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Abstract

Learning effective pricing strategies is crucial in digital marketplaces, especially when buyers’
valuations are unknown and must be inferred through interaction. We study the online contextual
pricing problem, where a seller observes a stream of context—valuation pairs and dynamically sets
prices. Moreover, departing from traditional online learning frameworks, we consider a strategic
setting in which buyers may misreport valuations to influence future prices, a challenge known as
strategic overfitting (Amin et al., 2013).

We introduce a strategy-robust notion of regret for multi-buyer online environments, capturing
worst-case strategic behavior in the spirit of the Price of Anarchy. Our first contribution is a
polynomial-time approximation scheme (PTAS) for learning linear pricing policies in adversar-
ial, adaptive environments, enabled by a novel online sketching technique. Building on this result,
we propose our main construction: the Sparse Update Mechanism (SUM), a simple yet effective
sequential mechanism that ensures robustness to all Nash equilibria among buyers. Moreover, our
construction yields a black-box reduction from online expert algorithms to strategy-robust learners.

Keywords: Online Learning, Dynamic Pricing, Mechanism Design, Algorithmic Game Theory

1. Introduction

The ability to learn how to price effectively is a key component of modern digital markets, enabling
the efficient exchange of goods and services. This problem has been studied extensively (Gallego
and Van Ryzin, 1994; Kleinberg and Leighton, 2003; Besbes and Zeevi, 2009; Dasu and Tong,
2010; Adamczyk et al., 2015; Besbes and Zeevi, 2015; Den Boer, 2015; Vanunts and Drutsa, 2019;
Leme et al., 2021; Romano et al., 2021; Jazi et al., 2025) since the rise of e-commerce. When the
seller knows the distribution of buyers’ valuations for a good, the revenue-maximizing price can be
computed directly from that distribution. In the learning-to-price framework, however, the seller
does not know the value distribution and must instead learn it from data on buyers’ valuations.

In many practical settings, pricing decisions benefit from leveraging not only valuation data but
also contextual features that capture relevant information about the goods, buyers, or the market.
This gives rise to the framework of contextual pricing, where machine learning models are used to
map contexts to prices. In the online contextual pricing setting, the seller observes a stream of con-
text—valuation pairs and learns a pricing policy sequentially. In this work, we study the case where
the pricing function is linear in the context features—a simple yet expressive model that underlies
more complex approaches such as kernel methods and neural networks. The corresponding batch
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setting was formalized as Myersonian regression (Mohri and Medina, 2014; Munoz and Vassilvit-
skii, 2017; Shen et al., 2019; Liu et al., 2020), and our work extends its ideas to the online setting,
accounting for both myopic and non-myopic strategic bidders.

Most prior work assumes access to a reliable data source, either in batch (Mohri and Medina, 2014;
Munoz and Vassilvitskii, 2017; Shen et al., 2019; Liu et al., 2020) or online form (Javanmard and
Nazerzadeh, 2019; Tang et al., 2020; Ban and Keskin, 2021; den Boer and Keskin, 2022; Tullii
et al., 2024), that accurately reflects buyers’ true valuations. This assumption is reasonable in the
batch setting, where data can be collected through market research or other trusted channels. In
contrast, the assumption is much more fragile in the online setting, where data is generated through
sequential interactions with buyers. Here, the seller typically elicits a buyer’s valuation through a
bidding mechanism, effectively turning the process into a form of repeated auction'. This opens
the door to strategic behavior. There is no a priori reason to believe that buyers will report their
valuations truthfully or refrain from manipulating the pricing algorithm to their own benefit. The
problem becomes especially pronounced when buyers interact with the seller multiple times, rather
than appearing only once.

As a concrete example, consider a buyer, such as a bakery, that purchases milk daily from a pro-
ducer. The buyer could strategically underbid—offering less than their true valuation—for several
days, resulting in no transactions. This behavior may send misleading signals to the producer, po-
tentially causing them to lower the price in subsequent days. As a result, the buyer may make future
purchases at a significantly reduced cost, ultimately increasing the buyer’s utility at the expense of
the producer’s revenue, despite earlier utility losses due to declined transactions.

Strategy-robustness. A line of work Amin et al. (2013, 2014); Mohri and Munoz (2015); Deng
et al. (2019); Drutsa (2020); Zhiyanov and Drutsa (2020); Liu et al. (2024); Golrezaei et al. (2023);
Liu et al. (2018), beginning with Amin et al. (2013), has studied the challenge of learning under
strategic behavior, with a focus on preventing the phenomenon of strategic overfitting, as illustrated
in the example above. These works establish regret bounds under the assumption that buyers act to
maximize their own surplus. A natural question in this context is whether a regret guarantee applies
to a particular, potentially best-case, utility-maximizing behavior, or whether the guarantee is robust
to all possible utility-maximizing behaviors. In game-theoretic terms, this distinction corresponds
to two different notions: the Price-of-Stability (PoS) (Schulz and Moses, 2003), which measures
efficiency under best-case strategic behavior, and the Price-of-Anarchy (PoA) (Koutsoupias and
Papadimitriou, 1999; Chung et al., 2008; Dubey, 1986), which captures efficiency under worst-case
strategic behavior. Hence, we refer to PoA-type guarantees as strategy-robust.

In this work, we introduce a natural multi-buyer generalization of regret that explicitly captures the
notion of Price-of-Anarchy, which we refer to as strategy-robust regret. That is, our regret guarantee
holds even under worst-case utility-maximizing strategic behavior across all buyers. Importantly,
because our setting is inherently multi-buyer, the notion of a “utility-maximizing buyer” is replaced
by that of a Nash equilibrium, making our formulation more directly aligned with the concept of
Price-of-Anarchy. To the best of our knowledge, this is the first result to establish a PoA-style regret
bound in the multi-agent contextual pricing setting. Moreover, we achieve this form of strategy
robustness in a black-box manner, by treating any no-regret online expert algorithm as an oracle,

1. Often denoted as Online Posted-price Auction (Kleinberg and Leighton, 2003)
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without relying on sophisticated primitives such as differential privacy (Dwork et al., 2014; Liu
et al., 2018; Abernethy et al., 2019; Huh and Kandasamy, 2024; Zhang et al., 2021).

Contributions and Organization. In §2, we formally define the multi-buyer online contextual
pricing problem, which we refer to as Online Myersonian Regression (OMR), in an adaptive, ad-
versarial environment. We also introduce the notion of strategy-robust regret (4): the difference
between the optimal revenue obtained from truthful buyers and the worst-case revenue obtained
when buyers play a Nash equilibrium strategy. This notion captures the concept of the Price of
Anarchy from game theory. To the best of our knowledge, this is the first time such a regret notion
has been proposed in the context of online auctions. We complement this problem setting with a
complexity-theoretic barrier: we show that no-regret learning in OMR is computationally hard even
when all buyers are truthful. This result is derived by extending the hardness of Myersonian regres-
sion (Liu et al., 2020) to the online setting via a standard online-to-batch conversion (Cesa-Bianchi
and Lugosi, 2006).

In §3, we address the first challenge: learning the optimal pricing policy in an adaptive envi-
ronment, assuming buyers are truthful. The adaptive nature of the environment renders conven-
tional non-adaptive sketching methods inapplicable (Hardt and Woodruff, 2013), such as the John-
son—Lindenstrauss dimensionality reduction (Johnson et al., 1984) used in the batch Myersonian
regression setting (Liu et al., 2020) to reduce the search (action) space. Moreover, to extend our
result to the strategic buyer setting, where buyers may choose their bids adaptively based on past
observations (§4), we require an action-space—reduction technique that can handle adaptive, possi-
bly adversarially chosen inputs. To meet this requirement we introduce a simple and constructive
online sketching method in Lemma 3, inspired by Zhang (2002); Rakhlin et al. (2015); Ben-David
et al. (2009); Hardt and Rothblum (2010), that operates in this setting.

Building on this technique, we provide a black-box reduction from any no-regret online expert
algorithm to a polynomial-time approximation scheme (PTAS) for online learning of linear pricing
policies against truthful buyers (Alg. 2). The resulting algorithm achieves O (\/T) regret, up to an
additive O(€T') slack for any fixed ¢ > 0 (Theorem 2), and runs in polynomial time for fixed €. This
matches the best possible computational efficiency given the aforementioned hardness barrier.

In §4, we tackle the second challenge: ensuring robustness to strategic behavior in the multi-buyer
setting. We introduce a surprisingly simple modification to the previous algorithm that guarantees
robustness to any Nash equilibrium formed by strategic buyers. Specifically, we present the Sparse
Update Mechanism (SUM), formally characterized in Lemma 7. SUM relies on a simple idea:
the seller privately and independently tosses coins to decide which rounds are used to update the
external online expert algorithm. This limits the buyer’s influence, as they do not know which
rounds affect learning and thus cannot reliably overfit the learning algorithm. We show that the
algorithm, when modified with SUM, achieves a strategy-robust regret bound (Theorem 5) with a
constant additive approximation. To the best of our knowledge, this is the first online contextual
pricing algorithm to provide Price-of-Anarchy-style regret guarantees in multi-buyer settings.

Related Work. We provide here a concise overview of the most relevant prior work. For a more
comprehensive discussion, we refer the reader to Appendix F.

A foundational contribution to strategy-robust learning in pricing is due to Amin et al. (2013), who
introduced the notion of strategic regret, the gap between the seller’s revenue under truthful buyers
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and that under utility-maximizing, strategic buyers. They proposed an algorithm achieving sublinear
strategic regret when buyer valuations are drawn independently from an unknown distribution. This
work was extended by Mohri and Munoz (2015), who provided guarantees against a broader class
of strategic buyers that approximately maximize their utility.

The contextual setting, where the seller observes side information (e.g., user features) at the time of
sale, was first studied with strategic buyers by Amin et al. (2014), who introduced strategic regret
in this setting. Subsequent work (Deng et al., 2019; Drutsa, 2020; Zhiyanov and Drutsa, 2020; Liu
et al., 2024; Golrezaei et al., 2023) built on this framework by refining strategic regret guarantees
and extending the model to incorporate additional complexities such as noisy feedback. All of these
results operate under a stochastic environment, where buyer values and contexts are drawn from a
fixed but unknown distribution.

A separate line of work addresses adversarial environments, where buyer valuations are chosen
adaptively. The seminal work of Liu et al. (2018) introduced the first algorithm with no strategic
regret in this setting, using differential privacy to limit the influence of strategic buyers. In contrast,
our approach achieves a similar effect through a simpler mechanism: the seller randomly selects a
round from which to learn and feeds its outcome to an external online expert algorithm. Because
our method is agnostic to the internal structure of the expert algorithm, it offers simplicity and broad
applicability.

It is worth noting that while strategy-robust learning in pricing frameworks has included multi-buyer
settings in seminal works such as Amin et al. (2013) and Liu et al. (2018), the regret guarantees
in these works are established against individual buyers who act to maximize their own utility.
These behaviors may correspond to specific Nash equilibria, but not necessarily to the entire set of
equilibria. In particular, it is unclear whether their algorithmic techniques provide guarantees that
hold uniformly over all possible Nash equilibria.

2. Preliminaries

We begin by formulating the core problem, Online Myersonian Regression (OMR), and then de-
fine the notion of an online expert algorithm, which will serve as a black-box component in our
algorithms.

Notation. We use [n] := {1,...,n} to denote the set of integers from 1 to n. The Euclidean
norm is denoted by || - ||, and the inner product by (v, w). The d-dimensional Euclidean unit ball is
B? := {z € R?: ||lz|| < 1}. The indicator function is written as 1[-]. For a sequence (z1, ..., %),
we write z<; := (x1, ..., ). The set of probability distributions over the elements in S is denoted

by Ag, and Ug denotes the uniform distribution over S. The Bernoulli distribution with success
probability p is denoted by Ber(p).The notation poly(n) refers to a polynomial function in 7.

2.1. Problem Setting: Online Myersonian Regression

The main problem we aim to solve is the online (i.e., sequential) variant of Myersonian regression,
introduced by Liu et al. (2020), which we refer to as Online Myersonian Regression (OMR). In
OMR, a seller A interacts with a sequence of buyers, selling one good per round. In each round
t € [T], a buyer arrives with a private value 6; € [0, 1] for the good. We assume there are n buyers,
indexed by ¢ € [n], who appear over T rounds. Specifically, each buyer ¢ appears in rounds ¢ € 7T;,
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where 7; C [T7 is a time slot such that { ;¢ 7; = [T] and 7; N 7; = 0 for all i # j; that is, the
collection 7 := (7;);c|n) forms a partition of [T7.

At the beginning of each round, the seller is provided with a normalized context (i.e., feature)
vector z; € R? with ||z¢|| = 1, which contains additional information relevant to pricing—such
as demographic attributes of the buyer or characteristics of the good being sold in that round. The
seller uses this context to determine a price p; € [0, 1] for the good in round ¢. In this work,
we focus on linear pricing policies, where the price is given by a linear function of the context:

pe(xe) = (W, x4).

The key features of OMR are: (1) the context—value pairs are chosen by an oblivious adversary,
referred to as the environment £, meaning that £ fixes an arbitrary (possibly highly non-stationary)
sequence (¢, 0;)L_; before the interaction begins?; and (2) the buyers’ values (04)se(r) are not
known to the seller a priori, but are elicited from the buyers, abstracted as adaptive algorithms B5;,
through submitted bids b; which may differ from their true values. The first feature captures the
challenge of learning in a dynamic environment, as is standard in online learning, while the second
highlights the difficulty of learning from strategic agents who may manipulate the data for their own
benefit. A formal overview of the OMR framework is provided in Protocol 1.

Buyer Algorithm. Each buyer ¢ € [n| employs a bidding algorithm B;. Formally, B; is a se-
quence of maps (B ¢)e[r], where B; ; Z!7' — A([0,1]) is a mapping from buyer i’s view of the
interaction history up to round £ — 1 in Iit_l (the realizations of all random variables observable to
the buyer, as specified below) to a distribution over bids in [0, 1] at round ¢.

Information Structure. We assume that the seller is oblivious to the buyer algorithms B, the
environment &, and the round partition (7;);c|,). Each party observes the variables they generate,
as well as any variables explicitly revealed to them by the protocol (e.g., the seller observes the
bids submitted to them). In addition, we assume that the context z; and the posted price p; (or
equivalently, the weight vector w;) are observable to all parties: the seller A, the buyers 13, and the
environment £. Crucially, the seller does not observe the buyers’ true values, as this limitation is
central to the learning problem, whereas each buyer may observe the values of other buyers. We
emphasize that the aforementioned assumptions are the weakest needed for our results, and that in
practical settings stronger informational assumptions may often hold.

Buyer Utility. We assume that each buyer’s total utility is a discounted sum of their per-round
utilities. Formally, let 7; € [0,7] denote the utility discount factor of buyer i, where ¥ < 1 is a
known constant. Then, buyer ¢’s total expected utility is defined as

Ui(B; A E,T) = E L@y, pe, b 0,p,0) == (0 —p)-1[b>pl. (1
( 7“47 7T) OMR(AB.E,T) ;71 U( ty Dt t) ) U( » Dy ) ( p) [ —p] ()

Here Eomr(a,5,¢,7) denotes the expectation over all random variables realized during the execution
of OMR(A, B, £, T), as described in Protocol 1.

One may interpret the discount factor y; as controlling the effective planning horizon of a buyer’s
strategy, that is, how much the buyer values future surplus relative to immediate gains. A smaller ;

2. The analysis extends to a restricted adaptive environment that may depend on the public price path (announced prices
ps or revealed weights ws), but not on bids or allocation outcomes.
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Protocol 1: OMR(A, B, &, T): (Multi-buyer) Online Myersonian Regression
Players: Seller’s algorithm A and buyers’ algorithms B := (B;);c[y)-

Parameters: Environment &; total number of rounds 7" € N; round partition 7 := (7;);¢[n)-
Constraints: 7" is known to both A and B; A is oblivious to B, £ and T.

for ¢t € [T] do
Let i; € [n] be the buyer index such that t € 7;.

The environment & selects a pair (¢, 6;), where z; € R? is a unit vector representing the
public context, and 6; € [0, 1] is the private value of buyer i; for the good.
Simultaneously, A selects w; € B?, which is kept private.

Then, 5;, submits a sealed bid b; to A.

A posts a price p; = (wy, z¢), and optionally reveals w;, which is made public to all
players.

The buyer obtains the good at price p; if and only if p; < b, and this allocation outcome is
not observed by other buyers.

end

implies more myopic behavior, while values closer to 1 reflect greater long-term planning, where the
buyer is willing to incur short-term losses for greater future gains. Notably, in the extreme case of
undiscounted utilities, where «; = 1, it is known that no algorithm can guarantee no-regret learning
against a utility-maximizing buyer, even in the single-buyer, non-contextual setting (Amin et al.,
2013). For this reason, we restrict our attention to the case ; € [0,7] for some 7 < 1.

Nash Equilibrium. Given the definition of buyer utilities, we now formalize the notion of a Nash
equilibrium in our setting, which captures a stable outcome where no buyer can unilaterally improve
their utility. Let B_; := (B;) jc[n]\{s} denote the strategies of all buyers except buyer i. We say that
the strategy profile B := (B;);c[n) is @ Nash equilibrium if

Vi e [n], Ui(Bi,B_Z’;.A,g,T) = sup Ui(Bi,B_i;A,E,T).
B;

We denote by NE(A, €, T, ) the set of all Nash equilibria corresponding to a given seller algorithm
A, environment &, round partition 7" and discount factors v := (7;)ic[n]-

Revenue and Regrets. The seller’s total expected revenue is defined as
T
Z rev(wy, xy, bt)] , rev(w, z,b) = [(w, )]+ 1[b > (w, x)],
t=1
2

where [z]4 := max{0, z} and rev(wy, x¢, bt ) is the revenue collected in a single round. We compare
this against the optimal revenue achievable by the best fixed linear pricing policy in hindsight,
evaluated with respect to the true values (), (7 of the buyers:

Rev(A; B,E,T) = VRGBT [

T

sup Zrev(w,xt,ﬁt)] .

Opt(A; B,E,T) = £
OMR(AB.ET) | weBd {5

6
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The difference between the above two quantities, commonly referred to as regret, depends on the
buyers’ strategies 3. We define two refined notions of regret, capturing performance guarantees
under different behavioral assumptions on 5.

The first is the standard regret, where all buyers act truthfully by bidding their true values (i.e.,
by = 0, for all t). Let By denote this truthful bidding strategy profile. Then, the standard regret is

Reg(A;E,T) == Opt(A; Byy, E,T) — Rev(A; By, E,T). 3)

Our main focus is on the strategic regret, which captures the worst-case efficiency loss due to
strategic buyer behavior, as formalized by Nash equilibrium. It is defined as

SReg(A; E,T,v) = sup Opt(A;B,E,T) — Rev(A; B,E,T)|. 4
BeENE(A,E,T )

In contrast to the standard regret (3), the above is a worst-case regret evaluated over all possible
Nash equilibria. As such, it closely aligns with the notion of Price-of-Anarchy, as it quantifies the
worst-case degradation in performance (revenue) due to selfish (strategic) behavior at equilibrium.

Hardness of OMR. We conclude this section by discussing the intrinsic computational hardness
of OMR, which is inherited from the hardness of Myersonian regression in the batch setting (Liu
et al., 2020). This hardness extends to the online setting via a standard online-to-batch conver-
sion (Cesa-Bianchi and Lugosi, 2006), and is captured by the following theorem (for completeness,
we include its proof in Appendix A):

Theorem 1 [Adapted from Liu et al. (2018)] Suppose the Exponential Time Hypothesis (Impagli-
azzo and Paturi, 2001) holds. Then, no algorithm A for the seller in OMR can attain sublinear
regret, i.e., supg 7 Reg(A; E,T) € O(T?) for some z € [0, 1), while running in worst-case time
poly(d, T").

As this complexity-theoretic barrier rules out computationally efficient no-regret algorithms for
OMR, we instead aim to design algorithms that satisfy an approximate notion of no-regret:

Definition 1 A seller’s algorithm A achieves e-approximate no-regret if Reg(A; E,T) € O(T* +
€T) for some fixed € > 0 and z € [0,1). The notion of e-approximate no-strategic-regret is defined
analogously by replacing Reg with SReg. Moreover, when an e-approximate no-regret algorithm
runs in time polynomial in T' and d for fixed €, we refer to it as a polynomial-time approximation
scheme (PTAS).

2.2. Online Expert Algorithms

Our algorithms treat any online expert algorithm as a black-box oracle. For completeness, we briefly
recall the standard definition of online expert learning and its associated regret (see Cesa-Bianchi
and Lugosi (2006); Hazan et al. (2016); Bubeck et al. (2015)).

The goal of an online expert algorithm is to compete with the best among K experts, indexed by
z € [K], when reward functions r; : [K{] — [0, 1] are chosen adaptively by an environment based
on past interactions. Formally, an (anytime) expert algorithm is a mapping £ : [J,cy ([0, 1)% )t —
Ak, where the argument represents the sequence of past reward functions. At each round ¢ € [T],
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the algorithm selects z; ~ L(T',r<;—1), where r<;_; = (rT)Te[t_l] denotes the history of rewards
up to round ¢ — 1. Then, the regret of K -expert algorithm £ over 7" rounds against environment £
is defined as

T

RegexP(»C; 5) ) sup Z (T‘t(Z) — Tt(zt)) s ®)
ZG[K] t=1

which quantifies the expected difference between the cumulative reward of the best fixed expert
in hindsight and that obtained by the algorithm. Common examples of online expert algorithms
include Hedge (Freund and Schapire, 1997) and Follow-the-Perturbed-Leader (FTPL) (Kalai and
Vempala, 2005; Hutter et al., 2005).

3. Online Myersonian Regression with Truthful Buyers

To build toward the goal of strategy-robust learning, we begin by studying the OMR problem under
the simplifying assumption that buyers are truthful, so b; = 6, for all t € [T']. This setting isolates
the core learning challenge in OMR, which remains nontrivial even in the absence of strategic
behavior. Our main contribution in this section is a black-box reduction from any no-regret online
expert algorithm £ to an OMR algorithm .ASMR, which translates the expert regret guarantee (5)
into a standard regret guarantee (3). We later extend this result to strategic settings in §4.

Key technical challenge. While buyers act truthfully, the environment may still be adversari-
ally and adaptively selecting context—value pairs (z, ;) based on the seller’s past actions. This
adaptivity poses a significant obstacle to efficient learning, as it renders standard dimensionality
reduction techniques, such as Johnson-Lindenstrauss sketching (Johnson et al., 1984) or CountS-
ketch (Charikar et al., 2004), ineffective, since they rely on fixed or non-adaptive input distribu-
tions (Hardt and Woodruff, 2013; Cohen et al., 2022). Designing tools that remain effective under
such adversarial feedback is therefore a central challenge in our setting.

Algorithm Overview. We begin by describing the algorithm, and then outline the core intuitions
in a proof sketch of our main result, Theorem 5. Our algorithm ASMR (Alg. 2) uses oracle access
to an online expert algorithm £. The expert algorithm operates over a carefully constructed set of
experts, denoted Z, r and defined in (6), whose size is at most T’ poly(1/€) " This is polynomial in T
for fixed ¢, in contrast to the exponential dependence on the weight dimension d that arises when
directly searching over a discretization of B,

Ateach round ¢, ASMR invokes the expert selected by £, denoted 2; € Z, 7, and maps it to a pricing
weight vector wy = vy(24; x<t) € B¢ using a deterministic function v;, defined in (7), that depends
only on z; and the context history z<; := (z1,...,2). After the interaction, AéMR feeds back to
L the reward function rev (vt( S x<t), Tt bt). The sketch set Z 7 is defined as:

2
Z.p= {(@)Tes : S C T, |S] <162, Vre s, By e[-2,2]N 682}, (6)

That is, an element z € Z, p is an ordered collection (3;),cg for some S C [T] where each 3,
lies in a €2/8-spaced grid in [—~2,2]. Enumerating over choices of S and (f3;),cs, we observe
|Ze7| < T O(1/€) a polynomial in T for a fixed €.
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Algorithm 2: .AéMR: Online Myersonian Regression Algorithm for Truthful Buyers

Oracle: Online Expert Algorithm L.
Input: Total rounds T'; approximation parameter € > 0.
Let Z. 7 be the set defined in (6), and set it as the expert set of L.
fort € [T] do

Sample z; ~ L(r<¢—1).

wy <— V(215 w<¢) and post the price p; <— (wy, T4).

Set r(z) < rev(ve(z; x<¢), x4, by), for each z € Z

> rev and v; are defined in (2) and (7) respectively.

end

Then, for each z<;, we define vy (-;2<¢) : Z7 — B as follows:
ZreSm[t} Brir
max {17 2resni P }

Intuitively, for a given sketch z and past contexts <, v; reconstructs a vector in a low-dimensional
subspace of span(zy,...,z;). The following theorem formalizes the regret guarantee of AéMR in
terms of the regret of the expert algorithm L:

vz <) = e B @)

Theorem 2 Let L be an online expert algorithm whose regret over K experts is bounded by
R(T log K) for some function R. Then, for any approximation parameter € € [0, 1/2], time horizon
T, and environment £, we have

Reg(A5ur; €, T) < R(O(¢7%) - Tlog T) + 4eT.

In particular, when L is the Hedge algorithm, the regret is at most O(e_lx/TlogT + eT), and
ASMR runs in time O(T O(1/€) -poly(T )), hence we obtain a PTAS for OMR with truthful buyers.

Proof of Theorem 2. The core ingredient behind Theorem 2 is an online sketching technique that
reduces the effective search space over linear pricing weights w; € B?, even when contexts are
chosen adversarially. Specifically, we show that any w € B¢ can be compactly represented by some
z € Zcr such that, for every ¢ € [T, the vector v¢(2; x<;) closely approximates the inner product
(w, z¢). This guarantee is formalized in Lemma 3, which is the main technical result in this section:

Lemma 3 [Online Sketch] For any sequence (»”Ut)te[T] of context vectors in B and any w € B,
there exists z € Z. r such that

vt € [T], ‘<Ut(z§$§t)7$t> - <w7«73t>‘ <é
where Z. T and vy are defined in (6) and (7), respectively.

Given the above approximation guarantee, a straightforward argument shows that the optimal rev-
enue computed over the sketch set Z. 7 closely approximates the optimal revenue achievable by
linear pricing. This is formalized in the following lemma, which is proved in Appendix C:
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Lemmad For any (x4, by )ycpr) and e € [0,1/2],

T T
sup Zrev(w,xt,bt) < sup [Zrev(vt(z;ajq),mt,bt) + 4€T.

weBd t—=1 2€2Ze T t=1

By the assumed regret guarantee of £, running £ on the sequence of reward functions r¢(-) =
rev (vt( . mgt) , Ty, by ) ensures that

T
E [SUP Z (re(z) — (1)) | < R(Tlog|Zc7l).

OMR(AGyr B, €,T) | z€[K] =5

Combining this with Lemma 4, and noting that | Z. 7| < T o/, yields the regret bound. B

Proof Sketch of Lemma 3. We conclude this section with a proof sketch of Lemma 3 and defer
the full proof to Appendix B.1. Fix w € B? in the lemma statement. For each ¢ € [T, we explicitly
construct v; such that (v, z;) approximates (w, z;) as follows:

1. Let u,v € B? be the zero vector, that is, u, v < 0.

2. For each t € [T7, do the following: If | (v, x;) — (w, 2;) | > €2/2, repeatedly update v and v via

®)

u

w = u = (/8)sign({v, ) — (w,a))er, v e

until the condition | (v, 2;) — (w,z;) | < €2/2 is satisfied. Then, set v; « v.

By construction, assuming the loop in Step 2 terminates, we have | (vy, 7;) — (w, ;) | < €2/2 for
all ¢. Hence, once termination is established, this approximation guarantee holds uniformly over all
t.

Observe that the update rule in (8) performs a gradient descent step followed by a projection onto B¢,
Thus, this loop effectively implements the Lazy Online Gradient Descent (Lazy OGD) (Zinkevich,
2003) with learning rate 3 := €2/8, applied to the convex loss functions f;(v) := | (v, z¢) — (w, z¢) |.
Each time an update is triggered, the incurred loss satisfies f;(v) > €2/2, since we only update when
the approximation error exceeds this threshold. Using the regret bound for Lazy OGD, which scales
as (28)~1 4+ 28M over M updates, we obtain:

M _ 4 EM
5 a2
Therefore, we conclude that | (v, 7;) — (w, z4) | < €2/2 for all t. Furthermore, since the total num-
ber of updates is at most M = O(e~2), each v, is a linear combination of at most O(¢~2) context
vectors from (z1,...,7;), and the normalization factor changes at most O(e~2) times throughout
the procedure. With suitable discretization, such linear combinations can be encoded compactly in
the form v, (z; x<;) for some z € Z. 7, which completes the proof sketch. Il

— M cO(?).

4. Strategy-robust Regret Guarantee

In this section, we introduce a simple modification to ASMR’ called the Sparse Update Mechanism
(SUM), which makes the algorithm strategy-robust. When the oracle £ is no-regret, the resulting
algorithm, given in Alg. 3, achieves e-approximately no-strategic-regret (Def. 1).

10
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Algorithm 3: A§UM: Strategy-robust Online Myersonian Regression via Sparse Update

Oracle: Online Expert Algorithm L.
Input: Total rounds T'; approximation parameter € > 0; the upper bound 7 on discount factors.
Let Z. 7 be the set defined in (6), and set it as the expert set of L.
Sample &1, ..., &r e Ber(p) where p := min{1, 7 1(1 —7)e’/3}.
for ¢t € [T] do
Sample w ~ Ber(¢).
if w = 1 then
‘ Sample A ~ Ul 1) and wy < Azy. > Price uniformly at random.

end
else

‘ Sample z; ~ [,((fTTT)TE[t_l]) and wy < ve(ze; w<t).
end
Post the price p; < (wy, zy).

Set 1(z) < rev(ve(z; x<¢), x4, by), for each z € Z
end

Algorithm Overview. The key idea behind SUM is to limit buyer influence by randomly select-
ing—privately and independently—which rounds are used to update the seller’s learning algorithm.
Specifically, in each round, the seller flips a biased private coin &; to decide whether to feed the
observed interaction back to the expert algorithm £. As a result, only a sparse, random subset of
rounds contributes to learning, making it difficult for any buyer to reliably influence future prices.

In addition, the algorithm occasionally selects a price uniformly at random by choosing w; = Ax;
with A ~ Ujg 1]. As shown in Lemma 6, this random pricing imposes a strictly positive expected cost
on any buyer who bids significantly away from their true value. Combined with the limited influence
induced by the randomized sparse updating, this ensures that all Nash equilibria are approximately
truthful, as formalized in the key Lemma 7: In every equilibrium, buyers bid close to true values.

This approach of combining randomized updates and random pricing is conceptually simpler than
prior work based on differential privacy (Liu et al., 2018; Abernethy et al., 2019), and it supports a
black-box reduction from any no-regret online expert algorithm. The regret guarantee for Alg. 3 is
given below:

Theorem 5 Let L be an online expert algorithm whose regret over K experts is bounded by
R(T log K) for some concave function R. Then, for any approximation parameter € € [0,1/4],
time horizon T, and environment £, we have

S - -7

=2

5 5(1 — %) Tlog T ~Tlog T
SReg(Aéum;&T,'v)SO( 77)R<6( 7) Tlog >+ 7Og+eT>.

11
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In particular, if L is the Hedge algorithm, then the strategic regret satisfies
T logT
SREg(Aé:UM;E,T, v) €O (63'5 % + eT) ,

and A§UM runs in time (’)(To(l/ ). poly(T )) leading to a PTAS for OMR with strategic buyers.

Proof sketch of Theorem 5 (A full proof is given in Appendix D). From the buyer’s perspective,
their input (i.e., bid) influences future outcomes with probability strictly less than one. By adjusting
the update (i.e., feedback) probability, the seller can control the degree of influence a buyer has: the
smaller the update probability, the less impact any single bid has on future pricing decisions. When
this probability is sufficiently small, the buyer’s expected gain from misreporting in any given round
becomes small, yet non-zero.

To eliminate even this small expected gain, SUM introduces random pricing with a small probability
O(e€), under which the price is occasionally chosen independently of the bid. This imposes a non-
zero cost for misreporting, as formally observed in the following lemma proved in Appendix C:

Lemma 6 Let 0; and b, denote the true value and the bid at round t, respectively. Fixing all other
random variables, a pricing policy of the form wy = Axy, where A ~ Ul 1}, induces a utility loss,
averaged over )\, of at least %(Gt — by)? compared to the utility from a truthful bid.

This random pricing mechanism ensures that bidding far from the true value incurs a non-zero
expected utility loss. By appropriately calibrating the update probability, we can guarantee a non-
zero expected cost for any bid that deviates from the true value by more than some threshold § > 0.
This leads to the conclusion that, in any Nash equilibrium, all buyer strategies must remain within
0 of truthful bidding. This insight is formalized in the following key lemma of this section

Lemma 7 [Sparse Update Mechanism] For any Nash equilibrium B € NE(A&,. €, T.7),

Pr Ve [T], |60 — b < /-0 | = 1.
OMR(AL, B.E.T) e(1—%)

The above lemma, proved in Appendix B.2 implies that, with sufficiently small p, the bids remain
close to the true values. Consequently, the optimal revenue computed from these near-truthful bids
is close to the true optimal revenue under truthful bidding, as formalized in the following lemma:

Lemma 8 For any (zt,0,bt)icr) and 6 € [0,1/4] such that |0y — by| < 0 forall t € [T,

T T
sup Zrev(w,xt,Ht) < sup [Zrev(w,xt,bt) + 2V/6T.

wG]Bd t=1 wEIEBd t=1

The final ingredient is to observe that the regret increase due to sparse updates is modest, incurring
only a constant-factor slowdown, as formally stated in Lemma 10. Specifically, the lemma ensures
that the regret remains asymptotically equivalent to the truthful case with respect to 7. Combining
all the results, we obtain the desired guarantee, completing the proof. ll

12
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5. Conclusion

In this work, we studied online contextual pricing in the presence of multiple strategic buyers, in-
troducing a new notion of strategy-robust regret that captures efficiency under worst-case behavior,
akin to the Price-of-Anarchy. We proposed Online Myersonian Regression (OMR), a generalization
of linear contextual pricing in the batch setting, and showed that achieving no-regret learning in
this model is computationally hard, even when buyers are truthful. To address this challenge, we
developed a polynomial-time approximation scheme (PTAS) for truthful buyers, based on a novel
online sketching method that enables efficient learning in adaptive adversarial environments.

To extend robustness to multi-buyer strategic settings, we introduced the Sparse Update Mecha-
nism (SUM)—a simple randomization technique in which the seller updates its pricing policy using
feedback from only a sparse subset of rounds. This effectively limits buyer influence and ensures
regret guarantees that hold uniformly over all Nash equilibria. Our approach is conceptually simple
and broadly applicable, as it is based on a black-box reduction from any no-regret expert algorithm.
We believe this framework can be further extended to yield no-regret guarantees under more re-
fined benchmarks, such as dynamic or adaptive regret Hazan et al. (2016); Cesa-Bianchi and Lugosi
(2006).
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Appendix A. Proof of Hardness for No-Regret Learning in OMR

In this section, we prove the computational hardness of no-regret learning in Online Myersonian
Regression (OMR). Our argument builds on the hardness result from Liu et al. (2020), extended to
the online setting via the standard online-to-batch conversion (Cesa-Bianchi and Lugosi, 2006).3

Proposition 1 (Hardness of Myersonian Regression (Liu et al., 2020)) Assuming the Exponential
Time Hypothesis (Impagliazzo and Paturi, 2001 ), any (possibly randomized) algorithm that approx-
imates

Opt((xiae )ZE[N] = Sup N Z ’LU , Tiy 0 2

within an additive error of €, for any input sequence (v, 0;);c|n) With z; € B? and 0; € [0, 1], must
have worst-case running time at least O(QQ((M)) - poly(d, N)).
This theorem rules out a Fully Polynomial-Time Approximation Scheme (FPTAS) for the (batch)

Myersonian regression problem. We now extend this hardness result to rule out efficient no-regret
algorithms for OMR, as stated below:

3. Note that the Myersonian regression setting in Liu et al. (2020) assumes contexts lie in the unit ball, z; € B<, but
their result also applies to normalized contexts with z; € B,
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Theorem 1 [Adapted from Liu et al. (2018)] Suppose the Exponential Time Hypothesis (Impagli-
azzo and Paturi, 2001) holds. Then, no algorithm A for the seller in OMR can attain sublinear
regret, i.e., supg 7 Reg(A; E,T) € O(T?) for some z € [0, 1), while running in worst-case time
poly(d, T").

Proof of Theorem 1. Suppose there exists an algorithm A such that supg - Reg(A; £, T) € O(T7)
for some z € [0,1), and A runs in worst-case time poly(d,T"). We show that, using .A, one can
approximate

N

Opt (24, 0:)ien]) = SupdzfeV(wwu@z‘)a )
weB i=1

within an additive error of ¢, for any input sequence (;, 0;);c|n) With x; € B? and 0; € [0,1], in
total time poly(1/¢, d, N), thereby contradicting Theorem 1.

The algorithm proceeds as follows: given an input sequence (z;,6;).¥;, run A for T' rounds, where
in each round the context-value pair (z,6;) is sampled uniformly at random from (z;, 6;)¥ ;. Let
(wt)thl denote the sequence of outputs produced by .A. Then, by the high-probability online-to-
batch conversion bound (Cesa-Bianchi and Lugosi, 2006), we have

1 T

N
1 _
Opt((xt,et)tE[T}) S TZ (Niz;reV(wt,ﬁﬂi,Hi)> + O(TZ 1)

t=1

with probability at least 9/10. Moreover, since w; € B, it holds that

lem 1 &
7 Z (NZrev(wt,a:i,Qi)> < Opt((2¢, 01)rerm))-
t=1 =1

Together, these bounds imply that the quantity =~ >t rev(we, z;, 0;) approximates Opt (¢, 6¢)¢)
within an additive error of O(T>~1!), which can be made at most € by choosing T' = poly(1/e).
Since A runs in time poly(d, T'), the overall procedure runs in time poly(1/e, d, N'), completing the
proof. |

Appendix B. Proof of Key Lemmas

In this section, we prove two key lemmas: Lemma 3, which analyzes our online sketching tech-
nique used to establish the PTAS for OMR with truthful buyers, and Lemma 7, which shows the
approximate truthfulness of any Nash equilibrium induced by .AgUM (Alg. 3).

B.1. Proof of Lemma 3

Preliminary. Before proving Lemma 3, we state a technical result that we use: a regret bound
for Lazy Online Gradient Descent (Lazy OGD), given in Lemma 9. This bound is a special case
of the regret guarantee for Lazy Online Mirror Descent when applied with the Bregman divergence
3llz — y||%. For completeness, we provide a direct proof in Appendix E.
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Lemma9 Let M € N, and for each i € [M), let f; : B? — R be any convex loss function with
unit-bounded subgradients, i.e., |V f;|| < 1. Then, for any 3 > 0 and v* € B,

> (filwi) = filv?)) < (28)7" +28M, (10)

i1€[M]

where v; is defined recursively as

U;

1D

wir1 = u; — BV fi(v), w =0 and v, = ———.
max{1, |||}

With this ingredient, we now prove Lemma 3, restated below for convenience.

Lemma 3 [Online Sketch] For any sequence (fvt)te[T] of context vectors in B and any w € B¢,
there exists z € Z r such that

VelTl, |(oleive)m) — (war)] < &
where Z. T and vy are defined in (6) and (7), respectively.

Proof of Lemma 3 Fix (2),c7) and w € B?. For each t € [T}, define hy : BY — R as

hi(v) = (v, 2¢) — (w, x¢) .

We prove the lemma by an explicit construction using the following procedure:
1. Let u,v € B? be the zero vector, that is, u, v < 0.

2. Foreach t € [T, do the following: If |hs(v)| > €2 /2, repeatedly update u and v as

u < u — (¢2/8) sign(hy(v))xy, v+ m. (12)

until | (v)| < €2/2. Then, let v; + v.

First, we show that the above procedure, specifically the repetitive update step until | (v)| < €2/2,
terminates after finitely many steps. Whenever |h;(v)| > €2/2 occurs, we call this event a “mistake.”
Define f; as fi(v) = |ht(v)|, where i € N indexes the mistakes that occur during the execution of
the procedure. Moreover, let v; and u; denote the values of v and u at the beginning of the update
step corresponding to the ¢-th mistake (i.e., right before the update is applied).

Then, the update procedure in (12) can be rewritten as u; 11  u; — (€2/8)fi(v;) and v;yq
w1/ maxq{1, ||u;y1||}, with initial values u; = v; = 0. This is exactly the lazy OGD update rule
given in (11), as stated in Lemma 9, with loss functions (f;); and step size 8 = € /8.

Now, suppose there are a total of M mistakes. Since each f; is convex and has sub-normalized

subgradient, as ||V f;(v)|| = ||x¢|| < 1, we can apply the lazy OGD regret bound (10) from Lemma 9
to obtain the following: For any v* € B,

4 M

Z (filvi) = fi(v™)) < R

1€[M]
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In particular, choosing v* = w yields f;(v*) = 0 forall i € [M]. Also, by definition, f;(v;) > €2/2.
Combining these, we obtain
M

4 )

&M
2

<4y
which implies M < 16/€2.

Let S C [T be the rounds when v;* was updated in Step 2. Unrolling the update steps, v; can be
rewritten as

>_resnyy Brr
max {17 ZTESﬁ[t] 67"%'7'

Vte [T), v = e B¢

)

for some fixed (5;)rcs with 3, € %Z and |S| = M < €2/8. Since the number of updates is at
most 16/¢2 and the learning rate is €2/8, we have |3,| < M - €2/8 < 2, hence 3, € [-2,2] N %Z.
Therefore, the above v; can be written as v;(z; x<;) where z := (8;)res € Ze 1.

Since |h¢(z¢)] = [{vg, 71) — (w, 24| < €2/2 for all t € [T by the construction at the beginning,
this completes the proof of the lemma. |

B.2. Proof of Lemma 7

In this section, we prove Lemma 7, the core result from §3, which states that buyers report their
values approximately truthfully in any Nash equilibrium. For convenience, we restate Lemma 7
below.

Lemma 7 [Sparse Update Mechanism] For any Nash equilibrium B € NE(A&,. €, T.7),

307

-7 |~

Pr [VtE[T], |0t_bt’§
OMR(AL,\1.B.E,T)

Proof of Lemma 7. Let B := (B;);c[, be a Nash equilibrium; that is, B € NE(AZ . &, T,7).

Suppose there exists a buyer ¢ who misreports their value by at least § = 6(?_2) at some round

t*, with non-zero probability. That is, there exist ¢ € [n] and t* € [T'] such that

Pr

OMR(A&;\.B.E,T) [

‘Qt* — bt*| > (5] > 0.

Modified Strategy. Now consider a modified strategy B, which behaves identically to 3; on any
input, including internal randomness, except that it bids truthfully at round t*—that is, it outputs
by« = 04« whenever B; would have produced a bid satisfying |0y« — by<| > . We will show that the
new strategy profile B3, obtained by replacing B; with B;, yields strictly higher utility for buyer i.
This contradicts the assumption that B is a Nash equilibrium.

4. v, is defined in the second step of the procedure; distinct from v; defined above.
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Coupled Protocols. To see this, define a coupled interaction protocol OI\/IR(ASUM, B;B'.ET)
that simultaneously executes the protocols OMR(A4 . B, €, T) and OMR(A . B, E,T) us-
ing shared randomness. That is, all internal randomness of the seller algorithm and of the buyers

is shared across both runs. The probability distribution induced by this coupled protocol, denoted
PTOMR(A§UM,B . £,7)> forms a coupling of the distributions PTOMR(AE wBET) and Prompeag, 57.€,7)5
in particular, these two distributions are marginals of the joint distribution defined by the coupled
execution. For clarity, we use primed (unprimed) variables to refer to random variables arising from

the interaction with B’ (resp. B).

Utility Decomposition. We now systematically compare the utility of buyer ¢ under two strate-
gies: the original strategy B; and the modified strategy B.. The ex-post utility of buyer i (i.e., before
taking the expectation) under strategy B; can be decomposed as

Z u(B, pr, by) = Z ¥ u(Br, po br) + 4 O pres bie)

teT; teT;N[tr—1]

+ Z Y (B, pr, b),

teTN[t*+1:T]

and the utility under B (evaluated at the primed variables) is decomposed in the same way. Since
B; only differs from B; at round ¢*, we have

Z rytu(etvptabt) = Z Vtu(egapgab:ﬁ)

teTinftr—1] teTinftr—1]

with probability one. Therefore, the difference in utility between the two strategies is

ZV u(bt, e, be) — ZV u(6r, pi, by) = % (u(et*7pt*7bt*) — u(0f, Pl b ))

teT; teT;

> A (wOh e be) — OB )

teTiN[t*+1:T)

Let G denote the event that B; submits a bid b4+ such that |§ — bx| > J. By construction, the
modified strategy 5] differs from B; only when this event occurs. Thus, unless £ occurs, the values
of the primed and unprimed variables are identical, and there is no utility gap. Therefore, the
difference in utilities can further be written as

Z’y Qt,pt,bt Z'Y Qzaptabt)

teT; teT;

= 1[g] - %t* 1( (O, i, b ) — U(‘%*apé*abé*» + Z ’Yffl (U(et,l)t,bt) - U(%?Q»M))
teTiN[t*+1:T1]

Effect of Sparse Update. Let I/ be the event that &« = 1, indicating that the online expert
algorithm L receives feedback from round ¢*. From the information structure described in §2, we
know that future variables (i.e., for ¢ > t*) can be affected by buyer i’s strategy modification only
if U occurs. This is because, when U/ does not occur, there is no channel through which the strategy
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modification at round ¢* can influence the future: (1) the environment £ does not observe actual
bids, so future context—bid pairs remain unchanged by the modification; and (2) other buyers do not
observe buyer i’s bid, so their decisions are unaffected as well. Therefore, the second term above is
non-zero only when the event G N U occurs, leading to

Z’Y u(0t, pe, be) — Z’y u(6}, p}, b))

teT; teT;
= l[g] . ,yf*_l (u(@t*7pt*7 bt*) — 'U,(Hé*,p;*, b;*))

ragnu Y A (0 p b) — u(0] 0 1))
teT;N[t*+1:T)
gt

< 1G] -vf**l(u(et*,pt*,bw — u(fp, s, ;*>) +HgnU- =,

where the last line follows since u(+) € [0, 1] and by the geometric series bound.

Variables at ¢*. Notice that the buyer’s value (6, 6;.) and the prices (p, pj.) at round t* are
determined by the variables (6, 0}, pt, p}, bt, b}) from rounds up to t* — 1, along with the contexts
(¢, x}) up to round ¢*. Since B} behaves identically to B3; up to round t* — 1, and the context—value
pair at each round is selected by an adaptive adversary based only on observations from previous
rounds, we have z;+ = x. and 6, = 6}, and thus p;~ = pj.. Finally, by construction, B; bids
truthfully at round ¢* when G occurs, so by, = 0. = 6;~. Combining all these facts, we conclude
that p;+ = pj. and bj. = 0}, = 6+, hence

Z'Y gtaptabt Z’Y Qtvptvb/)

teT; teT;

‘t*
< 1(0] A (o, pes, be) = B pes, B0) ) + 1[G OU]- T (13)

Conditioning over Random Pricing. Recall that random pricing is invoked when w = 1, where
w ~ Ber(e) is tossed independently at each round. Let R denote the event that w = 1 occurs at
round ¢*, meaning the seller uses random pricing at that round. First, observe that regardless of
whether G or R occurs, we always have the following inequality:

w(Op, pre, Opc ) = (O — ppe ) 1[0 > ppe] > (O — pex ) L[bpx > ppe] = u(Opx, pre, bpr ),

which follows directly from the dominant-strategy incentive compatibility (DSIC) of the posted-
price auction, or through a simple case-by-case verification.

Therefore, we can further bound the first term of (13) by conditioning on R:

ST w0 pe b) = Y A (6, 1, 0))

teT; teT;

t*
1GNR] -~ _l(u(et*7pt*;bt*) —u(Op, per, 0p)) + 1[G NU] - %
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Taking the Expectation. Now, we take the conditional expectation E[ - |G] over random variables
in OI\/IR(ASUM, B;B',E,T), conditioned on the event G, where |0y — by«| > 4. Since (1) G occurs
with non-zero probability, (2) the events R and U/ are independent of G and occur with probability
€ and p, respectively, and (3) when R occurs, the price is sampled independently, allowing us to
invoke Lemma 6, it follows that

Z’Y etaptabt Z’Y Qtapt’b,) g

OMR(ASEUM,B B'.E,T)

teT; teTi

tr—1 t*
€ 2 P
< N, b Pl
< 5 (0 ) +17%

*_1 *

e A e

- 2 L=

where the last line follows as |6y« — bi«| > ¢ under £. Then, by taking the full expectation over all
randomness, the above implies

&t el
/ / 1 7
E Y (B, pry be) — E i a0y b) | < - 5 +7 .
teTi teTi

OMR(A§UM,B BET)

Since OMR( A%\, B; B', €, T) is a coupling of OMR(A% ;. B, €, T) and OMR(AE 1, B, €, T),
we can take marginal expectations and separate the terms, as each involves only primed or unprimed
variables, respectively. Therefore, the LHS of the above expression is

Zf}/@ 9t7ptabt) - Z’Y Hi‘aptvb/)

orle(ASUM B.E,T) OMR(ASﬂUM,B ET)

teT; teT;
= Ui(By, B_i; Ay &, T) = Ui(Bl, B_s; Abypy &, T)
Hence,
Us(Bi, Bss Abys €, T) — Us(Bl, B_ss Ay, £.7) < — 0 275* : +f'_7§.

Checking the Negativity. Finally, we verify that the LHS of the above expression is negative,

implying that B := (B;);¢[,) is not a Nash equilibrium, and thus proving the lemma. This follows
3py

e(1-7)”

Sl el t*—1<_€'52 P'%’)

from the choice of § :=

Tz T
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Appendix C. Miscellaneous Proofs

In this section, we provide proofs of technical lemmas used in the main results.

Lemma 4 For any (4, bt)icr) and € € [0,1/2],
T

sup Zrev(w,xt,bt) < sup Zrev(vt(z;xg),xt,bt) + 4€T.
weBd t=1 2E€EZ T t=1

Proof of Lemma 4. Fix any w € B? and define w’ := (1 — ¢)w € B<. Then,

T

T
Z rev(w, z¢, by) = Z[<w7xt>]+ﬂ[bt > (w, x)]
t—1

t=1

T
(1—¢) IZ <w $t ]l[th (w, )]
t=1

T
Z (W', ) | b = (w, )] + 26T,
t=1

since (1 — €)~! <1+ 2efore € [0,1/2] and ‘ [(w’,xt>]+]l[bt > <w,xt>]‘ <1.

Let S C [T be the set of rounds ¢ such that (w’, x;) > €. Then,

T
Z rev(w, x4, by) < Z [<w',xt>]+ﬂ[bt > (w,x)] + Z [<w’,xt>]+ﬂ[bt > (w, xy)] + 26T
t=1 tes tese
< 3 [(wls @) ] 1o > (w,20)] + 3€T, (14)
tes

since ‘ [(w', @) ]+]l[bt > <w,xt>]‘ < eforallt € S
By Lemma 3, there exists z € Z, r such that
vVt e S, ‘<vt(z;a:§t),xt> — <w',xt>‘ << e<w',xt>, (15)
asfort € S, (w', ;) > e. The above implies
VEeS, (v(za<),z) < (1+e)(w o) =(1— €2) (w, z) < (w,zy),
where the last inequality holds as (w, z;) = (1 — €)™ (w', x;) > € > 0 fort € S. Therefore,

vVt e S, ]l[bt > (w,a)} < Il[bt > <vt(z;x§t),azt>} (16)

Combining these steps, we obtain:

Z rev(w, ¢, b) < Z w', xp) ll[bt > (w,x¢)] + 3eT by (14)
tes
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< Z [<vt(z;x§t),xt>]+ﬂ[bt > <w,xt>} + €T + 3¢T by (15)
tes

< Z ve(z; x<t) xt>] [ (ve(z5 <), a:tﬂ + T + 3¢ by (16)
tesS

= rev(vt(z;a?gt),wta bt)

IIM%

Ut Z; l’<t , Tt bt) + 4€T,
which proves the lemma. |

Lemma 8 For any (xy, 04, bt)e(r) and 0 € [0,1/4] such that [0, — by| < d forall t € [T,

T

T
sup Z rev(w, z¢, 0;) < sup Z rev(w, z, by)
wE]Bd t=1 wEIBd 1

+2V/4T.

Proof of Lemma 8. Fix any pricing vector w € B, and define v’ := (1 — v/&)w € B%. First,
consider the case where 6; > /4. Then,

rev(w, s, 0;) = [(w,xt> ]+ 1[0 > (w, x)]

= . _1\/g[<w/’xt>]+ . ]l[(l _ \/5)915 > <w/,xt>}

=1 —1\/5[<w/’mf>]+ A = 6> (w'z)],  (@s (1-V0)6 <6, —)

< 1\/5[<w9$t>]+-ﬂ[bt2<w’,xt>}, (as Oy — & < by)
= rev(w', x4, by)

< rev(w', x4, by) + 2V, (as (1 — )~ <1+ 2z, Vz €0, %])

Now, consider the case where b; < V6. In this case, we have
rev(w, oy, ;) < Vo < rev(w’, g, by) + 23,

Putting both cases together, we conclude that for any w € B, there exists w’ € B? such that

T T
Z rev(w, x¢, 0;) < Z rev(w’, s, by) + V6T,
t=1 t=1

which proves the lemma. n

Lemma 6 Let 0, and b, denote the true value and the bid at round t, respectively. Fixing all other
random variables, a pricing policy of the form wy = Axy, where A ~ Ul 1}, induces a utility loss,
averaged over ), of at least %(Gt — by)? compared to the utility from a truthful bid.
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Proof of Lemma 6. Since x| = 1, for w; = Azy with A ~ Ujo,1)> we have p; ~ Upg y, as the
price is given by (wy, 2;) = A||2¢||> = . Then,

1 1
1
/ (9t —pt)ﬂ[l?t < 9t] dpy —/ (Ht —pt)ﬂ[pt < bt} dp = 5(975 - bt)Q-
0 0

The first term corresponds to the utility from a truthful bid, and the second to that from a non-truthful
bid, both averaged over the random price p;. |

Appendix D. Proof of Theorem 5

In this section, we present the full proof of Theorem 5, restated below for convenience:

Theorem 5 Let L be an online expert algorithm whose regret over K experts is bounded by R(T log K)
for some concave function R. Then, for any approximation parameter € € [0, 1/4], time horizon T,
and environment £, we have

_ S(1—7)Tlog T Y TlogT

In particular, if L is the Hedge algorithm, then the strategic regret satisfies

TlogT
SReg(ALyw: £, T, ) € 0( ,/%jt T)

and AgUM runs in time O(To(l/ €) . poly (T)), leading to a PTAS for OMR with strategic buyers.

Proof of Theorem 5. Recalling the definition of strategic regret, we have

SReg(Afumi &, T,7) = sup | Opt(Ayui B, €, T) — Rev(Abywi B.E,T) |
BENE(A&\-E,T )
where
T
Opt(A&ym: B.E.T) == E su rev(w, x¢, 0
pt(Asym ) OMR(AL ., B.7) Leﬂla?d; (w, t)]

ReV(A§UM;Ba5»T) = Zrev wtvxtvbt ] .

OMR(A§UM,B ET) [

Expanding SReg(A&,; €, T,7), we get

SReg(ASym: €, T,7)

M’ﬂ

T
= sup E [ sup Z rev(w, x¢, 0;) —

rev wt, T, bt
BENE(AL,,.£.T,7) OMR(AG,B.ET) | weBd = =1
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Let § =, /6(3/)7 j- Then, by Lemma 7, we have |b; — 0¢| < 6 forall t € [T], almost surely. Using

Lemma 8 on the stability of revenue with respect to bid perturbations, we obtain

T
SReg(ASUM,E T,7v) < E sup rev(w, ¢, by) — rev(wy, Ty, by) + 2V/6T
OMR(.Aé:UM,B,S,T) weB tz_; Z
T
< E sup rev(w, xy, by) — rev(wy, T, by) | + 2€T,
OMR(Aé:UM:B»g:T) [welﬁ%d ; Z
(17)

for any B € NE(ASyy, €, T,7), where the last line uses p := min{1, (1 —¥)e°/3}, which
"\ 1/4
implies Vo = (6(?1’177)) <e.

Finally, in Alg. 3, & - rev(-, z, b;) is used as the reward function, where & ~ Ber(p). The first term
in the RHS of the above bound is precisely the non-strategic regret, of Alg. 3 under a fixed buyer
algorithm B. Alg. 3’s sparse update rule has a bounded effect on the regret, as shown in Lemma 10.
Assuming the regret of the base expert algorithm is bounded by a concave function, specifically
Reg®™P(L; ) < R(T log K) for some concave R, Lemma 10 implies

T

sup E rev(w, x¢, by) — E rev(wy, o, by)
weBd t=1

E
OMR(AL ), B.E,T)

< p*lR(pTlog |Zer]) +O <\/p—1Tlog IZE,T|T> , (18)

Substituting p := min{1, (1 — ¥)e°/3} into the above, and using | Z. 7| < T O/ and then
combining (18) with (17), we obtam the stated bound. |

D.1. Proof of Regret Stability under Sparse Updates

In this section, we prove the following lemma on the regret overhead introduced by sparse updating.
The proof is a direct application of Bernstein’s inequality for martingales, stated in Lemma 11
(Lemma A.8 in Cesa-Bianchi and Lugosi (2006)).

Lemma 10 Ler £ : N x |J, ([0, I}K)t — A[g) be an online expert algorithm over K experts.
Define L, to be a modified algorithm where updates are computed using sparsely observed rewards:

zt ~ ['(T7 (gTTT)TE[tfl}) )

where &1, ..., & ~ Ber(p) are i.i.d. Bernoulli random variables. Suppose the regret of L satisfies
Reg™P(L; €) < R(T log K) for some concave function R. Then,

Reg®™P(L,; &) < p_lR(pTlogK) + 0O (x/pflTlog KT) ,

where the expectation is taken over all sources of randomness, including the sequence (ft)te[T] and
the choices of r made by the environment.
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Proof of Lemma 10. Let (}—t)te[T} be a filtration, that is, a sequence of nested o-algebras satis-
fying F; C Fit1, defined by F; = o(£<¢, 2<¢), the o-algebra generated by the random variables
€<t = (&1,...,&) and 2<; = (21,...,2). Then, since the environment selects 7; based on past
observations, 7 is F;—1-measurable. Hence, the sequence (r¢)yc[7) is predictable with respect to
the filtration (F¢).e[71-

Fix z € [K]. For each t € [T, define X; and Y; as follows:
Xy i=ri(2) —ri(z), Yi=&X,.

Note that X, is F;_;-measurable (and hence predictable), since both r; and z; are F;_1-measurable.
Since X; is JF;_1-measurable and &; is independent of F;_1, the conditional expectation of Y; given
Fi_11is

ED/t‘]:t—l] =Xy E[ft\]:t—l] =Xy E[ft] = pX;. (19)

Let Z; = E[Y}|F;—1] — Yi. Then, E[Z;|F;—1] = 0, and |Z;| < 2, so (Z;)ye[r) forms a martin-
gale difference sequence with respect to the filtration (F;);c[7). Moreover, the sum of conditional
variances of Z;, ¥2. := Y1 E[Z?|F;_1], is at most pT), since

E[Z}|Fi-1] < EY?|Fio1] = XP B[] = XPE[G] < p, (20)

as ’Xt’ = |T‘t(2’) — T‘t(Zt)‘ S 1.

Next, we apply (19), (20), and Lemma 11 with K = 2 and v = pT’, yielding

Pr

T

2v2
> (pXe = &X0) > /20T + Tf@] <e,
t=1

for all > 0. Since Xy := r¢(z) — r¢(z), this implies

T T
Pr [ZP(”’t(Z) —ri(2)) > Z (&re(2) — &re(21)) + /20pT + 2\3@9] <e?,

t=1 t=1

for any fixed z € [K]. Setting # = log KT and applying the union bound over z € [K], we obtain

<7

T T
Pr [ sup ZP(Tt(Z) - Tt(zt)) > sup Z (ftTt(Z) - 5t7‘t(zt)) + 0O (\/ pT log KT)

2€[K] 14 z€[K] 11

Since ‘Zle (re(2) — rt(zt))‘ < T, this leads to

T
sup Z (&re(2) — &ri(z0)

z€[K] =1

+O (\/pflTlogKT) .

T
E | su ri(z) — ri( 2t <p 'E
Leu%;( (2) <>)] p

= Reg™(L,; €)
2D
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To bound the first term on the RHS, we express it as a nested expectation:

T
sup Z (§t7“t(z) - §t7‘t(zt))

z€[K] =1

E E

T
sup Z (&re(z) — &Tt(zt))] =E

z€[K] —1

|

Given fixed &1, . . . , &7, the inner conditional expectation corresponds exactly to the regret of £ over
the subsequence of rounds ¢ where &, = 1, with rewards ;. Hence,

T
<R <Z§tlogK> .

t=1

§<r

T
E | su tre(2) — &ere( 2t
Le[g};(é (2) — &re(=1))

Since R is concave, we apply Jensen’s inequality:

T
E =E |E | sup Z (&re(2) — &ri(z0))

2€[K] 1 —1

]
e

T
<R (Z E[&] log K> = R(pTlog K).

t=1

T
sup Z (&re(2) — &re(z0))
2€[K] 11

<E

Combining this with (21), we obtain

Reg™(L,; &) < pflR(pTlog K)+0 (\/p—lTlog KT) ,

which concludes the proof of the stated bound. |

Lemma 11 [Bernstein’s inequality for martingales, Lemma A.8 in Cesa-Bianchi and Lugosi (2006)]
Let 7, ..., Z1 be a bounded martingale difference sequence with respect to the filtration (.7-})?21,
and with | Z| < K. Then, for all constants 6,v > 0,

T
Pr|> 7 >V + (V2/3)K6 and X7 < v | <e?,
t=1

where 2. .= Y"1 B[Z2|F,_1] is the sum of the conditional variances.

Appendix E. Proof of Lazy OGD Regret Bound

In this section, we prove Lemma 9, which establishes the regret bound for Lazy Online Gradient
Descent. This result follows from the regret bound for the lazy variant of Online Mirror Descent
when using the squared Euclidean distance %Hx —1y|? as the Bregman divergence; see, for example,
Bubeck et al. (2015); Hazan et al. (2016). Here, we present a more direct proof.
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Lemma9 Let M € N, and for each i € [M], let f; : B* — R be any convex loss function with
unit-bounded subgradients, i.e., |V f;|| < 1. Then, for any 3 > 0 and v* € B,

Z (fi(v) — fi(v*)) < (28)" +28M, (10)

1€[M]

where v; is defined recursively as

Uj

uiy1 = u; — BV [fi(vi), w1 =0 and v;:= m- (11)
i 7
Proof of Lemma 9 First, unroll the update rule for u; to write
i—1
ui=—BY_ Vfivs),
s=1
since y; = 0. Let L;(z) = L||z|? + 3 PO (V fs(vs), z). Then, we can rewrite v; as
Uj . 2 : 2
v; = —————— = arg min ||z — u;||* = argmin (”:BH -2 <u,x>)
' max(1, ”U’ZH) zeB? ' zeB? '
i—1
= arg min (||:L’”2 + 24 Z (Vfs(vs), a:))
.TEIBd s=1
= argmin L;(z).
r€BY
Since L; is 1-strongly convex with respect to || - ||,
1 1
Lit1(vig1) = Liv1(vi) < (VLip1(vig1), vig1 — i) — g llviss = vil|> = —gllvis = vill?,

where the last equality follows from the optimality of v; ;1 = arg min,cga L; 1 () and the convex-
ity of L;11. On the other hand,

Lit1(vit1) — Lig1(vi) = Li(vig1) — Li(vi) + B(V fi(v3), vig1 — vi) = B(V fi(vi), vig1 — v3),
as v; = arg min,cpa L;(2). Combining the above inequalities,
Sl = will < ~8(V i), viss — i) < BIVfiCwn) s — vl
hence ||vi+1 — vi|| < 28||V fi(v;)|| and
(Vfi(vi), vi = vig1) < IV filwi) |l lvira — wvill < 28]V fi(vi) || (22)
Next, we claim the following by induction: For all 7 < M, we have

[Edls

28

Vo € B, D (Vfil(vs), ve1 — x) < (23)
s=1
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For t = 0, the above holds as 0 < [|x[|?/2/3. Suppose (23) holds for some i < M — 1. Then, it
holds especially for = v; 9 = argmin,cga Li;2(x) and

i1 :
Z (Vfs(vs),vs41) = (V fix1(vig1), viga) + Z (Vis(vs), v511)
— s=1
i |2
< <sz‘+1(vz‘+1), Uz‘+2> + Z <VfS(US)’w+2> + ”U;ZH

s=1
(by the induction hypothesis)

— § (V fs(vs), vig2) + 7”Ui+2||2
s=1 25
= Liy2(viy2)
i+1 9
T
< Z <st(vs),$> + HQ;’ Vo € BY. (as LZ'+2('UZ'+2) < Li+2(.7}))
s=1
= Liyo(x)

Hence, (23) holds for ¢ + 1.
Finally, combining (22) and (23) with ¢ = T" and = v*, we obtain

M

M
Z [fi(vi) = fi(v")] < Z (V fi(vi),v; —v*) (as f; is convex.)

i=1

i;l ;
= Z <Vfi(vi)a Vi+1 — U*> + Z <Vfi(vi)a Vi — Uz'+1>
i=1 i=1

*112 M
- ’gﬂu +2B;vai(”i)”2 (by (22) and (23))
1
S gp 2T (as [|o* |, |1V fi(wn)|| < 1)

Appendix F. Other Related Work

In this section, we expand on the related work to more clearly situate our contributions within the
existing literature.

Dynamic Pricing. The seminal work on online learning for pricing is by Kleinberg and Leighton
(2003), who studied repeated posted-price auctions under both stochastic and adversarial environ-
ments. In the stochastic setting, buyer valuations are drawn from an unknown distribution, while in
the adversarial case, they may be chosen adaptively and adversarially. This work laid the founda-
tion for a broad literature on dynamic pricing, often with bandit feedback (observing only whether
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the buyer purchases the good), including variants such as demand learning (Lin, 2006; Besbes and
Zeevi, 2009, 2015). Subsequent research has extended these models to settings with limited sup-
ply (Babaioff et al., 2012; Yang and Zhang, 2014), strategic buyer behavior (Amin et al., 2013;
Liu et al., 2018), and contextual information (Chen and Gallego, 2022; Luo et al., 2024). For a
comprehensive overview of this literature, see the survey by Den Boer (2015).

Contextual Pricing. Learning an optimal pricing policy in the presence of contextual information
has been studied in the batch learning setting by Mohri and Medina (2014); Munoz and Vassilvit-
skii (2017); Shen et al. (2019). These works provide algorithms with PAC-style guarantees under
the assumption that context—value pairs are drawn i.i.d. from an unknown distribution. A more
recent contribution by Liu et al. (2020) investigates the computational and sample complexity of
learning optimal linear pricing policies, a task they refer to as Myersonian regression. They show
that obtaining a fully polynomial-time approximation scheme (FPTAS) is impossible under standard
complexity-theoretic assumptions.
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