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Abstract

We study uncertainty propagation under Gaussian process (GP) priors whose covariance
is induced by Green or resolvent operators associated with latent generators. Rather than
specifying non-stationary dependence through input warping or other coordinate deforma-
tions, we construct covariance from discounted propagation under an underlying semigroup.
This yields a separation between covariance geometry and transport: the self-adjoint dis-
sipative part of the generator provides the operator from which prior covariance is con-
structed, while the skew-adjoint part contributes transport within the full propagation
without being encoded directly as covariance. We derive observation, posterior, and prop-
agation identities in operator form, and compare this framework with pullback, station-
ary, and Matérn baselines. Experiments are organised as a four-stage ladder ascending
from three-dimensional electrostatics through a frequency-domain Helmholtz proxy and
time-domain semigroup propagation to an operator-mismatch ablation. At each stage, the
Green prior is realised as a Gaussian Markov random field (GMRF) whose precision is
the discretised PDE operator; after assembly, the posterior mean is obtained by a single
sparse linear solve. Across the reported experiments, Green’s kernel priors often outper-
form tuned Matérn-3/2 and RBF baselines on boundary-aware and PDE-residual metrics,
with larger gains under heterogeneous material coefficients and semigroup propagation. In
the late-time propagation setting the normalised RMSE gap exceeds 4x. The central claim
is that, when an informative governing operator is available, covariance induced by that
operator yields boundary-respecting and dynamically interpretable uncertainty—especially
on operator-sensitive diagnostics—under the reported synthetic conditions.

1. Introduction

Green’s functions first emerged as a powerful analytical device in classical field theory, especially
electromagnetism, where they encode the response of a field to a localised source under a governing
differential operator; closely related propagator constructions later became central in quantum the-
ory, statistical physics, and stochastic dynamics, where they describe how disturbances, amplitudes,
or probability mass evolve under an underlying generator (Green, 1828; Jackson, 1999; Arfken et al.,
2013; Feynman and Hibbs, 2010; Evans, 2010). The common thread is that structure should be
derived from the propagation law itself rather than imposed externally. The same principle mo-
tivates our inferential viewpoint: when a physically or statistically informative propagation law is
available, covariance construction should, where possible, reflect that law rather than an extrinsic
coordinate deformation. In this paper, ‘inference dynamics’ refers to posterior adaptation and fore-
cast propagation from a fixed observation set, not to recursive sequential data assimilation. Under
that scope, prior uncertainty is acted upon by observations, transported through latent evolution,
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and reshaped into posterior uncertainty; this motivates an operator-theoretic viewpoint in which
uncertainty adaptation is studied through Green operators and semigroup propagation.

A persistent weakness of many non-stationary Gaussian process constructions is that the covariance
is modified by coordinate design rather than derived from an underlying dynamical law. Input
warping, deep feature maps, and ad hoc non-stationary kernels can be effective empirically, but they
often obscure the mechanism by which uncertainty propagates through the system (Snelson et al.,
2004; Snoek et al., 2014; Higdon, 1998). In particular, a pullback kernel kyarp (2, ') = ko(2(x), 2(z))
encodes similarity after reparameterisation, but does not in general reflect the propagation law of a
latent Markov or semigroup dynamics.

In this paper we take a different route. Rather than imposing geometry through warping, we derive
covariance from the generator of a stochastic or physical evolution. Let L denote a linear operator
governing latent propagation on a state space X. The central object is the Green or resolvent operator
Rg = (BI—L)~! for 8 > 0, or, when only the dissipative part of the dynamics is to define covariance,
the corresponding symmetric Green operator Cg = (81 — S)~!, where L = S + A with S self-
adjoint dissipative and A skew-adjoint. This construction yields a Gaussian prior whose covariance
is induced by discounted propagation under the latent dynamics rather than by an externally chosen
deformation of coordinates.

The resulting viewpoint has three advantages. First, it is structurally aligned with Markov semi-
groups, SPDE formulations, covariance-operator viewpoints, and Green-function theory (Pazy, 1983;
Engel and Nagel, 2000; Berlinet and Thomas-Agnan, 2004). Secondly, it separates covariance geom-
etry from transport within the full non-equilibrium dynamics: the self-adjoint part of the generator
provides the operator from which covariance is constructed, while the skew-adjoint part contributes
transport or circulation without being encoded directly as covariance. Thirdly, it makes uncertainty
propagation analytically transparent. Observation, filtering, and forward evolution all act on the
prior through operator compositions, so posterior and predictive uncertainty can be written directly
in terms of Green operators and semigroup actions.

This perspective is closely related to the SPDE view of Gaussian fields, in which Matérn-type
covariances arise as inverse elliptic operators (Whittle, 1963; Lindgren et al., 2011; Rue and Held,
2005), to latent-force constructions that derive kernels from differential equations (Alvarez et al.,
2009, 2013), and to the state-space literature in which certain Gaussian process priors admit finite-
dimensional Markov representations (Hartikainen and Sarkka, 2010; Sarkka and Hartikainen, 2012;
Sarkka and Solin, 2019; Li et al., 2024). However, our emphasis is not merely on computational
acceleration. The primary goal is to formulate uncertainty propagation itself in operator-theoretic
terms: how prior uncertainty induced by a Green operator is transmitted through observation maps,
propagated under semigroup evolution, and transformed into posterior uncertainty over latent and
predictive quantities.

Main message.

When the law governing latent propagation is known, covariance should respect that law.

This yields a mathematically cleaner framework for non-stationary modelling, inverse problems, and
dynamical inference when an informative latent operator is available.

Contributions.

1. We define Gaussian process priors from Green/resolvent operators associated with latent gen-
erators, emphasising the distinction between self-adjoint covariance structure and skew-adjoint
transport.

2. We derive explicit formulas for uncertainty propagation through linear observation operators,
semigroup evolution, and downstream quantities of interest.
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3. We compare Green’s kernel propagation with input-warped kernels and show that even when
a warp variable is itself Markovian, a pure pullback kernel remains a quotient or coordinate
kernel rather than the Green’s kernel of the full latent dynamics; a non-injective pure pullback
cannot distinguish points on the same fibre, although coordinate-aware augmentations can
remove this invariance.

4. We identify conditions under which the framework connects to classical SPDE, state-space,
and filtering constructions.

5. We present a four-stage experimental ladder on 3D electromagnetic problems—electrostatics,
frequency-domain Helmholtz, time-domain semigroup propagation, and operator-mismatch
ablation—showing in our reported experiments that Green’s kernel priors often deliver lower
RMSE and better boundary and PDE-residual diagnostics compared with tuned stationary
baselines, with advantages that are largest under heterogeneous material coefficients and that
persist, in degraded form, even under operator misspecification.

2. Related Work and Positioning

This paper sits between several literatures that are often discussed separately. First, in Gaussian
process modelling, non-stationarity has commonly been introduced through coordinate deformation,
output warping, process convolutions, or other kernel-engineering devices rather than through an
explicit latent propagator (Snelson et al., 2004; Snoek et al., 2014; Higdon, 1998; Paciorek and
Schervish, 2004; Booth et al., 2024). Our critique is not that these constructions are useless, but
that their covariance semantics are usually geometric or phenomenological rather than dynamical.

Secondly, the SPDE and GMRF literature provides the clearest precedent for deriving covariance
from an operator rather than choosing it directly. In this line of work, Matérn-type Gaussian fields
arise as solutions of stochastic elliptic equations, and the associated covariance is the Green operator
of the governing differential operator (Whittle, 1963; Lindgren et al., 2011; Rue and Held, 2005;
Krainski et al., 2018). Our framework is broader in one respect and narrower in another: broader
because we emphasise abstract generator-induced covariance and uncertainty propagation beyond
the Matérn family; narrower because we focus on the operator semantics of posterior adaptation
rather than on mesh-based approximation alone.

Thirdly, state-space and filtering methods show that certain temporal and spatio-temporal Gaussian
process priors admit finite- or infinite-dimensional Markov representations, enabling Kalman filtering
and smoothing (Hartikainen and Sarkka, 2010; Sarkka and Hartikainen, 2012; Sérkkd and Solin,
2019; Solin and Sarkké, 2014; Zhu et al., 2023; Li et al., 2024; Chen et al., 2025). That literature is
directly relevant to scalable implementations of our framework, but the present paper is not primarily
a complexity paper. The main emphasis here is the structural question of how uncertainty should
propagate when covariance is induced by a generator, rather than on state-space representation
alone.

Fourthly, covariance-operator viewpoints connect the work to Bayesian inverse problems, Gaussian
measures on function spaces, and operator-theoretic uncertainty quantification (Bogachev, 1998; Stu-
art, 2010; Sullivan, 2015; Jorgensen and Tian, 2024). There is also a structurally parallel connection
to Koopman and transfer-operator methods: both use semigroups and resolvents, but Koopman
theory approximates eigenfunctions and transport operators, whereas the present work uses related
resolvent objects as covariance operators for Bayesian uncertainty propagation (Mezié, 2005; Klus
et al., 2020; Hamzi et al., 2026; Hertel et al., 2025). Recent GP-based operator-learning work has
revived interest in uncertainty-aware mappings between function spaces (Cowperthwaite and Moss,
2025); this is complementary to, rather than a replacement for, identifying the posterior covariance
itself with the Green or resolvent operator of the latent dynamics.
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3. Green’s Kernels

We work with a latent generator L on a state space X, its associated strongly continuous semi-
group (P)i>0, and a symmetric dissipative part S that induces covariance through the resolvent
(BI — S)~!. Throughout, the central distinction is between coordinate-based covariance construction
and propagator-based covariance construction. In the former, correlation is specified by choosing
a similarity function, possibly after a reparameterisation of the inputs. In the latter, covariance
is induced by the same operator that governs latent propagation. This paper adopts the second
viewpoint. When the latent dynamics admit a generator—semigroup description, uncertainty may
be transported, conditioned, and summarised by explicit operator composition.

3.1. Gaussian Process Priors from Green’s Kernels

Let (X,X,u) be a measurable state space, and let L be the generator of a strongly continuous
semigroup (P;)¢>0 on L?(u) (Pazy, 1983; Engel and Nagel, 2000; Ethier and Kurtz, 1986). We write
L =S5+ A, where S is self-adjoint and negative semidefinite, and A is skew-adjoint, whenever such a
decomposition is available on the domain of interest. The operator S represents dissipative geometry,
while A represents conservative transport or circulation.

For B > 0, define the symmetric Green operator Cs := (3] — S)~!. Whenever Cj is pos-
itive, self-adjoint, and sufficiently regular to admit an integral kernel, we write (Cgf)(z) =
Sy kg, a’) f(a") p(da’). We then define the latent field f ~ GP(m,kg) with mean m and co-
variance kernel kg, in the same Gaussian process sense used throughout the standard GP literature
(Rasmussen and Williams, 2006) and compatible with operator-valued covariance viewpoints in prob-
ability and RKHS theory (Berlinet and Thomas-Agnan, 2004; Da Prato and Zabczyk, 1992).

Proposition 1 (Validity of the Green covariance operator). Suppose S is self-adjoint and
negative semidefinite on L*(u). Then for every 3 > 0, the resolvent

Cy=(BI - 5)"

is bounded, self-adjoint, and positive. Hence Cg defines a valid covariance operator on L?(i).

Proof. Since S is self-adjoint and o(S) C (—o0, 0], the spectrum of SI — S lies in [3, 00). Therefore
(BI — S)~! is bounded and self-adjoint by the spectral theorem. Positivity follows from (f, (58I —
S)71f) >0 for all f € L?(u). O

The resolvent C'g coincides, up to norm equivalence, with the canonical RKHS kernel associated
with .S for uniformly elliptic generators on bounded domains (Hamzi et al., 2026); this also explains
why Dirichlet conditions encoded by S are inherited by the GP prior. A concrete one-dimensional
kernel and the corresponding sparse precision calculation are given in Appendix B.3.

3.2. Uncertainty under Observation

Let y = H f+¢, where H is a bounded linear operator from the latent function space to an observation
space Y, and € ~ N (0,3.) is independent Gaussian noise. Since f is Gaussian under the Green
prior, the observation y is also Gaussian.

Proposition 2 (Marginal uncertainty propagation). Let f ~ N(m,Cg), y = Hf +¢, € ~
N(0,%.). Then
Y~ J\/’(Hm7 HCgH* + ZE).

The observation covariance ¥, = HCgH* + 3. is the Green covariance propagated through the
observation geometry.
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Proposition 3 (Posterior uncertainty). Under the assumptions of Proposition 2, the posterior
covariance 1s

Cpy = Cp — CgH*(HCgH* + £.) 'HCj.

Uncertainty reduction is controlled by the extent to which observed directions intersect the propa-
gated prior geometry.

3.3. Uncertainty over Downstream Quantities of Interest

Many inverse and forecasting problems require not the full latent field but a downstream quantity
of interest ¢ = B f, where B is a bounded linear functional or operator (local field values, boundary
fluxes, spatial averages).

Proposition 4 (Uncertainty propagation to quantities of interest). If f | y ~ N (mg),, Cgy),
then
q |y~ N(Bmg,, BCs,B").

Observation, posterior conditioning, and downstream decision layers thus all operate by explicit
operator composition on the Green covariance.

3.4. Semigroup Propagation of Uncertainty

Let (T3)¢>0 be a strongly continuous semigroup acting on the latent state space. In the simplest
case, Ty = et or T, = e'¥, depending on whether one evolves under the full dynamics or only the
dissipative part. Define the propagated latent field f; := T} f.

Proposition 5 (Propagation of Gaussian uncertainty). If f ~ N(m,C3), then for each t > 0,
ft ~ N(Ttm, TtCﬂTt*>, C@(t) = TtCﬁTt*.

Prior uncertainty is not merely shifted in input space; it is transported by the semigroup itself. When
Ty=e'S, one obtains dissipative contraction of uncertainty along stable directions. When T,=e*
with L=S4A, one obtains a decomposition into dissipative shaping and conservative transport; the
dynamics under L are generally not diagonal in the S-eigenbasis once A is active, so the separation is
cleanest when viewed in terms of energy dissipation rates rather than individual modal trajectories.

Remark 6 (What is specific to Green’s kernels). Proposition 5 is a Gaussian—semigroup
identity that holds for any covariance operator, not only Green’s kernels. The empirical question is
not whether Cy = T,CT} is algebraically valid, but whether the covariance one starts from encodes
the right geometry before propagation begins. The experiments below test calibration and structural
robustness under a fired propagation law, rather than the transport identity itself.

3.5. Comparison with Pure Input-Warped and Factor-Space Kernels

For comparison, consider an input-warped kernel kyarp(z, ') = k’o(z(m), z(m’)) (Snoek et al., 2014;
Snelson et al., 2004; Higdon, 1998). Even if the latent warp variable z is itself Markov-generated,
kwarp is a pullback of a chosen base kernel rather than the Green kernel of the full latent dynamics on
x. The two coincide only when z is a bijective semigroup conjugacy with kg the Green’s kernel of the
transformed generator; if z is a non-invertible Markov factor, then ky,,p represents the Green’s kernel
of a quotient dynamics and discards information along fibres of the factor map. This distinction
matters for uncertainty propagation: a Green’s kernel answers how does latent uncertainty propagate
under the actual dynamics? whereas a warped kernel answers how similar do two points appear after
reparameterisation? The comparison below is deliberately narrow: it applies to pure pullback kernels,
not to all non-stationary or coordinate-aware GP constructions.
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Setting  Method RMSE Cov95 (%) Bnd Cov95(%) Gauss Res. BC Viol.
Green  0.0072(14) 99.7(0.3)  100.0(0.0) 7.2 0.0000

Homo  Mat-3/2 0.0127(07)  92.6(1.5) 86.1 (4.2) 18.2 0.0063
RBF 0.0096 (06)  92.4(1.4) 83.5 (4.8) 6.2 0.0052
Green  0.0059(09) 99.9(0.1)  100.0(0.0) 6.1 0.0000

Hetero Mat-3/2  0.0128 (07)  92.8(1.4) 86.5 (3.9) 19.4 0.0064
RBF 0.0094 (06) 92.7(1.3) 84.0 (4.5) 7.0 0.0053

Table 1. Stage I 3D electrostatic inverse problem (10 seeds, mean+std in last two digits). Across the
reported seeds, the Green prior achieves the lowest mean RMSE, essentially perfect boundary coverage, zero
BC violation for the discretised posterior mean, and consistently low Gauss-law residuals, with the smallest
mean residual in the heterogeneous setting. The advantage is larger under heterogeneous e¢.

Proposition 7 (Fibre invariance of pure pullback kernels). Let z : X — Z and k. (z,z") :=
ko(z(z),z(2")). If z(x) = z(2'), then k.(z,u) = k,(a',u) for every u € X. Consequently, for any
data collected through point evaluations, the posterior mean and variance at x and x’ coincide. A
non-injective pure pullback kernel cannot distinguish states on the same fibre of z.

Proof. Tt z(x) = z(z'), then k,(z,u) = ko(z(z),2(u)) = ko(z(z),2(u)) = k.(2',u) for every wu.
Posterior means and variances under point evaluations are built from kernel sections k, (-, u;) and
the diagonal k,(-,-), so equal kernel sections imply equal posteriors at z and z'. O

Coordinate-aware augmentations and spatially varying lengthscales can remove this invariance; Ap-
pendix A.1 discusses this limitation and its implications for baselines.

4. Experiments: 3D Electrostatics-to-Maxwell Ladder

We evaluate the Green’s kernel framework on a four-stage experimental ladder that ascends from
three-dimensional electrostatics to a frequency-domain Helmholtz proxy and time-domain semigroup
propagation. Each stage adds physical complexity while the underlying GMRF inference machinery
remains unchanged: the Green prior is always the resolvent Cs = 0?(8I+ K)~! of the relevant PDE
operator, realised as a sparse precision matrix. The posterior mean is then obtained by a single
sparse LU solve after assembly; posterior variances are estimated separately via the Hutchinson
stochastic trace estimator (Appendix B.3). Baselines (Matérn-3/2 and RBF) are tuned by the same
observed-data log marginal likelihood criterion at every stage. They are diagnostic rather than
exhaustive baselines; physics-aware and non-stationary alternatives are discussed in Appendix A.1.
All experiments use 10 random seeds, 200 random observation sites on [0, 1] discretised on a 143
grid (M=2,744 interior DOF), observation noise ¢,,=0.02 (Stages I-II) or ¢,,=0.005 (Stage III), and
homogeneous Dirichlet boundary conditions. The ground-truth source is a random superposition of
sine modes with spectral decay (I>+m?2+n?)~%, a=1.

4.1. Stage I: 3D Electrostatic Inverse Problem

The governing operator is K = —div(eV), discretised by a second-order finite-difference stencil with
harmonic-mean averaging of ¢ at cell faces. Two material settings are tested: (i) homogeneous,
e = 1; and (ii) heterogeneous, with a radius-0.25 dielectric inclusion of permittivity e=20. The
Green hyperparameters are selected by grid search; the stationary baselines are tuned over length
scale and amplitude.

Table 1 summarises the results. Three observations are consistent across seeds. First, the Green
prior achieves the lowest mean RMSE in both settings, with the advantage more pronounced under



Green’s Kernels and Inference Dynamics 7

Heterogeneous ¢: interface-aware uncertainty at z= 0.5
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Figure 1. Stage I heterogeneous interface (z20.5). Left to right: ¢(z,y) map, Green std, Matérn
std, Green / Matérn std ratio, Green |error|. The Green std drops sharply inside the high-¢ inclusion (red
dashed circle), reflecting the operator’s material structure, while the Matérn std is spatially uniform. The
std-ratio panel (orange >1, blue <1) shows that the Green prior redistributes uncertainty according to the
material interface—the central claim of this paper.

Setting Method ~RMSE  Cov95(%) Bnd Cov95(%) BC Viol.

Green 0.0072 99.7 100.0 0.0000
Homo Mat-3/2  0.0125 92.5 85.8 0.0061
RBF 0.0094 92.3 83.2 0.0050
Green 0.0075 99.8 100.0 0.0000
Hetero  Mat-3/2  0.0125 92.6 85.9 0.0062
RBF 0.0093 92.5 83.8 0.0051

Table 2. Stage II Helmholtz inverse problem (representative seed). In the seed shown here, the
qualitative pattern resembles Stage I: the Green prior leads on RMSE and boundary metrics. The mass
term w?e does not disrupt the GMRF formulation.

heterogeneous € where the operator encodes the material interface. Second, the discretised Green
posterior mean has zero boundary-condition violation (up to solver tolerance), since the GMRF
precision inherits the Dirichlet structure of K. Third, the Gauss-law residual ||div(eV¢)]|| is smallest
for the Green posterior. A representative homogeneous-¢ slice is shown in Figure 4 (Appendix C.3).
The most striking visual result from Stage I is the heterogeneous setting: Figure 1 shows that the
Green posterior standard deviation drops sharply inside the high-¢ inclusion, reflecting the operator’s
material structure, whereas the Matérn standard deviation is spatially uniform. The std-ratio panel
confirms that the Green prior allocates relatively lower uncertainty inside the inclusion where the
operator concentrates correlation.

4.2. Stage II: Frequency-Domain Helmholtz (Scalar Proxy)

We replace the electrostatic operator with the scalar Helmholtz operator H,, = —div(u~'V) + w?e,
which can arise as a simplified reduction of the time-harmonic Maxwell system under appropriate
polarisation and symmetry assumptions, and serves here as a scalar proxy for frequency-domain
electromagnetic problems. The frequency w=2 is chosen in a regime where the discretised oper-
ator remained positive definite for both material settings tested. Two settings are again tested:
homogeneous (e=1, u=1) and heterogeneous (¢=10, u=5 in a spherical inclusion).

Table 2 shows that the qualitative pattern from Stage I carries over. The mass term w?e adds a
positive diagonal to the stiffness matrix, keeping the discretised operator positive definite in this
setup and the GMRF formulation unchanged. Figure 6 (Appendix C.3) shows the posterior slice
with PDE-residual panels; in the displayed slice, the Matérn mean exhibits large-scale sign bias,
while the Green mean appears to capture the oscillatory pattern more faithfully.
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Stage 3: Semigroup Propagation — metrics vs diffusion time
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Figure 2. Stage III semigroup propagation. Normalised RMSE vs. time for Green and Matérn-3/2
under homogeneous and heterogeneous operators. The Green prior tracks the decaying field more closely in
the reported run; by ¢=0.01 the normalised RMSE gap exceeds 4x (homo) and 5x (hetero).

4.3. Stage III: Time-Domain Semigroup Propagation

This stage probes the paper’s main empirical implication: that covariance induced by a governing
operator can track forward propagation more faithfully than covariance chosen independently of
the dynamics. We observe the electrostatic potential at t=0 and propagate the posterior under
the semigroup Ty = e *% comparing against the reference evolved field ¢(t) = T;¢o at times
t € {0,107%,5x107%,1073,5x1073,1072}. Here K= — S is the positive-definite stiffness matrix,
with eigenvalues A\ > 0 (note the sign convention: these are eigenvalues of K, not S, so larger
Ar corresponds to faster decay). In the truncated spectral basis (200 eigenvalues), the Green prior
covariance propagates as

0'2672>\kt

O,B(t)kk = m;

which matches the modal decay factor e~ 2*#* in the truncated spectral basis used here. Stationary
baselines are re-fitted at each time ¢ using the propagated observations. This comparison is struc-
turally asymmetric—the Green prior exploits the semigroup structure while the stationary baselines
do not—which is intentional: the question is whether encoding the propagation law yields measur-
ably better uncertainty under an operator-aligned synthetic mechanism, not whether both methods
use the same information.

Figure 2 shows that the Green prior’s normalised RMSE remains low as the field decays, while
the Matérn-3/2 baseline deteriorates sharply at late times. At t=0.01, the homogeneous Green
NRMSE is 0.022 vs. 0.094 for Matérn (4.3x advantage), widening to 0.031 vs. 0.166 under the
heterogeneous operator (5.4x advantage). In the operator-aligned synthetic setting tested here,
propagation-aligned covariance produces measurably different and materially better predictive be-
haviour under forward evolution.
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Method RMSE  Cov95 (%) Gauss Res. BC Viol.
Green (correct) 0.0059 99.9 7.2 0.0000
Green (misspec.)  0.0065 99.4 28.3 0.0000
Matérn-3/2 0.0128 92.8 18.2 0.0064
RBF 0.0094 92.7 6.2 0.0053

Table 3. Stage IV operator mismatch ablation (10 seeds, mean values). Even with the wrong ¢, the
misspecified Green prior has lower RMSE than both stationary baselines in this experiment and maintains
zero BC violation for the discretised posterior mean. The Gauss-law residual usefully diagnoses the mismatch
in this setup.

Stage 4: Operator Mismatch Ablation (truth = heterogeneous &)
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Figure 3. Stage IV operator mismatch ablation. Boxplots over 10 seeds comparing RMSE, Gauss-
law residual, and BC violation for the four methods. In this experiment, the misspecified Green prior has
lower RMSE than both stationary baselines.

4.4. Stage I'V: Operator Mismatch Ablation

The previous stages assumed that the true PDE operator is known. In practice, the material
coefficients may be uncertain. We test robustness by comparing four methods on the heterogeneous
electrostatic problem: (i) Green with the correct operator Kyetero, (i) Green with a misspecified
operator Kyomo (assuming e=1 when the truth has a e=20 inclusion), (iii) Matérn-3/2, and (iv) RBF.

Table 3 reveals two findings. First, even the misspecified Green prior (RMSE 0.0065) outperforms
both Matérn-3/2 (0.0128) and RBF (0.0094) on reconstruction error, suggesting that, in this setting,
a “wrong but structured” operator prior can still be preferable to no operator at all. Second, the
Gauss-law residual usefully diagnoses the mismatch: 28.3 for the misspecified Green vs. 7.2 for the
correct one, providing a built-in model-checking signal. Both Green variants maintain zero boundary-
condition violation for the discretised posterior mean, since the Dirichlet structure is inherited from
K regardless of whether ¢ is correctly specified.

5. Discussion

In the reported experiments, the Green’s kernel viewpoint shows three advantages that are most
pronounced on operator-sensitive diagnostics.

Physics-encoded boundaries. The GMRF precision Q = o~2(3I + K) inherits the Dirichlet
structure of the stiffness matrix K, so the discretised posterior mean has zero boundary-condition
violation up to solver tolerance (Tables 1-3). Translation-invariant kernels do not explicitly encode
this; their boundary uncertainty is governed primarily by nearby observations, which explains the
systematic coverage gap at the domain boundary in our experiments.

Material-aware covariance. Under heterogeneous e, the Green prior induces uncertainty pat-
terns aligned with the material interface, producing lower RMSE and a smaller Gauss-law residual
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in this setting than stationary baselines that do not explicitly encode the material discontinuity but
can respond to it indirectly through observations. The Stage IV ablation (Table 3) shows that, in
this setting, even a misspecified operator prior has lower RMSE than no-operator baselines, while
the Gauss-law residual provides a built-in diagnostic for operator mismatch.

Propagation fidelity. Under semigroup evolution (Stage IIT), the Green covariance tracks phys-
ical modal decay mode by mode, whereas stationary baselines do not encode that damping through
the governing semigroup. In our late-time propagation setting, the resulting 4-5x NRMSE advan-
tage (Figure 2) is the clearest empirical signature of propagation-aligned covariance; we emphasise
that this comparison is structurally asymmetric by design (see Section 4.3).

The resolvent also admits a stochastic extension via the Feynman—Kac formula: when L generates
a diffusion (X;), the Green’s kernel is Gg(z,2') = E,[ [, e #" §(X,; — a’) dt], making Monte Carlo
kernel approximation straightforward and opening a route to generators too complex for spectral
decomposition (Hamzi et al., 2026; Hertel et al., 2025).

Several extensions remain: scalable SPDE discretisation and iterative solvers (Lindgren et al., 2011);
state-space Kalman formulations for sequential assimilation; a fuller error decomposition separating
modelling, discretisation, and semigroup-mismatch contributions; non-symmetric generators with
advective transport; and extension to the full vector Maxwell system. The broader motivation is
that, when an informative latent operator is available, covariance construction can be aligned with
the physical and geometric structure of the problem rather than with an extrinsic coordinate design,
making covariance, propagation, and posterior adaptation part of a single dynamical calculus (Stuart,
2010; Sullivan, 2015).

6. Conclusion and Prospects

When an informative governing operator is available, its physical and geometric structure can be
reflected directly in the prior. Green’s kernel priors realise this principle by inducing covariance
from a governing PDE operator, yielding a compact operator calculus for observation, posterior
adaptation, semigroup evolution, and downstream uncertainty quantification. The four-stage 3D
electromagnetic ladder supports this principle empirically: in the reported synthetic experiments,
Green priors often outperform tuned stationary baselines on RMSE and are strongest on boundary-
aware and PDE-residual diagnostics, with advantages that are largest under material heterogeneity
and forward evolution. Even under operator misspecification, the structured prior can outperform
unstructured alternatives in the reported synthetic setting, while the Gauss-law residual provides
a built-in diagnostic for model error. These results support a broader principle: when an infor-
mative latent propagation law is available, covariance should, where possible, be induced by it.
Encoding that structure into the prior yields boundary-respecting, dynamically interpretable un-
certainty, while flexible baselines remain useful for effects not captured by the chosen operator.
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A. Scope, Baselines, and Misspecification

A.1. Baseline Scope and Interpretation

The main experiments compare against tuned Matérn-3/2 and RBF kernels because they are canon-
ical GP baselines and make the operator effect easy to isolate. This is not an exhaustive bench-
mark against all possible non-stationary or physics-aware methods. Several stronger alternatives
are relevant: non-stationary covariance functions with spatially varying lengthscales (Paciorek and
Schervish, 2004; Booth et al., 2024), SPDE/GMRF Matérn models fit on meshes (Lindgren et al.,
2011; Krainski et al., 2018), latent force models (Alvarez et al., 2009, 2013), deep kernel learning
(Wilson et al., 2016), physics-informed neural networks (Raissi et al., 2019), and neural operators
such as DeepONet and Fourier neural operators (Lu et al., 2021; Li et al., 2021).

These methods answer different questions. An SPDE Matérn model can be viewed as a physics-
aware or geometry-aware baseline when the operator family is learned or chosen flexibly; it is closest
in spirit to the present approach. Latent force models derive output covariance from differential-
equation responses to latent driving processes; they are also closely related, although the emphasis
is usually multi-output modelling rather than posterior covariance as a Green operator of the state
itself. Deep kernel learning and coordinate-aware pullback kernels can preserve spatial distinguisha-
bility by augmenting the warped representation with the original coordinates, for example through
ko(z(z), z(2")) + 72k, (z,2"). This directly avoids the fibre invariance in Proposition 7; the proposi-
tion is therefore best read as a statement about pure factor-space kernels, not as a limitation of all
non-stationary GP practice. PINNs and neural operators target solution or operator learning and
can exploit PDE residual losses or paired input-output functions, but they are not direct drop-in
replacements for a calibrated GP posterior without additional uncertainty quantification machinery.

The synthetic experiments should therefore be interpreted as a mechanism test: when the data-
generating operator is known and the inferential target is an operator-sensitive field, does covariance
induced by that operator improve boundary, residual, and propagation diagnostics? The results
support this narrower claim. A broader benchmark should include at least one spatially varying
SPDE or coordinate-aware deep-kernel baseline and, for solution-operator tasks, a neural operator
with uncertainty calibration.

A.2. Unknown Operators and Misspecification

The main theory assumes that an informative operator is available. In applications this operator
may be imperfect or only partially known. There are several natural extensions. First, one can
parameterise the operator, for example Ky = —div(gyV) + Vp, and infer § by marginal likelihood,
cross-validation, or a hierarchical Bayesian prior. Secondly, when only coarse physics are known,
the Green prior can be used as a structured base prior while residual diagnostics such as Gauss-law
violation or PDE residuals are used for model checking. This is the role of Stage IV: the misspecified
operator still improves RMSE in the reported setting, but its residual is much worse than the
correctly specified operator, making the mismatch visible. Thirdly, the operator itself could be
learned from data using system identification, Koopman-generator estimation, or operator-learning
methods, then inserted into the same resolvent construction.

These extensions change the statistical problem. If the operator is learned from the same data used
for posterior inference, the uncertainty in Ky should propagate into the field posterior rather than
being treated as fixed. The present paper does not solve that hierarchical problem. Its contribu-
tion is the conditional statement: given an informative operator, the Green/resolvent covariance
gives a transparent way to align prior geometry, posterior conditioning, and forward uncertainty
propagation.
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A.3. Practical Scope and Takeaways

The experiments are synthetic and operator-aligned: the proposed prior receives the governing
operator, while the main baselines are intentionally simple stationary GP kernels. The results
should therefore be read as evidence for a conditional claim rather than a universal benchmark:
when a trusted operator is available, inducing covariance from that operator improves boundary,
residual, and propagation diagnostics in these controlled settings. They do not rule out stronger
non-stationary or physics-aware alternatives, such as spatially varying SPDE models, latent force
models, coordinate-aware deep kernels, PINNs, or neural operators with calibrated uncertainty.

For an applied problem, the proposed construction should be tried when three conditions hold: the
field of interest lives on a domain with meaningful boundary conditions; a sparse discretisation of an
informative operator is available; and downstream decisions care about operator-sensitive diagnostics
such as residuals, fluxes, boundary behaviour, or propagated uncertainty. If these conditions fail,
flexible non-stationary baselines or operator-learning extensions are better suited to discovery rather
than operator-aligned uncertainty propagation.

A decisive follow-up benchmark should vary both mesh resolution and observation count, include at
least one spatially varying SPDE or coordinate-aware deep kernel baseline, and test an application
where the operator comes from measured or independently estimated physical parameters rather
than from the simulator used to generate the truth.

B. Operator, Spectral, and Computational Details

B.1. Resolvent and RKHS Remarks

Remark 8 (Resolvent form). When the full semigroup admits a transition density p;(z,x’),
the Green’s kernel associated with the full generator L is formally Gg(z,z') = fooo e Pty (x, ') dt;
in the reversible/SPDE setting this is the operator-theoretic bridge exploited in the Matérn—-SPDE
correspondence (Whittle, 1963; Lindgren et al., 2011; Krainski et al., 2018). If L is reversible, or if
one restricts to the symmetric part S, then Gg or its symmetric counterpart yields a valid covariance
kernel, subject to the conditions of Proposition 1. In non-reversible settings, it is often preferable to
let S define covariance and reserve A for propagation.

Remark 9 (Kernel equivalence). For uniformly elliptic generators on bounded domains, Hamzi
et al. (2026) show that three constructions yield equivalent reproducing-kernel Hilbert spaces (as
sets, with equivalent norms): (i) the Lions variational (energy) inner product, (ii) the Green’s
function convolution kernel, and (%ii) the resolvent operator (BI —S)~t. Cg is therefore, up to norm
equivalence, the canonical RKHS kernel associated with S. This equivalence also explains why the
Dirichlet boundary conditions encoded by S are inherited by the GP prior.

B.2. Spectral Structure of Posterior Uncertainty

The Green’s kernel viewpoint becomes particularly transparent in the spectral domain. Suppose the
symmetric operator S admits an orthonormal eigensystem {(\;,e;)};>1 on L?(u) with Se; = Aje;j,
Aj 0. Then the Green covariance operator acts diagonally:

B 1
B—A;

Modes with A; near zero therefore receive substantially larger prior variance, while rapidly damped
high-frequency modes with A\; < 0 are more strongly regularised. The Green prior is thus a multi-
scale prior induced directly by the dissipative operator rather than by an externally chosen similarity
metric.

Cge; = Var[(f, e;)]

.
B=x"
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After conditioning on observations, posterior uncertainty contracts only in the directions interrogated
by the observation operator H. Modes orthogonal to the range of H retain their prior variance, while
modes that are visible through H are selectively shrunk. Projecting the posterior covariance onto
the eigenbasis of S therefore makes explicit which spatial frequencies have actually been learned
from the data.

Under semigroup propagation, Cy = T;Cg,, T}, and if Ty = e and the posterior covariance is viewed
in the same modal basis, with posterior modal variances Ufly, then each mode damps independently:

Ct 6j = 62t)\j

o3y &

Dissipative propagation therefore removes uncertainty at rates dictated by the spectrum of S: low-
frequency components persist, while high-frequency uncertainty vanishes rapidly. For the full non-
self-adjoint generator L = S + A, the skew-adjoint component may mix or transport modes, so that
the dynamics are no longer diagonal in the S-eigenbasis; however, the energy dissipation envelope
is still controlled by the spectrum of S in a quadratic sense. For the prior itself, 0]2,‘ Y is replaced by

(B—x)""

This modal viewpoint links directly to the three-dimensional experiments in Section 4. There the
electrostatic operator —div(eV) on [0, 1]3 is discretised on a 143 grid (2,744 DOF), and the electro-
static potential is observed at 200 random locations with noise ¢,=0.02. The random sine-mode
source f = 3" amn sin(lrx) sin(mmy) sin(nnz) with spectral decay (I2-+m?+n?)~! places appreciable
energy in mid-to-high modes. That is exactly the regime in which spectral allocation matters: the
Green prior, whose modal variance is o /(3 + ), retains substantially more prior mass in the modes
that carry signal than the stationary baselines, whose isotropic spectra decay too aggressively. This
spectral advantage is amplified under semigroup propagation (Stage III, Section 4.3), where each
mode damps at rate e =2 and the Green prior tracks this physical decay while stationary baselines
cannot.

The spectral perspective therefore does more than decorate the theory: it explains why propagated
calibration succeeds or fails. Prior allocation, posterior shrinkage, and temporal damping all become
explicit in eigenmode coordinates. Once an eigen-decomposition of the discretised operator Sy has
been computed, propagation and modal diagnostics reduce to diagonal operations in that basis, so
the cost per additional time step is only O(N) after the upfront decomposition.

B.3. Computational Realisation and One-Dimensional Example

A one-dimensional Dirichlet problem shows the same construction in closed form. Let X = (0,1),
take S = d?/dz? with D(S) = H?(0,1) N H}(0,1), and set Cs = (31 — S)~1. Then ks solves

( _i) kjﬁ(l‘,x’):é(a:—x’)’ kﬁ(oax/):kjﬁ(l,x/)zo'

Writing v = /5,
sinh(ymin{z, 2’'}) sinh(y(1 — max{z, z'}))

k@, 2) = ~y sinh

Equivalently, with e;(z) = v/2sin(jnz) and —Se; = (j7)2%e;,
0 !
o2y — S (@)
() ; B+ (jm)?

This makes visible the two properties used in the experiments: the covariance inherits the boundary
condition, and modal prior variance is allocated according to the spectrum of the differential operator.
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On a grid with M interior nodes and spacing h = 1/(M + 1), the corresponding positive stiffness
matrix for K = —S§ is

which is the one-dimensional analogue of the sparse precision matrices used below.

The present experiments use second-order finite-difference discretisation of the PDE operator on
[0,1]® with homogeneous Dirichlet boundary conditions. Rather than forming the dense resolvent
Cp, we exploit the GMRF precision formulation: the prior precision is Qprior = 0~ 2(3I + K) where
K is the (sparse) stiffness matrix of —div(eV) or the Helmholtz operator. The posterior precision is
Qpost = Qprior + 0, 2Dgps where D is a diagonal indicator at observation sites, and the posterior
mean requires a single sparse LU solve after assembly. Posterior variances are estimated via the
Hutchinson stochastic trace estimator with 120 Rademacher probes. For semigroup propagation
(Stage IIT), we use a truncated spectral decomposition (200 eigenvalues via ARPACK) so that the
propagated covariance is diagonal in the eigenbasis. This approach is adequate for the mechanism-
revealing 143 grid used here; for larger problems, iterative solvers, SPDE-on-mesh formulations, or
Monte Carlo Feynman-Kac approximations provide scalable alternatives (Hamzi et al., 2026; Hertel
et al., 2025; Lindgren et al., 2011).

B.4. Computational Scaling and Implementation Details

The experiments are intentionally small enough to make repeated ablations and seed averages inex-
pensive, but the computational bottleneck differs from a dense GP. Let M denote the number of
grid or mesh degrees of freedom and Nyps the number of observations. A dense GP baseline forms
an Nops X Nops covariance matrix and is dominated by the usual O(Ngbs) Cholesky factorisation.
The Green GMRF formulation instead works with an M x M sparse precision. Its cost is controlled
by the sparse solve or factorisation of Qpst, together with the cost of estimating marginal variances.

Method Dominant object Scaling interpretation

Dense RBF/Matérn GP Nobs X Nobs dense covariance Cholesky cost O(N23..); independent
of mesh size unless predictions are re-
quested at many grid sites.

Green GMRF, direct M x M sparse precision Qpost Sparse factorisation depends on graph

solve dimension and ordering; for regular 3D
grids the fill-in can grow substantially,
so direct LU is a moderate-scale base-
line rather than the final scalable im-

plementation.
Green GMRF, iterative Sparse matrix-vector products FEach iteration costs O(nnz(Qpost));
solve with Qpost preconditioning and multigrid become
the relevant scalability tools.
Spectral propagation Truncated eigenbasis of K After » modes are computed, each addi-

tional time point is diagonal and cheap;
the upfront eigensolve is the bottle-
neck.

Table 4. Computational comparison for the mechanisms used in this paper. The Green method shifts the
main cost from the number of observations to the discretised operator size and sparsity structure.

In the reported experiments, M = 143 = 2,744 and N,ps = 200. This is enough to test the covariance
mechanism, boundary behaviour, and operator-mismatch diagnostics, but it is not intended as a
large-scale computational benchmark. Increasing Ngps mainly affects the diagonal observation term
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0,2 Dops in the Green precision when observations lie on grid nodes; increasing the grid resolution
increases M and is therefore the dominant cost for the operator method. For off-grid observations,
H*Y-'H is no longer purely diagonal but remains sparse or low-rank if local interpolation is used.

All experiments were implemented in Python using NumPy, SciPy sparse linear algebra, and Mat-
plotlib; the run used for this camera-ready version was checked with Python 3.12.12, NumPy 2.3.5,
SciPy 1.16.3, and Matplotlib 3.10.8. The scripts are the four experiments_ maxwell_stage®.py files.
The reported posterior means use sparse direct solves through SciPy’s sparse linear algebra interface,
while Stage III uses eigsh for the 200-mode truncated spectral propagation.

C. Experimental Details and Supplementary Results

C.1. Experimental Protocol

The experiment scripts are experiments maxwell stage{1,2,3.4}.py. All methods are tuned
by observed-data log marginal likelihood on the same grid. For the Green prior, § €
{0.001,0.01,0.05,0.1,0.5,1,5,10} and o2 € {1,2,5, 10,20, 50, 100, 200, 500, 1000}. For the station-
ary baselines, ¢ € {0.05,0.08,0.1,0.15,0.2,0.3} and amplitude € {0.1,0.5,1,2,5,10}. Posterior
variances are estimated via the Hutchinson trace estimator with 120 Rademacher random vec-
tors applied to nglst. Stage IIT uses a truncated spectral decomposition (200 eigenvalues via
scipy.sparse.linalg.eigsh) for semigroup propagation. Each stage is repeated over 10 independent
random seeds controlling both the source realisation and the observation locations.

C.2. Grid Resolution, Observation Count, and Real Data

The grid size and observation count were chosen to make the four-stage ladder repeatable over seeds
and hyperparameter grids. The resulting 14> grid is not meant to prove large-scale performance. It is
sufficient for the specific mechanism tested here: whether a sparse operator prior inherits boundary
conditions, reflects material coefficients, and propagates uncertainty according to the semigroup
spectrum. Those are structural effects that should be visible before moving to larger meshes.

The number of observations plays a different role for Green and dense GP baselines. For the dense
baselines, increasing Nyps increases the Cholesky cost directly. For the grid-aligned Green GMRF,
additional observations mainly add diagonal precision at observed nodes, so the solve is still governed
by the sparse operator size M. This difference is favourable when many observations lie on a fixed
mesh, but it also means that refinement studies should vary M and N,ps separately. A useful future
benchmark would report error and wall-clock time across a grid of pairs (M, Nops), not just a single
resolution.

Real data introduce additional complications absent from the synthetic ladder. Observation locations
may be off-grid, boundary conditions may be uncertain, material coefficients may be only partially
observed, and the forward operator may be an approximation to the experimental system. In
that setting, the residual diagnostics used here become model-checking tools rather than proof of
correctness. For example, a Green prior with the wrong e can still improve boundary behaviour,
but a large PDE residual should be interpreted as evidence that the operator, coefficient field, or
observation model needs revision.

The most direct real-data applications are therefore those in which a trusted operator is already part
of the scientific workflow: elliptic inverse problems with known boundary conditions, diffusion or
heat-transfer systems with measured material maps, and frequency-domain field interpolation where
the operating frequency and medium model are known. Applications with unknown constitutive laws
require the hierarchical or learned operator extensions discussed in Appendix A.2. We leave such
validation to future work rather than presenting an under-specified real-data example that would
confound operator learning with uncertainty propagation.
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C.3. Supplementary Experimental Results

This subsection collects supplementary figures and tables that complement the main-text results.
Figures 4-7 provide posterior-slice visualisations and boxplots for Stages I-III. Tables 5-6 give the
full Stage III time-series metrics underlying Figure 2 (10 seeds, mean+std), and Table 7 gives per-
seed metrics for the Stage IV operator-mismatch ablation.

Stage 1: posterior at z= 0.5 (homogeneous ¢, seed 0)
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Figure 4. Stage I posterior slice (2/0.5, homogeneous ¢, seed 0). Top: truth, Green mean, Matérn

mean, Green / Matérn std ratio. Bottom: Green |error|, Matérn |error|, Green std, Matérn std. The Matérn
mean appears smoother, but the shared error colorbar shows its error is more uniformly spread, yielding
higher aggregate RMSE. The std-ratio panel (orange >1) highlights where the Green prior assigns greater
uncertainty, especially near boundaries.

Stage 1: 3D Electrostatic Inverse Problem (zero BCs, random source)
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Figure 5. Stage I boxplots over 10 seeds: RMSE, coverage, Gauss-law residual, and BC violation for

homogeneous and heterogeneous settings.
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Stage 2: Helmholtz posterior at z= 0.5 (heterogeneous, w = 2)

Truth E Green mean Matérn mean Std ratio (Green / Matérn)
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Figure 6. Stage II Helmholtz posterior slice (220.5, representative seed). Top: truth E, Green mean,
Matérn mean, Green /Matérn std ratio. Bottom: Green PDE residual, Matérn PDE residual, Green std,
Matérn std. The Matérn mean shows large-scale bias (sign structure does not match the truth), while the
Green mean captures the oscillatory pattern more faithfully despite appearing patchier.
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Figure 7. Stage III spectral decay. Posterior modal variance as a function of eigenvalue index at
several propagation times, confirming the e=2*** /(8 + Ay) law.
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t Method ~ NRMSE  Cov95(%) Bnd Cov95 (%)
Green 0.119(31)  95.3(3.0) 95.3(3.1)
0 Mat-3/2  0.259(31)  97.7(1.4) 99.4 (0.5)
RBF 0.164 (21)  98.1(1.7) 99.2 (0.6)
Green 0.099 (25)  96.8(2.0) 96.5 (2.4)
1073 Mat-3/2  0.231(29)  97.7(1.3) 99.5(0.3)
RBF 0.145(18)  98.4(0.9) 99.4(0.3)
Green 0.043(7)  98.5(0.8) 98.7(0.8)
5%1073%  Mat-3/2 0.149(24)  98.7(1.1) 99.5(0.4)
RBF 0.100(18)  96.1(1.9) 96.5 (1.8)
Green 0.022(3)  97.4(0.7) 97.4(1.4)
1072 Mat-3/2  0.094(16)  99.2(0.6) 99.3(0.4)
RBF 0.066 (11)  98.8(0.7) 98.7(1.0)

Table 5. Stage III semigroup propagation: homogeneous ¢ (10 seeds). Selected time points from
Figure 2. By t=0.01 the Green NRMSE is 4.3%x lower than Matérn-3/2.

t Method NRMSE  Cov95 (%) Bnd Cov95 (%)
Green 0.200 (43) 94.8(3.4) 95.1(3.3)
0 Mat-3/2  0.359 (26)  96.1(1.0) 99.4 (0.3)
RBF 0.371(44)  91.2(5.0) 97.9(2.1)
Green 0.154 (42)  96.7(2.9) 97.0(3.1)
1073 Mat-3/2  0.319(25)  96.1(1.0) 99.4(0.4)
RBF 0.323 (44)  92.2(3.7) 98.5(0.8)
Green 0.056 (12)  97.7(1.1) 98.7(0.7)
5x107%  Mat-3/2  0.220(22)  96.8(0.7) 99.2 (0.4)
RBF 0.227 (44)  91.6(2.7) 98.4(0.9)
Green 0.031(7) 94.5(2.1) 96.3 (1.8)
1072 Mat-3/2  0.166(20)  97.5(0.9) 99.1(0.3)
RBF 0.187(42)  90.7(5.2) 97.2(2.8)

Table 6. Stage III semigroup propagation: heterogeneous ¢ (10 seeds). By ¢=0.01 the Green
NRMSE is 5.4x lower than Matérn-3/2.

Method RMSE Cov95 (%) Gauss Res. BC Viol. Width
Green (correct)  0.0059 (09) 99.8(0.1)  7.2(1.0)  0.003(001) 0.105
Green (misspec.)  0.0065(13) 99.8(0.1)  28.3(7.4)  0.003(001) 0.116
Matérn-3/2 0.0128(07)  99.8(0.1)  18.2(2.3)  0.013(002)  0.090
RBF 0.0094(05)  97.0(1.5)  6.2(0.6)  0.011(002)  0.038

Table 7. Stage IV per-seed summary (10 seeds, meantstd in last digits). The Gauss-law residual
for the misspecified Green prior (28.3 £ 7.4) is clearly separated from the correct Green prior (7.2 &+ 1.0),
providing a reliable mismatch diagnostic.
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