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ABSTRACT

We investigate the question: “How can we efficiently describe equivalence classes of finite
sets of (colored) points in R3, where (colored) point sets are equivalent if they can be
transformed into each other by a rotation?” It sounds very simple, but we will see it leads
to some interesting mathematical structures. However, they only become a part of the
picture when we have to take into account some application specific constraints: We want
to characterize these configurations by features that do not depend on the number of points
in the set, and that are fast to evaluate.

1. INTRODUCTION: O(3)-INVARIANT SET FUNCTIONS ON R3

I would like to talk about the mathematical aspects of work done in Quantum Chemistry at
Google DeepMind together with Oliver Unke and Klaus—Robert Miiller, the main reference
is our paper Maennel et al. (2024). This work lead to the question posed in the abstract.

1.1. APPLICATION IN QUANTUM CHEMISTRY

To motivate these constraints I describe a bit of the application, although it is not strictly
necessary for the mathematics that follows.

Our practical application is for quantum mechanically accurate simulations of the dynamics
of molecular systems. This means: Given the positions and types (i.e. elements) of n atoms
(in some molecular system), we want to predict the energy of that system as a function of
the positions of the n atoms. In particular, when we take the gradient of this energy with
respect to the position of an atom, we get the (negative) force on that atom. And using our
approximation of the forces, we then can simulate the evolution of the system by iterating
over small time steps, giving us a trajectory for the dynamics of this molecular system.

We use the assumption that the energy can be modeled well from the local interactions,
so the main term in our model of the energy is a sum over contributions from each atom,
that takes into account only those other atoms whose distance to the central atom is below
a threshold. The number of atoms within this relevant radius varies, but as a ballpark
estimate we could say the numbers of atoms goes up to 20. (See appendix A.1 for a bit
more details.)

With this locality assumption it will be enough to have a lot of training examples of the
energy of smallish systems of atoms, and then we will train a neural network that gives a
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good approximation to energy contributions around each atom and hope that this general-
izes to other molecular systems.

Force fields obtained in this way are called “Machine Learned Force Fields”, and they have
proven to be a valuable alternative to more costly DFT calculations or to less accurate
classical force fields, see e.g. Thomas et al. (2018); Anderson et al. (2019); Fuchs et al.
(2020); Satorras et al. (2021); Unke et al. (2021a); Schiitt et al. (2021); Unke et al. (2021b);
Batzner et al. (2022); Frank et al. (2022); Musaelian et al. (2023); Unke et al. (2024).

To get good neural network models, we want to build in physical knowledge, in particular:
The energy contribution F around one atom should be invariant under

e rotations and reflections that leave the central atom invariant,

e permutation of nuclei with the same charge Z;.

This now leads us to the question which input features and network architectures with built
in invariance can guarantee unique characterization, i.e. that for any two input lists that
are not related by such a symmetry operation, the input features are able to distinguish
between these configurations.

1.2. THE MATHEMATICAL PROBLEM FOR A FIXED NUMBER OF POINTS

Let us first consider the abstract problem: Given a set of “colored points”
{(7‘,‘, Zz) |Z = 1, ,n} with T; € RB, Zi € {01, Coyunny Cmax},

come up with useful features that uniquely characterize this set up to rotations and permu-
tations.

To keep this section simple, we specialize to the case of one color (the general case is not
substantially different). This means we look for features of R*/(O(3) x ¥) where ¥ is the
permutation group of n elements.

We look at this as (R*'/O(3)) /2. For the first quotient, note that the list of n(n -
1)/2 distances between all pairs of rg = 0,71, ...,7,-1 determines the configuration up to
O(3). This list depends on the order of the n points, if we permute the points, we get a
corresponding permutation of the n(n—1)/2 distances, and we have to determine invariants
under this action of ¥ on R™"~1/2,

This problem is “solved” by Hilbert’s basis theorem: We can find a finite list of polynomials
that generate the ring of invariant functions

R[D]E = R[dah d%m ) d721—2,n—1] >

While one can make this existence theorem constructive, the number of invariants is just
too large to be of practical use (see appendix A.2 for some more details).
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1.3. REPRESENTATION THEORY ARISES NATURALLY

Apart from the size of their feature sets, these solutions have one other flaw: In our case,
the size n of the point set is not fized, we actually want to learn features that make sense
for any n and ideally also generalize across different n!

Can we formulate O(3)—invariant functions on finite point sets independent of size?

For simplicity, let us restrict our point sets even more and focus on point sets on the unit
sphere S? ¢ R3. So individual points do not carry O(3)-invariant information.

We can indeed give such size agnostic, O(3) x ¥, —invariant features: F(S) := |¥,cq 7|
depends only on the set of unit vectors and contains useful information.

Can we generalize this to invariants of the form F(S) := [¥,.q f(7)| for some interesting
functions f?

For this to still make sense, we must have

1. We can add up the f(r) and take a “length”:
This works if the f(r) are in some Euclidean vector space V.

For this to also be O(3)-invariant, we want for all g € O(3)

4

F(gS) = 213 f(r)

reS

>, fgr) = F(5)

reS

>, p(9)f(r)

reS

2 ‘p(m S f(r)

reS

which is true when these three conditions are fulfilled:

2. O(3) acts on V and conserves lengths: p: O(3) > O(V)

3. The action is linear (we need it to be compatible with +; with continuity this is
enough to imply R-linearity).

4. f:R3 -V is O(3)-equivariant.

This means p is an orthogonal representation O(3) - O(V) and f: R? » V is equivariant
with respect to the canonical action of O(3) on R? and the action via p on V. (For a
summary of all representation theory needed for this application, see e.g. Unke and Maennel
(2024).)

In fact, we can even argue that p should be an irreducible representation, because otherwise
we waste information: If we have an invariant subspace V; of (V,p), then the orthogonal
complement V5 is again an invariant subspace, (V,p) = (V1, p1) ® (V2, p2), and we can write
the vectors f(r) as sum of the two parts fi(r) € Vi, fao(r) € Vo. Therefore we have

Z (f 1(7’))
reS f Z(T)
so we do not get anything new that we did not already get by using the smaller O(3)—
invariant subspaces Vi, Vs, so we should rather look at these parts separately.

2 2

2
F(S5)? S A@)] +

reS

Y fa(r)

reS
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Irreducible representations of O(3):

To catalog all invariants we get in this way, we start with an inventory of irreducible rep-
resentations.

Up to isomorphism there exists exactly one irreducible representation of SO(3) with di-
mension 2L + 1 for L = 0,1,2,...; we denote it by H(L), and these are all the irreducible
representations that exist for SO(3). They can be described as the vector space of homo-
geneous harmonic polynomials of degree L in three variables.

To extend these to irreducible representations of O(3) we have two possibilities: We set

p(—]dg) = Idv or p(—Idg) = —Idv.

We call p even in the first case and odd in the second case.

Equivariant maps S? —» R2L+1
There is only one map (up to a multiplicative constant and the choice of an orthonormal
basis of R2:+1)

YL . S2 N R2L+1

that is equivariant under SO(3). It is also O(3) equivariant if we extend the representation
pr, such that it is even for even L or odd for odd L.

These equivariant maps Y7, : S? - R2*! are the (real valued) spherical harmonics, they can
be given by homogeneous polynomials of deg L.

This gives infinitely many different O(3)—invariant features I,(S) = | ¥, es Yr.(7) |.
So with all these features... does that mean our problem is solved?

1.4. THE UNIQUENESS PROBLEM

It is easy to see that all these invariants depend only on the set of angles, see appendix
A.4. This means we can run into a problem if we can find different configurations that
have the same set of angles. Unfortunately, in Pozdnyakov et al. (2020) the authors proved
that this potential problem is in fact real! (See appendix A.5 for some counterexamples.)
Pozdnyakov et al. (2020) call invariants that only depend on the set of angles invariants of
“body order 3”7, because they only depend on the set of triples A,0, B up to isometries for
A, B in our point set on S? and 0 the origin.

So we have to come up with invariants of higher body order... and this is indeed possible,
for example:

Z <T1 XT2, T3>2 = Z det(T17T27 T3)2

7'1,7‘2,7‘365 T‘1,T‘2,T‘3€S

This is an invariant of “body order 4”, it depends on the set of triples (r1,72,73).
But this alone is also not enough, Pozdnyakov et al. (2020) prove that even body order 4 is
not enough to distinguish all inequivalent configurations!

So now the stage is set for the fundamental question: How do we get enough invariants
(that work for all number of points and can be evaluated quickly) to uniquely identify all
configurations?
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1.5. MATHEMATICAL FRAMEWORK FOR INVARIANTS OF FINITE POINT SETS

We look at functions on “colored point sets”, i.e. on finite point sets S = {ry,...,r,} c R?
with colors 71, ..., 7, associated to them in a fixed finite set C of possible colors. Since we
want to learn on and generalize to different n, we keep n variable. This has the consequence
that our configuration space has to be an infinite—dimensional “algebraic variety”. We
define it as the disjoint union of all

Conf(n) = || R3" /3, forn=1,2,...
~v:{1,2,....n}—>C

which are quotients of R*" by the groups ¥, which contain the permutations o : {1,2,...,n} —
{1,2,...,n} that only permute points of the same color, i.e. y(o (7)) = v(i), and the disjoint
sum is over those color assignments «: {1,2,...,n} — C that satisfy v(1) <v(2) < ... <~v(n)
for some (arbitrary, but fixed) total order on the color set C.

We define polynomial point set descriptors (PPSDs):
For a function f of k points in R? we get a function on configurations of any size by:

Yoo > flr ) with S5, := {r € S|color is v;}

’!‘165»“ "'kES’Yk

We call these functions of body order k+1. We will in particular consider polynomial point
set descriptors (PPSDs), which we define as the linear combinations of such functions for
polynomials f. (Later we will generalize this to allow analytic radial functions.)

We can ask how this differs from just considering different polynomials for each size n.
This is answered by proposition 17 in Maennel et al. (2024):

e The values on Conf(n) for finitely many n can be prescribed by arbitrary polyno-
mials of n variables that are symmetric under ¥, but...

e ...from some N on all values on Conf(n) for n > N can be inferred from the values
on Conf(N) by a certain rule.

This is exactly what we need to “generalize to higher n”.

Fundamental features:

One can show that the PPSDs are closed under multiplication, and this ring of functions is
generated by the Y, P (7) with polynomial P. We call these the fundamental features,
they can be computed in time O(n) for sets of n points.

This means to compute any PPSDs we can:

1) Compute some necessary fundamental features Y, P (7),

2) Compute the appropriate polynomial in these fundamental features.

With this algorithm any PPSD can be computed in time linear in n = |S|. This makes
PPSDs particularly attractive as features that can be evaluated effectively.

(See appendix A.3 for some more remarks on this definition of PPSDs.)
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2. POLYNOMIAL FUNCTIONS: COMPLETENESS / FINITENESS

2.1. TorPoOLOGICAL COMPLETENESS

We now summarize the results of Maennel et al. (2024) about the characterization of fi-
nite point sets by PPSDs. The first theorem reassures us that in principle PPSDs are a
“complete” feature set, i.e. they are enough to uniquely characterize point sets.

Theorem 1: Let G be O(3) or SO(3).

1. Any two different configurations can be distinguished by their fundamental features.

2. Any two configurations that are not equivalent under G can be distinguished by
G—invariant PPSDs.

See appendix A.6 for a version for covariant functions and the proof ideas.

2.2. FINITENESS

For a given upper bound on the number of points, we can get from the theoretical existence
of the previous section to specific finite sets of invariants.

Theorem 2: Let G be O(3) or SO(3).

1. Given nq,...,n. € N, there are finitely many G-invariant PPSDs that distinguish
all G—equivalence classes of configurations with at most ni,...,n. points of colors
1,....,c

2. Given such a finite set of G—invariant PPSDs that distinguishes all G—equivalence
classes of colored point sets with at most ng,...,n. points of colors 1,...,¢, and
n:=n1+...+n., there are 6n—>5 linear combinations of them that already distinguish
all equivalence classes.

Theorem 1 only said that any pair of non—equivalent configurations can be separated, here
we say this can be done for all pairs of n—point configurations simultaneously with finitely
many invariant functions.

This is what we really need for Machine Learning: We will only have finitely many features!

Proof idea for part 1:
Use the lemma on the moments as in 1. above.

Proof idea for part 2:

We mimic the proof for the weak Whitney embedding theorem:

Let X be the set of G—equivalence classes of colored point sets with |Si], ..., |Sc| points of
colors 1,2,...,c. Let F be a finite dimensional vector space of functions on X that separate
points.

1. X has dimension 3n — 3.
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2. Take functions fi,..., fny € F that separate points of X. This defines an embedding
f: X >RV,

3. Show that the set D ¢ PN__ L of directions in @N given by two different points
f(x1), f(x2) has a closure D of dimension dim(D) < 2-dim(X).

4. If N -1 > 2-dim(X), then there is a linear map R™Y — R¥~! that is injective on
X (and in fact only decreases distances by a factor of at most C' for some constant

C>0).

Then start with the embedding from 1, use 2 to decrease n as long as n > 2-dim(X) + 1.

To make this proof idea precise, we need to find appropriate notions of functions / sets /
dimensions!
Here is a sketch of the notions / facts used for a precise proof:

e X is an orbifold (locally a manifold divided by a finite group).

e X, Xx XA - D,D,D are semi-algebraic: Given by finitely many algebraic con-
ditions f(x) = 0 and g(x) > 0 (combined by Boolean operations). This uses in
particular that the image of a semi-algebraic map is semi—algebraic, this is also
known as “Quantifier elimination for (R, +,-)”.

e Semi-algebraic sets have dimensions which agree with the dimension of manifolds /
orbifolds.

e Use Theorem: dim (f(M)) < dim(M) for M, f semi-algebraic.

Why do we need “semi—algebraic”, isn’t this just a topological argument?

No, in particular dim(f(X)) < dim(X) is wrong for arbitrary continuous functions, as is
witnessed by space—filling curves like the Hilbert curve, a continuous surjective function
[0,1] = [0,1] x [0,1].

Even for smooth maps (but not for polynomial or more generally semi-algebraic maps!)

dim ( f(X )) < dim(X) can fail: We can map a line to a torus such that the image is dense:

For f:R — R* ¢ (sin(t),cos(t),sin(at),cos(at)) we have dim(R) = 1, dim (f(X)) =2
for a ¢ Q.

3. POLYNOMIAL FUNCTIONS: SO(3) HARMONIC ANALYSIS

So far we looked at theoretical results about the existence of features. We now move
towards a particular set of invariant / covariant features that can be computed efficiently,
which generalize our use of the representation theory of SO(3) from the introduction.

The usual “SO(3)-harmonic analysis” can be seen as the study of the representation of
SO(3) on the vector space of polynomials on the sphere S2. We want to go from functions
of points to functions of point sets, i.e. we describe here the representation of SO(3) on
the vector space of PPSDs on S2.
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3.1. HARMONIC ANALYSIS OF FUNDAMENTAL FEATURES

A result of the usual SO(3)-harmonic analysis is that any homogeneous polynomial of
degree L on R? can be written uniquely as

|7.|L*1 ~hy(r) for L odd,
P(r)=h +lrl2-h, +..+
(r) L(r) +|r| L-2(7) {|r|L - ho(r) for L even.

with h; homogeneous harmonic polynomials of degree [, and the spherical harmonics Y;™
are a basis of the vector space of homogeneous harmonic polynomials of degree I.

We can transfer this to fundamental features given by a polynomial P and a color v as
Yores, P(7): The fundamental features have a basis consisting of

P () = 30 |5 ¥ (r)

€Sy

and for fixed [ these span the #(—isotypical component of the vector space generated by
the fundamental features.

We can extend this to O(3) representations: We have O(3) = SO(3) u (-Id)-SO(3) and
irreducible representations p : O(3) — GL(V) are irreducible representations of SO(3) on
V + “parity”:

even: p(-Id)=+Idy , odd: p(-Id)=-Idy.

Denote the irreducible O(3) representations by H() with € = +1/ - 1 for even / odd
representations. Our fundamental features of degree L are already O(3)-representations,
even / odd when L is even / odd.

|L=0 L=1 L=2 L=3
BEEE
odd L EEEE

3.2. HARMONIC ANALYSIS OF PPSDs

General PPSDs are polynomials in the fundamental features. We can decompose these into
homogeneous polynomials of degree n in fundamental features, and then decompose them
further by isotypical components of H(L), this gives the following fundamental diagram.
Each small square is a basis function, groups of (2L + 1) scalar basis functions in H L)
combine to one () —valued function.
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| L=0 L=1 L=2 L=3

n =1, even | ssesa EEEE

odd i i

n=2, even | san--- HBER ... EEE EEE
odd m. B W

n=3,even | oaa-- HBH ... EEE EEE
odd | weee g M. ..

3.3. ALGEBRAIC COMPLETENESS (CLEBSCH-GORDAN VERSION)

The abstract Clebsch-Gordan theorem for SO(3) is the isomorphism
W @) o glh-bD gylh-thl) g gylit)  for |y —ly|<ly <l +o.
We can extended it to O(3) for parities €1,€3 € {1}:

fH(h,El) ®H(l2’€2) ~ @ fH(l37€162)

‘ll—l2| <3 < li+le
Choosing a basis in H) 3 (2) 34(s) gives a “Clebsch—Gordan product”

R2ll+l,€1 ®R2[2+1,62 N R213+1,6162 fOI' ‘ll _ lQ‘ < l3 < ll + l2.

Using the Clebsch—Gordan products, we can build up the above schema by starting from
the fundamental features for n = 1 as above, and then fill in row n+1 by all Clebsch—Gordan

products between row 1 and row n.

Theorem 3:

1. All scalar PPSDs are some linear combination of fields in this schema.

2. Any SO(3)-covariant PPSD with values in H() is a linear combination of vectors

in the [-th column.

3. Any O(3)-covariant PPSD with values in () is a linear combination of vectors

in the [-th column of the appropriate parity.

This “Clebsch—Gordan version of algebraic completeness” corresponds to the most com-
mon approach of constructing invariants / covariants. There also is an older approach to
constructing invariants which uses full tensor products and contractions instead of Clebsch—
Gordan operations, see Shapeev (2016). In this paper, classical invariant theory was used to
prove a completeness theorem. In Maennel et al. (2024) we also give a streamlined version

of this flavor of algebraic completeness using our PPSDs.
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4. ANALYTIC RADIAL BASIS FUNCTIONS

Points = € R? can be written in “polar coordinates” as r = |r|-u for w = r/|r| € S?, and we
can give special functions f on R? by an “angular” function g on S? and a “radial” function
h on Rso:

f(r) = h(lrl) - g(r /7).

To be well defined at the origin, we should also require that either g(u) is constant or A(0) = 0. However,
in practice this does not matter to us since we will always assume that the distance to the central nucleus

is > e for any other nucleus, so we will only use values r > € for h(r).

When h(r) is a polynomial in 7% and g(u) is a polynomial, then this will again be a
polynomial on R3, and any other polynomial can be approximated by such polynomials
(uniformly on compact subsets of R3).

While in theory polynomial functions are enough to supply all features, in practice they are
not optimal for our purposes: We expect that when atoms move far away from the central
atom, they will contribute less and less to the energy contribution assigned to the central
atom. So we will get features better aligned with the chemistry application when we use
radial functions h(r) that decrease to 0 for r — oo.

Almost all of the above theory remains valid if we make such a generalization, in particular
since for the O(3) operation only the angular part is interesting. So we only comment in
the appendix A.9 on two details for which the above statements have to be modified.

5. SPEEDING UP CLEBSCH—GORDAN OPERATIONS

To efficiently use the Clebsch—Gordan products, we bundle different irreducible representa-
tions for [ =0,1,...,L — 1 into one array of 1 +3+ ...+ (2L -1) = L? numbers. Then we can
apply all Clebsch—Gordan products simultaneously to get from one bundle of body order
(n+1) and one of body order (m + 1) to a new one of body order (n +m + 1). This uses
a tensor of order 3 which contains (L?)3 = LY Clebsch-Gordan coefficients, and takes time
O(LY).

All combinations for 0<ly,ls < L
HO @ 1) 5 1qW)  for |l —ly| < I3 <min(ly + 1o, L — 1)

are used and added up with learnable parameters wy, i, 1,-

This scaling by O(L®) prevents the use of larger L in practice, which could give finer
angular resolutions. We now describe a way to reduce this O(L®) scaling to a O(L?) scaling
which makes the use of higher L feasible. The resulting networks are not in a one-to—one
equivalence to particular networks using Clebsch—Gordan operations, but can express the
same features and satisfy the same algebraic completeness.
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5.1. REPLACING CLEBSCH—(GORDAN OPERATIONS BY MATRIX MULTIPLICATION

For even L, the “backwards” Clebsch—Gordan equation
HO o HD @ ..o {1 « 4D g3 (L2

shows that we can also encode the bundle H(¥) @ H) @ ... @ H(E) as one (L +1) x (L +1)
matrix.

(1) 1) ~ 24(0) (1) (2)
2O g HUIVQHY 2 HY OHY OH

HO 2 {arsymmech> O & O

o =
symmetric

Matrix multiplication is covariant, so this gives another way to construct covariants of
l=0,1,...,L and body order (n+ m + 1) from those of [ =0,1,...,L and body order n + 1
and m + 1.

And matrix multiplication is now O(L?) instead of O(LS)!

We still have to do the linear transformation from one representation as a vector of length
L? to another vector of length L2, but that is still O(L*) instead of O(LS).

(We can also get this down to O(L?) if we use computations with complex numbers.)
Possible downside: We have less parameters, they now only go into the inputs, not in the
product.

In the open source software “E3x” (see Unke and Maennel (2024)), this matrix product
is implemented as a drop in replacement for the Clebsch—Gordan operations with lower
computational complexity and fewer learnable parameters. To achieve that, the list of
features in (O o ... ® H(D) is first encoded in a matrix, then the matrix multiplication is
computed, and then the product is again decomposed into a list of features in H(V®...@H (L.
This can be used for SO(3)-features and also for O(3)-features, for which we have to
distinguish also between even and odd features.

Experimentally we found that this can speed up significantly the computations on CPUs,
but does not seem to benefit computations on GPUs / TPUs unless we go to large degrees
L in the representations.

To get a better speed up on GPUs / TPUs, we want to avoid going back and forth between
list of features belonging to different (") and their matrix form, but rather keep the matrix
products in their matrix form. Also we want to avoid computing many matrix products
with small matrices and rather use fewer matrix products with large matrices. To do so we
partition a large square matrix into a number of smaller rectangular matrices. This is not
directly one—to—one equivalent to a particular computation using many small matrices, but
gives the same class of features and the same completeness property holds. (See appendix
A.10 for details.)
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6. SUMMARY

We motivated a mathematical question by its application in quantum chemistry: How can
we represent finite sets of (colored) points in R up to rotations by (efficiently computable)
features that are independent of the number of points? Such features make it possible in
principle to use machine learning for rotationally invariant functions on point sets and gen-
eralize from smaller to larger point sets. We described a set of functions called “Polynomial
Point Set Descriptors (PPSDs)” that can be used for this purpose.

We described the following results:

e Topological completeness: Let G = SO(3) or G = O(3). Any two (not G—equivalent)
configurations can be distinguished by a G—invariant PPSD.

e Finiteness, 1: There is a finite set of G—invariant PPSDs that can distinguish be-
tween the configurations in any such pair of configurations with n points.

e Finiteness, 2: Given such a set of PPSDs, we can find 6n — 5 linear combinations of
them that can already distinguish between such configurations of n points.

e Algebraic completeness: We get all G—invariant PPSDs starting from fundamental
features (sum of spherical harmonics) by applying Clebsch-Gordan products.

e The same results hold when we replace polynomial functions by products of a poly-
nomial angular part and an analytic radial function.

We also described the following methods for an efficient implementation of such features:

e Certain lists of features can be encoded in matrices, and then Clebsch—Gordan
products can be replaced by the more efficient matrix product.

e When using matrix product features in implementations on GPUs/TPUs, the com-
putation is further sped up by combining many small rectangular matrices into one
large square matrix.

The fully precise formulations and proofs can be found in Maennel et al. (2024).
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H. MAENNEL

APPENDIX A. ADDITIONAL REMARKS

A.1. THE APPLICATION TO QUANTUM CHEMISTRY

As a visual example, given a larger molecule in some initial position:

and here after 75ps:

The “energy of the system of atoms” that we want to compute (according to quantum me-
chanics in the Born—Oppenheimer approximation) is a mathematically well defined quantity
that can be described easily:

The inputs are: n atomic nuclei with
e positions r; € R3

e nuclear charges Z; e N

These data define a simple Hamiltonian operator H (r1,...,7n; Z1, ..., Zp) (using only the
electrostatic forces) on electron wave functions

w . R3-(Zl+ZQ+...+Zn) = (C

We assume here for simplicity that the total charge of the molecular system of interest is 0,
and don’t go into details related to the spin and the antisymmetry of ¢ (they do not change
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the overall flavor of the problem). Then the (ground state) energy is the lowest eigenvalue
E of

H(r 1, ooy T3 Z1s ooy Zo)0 = B(P 1y s v0s 21, oy ) -0
for any wave function v, and the force on atom i is =V, E(71,...,70n; Z1, ..., Zn).

The operator fI(rl,...,'rn;Zl,...,Zn) is easy to write down explicitly, but the resulting
eigenvalue problem is not feasible to solve exactly (in any interesting cases).

However, E(ry,...,7n; Z1,..., Zy) can be approximated well by somewhat costly, but still
feasible calculations for small systems (up to 100 atoms), we use a version of Density
Functional Theory, see e.g. Ganscha et al. (2025).

We actually want to model much larger systems (e.g. larger molecules in water), and this
becomes possible if we make the simplifying assumption that interactions between atoms
are mainly local.

In practical applications, we will only consider a limited radius around the
atom.
The influence of further out atoms is assumed to be small (or modeled

separately).

We also assume that atoms have a distance > e from each other for some fixed ¢ > 0: If the
distance is too small, the repulsion between them becomes very strong and the system has
a high energy, but we are only interested in systems that are below some upper bound of
the energy.

In practice, we augment our model with an additional term that explicitly models short
term repulsion and another part that tries to learn also some long range effects. However,
we will not consider these terms here since they are of different flavors.

A.2. THE MATHEMATICAL PROBLEM FOR A FIXED NUMBER OF POINTS

We said it would be enough to find a finite list of polynomials that generate the ring of
invariant functions

R[D]E = R[d?),lv d%za ey d721—2,n—1] >

These polynomials exist because of Hilbert’s basis theorem:
1. (Hilbert) R[D]* is finitely generated.

So this solves the problem... for very pure mathematicians.
But we can even solve this “constructively”:

2. (E. Noether) R[D]* is generated by polynomials of degree < |%| in each variable in
D, |¥| <nl.
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This is a constructive solution (for pure mathematicians).
We can also easily improve on this bound:

3. (Gébel): R[D]* generated by polynomials of degree < |D|(|D|-1)/2 in each variable
in D, [D|=n(n-1)/2.

But in practice, even this bound is still much too loose to be useful in practice.

If we interpret “features” more loosely, we can also find O(n*) features that uniquely char-
acterize a point set:

For every triple of 3 distinct points (r;,7;,7}), take the 6 distances between them and the
origin 0, and the set of all distances to the other points {(|r],|r;—7il,[ri—7;|,|ri—7%]) | | =
1,2,...,n} Doing this for all triples gives a set that also determines the configuration. How-
ever, these “features” are not a list of numbers, but sets of sets of numbers. (So they are
not fully dividing out the action of the symmetric group, but make the quotient simpler.)
See Widdowson and Kurlin (2023); Kurlin (2023); Hordan et al. (2024); Rose et al. (2023)
for research in this direction.

A.3. DEFINITION OF PPSDs

We mentioned that each PPSD can be computed on point sets of size n in a time of O(n).
Note that this is a special property of polynomials, this is not true for rational descriptors
like
D e o B e e e e S
{ri,ra,r3}cS

(And poles of this type appear e.g. in the Axilrod—Teller potential.)

While our way of constructing “polynomial functions” on point sets of arbitrary size n
from polynomials in a fixed number k of variables seems natural, there would also be other
options:

e We could use polynomials in the closest k points to the origin. However, we would
then need to introduce a special operation for the case that several points have the
same distance, and even with that, there would be discontinuities. So this does not
seem to be useful in practice.

e We could sum only over different points:
This actually leads to the same vector space of functions (Lemma 13 in Maennel
et al. (2024)).

e We could use the average instead of the sum over k—tuples of points:
This gives the same functions for fixed number of points n, but a different function
class / generalization to larger n.
This would not be the right generalization for us: Far away atoms should not influence the energy
contribution of a central atom, but even if we use functions with f(r) — 0 for |r| - oo, adding

points far away would still change the number of points and hence the value of the average.
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A.4. OUR FIRST INVARIANTS I,(S) DEPEND ONLY ON THE SET OF ANGLES

Our first invariants I7,(.S) are certain lengths, so they are in particular nonnegative. To see
that they depend only on the set of angles, we compute their square

IL(S)Z:(ZgYL(r>,ZYL<r>): > (Vi) Yi(r2)) = Y fu(<(r1.m)

reS 71,72€S 71,7268

where fr () is some function of the angle o between two vectors; the reason that it depends
only on the angle is that any pair of points on S? that have the same angle between them
can be mapped to some standard pair of points ey, e, with the same angle between them
by some rotation g € SO(3): Since Y7, is SO(3)—equivariant, we must have

(Y (r1),YL(r2)) = (Yi(geo), Yi(gea) )
=(p(9)Yr(e0), pr(9)Y(€a) ) = (Yi(€0). Yi(ea) ) =t fr(a).

(Actually, the function fr, could be given explicitly by Legendre polynomials, but we don’t
need this.)

A.5. COUNTEREXAMPLES FOR COMPLETENESS

Divide the unit circle into 18 equal angles, and position points at Sy := {0,3,4,5,6,7,9,11,17}
or S9:={0,1,2,3,5,6,7,9,13}:

6 5 43 6 9 3
7 7 2

9 0=18 9 0=18
17

13

These two configurations have the same multiset of angles, and even the same multisets of
“point triples up to rotation / reflection”. So we need at least features of body order 5!
Furthermore, this is not just an isolated instance, there are even submanifolds of counterex-
amples, here is the simplest example from Pozdnyakov et al. (2020):

The four points at angles 0,,a + 5,7 or 0,a, 7, — 5 give the same set of angles between

them:
a+7[2
o o
T 0=2m T 0=2m
a—m/2

It is not known whether features of body order 5 would suffice, but it is conjectured that
there is some finite order that is sufficient, see Pebody et al. (2003).
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A.6. REMARKS ON TOPOLOGICAL COMPLETENESS

The “completeness” for covariant functions (like e.g. the dipole moment, which is covariant
instead of invariant like the energy) cannot be defined by separation of configurations as for
invariant functions in 2, since the function values f (config) depend on the particular rep-
resentative con fig of an equivalence class under the action of G. Therefore we reformulate
this condition as a density property in the function space:

3. G—covariant PPSDs are uniformly dense in G-covariant continuous functions on
compact subsets of configurations colored by C.

Note that the formulation “on compact subsets of configurations” includes both a bound
on how far points of a configuration can be apart and a bound on the number of points of
the configuration.

Proof ideas:

1. The moments },.cs. r® for k = 0,1,...,n uniquely characterize configurations of n

points in R? (Lemma 19 in Maennel et al. (2024)). This is a natural generalization
of the well known fact that point sets in R can be characterized by their moments.

2. We prove by standard topological arguments (in particular, Stone—Weierstrass) that
we have for general representations V' of a compact group G: Any two differ-
ent G-orbits in the representation space V are separated by invariant polynomials
(Proposition 20 in Maennel et al. (2024)). Then we apply this to V := a direct sum
of tensor spaces and use 1.

3. Similar to 2, use Stone—Weierstrass and averaging over G.

A.7. REMARKS ON SO(3) HARMONIC ANALYSIS

O(3) operates in a canonical way on
e points (in R?), n-tuples of points, sets of points,
e functions of points, functions of n points, functions of sets of points,

e configurations (on each R®"/Y. separately)

e functions of configurations

For d=1,2,3,... we can also consider “PPSDs f with values in a d—dimensional vector space
V7. If we fix a basis eq,...,e4 of V, these are just given by d PPSDs fi, ..., fq as

flconfig) = fi(config)-ei + ...+ fa(config) - eq.
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If we have a representation p: O(3) - GL(V'), then we also have an operation on PPSDs
with values in V', in particular we can also talk about equivariant PPSDs with values in V:

flconfig)=v <+ f(g(config) ) =p(g)v for all g € O(3)

As we already mentioned in the introduction, there exists up to isomorphism exactly one
irreducible representation of SO(3) with dimension 2L +1 for L =0,1,2,...; we denote it by
HE),

The (real) spherical harmonics
Y7 (r) for L=0,1,2,...; m=-L,...L-1,L

are a basis of the 2L + 1-dimensional vector space of harmonic polynomials of degree L, this
transforms as H) under SO(3). To be precise, in the introduction we only defined the Y7,
as functions S? - R?*!, but in the following, we will also use their simplest extension to
all of R3, which is the polynomial given by

v ety (1)

With this definition, any homogeneous polynomial of degree L on R? can be written uniquely
as

lr|F=t - hy(r) for L odd,

=h 2 hy
p(r)=hp(r)+|r|" hpa(r) + +{|T,|L - ho(r) for L even.

A.8. FINITENESS THEOREMS FOR CLEBSCH—(GORDAN FEATURES

Here is a recap of what we discussed so far:

e Topological completeness: Any two (not G—equivalent) configurations can be dis-
tinguished by a G—invariant PPSD.

e Finiteness, 1: There is a finite set of G—invariant PPSDs that can distinguish be-
tween any such pair of configurations of n points (for any fixed n).

e Finiteness, 2: Given such a set of PPSDs, we can find 6n — 5 linear combinations of
them that already can distinguish between any such configurations of n points.

e Algebraic completeness: We get all G—invariant PPSDs from Clebsch—Gordan prod-
ucts of fundamental features.

So we can learn 6n — 5 such functions if we have “sufficient” input features. In our concrete
scheme of Clebsch—Gordan product features, can we give a set of input features that would
suffice for all n—point configurations?
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For n points...

1. ...it is enough to go up to L < n.
Proof idea: The first n moments determine the configuration.

2. ...it is enough to use < n Clebsch—Gordan factors.
Proof idea: In the PPSDs we can use sums over distinct points, but there are at
most n distinct points.

Unfortunately it is not obvious whether we can combine both restrictions.

However, we can get a finite set of generators when we look at the total degree:

The fundamental features ¥,.g. |r[?* - Y;(r) are polynomials of degree 2k + [ in the coordi-
nates, and in each Clebsch—Gordan operation the degrees of the polynomials add up to the
new degree.

So we can keep track of the degree of the features, and the dimension of the vectors space
of polynomials of given degree is finite. So we get a concrete finite set of polynomials if we
have a bound on the degree, e.g. the one from Gobel’s theorem.

A.9. COMPLICATIONS FOR ANALYTIC RADIAL FUNCTIONS

Complication 1: Separating n—tuples

We said that polynomial functions h(r?) can separate points in R, and in fact we can also
separate n—tuples of points in R. For a more general class of radial functions, we have to
require properties that allow us to reach the same conclusions.

The exact property we need is:

For any n € N there is a finite dimensional subspace F of the radial functions with

For all 0 <7 <... <1y exist fi,..., fn € F with fi(r;) = 0i;.

This is satisfied for polynomials of degree < n.

We assume the radial basis functions...

1. ... are analytic,

2. ... allow approximation on compact intervals.

From these conditions we can prove the above property.
However, this would fail for differentiable instead of analytic in condition 1!

For analytic functions the proof relies on the theorem that the ring Rz, ..., x, ) is Noethe-
rian.

Complication 2: Dimensions The second part of the Finiteness Theorem used semi—
algebraic geometry, and we have seen that we need some condition like this.

Luckily, there is a “sub—analytic geometry” that is close enough to semi—algebraic geometry
that we can use the same proof ideas, if we also add compactness conditions.
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A.10. RECTANGULAR MATRICES AND MATRIX OF MATRICES

Above we encoded a list of vectors in H(® @ HD @ ... & HL) in a matrix HE2) @ H(L/2),
More generally, for 0 <a <b, a=b (mod 2) we can use

2D @ @n® ~y(B+a))2) g 2/((-0)/2)

to encode H(® & ...@ H® into a (b+a+1) x (b—a +1) matrix.

Matrix multiplication is also covariant for rectangular matrices, and we can directly simulate
Clebsch—Gordan products: Such products

1 1 1
H(lm) ’}_[(12) H(ll)

(L)

are covariant (2L + 1) x 1 matrices, i.e. vectors in H(E) | given by polynomials of degree
Iy +...+ 1y, and computing them takes O(m-a®) steps for an upper bound a of matrix sides.
Since we can directly simulate Clebsch—Gordan products in this way, the algebraic complete-
ness theorem extends also to these features given by the products of rectangular matrices.

On GPUs / TPUs matrix multiplication is optimized for large matrices, so it is much
better to multiply a few large matrices than many small matrices! We can do that by using
a partition of large square matrices into many smaller rectangular matrices. When we use
the same partition across columns and rows, the matrix product of two such large square
matrices will again be a square matrix that is partitioned in the same way.

o-> <« matrix
(] . . N
-
o

multiplication

2x O 2x O 2x O Clebsch-Gordan

_ >
3x 3 ® [3x 3 ® [3x O operations
1x T 1x T 1x T

Extraction of features from the large square matrices
To build / apply a model for an invariant / covariant function of a colored point set, we go
through these steps:

>

1. Compute (many) linear combinations with learnable weights of fundamental features

Loypi= Y b(r])-Yi(r/Ir]) € HO

reSy

for the required colors ~y, radial basis functions h, and {’s. The number of features
required for each [ is determined by the next steps (their use in rectangular matrices
and how they are assembled in the big square matrices).

2. Assemble features from H(®, H@ D #H®) into (b-a+1)x(b+a+1) or (b+a+1)x(b-a+1)
matrices for the required pairs (a,b).
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3. Assemble the rectangular matrices into large square matrices.

4. Compute the products of such large square matrices to get matrices containing higher
order features.

5. — We are here: Extract features in H(9, #™ .. HL) from these product matrices. «

6. Combine these features with learnable weights to build an invariant / covariant of the
required form.

This extraction of features in H(") for different { from the large square matrices could be
done directly by going to the individual (b+a + 1) x (b - a + 1) matrices and doing the
Clebsch-Gordan decomposition into H(® @ H(** D @ ...e % but it is more efficient in the
last product to use column vectors instead of matrices to obtain directly column vectors
as outputs. By bundling several column vectors together, we get as a result again several
column vectors:

If the end result should be scalars (and no covariant vectors), we can take the scalar products
of the vectors with other fundamental feature vectors from the first step.

Scalars can also be obtained directly as the traces of square matrices that occur in the
partitioned matrices:

HO — H®

HD = « HD e HP o H®

EVICONN « HD g H® g H®

HE « HO oD g H® o H®) @

1
HD & H® g HG)

Both methods to get scalars and / or vectors can be used to get scalar / vector features from
the intermediate product matrices, i.e. the results after the computation of the product of
the first 2,3, ...,m large square matrices. This gives a large set of invariants / covariants of
different body order, from which the required end result can be constructed, e.g. as linear
combination with learnable coefficients.
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