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Abstract

In the context of learning hypergraphs with shortest-path queries (SP-queries), we present the first
provably optimal online algorithm for learning a broad and natural class of hypertrees which we
call orderly hypertrees. Our online algorithm can be transformed into a provably optimal offline
algorithm. Orderly hypertrees can be positioned within the Fagin hierarchy of hypergraph acyclicity
(studied in database theory), and strictly encompass the broadest class in this hierarchy that is
learnable with subquadratic SP-query complexity. Our results also motivate the study of a new
type of query, called dependency query (D-query), which is weaker than an SP-query. Positive
and negative results on D-queries shed light on the structural properties of classes of hypertrees for
which efficient learning requires the full information provided by SP-queries.
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1. Introduction

Due to their various applications, hypergraphs have been the focus of numerous learning-theoretic
studies in the past two decades. Typical learning settings are rooted in similar studies for conven-
tional graphs (hypergraphs with edges of size 2), and often involve models in which a learner in-
teracts with an information source (oracle) by asking queries about the unknown target hypergraph.
The settings differ in the type of query the learner can ask, in whether the learner is deterministic
or randomized, and whether it learns adaptively or non-adaptively Abrahamsen et al. (2016); Hein
(1989); Janardhanan (2017); Kannan et al. (2015); King et al. (2003); Reyzin and Srivastava (2007).

A line of research on conventional graphs focused on learning trees with so-called shortest-path
queries (SP-queries), allowing the learner to select two vertices whose distance in the target graph
will be revealed. Hein (1989) showed that phylogenetic trees of bounded degree can be learned with
O(nlogn) SP-queries, where n denotes the number of vertices in the target tree. Their method
was proven optimal through a matching lower bound (King et al., 2003). Recently, Bastide and
Groenland (2025) presented an entirely new algorithm, proving that Hein’s bound generalizes to the
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class of all trees (not just phylogenetic trees of bounded degree); specifically, they obtained a bound
of O(nAloga n) for the number of SP-queries needed to learn any tree on n vertices, where A
is the degree of the target tree and not known to the learner in advance. They provide a matching
lower bound even for the expected number of SP-queries needed by a randomized algorithm.

The main question pursued in our paper is whether interesting classes of hypertrees can be
learned with o(n?) SP-queries (in the worst case over all hypertrees in the class). This question is
not only natural to ask but also of relevance to studies in database theory, computational biology, and
other application domains in which hypergraphs (and specifically hypertrees) are used for modeling
relationships between entities. To the best of our knowledge, the only existing work on learning
hypertrees with SP-queries is a recent paper by Fallat et al. (2024); they provide two algorithms,
each of which yields subquadratic query complexity only for a very restricted subclass of hypertrees.
While Fallat et al. proved that learning hyperstars (hypertrees of diameter two) already requires
Q(n?) SP-queries in the worst case, their algorithms suggest that there is hope for efficient learning
of a large subclass of hypertrees of diameter at least three.

The definition of hypertree itself is not trivial. In database theory, an entire hierarchy of notions
of hypergraph acyclicity has been proposed (Fagin, 1983), dubbed «-, 8-, and y-acyclicity, as well
as Berge-acyclicity (in increasing order of restriction). We demonstrate that the class of y-acyclic
hypertrees, even when restricted to those of diameter at least three, has an SP-query complexity
of 2(n?). By contrast, we define a new class of hypertrees, called orderly hypertrees, and show
that this class (i) fits into Fagin’s hierarchy between ~y-acyclic and Berge-acyclic hypergraphs, and
(ii) allows for efficient SP-query learning, when restricting to hypergraphs of diameter at least three.

Specifically, we show that Hein’s method for learning phylogenetic trees can be generalized
to an algorithm learning any orderly hypertree H of diameter at least three with O(nA loga m)
SP-queries, where A is the maximum number of edges any single edge in H can intersect, and
m is the number of edges in H (both unknown to the learner). To do so, we represent an orderly
hypergraph in a unique way as a special bipartite colored graph, which we call skeleton graph. No-
tably, orderly hypertrees are exactly those hypergraphs whose skeletons are trees. Our algorithm
learns the skeleton tree of the target, and thus the target hypertree itself. The lower bound technique
applied by Bastide and Groenland (2025) for conventional trees carries over to show that our algo-
rithm is optimal. Moreover, it substantially improves on the two methods presented by Fallat et al.
(2024). On the technical side, we make use of a new tree separator argument, similar in style to
arguments previously used in the context of learning conventional trees (King et al., 2003; Bastide
and Groenland, 2025), yet requiring novel insights in order to handle hypertrees.

Notably, our algorithm can be formulated as an online algorithm that inserts vertices one by one
into an initially empty hypergraph, incrementally constructing the unique subhypergraph consistent
with the queries posed so far. This makes it amenable to applications in which entities (vertices)
are revealed in a stream. Moreover, our online algorithm is provably optimal in terms of worst-case
query complexity among all possible online algorithms for the same task.

The distance information provided by SP-queries is crucial for efficient learning of orderly
hypertrees: We introduce a weaker form of query, called dependency query (D-query), which asks
whether there is an edge containing both the selected vertices. We show that the class of orderly
hypertrees of diameter at least three cannot be learned with o(n?) D-queries, even if the learner
can specify a vertex set of arbitrary size and ask whether it contains any two dependent vertices.
To contrast this result, we provide non-trivial classes of (possibly cyclic) hypergraphs such that any
target in this class can be learned with O(mn) D-queries. In doing so, we show how mixing D-
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queries with a small number of edge detection queries, which were previously studied in the context
of hypergraphs (Angluin and Chen, 2006; Abasi et al., 2018; Balkanski et al., 2022), can be helpful.

Part of the content of this paper is presented in a modified and extended form in (Fallat et al.,
2025).

2. Preliminaries

A hypergraph H = (V| E) consists of a finite vertex set V' of size n and an edge set E of size m;
elements of E are subsets of V' of cardinality > 2. A path P in H from v; to v; is an alternating
sequence vieq - - - e;—1v¢ in which vy,..., v4—1 € V are distinct vertices, e1,...,e;—1 € E are
distinct edges, and for 1 < ¢ < ¢, v;,v;41 € e;. The length of Pist — 1. If v; = v, then P is
a cycle. Further, the distance dg(v,w) between two vertices v and w is the minimum length of a
path from v to w, which is oo if no such path exists. Hypergraph H is connected if, for any two
vertices u, v in [, there is a path from u to v. Given H, the eccentricity of a vertex v € V' is given by
maxyecy d (v, w). The edge degree of an edge e in H is the number of edges ¢’ # e in H for which
ene’ # (. A private vertex of an edge e in H is a vertex in e that does not belong to any edge ¢’ # e
in H. We denote by Py (e) the set of all private vertices of edge e. The line graph of hypergraph
H, denoted L(H), is the graph with vertex set £ and edge set {(e,¢’) | e,e’ € E & ene # 0} If
U C V, we denote by H[U] the subhypergraph of H induced on U: H[U] = {eNU | e € H}\{0}.

Definition 1 A connected hypergraph H is a hypertree if its line graph L(H) is chordal and H
satisfies the Helly property, i.e., given a subset S C E, if every two edges in S have a nonempty
intersection, then S has a nonempty intersection.

The focus of this paper is on learning classes of hypergraphs with queries. In this context,
a learner for a class H of hypergraphs is an algorithm that works iteratively in rounds. In each
round, it asks a query about an unknown target hypergraph H = (V, E) € H and receives the
correct answer from an oracle. The learning process stops successfully once the target H is the only
hypergraph in H for which all queries have been answered correctly. The learner is said to learn H
if it successfully identifies every target I € H in this fashion, see, e.g., (Beerliova et al., 2000).

Unless stated otherwise, we assume that the learner knows the vertex set V, but has to identify
the edge set £ (as a set of subsets of V). It does not know any parameters of the target I (such
as the number m of edges, the diameter d, etc.) unless pre-specified by H. The efficiency of the
learner is assessed in terms of the number of rounds of the learning process (i.e., the number of
queries asked) in the worst case considered over all possible target hypergraphs in . Learning
in our setup is adaptive in that each query may depend on the queries and responses processed in
previous rounds. Our main result is an efficient algorithm for learning a natural class of hypertrees
(to be defined below) from shortest path queries (SP-queries, for short). An SP-query consists of
a pair (v, w) € V2 of vertices and is answered with d (v, w), where H is the target hypergraph.

Definition 2 A class H is SP-learnable, if there exists a learner that learns H using SP-queries. H
is hard to learn with SP-queries, if every learner that learns H with SP-queries uses Q(n?) queries

in the worst case over all targets H € H, where n is the number of vertices in H.

Remark 3 H is SP-learnable iff H contains no two distinct members H, H' such that dg = dp.
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Figure 1: (Left) Two hypertrees with identical distances between corresponding vertices; vertices
displayed in the same position in the left and right trees are assumed to be identical. (Right) Any
class H containing all hypertrees isomorphic to this hypertree, with diameter 3, is hard to learn with
SP-queries. (Here *,_5 denotes a cluster of n — 5 vertices).

Figure I(left) displays two hypertrees that induce the same distance function; any class con-
taining them both is hence not SP-learnable. SP-learnability is also impossible when H has two
members H, H', where H has nested edges (i.e., at least two edges, one of which is strictly con-
tained in the other) and H' results from H by removing at least one edge that is contained in another
edge. We therefore assume throughout this paper that a hypergraph does not have nested edges.

Remark 4 Fallat et al. (2024) showed that the class of hyperstars (hypertrees of diameter two) is
hard to learn with SP-queries. However, even SP-learnable classes of hypertrees of diameter at
least three can be hard to learn with SP-queries: Figure 1(right) shows such a hypertree of diameter
three. Any class H containing all isomorphic hypertrees of this structure is hard to learn with SP-
queries. An adversary can force a learner to query quadratically pairs among the n — 3 rightmost
depicted vertices; the argument here is identical to that in the proof of Lemma 27 in Appendix A.

3. Orderly Hypergraphs

The leftmost and rightmost hypertrees in Figure 1 have in common that three of their edges have a
non-empty intersection while two of the three have a strictly larger intersection. It turns out that this
can make SP-learnability difficult. We hence propose the study of what we call orderly hypertrees.!

Definition 5 A hypergraph H is intersection-orderly, or orderly for short, iff, for any two distinct
edges e1,e5 € Ewith S := ey Ney # ), and any edge e € E, we have either S C e or SN e = ().

Below we will show that orderly hypertrees of diameter at least three can be learned efficiently
from SP-queries. This result is interesting from a learning-theoretic perspective, since both (i)
the class of orderly hyperforests (collections of orderly hypertrees) and (ii) the class of orderly
hypertrees of diameter two are hard to learn with SP-queries.> More importantly though, this result
is significant from an application point of view since the notion of orderly hypertree fits nicely into
the Fagin hierarchy (cf. Fagin (1983)) of acyclic hypergraphs, which is familiar and well-studied in
relational database theory. According to Fagin, a hypergraph H is

* a-acyclic if and only if the empty hypergraph can be obtained from H by repeatedly removing
isolated vertices, private vertices, and edges that are subsets of other edges.

1. Orderly hypertrees were previously also considered by Fallat et al. (2024), without explicitly naming them.
2. For (i), note that distinguishing between (a) a set of isolated vertices and (b) a set of isolated vertices plus an edge of
size two requires Q(n?) SP-queries. Claim (ii) was proven by Fallat et al. (2024).
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* (B-acyclic if and only if all subsets of H are a-acyclic.

* vy-acyclic if and only if H is beta-acyclic and does not contain pairwise distinct vertices x, y, 2
such that {{z, y},{y, z},{z,y, 2}} € H[{z,y,z}].

* Berge-acyclic if the associated (bipartite) incidence graph G = {{z,e} |z €e,e € H} is
acyclic. Equivalently, H is $-acyclic and does not contain pairwise distinct vertices x, y, 2
such that {{z, y}, {z,y, 2}} € H[{z,y,2}].

It turns out that the class of orderly hypertrees lies between that of «-acyclic and that of Berge-
acyclic hypergraphs (see Appendix A for a proof):

Claim 6 A hypergraph H is an orderly hypertree if and only if H is B-acyclic and does not contain
pairwise distinct vertices x,y, z such that {{x,y},{y},{z,y,z}} C H[{x,y, z}].

Note that hypertrees obeying the structure shown in Figure 1 are «-acyclic. Thus, by Remark 4,
the class of y-acyclic hypertrees is hard to learn with SP-queries. Orderly hypertrees (of diameter
at least three) therefore strictly contain the structurally richest class in the acyclicity hierarchy that
can be learned with o(n?) SP-queries in the worst case, as we will demonstrate below.

4. Skeletons of Hypergraphs

Orderliness of a hypergraph H = (V, E') implies that V' can be partitioned into disjoint subsets each
of which is either the set of private vertices of an edge or the intersection of two edges.

Proposition 7 For an orderly hypergraph H = (V, E) the sets in (\p = {eNe' | e,e € E, e #
e, ene' # 0} together with the sets Py (e), for e € E, form a partition of V. Any two vertices v
and v’ in the same part are equivalent in the sense that if vey...e;_1x is a path in H thenv'ey...e;_1x
is a path in H (so the distances from v and v’ to any third vertex x are identical).

The proof is straightforward and given in Appendix A.
This property will be exploited by our learning algorithm for orderly hypertrees in Section 5. To
this end, we introduce a helpful representation of a hypergraph as a (conventional) bipartite graph.

Definition 8 Ler H(V, E) be any hypergraph. The skeleton graph of H, denoted S(H), is defined
as the bipartite graph with the following properties.

* Nodes in one part are black and in the other part are colored (either blue or red);

* Black nodes correspond to the elements of E, the edges of H. Blue nodes correspond to the
non-empty sets of private vertices Py (e), e € E. Red nodes correspond to the elements of
(> the non-empty intersections of distinct edges in E; and

» Edges of S(H) join (a) blue nodes to their corresponding (black) edge, and (b) red nodes to
all (black) edges whose common intersection is the set associated with that red node.

Figure 2 illustrates an orderly hypertree and its corresponding skeleton graph. Hypergraphs can
be uniquely reconstructed from their skeleton graphs and vice versa, so that the problem of learning
one is equivalent to the problem of learning the other (see Appendix A):
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Figure 2: Orderly hypertree (left) and its skeleton graph (right)

Lemma9 Ler H=(V, E), H =(V, E’) be orderly hypergraphs. If S(H) = S(H') then H = H'.

Note that the color of nodes is implicit in the skeleton structure: blue nodes have degree one,
and red nodes have degree at least two. For a given orderly hypergraph H, denote by [v] the colored
node of S(H) that contains vertex v.

If H is a hypergraph, a path P joining two nodes in its skeleton graph S(H) has length
A(P) given by the number of black nodes in P. Accordingly, if H is an orderly hypertree and
viejvy - - - e;_1v; is a path from vertex v; to vertex v, in H, then P = [vi]ej[va] - - e;—1[vy] and
P’ = [vi]e1]ve] - - - e4—1 are paths in S(H), where A\(P) = A\(P’) =t — 1.

Remark 10 If H is an orderly hypertree there is a unique path in S(H) joining a specified pair of
nodes in S(H). If P joins [u] and [v] in S(H) then \(P) = dg(u,v).

Hence, the skeleton of an orderly hypertree is a tree. In fact, by Proposition 7 and Remark 10:

Claim 11 Let H = (V, E) be a hypergraph. Then the following three statements are equivalent.
(i) H is an orderly hypertree. (ii) H is a hypertree and the colored nodes of S(H) form a partition
of V. (iii) S(H) is a tree.

Remark 12 Let H be an orderly hypertree. Since the distances between all pairs of nodes in S(H )
uniquely determine the tree S(H ), it follows that—unlike the situation for general hypertrees—the
distances between all pairs of vertices in an orderly hypertree H uniquely determine H.

Thus, given the skeleton graphs of two orderly hypertrees, their isomorphism can be tested in
time proportional to the sum of their edge degrees (the size of the skeleton graphs). In particular,
orderly hypertree isomorphism can be tested in time O(nA log m), assuming reconstruction can
be efficiently implemented. Similarly, other properties of a given orderly hypertree, such as its
diameter (the length of the longest path) or centroid, can be computed from this representation in
time proportional to the sum of their edge degrees.
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5. Learning of Orderly Hypertrees With SP-Queries

The literature on learning (conventional) graphs provides at least two approaches demonstrating
that trees can be learned with O(nloga n) SP-queries. The first approach is due to Hein (1989),
who proved the weaker claim that phylogenetic trees with bounded degree can be learned with
O(nlogyn) SP-queries. Bastide and Groenland (2025) obtained the bound O(nloga n) with a
different method, and for general trees. We will establish below that orderly hypertrees of diameter
at least three can be learned with O(nloga m) SP-queries. To obtain this result, we would have
had the option to attempt a generalization of Bastide and Groenland’s approach to hypertrees or the
alternative option of generalizing Hein’s approach. While Bastide and Groenland’s method appears
simpler, Hein’s method has the advantage that it is designed to insert vertices incrementally into an
initially empty tree. We will show that this method can be generalized to an online learning algo-
rithm for orderly hypertrees. In doing so, we show indirectly that Hein’s method for conventional
trees in fact gives an O(nloga 1) bound for general trees (not just phylogenetic trees).

Online Learning of Hypergraphs. Let IV* be some universal set of vertices, and 7 a class of
connected hypergraphs H = (V, E), where V' C V*. In this setting, for any target hypergraph
H = (V,E) € H, the set V' (or even its size n) is not known to the learner. Instead, it is presented
as a sequence. With each successive vertex vpext, the learner poses a set of distance queries between
Unext and previously presented vertices, to an oracle. The learner is said to identify A in an online
fashion if, for every ¢ € [1 : n|, every hypergraph H' € H that is consistent with the distances
obtained from the queries associated with the first ¢ vertices satisfies H'[v1,...v;] = H[vy,...v;].
In particular, after all n vertices have been presented, the distance profile is unique to H, among
hypergraphs on V' within H. Note that the cost of (i.e., the number of queries asked by) a learning
algorithm A when identifying a target hypergraph H in a class H now depends on the sequence
in which the vertices in V' are presented to A. In general, the cost of online algorithms can be
substantially higher than the cost of offline algorithms. For a fair competitive analysis, one needs to
consider the cost with respect to other algorithms that deal with the same presentation.

Fallat et al. (2024) showed that the class of hypergraphs consisting of only two intersecting
edges is hard to learn offline with SP-queries. Given any individual vertex v € e; N ey in the target
hypergraph H = (V,{e1, e2}), the learner needs to know a pair (vi,v2) € Pg(e1) X Pg(eg2) in
order to determine that v is not private. As long as no such pair is known, all distances observed
will be 1, which leaves open the possibility of all the vertices used in queries so far belonging to
a single edge. Thus, every online learner for the class of orderly hypertrees (even if constrained
to have diameter at least three) must incur a worst-case cost quadratic in the number A of vertices
presented before two vertices from two distinct edges have occurred in the presentation.

The algorithm we present below consumes O(h? +iA log m) queries on any vertex sequence
of length ¢, which turns out to be asymptotically optimal.

5.1. Induced Sub-Skeletons of Orderly Hypertrees

Our main result is an algorithm that learns orderly hypertrees from SP-queries in an online fash-
ion. For any sequence (v, ..., v;) processed by the algorithm, it produces a skeleton graph that is
consistent with the sub-skeleton induced by the target hypertree on the vertex set {vy,...,v;}—a
notion we first need to define formally. Let H* = (V*, E*) be an orderly hypertree, and let d* (u, v)
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Figure 3: Sub-skeletons of the orderly hypertree from Figure 2 induced on vertex sets {v1, v2} (a),
{Ul, V2, U3} (b)a {7)1, V2, V3, U4} (C)a {U17 sy ’U5} (d) and {Ulu o 7/1)6} (C)

denote the length of a shortest path joining v and v in H*. For any V' C V*, denote by d*(V, V)
the set {d*(u, v) | u,v € V'}. The elements of d*(V, V') define a unique substructure of S(H*):

Definition 13 The sub-skeleton of H* induced on V is formed from S(H*) by (i) replacing all
colored nodes by their intersection with V, and then (ii) choosing the smallest subtree that contains
all of the resulting non-empty colored nodes.

The length of the path joining two colored nodes in a sub-skeleton, whether they are occupied
or not, uniquely determines the hypertree distance between vertices that ultimately occupy those
nodes. This allows our learning algorithm to infer full distance information from limited distance
queries. Our online algorithm now proceeds in two phases. In Phase 1, it determines whether all
vertices presented so far belong to a single edge. As soon as this is no longer true, Phase 2 starts.

5.2. Phase 1: while there is a one-edge sub-skeleton consistent with all SP-queries so far

Suppose that vertices are indexed by their position in the insertion sequence. Addition of a new
VertexX Upext, Next > 1 involves querying its distance from all vertices v;, j < next. While
d*(vj, Vnext) = 1, for j < next, vpext is added to the single blue node in the skeleton contain-
ing all of the vertices v;, j < next (private vertices of a single edge). The phase ends when it is
discovered that d* (vj, Unext) > 1, for some vj, j < next. The single blue node is identified as the
attachment node NV 4 and the skeleton is updated as described in Phase 2 below.

For the hypertree illustrated in Figure 2, Phase 1 ends with the insertion of vertex vs. Figure 3
(b) illustrates the sub-skeleton at the transition from Phase 1 to Phase 2.

5.3. Phase 2: the current sub-skeleton has diameter at least two

The change in the current sub-skeleton resulting from the insertion of a new vertex vnext is either
(1) the expansion of a colored sub-skeleton node, or (ii) the appendage of chain of new sub-skeleton
nodes at some attachment point in the current sub-skeleton. Figure 3 (c) (d), and (e) illustrate the
sub-skeleton after the insertion of the first four, five and six vertices. Addition of a vertex vpext 1N



ONLINE AND OFFLINE LEARNING OF ORDERLY HYPERGRAPHS USING QUERIES

this phase updates the current sub-skeleton by (i) determining the point of update/attachment (using
maximal path separators), and (ii) updating the sub-skeleton at this attachment node, denoted NV 4.

Determining the Point of Update/Attachment The location of the node N4 is determined by
identifying a sequence of paths in the current sub-skeleton. The paths in question all have the
skeleton node [v;] as one endpoint and a blue node (that we denote by [v ]) as the other endpoint.

For each such path P, we need to determine the node on P, denoted V-, where either (i) vertex
Unext Should be inserted, or (ii) the path from node [v1] to node vpext departs from P. For this we
use SP-queries to determine the distance from [v ] to both v; and vyext. These distances (together
with the distance from v; to vpext) determine both the location of node N (and ultimately node
N 4). Note that earlier tree-reconstruction methods use the same observation (cf. (Hein, 1989)).

Lemma 14 The pairwise distances (in H*) between any three vertices, u,v,and w uniquely de-
termine the sub-skeleton induced on these vertices. (See Appendix A for details.)

Consider the current sub-skeleton, expanded to include vyeyt and rooted at [v1]. Removal of
the edges along the path P from [vp] to [v, ] yields a collection of disjoint rooted subtrees. By
Lemma 14, we can determine node N, the root of the subtree in this collection that contains [vpext].

Let k = d*(v1, Vnext) + d* (V1 , Vnext) — d*(v1, v ). There are two cases:

(k is even) In this case, vpext belongs to the subtree rooted at the colored node Vi at distance
d*(v1, Unext) from [v1] on the path between [v1] to [v].

(k is odd) In this case, vpext belongs to the subtree rooted at the black node N at distance
d*(v1, Unext) from [v1] on the path between [v1] to [v,].

The process continues, by choosing [v] ] to be a leaf node in the subtree rooted at Vi, until this
subtree is reduced to a single node, which is the desired update/attachment node [V 4.

The choice of node [v | is critical in realizing the desired bound on the number of SP-queries.
By generalizing an observation made by Hein (1989), one can show that a greedy choice results in
a bound of Q(n/m) SP-queries; see Appendix A for details. The choice (and its associated path)
that leads to the efficient (measured in terms of worst-case number of resulting SP-queries) location
of the update/attachment point N4 is abstracted as a two player game on S(H ), detailed below.

Skeleton Update Lemma 14 dictates how to update a sub-skeleton at V4. There are two cases:
(k = 0) In this case the new vertex vnext €xpands the colored attachment node NV 4.

(k > 0) In this case a new node [vnext] is created, linked by a length k alternating chain of black
and colored nodes to the attachment node N 4.

If the attachment node N4 is blue (with adjacent black node Np) then k£ must be even. In this
case, N4 becomes red and the vertices currently associated with that node that have distance k/2+1
from vyexy are split off into a new blue node adjacent to Np. This splitting can occur at most A
times for any vertex, since each split adds one to the degree of the edge associated with Np. Thus
the total number of SP-queries needed to perform the splits in the first 7 insertions is O(iA).

In our example, the insertions of both vo and vy lead to even length attachments at [v1] (Fig-
ure 3(center left)). Following this, inserting vs leads to an odd length attachment at the black node
es (Figure 3(center right)). Next, inserting vg leads to an expansion of node [vs] (Figure 3(right)).

5.4. Algorithm Analysis: Correctness and Complexity

The correctness of the update process follows from Lemma 14. The process of locating the up-
date/attachment point in the current skeleton terminates since the size of the subtree rooted at N,
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decreases with each successive path P. To obtain an SP-query complexity of O(A loga m) for
each insertion step, the method for selecting node [v | (and the associated path) is crucial.

Definition 15 Let T' = (V, E) be a rooted tree. The path depth game on T is played in rounds by
two players, Tmin and Tmax. In each round, (i) Ty first selects a path P in T and deletes all edges
on P from E (leaving V' unchanged), and then (ii) wpqz: Selects one of the thus exposed rooted
subtrees T' of T and sets T := T'. The game ends when T consists of a single vertex.

We define the path depth of T' to be the number of rounds after which this game ends, assuming
that Ty aims to minimize the number of rounds and T a5 aims to maximize it.

Imagine that the path game is played on the current sub-skeleton rooted at node [v;]. The choice
of a path P by mp,iy translates directly into a choice of node [v ]: simply extend P to any leaf node.
The choice of exposed subtree by i, reflects the choice of an adversary forcing the worst-case
behaviour of our algorithm. It follows that the number of SP-queries required, in the worst case, to
locate the update/attachment node N4 in any insertion step is at worst three times the path depth of
the current sub-skeleton. We show that this depth value is in ©(A logs m), where A denotes the
maximum vertex degree in the target skeleton S(H ™) (and thus the maximum edge degree in H*).

Theorem 16 Consider the class of all rooted trees T = (V, E) with { leaves and maximum vertex
degree at most A. The worst-case path depth of such trees is in ©(Alogn ).

Proof Let k = [loga ¢]. To prove the lower bound, suppose A is odd. We show that 2(kA) rounds
are required for the path depth game with a complete rooted tree 7} of uniform out-degree A and
depth k£ (which has A’ nodes on level 7). Let R; ; denote a rooted tree, whose root has 2i + 1
children, each of these the root of a subtree 7). Note that Ria_1)/2x—1 = Tj. Faced with R; j,
where ¢ > 0 and j > 0, Pyi,’s choice of a path contains nodes in a most two of the 2¢ 4 1 principal
subtrees. This will leave an untouched subtree R;_; j, in the case i > 1, or Ra_1)/2j-1,1f 1 =1
and j > 0. It follows by induction on ¢ and j that my,x can force i + j((A — 1)/2) rounds. So,
starting with R(a_1)/2 11, the player mpax can force at least k(A — 1)/2 rounds.

For the upper bound, let 7" be any rooted tree with ¢ leaves and maximum vertex degree < A.
We will call any vertex in T i-light, if it roots a subtree that has at most A~! leaves. All other
vertices are called i-heavy. A i-light (i-heavy) subtree is a subtree rooted in a i-light (i-heavy)
vertex. The term ¢-fringe-heavy vertex refers to any ¢-heavy vertex all of whose children are :-light.

The game is played by myi, in k stages. Stage 7,7 = k, k — 1,...1 starts with a ¢ + 1-light tree
and, following O(A) rounds, forces mpnax to select a i-light tree. Hence, after k stages, consisting
of O(kA) rounds in total, the game ends with a subtree consisting of a single vertex.

Consider the i-th stage. For any path (r, u1, ..., us,v) from r to a i-fringe-heavy vertex v, all
vertices u1, . .., us are i-heavy, but not i-fringe-heavy. Thus, T has < A i-fringe-heavy vertices.
(Otherwise T' would have > A - A~! Jeaves, contradicting our assumption that the stage begins
with an ¢ + 1-light tree.) Also, every i-heavy vertex lies on a path from 7 to one of the at most A
i-fringe-heavy vertices. i, starts by picking any path P from r to any ¢-fringe-heavy vertex v.
Tmax €an now choose between any of the subtrees rooted at vertices on P. Since any such choice
results in a subtree with one fewer ¢-fringe-heavy vertex in its interior, it follows that after at most
A rounds 7, is forced to choose a subtree 7' that contains no i-heavy vertices in its interior.

At this point, either 7 is ¢-light, which ends the stage, or all of the at most A principle subtrees
of T are i-light. In the latter case, mmin can select a path consisting of only a single edge incident to

10
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v, splitting off a light subtree with each such selection. After no more than A such selections, Tpax
is forced to return a i-light tree, ending the stage. Thus the i-th stage ends after < 2A rounds. W

To sum up, we obtain Theorem 17 for an algorithm without prior knowledge of V, n, I, m, A.

Theorem 17 The class of all n-vertex orderly hypertrees of diameter at least three can be learned,
in an online fashion, using O(h? 4+ i/ logx m) SP-queries in total for the first i vertex insertions,
where m (resp., A) is the (unknown) number of edges (resp., maximum edge degree) of the target
hypertree, and h is the length of the prefix of the first i insertions that consists of vertices that all
belong to a common edge.

5.5. Offline Learning of Orderly Hypertrees

Given that the target hypertree has diameter at least three, an offline learner with access to V' can ask
a linear number of queries of the form (v1, v2), (v1,v3), (v1,v4), until a vertex at distance greater
than 1 from v; is found (some such vertex must exist). The learner can then proceed exactly as the
online learner does in Phase 2, and identify the target graph without the h? overhead. This yields
the following result, which is realized by an algorithm that knows (only) V" in advance.

Theorem 18 The class of all n-vertex orderly hypertrees of diameter at least three can be learned,
in an offline fashion, using O(nA log m) SP-queries, where m (resp., A) is the (unknown) number
of edges (resp., maximum edge degree) of the target hypertree.

Recall that dropping the condition on the diameter would give us a lower bound of Q(n?), since
orderly hyperstars are hard to learn. Note, however, that connectivity is not essential for learning
to have sub-quadratic cost. The additional cost in dealing with a hyperforest with < ¢ hypertrees
is O(cn) queries, since ¢ queries will suffice to determine which of the hypertrees a new vertex
belongs to; the remainder of the insertion procedure works as described above.

5.6. Asymptotic Optimality of Our Algorithm

For learning conventional trees with n vertices (and n — 1 edges), Bastide and Groenland (2025)
proved an (nA loga n) lower bound on the expected number of SP-queries used by any random-
ized offline algorithm, where A is an upper bound in the degree of the target tree. A straightforward
application of the same tools they use yields an Q(nA log m) lower bound on the number of SP-
queries used by any deterministic offline algorithm for learning orderly hypertrees of diameter at
least three. It follows that our offline algorithm for learning orderly hypertrees is asymptotically op-
timal. Moreover, since the ©(h?) overhead in the online setting is unavoidable, our online algorithm
is also asymptotically optimal. In other words, the bounds in Theorems 17 and 18 are tight.

6. Learning Hypergraphs with Dependency Queries

Our algorithm uses distance information in order to insert vertices into sub-skeletons. This raises the
question whether efficient learning is possible with a weaker form of queries—asking only whether
the two given vertices are dependent, i.e., belong to one edge. Generalizing this notion, the learner
selects a set ' C V of any size, and will be told whether £ contains at least two dependent vertices.

11
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Definition 19 Ler H = (V, E) be a hypergraph. A dependency query (D-query), posed by a learner
with unknown target H, consists of a set F' C V which the learner passes to the oracle. The oracle
responds 1 if there is any edge in E including at least two vertices in F, and 0 otherwise. If ¢ < n,
then the term Dg-query refers to any D-query in which the set I is of cardinality at most q.

Clearly, Dy-queries are no stronger than SP-queries. However, D, -queries turn out to be in-
comparable to SP-queries, in terms of how much information they provide to a learner. Comparing
these types of queries, we use the term X -query complexity of a class H of hypergraphs to refer to
the worst-case number of X -queries a learner has to make in order to learn any member of .

Proposition 20 There are classes of hypergraphs for which (i) the Da-query and D,,-query com-
plexity are asymptotically larger than the SP-query complexity, (ii) the SP-query and Dy-query
complexity are asymptotically larger than the D, -query complexity. In particular, claim (i) is wit-
nessed by the class of orderly hypertrees of diameter at least three. (See Appendix A for a proof.)

Thus, our algorithm for learning orderly hypertrees of diameter at least 3 with O(Anloga m)
SP-queries cannot be replaced by an efficient algorithm using Ds-queries, or even D,,-queries.

We now show that replacing SP-queries with Dy-queries gives us an upper bound O(mn),
given that the target hypergraph is known to have private vertices in every edge. This result even
holds beyond hypertrees; its proof is given in Appendix A.

Theorem 21 Let H be the class of all connected orderly hypergraphs of order n and diameter at
least 3, with each edge containing at least one private vertex. The worst-case number of Dy-queries
needed to learn any target hypergraph H € H is in O(mn), where m is the number of edges in H.
Dropping any of the four premises in isolation would yield quadratic Da-query complexity.

The final statement in Theorem 21 shows that D-queries are rather ineffective unless we impose
strong constraints on the hypergraphs to be learned. These constraints can be substantially reduced
if the learner can initially use a small amount of queries of a different type:

Note that D,,-queries are one possible way of generalizing edge detection queries (ED-queries)
from graphs to hypergraphs. For both conventional graphs and hypergraphs, an ED-query is deter-
mined by a subset F' C V' of the vertex set; the oracle responds with 1 if the set F' contains an edge,
and with 0 otherwise (Alon and Asodi, 2005; Grebinski and Kucherov, 1997; Abasi and Bshouty,
2019; Angluin and Chen, 2008, 2006; Abasi et al., 2018; Balkanski et al., 2022). On conventional
graphs, D,,-queries and £ D-queries are equivalent.

Interestingly, asking n E2D-queries before switching to Da-queries, results in the same bound as
in Theorem 21, yet for a much larger class of hypergraphs. The condition on connectedness can then
be dropped, and private vertices are required only in 3-cycles contained as induced sub-hypergraphs:

Definition 22 A vicious 3-cycle is a hypergraph consisting of three edges e1, ea and es such that
(i)e;Nej # 0, and e; Nej Ney = 0, where i, 5,k € {1,2,3} are distinct, and (ii) at least one of
the three edges has no private vertex.

Theorem 23 Let H be the class of all (not necessarily connected) orderly hypergraphs whose
components have diameter > 3, and contain no vicious 3-cycles as induced sub-hypergraphs. Then
there is an algorithm that learns every H € H using n ED-queries and O(nm) Da-queries.

The proof of this theorem uses a nice hitting set argument, and is detailed in Appendix A.

12
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7. Conclusions

Our focus was on query learning of a broad class of hypertrees which we call orderly hypertrees.
Their positioning in Fagin’s hierarchy makes them potentially relevant to database theory, and our
results showed that they are, compared to members of Fagin’s hierarchy, the broadest class of hy-
pertrees for which efficient SP-query learning is possible. We provided a provably optimal online
SP-query algorithm for learning a orderly hypertrees of diameter at least three, which can be trans-
formed into an optimal offline algorithm for the same class. Our results also motivated the definition
and study of D-queries, potentially opening up new lines of research on novel query types.

Our SP-query algorithm for learning orderly hypertrees is built on a method proposed by Hein
(1989) for conventional trees. An alternative approach, followed by generalizing the method by
Bastide and Groenland (2025), would not yield an online learning algorithm, but it may potentially
have other advantages such as applying to a broader class of hypertrees, allowing general edge
weights, or yielding improved bounds for specific subclasses of orderly hypertrees. It would also
open up the possibility of adopting related query modes as described by King et al. (2003), such as
bounded queries and e-approximate queries. We leave this approach for future consideration.
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Appendix A. Deferred proofs

Claim 6 A hypergraph H is an orderly hypertree if and only if H is B-acyclic and does not contain
pairwise distinct vertices x,y, z such that {{x,y},{y},{z,y,z}} C H[{x,y, z}].

Proof “=-" Let H be an orderly hypertree.

To show that H is 3-acyclic, we need to show that every subset H' C H of hyperedges can be
transformed to the empty hypergraph by repeatedly removing isolated vertices, private vertices, and
edges contained in other edges. So let H' C H and let H” be the hypergraph resulting from H’
after the iterated removal of isolated and private vertices as well as contained edges.

Suppose H” is not empty. Then every edge e in H” intersects at least two distinct other edges
e1, eo in H"; moreover, for every edge e in H”, there are vertices vy, v in H” and edges eq, e5 in
H" such that v1 € e Nej\ez and v € e M eg\ey. Orderliness then implies that e N e; and e N ey
are disjoint. Since this holds for every edge e in H”, and the latter has finitely many edges, the
line graph of H” has (a) a cycle of length three or (b) a chordless cycle of length at least four. (a)
contradicts the Helly property in combination with orderliness. (b) is not possible, since H” is a
hypertree. Therefore, H” is empty, and H is 3-acyclic.

It remains to show that H does not contain three distinct vertices x, y, z such that {{z, y}, {y},
{z,y,2}} C H[{x,y,z}]. If such z,y,z existed, then H would have pairwise distinct edges
e1,ez,e3 with ey N {z,y,z} = {z,y}, eas N {x,y,2} = {y}, and e3 N {z,y,2} = {x,y,z}.
Let S = e; Nes. Since {z,y} C S, we have S # (. Now e3 NS # (), but e does not contain
S. This contradicts the premise that H is orderly. Consequently, H does not contain three distinct
vertices x, y, z such that {{z, v}, {y},{z,y,2}} C H[{z,y, z}].

“«<" Let H be a (-acyclic hypergraph that does not contain three distinct vertices x, y, z with
Hz, v}, {y}, {=,y,2}} C H[{x,y,z}]. We need to show that L(H) is chordal, H has the Helly
property, and H is orderly.

To show that L(H) is chordal, suppose by way of contradiction that L(H) has a chordless
cycle of length at least four. The set of vertices of such cycle are a set of edges in H that form a
subhypergraph of H that is not a-acyclic. Thus H is not S-acyclic—a contradiction. Therefore,
L(H) is chordal.

To verify that H is orderly, let e; and es be two edges in H with non-empty intersection. By
way of contradiction, suppose there is an edge e € E'\{e1, e2} such that e contains some element
y € eg Neg, bute 2 ey Neg. Thus, let © € e; Nea\e. Since we limit ourselves to hypergraphs
without nested edges, there are vertices z, 2’ such that z € ej\e3 and 2’ € e2\e;. By the premise,
{z. v} {yb Az, v, 21} € H{w,y,2}] and {{z, v}, {y}, {z,v,2"}} € H[{w,y,2'}]. Therefore,
e contains both z and 2’. Thus {e1,es,e}[{z,y,2,2'}| = {{z,y,2},{z,y,2'},{y,2,2'}}. In
particular, {e1, ez, e} is not a-acyclic, and thus H is not S-acyclic—a contradiction. Hence H is
orderly.

The Helly property can be verified as follows. Suppose S := {e1,...,ex} is a minimal subset
of F contradicting the Helly property, i.e., any two edges in S intersect, e; N -+ Neg_1 # (), but
e1N---Nep = . Since H is orderly, e;N- - -Neg_1 = e;Ne; for any two distinct i, € {1,...,k—1}.
Thus, ey, ...,ex—1 form an orderly hyperstar, and e; intersects each edge of that hyperstar but
not the intersection of the hyoperstar edges. After removing all isolated and private vertices from
e1, ..., ek, none of the remaining edges are nested, so that the empty hypergraph cannot be obtained
by removal of contained edges. In other words, S is a subhypergraph of H that is not a-acyclic.
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Thus H is not S-acyclic, which contradicts the premises. Consequently, H has the Helly property.
|

Proposition 7 For an orderly hypergraph H = (V, E) the sets in (\p = {eNe' | e,e' € E, e #
¢ & ene # 0} together with the sets Py(e), for e € E, form a partition of the vertices in
V. Furthermore, any two vertices v and v' in the same part are equivalent in the sense that if
vey...eq_1x is a path from v to x in H thenv'ey...e;_1x is a path from v’ to x in H (so, in particular,
the distances from v and v’ to any third vertex x are identical).

Proof Clearly, (5 UJ.cp Pr(e) = V. Moreover, given e € E, no vertex v € Py (e) is contained
in Py (e’) forany €’ € E\{e}orine'Ne” forany €', e” € E, ¢’ # €. Now suppose a vertex v € V
belongs to two distinct sets e N e} € [ €2 N eh €N 5 Where e;, eg € E. Then the intersection
e1 N €} Neg N el contains v, but e N €] # ez N €, which immediately violates the definition of
orderliness. |

Lemma9 Lert H=(V, E), H =(V, E') be orderly hypergraphs. If S(H) = S(H') then H = H'.

Proof The black nodes of S(H) correspond to the edges of H. The vertices forming the edge
corresponding to a given black node are exactly the vertices associated with the colored nodes
adjacent to that black node. |

Lemma 14 The pairwise distances (in H*) between any three vertices, u, v, and w uniquely deter-
mine the sub-skeleton induced on these vertices.

Proof By Remark 10, there is a unique path from [u] to [v] (resp., [u] to [w] and [v] to [w]) in
S(H*). Since the length of this path is dg«(u,v) (resp., dg=(u,w) and dg-(v,w))), the sub-
skeleton induced on {u, v, w} is uniquely determined. [ |

We remarked in the main body that the choice of node [v | is critical in realizing the desired
bound on the number of SP-queries. A greedy choice can be inefficient:

Proposition 24 The online learning algorithm desribed in Section 5 chooses a sequence of paths
all of which have the skeleton node [v1] as one endpoint and a blue node [v | | as the other endpoint.
Suppose v, ] is always chosen to be the most distant vertex from [v1] in the subtree containing the
vertex vnext- 1henm, to locate an attachment node requires Q(\/Z) SP-queries in the worst case,
where £ is the number of leaves in the current sub-skeleton.

Proof Our argument is a generalization of a similar claim made by Hein (1989) about their algorithm
for conventional trees.
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Suppose the current sub-skeleton is a binary tree of the form shown

2
in Figure 4, where [v1] is the node in the lower left corner. Furthermore, :: ﬁ 6
suppose that vnext has to be inserted at the green leaf. If [v, ] is always s00
chosen to be the most distant vertex from [v;] in the subtree containing :: ::71.45
the vertex vnext, then the leaf labeled ¢ in the figure is a candidate to be oo o 2 1
chosen as [v] ] in the i-th step. Scaling up this example, it follows that o000
O(V/f) SP-queries could be used in the worst case. [ | Figure 4

Proposition 20 There are classes of hypergraphs for which (i) the Dy-query and D,,-query com-
plexity are asymptotically larger than the SP-query complexity, (ii) the SP-query and Ds-query
complexity are asymptotically larger than the D, -query complexity. In particular, claim (i) is wit-
nessed by the class of orderly hypertrees of diameter at least three.

This proposition is an immediate consequence of the following two lemmas.

Lemma 25 Let H be the class of all hyperpaths (which are, in particular, orderly hypertrees) of
diameter at least three. Learning a target hypergraph in H requires Q(n?) D,,-queries (Q(n?) Da-
queries, resp.) in the worst case. By contrast, the worst-case number of SP-queries required to
learn any target hypergraph in H is in ©(n).

Proof The SP-query complexity was proven by Fallat et al. (2024)).

The quadratic lower bound on the D,-query complexity can be derived as follows. For any
n > 4, consider a hyperpath P, (Figure 5) of length three with two edges e; and e of cardinality 5
and one edge e of cardinality 2 with no private vertices.

For learning such a hyperpath, dependency queries with more than two vertices are useless.
Each set of size greater than 2 has at least two vertices in the same edge, so that any D,-query
with ¢ > 2 will always receive the answer 1. Hence, consider a learner asking only Ds-queries
to identify P,. Clearly, against an adversarial oracle, such learner must ask one query for each set
{v1,vo} where v; € e;. This yields the claimed bound of Q(n?) for D,,-queries. [ |

Lemma 26 Let H be the class of all hypergraphs consisting of one edge of size 2 and n— 2 isolated
vertices. Learning a target hypergraph in H requires Q}(n?) SP-queries (Q(n?) Da-queries, resp.)
in the worst case. By contrast, the worst-case number of D,,-queries required to learn any target
hypergraph in H is in ©(logn).

Proof By a standard information-theoretic argument, a lower bound of Q(logn) on the D,,-query
complexity is obtained. The matching upper bound follows from a result by Angluin and Chen
(2008), who showed that a graph with edges of size at most 2 can be learned with O(logn) edge
detection queries per edge. The definition of edge detection queries coincides with the definition of
D-queries when the underlying hypergraphs are conventional graphs. Since every hypergraph in H
is in fact a graph, this upper bound translates to D,,-queries.

Next, consider any learner asking only SP-queries. If the learner asks at most (g) — 2 queries,
there exist at least two sets {v1, v2} and {vs, v4} of size 2 each, with {v1,va} # {vs, v4}, neither
of which is posed as a query. Now there are at least two distinct hypergraphs in ‘H for which all
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el 7(3 €2
Figure 5: Hyperpath P, from the proof of Proposition 20.

posed queries would have been answered oo by the oracle (one containing the edge {v1, v}, and
one containing the edge {vs, v4}). Thus, in the worst case, the learner must ask (;) — 1 SP-queries
to identify its target. Since Dy-queries provide no more information than SP-queries, the same
lower bound applies to them. |

Theorem 21 (Part 1.) Let H be the class of all connected orderly hypergraphs of order n and
diameter at least 3, with each edge containing at least one private vertex. The worst-case number
of Da-queries needed to learn any target hypergraph H € H is in O(mn), where m is the number
of edges in H.

Proof The claim is witnessed by the following algorithm for learning any H € H:
(1) Initialize ¢ = 0, V* = V and repeat the following until V* = {):

(a) Select a vertex v; € V* and ask a total of n — 1 Ds-queries of the form {v;, v’} — one for each
vertex v/ € V with v # v;.

(b) Let V; C V be the set of vertices v’ for which such query is answered 1. (Note that V; is the
union of all edges in H containing v;.) Set V* := V*\V; and i := i + 1.

Since H is orderly, the sub-hypergraph induced by V; is an orderly hyperstar (possibly just a single
edge). For each edge e in H, since e has at least one private vertex, there must exist an ¢ such that
e CV,.

(2) Since H is connected with diameter at least 3, each set V; intersects with at least one set V,
j # 1. Thus, for each set V;:

(a) Select a vertex w; € V; that belongs to some set V;, j # . For each vertex w € V;, ask one
Dy-query of the form {w;, w}.

(b) If all queries are answered 1, then Vj is a single edge. Otherwise, the vertices in V; form a

hyperstar H; within H; moreover, the vertex w; has maximum eccentricity in H;. (Note that
the intersections of V; with any V; are known at this point.)
We can now learn H; with at most O(n;m;) Da-queries, where n; = |V;| is the number of
vertices in H;, and m; is the number of edges in H;. To do so, note that the edge e in H; that
contains wj is already determined by the queries in (2a). The other edges of H; are learned
by picking any vertex u € V;\e and asking Do-queries of the form {u,w} for each vertex
w € V;. Continuing this process, each time picking a vertex v € V; that does not belong
to the previously learned edges of H;, all edges of H; are learned. The total number of Do
queries in this step is in O(, m;n;) which can be bounded by O(n ), m;) = O(mn).

Hence the total number of Da-queries consumed in order to learn H is in O(mn). |
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ONLINE AND OFFLINE LEARNING OF ORDERLY HYPERGRAPHS USING QUERIES

Theorem 21 (Part 2.) Dropping any of the four premises of Theorem 21 (Part 1) in isolation would
vield quadratic Dy-query complexity.

Most of the claims needed to prove this remark have already been established. Firstly, dropping
the condition on the diameter yields the class of all orderly hyperstars, which is known to have
an SP-query (and thus Do-query) complexity of ©(n?). Secondly, learning arbitrary connected
orderly hypergraphs of diameter > 3 also needs Q(n?) Dy-queries—even Q(n?) D,,-queries—if
the condition on private vertices is dropped. This is witnessed by hyperpaths of diameter > 3 (see
Lemma 25). Not necessarily connected orderly hypergraphs of diameter at least three are hard
to learn with Dy-queries, even if each edge has private vertices; this is witnessed by Lemma 26.
Finally, forgoing orderliness yields:

Lemma 27 Let H be the class of all connected hypergraphs of diameter at least 3 with each edge
containing at least one private vertex. Learning a hypergraph H € H requires Q(n?) D,,-queries
in the worst case, even for fixed m > 4.

Proof For any n > 7, consider the hypergraph H,, in Figure 6. Each edge in H,, has exactly one
private vertex, |e; Ne;| = 1 for j € {0, 2,3}, and the intersection of e; and e3 consists of n —5 > 2
vertices, one of which belongs to e;.?

Consider any sequence S of D,,-queries. The answers obtained in this sequence S may or may
not determine some vertices as members of eg U e1. Suppose there are two distinct vertices v, w that
are not determined as belonging to ey U e;1. This is possible as long as .S has at most n — 5 queries
containing exactly one of the two vertices v and w.

Now there are two distinct hypergraphs H, H' in H, both isomorphic to H,,, for which the query
sequence .S would receive identical sequences of answers from the oracle. In other words, S would
not be able to distinguish H from H’.

H and H’ differ only in the placement of v and w. H has w as a private vertex in ez, while v
lies in (e2 Nes)\e1; in H', it is the opposite.

Clearly, any query containing either (i) both v and w or (ii) neither of them will be answered the
same both for H as target and for H’ as target. The same is true for any query containing either v
or w, together with any vertex that S determines to belong to eg U e;. If S has at most n — 5 queries
containing exactly one of v and w, it has at most n — 5 queries containing exactly one of v and w
together with vertices that S does not determine as members of ey U e;. We can now assume that
all queries of the latter type in .S are answered with 1, in particular, that the private vertex of edge
e3 is not among the vertices queried together with v or w. Hence H and H' cannot be distinguished
through such a query sequence S.

This implies that, to learn H,, with a sequence S of D,-queries, S must have, for any two
distinct vertices v, w outside ey U e1, more than n — 5 distinct queries containing exactly one of v
and w. Since there are £2(n?) choices for such v, w, this proves the claimed lower bound of Q(n?)
D,,-queries. |

Theorem 23 Let H be the class of all (not necessarily connected) orderly hypergraphs whose com-
ponents have diameter > 3, and contain no vicious 3-cycles as induced sub-hypergraphs. Then
there is an algorithm that learns every H € H using n ED-queries and O(nm) Da-queries.

3. The same structure was used in the Figure 1; we replicate the figure here and add annotation, for ease of reading.

19



FALLAT KHODAMORADI KIRKPATRICK MALIUK MOJALLAL ZILLES

Figure 6: The hypergraph H,, from the proof of Lemma 27.

This theorem is an immediate consequence of the following three lemmas. Jointly, they clearly
establish Theorem 23, as desired.

These lemmas make use of the notion of hitting set. A hitting set in a hypergraph H = (V| E)
isaset T C V such that for all edges e € E(H), T Ne # (). A hitting set T of H is called minimal
if no proper subset of 7' is a hitting set.

Lemma 28 Given a hitting set T' for an unknown hypergraph H, a learning algorithm can infer
a minimal hitting set T'" C T for H with |T| ED-queries. In particular, there is an algorithm
that learns a minimal hitting set for any unknown hypergraph over n vertices, by asking at most n
ED-queries.

Proof Let T = {v1, ..., v}, t = |T'|. The claim is witnessed by the following learning procedure.
1. Seti =1landT' =T.
2. SetT; := T"\{v;} and ask an ED-query for V\T;.

3. If the answer is 0, set 77 := T"\{v;}, i := i + 1. If ¢ < ¢ then go to step (2), otherwise, if
i > t then stop and return 7".

4. If the answer is 1, set 7 := ¢ + 1. If « < ¢ then go to step (2), otherwise, if 7 > ¢ then stop and
return 7".

Clearly, 7" C T, and T" is a minimal hitting set for H.
Since the full vertex set V' is always a hitting set of size n for H, one can learn minimal hitting
sets using at most n ED-queries. |

Lemma 29 Any minimal hitting set for a hypergraph H with < m edges has size at most m.

Proof First we show that any subset of a minimal hitting set for H is a minimal hitting set for the
sub-hypergraph induced by it. To this end, let 7" be a minimal hitting set for H, and let 7/ C T. If
T’ were not a minimal hitting set for the sub-hypergraph H’ it induces, then there would be a vertex
v € T" such that 7"\ {v} is a hitting set for H'. But then T\ {v} = T"\{v} U (T'\T") is a hitting set
for H, which contradicts the minimality of 7.

Second, note that any minimal hitting set 7" for H contains a vertex v such that there is an edge
e that contains v but no other vertex in 7.

These two properties together imply that a minimal hitting set has size no larger than m. |
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Lemma 30 Let H be the class of all (not necessarily connected) orderly hypergraphs H over n
vertices such that each component of H has diameter at least 3, and H contains no vicious 3-cycles
as induced sub-hypergraphs. There is an algorithm which, given a size t hitting set for any target

hypergraph H € H, can learn H using at most n(m + 2t — 1) Do-queries, where m is the number
of edges in H.

Proof Suppose that 7' = {vy,..., v} is a hitting set of the target hypergraph H* € H. For each
i € [t], we define V; := {v € V' | d(v,v;) = 1}, and call the sub-hypergraph C; = (V;, E;) induced
by V; the cluster of v;. Note that C; is a hyperstar, V = |J;_, V; and E = Ji_, F.

For each cluster C;, the vertex set V; can be identified with at most n Dsy-queries, so that no
more than nt Dy-queries suffice to learn V7, ..., V,,. (The strategy for learning V; here is the same
as Step 1 in the proof of Theorem 21.)

Next, we describe how to learn all edges in each cluster C;. Since the diameter of each compo-
nent is at least 3, V; intersects at least one set V; for j # 4. The learner asks a D»-query of the form
{vis vs}.

Case 1. The answer to the query {v;, v;} is 1. Then the intersection V; ; := V; N V; contains a
whole edge ¢; ; including both v; and v;. To learn all edges of the clusters C; and C);, the learner
selects an arbitrary vertex wy € V;\V; ;. Since the hypergraph H has no vicious 3-cycles as induced
sub-hypergraphs, the set V;\V; ; is nonempty.

The learner then asks Dy-queries of the form {w1, v} forall v € V;. In this way, it learns an edge
e in C;. If V;\(V; j U e1) is nonempty, the learner picks an arbitrary vertex wo € V;\(V; jUe;) and
continues this process to learn all edges in C; except for ¢; ;. Analogously, it also learns all edges
in C; except for e; ;. Finally, it identifies e; ; as V; j\ K, where K is the intersection of all learned
edges in C; and C}.

Case 2. The answer to the query {v;,v;} is 0. Then V; N V; does not contain an entire edge.
The learner selects an arbitrary vertex u; € V; MV} and asks Do-queries of the form {u1,v} forall
v € V;, allowing it to identify an edge e; in C;. Then if V;\e; is nonempty, the learner chooses an
arbitrary vertex ug in V;\e; and continues this process to learn all edges in C;.

Applying the above process, all edges of the cluster C; are learned by asking at most |E;| - |V}
Da-queries. Hence the total number of Ds-queries to learn H* is bounded from above by

t t
1V < . | < . _ < —_ .
tn+ > |E \%]_nt—i-lHSl?%(JW\Z]Ell_nt—i— lrg?%{tyw(mﬂ 1) <n(m+2t—1)

i—1 j=1
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