(B) + (8~ B)ox(B.)

2
> log2+ 5*

(/8 ﬁ*)gN(ﬁ*)

Moreover, observing that 3, is exactly the inverse temperature threshold Theorem 5 gives for vy g,
we can bound gy (f,) from below by

N
(3 2 ey YED( 5 Iwo)

Substituting this into our lower bound for Py () for § > [, and then assembling the two pieces
for 5 < B, and for 8 > f3,, we see that Py () > Qun(8; Bs)- |

12
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Appendix A. Omitted proofs
A.l. Proof of Lemma 1

Using the definition of v/5(t), we calculate

d
||V 15 =2 vs(t)==vs(t)
=2 Z v3(t) (X: — A'(B))
teT
= 2||vgl13 a2 ZXth N(B)
I2 teT
=2HV/3||§(A'(25)* "(8))

>0,

where the inequality follows from the fact that A’(3) is nondecreasing, as A(3) is convex.

A.2. Proof of Lemma 2

Fix a realization z = (x);e7 of X. For each s € T', we can view v3(s) as a function of x:

eﬂxs
O
with
8fs( )= 3 ePre1{s =t} ePTs Pt
x) = —
Oy dover efrv (Et’eT eﬁx”,)Q

= B(1{s = t}vp(s) — va(s)vs(t)).

Gaussian integration by parts (Adler and Taylor, 2007, Lemma 2.2.4) then gives

E[X,v5(s)] = > E[X,X/JE [afs( )]

teT

=8 E[X.XJE[1{s = t}us(s) — va(s)va(t)].

teT

15



CHU RAGINSKY

Summing over all s € T, we obtain

= E[Xp(s)]

seT

=8> EX,XJE[1{s = thvs(s) — va(s)va(t)]

s,teT

=8Y (BIX?] ~ E[X,X) ) Elvs(s)vs (1)

s,teT

= 2 B{(X, — X\ Bls(s)vs(0)

s,teT

_ g 3 @ (s, ) Elvs(s)vs(0)],

s,teT

where we have made use of the relation

> EIX? - X[E[a(s)va(t)] = 0

s, teT

(which follows by symmetry) and of the definition of d?(s, t).

When the X;’s are i.i.d. N(0, 0?) random variables, we have d?(s,t) = 2021{s # t}. Sub-
stituting this into (11) and using the fact that v/ is a probability distribution results in (12). More-
over, as can be seen from the proof of Lemma 1, %H%H% is an L? random variable, so '(3) =

%EHV/BH% > 0, where the interchange of derivative and expectation is justified by the dominated
convergence theorem.

A.3. Proof of Theorem 10

We adapt the proof strategy from Marcus and Rosen (2006, Lemma 5.5.7). Since S is a 4o-packing
subset of T, the balls B(s,o) centered on the points s € S are disjoint. Let X(*) = (Xt(s))teT
be independent copies of (X;):cr, one for each s € S. Also, let G = (Gy)er be a collection of
N(0, 1) random variables independent of everything else. Each t € T" := Uz B(s, o) belongs to

exactly one of the balls B(s, 0); for such ¢, define Z; := Xt(s) — XS(S) +0G,. If t, ' are in the same
ball B(s, o), then Z; — Z is equal in law to X; — Xy, so BE|Z; — Zy|? = E|X; — Xy|?. If t and ¢/
belong to disjoint balls, then

E|Z — Zy? =EIX® - X2+ EIXS) - X124 0°E|G, — Gy 2

for some s,s" € S with s # s'. Then E|Z; — Zy|?> < 402, but, since t, ¢’ are in disjoint balls, we
also have E|X; — Xy/|? > 402. Consequently, the centered Gaussian process Z = (Z;);c7» satisfies

E|Z; — Zy|? <E|X; - Xy>, Vvt eT.

Then a Gaussian interpolation argument due to Chatterjee (see, e.g., the proof of Theorem 2.2.5 in
Adler and Taylor (2007)) shows that E®g(X;T") > E®z(Z;T"). We now proceed to lower-bound
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eﬁf"Gs

ZS/ €s eﬁU'GS/

E®3(Z;T"). Define the random Gibbs measure (s) :

of Z, we write

Ds(Z;T') = ;log ( Z e’BZ’f)

on the set S. By construction

teT”’
1 o (s) _ 5 (s)
= Blog (Zeﬂ Gs Z eﬂ(Xi Xs ))
s€s teB(s,0)
1 s s
= 0®p,(G;5) + 5o (Zﬂ(s) 3 B X! >)>
s€S teB(s,0)

> 00p,(G; )+ Y 7(5)Pa(X); B(s,0)) = Y i(s) XY,

sES sES

where the last step is by Jensen’s inequality. Since G is independent of everything else, using the
law of iterated expectation gives

Eds(Z;T') = E[E[®3(Z;T)|G))

> 0E®g,(G; ) + Y E[I(s)|E[®s(X"); B(s, 0))]
seS

1
= oE®s,(G; S) + 5l ZE‘Pg(X; B(s,0)),

ses

where E[7(s)] = ﬁ follows by symmetry and where we have used the fact that the processes X (¥)
and X have the same probability law.
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