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Abstract

Boosting is a powerful method that turns weak learners, which perform only slightly better than
random guessing, into strong learners with high accuracy. While boosting is well understood in
the classic setting, it is less so in the agnostic case, where no assumptions are made about the
data. Indeed, only recently was the sample complexity of agnostic boosting nearly settled (da
Cunbha et al., 2025), but the known algorithm achieving this bound has exponential running time. In
this work, we propose the first agnostic boosting algorithm with near-optimal sample complexity,
running in time polynomial in the sample size when considering the other parameters of the problem
fixed.
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1. Introduction

Boosting (Schapire, 1990) is a highly successful learning technique that, in the realizable setting,
can produce models with arbitrarily good accuracy starting from models that perform only slightly
better than random guessing. More precisely, boosting establishes the computational equivalence
between two learning models that at first might seem fundamentally distant: (strong) Probably Ap-
proximately Correct (PAC) learning (Valiant, 1984), and weak (PAC) learning (Kearns and Valiant,
1989). To make these concepts formal, consider an input space X', a hypothesis class F C {+1}%.
A distribution D over X' x {£1} is called realizable (relative to F) if it satisfies that some target
hypothesis f € F achieves zero error under D, that is,

3f € F suchthat errp(f) = @ END[f(m) #y|=0. (1)

A (strong) PAC learner is an algorithm that, for any desired accuracy and confidence parameters,
g,0 € (0,1), and any realizable distribution D relative to F, can learn from a training sequence

S ~ D" of size n = n(e,d) and, with probability at least 1 — § over the drawing of S, find a
classifier g: X — {£1} with

errp(g) < e.

The amount of training data n(e, 0) necessary for the algorithm to reach this goal is called its sample
complexity.

On the other hand, given v € (0,1/2], a y-weak learner for F with base class H C {+1}*
is an algorithm that, given my i.i.d. samples from an arbitrary realizable distribution D’ (relative to
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F), returns a classifier w € H such that, with probability at least 1 — dg over the drawing of the
input samples,

errp (w) < 1/2 — 7.

That is, for small values of ~, the algorithm performs only slightly better than random guessing,
which would achieve an error of 1/2. Accordingly, the base class # is typically much simpler than
F.

Naturally, the existence of a strong learner for a given task implies the existence of a weak
learner for the same task. Strikingly, Schapire (1990) established the reciprocal: weak learnability
implies strong learnability. The equivalence is realized by boosting algorithms, such as the sem-
inal AdaBoost (Freund and Schapire, 1997), which construct a strong PAC learner by repeatedly
invoking a weak learner on adaptively reweighted distributions over the training sequence, and ag-
gregating the returned classifiers into a final hypothesis. Crucially, the number of calls to the weak
learner depends only logarithmically on the sample size. Namely, O(log(n) / 72) calls suffice for
AdaBoost to be a strong PAC learner, with nagagoost(€,8) = O(VC(H)/(e7?) + log(1/6) /<)
(Freund and Schapire, 1997), where O( - ) and analogous notations hide logarithmic factors. More-
over, the sample complexity of boosting is well settled in the realizable setting to be of order
O(VC(H)/(e7?) + log(1/8)/e) (Larsen and Ritzert, 2022). This has made realizable boosting
highly successful both in theory and in practice, as witnessed by the rich literature in both direc-
tions. We refer the reader to Schapire and Freund (2012) for a comprehensive survey.

Despite their success, AdaBoost and its usual variants turn out to rely heavily on the realizability
of the data distribution (Schapire and Freund, 2012, Section 12.3). This is a significant shortcoming
since real data rarely satisfies Eq. (1), due to noise in the labels, or the sheer fact that the hypothesis
class considered might lack the capacity to represent the target function, for example. To accom-
modate this, the agnostic PAC learning model (Haussler, 1992; Kearns et al., 1994) forgoes all
assumptions on the data distribution. Of course, doing so implies that arbitrarily good accuracy
may no longer be possible. Accordingly, an agnostic PAC learner is required to find a classifier
with arbitrarily small excess error relative to the best performing hypothesis in /. More precisely,
for any ¢, € (0,1) and any distribution D over X’ x {£1}, with probability at least 1 — ¢ over the
drawing of S ~ D", with n = n(e, ), the algorithm returns g: X — {£1} such that

< inf .
errp(g) < }gferrp(f) +e

When F and D are clear from the context, we let err* := inf rc 7 errp(f).

Compared with the realizable counterpart, the study of boosting in the agnostic setting is more
recent, starting with Ben-David et al. (2001) and including several contributions proposing efficient
algorithms for it (Kalai and Kanade, 2009; Brukhim et al., 2020; Ghai and Singh, 2024, 2025).
Notably, the sample complexity of agnostic boosting was not well understood until the very recent
work of da Cunha et al. (2025), which established a lower bound on the sample complexity of any
agnostic boosting algorithm, and proposed an algorithm matching it up to logarithmic factors. These
results are associated with a definition of agnostic weak learner. The work of da Cunha et al. (2025)
employs a particularly general one, originally from Ghai and Singh (2024), which we also adopt.!

1. Agnostic boosting lacks uniformity in definitions compared to the realizable case. We refer the reader to (da Cunha
et al., 2025, Appendix A) for a discussion of the nuances of this matter.
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Definition 1 (Agnostic Weak Learner) Let yp,50,00 € [0,1], mg € N, F C {£1}*, and H C
{£1}*. A (randomized)* learning algorithm W: (X x {£1})* — H is called a (o, €0, 60, M0)
agnostic weak learner for reference class F with base class H iff: for any distribution D over
X x {£1}, given sample S ~ D™, with probability at least 1 — 0y over the drawing of S the
hypothesis w = W(S) satisfies that

corp(w) = @ z5[*§,Np[y ~w(x)] >0 - ?ggcorp(f) — €0.

The definition above employs the correlation of a hypothesis under a distribution D. This is
meant to ease comparison with previous work, and one can readily translate it to use err since for
any binary-valued hypothesis h: X — {£1},

corp(h) =1 —2errp(h).

In particular, random guessing yields zero correlation in expectation, while perfect classification
achieves correlation of one.

Under Definition 1, da Cunha et al. (2025) show a hard instance consisting of a domain X,
and hypothesis classes F,H C {+1}*, for which there exists a (7o, €0, dg, mo) agnostic weak
learner for F with base class H, and, nonetheless, ensuring excess error of at most € with constant
probability requires a sample size of at least

Q(VC(H)) )

2.2
Y€

For convenience, we include the full statement of this bound in Appendix B (Theorem 10).

Moreover, the authors prove that their proposed algorithm achieves a sample complexity match-
ing Eq. (2) up to logarithmic factors. Thus, they nearly settle the sample complexity of agnos-
tic boosting. However, despite its near-optimal sample complexity, the algorithm proposed by da
Cunha et al. (2025) is inherently inefficient in terms of computational effort: it calls the weak
learner (which usually dominates the overall running time) an exponential number of times. This is
in contrast with other works (Ghai and Singh, 2024, 2025; Brukhim et al., 2020; Kalai and Kanade,
2009), which propose efficient methods, albeit all with at least a 1/(~pe) overhead in their sample
complexity compared to Eq. (2).

In this work, we bridge this gap by proposing the first agnostic boosting algorithm (Algorithm 1)
with near-optimal sample complexity and polynomial running time when the other parameters of
the problem is considered fixed. Namely, it achieves the guarantee in Eq. (2) while maintaining the
running time polynomial in the sample size. Precisely, we prove the following.

2. To accommodate for common practices such as the use of random feature selection, we allow for a randomized weak
learner that takes an additional random seed (independent of the sample) as input. More formally, given a distribution
U over a set of random seeds, and we consider WV such that

SNDm]I{’;beU[corD(W(S, b)) > - ?ggcorp(f) — 0] > 1 — do.
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Theorem 2 (Asymptotic version of Theorem 4) Given 7y, 0,90 € (0,1), mg € N, and H, F C
{£1}¥, let § = (o —£0) /2, let d be the VC dimension of H and d* its dual® VC dimension, and let
W be a (0, €0, 00, mg) agnostic weak learner for F with base class H. Then, for any § € (0, 1),
n € N, and distribution D over X x {£1}, given S ~ D", Algorithm 1, when executed on input
(S,5, W, dg, mg, 0, d*), returns, with probability at least 1 — & over S and the randomness of W, a
classifier v: X — {£1} such that

' n 1 4 n 1
errp(v) < err® + O(\/err* ¢ En(y) +In(s) + 4 Ln(y) +1n(5)>7 (3)

n n

where err* = inf jc r errp(f) and d = O(TdIn(T)), with T = O([min{In(n)/6?, d*/6%}]).
Moreover, whenever the above bound is not vacuous, i.e., for n = Q(max{dT, In(1/6)}),
Algorithm 1 invokes W at most O(n™0"3) times, and the running time of Algorithm 1 is at most

Evaly(1) - nO(mo-min{d*,ln(n)}/HQ),

where Evaly, (1) is the time it takes to evaluate a single hypothesis from H on a single point.

Solving for n in Eq. (3), and, for simplicity, omitting the err* term, yields a sample complexity

of

~ (VC(H

o(“)
thus, matching the near-optimality of the algorithm by da Cunha et al. (2025), and matching the
lower bound in Eq. (2) up to logarithmic factors whenever 6 = (). Taking err* = inf fc 7 errp(f)
into account reveals a better sample complexity whenever this infimum is small. Specifically, if
err* = O(e), then the sample complexity is of order O(d/(6%¢)), matching the optimal sample
complexity for the realizable case up to logarithmic factors. This ensures that Algorithm 1 achieves
better generalization when the underlying distribution is closer to being realized by the reference
class F. In fact, the exact lower bound by da Cunha et al. (2025) (Theorem 10) implies that this
dependence on the error is optimal up to logarithmic factors.

The core point of Theorem 2 is that, while the previous nearly statistically (sample) optimal
method, by da Cunha et al. (2025), invokes the weak learner an exponential (in the sample size n)
number of times, Algorithm 1 invokes VV only a polynomial number of times, leading to a poly-
nomial overall running time. The parameters in the exponent only depend on the properties of the
agnostic weak learner, which may not be so adversarial in many settings of interest. In particular,
the dependence on d* may seem concerning as, in the worst case, it can depend exponentially on d
(Assouad, 1983). Yet, boosting usually employs simple base classes 7, and for many of those, such
as geometrically defined classes in R”, we have d*,d < r (Moran and Yehudayoff, 2016, paragraph
following Claim 1.6). Moreover, for the natural and common choice of halfspaces (with intercept)
as base hypotheses, we have d* < d =r + 1.

Furthermore, mg, appearing in the running time of Theorem 2 is usually (Kalai and Kanade,
2009; Ghai and Singh, 2024, 2025; da Cunha et al., 2025) thought of as being of order O((d +
In(1/80))/€?), where & and & are different from the failure and error parameter ¢ and ¢ of the final

3. See Definition 3.



OPTIMAL AGNOSTIC BOOSTING WITH IMPROVED TIME

classifier. Thus it is crucial for the running time of Algorithm 1, that Algorithm 1 allows for ¢ and
o being large. Like the algorithm by da Cunha et al. (2025), our algorithm maintains the desirable
property of being able to leverage any non-trivial agnostic weak learner (g > £¢), allowing for ¢
and Jp being thought of as (large) constants. This is in contrast with the previous works Kalai and
Kanade (2009); Ghai and Singh (2024, 2025); Feldman (2010) which all require constraints on the
advantage parameter ¢ depending on ¢.

2. Related works

Among the several works on agnostic boosting, the literature focuses on different aspects of the
problem. While the works of Ben-David et al. (2001); Gavinsky (2003); Kalai and Servedio (2005);
Kalai et al. (2008); Long and Servedio (2005, 2008); Chen et al. (2016); Brukhim et al. (2020) are
definitely noteworthy, they are not directly related to ours, so we do not discuss them further.

The works most closely related to ours are those by Ghai and Singh (2024, 2025); Brukhim
et al. (2020); Kalai and Kanade (2009); Feldman (2010). Some of these employ definitions of weak
learner that differ from ours, making the comparisons more nuanced. In the following, we omit
some minor details to allow for a more fluid and yet fair comparison of the results, and we refer the
reader to da Cunha et al. (2025, Appendix A) for a thorough discussion on this matter. In particular,
since some of the works mentioned do not make the dependence on the VC dimension of the base
class explicit, we disregard it in the following.

Kalai and Kanade (2009) propose an efficient agnostic boosting algorithm with sample com-
plexity of order O (1 / (yés‘l)). To ensure that their algorithm achieves an error of €, they have to set
g0 = O(70e). We remark that the weak learning guarantee in Kalai and Kanade (2009) is slightly
different from Definition 1, since it only requires the weak learner to be distribution-specific as their
proposed method is based on re-labeling.

Feldman (2010) employs a definition of weak learner that differs from ours more substantially:
for & > « > 0 and a distribution D over X, they consider a weak learner that, given any re-labeling
function g: & — [—1,1], whenever inf e r P4 )~ (Dxg) [f(a:) = y] < 1/2 — «, produces a
hypothesis w such that P, ) (pxg) [w(x) # y| < 1/2 — +, where the distribution D x g is
such that a point @ is sampled from D and then with probability (1 + g(x))/2 is set to +1, and
otherwise set to —1. Given such a weak learner, the agnostic learner proposed by Feldman (2010)
needs a = O(¢) and O(1/e* + 1/4* + mo/~?) samples to guarantee error at most &, where my is
the sample complexity of their weak learner.

Ghai and Singh (2024) first employ the definition of weak learner adopted in this work. They
propose an efficient agnostic boosting method with sample complexity of order O(l / (7353)), that
to guarantee error at most ¢ needs &g to be of order O(g). The follow-up work by Ghai and Singh
(2025) proposes an efficient algorithm that leverages unlabeled data. They show that O ( 1/ (5373))
unlabeled and O(l /(e273)) labeled samples, having g9 = O(e), suffice for their algorithm to
achieve error at most €.

The algorithm proposed by da Cunha et al. (2025) has essentially the same statistical guarantees
as ours, hence it achieves near-optimal sample complexity of O(l/ (7352)). However, unlike the
methods mentioned above, which have a running time that is polynomial in all parameters, their
algorithm has a running time that is exponential in the number of samples. We remark that the
bounds by da Cunha et al. (2025) are more general than ours, allowing for weak learners with base
classes of real-valued hypotheses of finite fat-shattering dimension. Moreover, their method does
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not require knowledge of 6, whereas ours and the algorithms mentioned above require that to obtain
the stated sample complexities.

3. Notation and Preliminaries

We denote by N the set of positive integers, and, given n € N, we define [n] = {1,...,n}. We
define {1} = {—1,41}. For sets A and B, we let B4 denote the set of all functions from A
to B. We denote the set of all probability distributions over A by A(A), the uniform distribution
over A by Uniform(A) whenever A is finite, and the set of all finite sequences of elements of A
by A* = (JpZ, A". We define Ln(z) = In(max{z, e}), and sign(z) = 1,50y — L{z<o}. S0 that
sign(0) = 1. With a slight abuse of notation, we extend this notation to real-valued functions and
sets of such functions by letting sign(f) = signof and sign(F) = {sign(f) | f € F}. Given
f,g € RY and o, 8 € R, we write (af + Bg)(xz) = af(xz) + Bg(z). Let n,f € N, for any
sequence S = (s1,...,s,) and any vector of indices I € [n]’, we define S|; == (sp,. .., s1,), the
subsequence of S indexed by I. Throughout, we use boldface letters to denote random variables,
.e.g., S is a random training sequence and S is a deterministic training sequence.

For simplicity, we always assume that the input space X’ is countable. We say that # C {#+1}%
shatters a set {x1,...,xq} C X iff for every possible labeling y € {£1}9 there exists hy € H
such that hy(z;) = y; for all i € [d]. The Vapnik-Chervonenkis (VC) dimension of H, denoted
by VC(H), is the size of the largest set shattered by H, or oo if H shatters arbitrarily large sets.
This is a standard measure of complexity for classes of binary classifiers. We also consider the VC
dimension of dual classes, defined as follows.

Definition 3 (Dual class) Ler H C { j:l}X . We define dual of H as
H* == {hy: H — {1} given by hy(h) = h(z) |h € H, z € X}.

The dual VC dimension of ‘H is defined as VC(H").
Given T' € Nand F C RY, we let F(T) be the class of T-wise averages of F. That is,

F) — {1{ Z ft

te(T]

fre Fforallt e [T]}

Let D € A(X x {£1}). For h € {+1}* we define

errp(h) = (m’BND [h(z) # y] and corp(h) = (ngD [h(z) - y].

For A > 0 and g € R¥, we define the A\-margin loss of a g with respect to D as

LD (g) = “ ?}P;Np[y ~g(z) < A,

with the shorthand L£p(g) = £%(g). Note that errp(sign(g)) = Lp(sign(g)). For a sequence
S € (X x {£1})*, we slightly abuse the notation and write errg( - ), corg( - ), and £3( - ) in place
of errUniforn’l(f)‘)( ’ )’ CorUniform(S)( ’ )7 and E{\Jniform(s)( ’ )’ respectively.

Finally, given D € A(X x {£1}) and finite H C RY, we let arg min .o, Lp(h) :== {h* € H |
Lp(h*) = minpey Lp(h)}.
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4. Algorithm and Overview of Analysis

In this section, we present our algorithm and discuss the ideas behind its formal guarantees. We
sketch the proof of Theorem 2, deferring the rigorous demonstration to Section A. For simplicity,
we assume 7 to be even and, in this section, we omit most logarithmic factors.

Algorithm 1: Agnostic Boosting Algorithm

Input : Training sequence S = ((:nl, Y1)y -y (Tn, yn)), failure probability d, agnostic weak
learner W, its failure probability dg, sample complexity mg, margin parameter
0 = (70 — €0)/2, and dual VC dimension d* of the base class underlying WV

R+ (lnagn)w // Number of rounds
Number of hypotheses per round

o o [ /

T [min{R, 2602%}W // Number of hypotheses in combination

S1 + ((ml,yl), ceey ($n/27yn/2)) // First half of training sequence

So ((xn/2+1,yn/2+1), ce (xn,yn)) // Second half of training sequence

for r <+ 1to Rdo

B, 0

for I € [n/2]™0 do
for m < 1to M do
br,m,[ ~U // Sample random seed
h'r’,m,[ < W(Sl‘]a b'r,m,[)
B, «+ B.U {hr,m,l}
B« ULX B,
// Return a minimizer of Lg, among all sign of averages of T hypotheses in B

return Classifier v € argmin { L, (h) | b € sign(B7))}

Given data sequence S ~ D", Algorithm 1 starts by splitting the training data into two equal
parts S and S5 (so, throughout the paper, we assume that n is even). This reflects the two-phase
nature of the algorithm: first, it generates a diverse set of hypotheses by invoking the weak learner on
various subsamples of S7; second, it identifies the best combination of these hypotheses according
to their performance on So, which serves as a validation set.

More precisely, we show that the set of hypotheses generated in the first phase is such that, with
high probability, there exists a combination of 1" of these hypotheses that achieves a near-optimal
error, where by “combination” we mean the sign of the average of the 1" hypotheses. To see this,
let f* be a near-optimal hypothesis in 7, meaning that Lp(f*) < err* + 1/n. Letting Dy be the
conditional distribution of D given that f*(x) = y, the law of total probability implies that we can
decompose the loss of any v: X' — {£1} as follows:

Lo(v) < Lo(f) + Lo, () P [F(x) =]

1
<err* + = - P (x) =
<err* + - + Lp,. (v) (m,y)ND[f (x) =y,

where the last inequality follows from the choice of f*. Thus, if we can find vy € sign(f)’(T))
such that Lp . (vg) Pz g)~p[f*(z) = y] = O(d'/n), where d' = VC(sign(H1))) = O(dT)
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(Lemma 9), we can conclude that

Lp(vg) < err™ + O~<d/> 4)

n

For comparison, Theorem 2 states that the output v of Algorithm 1 satisfies that

)

~ * ., A !
ﬁp(v)gerr*—FO( o d+d).

n n

To bridge the gap between the last two inequalities, we first employ a uniform convergence argument
(Lemma 5) over sign(H (™)) to establish that

Lp(v) zﬁsg(v)—i-O( Wﬂl/).

n n
Moreover, as v is the empirical risk minimizer on Ss over sign(B(T)), which contains vg,

Ls,(v) < Ls,(vg)-

Next, a Bernstein deviation bound (Lemma 6) implies that

L ! !
D(vg)d i d>.
n

n

Lsv0) = Lo(us) + O

Finally, since v, is close to optimal (Eq. (4)), we have that

Lp(vg) = err™ + O( Lol)d + dl).

n n

Chaining these inequalities yields Eq. (5), our goal.

Altogether, the above reduces the problem to showing the existence of v, € sign(B (T)) such that
Lp,.(v) Pz yyplf*(x) = y] is of order O(d' /n). Since this is immediate if Pz y)~plf*(x) =
y] < O(In(1/6)/n), we assume otherwise and proceed to show the existence of v, € sign(B(1))
such that Lp,. (vg) = O(d'/(nP(g4)~p[f*(x) = y])). To do so, we start by proving that the set of
hypotheses 3 is sufficiently rich to simulate the behavior of AdaBoost* running on input sequence
S¢ = {(x,y) € 81| f*(x) = y}. The goal is to exploit the fact that, in the realizable setting,
running AdaBoost for sufficiently many rounds yields a classifier with large margins on the training
data. More concretely, this would allow us to construct a classifier that achieves zero (#/2)-margin
loss on Sy« with @ = (yo — €0)/2. That is, as long as we can simulate the realizable setting by
providing AdaBoost with hypotheses with advantage 8 each time it calls the weak learner, it will
produce a classifier v,q, such that Les/f 2* (Vada) = 0.

We argue that we can indeed find a suitable hypothesis in B for each call to the weak learner by
noticing that, since f* € F, the agnostic weak learning guarantee ensures that for any D' € A(S+)

4. More accurately, since we consider the average of hypotheses, we employ a variation of AdaBoost that outputs a
uniformly weighted majority of weak hypotheses (cf. Algorithm 2). This is in contrast with the standard weighted
majority voting of AdaBoost.
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we have that Pg,prmg p[corp (W(S, b)) > ~y9—eo] > 1—0do, or, using that corpr (h) = 1-2 L/ (h)
for h € {£1}%, that

P Lp S.b) <1/2-0]>1-— 6.
S~D’m0,b[ p(W(S,b)) <1/2-6] > 0

Since b and S are independent, this also implies that for any D’ € A(Sy+) there exists a subsample
5" € 8% such that

Ig’[errp/(W(S/, b)) <1/2—0] > 1—do.

Moreover, as S}n*o - S{”O and Line 8 ranges over all S{no, some iteration of Line 11 will consider
S’. Finally, we amplify this probability by calling the weak learner M = ©(In(R/d)/In(1/dg))
times on each subsample of size mg, ensuring a high probability that we can successfully run
AdaBoost on Sy« for R rounds while simulating the realizable case by using hypotheses from
B.

The argument so far shows that if we were to set T = R and explore all hypotheses in
sign(B™)), we would likely find a good classifier v,4, With zero (6/2)-margin loss on S+. How-
ever, the size of sign(B(7)) is exponential in T', and R can be as large as O(In(n)/6?). This is
why we argued for v,q, having zero (0/2)-margin loss when simply having zero loss (0-margin)
would suffice to obtain Eq. (5). We leverage the extra margin to show that v,q, can be “pruned”
down to a combination of R* = O(d*/6?) hypotheses from B and still obtain zero loss on S £
where d* is the dual VC dimension of B. Thus, there exists Upruned € sign(BF)) such that
L5 . (Vpruned) = 0. Accordingly, we set 7' = [min{R*, R}| = O(min{d*,ln(n)}/@Q) to en-
sure that, with high probability, sign(B(7)) contains a hypothesis vg such that Lg,. (vg) = 0, be it

Sign(vpruned) or sigh(Vada)-

From here, as we are considering the case where ]P)(w’y),\/D[ f(x) = y] ( n(1/6 )
Chernoff bound implies that, with high probability, |Sy«| = ©(nP ,)p[f* ( ) =y]). Fmally,
applying a realizable uniform convergence bound on sign(#(?)) yields that £p s+ (Ug) is of order

O(d'/(nP g y)~plf*(z) = y])). concluding the proof.

5. Conclusion

In this work, we presented an agnostic boosting algorithm that achieves near-optimal sample com-
plexity and a running time polynomial in the sample size, when the other parameters of the problem
are considered fixed. Namely, we show that the running time of Algorithm 1 is polynomial in the
sample size. An interesting question is whether there exists a statistically optimal (up to logarithmic
factors) algorithm whose running time is fully polynomial in all parameters.
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OPTIMAL AGNOSTIC BOOSTING WITH IMPROVED TIME

Theorem 4 Given 7,c0,00 € (0,1), mg € N, and H,F C {£1}¥, let = (70 — £0)/2, let d
be the VC dimension of H and d* its dual VC dimension, and let VW be a (7o, 0, 09, mg) agnostic
weak learner for F with base class H. Then, for any § € (0,1), n € N, and distribution D over
X x {£1}, given S ~ D", Algorithm 1, when executed on input (S, 5, W, oy, mg, 0, d*), returns,
with probability at least 1 — § over S and the randomness of W, a classifier v: X — {£1} such
that

d' () +in(3) oo dIn(SE) +4in(3)

n n

errp(v) < err® + 10\/err* :

where ert* = infrer Lp(f), and d' = 4TdIn(4eT), with T = [min{ln(n)/6%, 260%(4d* +
2)/6%}).

Moreover, whenever the above bound is not vacuous, i.e., for n = Q(max{dT, In(1/6)}),
Algorithm 1 invokes W at most O(n™0"3) times, and the running time of Algorithm 1 is at most

EV&l’H(l) . 77/0(7110~111in{d"‘7 1n(n)}/92)7
where Evaly (1) is the time it takes to evaluate a single hypothesis from H on a single point.

The proof leverages a few known lemmas. Some of the statements differ slightly from the
original, so, for completeness, we provide proofs for these in the Appendix C.

The first lemma is a uniform error bound on a hypothesis class with bounded VC dimension,
which also encompasses the empirical loss for each hypothesis. This lemma follows from Maurer
and Pontil (2009, Theorem 6) by using the fact that an {..-cover of the hypothesis class for any
precision over n points has size at most (en/d)?, by the Sauer-Shelah lemma.

Lemma 5 (Corollary of Maurer and Pontil (2009, Theorem 6)) Lern € N, § € (0,1), and D €
A(X x {£1}), and let H C {£1}* have VC dimension d. Then, it holds with probability at least
1 — 8 over S ~ D™ that for all h € H,

Lo(h) < Ls(h) + \/18 £s(h)(dLn(20en/d) + n(1/9)) N 15(d Ln(20en/d) —l—ln(l/é))‘

n n

The next lemma is a version of the previous one that holds only for a single fixed hypothesis,
but yields better concentration.

Lemma 6 (Shalev-Shwartz and Ben-David (2014), Lemma B.10) Letn € N, § € (0,1), and
D € A(X x {£1}). Then, it holds for any fixed g: X — {£1} that with probability at least 1 — &
over S ~ D",

2Lp(9) In(1/3) , 21n(1/6)

3n n

Ls(g) < Lp(g) + \/

Next, we provide guarantees on Algorithm 2, which is a version of AdaBoost that aggregates
hypotheses via simple averaging (equal weighting). This is in contrast with classical AdaBoost,
which weights hypotheses according to their empirical error. Also, notice that Algorithm 2 is not
called by Algorithm 1. Hence, it does not actually run and serves only as a theoretical device for the
analysis.

Our next lemma states that if Line 5 always outputs a weak classifier with 6-margin, then the
final classifier also has margin of order ©(#) on the whole input dataset.
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Algorithm 2: Boosting Algorithm

Input : Training sequence S = ((@1,41), ..., (¥n,yn)) and edge parameter 6.
1 R> [111(21”&)/92—‘ // Number of rounds
2 Dy + (1/n, l/n, cee 1/77,) S [0, 1]” // Initial distribution (uniform)
3 a4 %hl(}gi—z) // Weighting factor
4 forr < 1to Rdo
5 Receive a hypothesis h,: X — {£1} suchthat Lp_(h,) < 1/2 -0
6 Ly Z?:1 Dr,i : eXP(_ayihr(ﬂfi)) // Normalization factor
7 Dyi1i 4 Dy - exp(—ayz-h,«(xi))/Zr fori=1,...,n // New distribution
8 return Voting classifier - SE by

Lemma7 Letn € Nand6 € (0,1/2). In the execution of Algorithm 2 on inputs S € (X x{£1})"
and 0, if Line 5 succeeds each time, then for any integer R > [In(2n)/62], we have that the output

classifier h = Zf‘:l hr/ R satisfies that Lg/ 2(h) =0.

The next lemma asserts about voting classifiers composed of hypotheses from a class with
bounded dual VC dimension. It states that if such a classifier has large margins on a set of examples,
then it can be pruned down to a classifier that is correct on those examples, where, crucially, the
number of hypotheses in this pruned voting classifier is independent of the number of points in the
training sequence.

Lemma8 Letrn € N, 0 > 0, and S = ((ml,yl),...,(xn,yn)), and given H C {£1}* with
dual VC dimension d*, let v = Y, 4 aph with ), 5 ap = 1and oy, > 0 for all h € H. If
v(z)y > 0 for all (x,y) € S, then for L = [130%(4d* + 2)/60%), there exists h1, ..., h € H such
that v = %Zle hi satisfies that ©(x)y > 0 for all (x,y) € S, and o, > 0 for i € [L].

Above, having every «y, strictly positive ensures that ¥ is a “pruning” of v, consisting of hy-
potheses present in the convex combination associated with v.

Lastly, the next lemma states that if a class 4 has VC dimension d, then the class of T-wise
averages of hypotheses from  has VC dimension at most O(7'd log(T")).

Lemma9 Let H C {£1}*, and T € N. If H has VC dimension d, then the class sign(H(T)) =
{sign(g) | g = % ST hiwith by, ... hy € H} has VC dimension at most ATd In(4eT).

With the lemmas in place, we now prove Theorem 2.
Proof [of Theorem 2] We first analyze the computational complexity of the algorithm, then its
sample complexity.

Computational Complexity Analysis: The weak learner is called R - M - (n/2)™0 times within
the three “for’ loops (starting at Line 6 and ending at 12). Since R = O(In(n)/6?), and

_ ln(ln(n)/(592))
=o(* i)
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the number of calls to the weak learner is at most

; <1n<n> o 1n(1n<n>/<602>)>
In(1/80)62 '

Furthermore, the search over B() in Line 14 is over at most |B|” = (R - (n/2)™ - M)T combi-
nations. For each of these, the empirical loss is calculated, which takes O(nT) - Evaly (1) time,
as Evaly/(1) is the time needed to evaluate a single hypothesis from # on a single point. As
T = O(min{d*, In(n)}/6?), this overall step requires at most time

n(n) - n™ - 1n(In(n 2 O(min{d*, In(n)}/62)
O(nT) - Evaly(1) - <1 (n) 1n<11/5(01) ()29 ))) |

When n = Q(max{dT, In(1/0)}) (the non-vacuous regime of Theorem 4), we have that R -
M = O(n?In(n)) = o(n*'). Thus, the R - M - (n/2)™ calls to the weak learner amount to at
most

O(nmt21),

and the computational cost of finding the best combination of hypotheses is at most

Evaly (1) - n/o-Otmin{d",In(n)}/6%)

Generalization Error Analysis: To shorten the notation, we let I'(n) = d’ Ln(10en/d’), where
d' = VC(sign(H™)).

We will consider the execution of Algorithm 1 on input as per the statement of Theorem 4, so let
A(S) = A(S, 5, W, dy, mg, 8, d*) denote the associated output classifier. Moreover, let S; and S,
be the first and second halves of S ~ D", respectively, and let b = {b,.,, 1 | r € [R],m € [M],] €
[n/2]™0} be the randomness associated with the weak learner.

Let F; be the event over S; and b that sign(B(T)) contains a classifier with low population loss.
Precisely, we let

E, = { min  Lp(v) <err* + 61((n) +In(5/9)) }

vesign(B(T)) n

Let F> be the event over S1, .S and b that there exists v € argmin esign(BT)) Lp(v) whose
empirical loss over S (validation loss) is not much higher than its population loss. Precisely, we let

4Lp(v) In(5/5)  41n(5/9) }

Ey = {va € argmin ﬁp(v) : ESQ (Ug> < ['D(vg) + \/ 3n n

vesign(B(T))

Lastly, given v € sign(H(T)), let E3 ,, be the event over S5 that population loss of v is not much
higher than its validation loss:

Fyo = Lo(v) < Ls,(v) + \/36652(0)@(“) +1n(5/9)) . 30(T'(n) + In(5/4)) ;

n n
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and we let E3 be the simultaneous event for all classifiers in sign(#(7)). That is, we let
Es= () Esu.
vEsign(H (1))

We first argue that if F/1, Fo, and E3 occur simultaneously, then

err*(T'(n) + 1n(5/6)) N 182I‘(n) +41In(5/0)

n n

Lp(A(S)) < err* + 10\/

so the generalization error bound in Theorem 4 readily follows from Lemma 9 and the monotonic
decrease of Ln(z)/x = In(max{z, e})/x for z > 0. After that, we finish the proof by showing that
those three events occur simultaneously with probability at least 1 — 4.

Towards this goal, we start by noting that under E, the fact that A(S') belongs to sign(B(T)) -
sign(H(™)) implies that

Lp(A(S)) < Ls, (A(S)) + \/36552(./4(5))(1“(72)—|—1n(5/5))+30(I‘(n)+ln(5/6)). ©

n n

Furthermore, since .A(.S) is a minimizer of Lg, over sign(B(")) (cf. Line 14), it holds that
Ls,(A(S)) < Ls,(v) forallv € sign(BM).

In particular, this holds for v, € arg minUeSign(B(T) ) Lp(v) as in the definition of Ey. Applying
this to Eq. (6), we obtain that

Lo(A(S)) < Ls, (vg) + \/ 36 Ls, (ve) (T(n) +1n(5/6))  30(T(n) + n(5/9)) -

n n

For the radicand in this expression, the bound on Lg,(vy) under E, implies that Lg,(vg) <
2(Lp(vg) +41n(5/0)/n), so

36 L, (vg) (I'(n) + In(5/6)) - 72(Lp(vg) +4In(5/8)/n) (T (n) + In(5/6))
_ T2Lp(ve)((n) +In(5/9))  72(T'(n) + 41n(5/6))*
> n + TL2 :

Applying this to Eq. (7) and using that v/a + b < \/a + /b for a, b > 0 yields that

Lo (AS)) §£52(Ug)+\/72£D(Ug)(F(;l)+ln(5/5)) . (\/7>2+30)(F(:)+41n(5/(5))

< Lop(vg) + <\/§ + W?) \/ Eo(tg (T(n) + In(5/%))

n

N (V72 + 34)(T(n) + 41n(5/6))

n

Lo(vg) (Dn) +1n(5/6) | T(n) +41n(5/0)

n n

< ﬁp(vg) + 10\/
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where the second inequality holds since choosing v, as in E5 implies that Lg, (vs) < Lp(vg) +
V4 Lp(vg) In(5/8)/(3n) + 41n(5/8) /n.

Lastly, under E, the fact that vg belongs to argmin , ¢y, sr)) £p(v) implies that Lp(vg) <
err* +61(I'(n) + In(5/6)) /n. Applying this and that va +b < /a+ Vb for a,b > 0 to the above
yields that

err*(T'(n) +1n(5/6)) (10 VBT 4 61+ 42) ['(n) +41In(5/6)

Lp(A(S)) <err™ + 10\/

)
n

e 410 \/ e (L(m) +10(5/9)) | |, (D(n) +41n(5/9))

as desired.

Thus, it only remains to prove that 'y, F5, and E3 happen simultaneously with probability at
least 1 — §. This follows from a union bound after we show that F'; happens with probability at least
1 —36/5, and E9 and E3 each happen with probability at least 1 — 6/5.

Showing that F/; happens with high probability: Recall that we let

Ey = { min  Lp(v) < err* + 61(I'(n) +ln(5/6))}

vesign(B(T)) n

be an event over S and b. We claim that £ happens with probability at least 1 — 30/5.

To this end, we set some definitions. Let f* be a function in F such that Lp(f*) < err* 4+ 1/n.
Let Sy = {(x,y) € S1|y = f*(x)} be the subset of examples in S; labeled according to
f*. Let Dy« € A(X x {£1}) be the distribution obtained from D by conditioning on the label
being given by f*. That is, for any event A C X' x {£1}, we have Dy« (A) = P 4)p[d,y =
[ (®)]/ Pzy)~ply = f*(x)]. This makes so that observations in Sy« are distributed according to
Dje.

We first notice that for any function g: X — {1}, we have that

Lp(g) = (m,gw Hlo@) # (by definition of L)
=2l Zylf (@) #y] P f (@) #y]

+ P lo(x) #y | f(x) =y] P [f*(x) = y] (by law of total probability)

<Lo(f)+ Plg(@) #y | (@) =y] P [/*() = y] @sP[-]<1)

< e + % +Lo,.(9) B [[*(@) = y]. (by definitions of Lp and D;-)

Thus, if we can argue that there exists v € sign(BT)) such that LD, (V) Plgg)~plf*(z) = y]isat
most 60(I'(n) + In(5/6))/n, then we are done.

Letp = P ) plf*(x) = y]. If p < 161n(5/5) /n, then the bound in E7 holds for any g since
Lp,.(g) < 1. We thus assume from now on that p > 161In(5/0)/n. Let N = |Sy«| and let

B {2
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be an event over Sj.
Furthermore, given v € sign(H(7)), let

Eiaw =1 Lp,.(v) < Ls,. (v) + \/ 18 Ls, (v)(F(J2VN ) +1In(5/9)) 15(F(2N;\—; In(5/5))

be an event over St; and let £1 o be the simultaneous event for all classifiers in sign(?—[(T)). That
is, let
vEsign(H ™))
Finally, let
Ei 3= {Elv e sign(BM) : Ls,.(v) = 0}
be an event over S7 and b.

If £y 1, Eh 2, B 3 occur simultaneously, then for any v € sign(B(T)) with Lg 1 (v) = 0 (whose
existence follows from Fj 3), it holds that

Lp,.(v)-p
Moo+ \/ 18 Ls,. (v)(r(lzvN) +1n(3/0)) 15(r(2N)N+ LICTEN IR
_ 15(F(2N)N+ In(5/9)) (as Ls,. (v) = 0)
- 60(d’ Ln(5epn/d') + n(5/6)) (8)
_ 60( Ln(106n7d’) +1n(5/9)) (as p < 1 and Ln(z) is non-decreasing)
_ 60(I(n) Z ln(g/é)), (as T(n) = ' Ln(10en/d’))

where Eq. (8) follows from E , the fact that I'(2IN) = d'Ln(20eN/d’), and the decrease of
Ln(z)/x for x > 0. As noted above, this suffices to establish Fj.

Thus, if we can show that each event F 1, F 2, and E1 3 happens with probability at least 1 —
d/5 over S1, b, it then follows from a union bound that they happen simultaneously with probability
at least 1 — 30/5, as desired.

For E; 1, since E[|N|] = pn/2, it follows by a multiplicative Chernoff bound that

i [N > @] > 1 — exp(—pn/16)
51ND"/2 4

>1-46/5. (as we consider the case p > 161n(5/d)/n)

18
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For F/ 2, by the law of total probability,

n/2
P |Eis| > P [N=N P |E N =N
51~Dn/2[ 12] > ]V§::151~D"/2[ ]San [F12 | ]
n/2
= [N=N] P [Ei2|N=N] (bythedef. of N and Dy-)
Sl~D"/2 Sf*ND]fY*
n/2 5
> [N = N] (1 — > (by Lemma 5)
S1NDn/2 )
- é.
)

The result for E 3 is less immediate. Let S be a realization of S;, and let A,q, denote
AdaBoost with equal weighting of the hypotheses (Algorithm 2). We will show that with probabil-
ity at least 1 — &/5 over b, we can, for R rounds, simulate running .A,4, on the training sequence
S+, using hypotheses from B = UR_B,. This implies, by Lemmas 7 and 8, that sign(B(T))
contains a hypothesis with zero loss on S+, as desired.

To show this, note that as f* € F, for any D’ € A(Sy+) it holds that sup sc z corp/ (f) = 1.
So, from the weak learner guarantee,

— < ’ ''b > 3 ’ —
Lo o R g leor V(8! ) 2 g0 sup corpi(f) = <ol
= S]lP’b,[corD/(W(S/, b)) > v — &0

- ngb,[,cp, W(S", b)) <1/2 — (70 — €0)/2],

where the last equality holds since Lp/(f) = (1 — corpr(f))/2 forany f: X — {£1}. Thus, in
the case where D’ is realizable by f* we recover the realizable boosting guarantee with advantage
0 :== (v — €0)/2. Moreover, by independence of S’ and b/,

P Lo(W(S', b)) <1/2—-0] = P[Lp (W(S', b)) <1/2 — s =9
5By EP VS ) S 1201 = 37 BlLn(W(S'8)) < 1/2- 6 IS = 5]
S'eS f*o
Applying this to the previous inequality, we obtain that for any D’ over Sy there exists a deter-
ministic training sequence .S” in the set of all possible training sequence of size mg over S+, such
that
b/Pu[ﬁp,(W(S’, b)) <1/2—-0]>1— .

We will use this observation to simulate the execution of A4, on Sy~ using hypotheses from
B. We do so by, at each round r € [R], at Line 5, letting A,q, receive h € argmin .z Lp, (h),
where D, € A(Sy+) is the distribution obtained at the end of round 7 — 1. For i € [R], let

E;:{mmcp( )§1/2—0}

heB
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and
R
— ﬂ E!
i=1

be events over S; and b. That is, £ ensures that B is sufficient to simulate A,q, using weak
hypotheses with advantage §. By Lemma 7 with 6 (which is valid since 6 = (v — €9)/2 <
1/2) and R = [In(n)/6%] > [In(2|Ss+|)/6?], the resulting output v,g, of A.q4a belongs to
BW) and satisfies that Lg 6/2 . (Vada) = 0. Thus, by Lemma 8, there exists v € BT with T =

[min{ln(n)/6?, 2602(4d* +2)/6%}] such that L., (v) = 0, which implies E; 3. Hence, to show
E; 3 happens with probability at least 1 — ¢/5, it suffices to show that E’ happens with this proba-
bility.

We have that

#1- el

We now show that for each i € [R],

i—1
N E;.] > 1-6/(5R), ©)

P [E
b |
J=1

whereby we get that Pp[E’] > (1 — §/(5R)), which, by Bernoulli’s inequality, is at least 1 — §/5.

Fix i € [R]. To show Eq. (9), we notice that ﬂz ! E’; depends only on the random distributions
Dy, ..., D; 1, whichare a function of the random Varlables by mforr € [i—1],1 € [n/2]",m €
[M]. Furthermore, these are independent of the b; 1 ,,,’s for any I € [n/2]™° and m € [M] used to
construct 13;. Moreover, by Line 7, D; also depends only on by, 1 ., forr € [i—1],I € [n/2]™°,m €
[M]. Thus, considering realizations by, ,, for r € [i — 1], 1 € [n/2]g",m € [M], under (;_; ! £
we have that D; is fixed (and supported on S« as the initial distribution of Algorithm 2 is umform
over S+ and the update rule in Lines 6 to 7 preserves this), thus by the above argument there exists
a training sequence " € S7.° such that

P[Ly (W(S',8)) < 1/2 0] > 1 - do;

and for some I" € [n/2]™° it holds that Sy[;» = S’. Therefore, as {S”, b; 1/, }me[ar) are indepen-
dent, with probability at least 1 — 5} it holds that {W(S', b;, I';m) yme[m) contains a hypothesis A
such that Lp, (h) < 1/2— 0, implying that Py[E]| ('_} E] > 1— 6}, whichis at least 1—§/(5R)
since M = [In(5R/0)/In(1/do)], concluding the proof of the claim that E; occurs with probability
atleast 1 — 30/5.

Showing that > happens with high probability: Recall that we let
\/4 Lp(vg) In(5/0) , 4In(5/9) }

B, = {Evg € argmin Lp(v) : Lg,(vg) < Lp(vg) + n o

vEsign(B(T))

be an event over S, S5, and b.
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For any realizations b of b and S of S, the set of hypotheses B is fixed. Thus, for any fixed
Ug € argmin ,cgo,pr)y Lo(v), it follows by Sy ~ D™? and Lemma 6 that with probability at
least 1 — ¢/5 over Sy it holds that

L0 < Lolog) + | LER0IO/0) | A(5/0)

3n n

So, by independence of Si, b, and S5,

S51,S2,b S1,b| S2
1= 4/5,

P [E)= E [P[EQ]]

v

as claimed.

Showing that F/5 happens with high probability: Recall that we let

Es = m Es.,
vesign(H(T)

36 Lg,(v)(I'(n) +1n(5/6 30(I'(n) + In(5/6
By cD@)gch(v)w () (L) +In(5/9))  30(L(n) +In(5/5)
n n
be an event over Ss.
So, Ej3 is a uniform convergence bound over the class sign(’H(T)) on the sample Ss. It follows
directly from Lemma 5 that this event happens with probability at least 1 — §/5. |

Appendix B. Auxiliary results

For convenience, we provide the full statement of the lower bound of da Cunha et al. (2025) on the
sample complexity of agnostic boosting.

Theorem 10 (da Cunha et al. (2025, Theorem 1.2)) There exist universal positive constants C1,
Cy, Cs, and Cy for which the following holds. Given any L € (0,1/2), vo,€0,00 € (0,1], and
integer d > C11In(1/73), for mg = [CadIn(1/(8073))/€d]| there exist domain X, and classes
F.HC {:l:l}X , with VC(H) < d, such that there exists a (o, €0, 0o, Mo) agnostic weak learner
for F with base class H and, yet, the following also holds. For any learning algorithm A: (X X
{£1})* — {1} there exists a distribution D over X x {1} such that err* = inf jc r errp(f) =

L and for sample size m > CS«/QLLﬁ we have with probability at least 1/50 over S ~ D™
0
that
(A(S) > err* 4 [Chemr - - ©
errp > err err* - —————,
gmIn(2/70)
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Furthermore, for all € € (0, \@/2] 0 € (0,1), and any learning algorithm A, there exists a data
distribution D such that if m < In(1/(46))/(2¢?), then with probability at least § over S ~ D™ we
have that

errp(A(S)) > err* + ¢,

and for any € € (0,/2/16), and any learning algorithm A: (X x {£1})* — {£1}?* there exists
a data distribution D such that if m < then with probability at least 1/8 over
S ~ D™ we have that

d
204875 log, (2/75)e?’

errp(A(S)) > err” +e.

Appendix C. Deferred proofs

In this section, we provide the proofs of the lemmas used to prove Theorem 2.
Proof [of Lemma 7] Let S = ((ml, Y1)y -y (Tny yn)) be the input data to Algorithm 2.
First, we note that

9/2< Ej: >: ND1_ ER: y<9/2]

[ R
= P Z ayh,(x) < §Ra/2
Lr=1

(wvy)NDl
R
< E exp| ORo/2 — ayh,(x
S o p( / ; y ())]

= eXp(GRoz/Q) E
z,y)~D1

o)

where the first equality uses that D; is the uniform distribution over S (by Line 2), and the inequality
follows from Markov’s inequality, i.e., 1;,<p} = L{o<p—a} < exp(b—a). The expectation term can
be rewritten as:

(Scy

n R
exp( Zah )] = ZDM exp (Zahr(azi)yi>
i=1 r=1
n R
=7 Z Dy ;exp (- Z ahr(wi)yi>
r=2

=1
R
=112
r=1

where the first equality is by the definition of expectation, the second equality is by the definition of
D, 1, = D, jexp(—ay;h,(x;))/Z, in Line 7 and the last equality is by iterating the argument and
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Dpry1 being a probability distribution. Thus, we have that

R
9/2< Zh > < exp( HRa/Q)H
r=1

We will show that [[, Z, < exp(RIn(2,/(1/2 — 0)(1/2 + 6))), which combined with o =
$In((1/2+6)/(1/2 — 0)) = In(\/(1/2 + 6)/(1/2 — 0)) implies that

R o)
c@p(;Zm) Sexp<mn<<1gfz> 4) +Rln<2\/(1/2—0)(1/2—|—0))>

= exp (R ln(2(1/2 + 9)1/2—4—9/4(1/2 _ 9)1/2—6/4))

We will furthermore show that In(2(1/2 4 6)1/2+0/4(1/2 — 9)1/2-9/4) < In(1 — 6%) < —6? (where
the last inequality is by In(1 + x) < z for x > —1), which by the above and R = [In(2n)/6?]
we get that 59/ 2( SR b)) < 5, which yields L’e/ 2( S k) = 0 and would conclude the
proof. We now show the two remaining claims. To thls end, we note that

Z, = Z D, j exp(—ay;hy(z;))

j=1
= Y. Dryjexp(—a)+ Y Dpjexp(a)
ha (5)=y; (%‘)#yj

= exp(—a) + (exp(a) —exp(—a)) > Dy,

hr(ffj)#yg
< exp(—a) + (exp(a) — exp(—a))(1/2 — 0),

where in the inequality we have used that & > 0, so exp(«) — exp(—a) > 0, and that the error of
h, under D, is at most 1/2 — . Furthermore, since v = In(+/(1/2 + 0)/(1/2 — 6)), we have the
following calculation:

exp(—a) + (exp(e) — exp(—a))(1/2 - 0)
it (e fia)on-o
(s (5 ) )
= V(1/2-0)(1/2+0) ( 1?;;2))

20
=V(1/2-6) 1/2+‘9<1/2+9 1/2+9>
=2V/(1/2-0)(1/2+0),
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which implies that Z, < exp(In(2+/(1/2 — 0)(1/2 + 6))), and that

R
H Zy < exp(Rln(Q\/(l/Z —0)(1/2 + 0))),
r=1
as claimed. For the claim In(2(1/2 + 6)Y/2%0/4(1/2 — §)1/2-9/%) < In(1 — #2) we show that
for 2 € [0,1/2) it holds that f(z) = In(2(1/2 + 2)Y/?+2/4(1/2 — 2)Y/2=2/%) —In(1 — 2?) is
non-positive. To this end, we note that the first derivative f’(x) is

In(1+2) —In(3 —z) — 522 In(% + 2) + 52°In(} — 2)
1624 — 2022 + 4
4z ln(% + a:) — 424 ln(% — JJ) — 2023 — 4z
+ 1624 — 2022 + 4 ’

and the second derivative is

1626 + 462* — 2622

" .
Fiz) = 1628 — 4026 + 3324 — 1022 + 1°

We notice that for z € [0, 1/2) we have that f”(z) < 0, implying that f(z) is non-increasing. Since
17(0) = 0, we get that f'(x) < 0 for all € [0,1/2), which implies that f(z) is non-increasing on
[0,1/2) and thus f(z) < f(0) =0 forall z € [0,1/2), as claimed. [

Proof [of Lemma 9] Let 7" be any natural number larger than 1. Let {x1,..., 24} be any point
set consisting of d’ > d points, where d = VC(#H). By the Sauer-Shelah lemma, the class H can
produce at most (ed’ /d)? different labelings of {x1, ...,z }. This implies that %(7) can produce
at most (ed’/d)?" different outputs on {z1,...,z4}. This, in turn, means that sign(#(*)) can
produce at most (ed’/d)" different labelings of {1, ..., x4} (we recall that we set sign(0) = 1).
Now, let {x1,..., x4} be a point set of maximal size shattered by sign(H")). If d < d, we
are done, so assume d’ > d. By the above observations, 2¢ , the number of different labelings of
{x1,..., 24}, must be at most (ed’/d)%". Taking the natural logarithm of both sides,

In(2) < dln(ed' /d)

d'In(2) < dTIn(ed'/d) <= o7 S —

. (10)

We will now argue that this can only hold if d’ < 4T'd In(4eT’), which will conclude the proof. To
this end we remark that In(z)/x is decreasing for x > e (has derivative (1 — In(z))/2?). Using
x = ed'/d > e by the assumption d’ > d, we get that for zz > 4eT In(4eT),

In(xz) _ In(4eT In(4eT))
x —  4eTIn(4eT)
In((4eT)?)
4eT In(4eT)
1
" 2eT
In(2)
ST
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where we have used in the first inequality that In(xz)/z is decreasing for x > e and in the second
inequality that In(4eT") < 4€T and that In is strictly increasing. Thus, we conclude from this and
Eq. (10) that it cannot be the case that ed’/d > 4eT In(4eT') implying that d' < 4TdIn(4eT) as
claimed. |

In the proof of Lemma 8 we will use the following uniform convergence result, which for
instance can be found in Shalev-Shwartz and Ben-David (2014, Theorem 6.8).

Lemma 11 Forany 0 < 6 < 1 and any hypothesis class H of VC dimension d and any distribution
D over X x {+£1}, it holds that with probability at least 1 — & over the choice of a training sequence
S ~ D" it holds that for all h € H

| Lo(h) — Ls(h)| §62\/2d—|—1 +\/21n(l/5)‘

n n

Proof [of Lemma 8] We recall that for a hypothesis class H C {41}, the dual VC dimension
is the largest integer d* such that there exist A1, ..., hgs for which, given any y € {£1}9", there
exists an x € X such that (hi(x),...,hg«(z)) = y. We remark that if for each x € X we define
pz(h) = h(z) as a mapping from H to {£1} and consider the class Py = {p,}rex, then the
dual VC dimension of H is equal to VC(Py). We define P_ = —P; = {—ps}zex. Since the
VC dimension is invariant under negation of all hypotheses, and the VC dimension of the union of
two classes is at most the sum of their VC dimensions plus one, we have that VC(P_ U Py) <
2VC(Py) + 1. Thus, if for (z,y) € X x {£1} we let p(,,)(h) = yh(z), then the class P =
{P@y) | (v,y) € X x {£1}} = P_ U Py has VC dimension at most 2d* + 1.

By the assumptions in the lemma, {ay, } ey is a probability distribution over H. We can extend
this to a probability distribution D, over H x {£1} which, with probability «y, outputs (h, 1). By
Lemma 11 (with hypothesis class P C ‘H — {1} and distribution D,, over H x {£1}), we know
that for L = [130%(4d* + 2)/6°] > 622(4d* + 2)/(480/100)2, a set of L i.i.d. drawn hypotheses
(h,, 1) from D, satisfies with probability at least 1/2 that for all (z,y) € X x {£1}:

4 In(2
86 1+ n(2)
100 62
199

100°

(h,lgF:/Da |:1{p(r y) #1}i| Z {p(;v y)(h?“ 7&1}

<
As this event occurs with positive probability, there must exist realization (hy, 1),..., (hg,1) for
which the above holds. Let us consider such a realization. We note that each h; must have ay,, > 0.

Furthermore, since 1y, (n)£1} = % — %p(Ly)(h), the inequality implies:

499
- 100

(h,I]FNDQ l zy) (R Zp(x,y

Finally, by definition, E, 1)~Da[ ( M) = Enyep,[h(@)y] = D ey anh(z)y = v(z)y,
and 7 ZT 1 P(ay)(hr) = L ZT 1 hr(x)y. Thus, in the case that (z,y) € S where we have that

x)y > 0, it follows that 1 L: h-(z)y > 6/50. Thus, if we let v = 1 L: h,., it satisfies the
L r=1 L r=1
claim of the lemma. |
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To give the proof of Lemma 11, we will use the following bound on the Rademacher complexity
of a hypothesis class in terms of its VC dimension.

Lemma 12 (Rebeschini (2021), Theorem 5.6) Let H C {0, 1}“'v be a hypothesis class of VC di-
mension d. Then, for any set of n points x1, . ..,x, € X, it holds that

1 < d
sup — oih(x;)| < 31\/7.
heH T Zl ( )] n

E
o~{£1}m"

Proof [of Lemma 11] We have that

1
sup |Lp(h) — Ls(h)| = 5 Sup |corp(h) — corg(h)|
heH heH

- ;( sup |corp(h) — corg(h)] — E [Sup |corp(h) — cors(h)]

heH S~D" [heH
L)
+ E [Sup corp(h)—cors(h)|]
S~D" | heH

L)

where the first equality is by the relation £(h) = %(1 — cor(h)), and the second equality is by

adding and subtracting the expectation term. We will now bound the terms é and & with probability

at least 1 — ¢, by respectively 1/21n(1/6)/n and 4 - 311/(2d + 1) /n. This implies the claim of the

lemma with C' = 2(4 - 31)% + 2. Since changing one example in S = ((z1,%1),-- -, (Tn, Yn))

can only change corg(h) by 1/n in absolute value, it follows by McDiarmid’s inequality with
21n(1/4)/n, that

—2¢2
P h) — h)|— E h)— h)|| > < B
o [supleorn() - cors(m] = B [suplcorn(h) — cors(n)] > <] < exp( 2 )

<é.

Furthermore, by symmetrization and the Rademacher complexity definition, we have that

B, [suplcorn(r) - cors ()| <

(h) — h
N sup|corg:(h) — corg( )]]

E
S§,8'~D" | heH

1
.y | v
n o~{£1}n [S S/ ~Dn [hE’H Z O-Z ',L.l Yi (zz)yz)

|

, _
<Z E E ‘
S B ZE%ZC” o ”
2 g _ & ‘Z
_z su oih(z;
n S~D" [ g~{£1}" he?I-)t ' Z
< 2 E _ E Z
<=z sup o;h CC )
n S~Dn _Gw{il}" heHU(-H) ;1 Z Z
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where the first equality is by convexity of absolute value and taking supremum inside the expectation
increase the expected value, the first equality is by symmetrization, the second inequality is by
triangle inequality of absolute value, the second equality is by o;y; having the same distribution
as o;, and the last inequality is by the supremum only becoming larger when taking the supremum
over a larger class, and that, letting G := H U (—H), we have that sup,cg | Y iy oih(x;)| =
max{supycg > rq Tih(Ti), — Suppeg D g 0ih(Xi)} = suppeg Y iy oih(x;). We furthermore
have for any realization .S of S that

1 n
E sup Zaih(xi)] =2 E

sup — o;
o~ AE N | nenu(—H) N o~{£1}n 2o

heHU(-H) TV i

_s. 31\/\/0(% U(—H))

n

2d + 1
<2.31 e
n

where we in the first equality have used that h = 2((h + 1 — 1)/2) and that the o;s has zero
expectation, and the equality follows from Lemma 12, and the last inequality follows from VC(H U
(—H)) being at most VC(H) + VC(—H) + 1 = 2d + 1, which gives that

2d+1
E h)— h)|| <4-31 .
JE. sgg\corp( ) — corg( )]] <4-3 -
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