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Abstract

We conduct a comprehensive analysis of the discrete-time exponential-weights dynamic with a
constant step size on all general-sum and symmetric 2 x 2 normal-form games, i.e. games with
2 pure strategies per player, and where the ensuing payoff tuple is of the form (A, AT) (where A
is the 2 x 2 payoff matrix corresponding to the first player). Such symmetric games commonly
arise in real-world interactions between “symmetric” agents who have identically defined utility
functions — such as Bertrand competition and multi-agent performative prediction, and display a
rich multiplicity of equilibria despite the seemingly simple setting. Somewhat surprisingly, we show
through a first-principles analysis that the exponential weights dynamic, which is popular in online
learning, converges in the last iterate for such games regardless of initialization with an appropriately
chosen step size. For certain games and/or initializations, we further show that the convergence rate
is in fact exponential and holds for any step size.

We illustrate our theory with extensive simulations and applications to the aforementioned
game-theoretic interactions. In the case of multi-agent performative prediction, we formulate a
new “mortgage competition” game between lenders (i.e. banks) who interact with a population of
customers, and show that it fits into our framework.

Keywords: Exponential Weights, Symmetric Game, Last-iterate Convergence

1. Introduction

Game theory is a classical mathematical framework in which the formal study of multi-agent
non-cooperative interaction is situated (Myerson, 2013; Karlin and Peres, 2017). In a “one-shot”
normal-form game, if the players have full knowledge of the game, are selfish and rational, and no
mediator is present, they are expected to play a Nash equilibrium (NE) strategy (Myerson, 2013)
(see also Section 2 for a self-contained definition). Emerging applications of game theory abound in
modern machine learning and artificial intelligence, such as the training of generative adversarial
networks and robust models (Daskalakis et al., 2018; Madry et al., 2018), multi-agent reinforcement
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learning (Zhang et al., 2021), and situations where the pipeline for data may respond strategically
to ML model deployment (commonly called strategic classification (Hardt et al., 2016) or more
recently performative prediction (Perdomo et al., 2020)). Here, agents are actively learning about the
game being played, often through repeated interaction. This raises the natural questions of: a) what
learning algorithms should the agents use when interacting with one another, and b) do the ensuing
game dynamics converge in a day-to-day sense to some Nash equilibrium?

These questions have a decades-long history in an interdisciplinary community spanning eco-
nomics (Foster and Vohra, 1997, 1999; Hart and Mas-Colell, 2000; Hart, 2005), online learning (Han-
nan, 1957; Freund and Schapire, 1999; Cesa-Bianchi and Lugosi, 2006), control and dynamical
systems (Hofbauer and Sigmund, 1998; Fox and Shamma, 2013; Bailey and Piliouras, 2018). In fact,
game dynamics remain generally difficult to analyze and characterize, and most positive results in
the literature are limited in scope. For example, it is known that a very specific class of dynamics sat-
isfying vanishing (external) regret—initially introduced by Hannan (1957)' —played by one player,
combined with best-response play by the other, converges to a Nash equilibrium in the special case
of zero-sum games. When both players use no-regret strategies, the dynamics are only guaranteed
to converge to a broader notion of equilibrium, a coarse correlated equilibrium (Cesa-Bianchi and
Lugosi, 2006) (CCE), in general-sum games. Importantly, these convergence guarantees hold only in
a time-average sense: i.e. the average of the strategies over time converges.

This provides no guarantee for the actual play at any given round. In fact, guarantees for
convergence in a last-iterate sense—where the strategy at each individual time step ¢ eventually
approaches equilibrium—-are far more limited. Most results in this direction are negative, showing
non-convergence or even chaotic behavior in broad classes of games. Our object of focus, the
Exponential Weights dynamic (Cesa-Bianchi et al., 1997) (commonly called the replicator dynamics
in continuous time as surveyed in Hofbauer and Sigmund (1998)), has been shown to be oscillatory for
simple zero/constant-sum games (Bailey and Piliouras, 2018; Cheung, 2018) and more generally can
even be chaotic, both for zero-sum and general-sum games (Cheung and Piliouras, 2019; Palaiopanos
et al., 2017; Chotibut et al., 2021; Cheung and Piliouras, 2020; Cheung et al., 2021). While an
optimistic variant of exponential weights (and/or, relatedly, an extragradient method) is commonly
employed to mitigate the oscillations in the zero-sum case (Daskalakis and Panageas, 2019; Cai et al.,
2022), a fix for non-zero-sum games remains elusive. In fact, there exist general-sum finite games
for which any uncoupled, “first-order” dynamic would not converge (Hart and Mas-Colell, 2003).

In this paper, we establish a new set of surprisingly positive last-iterate convergence results for a
previously overlooked class of games: two-player symmetric games with two actions per player, i.e.
2 x 2 symmetric games. Formally, these are normal-form games with 2 players, 2 actions, and where
the payoff matrices of players 1 and 2, respectively A and B, satisfy> B = A". Symmetric games
describe many practical scenarios of interest. For example, applications such as road traffic and packet
routing on networks can be modeled as congestion games—where strategies correspond to path
choice, and “traffic” affects all participants equally. These games, in their atomic form, are known to
correspond to symmetric games (Rosenthal, 1973). Symmetry also arises in Bertrand competition
games, which inspire the canonical setting of multi-agent performative prediction (Narang et al.,
2023) as well as our practically motivated case study to follow.

1. We discuss the implications of stronger notions of regret, such as internal/swap regret (Blum and Mansour, 2007;
Greenwald and Jafari, 2003), in Section 5.
2. Note that this is a zero-sum game when A is a skew-symmetric matrix.
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We center our study on the Exponential Weights (EW) algorithm, one of the most celebrated no-
regret learning rules (Cesa-Bianchi et al., 1997). EW is widely used in online learning applications
(both full-information and bandit learning) due to its simplicity and optimal (worst-case) regret
guarantees. Importantly, we identify a significantly stronger form of convergence compared to the
related literature: we are able to show not only that our dynamics i) converge in a last-iterate (as
opposed to the standard time-average) sense in 2 X 2 symmetric games, but also that ii) they converge
to specific Nash equilibria of our game, as opposed to the more general class of CCEs.

Our contributions: We conduct a systematic and comprehensive study of the exponential weights
dynamic in the simple but non-trivial case of 2 x 2 symmetric games defined above. Note that
even this simple setting admits a multiplicity of Nash and correlated equilibria — see Table 2 for a
complete characterization. In particular, we show the following results:

* Section 3 shows that, surprisingly, the exponential weights dynamic always converges to
either a pure or a strictly mixed NE for any “non-degenerate” initialization and on any ‘“non-
degenerate” 2 x 2 symmetric game®. In the cases where convergence to a pure NE is achieved,
the step size/learning rate used in exponential weights can be any positive constant. When
convergence to a strictly mixed NE is achieved, the step size needs to be smaller than a positive
constant that depends on the parameters of the game. We obtain these results by conducting an
intricate, first-principles, case-by-case analysis of the exponential weights dynamic.

* In Section 4, we interpret our results in the context of multi-agent performative prediction
between 2 agents. We design a stylized, but canonical model of mortgage competition between
two banks (or “learners”), where the strategies consist of interest rates and credit score
thresholds, and the utilities of the banks depend on the distribution of the customers who
choose each of the banks, as well as the probability of repaying their loans. Interestingly, our
results in Section 3 imply that convergence to asymmetric pure NE can happen (despite the
fact that a symmetric NE, either pure or mixed, always exists for symmetric games).

We next set up the formal framework for 2 x 2 symmetric games, and present our main results in
Sections 3 and 4. We provide a detailed treatment of related work in Section 5.

2. Preliminaries

We begin by introducing the basic setting of 2-player, 2-action symmetric games. We then briefly re-
view basic equilibrium concepts, and present (for completeness) the Nash and correlated equilibrium
landscape of this setting.

Two-player-two-action symmetric games: We study a general two-player, two-action symmetric
game. Each player i € {1,2} selects one of two available actions (i.e. pure strategies), which we
denote by #; and 6». The corresponding payoffs are summarized in Table 1. Note that the 2 x 2
utility matrix A is parameterized by fixed constants a, b, ¢, d € R. We also define

€e1:=a—bandey =c—d )

as two shorthand parameters—we will see that the signs of these parameters critically dictate both
the equilibrium landscape and the behavior of exponential weights.

3. See Assumption 1 for formal assumptions. A “degenerate” initialization would be one for which the dynamics never
move, and a “degenerate” game would be one for which any tuple of strategies constitutes a NE.
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Player 1 utility matrix A Player 2 utility matrix B = A"
Player 1 Player 1
Player 2 O | 62 Player 2 01| 62
th a b 01 a C
02 C d 02 b d

Table 1: Utility matrices of Player 1 and Player 2

Condition Pure NE Strict Mixed-NE CE
€1 <0,e0<0 (92,92) — (92, 92)
€1 >0,e0>0 (01,91) — (91,91)
€1 <0,e2>0 (91, 02), (92, 91) (pSEvaE) Given in (6)
€1 >0,e2<0 (61,01), (62,02) (psE, PSE) Given in (7)
€1 =0,e0 <0 (91, 91), (927 92) — Given in (8)
€1 =0,e0 >0 (91,91), (02,91), (91,02) (Ql,p),(p, 91) Given in (9)

Table 2: NE under different conditions. Recall that e; = a — b, while e = ¢ — d. p € Ay stands for
any mixed strategy in the 2-dimensional simplex. We define psg = (\q||2||52\ , \q||2||52\ )

For any pair of indices m,n € {1,2}, let u;(6,,,0,) denote the payoff of player i € {1,2}
when player 1 chooses 6,,, and player 2 chooses 6,,. Note that by symmetry of the game, we have
w1 (Om, 0n) = u2(0y, 0, forall m,n € {1,2}. We further define a pair of mixed strategies (p1, p2)
where p; := (pi 1, pi2) denotes a probability distribution (on the 2-dimensional simplex denoted by
Ay) over pure strategies 61 and 6 respectively for player ¢ € {1, 2}. Next, we recall the following
basic equilibrium concepts.

Definition 1 (Nash equilibrium) A pair of strategies (0~ , 0,,+ ) constitutes a pure Nash equilibrium
(pure NE) iff the following conditions hold.::

U1 (O, 0= ) > max  up(0,0,), and us(Ops,0n) > max  ug(fp,0).
9’6{91,92} 9’6{91,92}

A pair of mixed strategies (p3, p5) constitutes a mixed Nash equilibrium (mixed NE) iff the following
two conditions hold:

Eprmpt Noops [u1 (0ar,On)] > max Eptrmpy Neops [u1 (017, On)],
1 2

Entmps, Nopy [u2(0nr, 0N)] > max Erp; Neps [u2(Oar, On)]-
2 2

In Nash equilibria, players pick their actions simultaneously and independently of each other.
While our central focus in this paper is convergence to NE, we also briefly consider the broader
concept of correlated equilibria (CE) of a game. This concept was introduced by Aumann (1987)
and, informally, uses a signaling device that recommends some action (6,7, 6) to the players where
(M, N) is now drawn from a joint distribution (for example, think of a traffic signal at an intersection).
The signal induces implicit correlation between the players. At a correlated equilibrium, no player
benefits from deviating from the recommended action in expectation. We provide a detailed review
of the definition of CE, as well as characterize the set of CE for our game, in Appendix C.
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Landscape of Nash and correlated equilibria: We now present the NE landscape of our canonical
setting of symmetric 2 x 2 games in Table 2 under different conditions, dictated by the signs of
€1 ‘= a—band eg := c—d. (Proving that the corresponding entries in the table are correct is a simple
exercise in undergraduate game theory that we leave to the reader.) We make a few observations
about the landscape of NEs:

* When the signs of ¢; and e3 match (both strictly positive or negative), there is a unique,
symmetric, pure NE. It is also easy to verify that these cases have a dominated strategy for both
players (e.g. in the case where €1, €2 < 0, 67 is dominated by 5 for both players). Moreover,
as we will subsequently see the set of CEs is also a singleton set comprising of the unique pure
NE. Section 3 will demonstrate that these are the “easy” cases for convergence to NE.

* The cases where the signs of €; and €2 do not match (including cases where €; = 0 or ez = 0)
are much more interesting as they admit a multiplicity of pure NE as well as potentially
strictly mixed NE. The set of CEs are also more complex in these cases, rendering a generic
no-regret convergence analysis inadequate for our purposes. Proving convergence for these
more complex cases is the main novelty in our analysis.

* We do not consider the case of €; = e = 0 as this corresponds to a degenerate game where
any tuple of mixed strategies would be a valid NE; see Assumption 1 for more details.

3. Last-iterate Convergence of Exponential Weights

Algorithm 1 Online Learning Dynamic through Exponential Weights

Input: Step size n > 0, Initialization pgl), pél) € Ay

fort=1,2,3... do
Decision: Each player i € {1,2} plays 6; with probability p(t) for j € {1,2};

4]
Update Rule: Players update their probability distributions to pgtﬂ), pétﬂ) as follows:

2
st el o (3 0,00) i 12
k=1

2
pST o pi) - exp (anit}c S (Gkﬁj)) , Vi e{1,2}.
k=1

end for

We now characterize the last-iterate convergence of the exponential weights algorithm, formally
described in Algorithm 1. We use pgt) € Ay to denote the mixed strategy used by player i € {1,2}
at time step ¢ > 1. Thus, when both players play exponential weights, it induces a sequence of mixed
strategy tuples {pgt) , pg) }>1. Our hope is that this sequence will eventually converge to some NE.

The most salient step in the exponential weights algorithm is the update from ¢ — ¢ 4 1, which
proceeds as follows. At each time step ¢, each player ¢ € {1, 2} randomly picks an action according
to their current probability distribution pgt). Then, each player updates their weight on each action
in a manner that is exponentially proportional to the expected utility derived by playing that action
(which in turn depends on the mixed strategy of the other player). For example, considering round ¢

and candidate action ¢, player 1 obtains an expected utility of Zzzl péti -uq (64, 0y) since player
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Utility Condition Initialization Nature of result Requirement on 7
rl.e; < 0,62 <0 Any Exponential convergence to pure NE None
2.€1 >0, >0 Any Exponential convergence to pure NE None
r3. €1 < 0,e2 > 0 | Opposite-sign Exponential convergence to one of pure NEs None
4. €1 <0,e2 >0 Same sign Asymptotic convergence to one of pure NEs None
15. €1 < 0,62 >0 Identical Asymptotic convergence to strictly mixed NE < Msm
16. €1 > 0,2 < 0 Same sign Exponential convergence to one of the pure NEs None
17. €1 > 0,e2 < 0 | Opposite signs Asymptotic convergence to one of the NEs Msm
8. €1 =0,e0 <0 Any Exponential convergence to pure NE None
19.¢1 =0,e2 >0 Identical Asymptotic convergence to symmetric pure NE None
r10. e = 0,e2 > 0 | Non-identical Asymptotic convergence to set of mixed NE None

Table 3: Summary of our convergence results. This table is best read along with Table 2, which
summarizes the NE characterization for each case.
2’s probability distribution is given by pét). The speed of this update is controlled by a constant step
size n > 0. (As of now, our proofs, particularly in the more complex cases, do require both players
to use the same step size; relaxing this requirement is an important future direction.)

Recall that we define the shorthand parameters €; := a — b,e2 := ¢ — d. Let us define the
shorthand functional Al(-t) = pg? €1+ p%ez. Before diving into the details, we first make the following
very mild non-degeneracy assﬁmption7ab0ut the games and the algorithm’s initialization:

Assumption 1 Throughout the paper, we assume: 1) |e1| + |ea| > 0; 2) pl(l) is not a pure strategy
for either player i € {1,2}; 3) the initial functionals Agl) and Agl) are both non-zero.

The assumptions above only exclude trivial cases that are straightforward to analyze. First, note
that when €; = €3 = 0, the algorithm does not update—since all strategy profiles in this case are a
mixed NE, the algorithm in fact “converges” (in a single time step) to some NE. Regarding 2), if both

pgl) and pél) are pure strategies, then the algorithm does not update; if, for example, pgl) is a pure

strategy but pél) is not, then pgt) remains the same for all ¢, while pg) converges to the corresponding
best response—clearly, the resulting tuple need not be a NE.

Finally and regarding 3), if both Agl) = Aél) = 0, the algorithm does not update; if only one
of them is 0, then by round ¢ = 2 both become non-zero and automatically satisfy Assumption 1
thereafter. This is formalized in the following lemma, which is proved in Appendix B.

Lemma 2 Suppose |e1| + |ea]| > 0, and pgl) and pél) are not pure strategies. We have the following:

. Ingl) = Agl) =0, then p(t) remains the same for allt > 1 and i € {1,2}.

i

* If (without loss of generality) Agl) =0 and Agl) %0, then AgQ), Ag) # 0.

3.1. Main result: convergence of the last iterate

Our main result, Theorem 1 (Parts I-IV), fully characterizes the convergence of Algorithm 1. Our
results in a nutshell are informally summarized in Table 3.

We start with the most naive case, where €; and €5 have the same sign. This case is naive because
it implies the existence of a common dominating action for both players, which also determines the
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Figure 1: Simulation results for Theorem 1 (Part II). The row in Table 3 to which each case
corresponds is marked in the sub-captions. Corresponding simulations for Parts I, III and IV are in
the appendices due to space limitations.

unique pure NE. The following result, which is proved in Appendix D, shows that in this case the
exponential weights dynamic converges to the corresponding pure NE at an exponentially fast rate.

Theorem 1 (PartI) Suppose €1, €2 are non-zero and have the same sign. Then, Algorithm 1
converges to a) the pure NE (02, 02) in the case where €1, €z < 0, and b) the pure NE (01, 01) in the
case where €1, €2 > 0, at an exponential rate for any step size n > 0 (see Theorem 4 in Appendix D
for the explicit constant in the rate).

Next, we consider the more interesting and non-trivial cases where €; and €3 are non-zero and
have opposite signs. We begin with the case where €; < 0 and €2 > 0. Recall from Table 2 that
this case admits two pure asymmetric NEs (61, 62) and (62, 61), and there is also a strictly mixed

NE given by (psg, psg), where psg = (%7 |61||2|‘62\ ) The following result, which is proved

in Appendix E, shows a rich variety of convergence behaviors of the exponential weights dynamic
depending on the initialization. We also illustrate the results through simulation in Figure 1.

Theorem 1 (Part II) Suppose €1 < 0, and €3 > 0. Then:

* (Opposite-sign initialization) If Agl) and Agl) have different signs, then Algorithm I converges
to one of the pure NEs (01, 02) or (02, 01) at an exponential rate (see Theorem 5 in Appendix E
for the explicit constant in the rate);

* (Same-sign but not identical initialization) If Agl) and Agl) have the same sign and Agl) #*
Agl), then Algorithm 1 converges asymptotically to one of the pure NEs (01, 02) or (02, 61);
* (ldentical initialization) If A Ag ), andn € <0, ﬁ%), then Algorithm 1 converges to

the strictly mixed NE ( #) asymptotically.

|61\+€2’ le1[+e2
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Interestingly, Theorem 1 (Part II) shows that the algorithm always converges to some pure NE

(1)

when the initialization functionals Agl) and A, differ, but requires a sufficiently small step size

n € (O, m) if the initialization is identical. Note that this requirement on the step size is,

however, relatively mild: if we normalized the utilities to be in [—1, 1], we have |1 ], |e2| < 2, and
so the condition reduces to n < 2. For n > Tei+Tea] +\6 > we also provide a simple example where the
algorithm oscillates between two pairs of mixed strategies that are not mixed NE for such prohibitively
large values of . Moreover, in the special case of (2 x 2) congestion games, Palaiopanos et al.
(2017, Section 4) provides counterexamples for specific large values of 7, which we show exceed the
threshold (n > el H |) Finally, Chotibut et al. (2021) establishes last-iterate convergence of the
multiplicative weights algorithm for 2 x 2 congestion games, which constitute a special case of this
class of games with €; = —ey. Therefore, our results recover their conclusion for congestion games.

Next, we consider the case where €; > 0 and e2 < 0. Recall that in this case the pure NEs are
(01,01) and (62, 62). There also exists a strictly mixed NE in the form of (psg, psg). The following
result, which is proved in Appendix F, again shows a rich variety of convergence behaviors.

Theorem 1 (Part III) Suppose €1 > 0, and €3 < 0. Then:

* (Same Sign initialization) If Agl) and Agl) have the same sign, then Algorithm 1 converges
to one of the pure NEs at an exponential rate (see Theorem 9 in Appendix F for the explicit
constant in the rate);

* (Opposite Sign initialization) If Agl) and A;l)

then Algorithm 1 converges to either a pure NE or strictly mixed-NE asymptotically.

have different signs, and n € (O, m>

The above conclusion is similar, but not identical to its counterpart in Theorem 1 (Part II). On one
hand, when A(ll) and A;l) have the same sign, the algorithm converges to a pure NE. On the other

hand, when Agl) and A(Ql) have different signs, the algorithm can converge either to the strictly
mixed NE or pure NEs, but requires a sufficiently small step size (analogous to the case of identical
initialization in Part II). Interestingly, the proofs of Theorems 1 (Part III) and 1 (Part II), proceed
differently, despite the seeming symmetry in the cases (e < 0,e2 > 0) and (¢; > 0, €3 < 0).

Finally, we consider the case where one of €; and €3 is equal to zero. This may seem like a corner
case (and is indeed a set of measure zero in the set of all 2 X 2 symmetric games), but we can handle
it in our framework. Without loss of generality, we assume €; = 0. (Note that the other case (e = 0)
is purely symmetric to this case, by just switching #; and #.) Recall that in this case, the pure NEs
are (01, 61), (61,02) and (02, 61), while the mixed NEs are (61, p) and (p, 61) for any p € Ag. The
following result, which is proved in Appendix G, shows convergence to different classes of NEs
depending on the initialization (and does not possess any requirements on the step size).

Theorem 1 (Part IV) Suppose e = 0. Then:

» If ea < 0, then Algorithm 1 converges to the pure NE (03, 03) at an exponential rate;
* Ifea > 0and A(l) Ag ), then Algorithm 1 converges to the pure NE (01, 61) asymptotically;

e Ifea > 0and A 7é A2 ), then Algorithm I converges to a mixed NE. Moreover, there exist
examples where the algorithm converges to a strictly mixed NE of the form (61,[A,1 — A]),
where A € (0,1) is some constant.
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Reconciliation of Theorem 1 with results showing oscillation/chaos: It is worth briefly clarifying,
given the overwhelmingly negative results for exponential weights dynamics in games, why we are
able to obtain convergence results of such a sweeping nature for our setting. The zero-sum games
that induce oscillations are ones for which the only NE is strictly mixed (Bailey and Piliouras, 2018;
Cheung, 2018) (the Matching Pennies game is a common example). As Table 2 shows, this never
happens in a symmetric 2 X 2 game. Moreover, Cheung and Piliouras (2019) provide a sufficient and
necessary condition for increasing volume of the flow of exponential weights (and thereby chaotic
behavior) which, in the case of 2 x 2 symmetric games, can be verified to never occur (see (Cheung
and Piliouras, 2019, Appendix G) for the detailed condition).

3.2. Proof sketch of Theorem 1

Jn) S

Example of “1-sign-
flip": only player 2's
ratio crosses over

D (A > 0)

el

L @b <o)

0 (A < 0) !
7

(3)

n

(a) Opposite-sign initialization (Condition 1):  (b) Same-sign initialization with a “1-sign-flip”:
leads to ratios moving away from each other. reduces to Condition 1.
1) S

Example of “2-sign-
flip”: both players’
ratios cross over

Example of “0-sign-
flip": neither players’
ratios cross over

1D (AD < 0) '

rD(AM <0)

(c) Same-sign initialization with a “2-sign-flip”: (d) Same-sign initialization with a “0-sign-flip””:
happens finitely often. happens finitely often.

Figure 2: Illustrations of how the signs of ratio/initialization parameters Agl), and their potential
“flips”, affect analysis in the proof of Theorem 1 (Part II). * is the unique root of f(-).

In this section, we provide some brief intuition for the rich variety of behavior that we observe
across initialization and game environment. An initial observation — that simplifies the proof for all
the cases — is that we can parameterize any mixed strategy in the 2-dimensional simplex through
a single positive real number, i.e. the ratio r; := p; 1/p; 2 for player i. Since p; 1 + pi2 = 1,75
uniquely identifies a mixed strategy (p;1,p;2) for player ¢. It is then easy to see that, for a given
player i € {1, 2} and the other player j € {1,2} (where j # i), the update for player 7 can be written
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as a function of solely (r;,7;), as

Y = (s (),
61T;t)+62
1-1—7‘3(-75>
points of the above mapping would be, i.e. when 7 = 7 - exp(nf(7)). It is easy to see that fixed
points correspond either to ¥ = 0 (i.e. the pure strategy ), 7 = oo (i.e. the pure strategy 65) or, in
the cases where the the signs of ¢; and €2 do not match (Parts II and IIl) 7 = r* = —E—j (i.e. the
mixed strategy psg, which corresponds to the unique root of f(r)). The name of the game is then to
show that each of {r;}?_, converges to one of the above fixed points, which in turn corresponds to

either a pure/strictly mixed NE in each of the relevant cases.

where f (rgt)) = = Agt). An initial question one might ask at this stage is what the fixed

Proof sketch of Theorem 1 (Part I) The cases where €; and e have the same sign (Part I) are easy.
To see this, consider the case where €1, €2 > 0. In this case, f(+) is positive, leading to monotonically

increasing updates {7’1@ hi>1int for each ¢ € {1, 2}, that will converge exponentially fast (at a rate
depending on the initial value f(r,gl))) to the pure NE (61, 6;). (Similarly, if €;,e2 < 0, f(-) is
instead negative, leading to exponential convergence to the pure NE (62, 62).)

Proof sketch of Theorem 1 (Part II): The analysis of Parts II-IV is far trickier and heavily depends

on the initialization of the players’ strategies, controlled by Agl) and Agl). Due to space limitations
we illustrate our analysis for the proof of Theorem 1 (Part II), noting that Parts III and IV utilize
similar (but not identical) ideas. A key initial observation is that f(r) in Part II is monotonically
decreasing, meaning that the sign of sign(AEt)) = —sign(rgt) —r*) forall ¢ > 1 (see Figure 2 for
an illustration). The analysis is then divided into three conditions:

1. Here as well, there is an “easy” initialization in which Agl) and Agl) have opposite signs —

this type of initialization turns out to lead to similar monotonic behavior as in Part I. To see

this, consider the case where Agl) < 0and Agl) > 0 (Condition 1 in Appendix E). Because

r§t+1) = rgt) exp(nAg)), the update leads to the ratio ; increasing which further decreases

Agt). Similarly, the update leads to the ratio o decreasing which further increases Agt). As
illustrated in Figure 2a, in this case the parameters Al(t) move further and further away from
each other, eventually converging to the asymmetric pure NE (61, 62).

2. The more difficult case is when the signs of Agl) and Agl) match at initialization. In this case

the above monotonicity argument no longer directly applies, due to the fact that the sign of
rgl) — r* for each player i € {1, 2} may change unpredictably over time. Clearly, if one of the
players flips sign (what we call a “1-sign-flip”), the analysis reduces to the easy initialization
condition above; see Figure 2b for an illustration. Remarkably, we are able to show that the
other two bad events of a “0-sign-flip”, meaning the signs stay the same from round ¢t — ¢ + 1,
and “2-sign-flip”, meaning the signs both change from round ¢ — ¢ 4 1, can only happen
finitely many times. (See Figures 2¢ and 2d for an illustration of these bad events). In fact,
Lemma 7 shows via a potential-based argument that a “2-sign-flip” can happen at most a

constant number of times (for an explicit constant that depends on the parameters of the game).

3. Interestingly, the above analysis critically uses the fact that 7“51) #* r§2), which only occurs
at unequal initialization. The case of identical initialization needs to be handled separately

10
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and turns out to correspond to analyzing a 1-dimensional dynamical system on the variable
u® :=1n (’;(—i)) (where we dropped the index ¢ as the ratios are identical). We show that the

map u — T'(u) is contractive for the specified threshold on 7 and appeal to Banach’s fixed
point theorem to show convergence to the unique fixed point, givenby « = 0 = 7 = r¥,
which corresponds to the unique strictly mixed NE.

4. Applications to multi-agent performative prediction

The recently proposed framework of Performative Prediction (Perdomo et al., 2020) studies interac-
tions in which machine learning models are trained on data that is not i.i.d. In particular, it focuses
on scenarios where, at each time step, the observed data distribution depends on the previously
deployed model or decision. This dependence may arise because individuals strategically adapt their
behavior in response to the decision rule, or because the deployed policy itself shapes the underlying
environment from which new data is generated. Narang et al. (2023) extended Performative Pre-
diction to multi-agent settings, where n different agents simultaneously deploy machine learning
models and decision rules. They showed that simple dynamics (specifically, retraining models at
each time step and gradient descent) converge in a last-iterate sense to a stable solution. However,
these results i) do not cover our exponential weights dynamic, and ii) the stable solutions obtained
may not coincide with equilibria of the actual ensuing game without additional assumptions such as
strong monotonicity (which does not hold for finite normal-form games).

A special case of a lending game between two banks: In this section, we formulate a new model
for Performative Prediction in a special but practically motivated case: that of a game between two
banks, or learners, which need to decide on application thresholds and interest rates for lendees.
Here, the banks aim to approve loan applications from customers. Each bank i € {1,2} selects
two parameters (7;,;) := 0;, where 7; is the minimum credit score threshold for giving a loan to a
customer and +y; is the interest rate offered to approved customers.

Let y; € [0,1] be the normalized credit score of customer ¢, which is drawn from a distribution
D,. A customer with a credit score y; is approved by Bank ¢ if only if y; > 7;. For simplicity, we
assume that y; directly represents the customer’s probability of repaying the loan. That is, letting
Y; € {0,1} be a random variable controlling whether the customer j repays their loans, with 0
meaning default and 1 repayment, we have y; = P[Y; = 1]. A customer’s (normalized) credit score
can be interpreted as a noisy observation of y;. In this case, if the customer chooses Bank 7 with
parameter 0; = (7;,;), the expected reward for this bank would be (1 + ;) - y; — (1 — v;): if the
customer repays the loan, with probability y;, the return is 1 + ~;; if not, the return is 0.

For given parameter choices 6; = (71,71) and 02 = (72,2), the allocation of customers and
rewards for banks are determined by the following conditions:

1. Exclusive allocation by threshold: If 7 < y; < 7o, the customer goes to Bank 1, as the score
qualifies for Bank 1 but not Bank 2. Conversely, if 5 < y < 71, the customer chooses Bank 2.

2. Thresholds met by both banks: If 71, 75 < y; and 71 < 72, the customer selects Bank 1 due
to the lower interest rate. Conversely, if y; > 2, the customer chooses Bank 2. If there is a tie
and y; = 72, the customer goes to each bank with probability 0.5.

3. Rejection by both banks: If y; < 7 and y; < 7o, the customer is rejected by both banks.

11
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Bank 1
Bank 2 61 = (1¢,7n) 02 = (Th,Ye)

0 = (r6,7) | a=3h(m, e, 1) | b=h(y,7h 1)
02 = (Th,7e) c=h(y,7e,m) | d=3h(ye,7h,1)

Table 4: Utility matrix of Bank 1, which exactly corresponds to the utility matrix of Player 1 in Table
1. Similar to Table 1, the utility matrix of Bank 2 is symmetric to that of Bank 1.

In particular, when considering two banks that learn their strategies over time, this is an exact
example of performative prediction: the consumer data that each bank sees is a function of both of
their deployed decision rules, since consumers strategically select which bank they get a loan from.

A 2x2 bank game: We focus on a simple case where there are two choices for each parameter:
0<7 <7, <land0 <~ <, < 1. We consider two possible actions per player: either (77, 7),
or (7, 71); the rationale is that a bank with a lower threshold, i.e. which allows customers with worse
credit, sets a higher rate with said customers®. Let

hp, (7 Tay ™) = / [(2+7)y — 1]p(y)dy. (2)

It is not hard to see that a) this is a symmetric 2 x 2 game that fits into our framework, and
moreover, b) the payoff matrix of player 1 is then given by Table 4, where the values of a, b, c
and d are explicitly defined. Therefore, Theorem 1 directly applies to this Bank Game and implies
convergence to either pure symmetric NE, pure asymmetric NE or strictly mixed NE depending on
the parameters of the Bank Game (i.e. the values of ~,, v, 70 and 7, as well as the distribution on
customers D, ). Our experiments section (Appendix H) provides simulations showing convergence
under different values of €; and ep. Overall, Theorem 1 implies rich consequences for lenders
and lendees in this application: symmetric NE correspond to homogeneous bank behavior, but
asymmetric pure NE correspond to heterogeneous behavior (e.g. one bank picking a high interest
rate and low threshold, while the other bank does the opposite). Our results show that either type of
behavior can be realized depending on the parameters of the game and initialization conditions.

5. Related work
We organize our discussion of related work under three verticals below.

Black-box results for ‘“no-regret” dynamics: The design of algorithms that achieve vanishing
external regret dates back to (Hannan, 1957; Blackwell, 1956), as well as the interpretation of such
algorithms as solving repeated zero-sum games. A modern non-asymptotic result by Freund and
Schapire (1999) shows that the time-average of the payoff of two agents playing any no-external-
regret algorithms against each other will converge to the (unique) value of the zero-sum game. These
results do not extend to arbitrary general-sum games; in fact, “uncoupled” dynamics that only use
first-order information can be shown to never converge to NE for certain games (Hart and Mas-Colell,
2003), and “higher-order” dynamics are instead needed (Toonsi and Shamma, 2023). Instead, a

4. Tt is not hard to show that this is without loss of generality, as actions (7,+;) and (74, v») are dominated under
reasonable choices of parameters. See Appendix H.1 for a formal proof of this fact.
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folklore result (see, e.g. (Cesa-Bianchi and Lugosi, 2006)) shows that the time-average of the joint
strategy profile of the agents will converge to the polytope of coarse correlated equilibria (CCE).
Such a result still allows for oscillation within the CCE polytope® (except in the special case where it
is a singleton set, meaning that the set of all CCE coincides with the set of all NE). When the players’
algorithms achieve the stronger guarantee of vanishing internal/swap regret (Blum and Mansour,
2007; Greenwald and Jafari, 2003) (see also the “adaptive heuristics” defined in the economics
literature (Hart, 2005), as well as the notion of calibrated learning (Foster and Vohra, 1997)),
the time-averaged convergence is specialized to the polytope of Aumann’s correlated equilibria
(CE) (Aumann, 1987). This result also allows for oscillations within the CE polytope. Table 2
showed that both the CE polytope and the CCE polytope are non-trivial in general even for 2 x 2
symmetric games. Achieving convergence to a specific NE then necessitated a specialized study of a
specific dynamic, which we chose to be exponential weights in this paper. It is also worth noting that
we analyzed exponential weights with a universally constant step size, while the no-external-regret
manifestation of exponential weights requires a step size that either uniformly decays with rounds ¢
or depends inversely on the horizon of learning 7' (Cesa-Bianchi et al., 1997) — so, strictly speaking,
our dynamic is not even no-external-regret.

Interestingly, the last iterate of no-swap-regret dynamics was recently shown to converge to
a specific symmetric Nash equilibrium for zero-sum symmetric games when the players initialize
identically (Leme et al., 2024). This result is complementary to our work, which studies a specific
dynamic in a different setting (still symmetric, but 2 x 2 and often not zero-sum).

Oscillation and chaos in last-iterate of game dynamics: The /ast iterate of game dynamics has
seen intense recent study, motivated both by natural desiderata of behavioral stability (Hofbauer and
Sigmund, 1998) and by applications in machine learning such as the training process of generative
adversarial networks (Daskalakis et al., 2018). Results on the last-iterate, particularly for the standard
exponential weights dynamic, are predominantly negative, frequently showing oscillations or some
sort of chaotic behavior. Even for zero-sum games, Bailey and Piliouras (2018); Cheung (2018)
showed that multiplicative weights with a constant step size oscillates towards the boundaries of
pure strategies when the game only has strictly mixed NEs. Cheung and Piliouras (2019) further
showed the advent of chaotic behavior for all algorithms within the “Follow-the-Regularized-Leader”
(FTRL) family (which includes exponential weights) for a broad class of games, including graphical
constant-sum games, certain symmetric games and arbitrary 2 x 2 general-sum (not necessarily
symmetric) games. Palaiopanos et al. (2017) also discovers a difference between the exponential
weights dynamic and the “linear” version of the multiplicative weights update, with the former
leading to chaotic behavior with large enough step sizes, in congestion games. The papers that
provide a general framework for oscillations/chaos conduct a volume analysis showing that if the
volume of the “flow” of the dynamics (from some initialization set of non-zero Lebesgue measure)
increases, it implies chaotic behavior — but the converse does not hold. Negative results exist even
for the weaker requirement of local asymptotic stability near any NE — in particular, any mixed
NE is shown to be unstable under the family of FTRL dynamics both in continuous and discrete
time (Vlatakis-Gkaragkounis et al., 2020; Giannou et al., 2021). As we discussed in Sections 3 and 4,

5. It is possible to achieve convergence to a specific equilibrium point within the CCE polytope for certain games if one
player plays a no-regret algorithm and the other enacts a series of “threats”, or “grim-trigger” strategies that penalize
both players if they deviate from a specific equilibrium (see, e.g. (Collina et al., 2023)). Such dynamics are asymmetric
and highly specialized (due to the threat-based nature of the strategies), and do not constitute the standard modus
operandi in multi-agent learning.
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our positive convergence results for 2 X 2 symmetric games can be readily reconciled with these
results. We showed that the mixed NE is only approached through specific directions (involving
identical initialization), which turns out to be the only stable direction of deviation. Moreover, many
of the oscillatory situations (e.g. 2 x 2 congestion games (Palaiopanos et al., 2017) turned out to
only occur under a sufficiently large step size.

Positive convergence results for specific dynamics: A plethora of last-iterate convergence results
have been shown for zero-sum games (most relevant to our setting are the ones for finite games, i.e.
min-max optimization constrained to the probability simplices (Daskalakis and Panageas, 2019; Cai
et al., 2022)) under modifications of exponential weights to include optimism and/or extragradient
method, as well as a sufficiently small or decaying step size. In contrast, we allow for non-zero-sum
games but require symmetry and the game to be 2 x 2, and we consider the original exponential
weights dynamic; moreover, in many cases we can handle an arbitrarily large step size. Positive
average-iterate convergence results have also been developed for the fictitious-play dynamic (Brown,
1951; Robinson, 1951) (which corresponds to “Follow-the-Leader in online learning) for zero-sum
games with a diagonal payoff matrix (Abernethy et al., 2021) as well as zero-sum symmetric games of
a generalized Rock-Paper-Scissors variety (Lazarsfeld et al., 2025). It is an intriguing open question
whether fictitious play dynamics would converge in our setting, whether in the average or last iterate.
Specific to congestion games (with any finite number of players/pure strategies), Kleinberg et al.
(2009) showed that randomized variants of exponential weights can converge with high probability
for a sufficiently small step size. Chotibut et al. (2021) established the last-iterate convergence of the
multiplicative weights algorithm for 2 x 2 congestion games. We recover their conclusion in this
special setting as a consequence of Theorem 1 (Part II).

A recent yet relatively extensive line of work studies performative prediction (Perdomo et al.
(2020); Miller et al. (2021); Brown et al. (2022); Bechavod et al. (2021); Mendler-Diinner et al.
(2022); Jagadeesan et al. (2022); Zrnic et al. (2021); Shavit et al. (2020) to only name a few), which
looks at single-agent machine learning settings where the training data on a given round depends
on the previously deployed model(s)—capturing situations where deployed models induce strategic
behavior or distribution shifts. The case of performative prediction in multi-agent settings, however,
has received significantly less attention. In particular, Narang et al. (2023) study convergence
of learning dynamics in specially structured games induced by these machine-learning-oriented
problems. In these works, multiple players iteratively train their own machine learning models, and
each player’s data distribution—and hence their utility—depends on the set of models deployed on a
given round. This literature shows that both a form of repeated empirical risk minimization as well as
gradient descent (when used by all players in the game) can converge in a last-iterate sense to a stable
outcome. However, two limitations remain: (i) said dynamics can converge to a “sub-optimal” point,
which is not an equilibrium of the underlying game between learners, and (ii) convergence guarantees
rely on strong assumptions both on the players’ loss functions — especially strong monotonicity,
which does not hold for normal-form games, and on the sensitivity of outcomes to players’ actions.

The works (Vlatakis-Gkaragkounis et al., 2020; Giannou et al., 2021) show that for any general-
sum game, a particular NE is locally asymptotically stable under FTRL dynamics if and only if it
is pure. Note that these results only imply local convergence of the dynamic, i.e. if it is initialized
sufficiently close to a pure Nash Equilibrium. On the other hand, we utilize the special structure of
2 x 2 symmetric games to provide a global convergence result, i.e. for a broader set of initializations
that could be arbitrarily far from any NE.

14



LAST-ITERATE CONVERGENCE FOR SYMMETRIC 2 X 2 GAMES

6. Discussion

Overall, our results paint a more positive than expected picture for the exponential weights dynamic
in the special case of 2 x 2 symmetric games. The most pressing open question is whether this story
extends in any way to symmetric games with more than 2 actions. Preliminary simulations suggest
convergence behavior in many (but not all) cases, but characterizing the ensuing dynamical systems
is an important future direction. Even in the symmetric 2 X 2 case, interesting open questions remain
— such as whether we can prove fast non-asymptotic rates of convergence for all the cases in Theorem
1 (not just the easy ones), and whether we can handle unequal step sizes for different players.
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Appendix A. Notation and Preliminaries for proofs

In this section, we introduce some notation that will help simplify the exposition of the proof of
Theorem 1. In all that follows, recall that we defined €; := a — b and €3 := ¢ — d. Specifically, €;
denotes the change in utility of player 1 when their strategy changes from 6; to 62 when player 2
plays 61, and €5 denotes the change in utility of player 1 when their strategy changes from 6, to 6
when player 2 plays 6. Also, for each player i € {1, 2}, recall that we defined the functional

A = plfa + e 3

We now introduce our new notation below:

(t+1)
* For each player ¢ € {1,2}, let rlgt) = % +1> be the ratio of probabilities allocated to pure
i,2

strategy 6 over pure strategy 2. Then, for any pair of players i # j € {1,2}, we have

"B"G

®
D,
P = Zexp (n(plfa + plfhe = pf1o — pf3a)) = ¥ exp(nal?), )

©,2

(t) (t) ® _ @)@

Note that, since Pii TP = 1 and Pii =Dpiar; . we have p(t) 1

Clearly, the mapping from r — p is a bijection.

* Recall that we defined the function f(r) := Ell’jq in Section 3.2. The function f(r) allows
us to rewrite our update step in the following simplified form, solely in terms of r. Namely, for

any pair of players ¢ # j € {1,2}, we have

D =1 exp(nf (i), )

arfre @ ®

noting that f(r(-t)) = Lm = Paa + pja€2 = A() Further, it is easy to verify that
J

1) = G55

* Finally, let r* = lea| “gf €1 - €2 < 0 (which is the case for Parts II and III of Theorem 1), then

lex]
£07) =o.

Appendix B. Proof of Lemma 2

In this section, we prove Lemma 2. We first consider the first bullet point of Lemma 2, i.e. what
happens when Agl) = A(21) = 0. From Equation (4), it is easy to see that the ratio rgt) of each player
i € {1, 2} does not change for all ¢ > 1. Since the map » — p is a bijection, the mixed strategies

also do not change.

Next, we consider the second bullet point of Lemma 2, i.e. the case when Ag ) = 0 but A 75 0.
Since Agl) = 0, Equation (4) tells us that réQ) = rél), meaning that Agz) = f(réQ)) = f(rél)) =
Agl) # 0. Moreover, if Agl) = 0, the parameters of the game must satisfy €; # e5. (This is because,
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if we instead had € = €3 = ¢, then we would obtain f(r) = e for all values of r, meaning that
0= Agl) =f (rgl)) = ¢, leading to €1 = €2 = 0. This is a contradiction with the assumption in the
lemma that |e;| + |e2| > 0.)

Because €1 # €3, the sign of f(r) is solely determined by the sign of €; — €5 for all values of r,
implying that the function f is strictly monotone. On the other hand, since Aél) # 0, Equation (4)
again implies that r§2) %+ rgl). Since f is strictly monotone and Agl) =f (7'51)) = 0, we have
A§2) =f (rgz)) #f (rgl)) = 0. This ultimately yields A](LQ) # 0, which completes the proof of the
lemma.

Appendix C. Characterization of correlated equilibria (CEs)

In this section, we first review the definition of correlated equilibrium (CE), and then characterize the
set of CEs for our game. Formally, we define v = (111,12, v2,1, ¥22) € A4 as a joint probability
distribution over pairs of strategies {(6,,,0,) : (m,n) € {1,2} x {1,2}}.

Definition 3 (Correlated Equilibrium (CE)) A joint probability distribution v over pairs of strate-
gies {(6p,0,) : (p,q) € {1,2} x {1,2}} is a correlated equilibrium iff the following inequalities
hold:

Z Ummn ul(emven) > Z Vm,nul(em’ven)a vm' € {172},
(m,n)e{1,2} x{1,2} (m,n)e{1,2} x{1,2}

Z Vm,n u2(9ma0n) > Z Vm,n u2(9ma0n’)a vn' € {LQ}
(m,n)e{1,2} x{1,2} (m,n)e{1,2} x{1,2}

In general, the set of CEs is a polytope (in our case, a subset of Ay4) and is bigger than the set of
NEs, which may be disjoint and non-convex. We summarized the landscape of CEs along with the
landscape of NEs in Table 2; we provide the calculation of the CEs here for completeness.

Based on Definition 3, the condition for a strategy profile to be a CE can be written as:

vii€er > via(—€2), va1(—€1) > voger, vi1€1 > vo1(—e€2), via(—€1) > o6

When ¢; < 0 and €5 > 0, this condition reduces to

€1 €2 .
max {"Vl,l, V2,2} < min{vy 2,21} (6)
€9 ’€1|

Similarly, when €; > 0 and €2 < 0, the condition reduces to

€1 €2 .
max {HV2,1, 7/1,2} < min{vy 1,22} @)
€9 ’61|

When ¢; = 0 and ¢35 < 0, we have
v =1v1=0. (8)

When €1 = 0, €5 > 0, we have
v = 0. 9
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Figure 3: Simulation results for Theorem 1 (Part I). The row in Table 3 to which each case corresponds
is marked in the sub-captions.

We note that the case with e = 0 and €; # 0 is exactly symmetric to the case with ¢; = 0 and
€2 # 0, simply by switching 61 and 6. For simplicity, we omit this case.

Observe that in all of the instances, excluding the ones where sign(e;) = sign(ez), the set of CEs
forms a non-trivial polytope, and there exist infinitely many points that are CE but not mixed or pure
NEs. This means that even average-iterate convergence to a specific NE would not follow by directly
plugging in regret bounds, let alone last-iterate convergence.

Appendix D. Proof of Theorem 1 (Part I)

In this section, we prove Theorem 1 (Part I). Without loss of generality, we consider the case where
€1, €2 < 0. (Note that the other case is symmetric: it suffices to switch 0 and 6 to obtain the
result.) Moreover, since €1, €2 < 0, Equation (3), tells us that for each player i € {1, 2}, we have
Agt) < 0 for all ¢. This implies that the sequence {rgt)};ﬁl is strictly decreasing. We first provide a
formal convergence result for this case.

Theorem 4 Suppose Assumption 1 holds, and the game satisfies €1, €3 < 0. Then, Algorithm 1 with
any step size n > 0 satisfies the following:

» If |e1| < |ea|, then for each player pair i # j € {1,2}, we have pgt;rl) < TZQ) exp(ntAg-l)),
where ASD < 0. This implies that the algorithm converges to the symmetric pure NE (02, 02)
exponentially fast;

o If le1| > |ea|, then for each player pair i # j € {1,2}, we have pgffrl) < rgl) exp(ntea),
where €3 < 0. This implies that the algorithm converges to the symmetric pure NE (02, 62)

exponentially fast.

We now provide the proof of Theorem 4, considering each condition listed above.
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Condition 1: |e3| > |e1]. Under this condition, we have f'(r ) > 0, meaning that f(-) is strictly
increasing. Since {rgt)}fil is decreasing, we know rgt) < r , 50 f(r; ® ) < f (rgl)), and as a

consequence, we have

t
A = o (13 (4)) < s,

(t+1) o p(t;,—l) (1)

exp(ntA( )) (1) exp(ntA(-l)). Note that A(-l) <0is

a strictly negative constant that depends on the algorithm’s initialization. In conclusion, pg 1+ V<

Therefore, we have Pi1

g )exp(ntAg )) while p(tﬂ) >1- Z( )exp(ntAS- )). Therefore, the algorithm converges to the
symmetric pure NE (65, 02)

Condition II: |e2| < |e1|. In this case, f/(r) < 0, so f is non-increasing. Since r > 0 (i.e. the
ratio is always non-negative), we have f(r) < f(0) = e2 < 0. So

rgtﬂ) = T‘Z» exp (an ](k ) < T‘i exp(ntez)

exp(ntez) < 1(1) exp(ntez). Note that o < 0 is a strictly

negative constant. In conclusion, we have pg 1 b < 7*(1) exp(ntea), while p(tﬂ) >1 —7'1(1)

Therefore, the algorithm again converges to the symmetric pure NE (6s, 02)

which gives us pﬁ“) < pz('f;l)m(l)

exp(ntes).

Appendix E. Proof of Theorem 1 (Part II)

In this section, we prove Theorem 1 (Part II). In this case, we have €; < 0 and ez > 0. This implies
that f'(r) < 0, i.e. f is monotonically decreasing. Moreover, we define r* = ﬁ to be the unique

root of the function f(-). We consider different initialization conditions one by one.

E.1. Exponential Convergence With Opposite-Sign Initialization

We first provide a formal description of exponential convergence in the “easy” cases where the signs

(1)

of the initialization functionals A;"’ and Agl) are opposite.

Theorem 5 Suppose Assumption I holds, and €; < 0,€2 > 0. Then, Algorithm 1 with any step size
n > 0 satisfies the following:

. Ingl) <0, Agl) > 0, then we have pgg < % exp(—ntAg )) while pé) < rél) exp(ntAgl)).
1

This implies that the algorithm converges to the asymmetric pure NE (01, 02) exponentially
fast;

. IfA ) 5 0, A(l) < 0, then we havepg)1 < TE )exp(ntA(l)) whllepé)2 < 1) exp(— ntA(l)).

This implies that the algorithm converges to the asymmetric pure NE (0, 91) exponentially
fast.

We now provide the proof of Theorem 5, considering each condition listed above.
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Condition 1: Agl) < 0, Aél) > 0 (Basic Case 1). In this case, it can be easily shown by
induction that the ratio of player 1, {rgt) }22,, is monotonically increasing, while the ratio of player
2, {rét)}fil is monotonically decreasing. To see this, first note that f (rgl)) = Agl) < 0, and
f(rél)) = A;l) > 0. Equation (5) then tells us that r?) = rgl) exp(nf(rgl))) > 7’51), while
r§2) = Tél)exp(nf(rgl))) < rél)
negative) while f (7‘52)) becomes larger (i.e. more positive). Therefore, we have

. Since f is decreasing, f (7‘52)) becomes smaller (i.e. more

A = rlew (an )Zr?)exp(ntf(ré”»=r§”exp<nmé”>,

and

t
ri ) =Y exp (nz f(r > Wexp(ntf(ri")) = 1" exp(ntAl)).

k=1
From the above, we get p% < 4 exp(—ntA(;)), while pgt)l < 7"51) exp(ntAgl)). Noting that
: o :

Agl) < 0 and A;l) > ( are constants, this proves the desired exponential rate of convergence to the
asymmetric pure NE (61, 62).

Condition 2: Agl) > 0, Agl) < 0 (Basic Case 2). This case is exactly symmetric to Condition
1. Similar to Condition 1, we can show (using induction and based on the fact that f is decreasing)

that the ratio of player 1, rgt), is decreasing while the ratio of player 2, rgt), is increasing. As a

consequence, we have pg) < r&l) exp(ntAél)), while pg)Q < % exp(—ntAgl) ). Noting again that
I’ 7*2

Agl) > 0 and Ag ) < 0are again constants, this proves the desired exponential rate of convergence

to the asymmetric pure NE (603, ;).

This argument further implies that, if there exists a finite round ¢( at which Agt) and Ag) have
different signs, the algorithm thereafter converges exponentially fast to the asymmetric pure NE.

E.2. Asymptotic Convergence in Same-Sign Initialization
)

Next, we consider the more challenging initialization in which Agl , Agl) have the same sign, and

NN

Condition 3: Agl), Agl) have the same sign, and Agl) # Agl). Note that since f is strictly
monotone and f(r) = A, the map r — A = f(r) is one-to-one. Thus, Agl) # Agl) implies that
(1) r](-l), for a pair of players i # j € {1,2}.
®)

In this case, we will show that lim;_, o r§t) = oo and limy_,o 7;
0, while player ¢ converges to 0-.
Recall that 7 < 0, e2 > 0 implies that f' < 0, i.e. f(-) is monotonically decreasing. Moreover,

7é r2 . Assume without loss of generality that r,

= 0, that is, player 7 converges to

since f(r*) = 0, we have Sign(rl(t) —7r*) = —Sign(AZ(-t)) for both 7 and j. To show convergence to
the pure NE, it is sufficient to show that rl@ —r* and rj(-t) — r* have opposite signs after a constant,
finite number of time steps, as the analysis then reduces to one of Basic Case 1 or Basic Case 2

above.
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We first show the following fundamental result, which indicates that the relation r > p®

7 1s
¥ (2
preserved for all ¢. This lemma will be critical for our analysis.

(1)

> 7| (*)

. Then, we have r;’ > rl@ forallt > 1. Moreover, we have

Lemma 6 Assume that r(l) j

J
(t) (1)
T’]v Tj
i i

Proof We prove this lemma by induction. The relation holds for the base case (t = 1) by assumption,

(®) (®)

so we only need to prove the inductive step. Suppose that r;” > ;. Then, we have

(t+1) ()
re ry
) I = s = alf 01 = S0 2 0 = >0

J J i
i
where the first inequality is based on the induction hypothesis, the positivity of 7, and the fact that
f(+) is monotonically decreasing. This completes the proof of the lemma. |

(t)
. . . T . .
The above lemma implies that lim;_, o, 7 = 0o. However, it does not directly prove convergence of
r

the algorithm, as it is possible for both the ratios r}t) and rgt)

k3

to oscillate, while their ratio diverges

to infinity. We first rule out the following corner cases, where one of r](-tﬂ) —r* and rgtﬂ) —r*is
equal to zero (note that based on Lemma 6 they cannot be simultaneously equal to zero):
. rl(tﬂ) =7 < rj(-t+1): In this case, we have r](-t+2) = rj(-tﬂ) > r*, while r§t+2) =
(

ritﬂ) exp(nf(?“j(-t+1))) < TZ(H_I) = 0. Thus, rj(.t+2) — r* and r§t+2) — r* have different
signs at round ¢ + 2.

. rz(t“) < rf = rj(.tﬂ): A similar argument yields r§t+2) < r*, while r§t+2) > r*. Again,
r](-t+2) —r* and r§t+2) — r* have different signs at round ¢ + 2.

In summary, these corner cases, if they occur, reduce the problem to one of the Basic Cases above,
after which the algorithm would converge to the pure NE.

We now provide the argument when such corner cases do not manifest. In other words, we
(1) (1) (t) *

consider ;" — r*and r; ” — r* to both be non-zero and have the same sign. Suppose that S s
and rgt) — r* have the same sign at round ¢. Then from round ¢ to round ¢ + 1, the sign of r§t) —r*
and rgt) — r* can change in only three ways (excluding the corner cases):
* Event 1 (“2-sign-flip”): Tj(tﬂ) —r* and TZ(tH) — r* still have the same sign, but different from
sien of r® — 1 and ) —
gnof r; r* and r; r*;
* Event 2 (“0-sign-flip”): T'J(»t+1) —r* and ryﬂ) — r* still have the same sign, and also the same
as the sign of rj(-t) —r*and rz(t) —r*;
* Event 3 (“1-sign-flip”): rj(»tﬂ) —r*and T’Z(H_l) — r* have different signs. Based on Lemma 6,
we must then have rj(tﬂ) >t > ryﬂ).
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Note that, once Event 3 happens, the problem again reduces to the Basic Cases. Therefore, it is
sufficient to show that the first two “bad events” only happen finitely many times, and Event 3 must
eventually happen. To do so, we state the following key lemma, which shows that 2-sign flips can
only happen a finite number of times. The proof of Lemma 7 is deferred to Appendix E.4.

Lemma 7 Suppose e; < 0, e > 0. Let n be the number of times that a “2-sign flip” (Event 1)
happens. Define the universal constants

B =mn-max{—ep, €},

C =n(ea —€1) min{

r* exp(—03) * exp(f3)
(1+r*exp(—f))?" (14r* exp(ﬁ))Q} >0

(1)
Further, let W, = In % > 0. Then, we have
T

S SN
n<————In—.
“In(1+C) W

To show that Event 2 (“0-sign-flip”’) happens finitely often, we disprove the following claim. We can
now finish the proof by disproving the following claim.

Claim 1 Let tg be the smallest round such that all “2-sign-flips” have finished (as per Lemma 7, t

will be finite). Moreover, suppose that rj(.to) Z(to)

) (*

—r*andr;"’ — r* still have the same sign. Then, both

—r*andr;” —r* do not change their sign for all t > t.

Suppose that the claim above is true. Lemma 6 tells us that r](-t) > rgt) for all £. First, suppose that

O 5 0

)

> r* forall ¢ > ¢y. Since f(-) is strictly decreasing, we have for any player m € {1, 2}
that f (rﬁfl)) < f(r*) = 0. Equation (5) would then give us

riD = exp(nf(r)),

for any player pair m # n € {1,2}. This implies that the ratio {7’7(7?}Q1 would be decreasing for

each player m € {1, 2}. Moreover, rﬁﬁ) > 0 since it is a probability ratio. Therefore, based on the

. t
monotone convergence theorem, we have lim;_, o rﬁn) = /,, for some constant ¢,, > 0. Further,
since f(-) is continuous and monotone, we have

flm)=f <tli>r£10 rfﬁ)) = lim f(rl)) = 1 lim (In rH) _n rﬁlt)) =0,

t—o00 n t—o00

i.e.,, f(¢m) = 0. Since f is strictly monotone and f(r*) = 0, we have £, = r* for both players
m € {1,2}. Thus, we have

0
lim In -2~ = lim lnr(-t) —Inr
t—o0 ’I“(t) t—o0 J

W =o.

i

However, Lemma 6 implies that In r(t) —

; In rgt) > W1 > 0, which contradicts the above equation.
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®)

We similarly handle the other possible situation, where r;” < r§t) < r*forallt > ty. Since f(-)

is strictly decreasing, we have for any player m € {1,2} that f (n(,?) > f(r*) = 0. Equation (5)
would then give us

rintD = exp(nf ()
for any player pair m # n € {1,2}. This implies that the ratio {7”7(7?},521 would be increasing
for each player m € {1,2}. Moreover, under the claim that the signs do not change for either

player, we would have r,(,? < r*. Therefore, based on the monotone convergence theorem, we have

. t . . .
limy_y o0 n(ﬂ) = {,, for some constant ¢; < r*. Further, since f is continuous and monotone, we have

1
— ¢ (i <t>> = i (B} = = i (t+1) _ 1 (0 =
f(gm) f (tgngo Tm tli>r£10 f(rm ) n tliglo (ln Tn In Tn ) 07
i.e., f(£y) = 0. Since f is monotone and f(r*) = 0, we have £,,, = r* for both players m € {1, 2}.
Thus, we have
0
lim In .- = lim Inr{Y — In ry) =0.
t—o0 T(t) t—o0 J
(2
However, Lemma 6 implies that In rj(-t) —In ry) > Wi > 0, which contradicts the above equation.
This completes the disproof of Claim 1. Combined with Lemma 2, this means that a 1-sign-flip

(Event 3) must happen at some finite round, which completes the proof of Theorem 1 (Part II) in this
case.

E.3. Convergence and Divergence in the Identical Initialization Case

Finally, we consider the case of equal initialization, where Agl) = Agl).

(t)
Condition 4: Agl) = Agl), n < m. For convenience, we define uz(»t) =In T;; .

define a 1-dimensional dynamical system for each player, given by

‘We can then

) (D)
uf ™ = =l 4 £ exp()).

Since Agl) = Agl) and both players use the same update rule (5), we observe that rgt) = rét) for all
()

t > 1, and the same holds for ugt). Therefore, we can denote a common variable u® = u,;
write its update in the following form:

and

D = 17 (u®),

where we define
e1r* exp(u) + €2

T(u) =
(u) =utn 1+ r*exp(u)
We now have
- * Ir* exp(u)
() = 140 = () TA 1 exp(u))?
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where we denote I' = |e1] + €2 > 0 as shorthand. Also note that 7'(0) = 0 is a fixed point. Because
T is a continuous function, we can use the mean value theorem to write

T (u) = T(0)| = |T" ()| |u — O]

for any value u, where v’ is some point between u and 0. Under our assumption on the step size,

we have nI" € (0, 8). In this case, based on the fact that max,> ﬁ = %, it can be easily seen
that | 7"(u’)| < 1 for all /. Putting these together, we see that T is a contraction map. Applying

Banach’s fixed point theorem then implies that u(*) — 0.

Condition 5: AV = A(l), n > ——. Here, we construct a simple example in which the
1 2 le1[+[e2]

algorithm oscillates. For simplicity, let » = 1 and |e;| = €. This means that »* = 1, and the map T’

simplifies to

exp(u) — 1

T(u) = b AN —
(w)=u+e 1+ exp(u)

= u + €jtanh (g) .

Since tanh(u) and w are both odd functions in u, T is also an odd function. Formally, we have
T(—u) = —T'(u). Let a > 0 be any constant, and

€1 = —2acoth <%> , €9 = 2acoth (%) .
Note that acoth(5) > 2, so n(|e1| + |e2|) > 8 in this case. Therefore, we have
T(a) = a+ e tanh (%) = a — 2acoth (%) tanh (%) = a — 2a (tanh - coth) = —a,

and because 7" is an odd function we have T'(—a) = —T'(a) = —(—a) = a. Therefore, the algorithm
will oscillate if initialized at a or —a. Note that such a game can be defined for any positive constant
a.

E.4. Proof of Lemma 7

We complete this section by providing the proof of Lemma 7. Recall that, without loss of generality,

(t)
we index a player pair i # j € {1, 2} such that 7“](-1) > 7“2(1). We also define uffq) =1In Zﬁt for each

player m € {1,2}. Since 7“2(1) ](-1) 1(1) < ug-l)
uq(f@) and r,(ﬁ) — r* have the same sign. Reproducing the main argument in the proof of Lemma 6
below, we also have

<r;’, wehave u . Moreover, for each player m € {1, 2},

’l"(-H_l) ’I"(-t) (t)
u(t+1) — u(tH) =In-L— =In-L + n[f(rgt)) - f(Tj(t))] >In-L- = ugt) — ugt) >0. (10)

j i r§t+1) RO X

Next, we show that, if Event 1 (i.e. “2-sign-flip”’) happens at round ¢, then \u%)\ must be small for
both players m € {1, 2}.

®)

i

and ug-t) have the same sign, and the sign of both WY and ug-t“) fip.

%

Lemma 8 Suppose u

Then, we must have max{|u§t) l, ]u§t) |} < 8 =n-max{—e, e}
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Proof First, note that f is monotonically decreasing, f(0) = ez > 0, and f(c0) = €1 < 0. This

means that ; < f(r) < e for any ratio 7.
Next, consider the case where u%) < 0, and uﬁﬂ) > 0 for both players m € {1,2}. We

), —uét)} < . We will prove this statement

© 5 B > neo, i.e.,

i

would like to show that in this case that max{—ugt

®)

by contradiction. Since we have —u,gt) > —u;’, We suppose instead that —u

uz(.t) < —f < —nes. Then, we have
u™ = W 4 nf (o exp(ul?)) < —nex +ne2 = 0,

where the inequality above substitutes our supposition ugt)
(t+1)

i

< —neg and uses the fact that f(r) < ey

99

for any value of . Overall, this yields u < 0, which contradicts our assumption of “2-sign-flip

which would instead yield u§t+1) > (. Similarly, consider the case where u%) > 0, and ugﬁﬂ) <0

for both players m € {1,2}. We will again prove the statement by contradiction. Suppose instead
that ugt) > [ > —ney. Then, we have

D =0 4y exp(u)) > —rer +ner =0,

where the inequality above substitutes our supposition ult > —ne; and uses the fact that f(r) > ¢;

J
for any value of r. Overall, this yields ugtﬂ) > 0, which contradicts our assumption of ‘“2-sign-flip

(t+1)
J

L2

which would instead yield u < 0. This completes the proof of this lemma. |

Armed with Lemma 8, we are ready to prove Lemma 7. Define the potential function W; =
() (
—u

i it) . We know from Lemma 6 that W; is monotonically increasing. Then, we have

Wipr = uf ™ =™ = ) —ul? £ n(g(u”) = g(u)) = (1 = ng'(0)) () = ui"),

where we defined g(u) := f(r* exp(u)) as shorthand. As it is easy to see that g(u) is monotone and

continuous, the last equality above is based on the mean value theorem (where 6() € [uz(t) , uy)]).
Note that for any |u| < 3, we have

1-ng' (u) = 1+ (c2 — e1)r” exp(u) > 1+ —€1) min r exp , .
W = e = T T e () T exp ()P
Let {¢1,...,t,} denote the rounds on which “2-sign-flip” happens. Using the monotonically increas-

ing property of {W;};>1, we have
W, = (1+ )Wy, ... > (1+C)"W,
where n is the total number of rounds where Event 1 happens, and

r* exp(—p3) * exp(f)
(1+r*exp(—f))?" (14 r* exp(ﬁ))Q} >0

On the other hand, Lemma 8 tells us that Wy, < 2. Combining the upper and lower bounds on W,
completes the proof of Lemma 7.

C =n(e—e€) min{
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Figure 4: Simulation results for Theorem 1 (Part IV). The row in Table 3 to which each case
corresponds is marked in the sub-captions.

Appendix F. Proof of Theorem 1 (Part III)

In this section, we prove Theorem 1 (Part III). In this case, we have ¢; > 0 and eo < 0. The
corresponding simulation results are given in Figure ?? (we did not include them in the main
paper due to space limitations). We first recall/introduce some basic conclusions. Recall that

fi(r) = (611;:)22 > 0, which means that f(-) is strictly increasing for the case where ¢; > 0 and
€2 < 0. Moreover, r* = % is the unique root of f(-). Recall that for both players i € {1, 2}, we

can write the following dynamical system

(t+1)

t+1) _ .7 _ . @® (t)
u; *1117*% —i—g(uj )

where we defined g(u) = nf(r* exp(u)) as shorthand. Note that, since f is strictly increasing and
f(r*)=0,ifr —r*>0,A = f(r) >0, and also u = In .= > 0. On the other hand, if » — r* <0,
A = f(r) <0, and also u = In = < 0. Thus, we have Sign(A) = Sign(r — *) = Sign(u). Next,
we have
n(er — e2)r* exp(u)

(1 +r*exp(u))?

g'(u) =

For all u € R, we have ¢'(u) < W. Therefore, we have ¢'(u) € (0,2) whenn € <O, m)
Next, we provide our convergence result for different choices of initialization.

F.1. Exponential Convergence with Same Sign Initialization

We first provide a formal description of exponential convergence in the “easy” cases where the signs
of the initialization functionals Agl) and Agl) are the same.
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Theorem 9 Suppose Assumption 1 holds, €1 > 0 and €2 < 0. Then, Algorithm 1 with any step size
n > 0 satisfies the following:

. Ingl) > 0, Aél) > 0, then we have pl(-f;l) < % exp (—nAg-l)) for any player pair

i # j € {1,2}. This implies that the algorithm converges to the pure symmetric NE (01, 6)
exponentially fast;

. Ingl) < 0, Agl) < 0, then we have pgffl) < 7‘2(1) exp (nA§1)> for any player pair i #
Jj € {1,2}. This implies that the algorithm converges to the pure symmetric NE (0, 03)
exponentially fast.

We now provide the proof of Theorem 9, considering each condition listed above.

Condition 1: Agl) > 0, Aél) > 0. Recall that for any player pair i # j € {1,2}, we have

r§2) = 7'1(1) exp(Ag»l)). Based on induction, it is easy to see that the ratios for both players, T](Lt) and

rgt), are increasing in ¢t. Moreover, for each player i € {1, 2}, the functional AZ@ =f (rl(t)) is also

increasing in ¢ (since f(-) is increasing in its argument and 7"2( ) is increasing in ). Therefore, we

have .
rgtﬂ) = rl(l) exp (77 Z Ag-k)) > 7“2(1) exp (ntAgl))
k=1

for any player pair i # j € {1,2}. Noting that A;l) > 0 is a positive constant, this proves the

desired exponential rate of convergence to the symmetric pure NE (61, 01).

Condition 2: Agl) <0, Agl) < 0. Using a similar inductive argument, it is easy to see that the

ratios for both players r&t) and rét) are now decreasing in ¢. Because f(-) is increasing, the functional

®)

Az(-t) =f (rgt)) is also decreasing in ¢ (since f(-) is increasing in its argument and 7; is decreasing

in t). Therefore, we have

t
9 en{p o) o)
k=1

for any player pair i # j € {1,2}. Noting that Agl) < 0 is a negative constant, this proves the

desired exponential rate of convergence to the symmetric pure NE (62, 02).

F.2. Convergence with Opposite Sign Initialization

Finally, we consider the case where Agl) and Agl) have different signs.

Condition 3: Agl) and Agl) have different signs.  Suppose that we have Agt) > (0 and Ag-t) <0

for some player pair i # j € {1,2} for some ¢t > 1. We start by excluding some corner cases for the
(t+1)

update to round ¢ + 1, i.e. where one or both of the A; becomes equal to 0.

* Suppose that AZ(.tH) = 0 and Ag-tﬂ) > (. Then, we have A§t+2) = A}Hl) > 0, and P2

rz(tH) exp(nAg-Hl)) > TZ(tH). Because f(-) is increasing, we have AEHz) > Agtﬂ) = 0.
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(t+2)

%

This means that A
1.

> 0 for both players ¢ € {1, 2}, and the situation reduces to Condition

* Suppose that Agtﬂ) = 0 and A;Hl) < 0. A similar argument to the first corner case yields

A§t+2) < 0 for both players i € {1, 2}, and the situation reduces to Condition 2.

(t+1) _ A(t+D)

* Finally, suppose that A i = 0. Then, since f is strictly monotone and f(r*) = 0,

we have that rl(tﬂ) = r](-tﬂ) = r*. Moreover, since rl(t“) = rz(t) exp(Agt)), the algorithm
will stay at rl(tﬂ) = r](-t+1) = r*, which is the unique strictly mixed NE of the game.

Therefore, we can exclude the corner cases above. Then, as in the proof of Theorem 1 (Part II), three
events can transpire going from ¢t — ¢ + 1:

* Event 1 (“2-sign-flip”): Agtﬂ) < 0 and A§t+1) > 0;

* Event 2 (“1-sign-flip”): AZ(-tH) and AYH) have the same sign;

» Event 3 (“0-sign-flip”): Agtﬂ) > 0 and Agtﬂ) < 0;

We first focus on Event 1. In particular, suppose Event 1 happens at round ¢. Define the potential

function V; = \ugt)\ + |u§t) |. Because the signs of ul(t) and AZ@ match for both players i € {1, 2},

we have
‘/;f = ugt) — Ugt),

and therefore we can write the potential function update as
Vi = ™ =™ = o)~ 1+ (9(”) - g(f) = (4 00) )W, an
t)

where the last equality is based on the mean value theorem for some () € [u§ , ugt)]. From this, we

can infer the following:

o Ifn e (O ) then ¢'(u) < 1. Thus, (11) implies that V;11 < 0, which contradicts that

4
 ler]+lez]

Vi41 > 0 by definition. Thus, if n € (0, m> Event 1 cannot ever happen.

. TF: 4 8
If instead n € [|61|+‘62|, exTHea]

constant every time Event 1 happens.

), we have ¢/(u) — 1 < 1. In this case, Vi1 will shrink by a

To summarize, if n € (0, m> , one of the two outcomes will transpire:

 [f Event 1 a finite number of times: i.e., there exists a large enough ¢( such that Event 1 will not
happen after ¢o. Now, consider all rounds ¢ > ¢. If Event 2 happen at some round ¢, then the
problem reduces to Conditions 1 or 2. Otherwise, only Event 3 happens at each round. Based
on the monotone convergence theorem and monotonicity of f(-), the algorithm converges to
the strictly mixed NE in this case.

 If Event 1 happens infinitely many times: In this case, lim;_,o, V; = 0, which means that both
|u£t)] and ]ugt)] converge to 0. In this case, the algorithm converges to the strictly mixed NE.

In conclusion, for n € ( ) , the algorithm will converge to either the pure NE or the strictly

8
0, lex[+]e2]
mixed NE. This completes the proof of Theorem 1 (Part III).
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F.3. An example of oscillation with large step size under opposite-sign initialization

In this section, we provide a simple example of a game in which the algorithm oscillates if the step
size is instead too large, i.e. n > m, with a very specific initialization. This eample is analogous
and similar to the one provided in Condition 5 in the proof of Theorem 1 (Part II). For simplicity,
we consider 7 = 1 and €1 = |e2| = €, where € will be a parameter that we set later. Note that this
implies that the unique root of f(-) is r* = 1.

We now consider equal and opposite initialization, i.e. Agl) = —AP = AWM Ttis easy to verify

that in this case, rél) =1/ 1{1). Moreover, we can show via induction that rét) =1/ rgt). Therefore,

(t)

it suffices to keep track of a common ratio () := r,’ and the corresponding common variable

u® =1n ’j—? = Inr®). We can then define a 1-dimensional dynamical system on u(*), where the
update ¢ — ¢t + 1 is given by

WD = @ _ A®)
=u®) — f(r®)
= u® — flexp(u®)).

Recalling the definition f(r) = % and noting that we are considering a game where €; = —eg =

€, we have f(r) = e%, we have

®) _
u0 _ exp?) — 1
1+ exp(ul®))

(®)
= u) — etanh (2) =: T(u®).

Ultimately, we have the map u — T'(u) := u — etanh (%) Analogous to the example provided in
Condition 5 of the proof of Theorem 1 (Part IT), we now consider a > 0 to be any constant, and set

t+1) _

u(

a
— 24 coth (7)
€ a co 2

As previously argued, this choice satisfies n > m. Therefore, we have

T(a) = a — etanh <%)

= a — 2a coth (2) tanh (2) = —a.
2 2
Similarly, noting that 7"(u) is again an even function, we have 7'(—a) = a. Therefore, the algorithm
will oscillate if initialized at a or —a. Note that such a game can be defined for any positive constant
a.

Appendix G. Proof of Theorem 1 (Part IV)

In this section, we prove Theorem 1 (Part IV). In this case, we have (without loss of generality) that
€1 = 0 and €2 # 0. The corresponding simulation results are given in Figure 1 (we did not include
them in the main paper due to space limitations). We study the convergence of the algorithm under
different conditions on the game, listed below.
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r9. Opposite-Sign initialization r9. Same-sign initialization

Figure 5: Simulation results for Theorem 1 (Part IV). The row in Table 3 to which each case
corresponds is marked in the sub-captions.

Condition 1: ¢; = 0, e5 < 0. Recall from Equation (5) that we have rl(tﬂ) = (t) exp (17 f (r(-t))>
for any player pair i # j € {1,2}, where f(r) = 12 < 0, and f'(r) = (HQT)Q > 0. Since
f(r) < 0, we can argue through induction that the ratio {rgt)}fil is non-increasing for both players
i € {1,2}. This means that rl(t) < rz(l), and, because f(-) is increasing, we have f(rgt)) < f(rz(l)).
As a consequence, we have for any player pair i # j € {1,2}:

rl(tﬂ) i ) exp <7]Zf > <r, )exp(ntA(l))

This implies that pfgffl) < pfgf;l)rfl) exp(ntAg.l)) < TZQ) exp(ntAg.l)) = rgl) exp(ntpgl)q), and

€2 < 0. Therefore, pg? converges to 0 at an exponentially fast rate under this condition.

Condition 2: ¢; = 0, e > 0, Agl) = Agl). In this case, we have f(r) > 0. A similar inductive
argument as in Condition 1 then tells us that {7“1@}?21 is strictly increasing. Moreover, we have

(®) €2

(t+1) _ Inr:"” +
= i Nn——m:mn
1 —i—r(t)

Inr;

Suppose thatlim;_, rgt) = {; < oo for some ¢; > 0. Taking the limit as ¢ — oo on both sides, we

have
€2

1+4;

The above equation is solved at ¢; = oo, which contradicts with the assumption that ¢; < co. Thus,

Int; =Int; + n—">--—

limy_ye0 7’2@ = oo fori € {1,2}.
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Condition 3: ¢; = 0, €2 > 0, A 7é A For this case, we first show that at least one player will
converge to #1, which means that the algorlthm will at least converge to a mixed NE. Specifically, we
have

In TEHI)

1
In r(t) + nea Ok
L+,

®) (t)

Since the ratio is always non-negative, i.e. » > 0, we know both r; and r;’ are monotonically

increasing. Based on the monotone convergence theorem, r (and rt J ) either converge to some

() (®)

0 < /; <00 (0 <{; < o0),or go to infinity. Suppose both r;” and 7;° converge to some constants.
Let lim;_ oo rgt) = /; and lim;_, o rj(-t) = /;. Then, we have
¢; = lim In r( = lim In 7“( ) + lim nes =Y + e
t—o00 t—o0 t—o0 1 + T(t) —|— fj
J

The above equation can only be solved at £; = oo, which leads to a contradiction. Therefore, at least

() (t)

one of r;* and ;" will go to infinity.

Example for converging to strictly mixed NE Here, we construct an instance where it

J
to a constant, while rgt)

converges
goes to infinity.

(1)

Theorem 10 For any player pair i,5 € {1,2}, i # j, let r; be a constant, and let A be any

constant such that A > 7“](-1) . Let

r(.l) > N2
1 € A
<1—exp( "i))lnu
J

= A’ € (0, 4], and limy o 7’( ) = oo. This implies that lim;_, p((;)l =

> 0.

®) _

Then, we have lim;_, o T

ﬁ, while lim; _, p( )

p,1 = OQ.

Proof We prove the theorem by induction. Note that r§1)

r§t) < A,we have

< A by assumption. Assuming that

(t+1) _ (0 L ), ( ! )
T; T, €xp (776214-7'@) > 71, exp 17621+A

J
for all t > 1. Therefore, we have
(e t Lo
t+1
Inr; —lnT +T]€ Z <1nr —l—ne Zrk)
€2 —— <InA,

(1 —ow (—m)) L

< A. To summarize, by induction, we showed that rj(-t) < A for all ¢. Since the ratio

glnrj(» ) +

and thus r§t+1)

{r](t)}tzl is also increasing in ¢, we have lim;_, o, rj(t) = A’ for some A’ € (0, A] by the monotone
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i 1+A
completes the proof of Theorem 1 (Part IV). |

t 1 . t .
convergence theorem. Moreover, because r( ) > rg ) exp (”€2t> , we have lim;_, o T,E ) — oo. This

Appendix H. Experimental Result For The Bank Game

We now illustrate the convergence of our framework through experiments based on the bank setup
introduced in Section 4.

H.1. The Bank Game

(72, ve) (e, 7n) (Th, Ye) (Th, Vh)
(72, ve) Fh(ve, 70, 1) 0 $h(ve,mh, 1) 0
(72, 7n) h(ve,7e,1) Sh(vh, 7, 1) h(ve:h, 1) Sh(Yh, Ths 1)
(Thsve)  h(yes 7o, Th) + h(ve, Thy 1) h(Vh, Tes Th) Th(ve,mh, 1) 0
(Ths Y1) h(ve,7e,1) h(vh, 70, 7h) + 5B (W, The 1) h(ve, e 1) 3h(Yhs Thy 1)

Table 5: Utility matrix for bank 1. The rows are the strategies for bank 2, while the columns are the
strategies for bank 1.

In this section, we provide more details about the bank game defined in Section 4. More
specifically, for each player, there are four actions: (7¢,7¢), (7¢,Y4), (Th,¢) and (7x,7s). The
utilities of both banks under different pair of decisions are governed by (2). We provide a full
characterization of the utility of Bank 1 in Table 5.

Thresholds selection For fixed interest rates 0 < vy < v, < 1, we always set the corresponding
thresholds as

1
TG — ———, and T h = .
14+, 1+
These choices for the thresholds are natural from Equation (2). Indeed, it is a dominant strategy
for a rational bank with interest rate «y to set a threshold of 7*(vy) := ﬁ Setting a higher

threshold 7 > 7*(~y) leads to ignoring customers in the range y € [7*(7), 7| that provide a utility of
(24 v)y — 1 > 0, while setting a lower threshold 7 < 7*(-y) leads to potentially incorporating some
customers in the range y < 7*(7y) that would yield a utility of (2 + v)y — 1 < 0 as a result of low
probability of repayment; both cases cannot improve total utility.

Next, we show that the two decisions (7, v¢) and (75, 5,) are always dominated decisions, so the
weights assigned to these actions by the exponential weights algorithm will decrease exponentially
fast. We firstly introduce several easy to verify properties of h.

Lemma 11 Assume Supp(D,) = [0, 1]. We have the following:
1. Let Ta < Tp < Te. Then h’Dy (’Yl; Tas Tc) = hDy (71, Tas Tb) + hDy (717 Tb, TC)‘

2. h(v, Ta, Tp) is monotonically increasing with respect to .
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3. We have h(y,7q, 1) € [—1,2].
4. Lety, = ﬁ Ifyy € (Ta, ), then h(7y, 74, y) < 0, and h(7y, y~, ) > 0.

Next, based on these properties, it can be easily observe that ui((7p,7¢),0) > ui((7e,7¢),0)

for all & € {(7¢,7¢), (7¢,7), (Th, Ye), (Thsn)}. Excluding (74,7¢), we have uq((7e,v1),6) >
u1((7h, Y1), 0) for 6 € {(1¢,v), (Th,Ve), (Th, ) } . Therefore, (74,7¢) and (73,;,) are dominated
decisions.

Credit score distribution We model customer credit scores using two types of distributions:

* Truncated Gaussian (u, 0): This is a standard normal distribution conditioned to lie within the
normalized credit score range y € [0, 1], and models customers with credit scores symmetri-
cally distributed around a mean value ;. € [0, 1].

* Piecewise Uniform Distribution: This distribution models /31 fraction of customers with credit
scores uniformly distributed in [0, 7], a fraction (3, with scores in (77, 73, ), and the remainder

in [Th, 1}.
%17 Yy e [0777]
y~ Q2 y € (1,7h) (13)
1—
?%:;ﬁﬁa y € [Tha 1]

Interest Rates and Credit Thresholds We ran experiments across a wide range of interest rates,
where 0 < 7; < 7y, < 1, and the corresponding thresholds To simulate different conditions for €;
and €2, we consider the following parameter configurations (Here, (4, +) means €; > 0, 3 > 0):

* (+,+): v = 0.4, v, = 0.8, with a truncated Gaussian distribution (¢, o) = (0.3,0.1).
* (-, -): v = 0.4, v, = 0.8, with a truncated Gaussian distribution (u, o) = (0.1,0.3).

* (+,-): 71 = 0.4, v, = 0.8, with a truncated Gaussian distribution (u, o) = (0.1, 0.2).
* (-, +): v = 0.6, v, = 0.7, with piecewise uniform distribution 5; = 0.01, 83 = 0.95.

Algorithm Configuration We set the step size n in Algorithm 1 to be 0.1. To make the setting
more general, we consider applying the exponential weights algorithm to the more general setting
where we have four decisions: (7¢,7¢), (7¢, Y1), (7h, ve¢) and (75, v1). As discussed in Section 4, the
first and last action are dominated and the weights will converge to O fast.

The experimental results are give in Figures 6-9. It can be seen that the convergence results
matches our theorem. We start with the ‘--" and ‘++’ cases in Figures 6 and 7 (corresponding to
Theorem 1 (Part I)), and see convergence to the unique pure symmetric NE.
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o

—— (1=0.36, y=0.40) —— (1=0.36, y=0.40)
08 (1=0.36, y=0.80) 0s (1=0.36, y=0.80)
o (1=0.42,y=040) | _ (1=0.42, y=0.40)
Eos — (1=042,y=0.80) | £, —— (1=0.42, y=0.80)
=} =}
© ©
Q Q
8 0.4 E 0.4
=9} Ay
0.2 0.2

0.0 .
0 10000 20000 30000 40000 50000 0 10000 20000 30000 40000 50000

Round Round
Figure 6: Case - - Exponential weights dynamics for Bank1 (left) and Bank2 (right), converging to
((th, 1), (Th,71))- y ~ truncated Gaussian (1 = 0.1,0 = 0.3), 7, = 0.4, v, = 0.8. Initial weights:
Bank1 (0.1,0.5,0.3,0.1), Bank2 (0.1,0.3,0.5,0.1).

1.0 1
—— (1=0.36, y=0.40) —— (1=0.36, y=0.40)
08 (t=0.36, y=0.80) 08 (t=0.36, y=0.80)
o (1=0.42, y=0.40) | (1=0.42, y=0.40)
Eoe — (1=0.42, y=0.80) | = —— (1=0.42, y=0.80)
3 3
o] ©
e} Ee}
8 0.4 E 0.4
=N A
0.2 0.2
0.0 K o K
0 10000 20000 30000 40000 50000 0 10000 20000 30000 40000 50000
Round Round

Figure 7: Case ++ Exponential weights dynamics for Bank1 (left) and Bank2 (right), converging to
((1157vn), (11,7n))- y ~ truncated Gaussian (¢ = 0.3,0 = 0.1), 4, = 0.4, v, = 0.8. Initial weights:
Bank1 (0.1,0.5,0.3,0.1), Bank2 (0.1,0.3,0.5,0.1).

We now present two representative figures for the ‘— 4’ case (corresponding to Theorem 1 (Part
II)). Figure 8 illustrates convergence to the pure asymmetric NE ((77,v3), (Th, 11))-

1.0 1
— (t=0.37, y=0.60) —— (1=0.37, y=0.60)

08 (t=0.37, y=0.70) 08 (1=0.37, y=0.70)
o (1=0.38, y=0.60) | (1=0.38, y=0.60)
Eos — (1=0.38,y=0.70) | =, —— (1=0.38, y=0.70)
Q 2
I} @
Q Q
8 04 E 0.4
[ a

0.2 0.2

00 0 10000 20000 30000 40000 50000 o o 10000 20000 30000 40000 50000

Round Round

Figure 8: Case -+ Exponential weights dynamics for Bank1 (left) and Bank2 (right) converging
to the pure NE ((77,v1), (7h, 71)). Parameters: €; < 0,€2 > 0, y ~ piecewise uniform distribution,
v = 0.6, v, = 0.7. Initial weights: Bank1 (0.1,0.5,0.3,0.1), Bank2 (0.1,0.3,0.5,0.1).

Finally, we present three figures for the ‘+ —’ case. Figure 9 shows convergence to the pure
symmetric NE ((73,,v1), (Th, Y1))-
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1.0 1
— (1=0.36, y=0.40) —— (1=0.36, y=0.40)
08 (t=0.36, y=0.80) 08 (1=0.36, y=0.80)
o (t=0.42, y=040) | (1=0.42, y=0.40)
g 06 —— (t=0.42, y=0.80) % 06 —— (1=0.42, y=0.80)
9 2
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Figure 9: Case + - Exponential weights dynamics for Bank1 (left) and Bank?2 (right), converging
to the pure NE ((73, 1), (Th, Y1))- y ~ truncated Gaussian (x = 0.1,0 = 0.2), 7, = 0.4, 75, = 0.8.
Initial weights: Bank1 (0.1,0.5,0.3,0.1), Bank2 (0.1,0.3,0.5,0.1)
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