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Abstract

We analyze internal representations of large language models with zigzag persistent homol-
ogy, treating depth as a discrete time axis for point clouds of last-token embeddings. At each
layer we build a k-nearest-neighbors clique complex, connect adjacent layers via intersec-
tions, and summarize the resulting diagrams with effective persistence images. From these
we derive two descriptors: Births’ Relative Frequency (at what rate new p-dimensional
features appear) and Inter-Layer Persistence (how long they survive across depth). On the
SST movie reviews dataset and three open-source models (Llama-3.1, OSS-20B, Phi-4), we
consistently observe three evolving phases: early rapid changes, a middle regime of stable or-
ganization, and a final reorganization before output. Using the stability signal (inter-layer
persistence) to guide where to remove contiguous blocks of layers, we find that prun-
ing within high-persistence regions maintains 5-shot MMLU performance (with the same
trend visible even for the more pruning-sensitive OSS-20B). This suggests that zigzag-based
summaries capture meaningful, system-level dynamics and can inform lightweight pruning.

1. Introduction

Large language models implement a deep sequence of representation transformations whose
behavior can be understood as a discrete dynamical system evolving across layers (Geshkovski
et al., 2024; Vuckovic et al., 2020). From a topological viewpoint, each layer induces a point
cloud in representation space, and the model’s computation rearranges these clouds over
depth. While topological data analysis (TDA) has been used to probe neural representa-
tions, most prior work applies persistent homology to single snapshots, then aggregates post
hoc across layers (Rieck, Bastian Alexander et al., 2023; Naitzat et al., 2020; Lacombe et al.,
2021; Magai and Ayzenberg, 2022). This snapshot paradigm cannot directly express how
features form, persist, and disappear along the network’s computational trajectory. Zigzag
persistence (Carlsson et al., 2009), by contrast, is expressly designed to track homological
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structure along sequences of inclusions that can move forward and backward, making it a
natural tool for layer-wise dynamics.

This paper introduces a zigzag-persistence pipeline tailored to transformer models and uses
it to quantify how topological features evolve across depth, developed by Gardinazzi et al.
(2025), and extends the results to more recent models. Concretely, we study last-token
embeddings (one point per prompt per layer), build a k-nearest-neighbor (kNN) clique
complex at each layer, stitch adjacent layers via intersections to obtain a zigzag filtration,
and compute zigzag persistence up to a fixed dimension. The choice of kNN-based complexes
rather than Rips across a global distance scale in this context is motivated by the fact that
distances and angles can be reparameterized across layers, whereas local neighbor relations
remain fairly stable and allow for a more robust comparison.

From this description, we build two main descriptors:

• Births’ relative frequency Bp(ℓ): the layerwise distribution of births, with power
weights that emphasize short- or long-lived features. This summarizes when the
model creates new relations in representation space.

• Inter-layer persistence Z̄p(ℓ): the fraction of features alive at ℓ that also survive
across other layers (again power-weighted). This quantifies how stable the model
keeps relative positions over depth.

Applied to SST prompts on three open models (Llama-3.1, OpenAI OSS-20B, and Phi-4),
our descriptors show a common qualitative pattern across depth. In dimension p = 1,
Births’ Relative Frequency is high and dominated by short-lived features in early layers
(rapid local rearrangements), peaks in long-lived structure in the middle (stabilization of
relative positions) and shows a final increase in non-persistent births near the output layers
(preparation for decoding). While this phase structure is qualitatively shared, its quantita-
tive expression differs by model.

As a showcase downstream task, we use this information to guide layer pruning. Using a
sliding-window pruning protocol that drops contiguous blocks of layers and evaluates 5-shot
MMLU accuracy, we observe that pruning within the late-middle region of the models causes
a negligible drop in performance for Llama-3.1 and Phi-4. For OSS-20B, accuracy is more
affected by pruning overall, but we still observe slight gains when pruning overlaps regions of
high persistence. These results support the view that zigzag-derived descriptors capture how
models manage and preserve relational structure across depth, and that this information
can guide simple, unsupervised pruning choices.

2. Method

In this section, we present the zigzag persistence framework used to analyze internal repre-
sentations of large language models trained with an autoregressive objective. Such models
take as input a sequence of n tokens (e.g., a sentence) embedded in Rd and propagate these
embeddings through the layers without changing the ambient dimension. Owing to the
autoregressive setup, the representation of the final token encodes information about the
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entire sentence and is used to predict the next token. We therefore focus on the last-token
representation at each layer. The resulting point cloud consists of last-token embeddings
xi(ℓj) ∈ Rd, for i = 1, . . . , Nsentences and j = 1, . . . , Nlayers. These embeddings are col-
lected from multiple datasets and serve as probes of how the model processes input across
depth.

Our goal is to characterize representation dynamics by tracking statistical changes in the
creation and disappearance of p-dimensional holes formed by connecting nearby points
within each layer ℓi. The first step in the TDA pipeline is a rule for connecting points. We
construct, at every layer ℓi, a k-nearest-neighbor graph Gℓi = (Vℓi , Eℓi), with the number
of neighbours fixed as a hyperparameter (see (Le and Taylor, 2024) for prior use of kNN-
based filtrations). We then fill a simplex when its boundary, composed of lower-dimensional
simplices (such as vertices and edges), is complete. In particular, we consider a triangle as
filled when it has three vertices with pairwise connections. Similarly, a tetrahedron is filled
when four vertices are all interconnected by edges, totaling six edges. This concept extends
to higher dimensions up to a specified maximum dimension m. In each layer, we construct
the simplicial complex Kℓi defined by:

Kℓi =
⋃

S⊆Vℓi

{
S

∣∣ ∀xs, xl ∈ S, (xs, xl) ∈ Eℓi and |S| ≤ m+ 1
}
.

we compute intersection layers by identifying simplices present simultaneously in both ad-
jacent layers. This allows us to construct a sequence of inclusions between these complexes
where we define L ≡ Nlayers for conciseness:

Kℓ1 ←↩ Kℓ1 ∩ Kℓ2 ↪→ Kℓ2 ←↩ · · · (1)

We thus define a notion of birth and death of p-dimensional holes, with p = 0, ...,m − 1,
where m is the maximum dimension to which the complex is expanded. Throughout this
work, we choose m = 4, which implies that the p-dimensional holes are well defined up to
dimension p = 3. The output of the zigzag algorithm is then a multiset of birth-death pairs
[b, d]1, known as the persistence diagram:

Persp(Φ) =
{
[b, d] | b, d ∈ {0, . . . , 2(Nlayers − 1)}

}
. (2)

We index the zigzag filtration by integers 0, 1, . . . , 2(L − 1), using even indices for model
layers and odd indices for intersection layers. The corresponding zigzag persistence image
PIp lives on a (2L − 1) × (2L − 1) birth–death grid. Because model and intersection
layers alternate, PIp varies non-smoothly across depth. To obtain smooth, layer-indexed

summaries, we define an effective persistence image P̂ Ip on an L×L grid over model layers
only. Any interval whose birth or death falls on an intersection index is pushed to the
adjacent model index; equivalently, P̂ Ip is obtained from PIp by a local 2× 2 aggregation

1. The repetition of a pair [b,d] indicates that multiple holes in dimension p have been created and destroyed
in correspondence of the same layers.
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around each model–model cell (cf. Kim and Mémoli (2017)). From P̂ Ip we derive two
layerwise descriptors:

Births’ relative frequency Bp(ℓ), i.e. the fraction of p-dimensional features born at model
layer ℓ, optionally reweighted by a power of lifetime using ω(∆ℓ) = |∆ℓ|α to emphasize
short-lived (α < 0) or long-lived (α > 0) features;

Inter-layer persistence Z̄p(ℓ): among p-features alive at layer ℓ, the power-weighted

average fraction that also persist to other model layers. Operationally, we normalize P̂ Ip
columnwise by the Betti number βp(ℓ) and average across rows with the same weight ω(·).
An extended definition of P̂ Ip and of these descriptors is found in Appendix A.2

3. Experiments

Models and Datasets: We analyze different recent open-source transformer models:
Llama3.1 (AI@Meta, 2024), OpenAI OSS 20B (OpenAI, 2025) and Phi 4 (Abdin et al.,
2024). We extract internal model representations using the Standford Sentiment Treebank
(SST), a dataset of movie reviews.2 To ensure the consistency of our measurements, we
extract subsets of 500 prompts from the dataset and compute mean and variance of our de-
scriptors over all the subsets. For the pruning tasks, performance of the outputs is analyzed
on the MMLU benchmark (Hendrycks et al., 2021). The evaluation is conducted using the
lm-eval-harness library (Gao et al., 2024) in a 5-shot configuration.

Topological Descriptors. We compute the Births’ Relative Frequency and Interlayer
Persistence for all models over all subsets. We show them in the Top and Middle panel of
Fig. 1, respectively. The analysis reveals different phases of input processing for each model
characterized by the behavior of 1-dimensional holes across layers.3 In the early to middle
layers, a large number of short-lived holes indicates a rapid initial rearrangement of prompts,
which is linked to local contextualization and increased dimensionality. This is followed by
a stabilization in the middle layers where the high probability of long-lived holes suggests
that relative positions are kept stable, corresponding to a decrease in dimensionality. In the
last layers, a strong, final rearrangement is marked by a surge in new but non-persistent
1-dimensional holes as the model formats its required output.

Sliding Window and Pruning Layers. To test the hyphothesis of the input rearrange-
ment that corresponds to the persistence of 1-cycles, we prune consecutive layers in blocks
and evaluate performance on a benchmark after every pruning. We show performance
results for this pruning in the Bottom Panel of Fig. 1. We observe that 5-shot MMLU per-
formance is significantly better preserved when the pruning window is located in the second
half of the model’s depth, particularly for Phi-4 and Llama-3.1, coherently with a higher
rate of persisting features. For the model OSS 20B, the overall decrease in performance is

2. Note that a larger set of models and datasets was analysed in a similar fashion in a recent paper by the
same authors (Gardinazzi et al., 2025).

3. We only show results for p = 1 as it provides the highest number of features, making the result more
statistically stable. Other dimensions show a generally lower and less stable number of features. For a
discussion about how this connects to our choice of filtation, and further discussion for p = 0, 2, 3 see
(Gardinazzi et al., 2025).
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Figure 1: First row: Births’ Relative Frequency, B1, as a function of model’s layers on the
SST dataset, for varying α. The dashed line represents a uniform distribution
of births across the layers. Second row: Inter-Layer Persistence as a function of
model’s layers on SST dataset, for varying α. Third row: Layer pruning with
sliding window.

higher and only slightly above chance. This might be caused by the characteristic Mixture
of Expert architecture of the model, making it particularly sensitive to layer pruning. Nev-
ertheless, a slight increase in performance is observed when pruning layers with higher rate
of persistence even in this case.

4. Conclusion

We introduced a zigzag-persistence framework for tracking the evolution of large language
models representations across layers and summarized the resulting dynamics with two in-
terpretable descriptors: Births’ Relative Frequency and Inter-Layer Persistence. On SST
prompts and three open models, these summaries reveal a consistent three-phase com-
putation pattern and provide actionable signals for pruning. In sliding-window experi-
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ments, pruning contiguous late-middle blocks identified by elevated Inter-Layer Persistence
maintains or improves 5-shot MMLU accuracy for Llama-3.1 and Phi-4, and offers modest
benefits even for the more pruning-sensitive OSS-20B. Overall, the results indicate that
zigzag-based topological summaries capture system-level organization in transformer depth
and can inform lightweight compression heuristics. Future work will investigate how topol-
ogy interacts with architectural choices and training regimes.
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Appendix A. Methodological Details

A.1. Zigzag Persistence: Mathematical and Computational Background

Zigzag persistence is an extension of classical persistent homology equipped to handle fil-
trations that progress forward and backward, thus capturing topological changes when the
underlying data structure changes non-monotonically across a sequence (layers, time steps,
etc).

A zigzag filtration is a sequence of simplicial complexes

K1 ←→ K2 ←→ · · · ←→ KL, (3)

where the arrows may alternate direction (either inclusions or co-inclusions). In our layer-
wise setting, Ki are complexes built for each LLM layer (see main text), with intersections
Ki ∩Ki+1 building the backward inclusions such that the filtration is:

K1 ←↩ K1 ∩K2 ↪→ K2 ←↩ K2 ∩K3 ↪→ · · · ↪→ KL

Given this sequence, applying the pth homology functor Hp (over a field) yields a zigzag
module (sequence of vector spaces with linear maps). Such modules admit a decomposition
into intervals [b, d], corresponding to features that are “born” at index b and “die” at d.
The multiset of these intervals forms the zigzag persistence diagram.

Our approach constructs Ki at each model layer as a k-nearest neighbor (kNN) graph
complex:

K(ℓi) = S ⊂ Vi : |S| ≤ m+ 1, (vs, vl) ∈ Ei ∀vs, vl ∈ S (4)

where Vi is the set of last-token embeddings at layer ℓi, Ei are kNN edges, and m is the
maximal simplex dimension (typically m = 4).

A.2. Implementation Details: Construction and Computation

Step-by-step pipeline:

1. Extract last-token representations from N prompts for all L transformer layers,
yielding N × L vectors in Rd.

2. Construct a kNN graph for each layer ℓi (edges Ei).

3. Build maximal simplices (clique complex): Fill all cliques up to order m+ 1
for each graph to get Ki.

4. Compute intersection complexes: For each pair (Ki,Ki+1), compute Ki∩Ki+1.

5. Assemble the zigzag filtration: Interweave Ki and Ki ∩Ki+1 as in above equa-
tion.
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6. Run zigzag persistent homology: Build the filtration using the open source
code Dionysus24 and FastZigZag (Dey and Hou, 2022) to obtain the full set of
p-dimensional birth–death intervals Persp.

7. Build (effective) persistence images and descriptors: See below and main
text Sec 2.

A.3. Effective Persistence Image Transformation

As in the main text, the raw zigzag diagram yields a persistence image on a (2L−1)×(2L−1)
birth–death grid (including both model and intersection layers). To facilitate layer-level

summaries, we define the effective persistence image P̂ Ip as follows:

For model layers indexed by even integers and for any pixel (b/2, d/2) on an L × L grid
(with b, d even),

P̂ Ip(b/2, d/2) = PIp(b, d) + PIp(b− 1, d) + PIp(b, d− 1) + PIp(b− 1, d− 1) (5)

where PIp(b, d) is the zigzag persistence image, and pixels associated to intersection layers
are collapsed to the adjacent model-layer indices (see also Kim and Mémoli (2017)).

Formally, for each interval [b, d] in the zigzag diagram, if b or d falls on an intersection, one
shifts it to the nearest model layer above. This transformation yields an L× L grid where
births and deaths are aligned with actual transformer layers.

A.4. Formal Descriptor Definitions

Given the effective persistence image P̂ Ip, we define our descriptors:

• Births’ Relative Frequency:

Bp(ℓ) =

∑
ℓi
ω(ℓ, ℓi) P̂ Ip(ℓ, ℓi)∑

ℓi
ω(ℓ, ℓi)

∑
ℓi
P̂ Ip(ℓ, ℓi)

, (6)

where
ω(ℓ, ℓi) = |ℓ− ℓi|α (7)

weights by feature lifespan (α > 0: long-lived emphasis; α < 0: short-lived empha-
sis).

• Inter-layer Persistence:

Zp(ℓ, ℓ
′) =

∑
ℓ≤M1,ℓ′>M2

P̂ Ip (ℓ, ℓ
′)

βp(ℓ)
, (8)

where M1 = min(ℓ, ℓ′); M2 = max(ℓ, ℓ′) and βp(ℓ) is the pth Betti number at layer
ℓ. We summarize by power-weighted averaging across ℓ′:

Z̄p(ℓ) =

∑Nlayers

ℓi=1 ω(ℓ, ℓi)Zp(ℓ, ℓi)∑Nlayers

ℓi=1 ω(ℓ, ℓi)
(9)

4. https://www.mrzv.org/software/dionysus2/
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following the same weighting ω.

These descriptors are well-defined provided that βp(ℓ) > 0 (otherwise set to 0).

A.5. Summary of Algorithmic Complexity

The computational cost for the pipeline is dominated by

O(n2 · L) for kNN construction across L layers

+ O(mω) for zigzag reduction; with ω < 2.373

where n is the number of prompts and m the maximal simplex order. In practice, fast
C++/Python implementations (using FastZigZag + Dionysus2) make the pipeline feasible
for n ∼ 10, 000 points and L = 32 layers.

A.6. Code and Reproducibility

All code to produce the zigzag filtrations, persistence diagrams, effective images, and de-
scriptors is available at https://github.com/RitAreaSciencePark/ZigZagLLMs.
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