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Abstract

In lifelong learning, a learner faces a sequence of tasks with shared structure and aims to identify
and leverage it to accelerate learning. We study the setting where such structure is captured by a
common representation of data. Unlike multi-task learning or learning-to-learn, where tasks are
available upfront to learn the representation, lifelong learning requires the learner to make use of
its existing knowledge while continually gathering partial information in an online fashion. In
this paper, we consider a generalized framework of lifelong representation learning. We propose
a simple algorithm that uses multi-task empirical risk minimization as a subroutine and establish
a sample complexity bound based on a new notion we introduce—the task-eluder dimension. Our
result applies to a wide range of learning problems involving general function classes. As concrete
examples, we instantiate our result on classification and regression tasks under noise.

Keywords: Multi-task learning, representation learning, lifelong learning, online learning

1. Introduction

In many real-world settings, learning naturally involves a collection of related tasks (Caruana, 1997).
The ability to identify and leverage shared structure among tasks allows a learner to transfer knowl-
edge and accelerate learning. One common form of structure lies in a shared representation of data
such that simple functions operating on it can support effective and efficient learning across tasks.
For example, adapting linear classifiers over a pre-trained set of deep neural network features has
demonstrated state-of-the-art performance in computer vision (Donahue et al., 2014).

The benefit of representation transfer is a central topic in the study of multi-task learning (MTL)
and learning to learn (LTL) (Baxter, 2000; Maurer et al., 2016; Tripuraneni et al., 2020; Aliakbar-
pour et al., 2024). In MTL, the learner is given a fixed set of tasks and aims to jointly learn a shared
representation and task-specific prediction layers. In LTL, also known as meta-learning, tasks are
drawn from an unknown distribution: the learner is first trained on a collection of tasks and then
evaluated on a new task sampled from the same distribution. In both cases, tasks are available up-
front, and LTL often relies on having enough diversity in seen tasks for the learner to fully identify
the representation before applying it in an unseen task (Tripuraneni et al., 2020; Du et al., 2021).

However, learning may unfold over time, with tasks arriving in a sequence, as is the case in
how humans learn. On the one hand, the learner should be able to begin making use of the shared
structure before it is fully uncovered. On the other hand, the learner can always continually gather

© 2026 Z. Wang, C. Zhang & R.K. Vinayak.



WANG ZHANG VINAYAK

\i St1 s 731" ;- learned
; - I
i = ; oy
i U- i chg —)
1 x 1
1 il
(a) Few-shot property test (b) Multi-task ERM

Figure 1: Our algorithm maintains a representation h. When a new task arrives, the algorithm first
runs a few-shot property test to check whether h admits a prediction layer with low excess
risk. If not, it performs MTL on data from a subset of past tasks and updates h.

partial information about the structure and refine its internal representation. This motivates the
study of lifelong representation learning, where the learner aims to identify and utilize a common
representation in an online manner to reduce the sample complexity over the sequence of tasks.
While MTL and LTL with a shared representation have been extensively studied, theoretical un-
derstanding of the lifelong/online regime remains relatively limited (see Section 6 for related work).
For binary classification under the noiseless, realizable assumption, Balcan et al. (2015) study life-
long learning of linear classifiers that lie in a low-dimensional linear subspace, while Pentina and
Urner (2016) analyze the setting where new tasks may be represented by weighted majority votes
over previously learned hypotheses from any ground class. More recently, Cao et al. (2022) con-
sider shared one-hidden-layer representations, again under the noiseless, realizable assumption. In
this work, our goal is to develop an algorithm and a theory for composite predictors over general
function classes in noisy but well-specified settings (Section 2). Our main contributions are:

1. We study a simple, provably efficient algorithm (Section 3) for lifelong representation learning
with composite predictors f; o h, where h € H is a shared representation (e.g., a deep neural
network) and f; € F is a prediction layer specialized to task ¢ (e.g., a linear function). Our
algorithm is composed of two modular subroutines, few-shot property test and multi-task empir-
ical risk minimization (ERM); see Figure 1. This design points toward a connection between the
theory of lifelong learning and more practical algorithmic frameworks in real-world MTL.

2. We provide theoretical guarantees on the sample and space complexities of our algorithm (Sec-
tion 4.3) based on a new complexity measure, the fask-eluder dimension (Section 3.2). Together,
our algorithm and complexity measure bridge lifelong learning and MTL: multi-task ERM serves
as a mechanism for refining the learner’s representation in lifelong learning, and the task-eluder
dimension bounds how many times it needs to be invoked. When the task-eluder dimension is
small, the benefit of representation transfer in lifelong learning becomes more evident.

3. To demonstrate the applicability of our findings, we provide examples of how our result can be
instantiated in noisy regression and classification tasks (Section 5), and we empirically validate
our theoretical results on synthetic and semi-synthetic data (Section 7).

2. Preliminaries

Notation. Throughout, we denote by [n] := {1,...,n}. Weuse (f o h)(x) = f(h(x)) to denote
the composition of functions f and h. We write < and 2 for inequality up to a universal constant
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factor. For matrices A and B, we use A = B to denote that there exists a universal constant ¢ > 0
such that A < ¢B. O hides logarithmic factors.

2.1. Problem formulation

We now present the lifelong representation learning problem studied in this work, which generalizes
the settings in (e.g., Balcan et al., 2015; Cao et al., 2022). Consider a sequence of 7" tasks arriving
over time. They share common input and output spaces, denoted by X € R? and )V C R. Each task
t € [T is associated with an underlying data-generating distribution P; over X x V.! We assume
that P, ..., Pr share a common marginal distribution” over X, denoted by Py, as is standard in
the literature for studying representation transfer (Tripuraneni et al., 2020; Xu and Tewari, 2021).

Let H C {h: X — Z} be aclass of representations and 7 C {f : Z — R} be a class of task-
specific prediction layers that operate on these representations. A predictor for a task is then given
by foh. As an example, H may represent a family of deep neural networks that map X to Z = R,
while F is a class of linear functions in R¥. Let FoH := {foh: f € F,h € H}; we assume that
F o H is permissible (see (Pollard, 1984) and (Baxter, 2000, Appendix D therein)).

Let/: R x Y — [0, 1] be a loss function. For any distribution P over X x )/, denote by

Lp(foh):=Eqgy~p[l((foh)(z)y)]
the risk of f o h, for any f € F and h € H.
In this paper, we consider a family of distributions parameterized by g : X — R of the form

Py(z,y) = Px(z)Pyx(y|z; g). (1

We assume that the loss £ is calibrated with respect to P, i.e., g is Bayes optimal with respect to F;
and /—formally,

g = argmin Lp,(g').
g :X—R

The specific form of Py|x(y|z; g) may depend on the exact learning problem at hand. For exam-
ple, in classification with 0-1 loss under noiseless realizability, labels are given deterministically as
y = g(x). In regression where the response variable follows a distribution from an exponential fam-
ily, such as logistic regression or Poisson regression, Py|x (y | 7;9) = A(y) exp(g(z)y — b(g(z))),
where ) is a base measure and b(f) = In fy % \(y)dy is the associated log partition function. We
refer to P := { Py, : f € F,h € H} as the probabilistic model of the problem.

Throughout, we assume the tasks admit a shared representation under which they are well-specified:

Assumption 1 (Well-specified model with shared representation)
There exist h* € H and 7, ..., f1 € F such that, for each task t € [T], Py = Pysop».

Lifelong learning. For each task ¢ € [T, the learner can request i.i.d. samples from Py, possibly
over more than one rounds. Using these samples, the learner produces a predictor f; o h;. Once
completed, the learner proceeds to the next task and may never revisit a previous one. However, we
assume that the learner may have access to a memory buffer of o(T') size to store some data. Let

1. Following prior work, we assume that when a task is completed, it does not come back. For example, even when task
10 has the same distribution as task 1, we treat it as a new task and may produce a different model. Extending our
setting to continual learning (Kirkpatrick et al., 2017) where old tasks can reappear is an interesting future direction.

2. With some care, our results can be extended to handle heterogeneous marginal distributions that are well-conditioned.
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d,e € (0,1). The learner’s goal is to return predictors f; o h;’s such that
Pr(Vt € [T], Lp,(froht)— Lp,(ffoh*)<e)>1-0.

excess risk for task ¢

The performance of the learner is measured by its sample complexity, i.e., the total number of
samples it acquires across all 1" tasks. We note that the lifelong learning objective here is akin to
that of the KWIK (knows what it knows) framework studied in reinforcement learning and active
learning (Li et al., 2008). Therein, for each task, the learner can always choose to acquire more data
(equivalent to saying “I don’t know”) if they are uncertain about their current prediction. Since the
task sequence may be chosen adversarially (so long as Assumption 1 is satisfied), the total number
of samples naturally accounts for variation in task difficulty, and an important challenge in lifelong
representation learning lies in carefully managing when (or in which tasks) to request more data.

Remark 2 (Comparison with prior work) Under our formulation, the setting in (Balcan et al.,
2015) corresponds to choosing ‘H as a class of low-dimensional linear representations and F as
task-specific linear layers, while Cao et al. (2022) consider a richer H where each h corresponds to
a linear map followed by a nonlinear activation. In contrast, we allow general choices of H and F.

Pentina and Urner (2016) study a related model with a general ground class, where new tasks
may be solved by combining a growing dictionary of previously learned hypotheses. In our frame-
work, we assume a fixed representation class H and focus on composite predictors f o h’s.

We also note that Balcan et al. (2015); Pentina and Urner (2016); Cao et al. (2022) all assume
noiseless realizability. In contrast, we consider a well-specified model in which f} o h* may have
non-zero risk due to noise (Assumption 1); we defer the fully agnostic setting to future work.

Lastly, while prior work focuses on specific learning problems (e.g., binary classification (Bal-
can et al., 2015; Pentina and Urner, 2016)), our formulation—via suitable choices of X, ), and {—
offers a unified framework for lifelong representation learning across a range of learning problems.

Representation approximation error. Given a representation h : X — Z, a class of prediction
layers F, and a distribution P in the form of (1); we denote by h’s representation approximation
error over P, to be

E(h, Py) := ?Iél;:l Lp,(foh)—Lp,(g)

In words, this is the best excess risk achieved by any prediction layer in F under the given represen-
tation . It can be easily seen from the definition that when g = foh forsome f € F,E(h, P;) = 0.

2.2. Background: empirical risk and multi-task ERM

Before presenting our algorithm and main results, we provide background on multi-task ERM which
we use as a subroutine. Let P be the data-generating distribution over X x ) for a task, and
S ={(zj, yj)};lzl be drawn i.i.d. from P™. For any h € ‘H and f € F, define

~ 1 &
L h):=—> ¢ h)(z;),y;
RSP MUCLLLARE
to be the empirical risk of f o h over S.
Multi-task ERM for representation transfer has been widely studied in the literature (e.g., Bax-
ter, 2000; Maurer et al., 2016; Tripuraneni et al., 2020; Aliakbarpour et al., 2024). Let Py,..., P,
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Algorithm 1: Lifelong representation learning with multi-task ERM as a subroutine

Input: #H, F, target error €, confidence d, number of tasks 7', noise levels (k¢ )¢;

Initialize memory M <« ();

Initialize N < 1 (unless TEdim(H, F, €) is known (see Definition 8), in which case set NV to it);
for taskt = 1 do

Draw a sample S} of size my from PV, apply ERM to learn h and fl and output fl o h;
Set n < 1 and t,, < t, and update the memory M < M U {S;, };

for taskst =2,...,T do
/I Few-shot property test: check if h admits a hypothesis for current task ¢ with risk at most €
Draw a sample S, of size 1 from P;", and apply ERM with current h to learn fe;
if L5, (fi o h) < ki + fe then
‘ Output f; o h;
else
if n = NN then
‘ Setn < 1, N < 2N, and clear the memory M < ();
else
‘ Setn <+ n+1;
Draw a sample S; of size my from P;"V;
Set t,, + t, and update the memory M « M U {S;, };
Apply ERM over the samples stored in the memory to learn

o>

y y R LI
, 1(t),..., )« argmin —Zﬁgti(fi,h);
heH T i
flv---7fne]:

Set f; ﬁ(f), update h, and output f; o h.

be the data-generating distribution of n tasks. Suppose for each task i € [n], we draw an i.i.d. sam-
ple of size m, S; ~ P/™, then multi-task ERM jointly finds a shared representation and task-specific
prediction layers by solving the following optimization problem:

1 o~

argmin — Ls,(fioh). )
heH ”z; s )

flv-“vfne]: =

When n = 1, we refer to this approach as single-task ERM, or simply ERM.

3. Algorithm and complexity measure for lifelong representation learning
3.1. Algorithm

Our algorithm builds upon the methods of Balcan et al. (2015) and Cao et al. (2022), which are
tailored to specific function classes under the noiseless realizability assumption. In contrast, our
algorithm is amenable to general function classes and noise models. In addition, our algorithm is
designed with practical considerations in mind, leveraging MTL as a subroutine, which has been ex-
tensively studied and aligns with real-world implementations. Algorithm 1 contains the pseudocode.
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High-level overview. In our algorithm, the learner maintains a representation h € M, which is
initially learned from the first task. For each subsequent task, the learner performs a property test
to determine if there exists a prediction layer f € F such that the predictor f o h has excess risk at
most €, i.e., if i’s representation approximation error is at most €. Specifically, given the restricted
class of functions, {f o h:feF } C F o H, the learner checks whether the best predictor in
this restricted class has risk e-close to that of the Bayes optimal predictor. This is done via few-shot
learning the prediction layer with h frozen (see also Figure 1(a)), and requires a small number of
samples depending only on the complexity of F. We call this the few-shot property test.

If the test succeeds, the learner simply retains h and safely outputs the predictor (lines 8 to 9).
Otherwise, the learner updates its maintained representation h by performing multi-task ERM on a
subset of tasks where few-shot property test previously failed—whose samples are stored in memory
(lines 15 to 18, see also Figure 1(b)). Applying multi-task ERM ensures that the new h is an effective
representation for this subset of tasks. We note that only samples from tasks where the property test
failed are added to the memory buffer. To facilitate the test, we make an additional assumption:

Assumption 3 (Known noise levels) Let x; := Lp,(f{ o h*) denote the Bayes-optimal risk for
each task t € [T]. The learner knows the values (r;)]_,.

Remark 4 While not explicitly stated, the noiseless realizability assumption in (Balcan et al., 2015;
Cao et al., 2022) entails that the learner knows k; = 0 for all t € [T|. We introduce Assumption 3
because the excess risk measured within { f o h: f € F} C F oH can be misleading in estimating
the excess risk with respect to the Bayes-optimal predictor, if only a limited number of examples are
sampled for task t, as the risk of the best predictor in this class may itself be far from Lp,(f; o h*).
Proposition 5 below highlights the hardness in a simple linear setting; its formal statement and proof
(based on a reduction from (Kong and Valiant, 2018, Proposition 2)) are deferred to Appendix A.1.
We conjecture that it may be impossible to design an algorithm whose sample complexity adapts to
the quality of representation of h without the knowledge of k.

That said, Assumption 3 can be relaxed to the knowledge of a sequence of upper bounds {v;}
on the Bayes optimal risks. In this case, the objective for each task t would then be to learn a
hypothesis with risk at most vy + €. Algorithm I can be extended to work in this setting with an an
analogous sample complexity guarantee to our main result (Theorem 14 below).

Proposition 5 (informal) Suppose we observe n examples {(x;,yi)};_, ~ P", where P denotes
some noisy linear regression model in R%. Let G be a class of linear predictors in R and Gy C G be
restricted to a fixed subspace of dimension r < %; that is, g € Gy uses a given linear representation.

Forany P and G' C G, let kp(G') := infyeg E(, )~ p [(9(x) — y)?]. Consider two hypotheses:
Ho={P :kp(Go) =kp(G)} and H;={P:kp(Go) > rkp(G)+0.9}.

There exists some constant c such that no test can successfully distinguish between Hy and H1 with
probability % using fewer than cv/d examples.

Remark 6 The use of a memory buffer in lifelong learning is not specific to our algorithm (e.g.
Isele and Cosgun, 2018). Cao et al. (2022) utilize past features stored in a memory buffer to per-
form representation refinement in their main algorithm, LLL-RR, and they also suggest a heuristic
algorithm, H-LLL, that stores and reuses training datasets.
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It remains to understand when property tests in Algorithm 1 stop failing—that is, when multi-
task ERM is no longer needed and how large the memory buffer must be. We now introduce a
complexity measure that characterizes the sample and memory requirements of our algorithm, be-
fore returning to examine our algorithm in greater detail.

3.2. The task-eluder dimension

The eluder dimension is a well-established complexity measure studied in sequential decision-
making (Russo and Van Roy, 2013; Foster et al., 2020; Li et al., 2022a; Hanneke, 2024). Its essence
is captured by the canonical illustrative example (Russo and Van Roy, 2013): how many times can
a politician “elude” by answering questions without revealing their true position? Herein, we adapt
and extend the eluder dimension to characterize the complexity of lifelong representation learning.

Definition 7 (e-independence) Let H C {h: X — Z} be a class of representations, and F C

{f:Z — R} be a class of prediction layers that operate on these representations. Let P =
{Pson, : f € F,h € H} be the probabilistic model and { : R x Y — [0, 1] be a loss function.

For any representation h € H, we say f, is e-independent of { f1, . . ., fn—1} with respect to (H, F)
and h, if there exists h' € H such that
n—1
> &N, Prop) < e, 3)
i=1
but g(h,, anoh) > %

Definition 8 (Task-eluder dimension) Given the setting of Definition 7, for any representation
h € H, we denote by TEdimy, (H, F, €) the length of the longest sequence { f;},, such that each f;
is e-independent of its predecessors with respect to (H, F) and h.

Then, the e-task-eluder dimension of (H,F) under probabilistic model P and loss function { is
TEdimp ¢(H, F,€) := suppey TEdimy,(H, F,€). To avoid overloading the notation, we omit P
and ¢ and write TEdim(#H, F, €) when they are clear from context.

Intuitively, fix any representation h; a task f, is independent of its predecessors if there is
another representation 4’ € H that is indistinguishable from h on earlier tasks—because good
prediction layers also exist under h'—yet task f,, provides new information that helps disambiguate
between h and 1/, as there is no prediction layer for A’ that can match (h, f,,). Here, “equivalence”
between predictors is measured in terms of excess risk at scale O(e€) under the distributions induced
by (fz @) h)’S.3

In other words, the task-eluder dimension quantifies how long the learner can continue picking
up at least some new information from a possibly adversarial task sequence without pinning down
a near-optimal representation. As a sanity check, we prove the following simple bound on the task
eluder dimension when either H or F is finite, similar to the basic bounds of eluder dimension in
terms of the size and domain size of the function class (Osband and Van Roy, 2014, Proposition 1):

Proposition 9 For any e > 0,
TEdim(H, F,e) < 2min (|H],|F]).

3. In Section 8, we examine an alternative notion of e-independence (Definition 7) and show, via a linear example, that
it can fail to yield meaningful bounds.
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The proof of Proposition 9 is deferred to Appendix A.2. In Section 5, we provide examples of
upper bounds on the task-eluder dimension for common classes.

Remark 10 Our definition of the task eluder dimension parallels the eluder dimension defined
in (Li et al., 2022a), where a central representation h is chosen when defining independence, anal-
ogous to the central predictor f* in (Li et al., 2022a); the prediction layers f; are analogous to the
examples x;, and the excess losses E(h', Pj,op,) are analogous to square errors (f'(z;) — f*(z;))%

However, this analogy is not perfect due to our lack of exact knowledge of f; in lifelong repre-
sentation learning. In fact, if we were to draw exact parallel, we may define e-independence to be
that: there exists h' € H such that

n—1

> Lpgfio W) = Loy (fioh) S e but Lpy o (fao B) = Loy (fao ) > 5.

i=1
Although we are able to show bounds on the maximum length of independent sequences under this
notion of independence in examples in Section 5, we were unable to bound Algorithm [1’s sample
complexity using this quantity.

In appendix A.4, we provide an alternative definition of task eluder dimension without a central
representation, similar to the original eluder dimension definition in (Russo and Van Roy, 2013).
The “centered” version of the task eluder dimension is never larger than its uncentered counter-
parts, and is sufficient for our applications.

Remark 11 For noiseless, realizable binary classification, Balcan et al. (2015) and Pentina and
Urner (2016) introduce notions of y-effective dimension: the length of the longest sequence of tasks
that cannot be handled by predictors built from earlier tasks, either via linear combinations (Balcan
et al., 2015) or weighted majority votes (Pentina and Urner, 2016). These notions play a similar
role to the task-eluder dimension, which is defined in terms of representation approximation error
in the composite model and extends naturally to general losses and well-specified noise.

3.3. A closer look at Algorithm 1

Now that we are equipped with the notion of task-eluder dimension, we revisit Algorithm 1 to
analyze its sample and space complexities. For now, assume that the learner knows the task-eluder
dimension TEdim(#, F,€) < Z in advance and initializes N = = (line 2); let us also disregard the
steps in red (lines 11 to 12).* At the beginning of any task ¢ > 2, suppose the counter n. = ny.

1. By choosing mp appropriately (as stated in Theorem 14) and leveraging data in the memory
buffer for which the initial task and tasks where property test failed, M = {S;,,...,S;, }, the

learner ensures from multi-task ERM (line 17) that the currently maintained h satisfies, with high
probability,

no

>~ (£m () 0 by — L0, (0 1)) <

i=1
2. Meanwhile, with m chosen appropriately (as stated in Theorem 14), if the few-shot property test
fails, then with high probability,

7 . 7 * * €
E(h,Pe) = min Lp,(f 0 h) = Lp, (7 o 1) > 3.

4. See Appendix A.5 for a clean version of the algorithm under knowledge of TEdim(H, F, €).
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in other words, f; is e-independent of { f7}7 with respect to (#, F) and h*.

Since TEdimy«(H, F,e) < TEdim(H,F,¢€), the task-eluder dimension bounds the number of
times this can happen. In other words, the task-eluder dimension characterizes the number of tasks
for which the learner needs to acquire additional data beyond what is required for property testing,
which then determines the sample and space complexities of the algorithm.

Doubling trick. In practice, the learner may not know TEdim(#, F, €) in advance. To address
this, we utilize the doubling trick from the online learning literature (e.g., Shalev-Shwartz et al.,
2012). Specifically, we let N be a running estimate of =. We begin with a small estimate, N = 1
(line 2). Each time it proves insufficient—i.e., for the current estimate N, property tests fail more
than N times—we double the estimate, clear the memory, and restart the process (lines 11 to 12).
This ensures that, without prior knowledge of TEdim(H, F, €), the number of times that the few-
shot property test fails can still be bounded by O (TEdim(H, F,¢)).

4. Theoretical guarantees

In this section, we first provide additional background and introduce a few technical tools for our
theoretical analysis (Section 4.1). We then introduce two benchmark algorithms (Section 4.2) before
presenting our main result (Section 4.3).

4.1. Background: sample complexity of multi-task ERM

Capacities of 7 and 7 based on covering numbers. As is standard in statistical learning theory,
sample complexity for generalization depends on the capacity of the learner’s model class, often
captured by notions such as VC dimension and Rademacher complexity (e.g., Shalev-Shwartz and
Ben-David, 2014). Following (Baxter, 2000), we use covering numbers to characterize the capaci-
ties of H and F and later analyze sample complexity. We note that our findings in this work are not
tied to this specific choice and can extend to other suitable complexity measures.

For any f € F, let fo(z,y) := £(f(2),y) for any low-dimensional representation z € Z and
target y € ), and let F; := {f,: f € F}. For any distribution Q on Z x Y, let do(f, f}) :=
foy |fe(z,y) — £)(2,9)| dQ(z,y) be the L' (Q) pseudo-metric on F;. Then, for any ey > 0, we
define the capacity of F at scale ¢q to be

C(Fe, 60) = Slclgp N(.Fg, €0, dQ),

where N (Fy, €, dgq) denotes the ep-covering number of (Fy, dg). For ease of notation, we often
use C(F, €) in place of C(Fy, ).

For measure P on X' x Y, letdp 7, (h, /') := [y 5, supy,cx, [fe(h(x),y) — fo(W (), y)|dP(z,y)
be a pseudo-metric on H. Then, for any ¢y > 0, we define the capacity of H at scale ¢g to be

C}—£<H7 60) = Sl;pN(}L 607dP,]'—g)7

where N (H, €o,dp r,) denotes the ep-covering number of (H,dp r,). When the context is clear,
we write C(H, €9) for Cx,(H, €o) to avoid clutter.

We note that log C(F, €p) and log C(H, () are often referred to as the metric entropy of F and
‘H, respectively (Haussler, 1992). Section 5 provides examples of capacity bounds for 7 and F.
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Sample complexity of multi-task ERM. Baxter (2000) established the following uniform bound
for multi-task ERM using capacities based on covering numbers:

Theorem 12 (Baxter, 2000, Theorem 4 and Theorem 6 thereof) Let P, ..., P, be the data-generating
distributions of n tasks. Let Ho be a class of representations and Fy a class of prediction layers.
Suppose for each task i, an i.i.d. sample S; of size m is drawn from P", where

1
<logC(’H0, 39 )+nlogC(f0, 5 )—Hog 50))

then with probability at least 1 — &y, for any (h, f1,..., fn),

S n(fion) — S Es(fioh)
=1 =1

m>(’)( L

TZEO

< €p.

Corollary 13 It follows immediately that if the number of samples per task exceeds

1 1
O <neo <logC(7-l0, ) +nlogC(.7:0, 64) + log 50))

then with probability at least 1 — by,
1 « 1 «
5Z£pi(fi oh) < min EZLPZ.(fi o h) + €,
=1 =1
where (iL, fi,ons fn) is the solution to multi-task ERM (Eq. (2)).

This result highlights the benefit of MTL. With only one task, the learner bears the full burden
of learning both the representation and the prediction layer. Since we are mostly interested in the
regime where log C (7—[0, 2(4)1) > logC (]-'0, %), learning the representation individually for each
task can be costly. With MTL, while the learner still has to learn fi, ..., f,, the cost of learning the

shared representation is amortized over the tasks.

4.2. Warm-up: two benchmarks

To better highlight the performance of our algorithm, we introduce two benchmark methods for
the lifelong representation learning problem. The first is a naive baseline algorithm in which the
learner simply ignores any shared structure and solves each task independently using single-task
ERM, which we refer to as independent-ERM. Applying Corollary 13 (with n = 1) and the
union bound, we obtain the following sample complexity bound of independent-ERM,

0( (logC (3. 27) +logC(F, 4))>. )

Alternatively, had the learner known h* beforehand, it suffices to only learn the prediction layer
for each task by solving single-task ERM with a singleton representation class {h*} (using a much
smaller sample). We call this skyline algorithm oracle. Formally, it follows from Corollary 13
and the union bound that oracle has a much lower sample complexity of

(’)<TlogC(.7: 664)> )

10
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4.3. Main result
We now present our main theorem. In the interest of space, its proof is deferred to Appendix B.1.

Theorem 14 Let = = TEdim(H, F,¢) < oo. Suppose H and F have finite capacities; that is,
C (7—[, ﬁ) < ooandC (.7-", ﬁ) < oo. In Algorithm 1, set

€

Z (i\; {bgc (H’ 64N) + NlogC (f’ &:N)D

=0 (6121ogc (J-", 128)> :

where O hides logarithmic factors in T and % Then, with probability at least 1 — 0,

mn

for each N, and set

- For every task, Algorithm I outputs a predictor with excess risk at most €;
- Algorithm I performs multi-task ERM at most O (2) times;
- The sample complexity is bounded by

@<€T210gc(f,1;8)+f§ [logC(H,ﬁ)—kElogC(}“, 1225”) 6)

cost of few-shot tests overhead of lifelong representation learning

In addition, the size of the memory buffer it requires is at most

0 (% [loec (e ppeg) + 2008 (7. 152)] )

See Theorem 24 in Appendix B.1 for a restatement of Theorem 14 with all constants specified.
To interpret the sample complexity bound in Eq. (6), observe that the first term accounts for the
sample complexity from property testing. It is necessary even with a priori knowledge of h* albeit
a constant factor in the scale of the capacity (cf. the guarantee of oracle in Eq. (5)). The second
term reflects the overhead of learning the unknown representation. It is governed by the capacities
of H and F, as well as the task-eluder dimension = = TEdim(#, F,¢). Since TEdim(H, F,¢)
measures the complexity of the model class under P and /, it does not grow with T". This highlights
the benefit of representation transfer when compared to the baseline in Eq. (4).

In particular, as T" approaches infinity in a truly lifelong setting, the cost of representation learn-
ing becomes negligible, and the sample complexity nearly matches that of oracle. Similarly, the
space complexity (size of the memory buffer) also remains bounded as T' grows.

5. Examples

We now provide two concrete examples of how our results can be specialized in regression and

classification tasks. Let X' = {:c eR?: ||z| < \/&} We focus on a class of low-dimensional

linear representations, H = {z — B’z : B € R¥* BTB = I;.}, where k < d. This class has
been widely studied to demonstrate the benefit of representation transfer (e.g., Balcan et al., 2015;
Hu et al., 2021; Tripuraneni et al., 2021; Du et al., 2021). In the following, we sometimes abuse
notation and identify a function (either representation or prediction layer) with its parameter. Due
to space constraints, our proofs are deferred to Appendix C; see also Appendix C.1 for a high level
description of the proof idea.

11
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Linear regression with noise. Let 7" := {z Hwl 2w e RF uw| < 27\1/8} be a class of linear

functions, and )V = [—1, 1]. Consider the following probabilistic model P: Px over X satisfies I 3
Eu~py [22"] 3 1. Forany hand f, given an input z, y = (foh)(z)+n, where n is independently
drawn from a shared noise distribution with support [—%, %}, mean zero, and variance k. The T
tasks are well-specified with ground truth representation B* and prediction layers w7, ..., wy. Let
((y',y) == 3(y — y)? which has range [0, 1].

Proposition 15 Let ¢ € (0,1). We have

. 1 1 ; 1
log C(Fin ¢) < O(k: log g)’ log (M. €) < O(dk log E)’ TEdimeo(H, 7™, ¢) < O(klog -).

Classification with logistic regression. Let J) = {0,1}. Denote by o(v) = 7 +i—v the logistic
T

sigmoid function and let Fiog = {z = oo(w'z) w e RF |w|| < 4—\1/3}. Data-generating dis-

tributions in P are defined as follows: Px satisfies I 3 E[xxT] = I, and for each f and h,
Py =1|x;foh) = (foh)(x). The T tasks are well specified by B* and wj,...,w}. Let
Uy y) = —ylogy' — (1 —y)log(l —y).

Proposition 16 Let e € (0,1). We have
1 1 1
log C(Fi% ) < O(k log E)’ 10g Cpios (H. €) < O(dk log g), TEdim.(H, 7%, ¢) < O(klog -).
Y4

In these examples, it follows straightforwardly from Theorem 14 that the sample complexity
of Algorithm 1 is O ((kT + dk3) /62). When T is large, this bound is dominated by O (k’T/eQ)
which only depends on & < d. This highlights the benefit of learning and leveraging the shared
structure. We note that our goal here is to showcase the applicability of Theorem 14, rather than
deriving the sharpest bound compared to what could be achieved with specialized techniques. In
Appendix C, we also discuss how our analysis can apply to classification with random classification
noise and the 0-1 loss, via a similar argument to Theorem 14 using multi-task ERM guarantees
based on VC dimension.

6. Related work

Multi-task learning (Caruana, 1997) has been extensively studied in the literature; see (Zhang and
Yang, 2021) for a survey. Lifelong learning can be traced back to (Thrun and Mitchell, 1995). Since
then, it has seen applications in a wide range of domains, such as robotics (Lowrey et al., 2018),
computer vision (Rebuffi et al., 2017), and natural language processing (de Masson D’ Autume et al.,
2019). See (Sodhani et al., 2022) for an introduction to various approaches to lifelong learning.
Techniques from MTL and LTL have also been extended to lifelong learning (Finn et al., 2019).
Much of the literature focuses on mitigating catastrophic forgetting (McCloskey and Cohen, 1989),
whereas our main objective is to provide a theoretical study on the benefit of representation transfer.

In particular, our work builds upon a line of research that studies sample complexity guaran-
tees of MTL and LTL where tasks share a common representation. Baxter (2000) study a general
framework for inductive bias learning and establish guarantees based on covering numbers of the
hypothesis space family. Maurer et al. (2016) use Gaussian complexities with a chain rule (Maurer,
2016) to derive data-dependent bounds. Tripuraneni et al. (2020) introduce a notion of task diver-
sity which characterizes when transfer learning of representations can be achieved in LTL. Xu and
Tewari (2021) study the setting where source and target tasks may use different classes of prediction

12
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layers. Watkins et al. (2023) establish optimistic rates that adapt to the difficulty of a target task.
These papers all consider the composite model f o h that we study in this work.

MTL and LTL with shared linear representations have been studied (Tripuraneni et al., 2021;
Du et al., 2021; Chen et al., 2022; Aliakbarpour et al., 2024). PAC-Bayesian bounds for LTL, with
instantiations for parameter transfer and linear representation transfer, are developed by Pentina
and Lampert (2014). Pentina and Ben-David (2015) study MTL and LTL of kernels, and Pentina
and Ben-David (2018) approach MTL using probabilistic Lipschitzness as a quality measure of
kernels.Sequential and parallel representation transfer have also been explored for linear bandits
and RL (Hu et al., 2021; Yang et al., 2021; Qin et al., 2022; Duong et al., 2024).

Our work is most directly related to (Balcan et al., 2015; Pentina and Urner, 2016; Cao et al.,
2022). These papers focus on lifelong learning for binary classification in the noiseless, realizable
setting. Balcan et al. (2015) study low-dimensional linear representations: each task’s predictor
is a linear combination of k shared basis vectors. Pentina and Urner (2016) use weighted ma-
jority votes over a growing set of previously learned base hypotheses from a ground class. Cao
et al. (2022) consider representations in the form of one hidden layer feature maps (a linear map
followed by a nonlinear activation). We note that the guarantee for nonlinear representations in
(Cao et al., 2022) relies on an assumption (Assumption 1 therein) that for two maps u and v,
d(u,v) S Prp, (sign(u(z)) # sign(v(z))) < d(u,v), where d(-, -) denotes the angle. While this
is true for linear maps when P is isotropic, log-concave, the first inequality may not hold in general
for one-hidden-layer neural networks under the same assumption®. Algorithmically, these papers
can be viewed as dynamically expanding their representation, with (Cao et al., 2022) additionally
performing refinement. In contrast, we work with composite predictors f o h that predict through a
fixed H, and we use multi-task ERM to relearn our representation when it becomes insufficient.

Li et al. (2022b) propose an architecture-based algorithm for continual representation learning.
They provide sample complexity bounds under an assumption of sequential task diversity: earlier
tasks are diverse enough to ensure small representational mismatch for new tasks. Similar assump-
tions have been made in (Tripuraneni et al., 2020) for LTL and (Qin et al., 2022) for sequential
transfer in linear bandits. In contrast, we consider an online setting where the task sequence may be
chosen by an adversary, and the learner needs to carefully manage when to request more data.

Alquier et al. (2017) study lifelong representation learning in an online-within-online setting:
tasks arrive sequentially, and within each task, data points are also revealed sequentially with the
learner predicting each instance. They also consider a batch-within-online setting, where data from
each task is made available all at once. Alquier et al. (2017) study and establish compound regret
bounds of the learner. In contrast, we allow the learner to request samples over multiple rounds, and
require that, with high probability, it outputs for every task a predictor with excess risk at most e.

7. Empirical validation
In this section, we empirically validate our theoretical results using synthetic and semi-synthetic
data. In particular, we focus on the following questions:

1. Is the number of updates to the internal representation maintained by Algorithm 1 indeed bounded
by the task-eluder dimension, TEdim(H, F, €)?

5. In the nonlinear case, one may view u and v as u(z)zex and v(z)zex and calculate the angle in the X'-dimensional
vector space.
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Figure 2: Results under different noise levels. For each noise level, the top plot shows how the
cumulative number of representation updates evolves over the tasks, and the bottom plot
shows the average cumulative number of samples used over 50 tasks for each value of k.
Shaded regions denote one standard deviation.

Table 1: Number of representation updates performed by Algorithm 1 at each noise level.

Low noise (6 = 8) Medium noise (8 = 4) High noise (8 = 1)

k=3 3£0 3.1+0.3 3£0
k=5 51+0.3 51403 5£0
k=8 8.1%£0.3 8.1+£0.3 0.3 £1.27

2. In practice, does Algorithm 1 require only a limited number of multi-task ERM calls (represen-
tation updates) for more expressive function classes beyond the examples given in Section 5?7

To address these questions, we performed experiments in three settings. Implementation details are
provided in Appendix D.

7.1. Synthetic linear and semi-synthetic MNIST experiments

Synthetic logistic regression tasks. We first consider a binary logistic regression setting with
synthetic data. Let 07,...,07 € R? denote the parameters associated with T tasks, and let 5 >
0 be a parameter that governs the noise level of the tasks. There exists a k-dimensional shared
representation, given by a semi-orthogonal matrix B* € R, such that foreacht € T, 0; = B*w;}
for some w; € R¥, where ||w}|| = 3. For each task t, the covariates z € R? are drawn from
N(0,1), and the labels are generated such that Pr(y = 1|z) = o(x6;), where o denotes the
logistic sigmoid function. We set ¢ to be the binary cross-entropy loss.
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Figure 3: Performance on semi-synthetic experiments with MNIST digits. (a) The solid curve
shows, on average, how the number of representation updates increases over 50 binary
digit classification tasks, with the shaded area showing one standard deviation. The
dashed line represents linear growth. (b) Each box plot shows the distribution of 0-1
errors of the 50 produced predictors when evaluated on held-out data from the MNIST
test set in one of the 10 independent trials.

We set the parameters to d = 10, T' = 50, and target excess risk e = 0.05. We varied k €
{3,5,8} and 5 € {1, 4,8}, and for each configuration we ran 10 trials, with B* and w;’s generated
randomly. We implemented Algorithm 1 with N initialized as k log %, based on Proposition 16. We

set
1 k 1
(dk + kN)log —, and m = — log —.
€ € €

Note that the choice of my is smaller than what Theorem 14 requires, O ( g(dk + kN)), which
highlights the practical efficiency of our algorithm.

1
MmN = —=
2

To certify correctness, we evaluated each predictor output on a held-out dataset of size %22 to
verify that its excess risk is at most €. Note that this step is used only for evaluation and is not part
of the algorithm.

Table 1 reports the total number of representation updates performed by our algorithm (includ-
ing task 1), and the top row of Figure 2 shows how the number of updates increases over tasks for
each configuration. Across all regimes, the number of updates closely tracked the dimension of the
representation k. This is consistent with Theorem 14. An interesting observation occurs in the high-
noise regime, where the Bayes optimal risk is larger and so the absolute target risk is higher. The
learner appeared to have not needed to fully uncover the underlying representation within 7" = 50
tasks when k = 8, as is seen in Figure 2 which shows the cumulative number of samples and number
of representation updates over the tasks for each configuration.

Binary classification with MNIST digits. We also evaluated our algorithm in a semi-synthetic
setting based on the MNIST handwritten digit database (Deng, 2012). Each task is defined as a
binary classification problem, formed by randomly selecting one digit as the positive class and five
other digits as the negative class. We flatten each 28 x 28 digit image so that d = 784, and we
consider shared representations given by one-hidden layer neural networks,

h(z) =ReLU(B'z),  BeR¥* k=128
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For each task ¢, prediction is made using a linear prediction layer w; € R¥ as 1 {(wy, h(x)) > 0}.

We set T' = 50 tasks and evaluated the performance of the learner under the 0-1 loss with a
target absolute error of ¢ = 0.05. The learner uses only the MNIST training set for multi-task
ERM and few-shot property tests®. For few-shot property tests, 800 samples are drawn from each of
the positive and negative classes. If the empirical risk of the learned predictor is below %e, the test
succeeds and the learner moves on; otherwise, the representation is updated via multi-task ERM. For
each representation update (including the first task), the learner draws m samples from the positive
class and m samples from the negative class, where m is the number of available training images
for the positive class (around 6000), and applies multi-task ERM using these samples together with
those stored in the memory.

Across 10 trials, the learner updated its representation for an average of 4.9 times, with a stan-
dard deviation of 0.54. Figure 3(a) illustrates the average cumulative number of updates over 50
tasks. Observe that the number of updates grew sublinearly with the number of tasks. This suggests
that the learner quickly learned a representation that enabled accurate linear predictors to be learned
from only a small number of examples. To verify the correctness of our algorithm, we evaluated the
predictors produced by the algorithm on data from the MNIST test set’. Figure 3(h) shows that the
predictors consistently had 0-1 risks below € = 0.05.

7.2. Semi-synthetic experiments with CIFAR-10 Images

So far, we have considered relatively simple settings involving linear synthetic data and the MNIST
image dataset. To further address the second question (whether the learner requires only a small
number of representation updates in more complex settings) and to assess the practicality of our
algorithm, we now turn to a more realistic setting with CIFAR-10 images and deep convolutional
representations.

Binary classification with CIFAR-10 images: experimental setup. We evaluated the algorithm
on images from CIFAR-10 (Krizhevsky et al., 2009). As in the MNIST experiment, each task is
formulated as a binary classification problem, with one CIFAR-10 class chosen as positive and
five others as negative. We consider representations h(zx) given by a slightly modified ResNet-18
architecture with over 11 million parameters, which outputs a 256-dimensional feature vector (see
Appendix D for details). For each task ¢, we again consider linear prediction layers parameterized
by w; € R¥ such that predictions are in the form of 1 {(wy, h(x)) > 0}, with k = 256 in this setting.

We consider the 0-1 loss with a target absolute error of € = 0.15. The learner has access to the
CIFAR-10 training set and uses binary cross-entropy as a surrogate loss during training. To make
the experimental setup more realistic, we introduce minor practical modifications to the algorithm.
We reserve a validation split from the CIFAR-10 training set consisting of 100 images per CIFAR-
10 class. For few-shot property tests, the learner draws 800 samples from each of the positive and
negative classes to train a linear prediction layer and evaluates its error on the validation split (100
validation images from each of the positive and negative classes). The test succeeds if the validation
error is at most %e. If the test fails, the learner then draws 4900 samples per class from the training
split and reuses stored data in the memory to update its representation via multi-task ERM.

6. During training, the binary cross-entropy loss is used as a surrogate loss function.
7. Again, this evaluation step is not part of the algorithm.
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Figure 4: Performance on semi-synthetic experiments with CIFAR-10 images. (a) The solid curve
shows, on average, how the number of representation updates increases over 50 image
classification tasks, with the shaded area showing one standard deviation. The dashed
line represents linear growth. (b) Each box plot shows the distribution of 0-1 errors of the
produced predictors when evaluated on held-out data from the CIFAR-10 test set in one
of the 10 independent trials.

Results. We ran 10 trials with 7" = 50 tasks. On average, the learner updated it representation
8.0 times with a standard deviation of 1.18, and Figure 4(a) shows that the number of updates grew
sublinearly with the number of tasks. We also evaluated the produced predictors on data from the
CIFAR-10 test set. Figure 4(b) shows that the errors across tasks and trials were consistently below
e = 0.15. These results confirm that even for more expressive function classes based on deep
convolutional architectures, our algorithm can perform effective lifelong representation learning
while using a modest number of representation updates via multi-task ERM. In addition, these
results highlight that our algorithm can be implemented and run in a practical setup using standard
architectures and training procedures.

8. Discussion and future work

In Section 3.2, we introduced the notion of e-independence (Definition 7). We now examine an
alternative definition of e-independence.

Definition 17 (e-pointwise-independence) Given the setting of Definition 7, for any representa-

tion h € H, we say that f, is e-pointwise independent of { f1, ..., fn—1} with respect to (H,F)
and h, if there exist ' € H and f1,. .., fl_, € F such that
max_E(h', Pfon) < e, @)
1€n—1]

bm‘E(h', anoh) > %

At first glance, this seems to be a more natural definition. Eq. (7) requires that /' incurs low repre-
sentation error on each of the earlier tasks induced by (h, f;)’s, which seems well aligned with the
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lifelong learning objective. In addition, this condition is weaker than Eq. (3) in Definition 7, i.e.,

n—1
D E(W, Prop) < e,
=1

and so, following a similar analysis, this definition would suggest an improved sample complexity
bound.

However, we now provide a negative result which shows that the condition in Eq. (7) can, in fact,
be insufficient. Consider noiseless, binary linear classification tasks with a low-dimensional linear
representation. Let H = {z — BTz : BERP* BTB=I},F={z—w'z:w e R* |w|| =1},
and £ be the 0-1 loss. Suppose Px = A(0, I). Then, for unit vectors u,v € R,

0(u,v)

p . T . T } _ v
b sign(u ' ) # sign(v' x) —

where (-, -) denotes the angle between two vectors (e.g., Long, 1995).

Proposition 18 [n the noiseless linear classification setting described above, suppose d > k. There
exists an infinite sequence of e-pointwise independent tasks under Definition 17.

See Appendix A.3 for its proof. Despite this negative result, it may be possible to formulate in-
termediate notions of agreement on prior tasks that lie between the aggregate condition in Eq. (3)
and the pointwise condition in Eq. (7), which could lead to improved sample complexity bounds.
Understanding how to ensure that such conditions hold, both in terms of the number of samples
needed and algorithmic techniques, would be an interesting direction for future study, with poten-
tial connections to collaborative PAC learning (Blum et al., 2017). At the same time, it is important
to also understand whether such definitions admit meaningful bounds on their induced notions of
task-eluder dimension for natural function classes.

Beyond this, several other open questions remain. In this work, we assumed a well-specified
model (Assumpton 1). While this relaxes the noiseless, realizable assumption studied in prior work,
it remains to be seen if it can be further weakened. Other future directions include studying whether
the learner can infer noise levels from other tasks under additional structural assumptions, and
bounding the task-eluder dimension for more general function classes.
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Appendix A. Supplementary material for Section 3

A.1. Hardness of few-shot property testing

Proposition 19 (Formal version of Proposition 5) Fix a subspace U of R?® with dimension r <
d/2. Consider two classes of functions, G := {x — (x,w) : [|lw| < 1} and Gy := {z — (z,w) :
|lw|| < 1L,w € U} C G, where the latter is G restricted to the subspace U (equiv. to having
a low-dimensional linear representation fixed). For any distribution P and G', let /fp(g’ ) =
infyeg B p)op [(g(aj) — y)z] denote the risk of the best function in G'.

Consider the following two hypotheses:

Hy = {P e AR X R) : kp(Go) = Hp(g)} , and Hy = {P e AR X R) : kp(Go) > kp(G) + 0.9} :

Then, there exists some constant ¢ such that, with n < cv/d examples, for any hypothesis tester
P (R x R)™ — {0,1},

Sup  Sup Pr (¢((xuyz)z 1) 7& b) >
be{0,1} P€Hy (Tisyi)feg ~P"

OO\H

Proof Let U+ denote the orthogonal complement of U, and P,;. denote the orthogonal projection
matrix onto U, The high level idea of our proof is that, with insufficient number of examples, no
algorithm can reliably tell if the features in the U subspace have some nontrivial correlation with
the labels. Consider two distributions, Qg and Q1, over (R? x R)":

* (Qo: each example is drawn i.i.d. from Fy. Here, we define Py such that (z y) Pyiff ¢ ~
N(0,1;),y ~N(0,1), and x, y are independent. We have kp,(G) = kp,(Go) = 1; that is,
Py € Hy.

* ()1: this is a mixture of distributions Pj(w,)™, where w, is drawn from the uniform distribution
over {z € Ut : ||z|| = v/0.99}. Herein, P; (w,) is defined such that z ~ N (0, Iy), y = (w,, z)+
n,n ~ N(0,0.01), and z, n are independent. Then, for any w,, we have xp, (w.)(G) = 0.01 and

Ky (w.)(Go) = 0.01 + || Py w.||* = 1. Therefore, for any w,, Kpy (w.)(G0) > Kpy(w,)(G) + 0.9,
and P (w,) € H;.

To prove Proposition 19, it suffices to show that for any hypothesis tester 1 : (R% x R)”
{0,1},

sup Pr (Y ((wi,yi)izy) #0) >
be{0,1} (Ti,yi)im ~Qb

To see this, we note that for any b € {0, 1},

sup Pr (W((wi,i)ic) #0) = Pr (((@i, 91)iz) #0),

PeH, (®iyi)j—~P" (@45y:) 71 ~Qp

®)

CO\H

since (), are mixtures of distributions of P", for P € Hj,.

To establish this, we reduce our hypothesis testing problem from a known hypothesis testing prob-
lem due to Verzelen and Villers (2010); Kong and Valiant (2018), which is known to require a large
number of samples:

Proposition 20 (Kong and Valiant 2018, Proposition 2; Verzelen and Villers 2010, Proposition 4.2)
Consider two probability distributions in A((RY x R)™) over random variables ('}, )", :
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1. Pure noise Qy: each (z}, y;) is drawn independently such that x; ~ N (0, 1) and y; ~ N (0, 1),
with x, independent of y,,

2. Little noise Q: let w!, be a random vector drawn uniformly from the sphere in RY =1 with radius
v/0.99. Conditioned on wl, each (x,vy.) is drawn independently such that =, ~ N (0,Iy) and
yh = (wh, x}) + n;, where n; ~ N(0,0.01).

There is a universal constant ¢ such that when n < c\V/d', such that for any hypothesis tester

(that may use extra independent randomness in E) f : (R? x R)" x E — {0,1} and & being a

distribution over random seeds e:

Sllp ;o Pr / [f((xgﬂy;)?:l?e) 7é b] Z
b€{0,1} (ivq;,y,-)lewa,emg

. )

W =

We now provide the reduction from the above hypothesis testing task to ours. Pick an orthogonal
matrix B = [B) B1] € R whose first 7 columns span U and last d’ columns span U-. For any
(«,y:), consider

T; = Bll‘; + B”Zi,
where z; ~ N(0, I,-) is independent of (27, y.), and y; = y.. It is easy to verify that z; ~ N (0, I).
Consider two cases:
e Under Qf, vi = y, ~ N(0,1) and is independent of z;. So (z;,y;)"_, follows the distribution
Qo-

« Under Q, y, = («},w) 4 n;, where w/, is from the uniform distribution over S% (0, /0.99).
Set w, = Bjw,. Then, it is easy to verify that y = (x;,w,) + 1;, and w, is drawn from
the uniform distribution over {z € U™ : ||z[| = v/0.99}. In other words, (z;,y;)?_; follows the
same distribution as Q1.

Given any test ¢ : (R x R)™ — {0, 1} that tries to distinguish Qg and Q1, we now construct a ran-

domized test )’ : (R% xR)"xR™ — {0, 1} (with space of random seeds E' = R") that distinguishes

Q) and @) with the same worst-case error rate. Specifically, define '((z}, y,)I' 1, (zi))i ) =

(i, yi)izy), and € = N(0, I)".

To see why they have the same worst-case error rates, we note that for any b € {0, 1},
/ AN () n n
ity oy (@i i) 28] = R Wl ui) # 8.

due to the construction of (z;, y;)_, based on (z,y})™ , and (z;)"_; above. Thus, Eq. (8) follows
from Eq. (9). |

A.2. Proof of Proposition 9
Proposition 9. For any e > 0,
TEdim(H, F,e) < 2min (|H],|F]).

Proof It suffices to show TEdimy (H, F,€) < 2min (|H|,|F]|) for any h € H.

We first show that TEdimy, (H, F,e) < 2|H|. Let {f;};-, be any sequence of e-independent
tasks with respect to (#,F) and h. For each j < n, let #; C # denote the set of possible
representations that witness the independence of task f; from tasks { f1, ..., fj_1}. Thatis, ' € H;
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if
j—1
> E(W, Pron) < e, (10)
i=1
but £(', Py,on) > §. Forany b’ € H and j, let
my(R') = |[{ii <j,h' €M}
denote the number of times A’ appears in the set of witness representations up until task j. It suffices

to show that for any h’, m,,(h') < 2, i.e., each h’ can witness at most twice, as this implies that any
sequence of e-independent tasks will have length at most 2| #|.

Suppose, for contradiction, i < ig < i3 are three indices in [n] such that b’ € H;, N H;, N Hs.
Since b/ € H;, N Hiy,

€ €
5(h/7pfz‘10h) > 5 and g(h/7pf,~20h) > 5; (11)
Furthermore, since i/ € H,,,
i3—1
> E(N Pron) <. (12)
i=1

This is in contradiction with Eq. (11), which implies that >>%7' (1, Pj,on) > €.

We now turn to show TEdim(#, F,e) < 2|F|. To this end, it suffices to show that for any
sequence of e-independent tasks f1, . .., f, with respect to (#, F) and h, the number of appearances
ofany f € Fin{fi,..., fn} can be at most 2. This will conclude the proof since this implies that
any sequence of e-independent tasks will have length at most 2|F|.

Fix one such e-independent sequence and any f € F. Assume towards contradiction that

i1, 12,13 are three indices in [n] such that f;, = fi, = fi,. Since fi, is e-independent of f1, ..., fi,—1,
we have that there exists A’ € H such that

i3—1

> EW, Pron) < e, (13)

i=1
but

g(h/,Pfigoh) > 6/2, (14)
Since E(', Py, on) = E(W, Py, on) = E(W, Py, on), Bq. (13) implies that E(R', Py, op) < §, which
contradicts with Eq. (14). [ |

Remark 21 The constant 2 in front of 2min(|H|, | F|) is due to out-of-task excess risk threshold §
in the definition of e-independence of tasks (Definition 7). If that threshold were &, we will obtain
TEdim(H, F,e) < Cmin(|H|, |F|) here. In summary, our definition of task-eluder dimension is
robust to the choice of the constant in the out-of-task excess risk threshold.

26



AN ALGORITHM AND A COMPLEXITY MEASURE FOR LIFELONG REPRESENTATION LEARNING

A.3. Proof of Proposition 18

For completeness, we restate below the alternative definition of e-independence (e-pointwise-independence)
in Section 8, the setting of the negative example, and Proposition 18.

Definition 17. Given the setting of Definition 7, for any representation h € H, we say that f, is
e-pointwise independent of { f1, ..., fn—1} with respect to (H, F) and h if there exist k' € H such
that

EN, Py.op) < e,
ién[na}”( fioh) < €

bm‘g(h', anoh) > %

Setting. We consider noiseless, binary linear classification tasks under a shared low-dimensional
linear representation. Let H = {:1: — Blz:BecR>* BB = I}, F= {z —w! 2w e RF |w|| = 1},
and let ¢ denote the 0-1 loss. Suppose Px = A(0, I). Then, for unit vectors u, v € RY,
0
Pr {sign(uTaf) # sign(vTx)} = (v, U),

x~Px n

where 6(-, -) denotes the angle between two vectors.

Proposition 18. In the noiseless linear classification setting described above, suppose d > k.
There exists an infinite sequence of e-pointwise independent tasks under Definition 17.
Proof [Proof of Proposition 18] Fix B = [e; €3 ... €] € R** where ¢; denotes the i-th standard

basis vector in R%. Letv = [10 ... 0] € R*. Consider a sequence, {(B,w,)},, where w,, = v;
that is, the same task is seen at every step. It suffices to show that for every n, (B, wy,) is e-pointwise
independent of {(B,w1),...,(B,w,_1)}. To this end, consider B’ = [se3 ... e} epy1] € R¥*F,
where
. Te
§ = e1CoS A+ egsin A, A€ (3,7‘(6}.

Let U = span(B’). Observe that

1. for each i < n, by choosing f/ to be v,

Epy, o [E((fi 0 h)(@),y) — L((fi o h) (), y)]
= Pr [sign(xTB’v) # sign(xTB'u)}

xz~Px
6(Bv,B'v) A
=—==-<¢
T 7r

and thus, E(R/, Py,op) < €.

2. forany f/,
Epy,on [(((fr 0 1) (@), y) = L((fn 0 h)(2),y)]

> 6(Bv,U)

T
_0(Bv,s) A _ €
T

where 6(Bwv, U) denotes the angle between Bv and the subspace U. Thus, (', Py, o) > §.
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Therefore, by Definition 17, (B, v,,) is e-pointwise independent of its predecessors at every step
n, which yields an infinite sequence. |

A.4. An uncentered version of task eluder dimension

Definition 22 (e-uncentered independence) LetH C {h: X — Z} be a class of representations,
and F C {f : Z — R} be a class of prediction layers that operate on these representations. Let
P = {Pyon, : f € F,h € H} be the probabilistic model and £ : R x Y — [0, 1] be a loss function.
We say f, is e-uncentered-independent of {f1,..., fn—1} with respect to (H,F), if there exists
h,h' € H such that

n—1

D E(W, Prop) < e,

i=1
but g(h,, anoh) > %
Definition 23 (Uncentered Task-eluder dimension) Given the setting of Definition 22, we denote

by UTEdim (#, F, €) the length of the longest sequence { f; },, such that each tuple is e-independent
of its predecessors.
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A.5. Pseudocode for lifelong representation learning with known task-eluder dimension

Algorithm 2 provides pseudocode of our lifelong representation learning algorithm in the setting
where the task-eluder dimension is known in advance.

Algorithm 2: Lifelong representation learning (known task-eluder dimension)

Input: #, F, target error €, dim(H, F, €), confidence §, number of tasks 7', noise levels (k¢ )¢;
Initialize memory M <— () and N < dim(#, F,€);
for raskt = 1 do

Draw a sample .Sy of size my from P{"", apply ERM to learn h and fl, and output f1 o h;
Set n < 1 and t,, < t, and update the memory M <+ M U {S;};

for taskst =2,...,T do

/l Few-shot property test: check if h admits a hypothesis for current task ¢ with risk at most e
Draw a sample S, of size 1 from P;", and apply ERM with current h to learn fi;

if Egt (ft o iL) < kKt + %6 then
‘ Output f; o h;
else

/I Multi-task ERM on a subset of tasks where few-shot property test failed (plus task 1)

Setn <+ n+1;

Draw a sample S; of size my from PZ” N,

Set t,, + t, and update the memory M + M U {S;, };
Apply ERM over the samples stored in the memory to learn

A ~ ~ 3 1 - r
h, l(t),..., T(Lt) — ariiggl{ln EZESti(fiah)
froenfneF =1

Set fy + f;(lt), update h, and output f; o h.
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Appendix B. Supplementary material for Section 4
B.1. Proof of Theorem 14

We first state a more precise version of Theorem 14 with explicit constants.

Theorem 24 (Restatement of Theorem 14) Let = = TEdim(H, F,€) < oo. Suppose C (H, 55=) <
oo and C (.7-", o= ) < 0. In Algorithm 1, for each N, set

256N : 161ogT- 3%V (1) ] | 64
my = [1 gC (#, 64N)+Nlogc(f,6TN>+1og : + 5
and set L024 - 256
~ €
m= e [10%6@128) “(’ga] s

Then, with probability at least 1 — 9,

- For every task, Algorithm I outputs a predictor with excess risk at most €;
- Algorithm 1 performs multi-task ERM at most 2= times;

- The sample complexity of Algorithm 1 is upper bounded by

@(Z;log(f<]: 1;8) = [logC(’H 12&)+Elogc(f,1;85)}>.

In addition, the size of the memory buffer it requires is at most

o <H2 [log € (H. 555 ) +ElosC (7, msa)D

Proof We begin by introducing some additional notation. For each task ¢, let hy denote the main-
tained representation at the beginning of task ¢. Let n; and /Ny denote the values of n and IV at the
beginning of task ¢, respectively. Denote by N7, the value of IV at the end of task 7.

We consider a “sample tape” model (similar to the “reward stack model” in Lattimore and
Szepesvari (2020, Section 4.6)), where for each f o h, there is a stack of i.i.d. samples drawn from
Pyop, before the first task begins. When the learner draws a sample of size m from Py, it receives
the next m entries from the corresponding tape, denoted by Sf.,(m). To avoid clutter, we use
S¢(m) to refer to a sample of size m from P, = Prsops.

Clean event. Consider the following events. Let
A= {Vte {2, T}, |Lp(f 0 ) = L,y (f )] <

and for each N € {20,21 22 .. 2floeTl} et

By = {Vn € [N, V(t, ... .tn) € <[T]>,

Ve F},
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We now define the following notion of a clean event,

[log T

£= ﬂ By | (A

Intuitively, A is the event that all samples used for few-shot property tests are ;-representative. By
is the event that every subset of tasks of size at most /V satisfies the condition of a “good event” as
described in (Baxter, 2000) for multi-task ERM (see Lemma 25).

We claim that the clean event happens with high probability, i.e., Pr(£) > 1 — §. To see this,
we first examine Pr(A) Forany ¢t = 2,...,T, applying Lemma 25 with one task and a singleton
representation class {h; }—that is, log C ({ht}, %) = 0—we have

€ 1)
h < (foh ( ) 1- 2
(Foh)~Eg(foh)|<$) =1~ 2
It then follows that Pr(A) > 1 — § by the union bound. Now, for each By, fix any n < N and
(t1,...,tn) of ([T]). By Lemma 25 and the definition of my in Theorem 24,

r (3(h,f1,...,

It then follows by the union bound that Pr(By) > 1 —

Pr (erf,

Zﬁpt (fioh) - Zﬁst (mn)(fioh)

)
>7
2) 41ogT - ZlogN( )

for every N and again by the union

410 T
bound that
[log T'] 5
P Byi| >1——.
r ﬂ 2 = 9

Correctness of Algorithm 1. We now show that, under the clean event £, Algorithm 1 outputs
a predictor with excess risk at most ¢ for every task.

For task 1, when B; happens, for any h € H and f € F,
so the solution to single-task ERM has excess risk < e.

(foh)—fsl(foh)‘ < ¢ and

For each subsequent task ¢ = 2,...,T, the algorithm draws an i.i.d. sample S; of size /m to

(foh) = L5,(7 o )| <

£ Let ft denote the ERM solution. Then, if ES} (]EtOiLt) < Iit—l-%, the true risk Lp, (ftoht) < Kite,
where we recall that x; is the risk of f; o h*. The algorithm can safely move on to the next task.

perform a few-shot property test. When A happens, for any f € F,

Otherwise, the algorithm performs multi-task ERM. Consider two cases:

1. (ny < Ny) Letty,...,t,, denote the past tasks for which data are currently stored in memory,
and let ¢, 11 = t. Given i.i.d. samples of size my, from each of the (n; + 1) tasks, when By,
happens, for any (h, f1,..., fn)s

ne+1 ne+1

Z ﬁPti(inh) — Z Zsti(fioh) < %
i=1

i=1
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Let (h, f (t), cosf flt )+1) denote the solution to multi-task ERM. It follows that

n

ne+1 At ) ne+1
N oLp (Vo)=Y Lp, (ff0n)
i=1 i=1
ne+1 » R ne+1 R » ) ni+1 R » R ne+1 R
< (Z Lo (77 oh) =3 Ls, ("o h)) + (Z Lo, (o h) = Y Ls, (f 0 m)
i=1 i=1 i=1 =1
<0

ne+l ng+1
" (Z Es, (ol = Y £r, (i o h*))
=1 i=1

<.

Since each summand in 371" (L‘ P, ( fi(t) oh)—L p, (f 0 h*)) is nonnegative, we have

Lo, (fY  oh)—Lp(ffoh*) <e

2. (ny = Ng) In this case, we have ny; = 1 and Nyy; = 2N;. The memory is cleared. The
algorithm then performs single-task ERM with an i.i.d. sample of size my,,,. Under the event
B, . the ERM solution has excess risk at most €.

Bounding the number of times Algorithm 1 performs multi-task ERM. We now show that
when & happens, N7y < 2=,

Assume towards contradiction that N7, > 2=. Now consider the first task ¢ such that Ny >
2=, At task ¢, line 11 must be reached, and we have n, = N; > = at the beginning of task ¢. For
this task, we have

7 3 7 . 7 * *
?ggﬁ (foht)>/<ct+16 = E(ht,Pt):?g;lﬁpt(foht)—ﬁpt(ft oh*) >

Abbreviate n; as n. In addition, we have that for the tasks ¢;,...,%¢, in the current memory,
(h f(t" ,...,ﬁ(f")) satisfies

Z.cpt Fin) o foy) Z.cpt (ff oh*) <

=1

Ze(ﬁt,m) <e

This implies that f; is e- mdependent of { I, } with respect to (#, F) and h*. This argument
can be extended for each task in the current memory—each ¢, must be e-independent of its pre-
decessors. Since the task-eluder dimension is bounded by =, this implies that n; + 1 < =, which
contradicts with the assumption that n; > =. Hence, we have Np41 < 2=.

which in turn implies that

Sample and space complexity. We have shown that Ny, < 2=2. Let b = log, Nr4;. The total
number of samples used by Algorithm 1 is upper bounded by

b

(%) :==mT + ZT Mg,

=0
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where the first term is from few-shot property testing, and the second term is from samples collected
and saved in memory for multi-task ERM. For each value of N = 2*, ¢ = 0,1,...,b, samples are
drawn from at most IV tasks with my samples per task. We focus on the second term:

b
E 2. Moi
=0

b ; [ T

. (256 - 2i ¢ . ¢ 16logT - 3% o (5) | | 64
_22 ( 2 [logC(H,M)+210gC( ,64‘2i>+log 5 +€7
(@) s . /2562 ¢ : ¢ 16logT] 64
< : : i — — |+ =
< ;2 ( > [logC (#. 5y 7) +2' [loeC (F. 57 ) + log(eT) | + log == ] + 62)
M) N 256 € 16log T
<N g 22 )+l
= [Ogc <H7 64NT+1> TS }

b
€ . 64
log(eT 20—
< 64NT+1) + log(e )} +iz; 2

(© N2 € 16logT] N
< T+1 ] € N ] ] T 1 g T+1
~ 62 |: OgC <H7 64NT+1> + T+1 |: Ogc 64NT+1 + Og(e ) + 0og 5 + 62 ’

where (a) follows because

(T eT
log Z <2j) < 2'log < 5 ) < 2'1og (eT) ;

J=0

(b) follows by algebra and the observation that covering numbers increase as scale decreases;
and (c) uses the following inequality for bounding the sum of a finite geometric series: Z?:o rt <
r®+1 forr > 2.

Since N711 < 2=, we have

(% )<(’)( log C (.7-",1268)4-;2 [logC (H’12685>+310gc(}-’12685)]>'

Similarly, the size of the memory needed is non-decreasing. Since Nry1 < 2=, the space
complexity is upper bounded by

Nrg1-myy,, <O <H2 [1ogc (’H K) +ElogC (fl;SE)D .

B.2. Auxiliary lemma

Here, we provide a more precise version of the guarantee for multi-task ERM from (Baxter, 2000)
with explicit constants. Lemma 25 follows from Corollary 19 and Theorem 6 thereof.

Lemma 25 (Baxter, 2000) Let P, ..., P, be the data distributions for n tasks. Let Hq be a class
of representations and F be a class of prediction layers. Let g, 6o € (0, 1). Suppose for each task,
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an i.i.d. sample S; of size m is drawn from P]", where

64 €0 €0 4 16
> — |logC — log C(Fo, — log — —.
m > nel [Og (Ho, 32)+n og C(Fo, 32)+ Og&)] + 2

Then, with probability at least 1 — b, for any (h, f1,..., fn),

S €0.

> Lr(fioh) - Y Es(fioh)
=1 =1
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Appendix C. Supplementary material for Section 5

We first present a key lemma for bounding the task-eluder dimension and then provide proofs for the
examples in Section 5. Auxiliary lemmas are deferred to Appendix C.5. Throughout this section,
unless specified otherwise, all norms are ¢ norms.

C.1. Key lemma for bounding the task-eluder dimension

Lemma 26 Let X C R% and Px be a distribution over X. Let)) C R. Consider H = {z— BTz
B e Rk BTB = Iy} and F = {z = g(w2):weRF b < |lw|| < 5}, where 0 < b<b<1
and g is a (possibly nonlinear) map from R to R.

Foranyh € Hand f € F, let Pyop(v,y) = Px(z)Py|x (y|z; foh). LetP = {Psop, : h € H, f € F},
and ! : R x Y — [0, 1] be a loss function.

Fix p € [1,2]. For any representations h,h' € H, let B, B’ € R be the corresponding
matrices. Similarly, for any f, f' € F, let w,w' € RF be the corresponding vectors. Suppose

|B' — Bull S En, [6(f o )(@)) — 6 o )@)w)] < [B = Bul’.  5)
Then, for any € € (0,1),
TEdimp ¢ (H, F,€) S klog %

Proofidea. Atahigh-level, our proof of Lemma 26 involves three steps. Consider any e-independent
sequence of tasks {(B, w;)}:

1. First, we convert task independence to geometric independence of the task parameters, i.e., there
exists B’ such that Y, || P5 Bw;|| is small but || Pz, Bw,|| is large.

2. Second, we use a useful identity in linear regression (Eq. (16)) to convert geometric inde-
pendence to linear independence of the task prediction layers, i.e., \wnH‘_/nl_1 2 1, where
V=231, w;w, + el

3. Finally, we apply the elliptical potential lemma (e.g., (Abbasi-Yadkori et al., 2011)) to argue that
any sequence of independent task prediction layers can not be too long.

We note that our technique is similar in spirit to an argument in the manuscript (Yang et al., 2022)
for a lifelong linear bandit algorithm. Our result is algorithm-independent and proved in a different
framework.

Proof [Proof of Lemma 26] Let { f;}_; be any sequence of tasks such that, for each n < 7, f, is
e-independent of { fi}?:_ll with respect to (#, F) and h. When it is clear from the context, we will
omit the dependence on (#, F) and h hereafter.

It suffices to show that 7 < klog % To this end, let B € R?** be the semi-orthogonal matrix
associated with h, and for each i € [7], let w; € R¥ be the vector associated with f;. For n € [7],
let WW,, € RF*™ denote the matrix whose columns are Wi, ..., Wy, and let V,, := WanT + e%I .

To conclude the proof, it suffices to show that for eachn € {2,..., 7}, ||wy, H%/—ll > +. Indeed,

by the elliptical potential lemma (Abbasi-Yadkori et al., 2011, see also Lemma 29),

Zmin {1, |‘w"‘|€/n_f1} < 2klog <1 + ]{;2) )
n=1
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and it follows from Lemma 30 (see also Lattimore and Szepesvari, 2020) that 7 < klog %

Forn € {2,...,7}, we now show ||wn|]%/_1 > 1. Since f, is e-independent of {fi}7=], there
n—1

exist A’ such that
n—1
Zg(h/) Pfioh) S €,
i=1

but E(, Py,on) > 5. Fix any such A/, and let B’ denote the matrix and vectors associated with it.
Let o* := argmin, cpn—1 € r 1wy — W13 + ||a||3. By Lemma 31, we have
wl Vs = €5 [lwn = Waao*[3 + o3 (16)
Consider the decomposition w, = W, _1a* + z. We have
(b)
<

1 (a) (¢) 1
IS S ev [l + |z, (17)

‘Pé,Bwn

Pl BW, 107 + || P4 Bz|

where Pé/ denotes the orthogonal projection onto the orthogonal complement of span(B’), and the
1
inequalities are justified shortly. Dividing e» > 0 on both sides, it follows that either ||a*|| 2  or

67% Izl 2 L Therefore, by Eq. (16),

2 -2 2 2
lwnll?s = €75 2l + o” I 2

| =

To complete the proof, we justify the inequalities in Eq. (17) above:

(a) By Eq. (15) and that (R, Py,0n) > §, for any f;, with corresponding vector w},, we have
€
| Bwy, = Bwa|” Z B yympy,on [L((fr 0 ) (@),y) = L(fr 0 h)(x),y)] > 2’
that is, X
min HB'w; - BwnH 2 €p.
wi, o||wl, [ €[b,b]
It then follows from Lemma 32 that

1
HPélen 2 min HB' — BwnH 2 €p.
wy, :[[wy, [|€[b,b]

(b) uses the triangle inequality.

(¢) Since Z?;ll E(W, Ppon) < € thereexist f1, ..., f, € F withassociated parameters w1, . . . , w,
such that

n—1
D By o [£((f o W) (@) y) = €((fioh)(2),9)] <e.
=1

Therefore, by Eq. (15), there exist parameters w1, . .., w,,
n—1
Z |B'w; — Bw||” Se.
i=1

By the fact that || P%, Bw;|| = min,,cge [|B'w’ — Bw;||, we have st }|P§,Bwin Se.
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Using Holder’s inequality we have

n—1
HPé/BWn,la*H <3 o]
i=1

‘P§,Bwi

n—1 , | 1/q
< (S[ramal) (o)
=1 i=1

1 1
Serllatlly <er ey,

- 1,1 _
where g € [2, 00) satisfies 4+ ¢ = 1.

|
C.2. Noisy linear regression
We first revisit the setting and restate Proposition 15.
Setting. Recall that X' = {33 eRe: 2| < \/ﬁ} and Y = [—1,1]. We consider H = {z —
BTz: B € Rk BTB = [} and Fin = {z 2 Tww e RE, Jw|| < ﬁ} The probabilistic

model P = {Pjop, : h € H, f € F"} is defined as follows: Py satisfies I 3 Eyopy[z2'] 3 1.
For each h and f, given an input x ~ Px, y = (f o h)(z) + n, where 7 is independent noise from a
distribution that has zero mean, support [—%, %], and variance . The noise distribution is common
to all f o h’s. There exist h* and f,..., f7 such that P = Pfrop+, and let B* and wy, ..., wy
be the matrix and vectors associated with these functions. Let £(y/,y) = %(y’ — y)? be the loss
function.

Proposition 15. Ler e € (0,1). We have

log C(Fln ¢) < O (k log %) log i (H, ) < O(dkz log %) TEdimg o(H, F" ¢) < O(klog %).

Proof [Proof of Proposition 15] We prove the three statements separately.

1. (Capacity of 7}™) Note that each representation h maps X' to Z := {z cRF: |z < \/g}, and

each prediction layer f € F'™ maps Z to [—%, %] Recall the definitions from Section 4.1. We
have ‘ .
C(fhn, €) = sup N(]-"hn7 €,dg),
Q

where dq(fo, f}) = [z, 1€(f(2),y) — £(f'(2),y)| dQ(z,y) for any measure Q on Z x Y.
We follow the technique from (Haussler, 1992; Baxter, 2000). For any @,

dalfe ) =5 [ 106 =07 =~ () - | dQte.y)
=‘/ (F(2) = PN ) + 11(2) — 20)] Q=)

S/Kﬂ@—ﬂdwwd@:LW%
Z
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where @)z is the marginal distribution derived from () and the inequality uses the observation
that | f(z) + f/(z) — 2y| < 3. It follows that

. . 2
sup N(Fj™, e,dg) < sup N(F™" ¢, L(Q)) < (e> :
Q Q €

where the second inequality uses (Haussler, 1992, Theorem 11). We then have log C(F}, ¢) <
@ (k: log %)

. (Capacity of H) For any measure P on X x ), recall that

dpppn () = [ sup [fih(a)).) = FiW (@), )] dP(.0).
T XxY fge]:éin

For any f € F'", let w be the vector associated with f. We have

| fe(h(2)),y) = fo(l (2)),y)| = *\ — (f(H'(x)) —y)’|

- i !(f(h(x)) — FR @) (b)) + F( (@)~ 29)]
< 2 |{w, (z) — @)
< ||h(z) — B (z)]|

Therefore,
dp’j—_éin(h, h') < / |h(z) = B (z)|| dPx (z) = LY(P),
X

where Py is the marginal distribution derived from P. By (Haussler, 1992, Theorem 11 therein),
we then have

2 2dk
Cféin(%,ﬁ) = supN(?-l,e,dP]_-ém) <supN(H,e, L1(P)) < <e> ,
P ’ P

€

which completes the proof.

. (Task-eluder dimension) Observe that for any h, h/ € H and f, ' € F' with corresponding
parameters B, B’ and w, w’,

Epy,, [(((f o 1)(@),y) = £((f o h)(2), )]
® g, |:(xTB/w/ T Buw n)Z 7 772]

® (B'w' — Bw) Eg[vz "] (B'w — Bw),

where (a) follows because under Pyop,, y = (foh)(z)+n = x " Bw+n, and (b) follows because
n is independent of = and E[n] = 0. Since I X Epopy [z2] 21,

|B'W — Bw|* < Ep,., [(((f' o 1)(@),y) — (((f o h)(x).9)] < ||B'w — Buw|*.
Applying Lemma 26 with g(v) = v and p = 2, we have

. 1
TEdimp o(H, F", ¢) < klog ~.
€
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C.3. Classification with logistic regression

We first restate the setting and Proposition 16.

Setting. Recall that X' = {a: eRe: 2| < \/&} and Y = {0,1}. We consider H = {z —

B'r:B e R BTB=T}and Fl¢ = {z = o(zTw) w e RE, JJw|| < 41%}, where o(v) =
1/ (14 e~?) is the logistic sigmoid function. The data distributions in P = { Pyoj, : h € H, f € F'°8}
are defined as follows: Px satisfies I X E,.p,[rx'] X I, and for each h and f, Pr(y =
llz; f oh) = (f o h)(x) and Pr(y = Olz;f o h) = 1 — (f o h)(x). There exist h* and
Jis---, f7 such that Py = Pprops, and let B* and wi, ..., w7 be the associated parameters. Let
2y, y) = —ylogy’ — (1 —y)log(1l — y') be the loss function.

Proposition 16. Letr e € (0,1). We have
1 1 1
log C(FI% ) < O(k log ;), 10g Cpios (H. €) < O(dk: log g), TEdim.(H, 7', ¢) < O(klog -).
Y4

Proof [Proof of Proposition 16] Again, we prove the three statements separately.

1. (Capacity of F1°%) As in the proof of Proposition 15, we use the technique from (Haussler, 1992;

Baxter, 2000). First observe that each h is a mapping from X' to Z := {z eRF: ||2]| < \/ﬁ},

and each f € F'°8 is a mapping from Z to [0(—1),(})]. For any probability measure ¢ on

Z x ), we have

do(for f1) = / 1 ()y) — (7 (2).9)] dQ(z.)

ZxY
<3 /Z £(2) = £1(2)] dQ2(2),

=LY(Q)

where ()7 is the marginal distribution derived from (), and the inequality follows because ¢ is
3-Lipschitz continuous with respect to its first argument over the domain. It follows that

N(F{ e, dg) < N(F%, 2, L'(Q)),

and therefore,

6 2k
C(F{™,) i=sup N7, e.dg) < sup N(F*%, £, L1(Q)) < (> ,

where the last inequality uses (Haussler, 1992, Theorem 11).

2. (Capacity of H) For any probability measure P on X x ), consider

dp pios (h, 1) = /Xxyfiljgog |£((f o h)(@),y) = £((f o W)(@),y)| AP (@, y).
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Forany f € F¢ h,h/ € H,x € X,and y € ), since / is 3-Lipschitz continuous with respect
to the first argument over the domain,

[E((f o h)(x),y) = £((f o W)(x),y)| < B[(f o h)(w) — (f o W) ()]

Let w, B, and B’ denote the parameters associated with f, h, and I/, respectively. It follows that
|(f o h)(@) — (f o ) \—‘ (wTh@)) ~ o (T @)

T(h(w) — ()]

= lnt) - )]

| A
S

IN

where the second inequality uses the observation that o'(-) is %—Lipschitz continuous, and the last
inequality follows because ||w| < 1. Therefore,

dp gios (h, n') < /X |h(z) — W (2)|| dPx () =: L' (P),
where Px is the marginal distribution derived from P. It then follows from (Haussler, 1992,
Theorem 11) that

2e

2dk
C]_-éog(H76> = sgpN(H e,dpflog) < supN(H e, L1(P)) < <6) ,

which completes the proof.

. (Task-eluder dimension) Fix any h € H and f € F log et B and w denote the associated
matrix and vector, respectively.

For any # € R? such that ||| < f’ consider

L(6) := E(ay)~py,, [0 (276), )]
It is easy to verify that
V2 L(0) = Epupy o’ (z"0)zz ).
For the domain |¢76] < 1,1 < 0'(z76) < 1. Since I 3 Epopy[zz'] 31,
I3 VELO) 3 T;

that is, L(#) is locally strongly convex and smooth. Therefore, for any h’ and f’ with corre-
sponding parameters B’ and v/,

|B'w' — Buw|* < L(B'w') — L(Bw) < ||B'w' — Buwl®.
=Ep o lU(F0h) (@) ) —£((foh) (&) )]

Applying Lemma 26 with g = o and p = 2, we have

1
TEdimp,¢ (H,flog, e> < klog -
€
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C.4. Classification with random classification noise and the 0-1 loss

We now discuss how our results may also be applied to binary classification with random classifi-
cation noise under the 0-1 loss.

Setting. Let X = R and Y = {—1,1}. We again consider low-dimensional linear representa-
tions, X = {z — B2, B € R™* BTB =1TI}. Let F® = {z s sign ((w, 2)) : w € R*, ||Jw| =
1} be a class of linear threshold functions. Consider the probabilistic model P: let Px be isotropic
log-concave (e.g., normal distribution and uniform distribution over S%(0, \/&)) We consider ran-
dom classification noise (e.g., Kearns and Vazirani, 1994). For any h and f, given an input x ~ Px,
y = sign((f o h)(x)) with probability 1 — n, and y = —sign((f o h)(z)) with probability 7, where
n € [0, %] is the noise rate. There exist B* and w7, ..., w7} such that each task ¢ is well specified
by B* and wy. Let £(y/,y) = T{y’ # y} denote the 0-1 loss.

Proposition 27 Let e € (0,1). We have

1
TEdimp ¢(H, F*,¢) < O(klog -).
€

Proof [Proof of Proposition 27] Since Px is isotropic and log-concave in X, it follows from (Balcan
etal., 2015, Lemma 1 therein) that for any two unit vectors v and v,

lu — | < PI}J (sign (’LLTSL‘) # sign (vT;v>) <u—vl,
T~

where we also use the fact that the Euclidean distance between two unit vectors is equivalent to the
angle between them up to constant factors.
In addition, under random classification noise, for any h, b’ and f, f/,

(1= 2n) Pr((f o h')(z) # (f o h)(2)) < Epy, [L((f o ) (@),y) = £((f o h)(2), y)]
< Pr((f' o h')(z) # (f o h)(z)).
See (Balcan and Haghtalab, 2020, Section 5.1) for a reference.

For any h,h' € H and f, f' € F, let B, B’ and w,w’ denote the corresponding parameters,

respectively. Since 1) € |0, 1%], it follows that

|B'w = Bu|| S Epy., [E((f 0 W) (@), y) = (f o h)(x),y)] S [|B'w' = Bu.
b=

The proof is completed by applying Lemma 26 with g(v) = sign(v), b=1,andp = 1. [ |

Remark 28 Based on Proposition 27, one may derive a sample complexity guarantee for the clas-
sification example above. We note that Theorem 14 leverages sample complexity guarantees for
multi-task ERM based on covering numbers (Baxter, 2000), which may no longer be suitable under
the discrete 0-1 loss. Nevertheless, recent work by Aliakbarpour et al. (2024 ) establishes multi-task
ERM guarantees based on the VC dimension, offering a path towards proving a result analogous to
Theorem 14. We defer a detailed exploration of this direction to future work.

C.5. Auxiliary lemmas

We now present the lemmas used above in the proof of Proposition 27.

41



WANG ZHANG VINAYAK

Lemma 29 (Abbasi-Yadkori et al., 2011, Lemma 11) Let {x:}, be a sequence of vectors in R%
such that ||z|| < L forall t. Let Vi = N + ' _, a5z . Then,

T
LT
in {1 2,}<2m 1422,
> min {1l 1} < og< " dA)

Lemma 30 (Lattimore and Szepesvari, 2020, Exercise 19.3) Lete € (0,1). Suppose z < cklog(1+
?2) for some constant ¢ > 1. Then,

1
z < 12¢c- klog —.
€

Proof This proof is due to (Lattimore and Szepesvari, 2020) for a closely related result. We provide
it here with elaborated details for clarity and completeness.

Let # = ck > Oand y = 5 > 0. In addition, let g(z) = z — zlog(1 + yz), and 2y =
3z log(l 4 xy). It suffices to show that g(z) < 0 implies z < zg. The rest follows by algebra:
log (14 %) < 4log ! foree (0,1)andc > 1.

To this end, we show that: (1) g(z0) > 0 and (2) for z > 2, g(z) is increasing. For (1), observe
that

xlog(l 4+ yz0) = xlog(1l + y (3zlog(1 + zy)))
(a)
< zlog(1 + 32%y?)

(b) .
< zlog(l + zy)” = 20,

where (a) follows because log(1 + a) < a for a > —1, and (b) follows because (1 + a)3 =
14 3a+ 3a® + a® > 1 + 3a? for a > 0. For (2), first note that

dg(z) ] xy

dz C14yz

%, and so it suffices to show that zyp > = — %

Therefore, g(z) is strictly increasing when z > x —
To do so, let b = zy. We have

3b? @
1+0b
where (c) uses the fact that log(1+a) > 3 fora > —1, and (d) follows because 30 — (1+b)(b—
1) = 2b? + 1 > 0. It then follows that

(©
3blog(1+0b) >

_]_,

1
zo = 3zlog(l 4+ zy) >z — —,
)

which completes the proof. |

Lemma 31 Forany x € RL U € RY™ and \ > 0,
T T . 2 2
x (UU —|—/\I> ngﬁ{%X”$_Uz“2+“z“2'

Proof Let g(z) := ||z — Uz||5 + ||z|l5. By a little algebra, we have

_ 1T T 2 T Lt
g(z)—xz ()\I+U U)z 3¢ Uz—i—xx x
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It is easy to verify that g(z) is convex and minimized at z, = (Al + U U) Uz
It then follows that

9(z) = %:JU <)\I v UTU)_1 UTz— ;xTU (M v UTU>_1 UTx+ %J:c
= %xTx - %xTU (r+ UTU>_1 Uz
@ 7 ()\I n UUT)il z,

where (a) uses the Woodbury matrix identity:

()\I+ UUT)il - %I _ %U ()\I+ UTU) T

Lemma 32 Let B € R¥™* be an orthonormal basis of a k-dimensional subspace of R%. Let u be

a vector in R? such that 0 < b < ||u|| < b < 1. Then,

min _ ||Bw —u| <2 HPfg‘uH .
weRF:[|w]|€[b.0]

Proof Let 3 = |lu| € [b,b], and let z = BTu. It follows that ||z| € [0, 3]. We consider three

cases:
1. ||z|| > b. In this case we have ||z|| € [b, b], and so

min _ ||Bw —u| < ||Bz —u| = HBBTU - UH = HPé‘uH
weRF:[|w]|€[b.0]

2. ||z|| = 0. It follows that
|| = llull = 8,
and for any w’ € R¥ such that ||w’|| = b, by the triangle inequality,

min_|[Bw —ul| < ||Bu —ul| < ||Bu/|| + |lu] <b+ 6 < 2||Pgu|.
weRE:[wl|€[b,b]
3. 0 < ||z]] < b. Consider Z = byZ;. We have ||Z|| = b. Then,

El

min |Bw — ul|| < [|BZ — ul|

wERF:||w||€[b,b]
@
2 1Bz~ Bell + Bz —ul
(b)
< 8- |zl + || P

< 2| Pgu

Y

where (a) uses the triangle inequality; (b) follows because

b b
— 1 = — 1 —ph— < . :
(1) = (=) et =t < e
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and (c) again uses the triangle inequality:

B = llull < |1Pgull + | Paul = 121 + || P&

Appendix D. Supplementary material for Section 7
D.1. Implementation details

All implementations were developed in PyTorch. Most experiments were conducted on machines
equipped with NVIDIA GeForce RTX 4090 GPUs.

Synthetic linear experiments. For data generation, in each trial, B* was obtained from the QR
decomposition of a random d x k matrix with standard normal entries, and w;’s were drawn from
the uniform distribution over the origin-centered sphere with radius 5. For both multi-task ERM
and few-shot property tests, we used batch gradient descent with the Adam optimizer (Kingma,
2014) (learning rate 10~3), for a maximum of 10* epochs with early stopping after 20 epochs
without improvement. The Bayes-optimal risks were estimated via Monte-Carlo simulations from
105 samples.

MNIST experiments. Both multi-task ERM and few-shot property tests used batch gradient de-
scent with the Adam optimizer (learning rate 10~2), for up to 2000 epochs. For multi-task ERM,
early stopping was applied after 10 epochs without improvement.

CIFAR-10 experiments. We consider representations given by a modified ResNet-18 architec-
ture (He et al., 2016). The initial convolutional layer is replaced by a 3 x 3 kernel with stride 1,
with the remaining convolutional blocks kept unchanged. After the convolutional blocks, we apply
global average pooling, followed by a fully-connected linear layer, batch normalization, and ReLU
activation. The resulting representation is of dimension k = 256. All representation networks were
trained from scratch without any pretrained weights.

For multi-task ERM, we used mini-batch stochastic gradient descent with the Adam optimizer
(learning rate 103, a batch size of 256, and trained for up to 300 epochs with early stopping after
20 epochs without improvement. For few-shot property tests, we used batch gradient descent with
the Adam optimizer (learning rate 10~2) for a maximum of 200 epochs.
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