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Abstract

We present here, informally, ideas on ongoing work for analyzing chromatic (labeled) point
clouds, with the goal of understanding spatial interactions between cell types in biological
settings. We describe our starting framework and state some open questions that we are
currently addressing. Two specific contexts attract our interest: (1) tumor microenviron-
ment and (2) cell differentiation process.

1. Introduction

The field of topological data analysis (TDA) is concerned with the interpretation of datasets
as geometric objects, which are analyzed using tools from algebraic topology (see (Carlsson
and Zomorodian, 2009; Edelsbrunner and Harer, 2010) as foundational references). Given
a point cloud dataset X ⊂ Rd, a filtration of topological spaces is typically constructed
(under the form of a nested sequence of simplicial complexes) to approximate the underly-
ing space from which the data are presumed to be sampled. Persistent homology is usually
encoded under the form of either a barcode or a persistence diagram and this information
is typically vectorized (Ali et al., 2023) so that it can serve as input for machine learning
methods for classification tasks, for example. Among a huge variety of applications of TDA,
a significant quota of them is developed in the biomedical setting. The survey Amézquita
et al. (2020) showcases TDA applications to various biological fields, like structural biology,
molecular biology, and evolution, introducing different TDA methods, depending on the
application. The set of TDA tools used for biological applications is also extensive: mul-
tiparameter persistent homology (Carlsson and Zomorodian, 2007) for the study of tumor
microenvironment (Vipond et al., 2021) or spatial transcriptomic data (Benjamin et al.,
2024); an adaptation of the mapper algorithm (Singh et al., 2007) to describe cell differen-
tiation structures (Imoto and Hiraoka, 2023); or zigzag persistence (Carlsson and de Silva,
2010) to understand the dynamics of macrophages on agent-based model simulations of a
tumour (Yang et al., 2025).

In simple terms, spatial biology is the study of how molecules, cells, and tissues are organized
and interact with each other within their natural 2D or 3D spatial environment. More
specifically, our two spatial biology problems of interest are:

1. Characterizing cell-type interactions in cancer tissues: recent techniques such
as multiplex immunohistochemistry allow researchers to study the spatial distribution of
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cell types within cancerous tissues. In fact, multiplex images generate chromatic or labeled
datasets, where data points are categorized by distinct labels and interactions exist among
points of different categories. Hence, the description of interactions between cancer cells
and immune cells help to understand the disease progression and therapeutic responses.
Some references in the field include (Bull et al., 2020; Bull and Byrne, 2023; Bull et al.,
2024a,b; Stolz et al., 2024; Cheung et al., 2024).

2. Understanding stem cell differentiation through spatial signaling: studying
stem cell differentiation involves understanding how spatial and temporal dynamics of sig-
naling pathways, like BMP, guide cells toward specific fates. Many papers, such as (Teague
et al., 2024; Camacho-Aguilar et al., 2024; Etoc et al., 2016; Heemskerk et al., 2019), model
the signals guiding cell state, in some cases, in a constrained spatial environment that leads
to micropatterns, but no interaction between cells in an unrestricted environment has been
considered so far.

In these scenarios, it is crucial not only to understand the overall spatial structure of the
labelled point cloud, but also the relationships among different labeled subsets of data, such
as cell types in biological systems. This shift in focus reveals the necessity for developing
new TDA methods that can handle the complexity of labeled data, as traditional approaches
are insufficient for capturing the full richness of these interrelationships. Recent advances
have extended TDA to handle chromatic point clouds—datasets in which each point is
assigned a label or ”color”. In the case of bicolored (or bilabeled) data, Stolz et al. (2024)
proposes Dowker persistence to provide information about the topological features that are
co-living in both colors at the same time. Other related work is Wagner et al. (2024), where
they combine standard persistent homology with image persistent homology to define a
way of characterizing shapes and interactions between two pointsets in any dimension. A
richer information can be obtained by using the chromatic alpha filtration proposed by
di Montesano et al. (2024a). They propose a geometric construction that generalizes the
alpha filtration for the chromatic case and that allows to deal with several colors at once.
This geometric construction allows to encode both proximity relations between points of the
same color as well as those between points of different colors, keeping compatibility with the
alpha complexes of each color set separately. A set of 6 persistence diagrams, including the
one of the image persistent homology, can be derived from the inclusion of labeled datasets
in a common embedded space.

2. Spatial relations from inclusion maps

One way of studying spatial relations in data X ⊂ Rd is to study the induced inclusion
maps between filtrations and the corresponding maps on persistent homology. Then those
maps on persistent homology can be studied in terms of invariants such as their kernel,
cokernel, image, domain, and codomain (Cohen-Steiner et al., 2009).

More specifically, let X = X0 ⊔ · · · ⊔Xs ⊂ Rd be a chromatic set, also denoted by (X,µ),
where µ = {X0, . . . , Xs} is a coloring ofX. If we can construct a filtration in such a way that
it is functorial with respect to the input dataset, then we can study the induced inclusion
maps among these filtered subcomplexes. For that aim, the well-known Vietoris–Rips,
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VR•(X), and Čech, Č•(X), filtrations are suitable; but these constructions are filtrations of
the complete simplicial complex on the vertex set X in which the number of simplices scales
exponentially with the number n of data points, discarding them for practical applications
with large datasets.

On the other hand, ifX is in general position, then the alpha filtration, A•(X), is a filtration
of the Delaunay triangulation Del(X) associated with X, which is sparse in the sense that
the number of simplices in Del(X) is bounded by a polynomial in n of degree ⌊d/2⌋, with d
the dimension of the ambient space, so the computation is feasible when d is low. Moreover,
Ar(X) is homotopy equivalent to Čr(X) for any nonnegative r, so the alpha filtration
captures the same topological information as the Čech filtration. Unfortunately, alpha
filtrations and the underlying Delaunay triangulations are not functorial with respect to
inclusions of point clouds; that is, Del(X0) is not necessarily a subcomplex of Del(X0⊔X1).

This deficiency is addressed by the chromatic Delaunay triangulation Del(X,µ) introduced
by Biswas et al. (2022) (extending the previous concept of coupled alpha complex defined in
Reani and Bobrowski (2021)), and the corresponding chromatic alpha filtration A•(X,µ),
introduced in di Montesano et al. (2024a). Roughly speaking, the chromatic Delaunay
triangulation Del(X,µ) is constructed by lifting points of color i to another “copy” of the
initial d-dimensional space, for each i, and taking the Delaunay triangulation of the lifted
points in Rd+s. The chromatic alpha filtration defined in di Montesano et al. (2024a) has the
good properties of the functoriality of the Čech filtration (with respect to inclusion of points)
and the sparsity of the alpha filtration, while preserving the same spatial information.

However, the algorithm for computing the chromatic alpha filtration value for a simplex is
computationally expensive. In order to simplify this computation, we introduced in Natara-
jan et al. (2024) the chromatic Delaunay–Čech filtration Del Č•(X,µ) and the chromatic
Delaunay–Rips filtration DelVR•(X,µ). These are filtrations of the chromatic Delaunay
triangulation where the filtration value of each simplex is given by its filtration value in the
Čech and Vietoris–Rips filtrations, respectively. Then, using Morse theory techniques, we
proved that there are simplicial collapses

Čr(X) ↘ Del Čr(X,µ) ↘ Ar(X,µ), and also Del Čr(X,µ) ↘ Del Čr(X).

The former generalizes an analogous result for the non-chromatic setting in Bauer and
Edelsbrunner (2016).

These results have practical implications for computations with large datasets where the
chromatic alpha filtration values can become a computational bottleneck. The implemen-
tations of these filtrations are available in the Python package chalc: https://github.

com/abhinavnatarajan/Chalc.

Now, starting from a filtration of a simplicial complex K,

∅ = K0 ⊆ K1 ⊆ · · · ⊆ Kn = K,

applying the p-th homology functor, we get a sequence of vector spaces:

Hp(K0) −→ · · · −→ Hp(Ki−1) −→ Hp(Ki) −→ · · · −→ Hp(Kn).
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If L is a subcomplex of K, compatible with the filtration values, then

Hp(K0) −→ · · · −→ Hp(Ki) −→ Hp(Ki+1) −→ · · · −→ Hp(Kn)
↑ ↑ ↑ ↑

Hp(L0) −→ · · · −→ Hp(Li) −→ Hp(Li+1) −→ · · · −→ Hp(Ln)

where the vertical maps κi : Hp(Li) → Hp(Ki) are induced by the inclusions Li ⊆ Ki.
These maps have kernels, images, and cokernels that are also persistence modules. Cohen-
Steiner et al. (2009) provides explicit algorithms for computing persistent homology of
them, and the chalc package also includes their implementation. In di Montesano et al.
(2024a), using the chromatic alpha filtration and considering the subcomplex L generated
by a subset of colors, they propose to study these persistence diagrams together with those
of the domain (associated to the L), the codomain (associated to the complex K), and the
relative homology H•(K,L), forming what they call the 6-pack of persistence diagrams.

In this way, some features of the shape of the point cloud are reflected in these diagrams.
For example, in the two colors setting for 2D point sets, the existence of a loop of one color
that is “filled” by points of the other color can be reflected as a prominent point in the
kernel diagram (dimension 1); the existence of a loop formed by two arcs, one of each color,
is represented by a long-lived feature in the cokernel (dimension 1).

3. Directions

Although the theory described in previous section provides a framework for real applications,
there is no a straightforward path to follow. There are many choices that need to be carefully
taken: what subcomplex shall we consider for the inclusion? What combinations of colors
should generate each subcomplex? The choice should be ”standard” in the sense that
it is not dependent on the differences in density of the point sets. In di Montesano et al.
(2024b), the authors propose the use of the so called k-chromatic sub-filtration, consisting of
all simplices with points of at most k distinct colors. This way, the number of combinations
are reduced and the process is somehow standarized. However, it is also desirable that
the relevant points in the persistence diagrams have an intuitive interpretation, which also
depends on the choice of the subcomplex. For example, as shown in Fig.1, the kernel
diagram for the 2-chromatic subfiltration of the set of points on the left has an infinite
feature at degree 1, which is not directly interpretable in the set of colored points. So, is
there a more suitable subcomplex to provide intuitive information of the spatial relations
between colors?

When restricting to the bicolored case, we do not have those artifacts using the 1-chromatic
inclusion. Then, a natural question arises regarding what relations exist between Dowker
persistence and the information that can be obtained from the 6-pack (or part of it). Can
the information encoded in Dowker persistence always be deciphered inside the 6-pack? Are
there any algebraic relations between them, or at least with some of the diagrams? Are
there any specific organizational patterns for which Dowker persistence is advantageous?

Also, for the sake of interpretability, an important goal for us is to define numerical descrip-
tors from those diagrams whose combination can claim robust statements about the spatial
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Figure 1: A trichromatic point set and the corresponding kernel persistence diagram using
the 2-chromatic inclusion.

distribution of the labeled point clouds. In this sense, a descriptor was defined in di Mon-
tesano et al. (2024b), called the MST-ratio, which relates the lengths of bars of 0-homology
classes of the disjoint union of the sets of points with the one of the union of points. This
is something that can always be done without computing the 6-pack and involves only the
domain and codomain. However, we think that the most interesting information about the
interactions between the different sets of points lies in the kernel, image, and cokernel.

Moreover, we can pose the question whether all the diagrams are really necessary to char-
acterize the spatial distribution. There are algebraic relations between the triples (kernel,
domain, image), (image, codomain, cokernel), and (cokernel, relative homology, kernel),
given by short exact sequences, that lead us to think that the kernel, image, and cokernel
are the most powerful diagrams to characterize the spatial interactions of a labeled point
cloud if we restrict to applications in 2D, like the ones we are concerned here.

In Wagner et al. (2024), they devise a new representation, the mixup barcode, in which they
combine the information of the bars in the domain with the bars in the image. This is an
important starting point for developing a whole set of mingling numbers to be defined out
of the kernel, image, and cokernel to describe the spatial distribution of the labeled point
sets, including, at least, the cases of two colors as well as three colors.

Our ultimate goal is to define a set of topological summaries that can characterize, at least,
the organizational patterns that are usually of interest for biologists, like the ones listed in
(Bull et al., 2024b): “unstructured”, “aggregation”, “exclusion”, “architecture”. However,
when considering three or more colors, designing interpretable topological descriptors from
the 6-pack of persistence diagrams (or part of it) for describing the shape of such labeled
datasets becomes a tougher challenge.
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and Morteza Saghafian. On the size of chromatic delaunay mosaics. arXiv preprint
arXiv:2212.03121, 2022.

Joshua A. Bull and Helen M. Byrne. Quantification of spatial and phenotypic heterogene-
ity in an agent-based model of tumour-macrophage interactions. PLoS Computational
Biology, 19, 2023. ISSN 15537358. doi: 10.1371/journal.pcbi.1010994.

Joshua A. Bull, Philip S. Macklin, Tom Quaiser, Franziska Braun, Sarah L. Waters,
Chris W. Pugh, and Helen M. Byrne. Combining multiple spatial statistics enhances
the description of immune cell localisation within tumours. Scientific Reports, 10, 2020.
ISSN 20452322. doi: 10.1038/s41598-020-75180-9.

Joshua A Bull, Eoghan J Mulholland, Simon J Leedham, and Helen M Byrne. Extended
correlation functions for spatial analysis of multiplex imaging data. Biological Imaging,
4:e2, 2024a. ISSN 2633-903X.

Joshua A Bull, Eoghan J Mulholland, Joshua W Moore, Jesús J Bosque, Bernadette J Stolz,
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