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Abstract
To address the needs of modeling uncertainty in sensitive machine learning applications, the setup
of distributionally robust optimization (DRO) seeks good performance uniformly across a variety
of tasks. The recent multi-distribution learning (MDL) framework Awasthi et al. (2023) tackles
this objective in a dynamic interaction with the environment, where the learner has sampling ac-
cess to each target distribution. Drawing inspiration from the field of pure-exploration multi-armed
bandits, we provide distribution-dependent guarantees in the MDL regime, that scale with subop-
timality gaps and result in superior dependence on the sample size when compared to the existing
distribution-independent analyses. We investigate two non-adaptive strategies, uniform and non-
uniform exploration, and present non-asymptotic regret bounds using novel tools from empirical
process theory. Furthermore, we devise an adaptive optimistic algorithm, LCB-DR, that showcases
enhanced dependence on the gaps, mirroring the contrast between uniform and optimistic alloca-
tion in the multi-armed bandit literature. We also conduct a small synthetic experiment illustrating
the comparative strengths of each strategy.
Keywords: multi-distribution learning, multi-armed bandits

1. Introduction

Classical statistical learning operates under the assumption that data comes from a single source
Hastie et al. (2009). However, the growing use of machine learning in safety-critical applications
has brought forth the demand for more robust models that address stochastic heterogeneity. One
well-established paradigm is distributionally robust optimization (DRO) Rahimian and Mehrotra
(2022), which seeks good performance uniformly across a collection of distributions. Concretely,
let A and X be decision and data spaces, respectively, and suppose that data is sampled from a
distribution within some uncertainty set U ⊂ P (X ). Under a target reward function r : A×X → R
and distribution Q ∈ U , an action a ∈ A yields expected reward µ (a;Q) := EXQ∼Q [r (a,XQ)].
DRO then focuses on the problem

max
a∈A

{
µDR (a) := min

Q∈U
µ (a;Q)

}
(DR)

Recent works Blum et al. (2017); Sagawa* et al. (2020); Haghtalab et al. (2022) have studied the
setting of finite U and tackle it via interactive dynamics with the environment. More precisely,
the emergent multi-distribution learning (MDL) framework Awasthi et al. (2023) assumes sampling
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access to U , where a learning agent sequentially selects which distributions to sample from given a
fixed sampling budget.

The current literature (e.g., see Awasthi et al. (2023)) is populated with distribution-independent
rates; i.e., bounds that are independent of problem parameters. While broad in its applicability, this
approach falls short in capturing the nuances of the underlying environment. Oftentimes, it is more
intuitive to analyze the learner’s performance in a fixed setting, as opposed to considering a worst-
case instance for each sample size. When domain knowledge is available, a “one-size-fits-all” rate
does not provide any insight on how to take advantage of this information.

To address these drawbacks, in this work, we study distribution-dependent guarantees for the
MDL problem. Motivated by its close ties to the well-studied pure exploration multi-armed bandits
(PE-MAB) Bubeck et al. (2011) paradigm, we analyze the simple strategies of uniform and non-
uniform exploration, as well as their optimistic counterpart, ensuring regret guarantees that scale
with suboptimality gaps and decay much faster with the sampling budget.

1.1. Main results

We place MDL algorithms into one of two categories: non-adaptive and adaptive. In the former,
data is collected without any interaction with the environment and, in the latter, the learner sequen-
tially selects distributions based on previously acquired samples. We introduce two strategies of the
non-adaptive type: uniform (UE) and non-uniform (NUE) exploration (Section 3). As the names
suggest, UE gathers the same number of samples from each distribution, while NUE can benefit
from varied sample sizes. Using tools from empirical process theory, we provide non-asymptotic
regret guarantees that scale with the suboptimality gaps of the problem and decay exponentially
with the sampling budget T (Section 3.1). This stands in contrast to the distribution-independent
rates found in the recent literature, which hold under a worst-case environment and, thus, only scale
with O

(
1/
√
T
)

. From a Bernstein-type concentration inequality, we then show how NUE can
exploit distributional variability to allocate samples more effectively (Section 3.2).

While the non-adaptive methods already display exponentially decreasing regret, adaptivity can
further improve the dependence on instance-specific variables. Motivated by the enhancements of
UCB-E Audibert et al. (2010) over uniform exploration in the PE-MAB literature, we introduce
the analogous LCB-DR algorithm (Section 4) and showcase how optimism can result in superior
dependence on the suboptimality gaps when compared to UE (Section 4.1).

Let ∆DR (a) := maxa∗∈A µDR (a∗) − µDR (a) be the suboptimality gap of an action from a
finite set A, and suppose that rewards are bounded in [0,M ]. Given an algorithm, we denote its
output after T sampling rounds by Ao

T . In short, we make the following contributions:

(i) With n ∈ N samples from each distribution, we show in Section 3.1 that UE has a simple
regret decay of order

E [∆DR (Ao
T )] ≤

∑
a∈A:∆DR(a)>0

∆DR (a) exp

(
−n∆2

DR (a)

M2

)

Moreover, we present the distribution-independent rate E [∆DR (Ao
T )] ≲

√
|U| log(|U||A|)

T .
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(ii) With nQ ∈ N samples from distribution Q ∈ U over real-valued data and bounded reward
r ∈ [0,M ], we show in Section 3.2 that NUE attains the rate

E [∆DR (Ao
T )] ≤

∑
a∈A:∆DR(a)>0

∆DR (a) exp

− ∆2
DR (a)

σ2
T +Σ2

T + VT + M ∆DR(a)
minQ∈U nQ


where σ2

T ,Σ
2
T and VT are empirical process variance quantities that scale with the variances

of each Q ∈ U and decrease with the nQ.

(iii) Appealing to the principle of optimism, we devise the LCB-DR algorithm that, in a pre-
specified permutation of the arms

(
a1, a2, . . . , a|A|

)
, for j = 1, . . . , |A|, sequentially per-

forms a modified version of UCB-E, for Tj rounds, on “losses” {µ (aj , Q)}Q∈U as a means
of identifying the worst-case distribution for aj . In Section 4, we show that, under rewards
bounded in [0, 1], this guarantees an error probability of

P (∆DR (Ao
T ) > 0) ≤

|A|∑
j=1

exp

−

(
C2
aj ∧ 1

)(
Tj + T̃j − |Uj |

)
Hj


This bound, which may be of independent interest, results from an analysis of UCB-E un-
der a learner with previously acquired data (see Appendix D). Since the learner has already
accumulated samples from previous iterations in each UCB-E batch, some “arms” can be
identified as suboptimal a priori. We show that the algorithm essentially operates on a subset
Uj ⊂ U of the arms, whose total number T̃j of pre-collected samples contributes to the regret
decay. Furthermore, while the standard analysis scales with the sum of the reciprocals of
all suboptimality gaps, in this case, the quantity Hj sum only over the smaller set Uj . The
quantity Ca is a newly introduced complexity measure that captures the difference in diffi-
culty between the two tasks we face: identifying a as suboptimal and finding its worst-case
distribution. Drawing parallels with the MAB literature, we compare this bound to that of
UE, showing that the contrast is characterized by Ca.

(iv) In Appendix F, we briefly discuss how the results can be extended to infinite decision sets.

For ease of exposition, we removed constants and terms decreasing with T inside the exponential,
as well as any quantities outside of it. The formal statements are deferred to the corresponding
sections.

1.2. Related work

The predominance of machine learning in society has highlighted the need for robust models that
maintain high-quality performance in a multitude of scenarios. Given the inherent uncertainty in
identifying the environment, much attention has been given to the problem of learning under distri-
bution shifts Ben-David et al. (2009); Mansour et al. (2009), where training data may not necessarily
be sampled from the target distribution. To tackle this, several works Volpi et al. (2018); Zhang et al.
(2021); Sutter et al. (2021) have applied the framework of DRO Scarf (1958); Delage and Ye (2010);
Ben-Tal et al. (2013) by assuming that the shift occurs within a neighborhood U of some nominal
distribution, typically generating data, and solving (DR). There are many ways to construct U and
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optimize the objective, and we refer to Shapiro et al. (2021); Rahimian and Mehrotra (2022) for a
thorough review.

A more recent line of work has specialized to finite and unstructured U = {Q1, . . . , Qk}, under
sampling access to each distribution. Agnostic federated learning Mohri et al. (2019) solves (DR)
under mixtures of U , providing high-probability bounds on the generalization gap of non-uniform
exploration and an algorithm with empirical optimization guarantees. Collaborative PAC learning
Blum et al. (2017) focuses on binary classification, with the aim of guaranteeing P (∆DR (Ao

T ) ≤ ϵ) ≥
1− δ under a minimal number of samples T . The original work of Blum et al. (2017) assumes real-
izability and subsequent studies Chen et al. (2018); Nguyen and Zakynthinou (2018); Carmon and
Hausler (2022); Haghtalab et al. (2022) extended results to the agnostic case and gave improved
rates, along with sample-complexity lower bounds. Awasthi et al. (2023) later solidified the theory
and posed several open problems, some of which were recently addressed in Peng (2024); Zhang
et al. (2024) via optimal algorithms.

In this work, we turn our attention to the simple regret E [∆DR (Ao
T )]. For finite decision

sets A, an integration of the tails reveals that the regret achieved by Haghtalab et al. (2022) is

O

(√
log|A|+k log k

T

)
. When A ⊂ Rd has Euclidean diameter at most B > 0 and, for each x ∈ X ,

the function r (·, x) is both convex and Lipschitz, several studies have proposed comparable rates

using game dynamics. Group DRO Sagawa* et al. (2020) ensures a rate of O
(
k
√

B2+log k
T

)
and,

in the fairness context, Abernethy et al. (2022) obtains O
(

B√
T

)
plus a term that uniformly bounds

the generalization gap with high-probability. Subsequently, Zhang et al. (2023) devised strategies

with O

(√
B2+k log k

T

)
regret, matching the lower bound of Soma et al. (2022) up to log factors,

and additionally studied the setting with distribution-specific sampling budget constraints.

Since the learner does not incur any costs when gathering data, MDL closely resembles PE-
MAB Bubeck et al. (2011) under the fixed budget regime, where distributions represent the arms.
It is standard in the MAB literature to distinguish between distribution-dependent and independent
rates. The former typically depends on the suboptimality gaps and scales much faster with T . In
contrast, the latter holds for worst-case environments for each T , resulting in slower regret decay.
See (Lattimore and Szepesvari, 2020, Ch. 33) for an in-depth discussion. In PE-MAB, Audibert
et al. (2010) introduced the UCB-E strategy, which improves performance relative to the gaps when
compared to uniform exploration. Motivated by these results, we demonstrate analogous faster
distribution-dependent rates in the MDL setting and explore a similar contrast between UE and
LCB-DR.

2. Preliminaries

Notation. We frequently use the notation [k] := {1, . . . , k}, where k ∈ N. For a measurable space
X (we will omit the σ-algebras), we let P (X ) denote the set of all distributions over it. For two
real-valued functions f and g, we let f ≲ g and f ≳ g denote inequalities up to universal constants.
Given values a, b ∈ R, we define a ∨ b := max {a, b} and a ∧ b := min {a, b}.
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2.1. Multi-distribution learning

Let X be the space where our data lives in and A the space where we make decisions. Given
data XQ ∼ Q ∈ P (X ), statistical learning aims to maximize the stochastic objective µ (a;Q) =
E [r (a,XQ)] with respect to a ∈ A, where r : A×X → R is an underlying reward function. In the
MDL paradigm, we capture distributional uncertainty by assuming that the distributions come from
some uncertainty set U ⊂ P (X ) and instead aim to solve the distributionally robust problem (DR),
where our goal is to maximize µDR (a) = minQ∈U µ (a;Q). We measure the performance of a deci-
sion a ∈ A via its suboptimality gap ∆DR (a) := µ*

DR−µDR (a), where µ*
DR := maxa∈A µDR (a)

is the optimal objective value. Throughout this work, we operate under the following assumptions.

Assumption 1 (Finite decision/uncertainty sets) |A| = l and |U| = k, where 2 ≤ l, k < ∞.

Assumption 2 (Bounded rewards) The reward function r is bounded in [0,M ], for some M > 0.

To solve (DR), we interact with the environment for a total of T ∈ N rounds. In each round
t ∈ [T ], we (i) select a distribution Qt ∈ U and (ii) receive independent data point Xt ∼ Qt.
After the T rounds, we output a decision Ao

T ∈ A with the goal of minimizing the simple regret
E [∆DR (Ao

T )] or error probability P (∆DR (Ao
T ) > 0). The strategies described in this work are of

the form Ao
T = argmaxa∈A µo

T (a) for an appropriately constructed proxy µo
T : A → R.

Remark 3 (Simple regret v.s. error probability) Note that both performance measures are closely
related: since r ∈ [0,M ], we have that ∆DR ∈ [0,M ] and, thus,

∆DR,min P (∆DR (Ao
T ) > 0) ≤ E [∆DR (Ao

T )] ≤ MP (∆DR (Ao
T ) > 0)

where ∆DR,min is the minimal positive gap (see Section 2.2).

2.2. Complexity measures

For each decision a ∈ A, we define its worst performing distribution Q∗
a := argminQ∈U µ (a;Q)

and the suboptimality gaps ∆a (Q) := µ (a;Q) − µDR (a). Much of the analysis that follows is
characterized by the minimal positive gaps

∆DR,min := min {∆DR (a) > 0 : a ∈ A} and ∆a,min := min {∆a (Q) > 0 : Q ∈ U}

These quantities are additionally used to define complexity measures

Ha :=
∑

Q∈U :∆a(Q)>0

∆−2
a (Q) and Ca :=


∆DR (a)

∆a,min
, a /∈ argmax

a∈A
µDR (a)

∆DR,min

∆a,min
, otherwise

for each a ∈ A. In pure exploration bandits, Ha is commonly used to characterize the complexity
of identifying the optimal arm (e.g., Audibert et al. (2010)), which in our setting translates to iden-
tifying Q∗

a. The intuition behind Ca is that it compares the difficulty of the two tasks we face: when
Ca ≤ 1 for some a /∈ argmaxa∈A µDR (a), or ∆DR (a) ≤ ∆a,min, it is more challenging to rule
out a as suboptimal than it is to identify Q∗

a.
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2.3. Algorithmic tools

For each distribution Q ∈ U , let XQ,
{
X

(i)
Q

}∞

i=1

iid∼ Q be a sequence of independent data points.

For each (t, a,Q) ∈ N × A × U , we define the empirical mean µ̂t (a;Q) := 1
t

∑t
i=1 r

(
a,X

(i)
Q

)
.

Under a fixed sampling algorithm, let nt (Q) :=
∑t

s=1 I {Qs = Q} denote the number of times that
Q is played up to time t. The data received is then given by Xt = X

(nt(Qt))
Qt

.

3. Non-adaptive strategies

We begin by describing two simple non-adaptive strategies. In essence, both sample a fixed number
of times from each distribution in U and construct a proxy µo

T that is the natural empirical version
of µDR. Proofs of the results are deferred to Appendix C.

3.1. Uniform exploration (UE)

The most straight-forward strategy is the idea of uniform exploration (UE) (Algorithm 1). As the
name suggests, we sample the same number n ∈ N of times from each distribution, for a total of
T = nk samples, and form the empirical proxy µo

T (a) = minQ∈U µ̂n (a;Q).

Algorithm 1: Uniform Exploration (UE)
Input: Number of samples n ∈ N

1 Sample n times from each distribution Q ∈ U
2 Construct µo

T (a) = minQ∈U µ̂n(a;Q)
Output: Ao

T = argmaxa∈A µo
T (a)

Theorem 4 (UE regret) Suppose that n ≥
(

8M
∆DR,min

)2
log k. Then, the UE algorithm attains the

following simple regret bound:

E [∆DR (Ao
T )] ≤

∑
a∈A:∆DR(a)>0

∆DR (a) exp

− n

2M2

[
∆DR (a)− 8M

√
log k

n

]2
Since our empirical proxy µo

T is not an unbiased estimate of µDR, we end up with an approxi-

mation error bounded by M
√

log k
n . The lower bound on n is then required to apply tail bounds by

ensuring that ∆DR (a)− 8M
√

log k
n ≥ 0 for all a ∈ A (see Appendix C.1).

Remark 5 (Small gaps) When ∆DR,min is really small, the lower bound condition on n may be
difficult to attain. This may be counterintuitive, for example, when all gaps are small, as we expect
the problem to be easy. In such situations, an alternative guarantee is

E [∆DR (Ao
T )] ≤ ∆+

∑
a∈A:∆DR(a)>∆

∆DR (a) exp

− n

2M2

[
∆DR (a)− 8M

√
log k

n

]2
for any ∆ > 0, provided that n ≥

(
8M
∆

)2
log k.
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With some further manipulation, we can additionally obtain a distribution-independent regret
bound.

Corollary 6 (UE distribution-independent regret) Suppose that n ≥
(

8
∆DR,min

)2
log k and

M ≥ 1. Then, UE attains the following distribution-independent regret: E [∆DR (Ao
T )] ≲ M

√
k log(kl)

T .

3.2. Non-uniform exploration (NUE)

A natural extension of the UE strategy is to sample a different number of times from each distribu-
tion. To address this, non-uniform exploration (NUE) (Algorithm 2) samples nQ ∈ N times from
each distribution Q ∈ U , for a total of T =

∑
Q∈U nQ samples. Similarly, we define the proxy

µo
T (a) = minQ∈U µ̂nQ (a;Q).

Since our goal is to showcase the interplay between sample size and variance, here we focus on
real-valued data in X ⊂ R and Lipschitz reward functions r. Let us define mean µQ := E [XQ] and
variance σ2

Q := Var (XQ) for each Q ∈ U . Additionally, let us sort the sample sizes in increasing
order as follows: 0 =: n(0) ≤ n(1) ≤ · · · ≤ n(k) and let Q(j) denote the corresponding distribution
in the jth position: nQ(j)

= n(j). The regret bound presented will rely on the following variance
quantities:

VT :=

k∑
j=1

(
n(j) − n(j−1)

)
E

[
max

r∈{j,...,k}

1

n2
(r)

[
XQ(r)

− µQ(r)

]2]

Σ2
T := E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

(
X

(i)
Q − µQ

)2]

σ2
T := max

Q∈U

σ2
Q

nQ

Lastly, we make use of the quantity GT := 32M log k
minQ∈U nQ

+ 8LσT
√
2 log k, which we note decreases

with the {nQ}. This is the analogue of 8M
√

log k
n found in the UE analysis.

Algorithm 2: Non-uniform exploration (NUE)

Input: Number of samples {nQ}Q∈U ⊂ N allocated to each distribution
1 Sample nQ times from each distribution Q ∈ U
2 Construct µo

T (a) = minQ∈U µ̂nQ (a;Q)
Output: Ao

T = argmaxa∈A µo
T (a)

Theorem 7 (NUE regret) Suppose that r (a, ·) is L-Lipschitz for each a ∈ A, and that ∆DR,min ≥
GT . Then, the NUE algorithm attains the following simple regret bound:

E [∆DR (Ao
T )]

≤
∑

a∈A:∆DR(a)>0

∆DR (a) exp

− [∆DR (a)−GT ]
2

16L2
(
2σ2

T +Σ2
T + 6VT

)
+ 2

√
6M

minQ∈U nQ
[∆DR (a)−GT ]


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As intuition suggests, the definitions imply that sampling more from distributions with higher
variance yields better rates. On the other hand, due to the presence of minQ∈U nQ in the bound,
it may also be favorable to balance this principle with ensuring that no distribution is significantly
undersampled.

3.3. Uniform v.s. non-uniform exploration

We briefly note that the NUE bound recovers the UE one. Suppose that the sample sizes are uniform
and equal to n, and let us make the mild assumption that n ≥ log k. Instead of exploiting the
Lipschitzness of r in Section B.2.6, we can exploit its boundedness to readily conclude that VT ≲
M2/n, which also serves as an upper bound on σ2

T and Σ2
T . Since ∆DR (a) ≤ M , the denominator

in the exponential term of the NUE regret is then upper bounded by ∼ M2/n. By additionally

bounding GT ≲ M
√

log k
n , we recover the UE bound.

The benefit of using non-uniform sampling, however, is revealed by examining how variance
plays a role in the NUE bound. Let us more generally express the probability of selecting a subop-
timal arm a ∈ A for UE and NUE as follows (see Appendix C):

exp
(
− n

M2
[∆DR (a)−BT ]

2
)

︸ ︷︷ ︸
UE

v.s. exp

(
− [∆DR (a)−BT ]

2

σ2
T +Σ2

T + VT + M
minQ nQ

[∆DR (a)−BT ]

)
︸ ︷︷ ︸

NUE

where we have omitted constants. Here, BT is a quantity that decreases with the sample size and is

the same in both rates. In Theorems 4 and 7, we set it to M
√

log k
n and GT , respectively, but either

choice applies. To mirror the standard Hoeffding v.s. Bernstein discussion, consider a small-sample
regime where ∆DR (a) − BT is suitably small. The comparison then reduces to M2

n (for UE) v.s.
σ2
T + Σ2

T + VT (for NUE), where the smaller term is better. Note that M captures the range of the
reward function r, while σ2

T ,Σ
2
T and VT capture the variance of the distributions in U . The latter

is more nuanced and can be favorable when the reward takes large values but the data concentrates
in a small region. This shows that NUE can be better when the learner allocates more samples to
distributions with higher variance.

3.4. Bounds on variance quantities

While the variance quantities introduced seem hard to control and lack interpretability, here we
highlight some strategies and examples to mitigate this issue. Proofs of all results below are deferred
to Appendix G.

3.4.1. CRUDE BOUND

Note the variance hierarchy σ2
T ≤ Σ2

T ≤ VT . To unify them, we can bound the max with a sum to

get VT ≤
∑

Q∈U
σ2
Q

nQ
, which we can then substitute all three terms with. However, this results in a

linear dependence on k that we aim to avoid.

8
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3.4.2. BOUNDING Σ2
T

Suppose that our data is bounded: XQ ∈ [0, 1] for each Q ∈ U . Then we can establish the following

upper bound: Σ2
T ≲

√
log k

minQ∈U n3
Q
+ σ2

T . Since the first term on the right-hand side decays faster

than O
(

1
minQ∈U nQ

)
, we can focus our attention on σ2

T , which is a more interpretable quantity.

3.4.3. BOUNDING VT

The most formidable quantity is VT , but we can readily relate it to Σ2
T via the relationship VT ≤

min {maxQ∈U nQ, k}Σ2
T . In a setting where k is not too large, this result shows that control over

Σ2
T also ensures control over VT .

For a more concrete example, suppose that U = {Q1, . . . , Qk}, where Q1, . . . , Qk−1 share a
common small variance σ2 and Qk has a much larger variance ν2 ≫ σ2. In addition, suppose
that Q1, . . . , Qk−1 are supported in [0, 1]. Consider the NUE procedure with n samples from each
Q1, . . . , Qk−1 and m = T − n (k − 1) ≥ n samples (where T ≥ nk is the total number of
samples) from Qk. Intuitively, we would like for m ≫ n since Qk is harder to learn (i.e., has more
variability). This can be reflected in the strong variance: VT ≲

√
log k+σ2

n + ν2

T−nk . Comparing with
the UE counterpart (and ignoring σ2

T and Σ2
T since VT is the dominating term) M2k/T , we note

that NUE can decay much faster when ν2,M2, k and T are large relative to σ2 and n.
For example, consider σ2 = 1/4 and ν2 = M = k = C > 1. Suppose that n sample are

allocated to Q1, . . . , Qk−1 and n (C + 1) samples to Qk. Let us use the first bound of Theorem 27:

BT ≍ M
√

log k
minQ∈U nQ

≍ C
√

logC
n . Note that this also holds for UE since it allocates 2n samples

to each distribution. Using the fact that VT ≲
√
logC
n , the exact rates for both strategies are then

exp

− n

C2

[
∆DR (a)− C

√
logC

n

]2
︸ ︷︷ ︸

UE

v.s. exp

−
n

[
∆DR (a)− C

√
logC
n

]2
√
logC + C

[
∆DR (a)− C

√
logC
n

]


︸ ︷︷ ︸
NUE

Introduce ϵa := ∆DR (a)−C
√

logC
n . Then the comparison becomes C2 (for UE) v.s.

√
logC+Cϵa

(for NUE), where the smaller term is better. Since ϵa ≤ C, we see that the latter is always smaller
and, when ϵa ≪ C, NUE provides a significantly sharper bound for this action. We highlight that,
in this example, the quantity minQ∈U nQ in the NUE rate did not pose an issue, as it is equal, up to
constants, to the UE allocations (i.e., n v.s. 2n). In addition, applying the Bernstein bound to UE
does not help since the variance quantities are still polynomial in C.

4. Optimism

As opposed to the non-adaptive strategies covered thus far, the next algorithm we present makes
sampling decisions as it interacts with the environment. For this analysis, we additionally operate
under the following uniqueness assumption.

9
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Assumption 8 (Reward bound and unique optima) We assume that r ∈ [0, 1]; i.e., we specialize
to M = 1. Moreover, assume that a∗ = argmaxa∈A µDR (a) and Q∗

a = argminQ∈U µ (a;Q) are
the unique optimal decision and the unique worst-case distribution for a, respectively.

As is standard in UCB-style algorithms, for some choice of parameter ϵ > 0, we define index

LCBt (Q; a, ϵ) := µ̂nt(Q) (a;Q)−
√

ϵ

nt (Q)
∀ (t, a,Q) ∈ N×A× U

which represents a lower confidence bound (LCB) on the true mean µ (a;Q). At a high-level, the
LCB-DR strategy (Algorithm 3) iterates through each decision a ∈ A and performs a modified
version of UCB-E Audibert et al. (2010) to identify Q∗

a. The modification takes advantage of the
fact that data sampled in a previous round can be reused for the current one. In essence, we analyze
UCB-E when each distribution starts the game with a certain number of pulls. Intuitively, if some
distribution has already been played sufficiently many times, it will not be played again in this
round, yielding an improved sample complexity.

For completeness, we initiate the procedure by sampling from each distribution once; that is,
nk (Q) := 1 for each Q ∈ U . As a result, we define T0 := T̄0 := k to be the total number of
samples gathered before the game starts. The inputs to the algorithm are a permutation (a1, . . . , al)
of A, dictating the order in which decisions are iterated through, and non-negative index parameters
(ϵ1, . . . , ϵl). The procedure then works as follows: at each round j ∈ [l],

1. Since we reuse samples from previous rounds, some distributions may already have enough
samples by the start of the current round and, thus, may not be sampled from at all. We define
Uj :=

{
Q ∈ U : nT̄j−1

(Q) < 36
25ϵj∆

−2
aj (Q)

}
as a proxy for the arms that will be played

in this round, where we use the convention ∆aj

(
Q∗

aj

)
:= ∆aj ,min. We additionally define

kj := |Uj | I
{
Q∗

aj ∈ Uj

}
, T̃j :=

∑
Q∈Uj

nT̄j−1
(Q) and Hj :=

∑
Q∈Uj

∆−2
aj (Q).

2. Let T̄j−1 :=
∑j−1

r=0 Tr denote the total number of samples obtained up to and including round
j − 1. Allocate

Tj ≥
36

25
ϵjHj − T̃j + kj (1)

samples to this round such that T̄j−1 + Tj ≤ uj for some deterministic quantity uj . This
simply ensures that we don’t choose Tj arbitrarily large, but the specific value of uj is less
important as the regret decays logarithmically (relative to sample size) with it.

3. For each t = T̄j−1 + 1, . . . , T̄j , sample Xt ∼ Qt := argminQ∈U LCBt−1 (Q; aj , ϵj). In
essence, we play the modified UCB-E for Tj rounds on expected rewards {µ (aj ;Q)}Q∈U .
We emphasize that the learner does not need to know Uj , since the minimization is over all of
U .

4. Define Q̂j := argminQ∈U µ̂nT̄j
(Q) (aj ;Q) and µo

T (aj) := µ̂nT̄j
(Q̂j)

(
aj ; Q̂j

)
. Intuitively,

Q̂j and µo
T are proxies for Q∗

aj and µDR, respectively.

10
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Algorithm 3: LCB-DR

Input: Initial number of samples T0 = T̄0 = k, permutation (a1, . . . , al) of A and index parameters
(ϵ1, . . . , ϵl).

1 for j = 1 to l do
2 Define proxy set Uj and quantities kj , T̃j and Hj .
3 Allocate Tj samples to this round.
4 for t = T̄j−1 + 1 to T̄j do
5 Sample data point Xt ∼ Qt.
6 end
7 Define proxies Q̂j and µo

T (aj).
8 end

Output: Ao
T = argmaxa∈A µo

T (a).

Finally, after gathering T :=
∑l

j=0 Tj total samples, we maximize the proxy objective: Ao
T :=

argmaxa∈A µo
T (a). By analyzing the optimality of the modified UCB-E algorithm (see Appendix D),

we can then reach the following conclusion.

Theorem 9 (LCB-DR error probability) Under Assumption 8, the LCB-DR algorithm attains
the following error probability:

P (Ao
T ̸= a∗) ≤ 2k

l∑
j=1

uj exp

−
2
(
C2
aj ∧ 1

)
ϵj

25


Note that regret decays with ϵj , so to ensure good dependence on the sample sizes, our goal is

to make the lower bound (1) as tight as possible. When it holds with equality, we can set u0 = k
and uj = k (j + 1)+ 72

25

∑j
r=1 ϵrHar (see Appendix E.2). In addition, under equality, we have that

ϵj =
25
36

Tj+T̃j−kj
Hj

, so that the decay of each term scales with O

((
C2

aj
∧1

)
(Tj+T̃j−kj)
Hj

)
. Intuitively,

at each round j ∈ [l], the sample complexity depends on the difficulty of identifying the worst-case
distribution Q∗

aj , which, as in PE-MAB, is controlled by the suboptimality gaps
{
∆aj (Q)

}
Q∈U .

Remark 10 (Improvement over UCB-E) We highlight the importance of using samples obtained
in previous rounds: as opposed to the standard UCB-E analysis, we have the additional T̃j contribu-
tion, we only offset by kj ≤ k, and the complexity measure Hj improves upon Haj by only summing
over a subset of U .

In practice, to tighten the lower bound (1), we must deal with two sources of uncertainty: (i) the
proxy set Uj and (ii) the suboptimality gaps ∆aj (Q). Let us address these separately:

(i) Recall that Uj is a proxy for the set of arms U ′
j that will be played in round j. In Appendix D,

we show that with high-probability, U ′
j ⊂ Uj . In fact, they will be equal except for arms

satisfying 4
25ϵj∆

−2
aj (Q) < nT̄j−1

(Q) < 36
25ϵj∆

−2
aj (Q). As a result, T̃j is approximately the

number of previously collected samples from arms that will be played in this round. We can
thus keep track of an evolving lower bound as we collect data. Note that we should choose

11
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ϵj large enough so that we uncover U ′
j before (1) becomes loose. In addition, we can trivially

bound kj ≤ k, since it will typically be negligible relative to T̃j and Hj .

(ii) To handle Hj , we can estimate the ∆aj (Q) online as data is collected in round j, which has
been empirically shown in Audibert et al. (2010) to perform well. Note that the sum being
over the unknown Uj is not much of an issue since, as discussed above, it is approximately
the same as the true set of arms played.

In Section 5, we provide an experiment on synthetic data that concretely implements these ideas.

4.1. Adaptive v.s. non-adaptive

We saw in Section 3.3 that NUE can boost performance by leveraging the interplay between sample
size and variance. In a similar spirit, LCB-DR provides a complementary advantage over UE by
adaptively allocating samples.

Focusing on the dominating terms, the probability of selecting a suboptimal arm aj ∈ A, that is

in the jth permutation position for LCB-DR, is ≈ exp
(
−T∆2

DR(aj)
k

)
for UE and ≈ exp

(
−

(
C2

aj
∧1

)
(Tj+T̃j)

Hj

)
for LCB-DR when the lower bound (1) is tight. Extracting the quantity inside the exponential, we
break it down into two cases:

• ∆DR (aj) ≤ ∆aj ,min (or Caj ≤ 1): intuitively, this means that it is more difficult to rule out
aj as suboptimal than to identify Q∗

aj . Then, the comparison reduces to T
k∆−2

aj,min
(for UE) v.s.

Tj+T̃j

Hj
(for LCB-DR).

• ∆aj ,min ≤ ∆DR (aj) (or Caj ≥ 1): intuitively, this means that it is more difficult to identify
Q∗

aj than to rule out aj as suboptimal. Then, the comparison is between T
k∆−2

DR (aj)
(for UE)

v.s. Tj+T̃j

Hj
(for LCB-DR).

These yield T

kmin
{
∆−2

aj,min,∆
−2
DR (aj)

} (for UE) v.s. Tj+T̃j

Hj
(for LCB-DR), where the larger term is the

better rate. When sample sizes are large relative to l, so that T ≈ Tj + T̃j , optimism is favorable

when Hj ≤ kmin
{
∆−2

aj ,min,∆
−2
DR (aj)

}
. As in MAB, this is always the case when ∆−2

aj ,min is the
smaller term; otherwise, it depends on the problem instance. Note that Hj can be much smaller
when |Uj | ≪ k.

5. Experiments

We conduct a small synthetic experiment to illustrate the power of our different techniques and
demonstrate important practical considerations. Suppose that our distributions are Bernoulli’s Pi =
Ber (pi) and our decisions live in the set A ⊂ [0, 1]. Instead of a reward function r, here we will
work the quadratic loss function ℓ (a, x) := (a− x)2. That is, our objective is now of the form
mina∈Amaxi∈[k] EX∼Ber(pi)

[
(a−X)2

]
.

12
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5.1. Non-adaptive comparisons

We begin by comparing the non-adaptive algorithms. Consider the action set {0, 1/15, . . . , 14/15}
and the biases {0.4, 0.1, 0.11, 0.12, 0.13}. The optimal action is 6/15 = 0.4. Notably, one distribu-
tion has much higher variance than the rest. This adheres to the example given in Section 3.4.2. We
are given a budget of T = 1000 samples and test the following strategies:

• UE: sample 200 times from each distribution. This yielded an error probability of 0.36.

• NUE: compute the exact variance of each distribution and allocate proportional to it. This
yielded an error of 0.22.

• NUE with estimation: use the first 200 samples to estimate the variances and allocate propor-
tional to these estimates. The resulting error was 0.24

The third approach is key when we do not have a priori knowledge of the distributions, which is
often the case. We plot the performances obtained in Figure 1(a). As expected, sampling more from
high-variance distributions yielded a smaller error. In particular, we see that even with a “burn-in”
estimation phase, NUE outperformed UE.

5.2. Comparing all methods

Next, we run all strategies in the following setup: we define action set A = {0.37, 0.61} and biases
{0.2, 0.5, 0.5, 0.5, 0.5, 0.5, 0.75}. These values were chosen so that the distributionally robust loss
of both actions are very similar; 0.61 is slightly better than 0.37. In addition, the middle distributions
are less informative for the robust performance. We test the following strategies:

• LCB-DR: with full knowledge of the distributions, and setting ϵj’s to the fixed constant 5, we
sampled a total of approximately 11500 times (averaged over 500 runs) and obtained an error
probability of 0.045.

• UE: we ran it on the same sample size obtained by LCB-DR (i.e., 11500 samples) and ob-
tained an error of 0.16.

• NUE with estimation: using 1/8 of the 11500 samples for variance estimation, NUE yielded
an error of 0.19. Notably, allocating more samples to high-variance distributions hurt perfor-
mance in this setup.

• LCB-DR with estimation: we ran a variant of LCB-DR that estimates the suboptimality gaps
online; we describe it in detail below. This yielded an average sample size of approximately
10000 and error of 0.1.

A plot of the performances is given in Figure 1(b). Evidently, LCB-DR significantly outperformed
its non-adaptive counterparts, even when we estimate the gaps online.

5.3. LCB-DR with estimation

On round j, recall that there are two sources of uncertainty in the LCB-DR algorithm: our guess
Uj of the distributions that will be played and the suboptimality gaps ∆aj (Q). As discussed in

13
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Section 4, the former is approximately the set of distributions that are indeed played, which we can
learn along the way.

To handle the latter, we follow the recipe of (Audibert et al., 2010, Figure 4): consider UCB-
E on k arms over T rounds. To tune the exploration parameter ϵ optimally, one needs to know
H =

∑
i∆

−2
i . The idea is to split T into k phases of equal size. In phase m, we can estimate

the gaps empirically, and it turns out that the m largest ones, call them ∆̂(k−m), . . . , ∆̂(k), are
well-approximated (see (Audibert et al., 2010, Theorem 3)). We can then use them to compute an
approximation of the complexity measure of interest, H = Θ̃

(
maxi i∆

−2
(i)

)
≈ maxk−m≤i≤k i∆̂

−2
(i) ,

and tune ϵj accordingly. The first equality is a well-known fact, and we refer to (Audibert et al.,
2010, Section 6.1) for a proof. As we progress through the phases and collect more data, this
approximation improves.

A key difference in LCB-DR is that we use H to tune T instead of ϵ. For this reason, we
implement it as follows:

• Start with a large value of Tj and initialize Uj to be the singleton set of the first distribution
played.

• Run UCB-E normally and update Uj with the sampled distributions. However, do not yet
update Tj when doing so.

• Once we get past some fixed fraction of Tj , say 10%, check if we need to update it as follows:

– Estimate all of the gaps empirically.

– Take the largest gap, call it ∆̂(kj), for which the distribution is in Uj (since Hj only

sums over Uj). We start in phase m = 0 and construct the estimate Ĥ
(m)
j = kj∆̂

−2
(kj)

=

maxkj−m≤i≤kj i∆̂
−2
(i) . We then define a temporary T̂

(m)
j based on it (using (1)) and

check whether the current iteration is past (m+ 1) T̂
(m)
j /kj . If it is, then the Ĥ

(m)
j

estimate should be sound, due to the reasoning above, in which case we set Tj to T̂
(m)
j

and continue the process: take the two largest gaps from Uj (now m = 1), and so forth.
When we reach a point where the current iteration is not large enough, then we go back
to running UCB-E.

6. Discussion

In this work, we delve into the problem of DRO within the MDL framework, an area of grow-
ing popularity in high-stakes machine learning applications. Rooted in empirical process theory
and inspired by the PE-MAB literature, we offer novel insight into the key strategies of uniform and
non-uniform exploration via distribution-dependent bounds. By scaling with instance-specific quan-
tities, our proposed bounds decay much faster, with respect to sample sizes, than existing ones. We
additionally devise an optimistic method, LCB-DR, that shows improvements over its non-adaptive
counterparts, paralleling classical findings in the MAB setting.

While LCB-DR exhibits favorable rates, we reiterate that tuning certain parameters involves
estimating unknown quantities. This raises the question of whether there exists a more astute way to
select such quantities with minimal prior information. Moreover, the procedure requires specifying
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(a) Non-adaptive methods (b) All methods

Figure 1: Error probabilities achieved by the different methods proposed.

the order to play the actions in. Although the absence of any problem knowledge might preclude
exploiting this sequence effectively, perhaps some preliminary understanding of the distributions
allows potential advantages (e.g., start with actions that explore as much as possible, so that Uj is
small in future iterations).
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Appendix A. Expectation of empirical process maximum

Let U ⊂ P (X ) be a finite set of distributions over a data space X , with 2 ≤ k := |U| < ∞. For
each distribution Q ∈ U , we have an associated sample size nQ ∈ N and define T :=

∑
Q∈U nQ.

When X ⊂ R, we additionally denote the variance of each distribution by σ2
Q := Var (Q) and

define σT := maxQ∈U
σQ√
nQ

.
In the development that follows, we will work with independent X -valued random variables

(XQ)Q∈U , X :=
(
X

(i)
Q

)
Q∈U ,i∈[nQ]

, where XQ,
(
X

(i)
Q

)
i∈[nQ]

iid∼ Q for each Q ∈ U . For a col-

lection of functions {fQ : X → [−1, 1]}Q∈U , such that each fQ (XQ) is centered, our primary goal
will be to bound the following quantity:

E

[
max
Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

fQ

(
X

(i)
Q

)∣∣∣∣∣
]

In particular, we will show the following bounds.
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Theorem 11 Let {fQ : X → [−M,M ]}Q∈U be a collection of functions such that E [fQ (XQ)] =
0 for each Q ∈ U . Then,

E

[
max
Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

fQ

(
X

(i)
Q

)∣∣∣∣∣
]
≤ 4M

√
log k

minQ∈U nQ

Moreover, if X ⊂ R and each function fQ is L-Lipschitz, then

E

[
max
Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

fQ

(
X

(i)
Q

)∣∣∣∣∣
]
≤ 16M log k

minQ∈U nQ
+ 4LσT

√
2 log k

We note that the first bound can be directly obtained by a high-probability bound via Hoeffding’s
inequality, along with a union bound, and a subsequent integration of the tails. The second bound
(Theorem 18) requires a more careful analysis and, in the process of deriving it, we additionally
show the first result (Corollary 15).

The proof will follow in two parts: first, in Section A.1, we use symmetrization to bound the
quantity of interest with a notion of Rademacher complexity, and subsequently derive bounds on
this complexity in Section A.2.

A.1. Symmetrization

A standard approach to bound empirical process maxima is via symmetrization. We begin by defin-
ing the Rademacher complexity variant of a class of functions {hQ : X → R}Q∈U :

RT

(
{hQ}Q∈U

)
:= E

[
max
Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

ϵihQ

(
X

(i)
Q

)∣∣∣∣∣
]

where ϵ1, . . . , ϵmaxQ∈U nQ

iid∼ Rad (i.e., they are each uniform on {−1, 1}) are independent from X .
Note that we place no assumptions on hQ (XQ) being centered. The following result employs the
standard symmetrization trick (see, e.g., (Wainwright, 2019, Theorem 4.10)) with different sample
sizes, and we prove it here for completeness.

Theorem 12 (Symmetrization) For any collection of functions {hQ : X → R}Q∈U , we have that

E

[
max
Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

{
hQ

(
X

(i)
Q

)
− E [hQ (XQ)]

}∣∣∣∣∣
]
≤ 2RT

(
{hQ}Q∈U

)

Proof Let Y :=
(
Y

(i)
Q

)
Q∈U ,i∈[nQ]

be an independent copy of X and let P denote their common

distribution. In addition, define Rademacher variables ϵn iid∼ Rad that are independent from X and
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Y . Then,

E

[
max
Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

{
hQ

(
X

(i)
Q

)
− E [hQ (XQ)]

}∣∣∣∣∣
]

= E

[
max
Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

{
hQ

(
X

(i)
Q

)
− E

[
hQ

(
Y

(i)
Q

)]}∣∣∣∣∣
]

= E

[
max
Q∈U

∣∣∣∣∣E
[

1

nQ

nQ∑
i=1

{
hQ

(
X

(i)
Q

)
− hQ

(
Y

(i)
Q

)}∣∣∣∣∣X
]∣∣∣∣∣
]

(1)

≤ E

[
max
Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

[
hQ

(
X

(i)
Q

)
− hQ

(
Y

(i)
Q

)]∣∣∣∣∣
]

= E

[
max
Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

ϵi

[
hQ

(
X

(i)
Q

)
− hQ

(
Y

(i)
Q

)]∣∣∣∣∣
]

≤ E

[
max
Q∈U

{∣∣∣∣∣ 1nQ

nQ∑
i=1

ϵihQ

(
X

(i)
Q

)∣∣∣∣∣+
∣∣∣∣∣ 1nQ

nQ∑
i=1

ϵihQ

(
Y

(i)
Q

)∣∣∣∣∣
}]

≤ E

[
max
Q∈U

{∣∣∣∣∣ 1nQ

nQ∑
i=1

ϵihQ

(
X

(i)
Q

)∣∣∣∣∣
}

+max
Q∈U

{∣∣∣∣∣ 1nQ

nQ∑
i=1

ϵihQ

(
Y

(i)
Q

)∣∣∣∣∣
}]

= 2E

[
max
Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

ϵihQ

(
X

(i)
Q

)∣∣∣∣∣
]

= 2RT

(
{hQ}Q∈U

)
where inequality (1) follows from Jensen.

A.2. Bounds on the Rademacher complexity

For the symmetrization trick to be useful, we need to bound RT

(
{hQ}Q∈U

)
. To this end, we begin

by defining the Rademacher complexity of a set Θ ⊂ Rn:

R̂ (Θ) := E
[
sup
θ∈Θ

|⟨ϵn, θ⟩|
]

where ϵn = (ϵ1, . . . , ϵn)
iid∼ Rad. The process {⟨ϵn, θ⟩}θ∈Θ is sub-Gaussian and, for finite Θ, the

Rademacher complexity admits a particularly simple bound, shown next. For a deeper dive into the
field, see, e.g., (Wainwright, 2019, Chapter 5).

Lemma 13 (Bounding the Rademacher complexity of a finite set) Let Θ ⊂ Rn satisfy 2 ≤
|Θ| < ∞. Then,

R̂ (Θ) ≤ 2DΘ

√
log |Θ|

where DΘ := maxθ∈Θ ∥θ∥2.
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Proof Note that since each ϵi is 1-sub-Gaussian,

E
[
eλ⟨ϵ

n,θ⟩
]
=

n∏
i=1

E
[
eλϵiθi

]
≤

n∏
i=1

e
λ2θ2i

2 = e
λ2∥θ∥22

2 ≤ e
λ2D2

Θ
2

for any θ ∈ Θ and λ ∈ R. That is, ⟨ϵn, θ⟩ is a centered DΘ-sub-Gaussian variable and we can,
thus, apply the standard maximal inequality (e.g., (Boucheron et al., 2013 - 2013, Theorem 2.5)) to
obtain the claim.

We can relate both notions of Rademacher complexity introduced thus far to conclude the fol-
lowing result.

Corollary 14 For a collection of functions {hQ : X → R}Q∈U , define the random variable

D
(
{hQ}Q∈U

)
:= max

Q∈U

√√√√√ nQ∑
i=1

hQ

(
X

(i)
Q

)
nQ

2

Then, we have that

RT

(
{hQ}Q∈U

)
≤ 2
√
log kE

[
D
(
{hQ}Q∈U

)]
Proof Fix x :=

(
xiQ

)
Q∈U ,i∈[nQ]

∈ X T . Let n := maxQ∈U nQ and define vectors θxQ ∈ Rn by

[
θxQ
]
i
:=


hQ(xi

Q)
nQ

i ≤ nQ

0 otherwise
∀i ∈ [n] , Q ∈ U

and define the set of all such vectors Θx :=
{
θxQ : Q ∈ U

}
, so that |Θx| = k ≥ 2. Then, note that

R̂ (Θx) = E
[
max
θ∈Θx

|⟨ϵn, θ⟩|
]
= E

[
max
Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

ϵihQ
(
xiQ
)∣∣∣∣∣
]

Moreover, since DΘx = maxQ∈U

√∑nQ

i=1

(
hQ(xi

Q)
nQ

)2

, Lemma 13 yields

RT

(
{hQ}Q∈U

)
= E

[
R̂
(
ΘX
)]

≤ E
[
2DΘX

√
log |ΘX |

]
= 2
√
log kE

[
D
(
{hQ}Q∈U

)]

We can then readily obtain the first inequality of interest after scaling both sides of the bound
below by M .
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Corollary 15 Let {fQ : X → [−1, 1]}Q∈U be a collection of functions such that E [fQ (XQ)] = 0
for each Q ∈ U . Then,

E

[
max
Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

fQ

(
X

(i)
Q

)∣∣∣∣∣
]
≤ 4

√
log k

minQ∈U nQ

Proof Since each fQ ∈ [−1, 1], we have that

D
(
{fQ}Q∈U

)
≤

√
max
Q∈U

1

nQ
=

√
1

minQ∈U nQ

Hence, combining Theorem 12 and Corollary 14 yields

E

[
max
Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

fQ

(
X

(i)
Q

)∣∣∣∣∣
]
≤ 2RT

(
{fQ}Q∈U

)
≤ 4
√
log kE

[
D
(
{fQ}Q∈U

)]
≤ 4

√
log k

minQ∈U nQ

To obtain the second bound, we require a more refined analysis. We begin by introducing two
simple auxiliary lemmas.

Lemma 16 Let b, c > 0 and suppose that x2 ≤ bx+ c. Then, x ≤ b+
√
c.

Proof Define quadratic p (z) := z2 − bz − c, so that p (x) ≤ 0. Since p (0) = −c < 0, consider its
roots r1 < 0 < r2. Then, p is positive on (r2,∞) and, thus,

x ≤ r2 =
b+

√
b2 + 4c

2
≤ b+

√
c

Lemma 17 (Variance of Lipschitz functions) Let Z ∈ Z ⊂ R be a random variable, and sup-
pose that f : Z → R is L-Lipschitz. Then,

Var (f (Z)) ≤ 2L2Var (Z)

Proof Let Z ′ be an independent copy of Z. Then,

Var (f (Z)) = E
[(
f (Z)− E

[
f
(
Z ′)])2]

= E
[
E
[
f (Z)− f

(
Z ′)∣∣Z]2]

≤ E
[(
f (Z)− f

(
Z ′))2] Jensen’s

≤ L2E
[(
Z − Z ′)2] Lipschitzness

= 2L2
{
Var (Z) + E

[
(Z − E [Z])

(
E [Z]− Z ′)]} Z

(d)
= Z ′

= 2L2Var (Z) Z ⊥⊥ Z ′
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Borrowing ideas from (Giné and Nickl, 2021, Corollary 3.5.7), we then conclude the second
target bound.

Theorem 18 Suppose that X ⊂ R. Let {fQ : X → [−M,M ]}Q∈U be a collection of functions
such that E [fQ (XQ)] = 0 and fQ is L-Lipschitz for each Q ∈ U . Then,

E

[
max
Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

fQ

(
X

(i)
Q

)∣∣∣∣∣
]
≤ 16M log k

minQ∈U nQ
+ 4LσT

√
2 log k

Proof We begin with the following observation: from Jensen’s, we obtain

C :=
√

log kE
[
D
(
{fQ}Q∈U

)]
≤

√
(log k)E

[
D
(
{fQ}Q∈U

)2]

Next, we bound the expectation on the right-hand side:

E
[
D
(
{fQ}Q∈U

)2]
= E

max
Q∈U

nQ∑
i=1

fQ

(
X

(i)
Q

)
nQ

2


= E

max
Q∈U

nQ∑
i=1


fQ

(
X

(i)
Q

)
nQ

2

− E

[(
fQ (XQ)

nQ

)2
]
+ E

[(
fQ (XQ)

nQ

)2
]


≤ max
Q∈U

E
[
f2
Q (XQ)

]
nQ

︸ ︷︷ ︸
=:(∗1)

+E

max
Q∈U

∣∣∣∣∣∣ 1nQ

nQ∑
i=1

f2
Q

(
X

(i)
Q

)
nQ

− E

[
f2
Q (XQ)

nQ

]
∣∣∣∣∣∣


︸ ︷︷ ︸
=:(∗2)

From Lemma 17 and the fact that E [fQ (XQ)] = 0, we know that

(∗1) = max
Q∈U

Var (fQ (XQ))

nQ
≤ 2L2max

Q∈U

σ2
Q

nQ
= 2L2σ2

T
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As for (∗2), we can apply Theorem 12 on functions hQ (x) :=
f2
Q(x)

nQ
to conclude that

(∗2) ≤ 2RT

(
{hQ}Q∈U

)
Thm. 12

≤ 4
√

log kE
[
D
(
{hQ}Q∈U

)]
Cor. 14

= 4
√

log kE

max
Q∈U

√√√√√ nQ∑
i=1

fQ

(
X

(i)
Q

)
nQ

4


≤ 4M
√

log kE

max
Q∈U


1

nQ

√√√√√ nQ∑
i=1

fQ

(
X

(i)
Q

)
nQ

2

 f4

Q = M4

(
fQ
M

)4

≤ M2f2
Q

≤ 4M
√

log kmax
Q∈U

{
1

nQ

}
E
[
D
(
{fQ}Q∈U

)]
=

4M

minQ∈U nQ
C

In other words, we have that

C2 ≤ (log k)E
[
D
(
{fQ}Q∈U

)2]
≤ 4M log k

minQ∈U nQ
C + 2L2σ2

T log k

Then, Lemma 16 implies that

C ≤ 4M log k

minQ∈U nQ
+ LσT

√
2 log k

Combining this with Theorem 12 and Corollary 14, we conclude that

E

[
max
Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

fQ

(
X

(i)
Q

)∣∣∣∣∣
]
≤ 2RT

(
{fQ}Q∈U

)
≤ 4C ≤ 16M log k

minQ∈U nQ
+ 4LσT

√
2 log k

Appendix B. Empirical process concentration inequalities

Again, suppose that U ⊂ P (X ) is a collection of k distributions, and define independent variables

X :=
(
X

(i)
Q

)
Q∈U ,i∈[nQ]

, where nQ ∈ N and
(
X

(i)
Q

)
i∈[nQ]

iid∼ Q for each Q ∈ U . Our object of

interest in this section is the random variable

Zf := min
Q∈U

1

nQ

nQ∑
i=1

f
(
X

(i)
Q

)
for a function f : X → R. As will become clear later, our primary goal will be to obtain concentra-
tion inequalities on Zf,g := Zf − Zg.
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B.1. McDiarmid

To obtain the UE regret bound, we will apply a very simple concentration inequality, called Mc-
Diarmid’s inequality (e.g., see (Boucheron et al., 2013 - 2013, Theorem 6.2)). Here, we specialize
to

Zf = min
Q∈U

1

n

n∑
i=1

f
(
X

(i)
Q

)
Let us define the function Φf :

(
X k
)n → [0, 1] by Φf (x1, . . . ,xn) := minQ∈U

1
n

∑n
i=1 f

(
xiQ

)
,

where each xi =
(
xiQ

)
Q∈U

∈ X k. Then, we can write Zf = Φf (X), where we view X as n

vectors of dimension k. Next, we show that Φf satisfies the bounded differences property when f
is bounded.

Proposition 19 (Bounded differences) Suppose that f : X → [0, 1]. Then,

max
i∈[n]

sup
x1,...,xn,y∈Xk

|Φf (x1, . . . ,xn)− Φf (x1, . . . ,xi−1,y,xi+1, . . . ,xn)| ≤
1

n

Proof Let us begin with a simple observation: for real-valued functions g, h : Z → R, where Z is
any domain, we have that

inf
z′∈Z

g
(
z′
)
− inf

z∈Z
h (z) = sup

z∈Z

{
inf
z′∈Z

g
(
z′
)
− h (z)

}
≤ sup

z∈Z
{g (z)− h (z)} ≤ sup

z∈Z
|g (z)− h (z)|

By symmetry, it then follows that |infz′∈Z g (z′)− infz∈Z h (z)| ≤ supz∈Z |g (z)− h (z)|. Next,
fix any index i ∈ [n] and inputs x1, . . . ,xn,y := (yQ)Q∈U ∈ X k, and define vectors x :=

(x1, . . . ,xn) and x′ := (x1, . . . ,xi−1,y,xi+1, . . . ,xn). Then, from our initial observation, we
know that

∣∣Φf (x)− Φf

(
x′)∣∣ = 1

n

∣∣∣∣∣∣min
Q′∈U


n∑

j=1

f
(
xjQ′

)−min
Q∈U

f (yQ) +
∑

j∈[n]:j ̸=i

f
(
xjQ

)
∣∣∣∣∣∣

≤ 1

n
max
Q∈U

∣∣∣∣∣∣
n∑

j=1

f
(
xjQ

)
−

f (yQ) +
∑

j∈[n]:j ̸=i

f
(
xjQ

)∣∣∣∣∣∣
≤ 1

n
max
Q∈U

∣∣f (xiQ)− f (yQ)
∣∣

≤ 1

n

When the inequality in Proposition 19 holds, we say that Φf satisfies the bounded differences
property with constant parameter 1

n . This immediately implies the next claim.

Corollary 20 For any two functions f, g : X → [0, 1], the function Φf −Φg satisfies the bounded
differences property with constant parameter 2

n .
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Proof Using the same variables x and x′ as in the proof of Proposition 19, we obtain∣∣[Φf (x)− Φg (x)]−
[
Φf

(
x′)− Φg

(
x′)]∣∣ ≤ ∣∣Φf (x)− Φf

(
x′)∣∣+ ∣∣Φg (x)− Φg

(
x′)∣∣ ≤ 2

n

Via McDiarmid’s, this property then directly yields the following concentration result.

Corollary 21 Let f, g : X → [0, 1]. Then,

P (Zf,g − E [Zf,g] ≥ t) ≤ exp

(
−nt2

2

)
∀t ≥ 0

Proof Since Zf,g = (Φf − Φg) (X) and X has independent components, we simply apply Corol-
lary 20 and McDiarmid’s.

B.2. Bernstein

In contrast to McDiarmid’s inequality, our next goal is to derive a more involved bound that addition-
ally scales with the variance. To this end, we sort the sample sizes: 0 =: n(0) ≤ n(1) ≤ · · · ≤ n(k)

and let Q(j) ∈ U be such that nQ(j)
= n(j). Our analysis then relies on the following:

VT :=
k∑

j=1

(
n(j) − n(j−1)

)
E

[
max

r∈{j,...,k}

1

n2
(r)

[
XQ(r)

− µQ(r)

]2]

Σ2
T := E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

(
X

(i)
Q − µQ

)2]

σ2
T := max

Q∈U

σ2
Q

nQ

Theorem 22 Suppose that X ⊂ R and f, g : X → [0,M ] are L-Lipschitz. Then,

P (Zf,g − E [Zf,g] ≥ t) ≤ exp

− t2

16L2
(
2σ2

T +Σ2
T + 6VT

)
+ 2

√
6Mt

minQ∈U nQ

 ∀t ≥ 0

B.2.1. PRELIMINARIES

To prove Theorem 22, we must first state some standard results and definitions from the theory of
concentration of measure. We do not prove most results stated, and refer to Boucheron et al. (2013
- 2013) for further reference.

We say that a random variable X ∈ R is sub-gamma on the right tail with parameters ν, c > 0
if

logE
[
eλ(X−E[X])

]
≤ ν2λ2

2 (1− cλ)
∀λ ∈

[
0,

1

c

)
We denote the class of such variables by Γ+ (ν, c). Due to the decaying tail, we get the following
concentration bound.
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Proposition 23 (Sub-gamma concentration) Let X ∈ Γ+ (ν, c). Then,

P (X − E [X] ≥ t) ≤ exp

(
− t2

2 (ν2 + ct)

)
∀t ≥ 0

Proof See (Boucheron et al., 2013 - 2013, Section 2.4).

Next, we introduce the notion of self-bounding functions: we say that a nonnegative function
f : X n → R+ has the self-bounding property if there exists functions

{
fi : X n−1 → R

}
i∈[n] such

that

f (x)− fi
(
x\i
)
∈ [0, 1] and

n∑
i=1

[
f (x)− fi

(
x\i
)]

≤ f (x)

for all i ∈ [n] and x ∈ X n, where we define x\i := (x1, . . . , xi−1, xi+1, . . . , xn). A simple
observation about such functions is that they are closed under convex combinations.

Lemma 24 (Convex combination of self-bounding functions) Suppose that f and g satisfy the
self-bounding property and let α ∈ [0, 1]. Then, αf + (1− α) g also satisfies the self-bounding
property.

Proof Let {fi} and {gi} be the functions satisfying the self-bounding property, and define h :=
αf + (1− α) g and hi := αfi + (1− α) gi. Then, for any i ∈ [n] and x ∈ X n,

h (x)− hi
(
x\i
)
= α

[
f (x)− fi

(
x\i
)]

+ (1− α)
[
g (x)− gi

(
x\i
)]

∈ [0, 1]

and
n∑

i=1

[
h (x)− hi

(
x\i
)]

= α

n∑
i=1

[
f (x)− fi

(
x\i
)]

+ (1− α)

n∑
i=1

[
g (x)− gi

(
x\i
)]

≤ αf (x) + (1− α) g (x)

= h (x)

The reason for introducing such functions is that they possess a favorable bound on their cumulant-
generating function (cgf).

Proposition 25 (Cgf of self-bounding functions) Suppose that f : X n → R+ has the self-
bounding property and let Xn = (X1, . . . , Xn) be independent random variables. Then,

logE
[
eλf(X

n)
]
≤
(
eλ − 1

)
E [f (Xn)] ∀λ ∈ R

Proof See (Boucheron et al., 2013 - 2013, Theorem 6.12).

The last tool we need employs symmetrization once again. For the next result and the develop-
ment that follows, we omit the parentheses in a2+ := (a+)

2; that is, we take the positive part before
squaring.
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Proposition 26 (Exponential Efron-Stein) Suppose that Xn = (X1, . . . , Xn) are independent
random variables and let Wn = (W1, . . . ,Wn) be independent copies of them. Given a nonnegative
function f : X n → R+, define variables Z := f (Xn) and its symmetrized counterpart

Z ′
i := f (X1, . . . , Xi−1,Wi, Xi+1, . . . , Xn) ∀i ∈ [n]

Additionally, let

V + :=
n∑

i=1

E
[(
Z − Z ′

i

)2
+

∣∣∣Xn
]

Then, we have that

logE
[
eλ(Z−E[Z])

]
≤ θλ

1− θλ
logE

[
e

λV +

θ

]
for any θ, λ > 0 such that θλ < 1.

Proof See (Boucheron et al., 2013 - 2013, Theorem 6.16).

Proof [Proof of Theorem 22] To conclude our main result, we begin with a more general setup:
let X :=

(
X

(i)
Q

)
Q∈U ,i∈[n]

, where n ∈ N, be a collection of independent X -valued random vari-

ables, and let X(i) :=
(
X

(i)
Q

)
Q∈U

for each i ∈ [n]. We de not impose any assumptions on their

distributions. Our random variables of interest will be

Zf := min
Q∈U

n∑
i=1

fQ

(
X

(i)
Q

)
and Zf,g := Zf − Zg

for collections of functions f =
{
fQ : X →

[
0, b√

6

]}
Q∈U

and g =
{
gQ : X →

[
0, b√

6

]}
Q∈U

,

where b > 0. Define

µf,i,Q := E
[
fQ

(
X

(i)
Q

)]
and σ2

f,i,Q := Var
(
fQ

(
X

(i)
Q

))
Similarly, consider the variance variants:

Vf :=

n∑
i=1

E
[
max
Q∈U

[
fQ

(
X

(i)
Q

)
− µf,i,Q

]2]

Σ2
f := E

[
max
Q∈U

n∑
i=1

[
fQ

(
X

(i)
Q

)
− µf,i,Q

]2]

σ2
f := max

Q∈U

n∑
i=1

σ2
f,i,Q

Following the analysis of (Boucheron et al., 2013 - 2013, Theorem 12.2), we will use the tools
provided and proceed in 5 steps:
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1. Upper bound V +.

2. Apply exponential Efron-Stein along with the bound on V +.

3. Show the self-boundedness of certain functions and apply the cgf bound.

4. Show that Zf,g is sub-gamma and apply the tail bound.

5. Specialize the analysis to the original setting.

B.2.2. BOUNDING V +

For each pair (i, Q) ∈ [n] × U , let W (i)
Q be an independent copy of X

(i)
Q and define W (i) :=(

W
(i)
Q

)
Q∈U

. Moreover, define

Yi :=
(
X(1), . . . , X(i−1),W (i), X(i+1), . . . , X(n)

)
∀i ∈ [n]

and function Φf,g :
(
X k
)n → R by

Φf,g (x1, . . . ,xn) := min
Q∈U

n∑
i=1

fQ
(
xiQ
)
− min

Q′∈U

n∑
i=1

gQ′
(
xiQ′
)

where xi =
(
xiQ

)
Q∈U

∈ X k for each i ∈ [n]. In what follows, we will use the more compact

notation x = (x1, . . . ,xn). Note that Zf,g = Φf,g (X) and

Z ′
i := Φf,g (Yi)

= min
Q∈U

fQ

(
W

(i)
Q

)
+

∑
j∈[n]:j ̸=i

fQ

(
X

(j)
Q

)− min
Q′∈U

gQ′

(
W

(i)
Q′

)
+

∑
j∈[n]:j ̸=i

gQ′

(
X

(j)
Q′

)
Given functions h = {hQ : X → R}Q∈U , define minimizer Q̂h :

(
X k
)n → U by

Q̂h (x) := argmin
Q∈U

n∑
i=1

hQ
(
xiQ
)

so that

Φf,g (x) =
n∑

i=1

fQ̂f (x)

(
xi
Q̂f (x)

)
−

n∑
i=1

gQ̂g(x)

(
xi
Q̂g(x)

)
and

n∑
i=1

fQ̂f (x)

(
xi
Q̂f (x)

)
−

n∑
i=1

gQ
(
xiQ
)
≤ Φf,g (x) ≤

n∑
i=1

fQ′
(
xiQ′
)
−

n∑
i=1

gQ̂g(x)

(
xi
Q̂g(x)

)
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for any x ∈
(
X k
)n and Q,Q′ ∈ U . Choosing Q = Q̂g (X) and Q′ = Q̂f (Yi) below then yields

Zf,g − Z ′
i = Φf,g (X)− Φf,g (Yi)

≤
n∑

j=1

fQ̂f (Yi)

(
X

(j)

Q̂f (Yi)

)
−

n∑
j=1

gQ̂g(X)

(
X

(j)

Q̂g(X)

)

−

fQ̂f (Yi)

(
W

(i)

Q̂f (Yi)

)
+

∑
j∈[n]:j ̸=i

fQ̂f (Yi)

(
X

(j)

Q̂f (Yi)

)
+

gQ̂g(X)

(
W

(i)

Q̂g(X)

)
+

∑
j∈[n]:j ̸=i

gQ̂g(X)

(
X

(j)

Q̂g(X)

)
= fQ̂f (Yi)

(
X

(i)

Q̂f (Yi)

)
− fQ̂f (Yi)

(
W

(i)

Q̂f (Yi)

)
+ gQ̂g(X)

(
W

(i)

Q̂g(X)

)
− gQ̂g(X)

(
X

(i)

Q̂g(X)

)
Then,(
Zf,g − Z ′

i

)2
+

≤
[
fQ̂f (Yi)

(
X

(i)

Q̂f (Yi)

)
− fQ̂f (Yi)

(
W

(i)

Q̂f (Yi)

)
+ gQ̂g(X)

(
W

(i)

Q̂g(X)

)
− gQ̂g(X)

(
X

(i)

Q̂g(X)

)]2
≤ 2

[
fQ̂f (Yi)

(
X

(i)

Q̂f (Yi)

)
− fQ̂f (Yi)

(
W

(i)

Q̂f (Yi)

)]2
+ 2

[
gQ̂g(X)

(
X

(i)

Q̂g(X)

)
− gQ̂g(X)

(
W

(i)

Q̂g(X)

)]2
(2)

Recall that our goal is to bound V + =
∑n

i=1 E
[
(Zf,g − Z ′

i)
2
+

∣∣∣X]. We begin with the second term:
by adding and subtracting µg,i,Q̂g(X), expanding the square and noting that the cross term is 0 under
the conditional expectation, we get that
n∑

i=1

E
[[

gQ̂g(X)

(
X

(i)

Q̂g(X)

)
− gQ̂g(X)

(
W

(i)

Q̂g(X)

)]2∣∣∣∣X]

=

n∑
i=1

{[
gQ̂g(X)

(
X

(i)

Q̂g(X)

)
− µg,i,Q̂g(X)

]2
+ E

[[
gQ̂g(X)

(
W

(i)

Q̂g(X)

)
− µg,i,Q̂g(X)

]2∣∣∣∣X]}

≤ max
Q∈U

{
n∑

i=1

[
gQ

(
X

(i)
Q

)
− µg,i,Q

]2}
︸ ︷︷ ︸

=:Γg

+max
Q∈U

{
n∑

i=1

E
[[
gQ

(
W

(i)
Q

)
− µg,i,Q

]2]}
︸ ︷︷ ︸

=σ2
g

Note that we were able to upper bound via a maximization outside of the sum since the Q indices
were fixed w.r.t. i. The first term in (2) is not so readily bounded due to the dependence of Yi on i.
Hence, we rely on a weaker approach: for each i ∈ [n], we have that[

fQ̂f (Yi)

(
X

(i)

Q̂f (Yi)

)
− fQ̂f (Yi)

(
W

(i)

Q̂f (Yi)

)]2
≤ 2

[
fQ̂f (Yi)

(
X

(i)

Q̂f (Yi)

)
− µf,i,Q̂f (Yi)

]2
+ 2

[
fQ̂f (Yi)

(
W

(i)

Q̂f (Yi)

)
− µf,i,Q̂f (Yi)

]2
≤ 2max

Q∈U

{[
fQ

(
X

(i)
Q

)
− µf,i,Q

]2}
+ 2max

Q∈U

{[
fQ

(
W

(i)
Q

)
− µf,i,Q

]2}
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Summing and taking conditional expectations then yields

n∑
i=1

E
[[

fQ̂f (Yi)

(
X

(i)

Q̂f (Yi)

)
− fQ̂f (Yi)

(
W

(i)

Q̂f (Yi)

)]2∣∣∣∣X]

≤ 2

n∑
i=1

max
Q∈U

{[
fQ

(
X

(i)
Q

)
− µf,i,Q

]2}
︸ ︷︷ ︸

=:Tf

+2

n∑
i=1

E
[
max
Q∈U

{[
fQ

(
W

(i)
Q

)
− µf,i,Q

]2}]
︸ ︷︷ ︸

=Vf

Finally, by putting everything together, we can obtain the upper bound

V + ≤ 2
(
Γg + σ2

g

)
+ 4 (Tf + Vf )

where E [Γg] = Σ2
g and E [Tf ] = Vf .

B.2.3. EFRON-STEIN

Next, we apply exponential Efron-Stein (Proposition 26): for λ ∈
[
0, b−1

)
, we have that

logE
[
eλ(Zf,g−E[Zf,g])

]
≤ bλ

1− bλ
logE

[
eλb

−1V +
]

≤ bλ

1− bλ
logE

[
eλb

−1[2(Γg+σ2
g)+4(Tf+Vf)]

]
=

bλ

1− bλ

{
logE

[
ebλ[

1
3(6b

−2Γg)+ 2
3(6b

−2Tf)]
]
+ λb−1

(
2σ2

g + 4Vf

)}
(3)

B.2.4. SELF-BOUNDEDNESS

To bound the cgf of 1
3

(
6b−2Γg

)
+ 2

3

(
6b−2Tf

)
, we will show the self-boundedness of

h(1) (x) := 6b−2max
Q∈U

n∑
i=1

[
gQ
(
xiQ
)
− µg,i,Q

]2
and h(2) (x) := 6b−2

n∑
i=1

max
Q∈U

[
fQ
(
xiQ
)
− µf,i,Q

]2
so that the function 1

3h
(1)+ 2

3h
(2) is also self-bounded by Lemma 24 and we can thus bound the cgf

of
(
1
3h

(1) + 2
3h

(2)
)
(X) = 1

3

(
6b−2Γg

)
+ 2

3

(
6b−2Tf

)
using Proposition 25. We begin by showing

that h(1) is self-bounded: let

h
(1)
i

(
x\i
)
:= 6b−2max

Q∈U

∑
j∈[n]:j ̸=i

[
gQ

(
xjQ

)
− µg,j,Q

]2
∀i ∈ [n]

and define the maximizing distribution in h(1):

Q̃ (x) := argmax
Q∈U

n∑
i=1

[
gQ
(
xiQ
)
− µg,i,Q

]2
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Fix some x ∈
(
X k
)n and i ∈ [n]. Clearly, we have that h(1) (x) ≥ h

(1)
i

(
x\i
)
. Moreover,

h(1) (x)− h
(1)
i

(
x\i
)
= 6b−2

 n∑
j=1

[
gQ̃(x)

(
xj
Q̃(x)

)
− µg,i,Q̃(x)

]2
−max

Q∈U

 ∑
j∈[n]:j ̸=i

[
gQ

(
xjQ

)
− µg,j,Q

]2


≤ 6b−2
[
gQ̃(x)

(
xi
Q̃(x)

)
− µg,i,Q̃(x)

]2
≤ 1

where the last line follows from our assumption that gQ ∈
[
0, b√

6

]
. We can add up the bounds to

get
n∑

i=1

[
h(1) (x)− h

(1)
i

(
x\i
)]

≤ 6b−2
n∑

i=1

[
gQ̃(x)

(
xi
Q̃(x)

)
− µg,i,Q̃(x)

]2
= h(1) (x)

Together, these show that h(1) is self-bounded. To show the same for h(2), consider the functions

h
(2)
i

(
x\i
)
:= 6b−2

∑
j∈[n]:j ̸=i

max
Q∈U

[
fQ

(
xjQ

)
− µf,j,Q

]2
Again, we have that h(2) (x) ≥ h

(2)
i

(
x\i
)

and

h(2) (x)− h
(2)
i

(
x\i
)
= 6b−2max

Q∈U

[
fQ
(
xiQ
)
− µf,i,Q

]2 ≤ 1

n∑
i=1

[
h(2) (x)− h

(2)
i

(
x\i
)]

= h(2) (x)

That is, h(2) is also self-bounded. As a result, Proposition 25 implies that

logE
[
ebλ[

1
3(6b

−2Γg)+ 2
3(6b

−2Tf)]
]
≤
(
ebλ − 1

)
E
[
1

3

(
6b−2Γg

)
+

2

3

(
6b−2Tf

)]
=
(
ebλ − 1

)
b−2

(
2Σ2

g + 4Vf

)
≤ λb−1

(
4Σ2

g + 8Vf

)
(4)

provided that λ ∈
[
0, b−1

)
, where in the last line we have used the inequality ex ≤ 1 + 2x for

x ≤ 1.

B.2.5. SUB-GAMMA TAIL

Finally, we can combine Equations (3) and (4) to get that

logE
[
eλ(Zf,g−E[Zf,g])

]
≤ λ2

1− bλ

(
2σ2

g + 4Σ2
g + 12Vf

)
=

(
4σ2

g + 8Σ2
g + 24Vf

)
λ2

2 (1− bλ)

for all λ ∈
[
0, b−1

)
. That is, Zf,g ∈ Γ+

(√
4σ2

g + 8Σ2
g + 24Vf , b

)
, which we know from Proposi-

tion 23 yields the tail bound

P (Zf,g − E [Zf,g] ≥ t) ≤ exp

(
− t2

2
(
4σ2

g + 8Σ2
g + 24Vf + bt

)) ∀t ≥ 0 (5)
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B.2.6. ORIGINAL SETTING

Recall that our original variables of interest live in some set X0 ⊂ R, and that sample sizes nQ may
vary. Let n := maxQ∈U nQ and consider the space X = X0 ∪ {x0} for the setup of this proof,

where x0 ̸∈ X0. Suppose that
(
X

(i)
Q

)
i∈[nQ]

iid∼ Q and X
(nQ+1)
Q = · · · = X

(n)
Q = x0 almost surely.

Let f : X0 → R be the L-Lipschitz function from the statement of Theorem 22, and consider its
extension f̃ : X → R given by

f̃ (x) :=

{
f (x) x ∈ X0

0 x = x0

We apply the analysis above to the functions fQ := f̃
nQ

, ensuring that

Zf = min
Q∈U

1

nQ

nQ∑
i=1

f
(
X

(i)
Q

)

where the variables follow the appropriate distributions, as in the original goal. Note that fQ ∈[
0, M

nQ

]
, so that we can set b =

√
6M

minQ∈U nQ
. We analogously define everything for g. Next, we apply

Lemma 17 under the Lipschitzness assumption to obtain

σ2
g = max

Q∈U

{
nQVar

(
g (XQ)

nQ

)}
≤ 2L2max

Q∈U

σ2
Q

nQ
= 2L2σ2

T

For each Q ∈ U , let XQ ∼ Q be independent from
(
X

(i)
Q

)
i∈[nQ]

. Then,

Σ2
g = E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

[
g
(
X

(i)
Q

)
− E [g (XQ)]

]2]

= E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

E
[
g
(
X

(i)
Q

)
− g (XQ)

∣∣∣X(i)
Q

]2]

≤ L2E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

E
[(

X
(i)
Q −XQ

)2∣∣∣∣X(i)
Q

]]
Lipschitzness + Jensen’s

= L2E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

[(
X

(i)
Q − µQ

)2
+ σ2

Q

]]
E
[(

X
(i)
Q − µQ

)
(µQ −XQ)

∣∣∣X(i)
Q

]
= 0

≤ L2

{
E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

(
X

(i)
Q − µQ

)2]
+max

Q∈U

σ2
Q

nQ

}
= L2

(
Σ2
T + σ2

T

)
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It remains to bound Vf : recall that 0 = n(0) ≤ n(1) ≤ · · · ≤ n(k) and n(j) = nQ(j)
, so that

Vf =

n∑
i=1

E
[
max
Q∈U

[
fQ

(
X

(i)
Q

)
− µf,i,Q

]2]

=

k∑
j=1

(
n(j) − n(j−1)

)
E

[
max

r∈{j,...,k}

1

n2
(r)

[
f
(
XQ(r)

)
− E

[
f
(
XQ(r)

)]]2]

With a similar symmetrization trick, we can further bound each expectation in the sum: let X ′
Q be

an independent copy of XQ. Then,

E

[
max

r∈{j,...,k}

1

n2
(r)

[
f
(
XQ(r)

)
− E

[
f
(
XQ(r)

)]]2]
= E

[
max

r∈{j,...,k}

1

n2
(r)

E
[
f
(
XQ(r)

)
− f

(
X ′

Q(r)

)∣∣∣XQ(r)

]2]
(1)

≤ L2E

[
max

r∈{j,...,k}

1

n2
(r)

E
[(

XQ(r)
−X ′

Q(r)

)2∣∣∣∣XQ(r)

]]
(2)

≤ L2E

[
max

r∈{j,...,k}

1

n2
(r)

{[
XQ(r)

− µQ(r)

]2
+ σ2

Q(r)

}]

≤ 2L2E

[
max

r∈{j,...,k}

1

n2
(r)

[
XQ(r)

− µQ(r)

]2]
where, in (1), we have applied Lipschitzness and Jensen’s and, in (2), we note again that the cross
term cancels when expanding the square. Hence, we get that

Vf ≤ 2L2
k∑

j=1

(
n(j) − n(j−1)

)
E

[
max

r∈{j,...,k}

1

n2
(r)

[
XQ(r)

− µQ(r)

]2]
= 2L2VT

Plugging these values back into the bound (5) then yields the claim.

Appendix C. Proofs of Section 3

Recall our non-adaptive proxy objective

µo
T (a) = min

Q∈U

1

nQ

nQ∑
i=1

r
(
a,X

(i)
Q

)
where, for UE, nQ = n for all Q ∈ U . For a ∈ A, define generalization gaps

Da := µDR (a)− µo
T (a) = min

Q∈U
µ (a;Q)− min

Q′∈U
µ̂nQ′

(
a;Q′)

Using the same argument as in the proof of Proposition 19, we note that

|Da| ≤ max
Q∈U

∣∣µ (a;Q)− µ̂nQ (a;Q)
∣∣ = max

Q∈U

∣∣∣∣∣ 1nQ

nQ∑
i=1

[
E [r (a,XQ)]− r

(
a,X

(i)
Q

)]∣∣∣∣∣ =: Ua

Then from the theory of Appendix A, we can conclude the following bounds.
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Theorem 27 For rewards bounded in [0,M ], we have that for any a ∈ A,

E [Ua] ≤ 4M

√
log k

minQ∈U nQ

Additionally, when X ⊂ R and r (a, ·) is L-Lipschitz for each a ∈ A, it follows that

E [Ua] ≤
16M log k

minQ∈U nQ
+ 4LσT

√
2 log k

Proof We apply Theorem 11 on functions fQ (x) := E [r (a,XQ)] − r (a, x). Note that fQ ∈
[−M,M ] when r ∈ [0,M ]. Moreover, if r (a, ·) is L-Lipschitz, then so is fQ, as we only add a
constant to it.

Let E [Ua] ≤ B be any of the bounds from Theorem 27. Then, we get that

E [µo
T (a∗)− µo

T (a)] = ∆DR (a) + E [µDR (a)− µo
T (a)]− E

[
µ*
DR−µo

T (a∗)
]

= ∆DR (a) + E [Da]− E [Da∗ ]

≥ ∆DR (a)− |E [Da]| − |E [Da∗ ]|
≥ ∆DR (a)− E [|Da|]− E [|Da∗ |]
≥ ∆DR (a)− 2E [Ua]

≥ ∆DR (a)− 2B

for all a ∈ A. Hence,

P (Ao
T = a) ≤ P (µo

T (a) ≥ µo
T (a∗))

= P (µo
T (a)− µo

T (a∗)− E [µo
T (a)− µo

T (a∗)] ≥ E [µo
T (a∗)− µo

T (a)])

≤ P (µo
T (a)− µo

T (a∗)− E [µo
T (a)− µo

T (a∗)] ≥ ∆DR (a)− 2B) (6)

What remains is to apply the concentration inequalities of Appendix B.

C.1. Proof of Theorem 4

Here, we use the UE proxy µo
T (a) = minQ∈U

1
n

∑n
i=1 r

(
a,X

(i)
Q

)
. We can then obtain the follow-

ing concentration inequality.

Corollary 28 (UE concentration inequality) We have that

P
(
µo
T (a)− µo

T

(
a′
)
− E

[
µo
T (a)− µo

T

(
a′
)]

≥ t
)
≤ exp

(
− nt2

2M2

)
for all t ≥ 0 and a, a′ ∈ A.

Proof Note that in the notation of Appendix B.1, Zr(a,·)/M =
µo
T (a)
M . Since r (a, ·) ∈ [0,M ] for

each a ∈ A, the claim follows by applying Corollary 21.
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Next, note that under the assumption n ≥
(

8M
∆DR,min

)2
log k, we get that ∆DR (a) ≥ 8M

√
log k
n

for all a ∈ A with a positive gap. Hence, for all such a, plugging in the bound B = 4M
√

log k
n into

Equation (6) yields

P (Ao
T = a) ≤ P

(
µo
T (a)− µo

T (a∗)− E [µo
T (a)− µo

T (a∗)] ≥ ∆DR (a)− 8M

√
log k

n

)
Eq. (6)

≤ exp

− n

2M2

[
∆DR (a)− 8M

√
log k

n

]2 Cor. 28

This directly yields the desired regret bound:

E [∆DR (Ao
T )] =

∑
a∈A:∆DR(a)>0

∆DR (a)P (Ao
T = a)

≤
∑

a∈A:∆DR(a)>0

∆DR (a) exp

− n

2M2

[
∆DR (a)− 8M

√
log k

n

]2
C.2. Proof of Corollary 6

An alternative way of writing the UE regret bound is as follows:

E [∆DR (Ao
T )] =

∑
a∈A:∆DR(a)≤∆

∆DR (a)P (Ao
T = a) +

∑
a∈A:∆DR(a)>∆

∆DR (a)P (Ao
T = a)

≤ ∆+
∑

a∈A:∆DR(a)>∆

∆DR (a) exp

− n

2M2

[
∆DR (a)− 8M

√
log k

n

]2
for any ∆ ≥ 0. In other words,

E [∆DR (Ao
T )] ≤ inf

∆≥0

∆+
∑

a∈A:∆DR(a)>∆

∆DR (a) exp

− n

2M2

[
∆DR (a)− 8M

√
log k

n

]2
(7)

Next, we introduce a simple technical lemma.

Lemma 29 Let α, β > 0. Then, the function f (x) := x exp
(
−α (x− β)2

)
is decreasing for

x ≥ 1
2

(
β +

√
β2 + 2

α

)
.

Proof Notice that

f ′ (x) = exp
(
−α (x− β)2

)
− 2αx (x− β) exp

(
−α (x− β)2

)
= [1− 2αx (x− β)] exp

(
−α (x− β)2

)
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Now, note that the function x 7→ 2αx (x− β)−1 is quadratic, convex and has roots 1
2

(
β +

√
β2 + 2

α

)
and 1

2

(
β −

√
β2 + 2

α

)
. Since the former is larger, it follows that the quadratic is nonnegative for

larger values. In other words, f ′ (x) ≤ 0 whenever x ≥ 1
2

(
β +

√
β2 + 2

α

)
.

As a result, we can show the following inequality.

Lemma 30 Provided that l ≥ 2 and ∆DR (a) ≥ 8M
√
log k+M

√
2 log l√

n
, we have that

∆DR (a) exp

− n

2M2

[
∆DR (a)− 8M

√
log k

n

]2 ≤ 8M
√
log k +M

√
2 log l

l
√
n

Proof Note that the left-hand side of the claim is of the form f (∆DR (a)), where f is defined as in

Lemma 29 with α := n
2M2 and β := 8M

√
log k
n , so that we know it is decreasing for x ≥ K, where

K :=
1

2

(
β +

√
β2 +

2

α

)

=
1

2

[
8M

√
log k

n
+

√
64M2 log k

n
+

4

n

]

=
8M

√
log k +

√
64M2 log k + 4

2
√
n

≤ 8M
√
log k + 1√
n

√
a+ b ≤

√
a+

√
b

≤ 8M
√
log k +M

√
2 log l√

n
M
√
2 log l ≥ 1

The result then follows by plugging in 8M
√
log k+M

√
2 log l√

n
into f to get the right-hand side of the

claim.

Finally, we can set ∆ := 8M
√
log k+M

√
2 log l√

n
in Equation (7) and apply Lemma 30 to obtain

E [∆DR (Ao
T )] ≤

8M
√
log k +M

√
2 log l√

n
+ |{a ∈ A : ∆DR (a) > ∆}| 8M

√
log k +M

√
2 log l

l
√
n

≤ 16M
√
log k + 2M

√
2 log l√

n

≲ M

√
log (kl)

n

where in the last line we have used the fact that
√
a +

√
b ≤

√
2 (a+ b). Substituting n = T/k

then yields the result.
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C.3. Proof of Theorem 7

Returning to the general NUE proxy µo
T (a) = minQ∈U

1
nQ

∑nQ

i=1 r
(
a,X

(i)
Q

)
, let us further assume

that X ⊂ R. Then, we conclude the following result.

Corollary 31 (NUE concentration inequality) Suppose that r (a, ·) : X → [0,M ] is L-Lipschitz
for each a ∈ A. Then, we have that

P
(
µo
T (a)− µo

T

(
a′
)
− E

[
µo
T (a)− µo

T

(
a′
)]

≥ t
)
≤ exp

− t2

16L2
(
2σ2

T +Σ2
T + 6VT

)
+ 2

√
6Mt

minQ∈U nQ


for all t ≥ 0 and a, a′ ∈ A.

Proof Once again, using the definitions of Appendix B, we get that Zr(a,·) = µo
T (a). Since

r (a, ·) ∈ [0,M ] is L-Lipschitz for each a ∈ A, the claim follows by applying Theorem 22.

As in the UE analysis, provided that ∆DR,min ≥ GT = 32M log k
minQ∈U nQ

+ 8LσT
√
2 log k, we can

plug B = 16M log k
minQ∈U nQ

+ 4LσT
√
2 log k into Equation (6) to conclude that

P (Ao
T = a) ≤ P (µo

T (a)− µo
T (a∗)− E [µo

T (a)− µo
T (a∗)] ≥ ∆DR (a)−GT ) Eq. (6)

≤ exp

− [∆DR (a)−GT ]
2

16L2
(
2σ2

T +Σ2
T + 6VT

)
+ 2

√
6M

minQ∈U nQ
[∆DR (a)−GT ]

 Cor. 28

for all a ∈ A with positive gap. This in turn yields the regret bound

E [∆DR (Ao
T )] =

∑
a∈A:∆DR(a)>0

∆DR (a)P (Ao
T = a)

≤
∑

a∈A:∆DR(a)>0

∆DR (a) exp

− [∆DR (a)−GT ]
2

16L2
(
2σ2

T +Σ2
T + 6VT

)
+ 2

√
6M

minQ∈U nQ
[∆DR (a)−GT ]


Appendix D. Modified UCB-E

Our goal is to perform a minimization variant of UCB-E Audibert et al. (2010) for T rounds on
the set of “arms” U . Since we will analyze all random variables under a fixed high-probability
event, we treat all quantities here as deterministic. In particular, we work with µ (Q) , µ̂t (Q) ∈
[0, 1] for each Q ∈ U and t ∈ {n0 (Q) , . . . , n0 (Q) + T}, where n0 (Q) ≥ 1 is the number of
pulls from arm Q ∈ U that we start the game with. We assume a unique optimal arm Q∗ :=
argminQ∈U µ (Q), with µ∗ := µ (Q∗), and define suboptimality gaps ∆(Q) := µ (Q) − µ∗ and
∆min := minQ∈U\{Q∗}∆(Q). For some choice of plays {Qt}Tt=1, let

nt (Q) := n0 (Q) +
t∑

s=1

I {Qs = Q}
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denote the number of times distribution Q has been played at time t ∈ [T ]. Additionally, we define
the following subset of arms:

U0 :=

{
Q ∈ U\ {Q∗} : n0 (Q) <

36

25
ϵ∆−2 (Q)

}
∪
{
Q∗ : n0 (Q

∗) <
36

25
ϵ∆−2

min

}
along with its cardinality (provided that it contains Q∗) k0 := |U0| I {Q∗ ∈ U0}, total initial sample
size T̃0 :=

∑
Q∈U0

n0 (Q) and the complexity notion it defines:

H0 := ∆−2
minI {Q

∗ ∈ U0}+
∑

Q∈U0\{Q∗}

∆−2 (Q)

The intuition is that U0 is a proxy for the set of arms played:

U ′ := {Q ∈ U : nT (Q) > n0 (Q)}

The UCB-E algorithm works by defining indices (adjusted here for lower confidence bounds)

LCBt (Q; ϵ) := µ̂nt(Q) (Q)−
√

ϵ

nt (Q)
∀Q ∈ U

given a parameter ϵ > 0 and, at each time step t ∈ [T ], playing

Qt := argmin
Q∈U

LCBt−1 (Q; ϵ)

After T rounds, we output

Q̂ := argmin
Q∈U

µ̂nT (Q) (Q)

Theorem 32 (Modified UCB-E optimality) Suppose that

|µ (Q)− µ̂t (Q)| < 1

5

√
ϵ

t

for all Q ∈ U and t ∈ {n0 (Q) , . . . , n0 (Q) + T}, and that

T ≥ 36

25
ϵH0 − T̃0 + k0

Then, it follows that Q̂ = Q∗ and

1

5

√
ϵ

nT (Q∗)
≤ ∆min

2

Proof
First, notice that for any t ∈ {0, . . . , T} and Q ∈ U , we have by assumption that

∣∣µ (Q)− µ̂nt(Q) (Q)
∣∣ < 1

5

√
ϵ

nt (Q)
(8)
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since nt (Q) ∈ {n0 (Q) , . . . , n0 (Q) + T}. All we need to do is show that, for any Q ∈ U\ {Q∗},

nT (Q) ≥ 4

25
ϵ∆−2 (Q) and nT (Q∗) ≥ 4

25
ϵ∆−2

min (9)

since this implies that

1

5

√
ϵ

nT (Q)
≤ ∆(Q)

2
and

1

5

√
ϵ

nT (Q∗)
≤ ∆min

2
≤ ∆(Q)

2

The second inequality is one of our desired results. To obtain the other, we observe that

µ̂nT (Q) (Q)− µ̂nT (Q∗) (Q
∗) = µ̂nT (Q) (Q)− µ (Q) + ∆ (Q) + µ∗ − µ̂nT (Q∗) (Q

∗)

> ∆(Q)− 1

5

√
ϵ

nT (Q)
− 1

5

√
ϵ

nT (Q∗)
Eq. (8)

≥ ∆(Q)− ∆(Q)

2
− ∆(Q)

2
= 0

Since this holds for all Q ∈ U\ {Q∗}, it follows that Q̂ = Q∗. To show (9), we break into two
cases.

D.1. Case 1: Q∗ ̸∈ U0

First, suppose that Q∗ ̸∈ U0 and note that

nT (Q) ≥ 36

25
ϵ∆−2 (Q) >

4

25
ϵ∆−2 (Q) and nT (Q∗) ≥ n0 (Q

∗) ≥ 36

25
ϵ∆−2

min >
4

25
ϵ∆−2

min

for any Q ̸∈ U0 ∪ {Q∗} by definition. To show the first inequality for U0, we observe that k0 = 0
and H0 =

∑
Q∈U0

∆−2 (Q) and make the following claim, that also applies in Case 2 (D.2).

Lemma 33 Fix t ∈ [T ]. If Qt = Q ̸= Q∗, then

nt−1 (Q) <
36

25
ϵ∆−2 (Q)

Proof We have that

µ∗ > µ̂nt−1(Q∗) (Q
∗)− 1

5

√
ϵ

nt−1 (Q∗)
Eq. (8)

≥ LCBt−1 (Q
∗; ϵ)

≥ LCBt−1 (Q; ϵ) Qt = Q

= µ̂nt−1(Q) (Q)−
√

ϵ

nt−1 (Q)

> µ (Q)− 6

5

√
ϵ

nt−1 (Q)
Eq. (8)

Rearranging then yields the claim.
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In other words, once nt (Q) ≥ 36
25ϵ∆

−2 (Q), arm Q ̸= Q∗ will no longer be played after round
t. This means that any arm outside of U0 ∪{Q∗} will not be played at all. That is, U ′ ⊂ U0 ∪{Q∗}.
In addition, if Q∗ is not played in the first

T ′ :=
∑
Q∈U0

[
36

25
ϵ∆−2 (Q)− n0 (Q)

]
=

36

25
ϵH0 − T̃0 + k0

rounds, then the plays will be distributed within U0, resulting in

nT (Q) ≥ nT ′ (Q) ≥ 36

25
ϵ∆−2 (Q) >

4

25
ϵ∆−2 (Q) ∀Q ∈ U0

where the first inequality uses the assumption that T ≥ T ′. When Q∗ is played, we get the following
result.

Proposition 34 Suppose that Q∗ is played in some round. Then,

nT (Q) ≥ 4

25
ϵ∆−2 (Q) ∀Q ∈ U0

Proof Let Q ∈ U0 and let t ∈ [T ] be any round such that Qt = Q∗. Then,

µ (Q)− 4

5

√
ϵ

nT (Q)
≥ µ (Q)− 4

5

√
ϵ

nt−1 (Q)

> LCBt−1 (Q; ϵ) Eq. (8)

≥ LCBt−1 (Q
∗; ϵ)

> µ∗ − 6

5

√
ϵ

nt−1 (Q∗)
Eq. (8)

≥ µ∗ − 6

5

√
ϵ

n0 (Q∗)

≥ µ∗ −∆min n0 (Q
∗) ≥ 36

25
ϵ∆−2

min

≥ µ∗ −∆(Q)

The claim then follows by rearranging the terms.

D.2. Case 2: Q∗ ∈ U0

Next, we note that

k0 = |U0| and H0 = ∆−2
min +

∑
Q∈U0\{Q∗}

∆−2 (Q)

As a direct consequence of Lemma 33, we can conclude that our proxy set U0 indeed contains the
arms played.

Corollary 35 U ′ ⊂ U0.
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Proof Fix Q ∈ U ′\ {Q∗} and let t ∈ [T ] denote any round in which Qt = Q. From Lemma 33 we
then get that n0 (Q) ≤ nt−1 (Q) < 36

25ϵ∆
−2 (Q).

Next, we show that suboptimal arms in the proxy set do not have too many samples by the end
of the procedure.

Proposition 36

nT (Q) <
36

25
ϵ∆−2 (Q) + 1 ∀Q ∈ U0\ {Q∗}

Proof If Q ∈ U0\ (U ′ ∪ {Q∗}), then

nT (Q) = n0 (Q) <
36

25
ϵ∆−2 (Q) <

36

25
ϵ∆−2 (Q) + 1

Otherwise, fix any Q ∈ U ′\ {Q∗} and let t ∈ [T ] be the largest time step such that Qt = Q (i.e., the
last round in which Q is played). Lemma 33 then implies that

nT (Q) = nT−1 (Q) = · · · = nt (Q) = nt−1 (Q) + 1 <
36

25
ϵ∆−2 (Q) + 1

This, in turn, implies that the optimal arm has sufficiently many samples and, in fact, is in U ′.

Proposition 37

nT (Q∗) >
36

25
ϵ∆−2

min + 1

Proof We have that

nT (Q∗) = T + n0 (Q
∗)−

∑
Q∈U ′\{Q∗}

[nT (Q)− n0 (Q)]

= T + n0 (Q
∗)−

∑
Q∈U0\{Q∗}

[nT (Q)− n0 (Q)] Cor. 35

= T + T̃0 −
∑

Q∈U0\{Q∗}

nT (Q)

> T + T̃0 −
∑

Q∈U0\{Q∗}

[
36

25
ϵ∆−2 (Q) + 1

]
Prop. 36

= T + T̃0 −
36

25
ϵ
(
H0 −∆−2

min

)
− k0 + 1

≥ 36

25
ϵ∆−2

min + 1

where the last line follows from our lower bound assumption on T .
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Corollary 38 We have that Q∗ ∈ U ′.

Proof This immediately follows from Proposition 37 and the fact that Q∗ ∈ U0:

nT (Q∗) >
36

25
ϵ∆−2

min + 1 ≥ n0 (Q
∗) + 1

We are then able to show that, by the end of the game, every arm has sufficiently many samples.

Proposition 39

nT (Q) ≥ 4

25
ϵ∆−2 (Q) ∀Q ∈ U\ {Q∗}

Proof Let Q ∈ U\ {Q∗}. Since Q∗ ∈ U ′ by Corollary 38, let t ∈ [T ] be the last round such that
Qt = Q∗. Then,

µ (Q)− 4

5

√
ϵ

nT (Q)
≥ µ (Q)− 4

5

√
ϵ

nt−1 (Q)

> LCBt−1 (Q; ϵ) Eq. (8)

≥ LCBt−1 (Q
∗; ϵ)

> µ∗ − 6

5

√
ϵ

nt−1 (Q∗)
Eq. (8)

= µ∗ − 6

5

√
ϵ

nT (Q∗)− 1
nT (Q∗) = nt (Q

∗) = nt−1 (Q
∗) + 1

> µ∗ −∆(Q) Prop. 37 and ∆min ≤ ∆(Q)

The claim then follows by rearranging the terms.

Let Q ∈ U\ {Q∗}. From Propositions 37 and 39, we can thus conclude inequalities (9)

nT (Q) ≥ 4

25
ϵ∆−2 (Q) and nT (Q∗) ≥ 36

25
ϵ∆−2

min + 1 >
4

25
ϵ∆−2

min

Appendix E. Proof of Theorem 9

Suppose that we are operating under permutation (a1, . . . , al) and parameters (ϵ1, . . . , ϵl). To show
our desired result, we will define a high-probability event, under which the modified UCB-E analysis
ensures the correctness of LCB-DR’s decision.
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E.1. Concentration inequality

From the boundedness of r ∈ [0, 1], Hoeffding’s inequality implies that

P
(
|µ (a;Q)− µ̂t (a;Q)| < 1

5

√
ϵ

t

)
≥ 1− 2 exp

(
− 2ϵ

25

)

for all a ∈ A, Q ∈ U , t ∈ N and ϵ ≥ 0. Fix some j ∈ [l]. Then, taking union bounds yields

P

⋂
Q∈U

⋂
t∈[uj ]

{
|µ (aj ;Q)− µ̂t (aj ;Q)| <

Caj ∧ 1

5

√
ϵj
t

}
≥ 1− 2kuj exp

−
2
(
C2
aj ∧ 1

)
ϵj

25


We then define the high-probability event of interest:

Aj :=
⋂
Q∈U

⋂
t∈[uj ]

{
|µ (aj ;Q)− µ̂t (aj ;Q)| <

Caj ∧ 1

5

√
ϵj
t

}

E.2. Modified UCB-E analysis

Here, we apply the UCB-E analysis of Appendix D. By assumption, recall that T̄j ≤ uj , so that
nT̄j−1

(Q) + Tj ≤ uj and, thus, under event Aj ,

|µ (aj ;Q)− µ̂t (aj ;Q)| <
Caj ∧ 1

5

√
ϵj
t
≤ 1

5

√
ϵj
t

for all Q ∈ U and t ∈
{
nT̄j−1

(Q) , . . . , nT̄j−1
(Q) + Tj

}
. We can then conclude the following

result.

Theorem 40 For any j ∈ [l], under event Aj , it follows that Q̂j = Q∗
aj and

|µDR (aj)− µo
T (aj)| <


∆DR (aj)

2
aj ̸= a∗

∆DR,min

2
aj = a∗

Proof If we set T = Tj , ϵ = ϵj , n0 = nT̄j−1
, µ = µ (aj ; ·) and µ̂t = µ̂t (aj ; ·) in the setup of

Appendix D, then we can immediately see that Q̂j = Q∗
aj by Theorem 32, as its assumptions are
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satisfied under Aj . Moreover, we have that

|µDR (aj)− µo
T (aj)| =

∣∣∣∣µ(aj , Q∗
aj

)
− µ̂

nT̄j

(
Q∗

aj

) (aj , Q∗
aj

)∣∣∣∣ Q̂j = Q∗
aj

<
Caj ∧ 1

5

√
ϵj

nT̄j

(
Q∗

aj

) event Aj and nT̄j
≤ uj

≤ Caj

∆aj ,min

2
Thm. 32

=


∆DR (aj)

2
aj ̸= a∗

∆DR,min

2
aj = a∗

Let us also remark that when Tj = 36
25ϵjHj − T̃j + kj (i.e., the lower bound (1) holds with

equality), then

T̄j =

j∑
r=0

Tr

= k +

j∑
r=1

36
25

ϵr Hr︸︷︷︸
≤2Har

−T̃r︸︷︷︸
≤0

+ kr︸︷︷︸
≤k


≤ k (j + 1) +

72

25

j∑
r=1

ϵrHar

so that we can set uj to the last expression.

E.3. LCB-DR correctness

Under the event
⋂l

j=1Aj , we know that

µo
T (a∗)− µo

T (a) = µo
T (a∗)− µ*

DR+∆DR (a) + µDR (a)− µo
T (a)

> ∆DR (a)−
∆DR,min

2
− ∆DR (a)

2
Thm. 40

≥ 0 ∆DR,min ≤ ∆DR (a)

for every a ̸= a∗. That is, Ao
T = argmaxa∈A µo

T (a) = a∗ and, thus, P (Ao
T = a∗) ≥ P

(⋂l
j=1Aj

)
.

The result then follows from a union bound on the high-probability events {Aj}lj=1.

Appendix F. Extending to infinite decision sets

While the results discussed thus far only apply to finite decision sets A, it is possible to extend to
larger (possibly infinite) sets via standard covering arguments. Suppose that we have access to a
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finite ϵ-cover Aϵ of {r (a, ·)}a∈A in the following sense: for all a ∈ A, there exists a ϕa ∈ Aϵ such
that

max
Q∈U

EX∼Q [|r (a,X)− r (ϕa, X)|] ≤ ϵ

The idea is that the regret under the finite set Aϵ is close to the regret under A, so that a learner can
play the game dynamics on the former.

Lemma 41 (Controlling regret using a cover) Let ∆DR (a;Aϵ) := maxa∗∈Aϵ µDR (a∗)−µDR (a)
denote the suboptimality gap with respect to Aϵ. Then, ∆DR (a) ≤ ∆DR (a;Aϵ) + ϵ for all a ∈ A.

Proof We can relate this new gap to the quantity of interest by noting that for any a ∈ A,

∆DR (a;A) = max
a∗∈A

µDR (a∗)− µDR (a)

= max
a∗∈A

µDR (a∗)− max
a∗ϵ∈Aϵ

µDR (a∗ϵ ) + ∆DR (a;Aϵ)

= max
a∗∈A

{
µDR (a∗)− max

a∗ϵ∈Aϵ

µDR (a∗ϵ )

}
+∆DR (a;Aϵ)

We can bound the error term as follows: for any a ∈ A,

µDR (a)− max
a∗ϵ∈Aϵ

µDR (a∗ϵ ) ≤ µDR (a)− µDR (ϕa)

= min
Q∈U

EX∼Q [r (a,X)]−min
Q∈U

EX∼Q [r (ϕa, X)]

≤ max
Q∈U

EX∼Q [r (a,X)− r (ϕa, X)]

≤ ϵ

That is,

∆DR (a;A) ≤ ∆DR (a;Aϵ) + ϵ ∀a ∈ A

F.1. Binary classification

A special case is the binary classification setting:

• The data are pairs (X,Y ) ∈ X × {0, 1}.

• Decisions are binary-valued functions a : X → {0, 1} and VC(A) = d < ∞.

• The reward function is r (a, (x, y)) = I {a (x) = y}, so that

E(X,Y )∼Q [r (a, (X,Y ))] = P(X,Y )∼Q (a (X) = Y )

46



DISTRIBUTION-DEPENDENT RATES FOR MULTI-DISTRIBUTION LEARNING

Suppose that we have a finite ϵ-cover Aϵ of A in the following sense: for any a ∈ A, there exists a
ϕa ∈ Aϵ such that

max
Q∈U

QX (a ̸= ϕa) ≤ ϵ

where QX is the marginal distribution of Q over X (recall that now the distributions are over pairs
(X,Y ) ∈ X × {0, 1}. To see why this yields a cover in the more general definition, we note that
for any (X,Y ) ∼ Q,

E [|r (a, (X,Y ))− r (ϕa, (X,Y ))|] = E [|I {a (X) = Y } − I {ϕa (X) = Y }|]
= E [|I {ϕa (X) ̸= Y } − I {a (X) ̸= Y }|]

= E
[∣∣∣(ϕa (X)− Y )2 − (a (X)− Y )2

∣∣∣]
Next, we make the following elementary observation: for x, y, z ∈ {0, 1}, we have that

(x− z)2 − (y − z)2 = (x− y)2 − 2 (x− y) (z − y)︸ ︷︷ ︸
≥0

≤ (x− y)2

By symmetry, it then follows that
∣∣∣(x− z)2 − (y − z)2

∣∣∣ ≤ (x− y)2. Applying this to the above
then yields

E
[∣∣∣(ϕa (X)− Y )2 − (a (X)− Y )2

∣∣∣] ≤ E
[
(ϕa (X)− a (X))2

]
≤ ϵ

That is, we ensure the condition ∆DR (a;A) ≤ ∆DR (a;Aϵ) + ϵ for all a ∈ A.

Finally, let us briefly discuss how to construct such a cover from samples. Suppose that we
independently sample O

(
d log(1/ϵ)+log(k/δ)

ϵ

)
times from each distribution Q ∈ U , and let S denote

the aggregated sample. Then, let Aϵ ⊂ A be the result of selecting one representative from each of
the sets in

{
{a ∈ A : a|S = I} : I ∈ {0, 1}|S|

}
That is, for each a ∈ A, there exists some aϵ ∈ Aϵ such that a and aϵ agree on S. The set Aϵ

is an ϵ-cover as defined previously. In addition, from the Sauer-Shelah lemma (van Handel, 2014,
Lemma 7.12), we know that

|Aϵ| ≲
(
k (d log (1/ϵ) + log (k/δ))

dϵ

)d
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Appendix G. UE v.s. NUE

Here, we will prove the bounds stated in Section 3.4. For convenience, we present the variance
quantities again below:

VT =
k∑

j=1

(
n(j) − n(j−1)

)
E

[
max

r∈{j,...,k}

1

n2
(r)

[
XQ(r)

− µQ(r)

]2]

Σ2
T = E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

(
X

(i)
Q − µQ

)2]

σ2
T = max

Q∈U

σ2
Q

nQ

We begin by proving the bound on Σ2
T .

Lemma 42 Suppose that our data is bounded: XQ ∈ [0, 1]. Then,

Σ2
T ≤ 8

√
2 log (2k)

minQ∈U n3
Q

+ σ2
T

Proof Recall that

Σ2
T = E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

Y 2
i,Q

]

where we define Yi,Q := X
(i)
Q − µQ ∈ [−1, 1] and note that E

[
Y 2
i,Q

]
= σ2

Q. Let us begin by noting
that

Σ2
T ≤ E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

(
Y 2
i,Q − E

[
Y 2
i,Q

])]
+ σ2

T

For a one-sided symmetrization argument, let Zi,Q be independent copies of the Yi,Q and let ϵn iid∼
Rad be independent from them, where n := maxQ∈U nQ. Then, we can bound the first quantity in
the upper bound as follows:

E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

(
Y 2
i,Q − E

[
Y 2
i,Q

])]
= E

[
max
Q∈U

E

[
1

n2
Q

nQ∑
i=1

(
Y 2
i,Q − Z2

i,Q

)∣∣∣∣∣Y
]]

≤ E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

(
Y 2
i,Q − Z2

i,Q

)]

= E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

ϵi
(
Y 2
i,Q − Z2

i,Q

)]

≤ E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

ϵiY
2
i,Q

]
+ E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

−ϵiZ
2
i,Q

]

= 2E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

ϵiY
2
i,Q

]
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where Y denotes the collection of all Yi,Q’s. In the next lemma, we bound the last quantity above.

Lemma 43 (Contraction) We have that

E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

ϵiY
2
i,Q

]
≤ E

[
max
Q∈U

CQ

nQ∑
i=1

ϵiYi,Q

]

where CQ := 2
nQ·minQ′∈U nQ′

.

Proof [Proof of Lemma 43] Fix an index j ∈ [n], where n := maxQ∈U nQ. For each Q ∈ U , let us
additionally define dummy variables YnQ+1,Q, . . . , Yn,Q := 0, so that

E

[
max
Q∈U

1

n2
Q

nQ∑
i=1

ϵiY
2
i,Q

]
= E

[
max
Q∈U

1

n2
Q

n∑
i=1

ϵiY
2
i,Q

]

In what follows, we use Eϵj to denote an expectation only w.r.t. ϵj , while all other random variables
remain fixed (that is, conditioned on all other variables due to independence). Note that

Eϵj

max
Q∈U

 1

n2
Q

j∑
i=1

ϵiY
2
i,Q + CQ

n∑
i=j+1

ϵiYi,Q




=
1

2
max

Q,Q′∈U

{
1

n2
Q

j−1∑
i=1

ϵiY
2
i,Q +

Y 2
j,Q

n2
Q

+ CQ

n∑
i=j+1

ϵiYi,Q

+
1

n2
Q′

j−1∑
i=1

ϵiY
2
i,Q′ −

Y 2
j,Q′

n2
Q′

+ CQ′

n∑
i=j+1

ϵiYi,Q′

}

Next, note that

Y 2
j,Q

n2
Q

−
Y 2
j,Q′

n2
Q′

=

(
Yj,Q
nQ

+
Yj,Q′

nQ′

)(
Yj,Q
nQ

−
Yj,Q′

nQ′

)
≤
(

1

nQ
+

1

nQ′

) ∣∣∣∣Yj,QnQ
−

Yj,Q′

nQ′

∣∣∣∣
≤
∣∣CQYj,Q − CQ′Yj,Q′

∣∣
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Hence,

Eϵj

max
Q∈U

 1

n2
Q

j∑
i=1

ϵiY
2
i,Q + CQ

n∑
i=j+1

ϵiYi,Q




≤ 1

2
max

Q,Q′∈U

{
1

n2
Q

j−1∑
i=1

ϵiY
2
i,Q + CQ

n∑
i=j+1

ϵiYi,Q

+
1

n2
Q′

j−1∑
i=1

ϵiY
2
i,Q′ + CQ′

n∑
i=j+1

ϵiYi,Q′ +
∣∣CQYj,Q − CQ′Yj,Q′

∣∣}

=
1

2
max

Q,Q′∈U

{
1

n2
Q

j−1∑
i=1

ϵiY
2
i,Q + CQ

n∑
i=j+1

ϵiYi,Q

+
1

n2
Q′

j−1∑
i=1

ϵiY
2
i,Q′ + CQ′

n∑
i=j+1

ϵiYi,Q′ + CQYj,Q − CQ′Yj,Q′

}

= Eϵj

max
Q∈U

 1

n2
Q

j−1∑
i=1

ϵiY
2
i,Q + CQ

n∑
i=j

ϵiYi,Q




From independence, we can thus integrate iteratively starting at j = n to conclude that

E

[
max
Q∈U

1

n2
Q

n∑
i=1

ϵiY
2
i,Q

]
≤ E

[
max
Q∈U

CQ

n∑
i=1

ϵiYi,Q

]
= E

[
max
Q∈U

CQ

nQ∑
i=1

ϵiYi,Q

]

Again using symmetrization, let Zi,Q be independent copies of the Yi,Q and independent from
ϵn. Since Yi,Q are centered, we have that

E

[
max
Q∈U

CQ

nQ∑
i=1

ϵiYi,Q

]
= E

[
max
Q∈U

E

[
CQ

nQ∑
i=1

ϵi (Yi,Q − Zi,Q)

∣∣∣∣∣ϵn, Y
]]

≤ E

[
max
Q∈U

CQ

nQ∑
i=1

ϵi (Yi,Q − Zi,Q)

]

= E

[
max
Q∈U

CQ

nQ∑
i=1

(Yi,Q − Zi,Q)

]

≤ 2E

[
max
Q∈U

CQ

∣∣∣∣∣
nQ∑
i=1

Yi,Q

∣∣∣∣∣
]
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Next, we bound this expectation using Hoeffding’s inequality. We begin with a high-probability
bound:

P

(
max
Q∈U

CQ

∣∣∣∣∣
nQ∑
i=1

Yi,Q

∣∣∣∣∣ ≥ t

)
≤
∑
Q∈U

P

(
CQ

∣∣∣∣∣
nQ∑
i=1

Yi,Q

∣∣∣∣∣ ≥ t

)

≤ 2
∑
Q∈U

exp

(
− 2t2

C2
QnQ

)

= 2
∑
Q∈U

exp

(
−
t2nQminQ′∈U n2

Q′

2

)

≤ 2k exp

(
−
t2minQ∈U n3

Q

2

)
We can subsequently integrate the tails to obtain the in-expectation bound

E

[
max
Q∈U

CQ

∣∣∣∣∣
nQ∑
i=1

Yi,Q

∣∣∣∣∣
]
≤ 2

√
2 log (2k)

minQ∈U n3
Q

Combining all bounds presented thus far finally yields

Σ2
T ≤ 8

√
2 log (2k)

minQ∈U n3
Q

+ σ2
T

Next, we show how VT relates to Σ2
T .

Lemma 44 We have that

VT ≤ min

{
max
Q∈U

nQ, k

}
Σ2
T

Proof Let n := maxQ∈U nQ and note that we can equivalently express

VT =
n∑

i=1

E

[
max

Q∈U :nQ≥i

1

n2
Q

(
X

(i)
Q − µQ

)2]
From this, we see that

VT ≤ nE

[
max
i∈[n]

max
Q∈U :nQ≥i

1

n2
Q

(
X

(i)
Q − µQ

)2]

= nE

[
max
Q∈U

max
i∈[nQ]

1

n2
Q

(
X

(i)
Q − µQ

)2]

≤ nE

[
max
Q∈U

nQ∑
i=1

1

n2
Q

(
X

(i)
Q − µQ

)2]
= nΣ2

T
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Alternatively, we can begin by bounding the max by a sum in VT :

VT ≤ E

 n∑
i=1

∑
Q∈U :nQ≥i

1

n2
Q

(
X

(i)
Q − µQ

)2
= E

∑
Q∈U

nQ∑
i=1

1

n2
Q

(
X

(i)
Q − µQ

)2
≤ kE

[
max
Q∈U

nQ∑
i=1

1

n2
Q

(
X

(i)
Q − µQ

)2]
= kΣ2

T

Finally, we prove the upper bound on VT stated in the example of Section 3.4.3.

Lemma 45 Let U = {Q1, . . . , Qk}, where

• Q1, . . . , Qk−1 share a common variance σ2 and are supported in [0, 1].

• Qk has variance ν2.

• We sample n times from each Q1, . . . , Qk−1 and m = T − n (k − 1) ≥ n times from Qk, for
a total of T ≥ nk samples.

Then,

VT ≤
√

2 log (k − 1) + σ2

n
+

ν2

T − n (k − 1)

Proof Note that

VT = nE
[
max

{
max

j∈[k−1]

{
1

n2

(
XQj − µQj

)2}
,
1

m2
(XQk

− µQk
)2
}]

+
(m− n) ν2

m2

≤ 1

n
E
[
max

j∈[k−1]

{(
XQj − µQj

)2}]
+

nν2

m2
+

(m− n) ν2

m2

=
1

n
E
[
max

j∈[k−1]

{(
XQj − µQj

)2}]
︸ ︷︷ ︸

(∗)

+
ν2

m

Since
∣∣∣(XQj − µQj

)2 − σ2
∣∣∣ ≤ 1 for all j ∈ [k − 1], we then have that

(∗) = E
[
max

j∈[k−1]

{(
XQj − µQj

)2 − σ2
}]

+ σ2 ≤
√
2 log (k − 1) + σ2
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