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Abstract

Temporal link prediction (TLP) models are commonly evaluated based on predictive accu-
racy, yet such evaluations do not assess whether these models capture the causal mecha-
nisms that govern temporal interactions. In this work, we propose a framework for counter-
factual validation of TLP models by generating causal temporal interaction graphs (CTIGs)
with known ground-truth causal structure. We first introduce a structural equation model
for continuous-time event sequences that supports both excitatory and inhibitory effects,
and then extend this mechanism to temporal interaction graphs. To compare causal models,
we propose a divergence metric based on cross-model predictive error, and empirically vali-
date the hypothesis that predictors trained on one causal model degrade when evaluated on
sufficiently distant models. Finally, we instantiate counterfactual evaluation under (i) con-
trolled causal shifts between generating models and (ii) timestamp shuffling as a stochastic
distortion with measurable causal divergence. Our framework provides a foundation for
causality-aware benchmarking.

1. Introduction

Temporal Interaction Graphs (TIGs) are used to model real-world phenomena in which entities
interact for a certain duration, which may be instantaneous. A social network serves as a prime
example, where edges form between users interacting through messaging or commenting on each
other’s posts.

In graph learning, link prediction refers to the task of predicting the existence of edges in a static
graph after having observed other parts of the graph. In the dynamic setting, we have temporal
link prediction (TLP), wherein after observing a TIG up to a certain timestamp, a model makes
predictions on the existence of edges at specific timestamps in the future.

While the problem of TLP itself has gained popularity in the past years (Kumar et al., 2019; Rossi
et al., 2020; Yu et al., 2023), the question of whether these models capture the underlying causal
mechanisms in the data remains largely unexplored (Rahman et al., 2025a). Recently, we have
evaluated TLP models in a counterfactual setting (Rahman et al., 2025b), concluding that the
models cannot distinguish between TIGs if the order in which the edges occur is changed, or the
frequency with which they appear is changed. However, the real-world datasets are not certifiably
causal (Pearl, 2009); in particular, the causal influence of past temporal links on future interactions is
generally unknown. To address this limitation, we propose a method for generating causal temporal
interaction graphs (CTIGs), enabling counterfactual evaluation of TLP models using data with
known causal structure.
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Although research on CTIGs is limited, insights can be drawn from the well-established adjacent
field of causal event sequences (CES) (Kim et al., 2011; Noorbakhsh and Rodriguez, 2022; Jalaldoust
et al., 2022; Ciippers et al., 2024) and from work on event prediction (Zhao, 2021). Accordingly,
we first develop a model to generate CESs and then naturally extend it to generate CTIGs, where
each event corresponds to an edge event. Once a CTIG is generated from a causal model, we are
interested in quantifying how it differs from a CTIG generated by a different causal model, which
leads to the following question:

How do we measure the divergence between two CTIG-generating causal models?
This question also lays the foundation for testing the following hypothesis:

A predictive model trained on data generated by a causal model will perform worse on
data generated by another causal model, provided that the divergence between the two
models is sufficiently large.

To test this hypothesis, we generate CTIGs from different causal models and query an oracle with
access to the true causal parameters to make predictions. We then extend this framework to incor-
porate causal distortions and repeat the counterfactual experiments of Rahman et al. (2025b) using
some well-known temporal link prediction (TLP) models.

Organisation In § 2, we introduce a structural equation model for generating causal event se-
quences and discuss the properties of the resulting causal model. Then, in § 3, we propose a
divergence measure to quantify the difference between two causal models. Next, in § 4, we extend
the CES generation procedure to create causal temporal interaction graphs, beginning with the gen-
eration of node features and using them as the basis for defining the underlying causal graph. In
§ 5, we present the counterfactual setup, motivate it through an empirical study, and apply it to
TLP models. We propose a method to benchmark TLP models under controlled causal shifts and
timestamp shuffling. Finally, we conclude in § 6. Due to page limitations, the preliminaries, related
works, and proofs of theoretical properties of the causal model, are deferred to the appendix.

Notation We use ) for the empty set, |A| for the cardinality of a collection A, and |A®)| for the
number of element y occurrences in A. We use NT and R* for sets of positive natural and positive
real numbers, respectively. For n € NT,| we let [n] = {1,2,...,n}, and for a,b € R such that a < b,
we let [a,b) = {c € R | a < ¢ < b}. We use uppercase letters, for example U, for variables, lowercase
letters, for example u, for values, and @ for the null value. The indicator function is represented by
I{-} € {0,1} the argument of which is a logical statement. Expectation and variance is denoted by
E[] and V], respectively.

2. Causal Event Sequence

Consider a set of events, {a,b,c}, that occur continuously over time. Each data point in this
sequence can be represented as a pair, where one component identifies the event, and the other
specifies the time of occurrence. For instance, given an observed event sequence: (a,t1), (c,t2),
(a,t3), (b, t4), (c,ts5),- .., (a,ty), the following predictive questions can be posed: (1) Can we predict
when the next event will occur? (2) If the timing of the next event, ¢,,+1, is known, can we predict
which event will occur at that time? (3) Can we estimate the probability that an event e € {a, b, c}
occurs within a specified future time interval? (4) Can we predict the number of times an event
e € {a, b, c} will occur within a future time interval?

These questions highlight fundamental challenges in forecasting events that occur in continuous time.
Now suppose there exists a function f that takes an event sequence as input and produces answers
to these predictive queries. A natural question then arises:
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Is there reason to believe that the occurrence of past events influences which events will
occur in the future, and when they will occur?

If past events have no impact on future events, then providing them as input to f is futile. However,
Gong et al. (2023) note that when data arrives sequentially, it is often assumed that temporal depen-
dencies exist. Therefore, we propose a causal mechanism to generate event sequences in continuous
time so that the assumption holds. Moreover, we derive the following design principles for a causal
mechanism based on (Gong et al., 2023):

(D1) Causal relationships take time to propagate, i.e., suppose an event a causes another event b,
then, if a occurs at time ¢, then event b might occur after some delay.

(D2) To infer causal relationships among various events, one must consider both the temporal order
in which they occur and the delay between them.

(D3) The cause and effect events unfold on a single continuous timeline on a rolling basis.

Proposed Model Consider a sequence of events with n distinct event types that occur repeatedly
over time. Each event type has an associated trigger event sequence, which determines when it may
be activated. We define U;(t) € {0,1} as an indicator of whether an event of type 7 is triggered at
time ¢. Given past events, an event of type ¢ may or may not occur at time ¢, which we denote as
X;(t) € {0,1}. To capture historical influence, we define X/(¢) € {0,1} as the presence of event 4
within the time window (¢t — 7,¢). Therefore, the causal model can be functionally expressed as':

wilt) = £({25(0) ¥ € paik, wi(t) ). (1)
————— \. —~
past events trigger

For each event of type i, we define a structural equation model (SEM) as follows?:
(1) = f(pai(t), ui(t)) = ui(t) - f(pai(t))
=u(t) 14 > ©,;>0 (2)

Jj€pa;(t)

= uz(t) -1 Z Gi,j .13;(75) Z 0 5 (3)

Jj€pa;

where pa;(t) C pa; C [n] denotes the parents of X;(¢) in a causal graph®, excluding U;(t), and
©;,; € [-1,1] is a parameter which we refer to as the inter-event causal influence. If ©; ; > 0, we
say that event of type j excites the event 7, and if ©;; < 0, we say that event j inhibits event i.
The excitatory and inhibitory influence of one event on another was studied in (Kim et al., 2011)
while modelling neural spiking activity. To avoid confusion, we refer to the set pa; as the structural
parents of ¢ defined as pa; = {j : ©;; # 0,Vj € [n]}, and pa,;(t) C pa; as the active parents of ¢ at
time ¢ defined as pa;(t) = {j : (t) = 1,Vj € pa;}. With slight abuse of notation, when we say that
J is a parent of i, we mean that X(t) is a parent of X;(t). Therefore, even when i = j, the causal
graph remains acyclic, as X/(¢) and X;(¢) represent distinct nodes.

To specify the causal model, we describe how the causal graph, trigger event sequences, and causal
influence parameters are generated:

1. While the variables are written in uppercase, their values are written in lowercase.
2. In contrast to equation 1, writing the input as pa;(t) implicitly supplies the indicators x; (¢t) for all j € pa;(t).
3. In a causal graph, a directed edge from variable A to variable B indicates that A is a cause of B.
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Figure 1. In this figure, we depict a sample causal graph

X ) /Xﬁ(’) X Y ¢ with three types of nodes: event nodes X;, past-event
K 9// V| AT indicators X}, and trigger nodes Uy. The causal ar-
X0 o X0 o X0 o X row from X j’ (t) to X;(t) is annotated with the causal
f 1 f toul influence parameter ©; ;. For the triggers, we indicate
vo , To, B0, uo, their generation rate A\, following a homogeneous Pois-

SO process.

e For the causal graph, we focus on the bipartite graph from V' = {X[(¢) : i € [n]} to V =
{X;(t) : i € [n]}, whose adjacency matrix A is sampled from a parametric random graph
model.*

e For each event of type i, its trigger event sequence ®; is generated by sampling a homogeneous
Poisson point process (Haenggi, 2012, § 2.4.1) with intensity A; which can be sampled randomly
from another distribution whose support is RT.

o Lastly, the inter-event causal influence parameters {©; ; : A; ; = 1,Vi,j € [n]} are sampled
from a distribution with support [—1, 1], filtering out {0}.

o 1] | . . . .

Ua(t) | ] > 1 ; 3 4 . E1gure 2. In t.h1s figure, we depict the genera-
Us(t) > TN\ ]/ tion process visually for a causal graph with 4
o 1 1 1 ® &Sy event nodes. At time t, uz(t) = 1 so we eval-
A

 P—_ =1 uate xz3(t) = f (pas(t),us(t)) and find that only
e | ] T a4(t) = 1 from among its parents pag(t). This
I N Z,Z(t) 0 allows us to determine z3(t) = [{©32 > 0}. To
%50 N ; =0 determine the value of z’;(t) we only consider the

4 - . . —

Xa(t) L > —r— time window [t — 7, ).

3. Comparing Causal Models

Having discussed how to generate a causal model and from it, an event sequence, we now turn to
quantify the divergence between two causal models. Specifically, we evaluate how a model performs
on CESs generated from another model, and vice versa. Finally, we report the average error across
multiple CES realisations from both models.

We denote a causal model by €, parameterised by the triple (A, ©,7). Given a time horizon T' € RT,
the model generates a random trigger event sequence ® € S and an event sequence S € S up to time
T, which we write as (®,S) ~ €(T), with S C ®.

To facilitate comparisons between models, we introduce a consistent notation to distinguish their
parameters and generated sequences. Consider two causal models, ¢4 and €g, with (®4,54) ~
€4(T), and (®8,S8P) ~ €5(T). We then define the function fz(i,t,S*,®4), which uses model €5
to make predictions on the event sequence SA, as®

fo(i,t,8% 0% =ul(t)- 13 > 0f 2t t) >0y, (4)

] 7
j€paP

4. Standard random graph models such as the Erdés—Rényi (ER) model (Erdos, 1961), the stochastic block model
(SBM) (Abbe, 2018), or the Barabdsi-Albert (BA) model (Barabési, 2014, § 5) can be used.
5. The superscript A in uf‘ (t) and x;A (t) indicates that these quantities are derived from <I>iA and S4, respectively.
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We define the following divergence to quantify the predictive error of €5 on S*:

1 - .
dp(s%,0%) = = 37 B [|falit.8%.0%) — faGit 8 @] (5)
i€[n] i

To make the divergence measure between the causal models €4 and €5 symmetric, we define®

dap(S%, 04,87, 8) = | [dp(S4,04) - da(SP, 05). (6)

In order to make the divergence metric invariant to the sampled sequences, we calculate the mean
over multiple samples, defining the final divergence metric as

CiA,B = E |:dA.B(SA7CI)AaSB?(I)B):| . (7)
(@48 ~ea(m) b
(®5,88)~ep(T)

To empirically assess the statistical stability of the proposed divergence measure d A,B, We examine
the decay of its variance as the effective sample size increases. Fig. 3 provides empirical evidence
that the estimator becomes more stable as more data are observed.

Figure 3. Empirical variance of the es-
timated divergence dap between two
independent causal models, plotted as
a function of the effective sample size
T x iters.

107°

Var(dag)

1077
10* 10° 10° 107
T x iters

4. Causal Temporal Interaction Graphs

In this section, we consider events as interactions between nodes, which together form a temporal
interaction graph. Accordingly, instead of n distinct events, we now have a graph with n nodes,
leading to a total of E = (72’) possible edges.

We begin by generating node feature vectors x, € R",Va € [n], which in practice are obtained by
randomly sampling from a distribution with support on R", such as a multivariate normal distri-
bution. We then encode the relationship between two nodes a and b through edge feature vector
Z(ap) € R", computed from their respective node features x, and x; via a symmetric” function
Z(a,b) = 9(Xa,Xp) eNSUrINg Z(q ) = Z(p,q)- As a simple choice, we define

9(Xa,Xp) = Xq O Xp. (8)

Having defined edge features, we now model causal influence between edges as a function of these
features. Because causal influence between edge events is inherently directional (e.g., one interaction
can influence another without reciprocity), we require this function, denoted by h to be asymmetric.
Let the features of two edges be z and z’, then

h(z,2z') = sin (vy tanh (z' Bz')), weR, B#BT. 9)

The sine function bounds the output to [—1,1], and vy adds a tunable scaling that increases the
flexibility of h. To ensure asymmetry of i, we construct B as a skew-symmetric matrix, as follows:

B=[b]_,,bi ¥ N(0,1I,,,); B=B-B'. (10)

6. The shorthand for dp(S4, ®4) is d.
7. We assume undirected interactions; directed interactions would require g(-,-) to be asymmetric.
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The causal influence of edge j on i can be defined directly as ©,; = h(z;,z;). However, this
formulation is restrictive from a design perspective. To further generalise the model, we introduce
thresholding of the output of h to control the sparsity of the resulting causal graph. Moreover, we
allow certain edges to be designated as non-causal, meaning they neither exert causal influence on
other edges nor are influenced by them, thereby behaving as spurious noise in the data.

We first apply thresholding to the output of the influence function h in order to control sparsity.
Specifically, for a threshold v; € (0,1), we define the function ¢)(z) = z-I{|z| > v1} . We then define
the causal influence matrix ©, prior to introducing non-causal edges, with entries

Oij =1 (h(zi,2;)) - (11)

In real-world scenarios, some edges correspond to spurious or unrelated events that have no causal
relation with other edges. To model this, we designate | < E edges as non-causal by sampling a
subset of [ distinct edges uniformly at random from [E]. To this end, we construct a symmetric
binary mask M, € {0,1}”*F with elements in the corresponding I rows and columns set to 0. The
causal influence matrix ©, is then obtained as:

0=0060M,. (12)
Lastly, the causal graph A can be obtained as A; ; =1{©, ; # 0}.

In Fig. 4, we illustrate the step-by-step construction® of the causal influence matrix © for a CTIG
model, instantiated on a graph with 5 nodes.

(a) H,vp = 100 (b) ©,v1 =05

(d) ©

Figure 4: Construction of the CTIG causal parameters for a graph with n =5 and r = 5.

5. Counterfactual Analysis

Motivation Borrowing notation from § 3, we denote the ¢rue causal model by €y = (Ag, Og), the
estimated model by €, = (A,,©,), and the distorted causal model by € = (A+,©4).

The divergence function of the estimated model is dy : S xS — [0, 1], which maps an event sequence
S € S and its trigger sequence ® € S generated by a causal model € to a scalar performance error.
Accordingly, the performance of the estimated model on a sequence generated by the true causal

model is 1 — d, (8%, ®Y), while its performance on a sequence generated by the distorted model is
1 —d, (ST, o).

Comparing the performance achieved by the estimated model on the distorted sequence with the
true sequence, we measure the gap A, (SY, ®°, ST, @) as

AL (8,00, 8T, @1 = (1 —du(S° %)) — (1 — du(ST, @7)) = du (ST, @T) — d.(S°, @).

AS’T dI dg

We then define the mapping A, (8%, ®°, ST, ®T) s dp;, for realisations (®°,8%) ~ & (T), and
(@1,81) ~ €(T), where dg ; € [0,1] is the divergence between the true and distorted causal models
(see equation 7). This mapping can be used to analyse the relation between the performance gap and
the divergence between the causal models €y and €;. We then introduce the following hypothesis.

8. The code will be made publicly available on Github.com/Aniq55/CES.
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Hypothesis 5.1. For any causal model estimate €, satisfying d? € [0,6,), there exists 3 € (0,1)
such that for all distorted models €+ with JO,T > f3, the performance gap satisfies AT > 0.

In other words, the estimated model performs better on the true sequence compared to the distorted
sequence, if the divergence of the distorted model €; from the true causal model € is large enough,
and if €, is sufficiently accurate, i.e., its error on the true sequence satisfies 0 < dg < 0,.

We empirically examine the relationship between the performance gap AT = gl — d? and the
divergence between the true and distorted causal models dy ; in Fig. 5 (see Appendix C).

4 4 02 04 06 08 00 02 04 06 08
do, + do, + 6+

(@) (doidl —=d?)  (0) (dog,al—d?):d) <. () P(AVT>01d2<s.) (@P(al>0]4.,5)

Figure 5: Empirical evaluation of the performance gap under causal distortion. The panels visualize
how the performance gap AV and its associated probabilities vary with the causal divergence dg +
and the accuracy threshold §,, providing support for Hypothesis 5.1. n = 7,7 = 103.

Fig. 5(a) shows a scatter plot of the performance gap against dg +. In Fig. 5(b), we restrict attention
to settings where the estimated model is sufficiently accurate, i.e., d? < §, with §, = 0.2, and
highlight that for distortions satisfying a?oﬂu > 0.45, the performance gap is strictly positive. In
Fig. 5(c), we instead vary 8, and observe that the probability P(A2T > 0 | d9 < 4,) decreases
from near 1 toward 0.5 as the accuracy constraint is relaxed. Finally, Fig. 5(d) presents a heat

map P (AE’T >0]d? < 6y, do; > ﬁ) over (3,0,), illustrating that for larger J,, increasing [ alone

is insufficient to guarantee an all-positive performance gap.

Application Hypothesis 5.1 states that if the estimator €, is sufficiently accurate, i.e., d° < d,,
then there exists 8 € (0,1) such that for every distorted causal model €; with d_O,’r > f3, the
corresponding performance gap satisfies A%T > 0 with probability 1 under the joint sampling
(8%, @%) ~ €o(T) and (ST, ®T) ~ €;(T). Formally, this can be written as

P (AT >0|d) < by, doy > B) = 1. (13)

In many practical settings, computing JO,T may be infeasible. For instance, one may only observe
event sequences, while the parameters of the causal models that generate them remain unknown.
Moreover, the true causal model €, may not be available, or the causally distorted sequences ST may
be produced by an alternative mechanism, such as corruption of the true sequence S° via an external
procedure, rendering the direct computation of d?, and consequently JO,T, impossible. Consequently,
the statement in equation 13 is not directly verifiable in practice.

However, we can still measure d} as the prediction error of the estimated model on sequences
generated by the true causal model. In the absence of dy +, we therefore use the probability

pUT0) £ R (AYT > 0] d) <4,)

as a prozy for quantifying the strength of the distortions in ST. Moreover, for a fixed §,, this quantity

enables comparison between predictors: given identical data, the predictor attaining a higher value
0,1 . 9

of py''(d4) is deemed to perform better.

9. after comparing the 1 — dg values of the predictors
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Negative Sampling In practice, trigger events are typically unobserved'?; accordingly, we con-
struct a set of negative events via negative sampling.'' We then define

® =S U{(Gt):(6t)eS, jelEI\{i}}. (14)

Note that events in ® \ S are not guaranteed to be infeasible for the causal model under con-
sideration.'? Consequently, ® should not be interpreted as the set of true trigger events. In the
transductive setting the negative samples are only drawn uniformly from the observed set of edges

so that j ~ Unif ({k : (k,t) € S}\ {i}).

Experiment A We consider two causal event sequences: SY generated by a causal model €o(T),
and ST generated by a causal model €;(7T'). We split*® the sequence S° chronologically into training
and test sets as S"¥" = §9(0,7,) and S**t = S%(r,,T) for some 7, € (0,7). We then construct
a counterfactual test set as S** = ST(7,, T'). Negative samples are generated in the transductive
setting for both training and testing.

Let Y denote a performance metric of a predictive model. Let U represent the training condition,
i.e., the dataset used for training, and let X denote the test dataset. We use counterfactual-style
notation and write Yx—.(U = u) = y, which is interpreted as: a model trained under condition u
and evaluated on dataset x achieves performance y. For brevity, it is also written as Y, (u) = v.

To instantiate this notation in our setting, we fix the training condition u = Strain and consider
two alternative test conditions, namely z = S** and 2’ = S***. With u fixed, the effect of data
from another causal model is captured by the performance difference Y, (u) — Y,/ (u). We focus in

particular on its sign, quantified by P (Y, (u) — Y,/ (u) > 0), which aligns with P (AB’T > 0).

Fig. 6 illustrates the empirical relationship between the causal shift induced by replacing S*st with
S*est and the resulting performance difference Y, (u) — Y,/ (u), aggregated over multiple indepen-
dently generated model pairs and sequence realisations.'* In Fig. 6(a), we report the performance
gap achieved by the Oracle under counterfactual evaluation. Although the overall trend becomes
increasingly positive as the causal divergence grows, a small number of outliers persist. These devi-
ations are expected, as negative sampling does not guarantee that all sampled negative events are
infeasible, as discussed previously.

0.6 ORACLE

Ylu) = Yie(u)

Yalu) = Yy

-0.2

-0.4

0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
do, + do, t do, +

(a) Accuracy (b) AP (¢) AUC

Figure 6: Counterfactual evaluation of TLP models. Each panel shows a scatter plot of the perfor-
mance gap, overlaid with a LOWESS smoothing curve (fraction 0.95) to highlight the overall trend.

The remaining panels evaluate two TLP models'®, TGN (Rossi et al., 2020) and JODIE (Kumar et al.,
2019). Fig. 6(b) reports results using average precision (AP), while Fig. 6(c) reports results using
area under the ROC curve (AUC). The performance of JODIE remains largely flat and close to

10. TLP naturally fits within the positive-unlabelled learning (Mansouri and Ben-David, 2025) setting.

11. For each (i,t) € S, a negative event (j,t) is generated with j € [E] \ {7}.

12. An event (4,t) is said to be feasible for a causal model if f(pa;(t)) = 1; see equation 3.

13. We denote the restriction of S to the time interval [a,b) by S(a,b) = {(i,t) € S : t € [a,b)}.

14. Each point corresponds to one realisation of (80, ST) and one trained predictor; the horizontal axis represents the
causal divergence do t, while the vertical axis denotes the performance gap Yz (u) — Y,/ (u).

15. Extending the benchmark to additional TLP models is left to future work.
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zero across increasing causal divergences, indicating limited sensitivity to causal distortions. In
contrast, TGN exhibits a clear positive trend, with the performance gap increasing as the causal
divergence grows, suggesting that it consistently performs better on the original test set than on its
distorted counterpart. This behaviour supports the conclusion that TGN is causally sensitive under
our counterfactual test, while JODIE is not'.

For completeness, we also report the performance Y (u) of the models on the original test set S*est.
The Oracle achieves a mean accuracy of 0.693 (95% CI [0.678,0.708]), while TGN and JODIE achieve
mean average precision scores of 0.763 (95% CI [0.751,0.775]) and 0.563 (95% CI [0.551,0.575]),
respectively.

Experiment B We borrow the setup from the previous experiment. However, instead of con-
structing the counterfactual test set S*®t from an alternative causal model, we directly distort the
original test sequence S*** by randomly shuffling event timestamps, thereby disrupting the tempo-
ral structure while preserving the set of observed interactions. We then repeat the same evaluation
protocol as in Experiment A, training models on S"®" and evaluating them on both the original
and shuffled versions of S*st. A similar counterfactual setup based on timestamp shuffling was
previously considered by us in (Rahman et al., 2025b), albeit without access to an underlying causal
model. In contrast, our setting allows test sequences to be generated from a known causal model and
equips us with a principled divergence measure to quantify the extent to which shuffled sequences
deviate from the original sequence.

Since shuffling is a stochastic procedure, we generate multiple shuffled realisations of the test data,
denoted by z! for the i*! realisation. The causal divergence between the original and shuffled
sequences, as measured by the causal model €y, has a mean value of 0.4322 with a 95% confidence
interval of [0.4302, 0.4342]. This lets us treat shuffling as a quantified causal distortion rather than
an ad hoc stress test.

In Fig. 7, we report violin plots of the achieved performance metrics Yx (u), where the horizontal
axis corresponds to the test dataset X. A clear separation is observed between the metric values
obtained on the original test data « and those obtained on the shuffled test sets 2, ..., 2, indicating
a consistent degradation in performance under temporal distortion. A gap between Y (u) and Y, (u)
is observed for the Oracle and TGN models, indicating sensitivity to temporal distortion, whereas no
such separation is observed for JODIE. These results again support the conclusion that TGN passes
the counterfactual test, while JODIE does not'”.

| original original original

0.55 Shuffled (zo0m) shuffled 0.85 g shiffed © 0,80 shuffled
0.3525 ’
0.50 0.3500 " 0.75
= 0.3475 i z & 084 L'}
S ! S, = —
X045 (om0 - 2 ; 2070
> ‘ Y 0.83 o° s11i
0.3425 . °
0.40 0.3400 ° - | 1 065 ° N P F
’ v | 0.60 O e % e eI
0.35 > ® O g0 9o g 0.82 .
0.55
X X4 X5 X5 X4 X5 Xg X5 Xg XoX1o X x4 xh X4 X)) X§ Xg Xy Xg Xo X4 X X| X X5 Xy X5 Xg X7 Xg XgXo
(a) Accuracy, Oracle (b) AP, TGN (c) AP, JODIE

Figure 7: Violin plots of model performance under timestamp shuffling.

16. The evaluation framework is model-agnostic and can be applied to any TLP model.

17. Prior work (Poursafaei et al., 2022, Fig. 6) identifies JODIE, TGN, and CAWN as among the most consistent models
in terms of performance correlation. Additionally, in (Rahman et al., 2025b, Table 1), we have shown that TGN
passes counterfactual tests on more datasets compared to CAWN. Based on these observations, we selected TGN and
JODIE as representative models with contrasting behaviours for a proof-of-concept evaluation.
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6. Conclusion

In this work we presented an algorithm to generate causal event sequences, and a metric to measure
the divergence between parametric models generating them. We then extended the mechanism to
temporal interaction graphs by proposing a construction in which node features induce a causal
graph over edge events, yielding CTIGs with known ground-truth structure. Using this setup,
we instantiated counterfactual evaluation in two complementary ways: by testing models across
CTIGs generated from different causal models, and by applying timestamp shuffling as a stochastic
temporal distortion whose severity can be quantified by the proposed divergence. In both settings, we
observed degradation in predictive performance under causal distortion; in particular, TGN exhibits
clear sensitivity to the induced distortions whereas JODIE remains largely flat. Our evaluation
framework offers a controlled testbed for developing and assessing TLP models that can exploit
underlying causal structure rather than superficial correlations. Furthermore, the same methodology
can be extended to other predictive domains where the performance of a model under causal shifts
is of interest.

Practical Usage We describe two practical usages of our proposed causal model:

e Given a TLP model F, the user generates two causal models A and B with divergence da g,
samples CTIGs S4 and S from each up to a horizon T, and splits both chronologically at 7.
Training F on S4(0, 79) and testing on Sa (1, T) and Sp(19,T") gives performance measures Y4
and Yp; the user expects Y4 > Yp once d4 p is large enough, since F' is trained under A but
tested on data from a different mechanism B. Repeating this across samples and causal shifts,
defined as transitions in the generator’s parameters (0, A), gives a scatter plot of Y4 — Yp
against d4 g, from which a cut-off, or a value satisfying Y4 — Yp > € for a user-chosen ¢, is
reported as the causal sensitivity of F.. Comparing this cut-off across models, after accounting
for differences in standalone performance, indicates which model makes greater use of causal
information, assuming consistent negative sampling and a shared node set and interaction
space between Sy and Sp.

e Given a candidate causal model A representing a user’s hypothesis about the mechanism
generating an observed dataset, the structural equation f of A is used to predict the feasibility
of an edge event given the history, and these predictions are evaluated against the real dataset.
Since the true causal mechanism underlying real-world data is generally unknown, A can only
ever be an approximate, hypothesised model rather than an exact one. Strong performance
nonetheless suggests that A is a reasonable approximation of the true generative process,
offering a way to validate causal assumptions against real data using the same framework.

Limitations Let E = O(n?) denote the number of possible edges in a graph with n nodes. For
each edge, the causal window captures a binary vector over all E edges, each either present or
absent in the preceding window, giving 2 possible configurations to review when learning its causal
dependencies. Across all E edges, the resulting search space is O(E 2¥) = O(n? 2”2), which grows
rapidly with n. Predictive models therefore become more sample-hungry as n increases, requiring
access to longer time horizons to learn the underlying causal mechanism. To present our framework,
we use graphs with n = 7 nodes, and scaling to larger graphs remains a limitation of our current
empirical setup. This also motivates the development of more compute-efficient causal models and
causal discovery algorithms capable of handling larger node sets.
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A. Preliminaries

Definition 1 (Point Process, (Haenggi, 2012, § 2.2)). A point process is a countable random col-
lection of points that reside in some measure space, usually the Euclidean space R?. The associated
o-algebra consists of the Borel sets BY, and the measure is the Lebesque measure.

In simple terms, a point process is a countable random set ® = {z1,29,---} C RY consisting of
random variables x; € R? as its elements. For a set B C RY, the cardinality of ® N B is denoted as
N(B) € N, and N(-) is called a counting measure.

Definition 2 (1-D Poisson Point Process, (Haenggi, 2012, § 2.4.1)). The one-dimensional Poisson
point process (PPP) with parameter A € R is a point process in R such that

1. for every bounded interval [a,b), the number of points in the interval N([a,b)]) € N has a
k
Poisson distribution with mean A(b — a), i.e., P(N([a,b)]) = k) = e’Mb*a)w, and

2. if [a1,b1), a2, b2), -+, [am,bm) are disjoint bounded intervals, then the number of points in
those intervals N([a1,b1)), -, N([am,bm)) are independent random variables.

We denote the samples drawn from a PPP with parameter A as ®(\) C R, and (®()), <) satisfies
the properties of a total order, i.e., ®(A) = {t1,t2, - ,tm}, such that t; < t;11,Vi € [m] for some
m e N*t.

Definition 3 (Causal model, (Pearl, 2009, § 2.2, § 7.1) ). LetU = {Uy,--- ,U,} be a set of back-
ground variables determined by factors outside the model, and let V = {Xy,---,X,} be a set of
endogenous variables that are determined by variables in the model, i.e., variables in U UV. A
causal model is a pair M = (4,04) consisting of a causal graph'® 4 and a set of parameters O
compatible’? with 4. The parameters O« assign a function x; = fi(pa;(t),u;) to each variable
X; €V and a probability measure P(u;) to each w;, where Pa; are the parents of X; and where each
U; € U is randomly distributed according to P(u;).

g LB
: X1 ‘777”X2‘ \\
“a ¥
/'Xn"”**’Xk /
“ e v//
- Vo
Ul N Uk
U

Figure 8: Causal model.

Definition 4 (Monotonicity, (Pearl, 2009, § 9.2) ). A variable Y is said to be monotonic relative to
variable X in a causal model if and only if

{Y =0 |do(X =1)}-I{Y =1 | do(X = 0)} =0.

Definition 5 (Ezogeneity, (Pearl, 2009, § 7.4) ). In a causal model (4,0«) a variable X is exogenous
relative to Y if X and Y have no common ancestor in 4.

18. Causal graph is a directed graph where an edge from node X to Y indicates that X causes Y.
19. The elements in O specify the functions f; : U; U Pa; — X;,Vi € [n].



Causal Temporal Graphs for Counterfactual Validation of Temporal Link Prediction 13

B. Properties of the Causal Model

Summary We now summarise several key theoretical properties of the proposed causal model,
the details of which can be found in the remainder of this appendix.

e The causal model (¢4, 0g) is

— semi-Markovian for all A € {0,1}"*", (Proposition 6).

— not Markovian for all A € {0,1}"*", (Proposition 7).

— Markovian if A =1, (Corollary 8).
e X;(t) is monotonic relative to X/ (t) iff ©; ; € [0,1], (Proposition 9).
e X}(t) is exogenous relative to X;(t) Vi, j € [n], (Proposition 11).

e If for some j € pa;, X;(t) exogenous relative to X;(¢), and X;(¢) is monotonic relative to X} (t),

then the probability of necessity and sufficiency (PNS) is identifiable, (Theorem 12).
Proposition 6. The causal model (¢,0g) is semi-Markovian for all A € {0,1}"*".

Proof. The causal graph & C {U x V}U{V’ x V} consists of two unidirectional bipartite subgraphs,
one from U to V, and another from V' to V. Starting from any node, there is no way of reaching
nodes in U or V'. Moreover, starting from a node in V there is no way to return to it, as there are
no edges directed away from the nodes in V. Therefore, it is impossible to form a directed cycle in
¢ allowing us to conclude that ¢ is acyclic, and thus the causal model (¥, 0«) is semi-Markovian
(Pearl, 2009, § 3.2). O

Proposition 7. The causal model (¢,0g) is not Markovian for all A € {0,1}"*".

Proof. In the proposed model (¢,0«) the set U UV’ represents the background variables, while V
constitutes the endogenous variables. For a model to be Markovian, it should be semi-Markovian,
and in addition the background variables should be independent (Pearl, 2009, § 3.2). Therefore, the
semi-Markovian model (¢, 0«) is also Markovian if

(C1) Ui(t) AL U;(t), Vi, j € [n], i # j,

(C2) Xi(t) L U;(t), Vi, j € [nl,

(C3) X(t) AL X}(t), Vi, j € [n], i # j.

Verifying (C1): We express U,(t) 1L U;(t) as
{t € ®(\)} AL I{t € ®(N))},

which is equivalent to verifying whether ®(\;) 1L ®();). Since the two PPPs are independent, (C1)
holds true.

Verifying (C2): We express X/ (t) and U,(t) in terms of the PPPs:

Xit) =1 {Zze(t—%,t) Xi(t) > 0}

=10 > f| U Heenn@-701>04LUidH | >0

te(t—7,1) J€pai(t)
Uj(t) = H{t € (b(/\J)} = H{limdo |(I)()\]) N [t,t + 6)| > O}
The value of X/(t) depends upon ®(A\;) N (¢t — 27,t), Yk € pa; and ®(\;) N (t — 7,¢). Similarly, the

value of U;(t) depends upon ®(\;) N [t,t + €) for some € | 0. Since there is no overlap between
(t —27,t) and lim¢o[t, t + €), (C2) holds true.
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Verifying (C3): From the previous paragraph, we can say that X/(t) depends on ®(\g) N (¢t —
27,t), Vk € pa;(t) and ®(X\;) N (t —7,¢), and X(¢) depends on ®(\p,) N (t —27,t), Vm € pa;(t) and
(NN (t—T,1).

Intuitively, this means that each X/(¢) is influenced by the recent activity of its parent events and
its own recent occurrences within their respective temporal windows. For X[(t) and X/(t) to be
independent, their corresponding sets of influencing events must not overlap at any time ¢. In other
words, their dependency domains must remain disjoint over time.

Therefore, X/ (t) L X}(t) only if
{pai(t) U{i: Xi(t) = 1}} 0 {pa;(t) U{j : Xj(t) = 1}} =0, Vi#jvteR"
— {pa; U{i}} N {pa; U{j}} =0, Vi#j
= pa; C {i},Vi € [n].

The implication follows under the assumption that, for some ¢, the time-varying parent sets pa;(t)
and pa;(t) coincide with their structural counterparts pa; and pa;, and that the indicators X;(t) = 1
and X J’(t) = 1 can be simultaneously satisfied. This condition effectively requires that the sets of
potential causal influencers remain completely non-overlapping. However, such disjointness is highly
restrictive and can only occur for A = I. Therefore, we conclude that (C3) is not true for all
realizations of A.

Since (C3) does not always hold, we conclude that the causal model (¢, O0g) is not Markovian for
all A. O

Corollary 8. The causal model (4,0g) is Markovian if A = 1.

Proposition 9. X;(t) is monotonic relative to X(t) iff ©;; € [0,1].

Proof. From def. 4, we can say that X;(¢) is monotonic relative to X (¢) if and only if
I{X;(t) = 0| do(Xj(t) = 1) } I{Xi(t) = 1| do(X](t) = 0) } = 0.

The above equation must hold for all subsets C; C pa; \ {j}, i.e.,

H{ei,j +) 0k < o} H{ > ik > 0} =0, VYC; Cpa;\{j}. (15)

keC; keC;

Case 1: Zkeci ©;,x > 0. To ensure that equation 15 holds, we require

©;; + Z O;r > 0.
keC;
Taking the intersection over all such C;, we obtain

@iJ S ﬂ - Z @Lk? 1

ci:ZkECi @11;@20 keC;

= [max{— Z Oik: Z Oix >0, VC; C pa; \ {J}} 71] .

keC; keC;

For C; = () we have >, ... ©; = 0, yielding

@iyj € [0, ].]



Causal Temporal Graphs for Counterfactual Validation of Temporal Link Prediction 15

Case 2: Y cc, Oir < 0. In this case, T{} ;0. Oix >0} = 0, so equation 15 is automatically
satisfied for all ©; ;. Hence, these subsets impose no additional restriction beyond the assumed
domain ©; ; € [-1,1].

Intersecting the results from both cases gives ©; ; € [0,1], which completes the proof. O

Corollary 10. If for some i € [n], ©,; € [0,1],Vj € pa; then the variable X;(t) is monotonic
relative to all X}(t),Vj € pa;. However, the structural equation is reduced to x;(t) = u;(t) and the
causal impact of X|(t) on X;(t) vanishes™ Vj € pa;.

Proposition 11. X'(t) is exzogenous relative to X;(t)Vi,j € [n].

Proof. Firstly, for all A € {0,1}"*" the subgraph with edges V' x V is a unidirectional bipartite
graph. Secondly, X/(¢) € V' has no ancestors. Therefore, X;(t) and X(t) have no common ancestor
Vi, j € [n] which concludes the proof (see def. 5). O

Theorem 12 (Identifiability). If for some j € pa; X}(t) evogenous relative to X;(t), and X;(t) is
monotonic relative to X(t), then the probability of necessity and sufficiency (PNS) is identifiable,
and determined through:

PNS,; =P(X;=1]| Xj=1)-P(X,=1] X} =0).

Proof. For the detailed proof, please see (Pearl, 2009, § 9.2.3). O

C. Causal Parameter Generation

For the experiments in Fig. 5, causal models are instantiated by randomly sampling the following
parameters. We fix n = 7 nodes and a time horizon T' = 103, giving E = (g) = 21 possible edges.
Node feature vectors x, € R" are sampled with dimensionality » ~ UnifInt(5,20). The number
of non-causal edges is set to [ ~ Uniflnt (1, L%J), ensuring that at most one-fifth of all edges are
designated as noise. The scaling parameter in the influence function h is drawn as vy ~ Unif(0, 200),
and the sparsity threshold as v; ~ Unif(0,1). Finally, the PPP rate for each edge i € [F] is sampled
as A; ~ N (ux,03), where iy ~ Unif(1,4) and oy ~ Unif(0.1,2) are themselves randomly drawn for
each causal model instantiation.

Although we have not conducted a dedicated parameter-wise sensitivity analysis, the experiments
in Fig. 5 already sample causal models under this randomised procedure, and the observed trends,
namely larger performance gaps at higher causal divergence, are consistent across these realisations.

20. To rule out trivial feasibility, we verify that |S| # |®| for all datasets (equality |S| = |®| would indicate degeneracy).



	Introduction
	Causal Event Sequence
	Comparing Causal Models
	Causal Temporal Interaction Graphs
	Counterfactual Analysis
	Conclusion
	Preliminaries
	Properties of the Causal Model
	Causal Parameter Generation

