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Abstract

To account for predictive uncertainty in regression that may vary across the feature space
not only in scale but also in asymmetry, we develop a skew-adaptive extension of split
conformal prediction. The construction starts from an asymmetric interval family centered
at a point prediction and uses the gauge approach to deduce the conformity score induced
by this family. The inverse hyperbolic sine transform of signed scaled residuals provides
the training target for an additional predictive model, whose role is to learn how predic-
tive uncertainty should tilt across the feature space. The resulting procedure preserves the
finite-sample marginal validity of split conformal prediction under exchangeability, while
producing intervals that adapt to both local scale and local skewness. We also develop
a calibration-sample-based estimator for comparing the expected relative future width of
the skew-adaptive and classical scaled-score intervals. Experiments on a variety of datasets
indicate gains in prediction interval efficiency over the scaled-score construction and con-
formalized quantile regression, and also show that the proposed estimator closely matches
the corresponding average width ratio observed on the test sample.

Keywords: Supervised learning; Regression; Prediction intervals; Split conformal predic-
tion; Local predictive skewness.

1. Introduction

Contemporary predictive methods, ranging from modern regression procedures to the arti-
facts of artificial intelligence that now shape scientific, industrial, and social life, increasingly
derive their strength not from tightly prescribed modeling specifications, but from the abil-
ity to learn complex associations directly from large amounts of data. This shift toward
machine-learning-based systems in an age of data abundance has produced remarkable gains
in predictive and inferential capabilities, while at the same time making it substantially more
challenging to assess the uncertainty surrounding the resulting predictions.

When the predictive mechanism is highly flexible and only weakly tied to a prescribed
generative model, uncertainty assessments that rely on strong assumptions about either the
data-generating process or the structure of the predictive model become difficult to justify.
This creates a demand for methods that can attach theoretically guaranteed measures of
uncertainty to predictions while relying on assumptions as weak as possible. Conformal
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prediction (Vovk et al., 2005) meets this demand by allowing the construction of prediction
sets with finite-sample validity under the sole assumption of data exchangeability, regardless
of the predictive model under consideration.

In this work, we focus on regression problems within inductive, or split, conformal pre-
diction. Our goal is to develop a natural extension of the scaled-score method introduced by
Papadopoulos et al. (2002), moving beyond prediction intervals that expand symmetrically
around a central point prediction. More specifically, we seek a conformal procedure that
produces asymmetric prediction intervals around the point prediction, allowing the interval
to adapt not only to the local scale of predictive uncertainty, but also to its local asymmetry.

We proceed as follows. In Section 2, we briefly recall the standard description of split
conformal prediction. In Section 3, we discuss the dual view of conformity scores developed
by Gupta et al. (2022), in which a gauge function allows the appropriate conformity score
to be deduced from the form of a prescribed family of prediction intervals. In Section 4, we
introduce a fairly general family of asymmetric prediction intervals and derive its associated
conformity score through the gauge method. Section 5 develops a sequential procedure that
naturally extends the scaled-score method of Papadopoulos et al. (2002). After learning
a central prediction and a local scale, the inverse hyperbolic sine transform of the signed
scaled residuals is used as the training target for a third predictive model, whose goal is
to learn the local asymmetry of the prediction task. This leads to a formal statement of
the resulting skew-adaptive conformal prediction procedure. Section 6 discusses issues of
prediction interval efficiency. Section 7 presents empirical results on several datasets. In
addition to the classical scaled-score method of Papadopoulos et al. (2002), we compare
our proposal with the conformalized quantile regression method of Romano et al. (2019),
obtaining favorable results for the skew-adaptive approach. Finally, in Section 8, we pro-
vide pointers to open-source code and briefly comment on possible uses of the proposed
construction beyond the inductive setting considered here.

Related work

The most commonly used conformal regression method producing asymmetric prediction
intervals is conformalized quantile regression (Romano et al., 2019), which, as noted above,
will be one of the methods considered for comparison in Section 7. In general, the confor-
malization of Bayesian regression methods, discussed for example in Section 4.2 of Vovk
et al. (2005), also produces prediction intervals with asymmetric characteristics.

2. Canonical approach to split conformal prediction

Let T' = {(X1,Y]),...,(X],, Y, } be a training sample of random pairs, with feature vectors
X e R? and response variables Y/ € R, and introduce an exchangeable sequence of random
pairs

(X17Y1)7 ey (Xn) Yn)a (Xn+1> Yn-i—l)a o

~~

calibration future

in which, similarly, X; € R? and ¥; € R. The first n pairs in this exchangeable sequence
constitute our calibration sample, followed by the future observable pairs. In practice, the
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training and calibration samples are obtained by randomly splitting the available data;
hence the term split conformal prediction.

From a realization of the training set T', we construct a conformity function p : R xR —
R whose general purpose is to contrast, within the exchangeable data sequence, inferences
made from feature vectors with values of the associated response variables. In the terminol-
ogy adopted throughout this paper, larger values of p indicate a greater lack of “conformity”
between the observed response and the predictions derived from the corresponding feature
vector. For example, in Papadopoulos et al. (2002), one first learns a regression function
f: R — R from a realization of T. Subsequently, a second positive predictive model
& : R4 — RT is trained from a realization of the sample (X{, A1),..., (X!, A,,), in which
A; =Y — p(X])|, for i = 1,...,m. The intuition is that & learns how large the absolute
prediction error of /i is expected to be for a given = € R?, thereby measuring local changes in
prediction difficulty across the feature space. After the models ji and & have been learned,
the conformity function is defined as the scaled absolute residual: p(x,y) = |y — i(x)|/5(x).

Let [t] = min{k € Z : t < k} denote the ceiling of t € R. The following univer-
sal property, proved in Papadopoulos et al. (2002), is the distinctive feature of conformal
methods.

Proposition 1 Define the conformity scores R; = p(X;,Y;), for i > 1, and choose a
target nominal miscoverage level 0 < o < 1 such that [(1 —a)(n+1)] < n. Denote the
order statistics of the calibration scores {R1, Ra,...,Rn} by Ry < Rig) < -+ < Ry
Introducing the notation ¥ = R([(1_a)n+1))), i follows that

Pr(Yoy1 € C(Xnt1)) 2 1 —q, (1)
in which C(z) = {y € R: p(x,y) <7}, with x € RZ.

Proof The assumption of an exchangeable data sequence implies that the full set of
conformity scores {}?1, Ry, ..., Ry, Ryi1} is exchangeable. We denote the order statistics
of this full set by R;) < Ry < -+ < R,y < R(py41)- Taking into account that we
may have ties, it follows from the definition of R, that at least k of the R;’s in the
full set are less than or equal to R(k), for k =1,...,n+ 1. Hence, Z?:ll I{Rigé(k)} >k,
almost surely. Taking expectations in the last inequality and noting that, by exchange-
ability, the probability Pr(R; < R(j)) is the same for i =1,...,n +1, we conclude that
Pr(Rp41 < Rgy) > k/(n+1). Furthermore, for £ = 1,...,n, notice that R,y1 > R,
if and only if R,+1 > R, because R;41 cannot be strictly larger than itself. Hence,
Pr(Rpy1 < Rgy) = Pr(Ryq1 < Ry)), for k = 1,...,n. The choice k = [(1 —a)(n+1)]
yields Pr(R,11 < R([(1—a)(nt+1)])) = 1 — a, and the result follows from the remaining defi-
nitions in the proposition statement. |

Property (1) is referred to as the marginal validity of conformal prediction intervals. In
split conformal prediction, this fundamental property is accompanied by further analytical
information. For a finite batch of future observables, its empirical coverage admits an
exact distributional characterization. This characterization yields, in particular, a practical
procedure for determining the calibration sample size required in applications. It also allows
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the marginal validity property (1) to be viewed as an inequality constraint on the expected
empirical coverage of the future batch; see Marques F. (2025a) and references therein for
details.

It follows from Proposition 1 that the scaled absolute residual conformity function
p(z,y) = |y — f(x)]|/6(x) used in Papadopoulos et al. (2002) leads to a conformal pre-
diction interval of the form

C(z) = [x) — 76 (x), lx)+76(2)]. (2)

In what follows, we will refer to this construction as the scaled-score method. The resulting
interval is symmetric around the central prediction fi(z). Although the model 6 allows the
interval length to vary with the feature vector, the expansion still occurs by the same amount
to the left and to the right of ji(z). The natural question, then, is whether this scale-adaptive
construction can be extended so that the two sides of the interval are allowed to adapt
separately, producing conformal prediction intervals that remain data-driven and marginally
valid, but are no longer constrained to be symmetric around the central prediction fi(x).

3. A dual view of conformity scores

According to Van Vleck (1916), Jacobi is said to have inculcated in his students the dictum
“Man muss immer umkehren”, that is, one must always invert, or always seek a converse.
Taken as a heuristic principle, this suggests examining a familiar construction and turning
it inside out, reformulating the problem in the reverse direction so as to uncover a fertile
mathematical structure. In Jacobi’s spirit, Gupta et al. (2022) developed an inversion lead-
ing to a dual formulation of the conformity scores discussed in Section 2, a perspective that
will be essential in our development of the skew-adaptive conformal prediction procedure
in Sections 4 and 5.

We will use the method of Gupta et al. (2022) in the following form. For 2 € R, consider
a parameterized family {C,(z)},>0 of nonempty closed intervals of R, nondecreasing in the
sense that C,(z) C Cy(z) whenever r < ¢, and right-continuous in the real parameter r, in
the sense that

Cr(x) = [ Cila).
t>r

Here, since the index r ranges continuously over [0,00), the intersection is taken over all
real values t > r, including values arbitrarily close to . We refer to the nonnegative real
parameter r indexing C,.(z) as the interval expansion factor.

Define the gauge function associated with the family {C,(x)},>0 by

s(z,y) =inf{r >0:y € C.(x)},

for z € R? and y € R. Intuitively, for any given feature vector x, the gauge s(x,y) measures
the smallest expansion factor r at which the corresponding interval C,(z) contains the
response value y. In other words, s gauges how much the interval family must expand
before it first reaches the response. The following simple fact builds a bridge with the
canonical formulation of split conformal prediction discussed in Section 2.

Proposition 2 For every r > 0 and each x € R?, we have C.(z) = {y € R : s(z,y) < r}.
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Proof Fix 7 > 0 and » € R% We first prove that C.(z) C {y € R : s(z,y) < r}.
Let y € Cy(z) and define A, = {u > 0 :y € Cy(z)}, so that s(z,y) = inf A, ,. Since
y € Cp(x), we have r € A, ,. It follows immediately that s(x,y) = inf A, , < r. Hence
ye{zeR:s(x,2z) <r}, and therefore C,(z) C {y € R : s(x,y) < r}. Conversely, suppose
that y € R satisfies s(x,y) < r. We will show that y belongs to every Cy(z) with ¢ > r. To
this end, fix an arbitrary ¢ > r. Since s(x,y) < r < t, we have inf A, , < t. By the defining
property of the infimum, there must exist some v € A, , such that v < ¢. Indeed, if no such
v existed, then every u € A, , would satisfy v > ¢, so that ¢ would be a lower bound for
Ay, forcing inf A, , > t, a contradiction. Since v € A, ,, we have y € Cy(zx). Since v <t
and the family is nondecreasing, C,(x) C Ci(z), and therefore y € Cy(x). As this argument
holds for every ¢t > r, we obtain y € (-, Ci(z). By the assumed right-continuity of the
family, (s, Ct(z) = Cr(x). Hence y € Cy(x), proving that {y € R : s(z,y) < r} C Cp(x).
The two inclusions give the claim. |

The following proposition shows that, once the family {C,(z)},>0 has been specified, its
gauge function s can be used as an ordinary conformity function. In this way, every interval
in the family whose expansion factor is no smaller than a suitable calibrated threshold satis-
fies a marginal validity property for the future pair (X, 11, Y,+1). We follow the definitions
and notation in Proposition 1.

Proposition 3 For a given family {Cy(x)},>0 and its associated gauge function s, define
the calibration conformity scores by R; = s(X;,Y;), fori=1,...,n. It follows that

Pr(Yni1 € Ci(Xnt1)) > 1 —q,

in which 7 = R([(1—a)(nt+1)])-

Proof The closing argument in the proof of Proposition 1 shows that
Pr(s(Xn+41,Ynt1) <7) >1-—a.

By Proposition 2, we have Cy(x) = {y € R : s(z,y) < r}. Hence, event {s(X,41, Ynt+1) <7}
coincides with event {Y,,11 € C3(Xp+1)}, and the claim follows. [ |

Figure 1 summarizes the preceding discussion, emphasizing the central inversion behind
the dual view: in the canonical construction, the prediction set follows from the chosen
conformity function, whereas in the dual construction, the conformity score follows from
the prescribed geometry of the interval family through its gauge.

4. A skewed family of prediction intervals

We now introduce the family of prediction intervals that will underlie the skew-adaptive
procedure. Let fi : R — R be a central prediction function, and let ¢ : R* — R* and
b:RY = R be two positive functions. For a feature vector € R? and each expansion
factor r > 0, consider the rather general interval

Crla) = [x) — r (), i) + b)) (3)
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Canonical Dual

p(z,y) {Cr(2)}r>0
Cr(z) CCi(z) if r<t

v

[ s(z,y) = inf{r > 0:y € Cp(z)} ]

[ 7= R([(1-a)(n+1)]) ]

[ @) = {y € R: pla.y) < 7) ]
¢ Y

[ Pr(Yn_H IS C(Xn+1)) >1l—a ] [ Pr(Yn_H € C’,:(Xn+1)) >1—a ]

Figure 1: Canonical and dual views of split conformal prediction. The canonical view starts
from a specified conformity function. This function is evaluated on each calibra-
tion pair to produce conformity scores, and the resulting calibrated threshold
defines the prediction interval as a sublevel set of the conformity function. The
dual view starts from the opposite end: it first specifies a nondecreasing family of
prediction intervals, and then uses its associated gauge as the conformity function
to which the split conformal calibration process is applied. The two views there-
fore share the same finite-sample validity property, but place the design choices
at different points in the construction. In the canonical view, the geometry of the
prediction set is determined by the chosen conformity function. In the dual view,
the conformity score is induced by the prescribed geometry of the interval family.

The function a controls the expansion of the interval to the left of ji(z), while b controls
the expansion to the right. The corresponding interval family {C,(z)},>0 is nondecreasing
in r, since increasing the expansion factor moves both endpoints outward, and it is right-
continuous in r because the endpoints depend continuously on the expansion factor 7.
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The next step is to reparameterize this interval family so that the component controlling
scale is separated from the component controlling asymmetry around the central prediction.
Consider the bijective transformation (a(x),b(x)) — (6(x),5(x)) defined by

(2) = \Ja(@)b(z)  and @(x)zilog@g))),

with inverse given by a(z) = 6(x)e” 7@ and b(z) = 6(x)e?@. In these new coordinates,
interval (3) takes the form

Cr(z) = [(x) —r6(x)e” V@) fi(z) +ro(x)eV@].

Since the transformation is bijective, this reparameterization does not restrict the ex-
pressiveness of the original interval family in any way. It merely rewrites the family in
coordinates that separate local scale, represented by (z), from local asymmetry around
i(x), represented by §(z). A positive value of 4(x) expands the interval more to the right
of fi(x) than to the left, while a negative value produces the opposite effect. The gauge
function for the corresponding interval family can be derived in analytic form.

Proposition 4 For the skewed interval family {C,(z)}r>0 defined, for x € RY, by
Cr(@) = [w) = r6(2)e @, () + 7 (@)’ (4)

in which [i(x),y(x) € R and 6(x) > 0, the gauge function is given by

s(z,y) = max { (i(z) —y)t+ (y— flr))+ } |

5’(%)6_;7(55)7 6’($)eﬁ’(x)

in which uy = max{u,0}.

Proof For any z € R and y € R, since 6(z)e”7®) > 0 and 6(x)e?® > 0, using the
definitions we have
s(x,y) =inf{r > 0:y € Cp(x)}
= inf {r >0: a(z) —ré(x)e ™ <y < () +
: iz) —y y
= >0:r> ——— —
inf {7" 20T 2 L e 3@ = 6(2)e@

Thus the admissible values of r are precisely those nonnegative numbers that are at least as
large as both lower bounds above. The smallest such r is the maximum of the three lower

bounds, namely
_ flz) —y y—plx)
s(z,y) = max{&(x)e,y(w) FEEGE 0p.
The previous expression can be rewritten with positive parts. Since both denominators are
positive,

(A(z) —y) y — i(x) (y — i)
7Aj and max{&(x)m,()} = W.
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Consequently,

as claimed. ]

Proposition 4 shows how the family of asymmetric intervals (4) induces a conformity
score by the dual mechanism described in Section 3. Given a pair (X;,Y;) in the calibration
sample, the corresponding conformity score is

) - Y0, (- X))
fi = max { )T H(Xerk) }

for i =1,...,n. Proposition 3 yields the marginally valid prediction interval

Ci(z) = [ﬂ(x) —#6(x)e 7 fi(z) + f@(m)ew(r)} ’

in which 7 = R([(1—a)(n+1)])- The next step is to determine how to learn the skewness
function 4 from the training data.

5. Learning the skewness

We now describe how the skewness function 4 is learned from the training sample. The
construction proceeds sequentially, in the same style as the scaled-score method of Pa-
padopoulos et al. (2002) described in Section 2. First, the central prediction function f is
learned from the training sample. Second, the absolute residuals A; = |Y/ — (X])|, for
i =1,...,m, are used as targets for learning a positive predictive model & : R% — R*.
The additional step in the skew-adaptive procedure is to learn a third function 4 : R* — R,
whose role is to determine how, for a given feature vector z € R?, the predictive uncertainty
should be tilted to the left or to the right of the central prediction.
After 1 and & have been trained, define the signed scaled residuals

Y/ — (X))
Zi=——5,
6(X})
for i = 1,...,m. Unlike the absolute residuals A;, the Z;’s retain the information about

the direction of the prediction error. Positive values of Z; indicate that the response value
lies to the right of the central prediction, while negative values indicate that it lies to the
left.

We are then left with the question of how to construct a natural regression target 7; for
the skewness model 4 from the signed scaled residuals Z;. The construction of this target
7; is dictated by the form of the interval family in (4). Since Z; is a signed scaled residual,
it carries exactly the directional information that is missing from the absolute residuals
A; used to train 6. The skewed interval family suggests that this directional information
should be encoded multiplicatively rather than additively. Indeed, since the right and left
sides of the skewed interval (4) are controlled by the reciprocal factors V@) and e~ 7@,

interchanging Z; <» —Z; should interchange XD 5 VXD,



SKEW-ADAPTIVE CONFORMAL PREDICTION

Algorithm 1: Skew-adaptive conformal prediction

Input: Observed training sample {(z,v}),..., (z),,y,,)} and calibration sample
{(z1,91), -, (Tn,yn)}. Batch of future feature vectors {z,11,..., 2, ¢} C Re
Nominal miscoverage level 0 < a < 1 satisfying [(1 —a)(n+1)] <n.

Output: Skew-adaptive conformal prediction intervals C’(l)(:cn+1), o OO ().

1 Build /i : R — R from {(z},v}), ..., (2, y)}

w N

IS - NG BN

[0 ]

10

11
12
13

14

for i +— 1 to m do
|6 ly; — )]
Build 6 : R? — RY from {(2},61),...,(z!,,6m)}
for i <1 to m do
zi < (y; — (7)) /6 ()
| 7+ arcsinh(z;/2)
Build 4 : RY — R from {(z},71),..., (2}, 7m)}
for i + 1 to n do
(A=) —yi)+ (yi — (@i))+ }

T max{

= T([(1-a)(n+1)])
for j < 1 to ¢ do

L C(j)(xn+j) «— [/l(xn—&-j) -7 &(xn-&-j)eiﬁ/(wnﬂ)a ﬂ(xn-&-j) +7 &(xn+j)e;y(zn+j)]
return {CV(z,41),...,0O (z,40)}

Since the target 7; plays, at the level of the individual training residual, the role that
4(X]) will play after smoothing across the feature space, we define the target 7; by imposing
exactly the same symmetry property on it: interchanging Z; <+ —Z; interchanges €™ <> e~ ".
The simplest relation with this property is Z; = €™ —e~"i. Therefore, we take Z; = 2sinh(7;),
and inversion gives the target 7, = arcsinh(Z;/2). The third predictive model ¥ is then
trained on the pairs {(X/, 7;)}",.

The full skew-adaptive conformal prediction procedure is formally described in Algo-
rithm 1. When 4 = 0, the calibration scores in Algorithm 1 reduce to r; = |y; — fi(z;)| /6 (z;),
and the final interval becomes exactly the scaled-score prediction interval (2). This fact
makes the proposed method a genuine extension of the construction of Papadopoulos et al.
(2002): it preserves the same central and scale components, while adding a learned skewness
component that allows the two sides of the prediction interval to adapt separately.

6. Prediction interval efficiency

In this section, we develop tools for comparing the efficiency of the prediction intervals
produced by the scaled-score method of Papadopoulos et al. (2002) and the skew-adaptive
procedure formalized in Algorithm 1. We construct an estimator, based on the calibration
sample, for the expected ratio between the widths of the intervals produced by the two
methods. The functions fi, &, and 4 have already been constructed from the training data
and will be treated as deterministic throughout this section.
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For the purpose of comparing the two methods, some notational adjustments relative
to the preceding sections will be necessary. Objects associated with the skew-adaptive
procedure will be marked with an asterisk. In both methods, the conformal calibration
threshold will be denoted with an explicit index indicating the size of the calibration sample,
namely

= R1a-a)m+1y))  and 7 = Rira_ayny1)])-

We now denote the data sequence by
(X7 Y)7 (X17 }/1)7 (X27 1/2)7 o

in which (X,Y’) represents a generic pair outside the calibration sequence {(X;,Y;)}i>1.
For the following development, we impose the stronger assumption that the pairs in this
sequence are independent and identically distributed (IID), rather than merely exchangeable
as in the validity results of the preceding sections.

For x € RY, it follows from definitions (2) and (4) that the ratio between the widths of
the intervals produced by the skew-adaptive and scaled-score methods is

G () comtaon.

Tn
Let H(x) = cosh(4(x)), and define the expected width ratio

in which the second equality follows from the IID assumption.

Proposition 5 Assume that 7, — q a.s. and 7} — ¢* a.s., in which q and ¢* denote the
asymptotic calibration thresholds of the scaled-score and skew-adaptive procedures, respec-
tively. If ¢ > 0, 7, > 0 a.s., and the sequence {7} /Py }n>1 s uniformly integrable, then
B[] > 67 /4.

Proof Since 7, — ¢q a.s. with ¢ > 0 and 7, — ¢* a.s., continuity of the quotient map gives
7r /T — ¢*/q a.s. Write Uy, = 7} /7, and u = ¢*/q. We prove directly that E[|U,, —u|] — 0.
Let € > 0. By uniform integrability, choose M > |u| such that sup,,>; E[|Un|l{jv,>00] < €.
Then

E[|Uy — ul] < E[|Un — ullgju,1<ary) + EllUn — ullfjp, 1> 03]

The first term converges to zero by dominated convergence, since U, — u a.s. and
\Un — ull{u, 1<y < M + [u]. For the second term,

El|Un = ulIju, ;>3] < ElUnlIju, > an] + [ul P(|Un| > M).
Moreover, P(|Uy,| > M) < M'E[|Up| Iy, >3] and therefore

|ul |u|
El|Un — ullyu,>my] < <1 + 57 ) EllUnlquasmn] < (1457 ) e

10
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It follows that limsup,,_, . E[|U,, — u|] < (1 + |u|/M)e. Since € is arbitrary, E[|U,, — u|] — 0.
Finally,
F[2]-
Tn q

which proves the result. |

= |[E[Un] — u| <E[|Un — ul]] =0,

In our setting, the uniform integrability of {7} /7,}n>1 means that the random ratio
between the skew-adaptive and scaled-score calibration thresholds cannot have rare but ar-
bitrarily large values that remain relevant in expectation. Almost sure convergence already
says that 77 /7, settles around the asymptotic ratio ¢*/q for large calibration samples, but
this pointwise stabilization does not by itself prevent exceptional calibration samples from
producing very large ratios with small probability. Uniform integrability rules out precisely
this possibility: it says that the contribution of the tail event {7} /7, > M} to the expected
ratio can be made uniformly small, independently of n, by choosing M large enough. Thus,
in the present comparison, the uniform integrability assumption ensures that the empirical
ratio of calibration thresholds not only converges along almost every realization of the cali-
bration sequence, but also has sufficiently well-behaved tails for its expectation to converge
to the asymptotic ratio ¢*/q.

Proposition 6 Under the assumptions of Proposition 5, assume that E[H (X)] < oo, and
define the estimator

Then ¢n — @n — 0 a.s.

Proof By adding and subtracting (7 /7,) E[H(X)], we obtain

Ak

tnn=(2) 7 izn;mxi) ~E| 2] wlarx)

Tn n

A~k Ak

_ (:Z) (711 zn; H(X,) — IE[H(X)]) + (:Z _E UZD E[H(X)).

The first term converges to zero a.s., since 7 /7, — ¢*/q a.s. and is therefore eventually
bounded a.s., while the strong law of large numbers gives n=' 3" | H(X;) — E[H(X)] a.s.
For the second term, Proposition 5 gives E[#* /7, — ¢*/q, whereas 7} /7, — ¢*/q a.s.; hence
7 /7o — E[7} /7] — 0 a.s. Therefore ¢y, — ¢, — 0 a.s., and the result follows. [ ]

With this construction, after the training stage has been completed, the estimator ¢,
makes it possible to assess the relative efficiency of the two methods for future predictions
directly from the calibration sample. More precisely, it estimates the expected ratio between
the width of the skew-adaptive interval and the width of the scaled-score interval for a new
observation drawn from the same distribution. It should be noted that adopting the stronger
assumption of an IID data sequence is not without consequences. For example, in regression
problems it is common to standardize one or more features using quantities estimated from

11



MARQUES GRAZIADEI

Table 1: Attributes of the seven datasets used in the experiments.

Dataset Sample size  Number of features Response variable Unit
Ames Housing 2,930 80 Sale price USD
Bike Sharing 8,645 12 Hourly rental count —

California Housing 20,433 9  Median house value USD
Concrete 1,030 8 Compressive strength MPa
Diamonds 53,940 9 Price USD
Energy 35,040 10 Enmergy consumption  kWh
Used Cars 4,009 11  Listed price USD

the sample, such as the sample mean and standard deviation. This preprocessing step
immediately induces dependence among the transformed observations, even though their
exchangeability is preserved.

7. Experiments

We compare the performance of three split conformal prediction procedures: the scaled-
score method of Papadopoulos et al. (2002), the skew-adaptive procedure developed in this
paper and formalized in Algorithm 1, and the conformalized quantile regression method
of Romano et al. (2019). Since all three methods share the same marginal validity, the
comparison amounts to a question of prediction interval efficiency, measured by the average
interval length on the test set.

We evaluate the three procedures on seven publicly available regression datasets. The
selection covers a range of sample sizes and numbers of features, and includes problems for
which the conditional distribution of the response variable is known to exhibit asymmetry,
such as housing prices and bike rental counts. The Ames Housing dataset (De Cock,
2011) contains 2,930 observations and records sale prices of residential properties sold in
Ames, lowa, between 2006 and 2010, with eighty predictors. In the version distributed
with the companion package for James et al. (2021), the Bike Sharing dataset (Fanaee-T
and Gama, 2014) contains 8,645 observations and records the hourly count of bike rentals
from the Capital Bikeshare system in Washington, D.C., between 2011 and 2012, with twelve
predictors. Based on the 1990 U.S. Census, the California Housing dataset (Pace and Barry,
1997) contains 20,433 observations and reports the median house value across census tracts
in California, with nine predictors. Laboratory measurements of the compressive strength
of high-performance concrete mixtures are provided by the Concrete Compressive Strength
dataset (Yeh, 1998), which contains 1,030 observations and eight quantitative inputs. The
Diamonds dataset (Wickham, 2016) contains 53,940 observations and includes prices and
physical attributes of round-cut diamonds, with nine predictors. For energy-demand data,
the Energy Consumption dataset (Sathishkumar et al., 2021) contains 35,040 observations
and reports the energy consumption of a small-scale steel manufacturing plant (Daewoo
Steel Co. Ltd., Gwangyang, South Korea), recorded at 15-minute intervals over the course
of one year, with ten predictors. Finally, the Used Cars dataset (Najib, 2023) contains 4,009
observations and consists of online used-car listings, with eleven predictors. For convenience,
the attributes of the seven datasets are summarized in Table 1.

12



SKEW-ADAPTIVE CONFORMAL PREDICTION

FEach dataset is randomly partitioned into a training sample, a calibration sample, and
a test sample. Two splitting ratios are considered, depending on the available sample size,
and following the discussion about the impact of calibration sample sizes in Marques F.
(2025a). For the larger datasets California Housing, Diamonds, and Energy we adopt an
80%—-10%-10% split. For Ames Housing, Bike Sharing, Concrete, and Used Cars, which
have smaller or moderate sample sizes, a 50%25%-25% split is used in order to retain a
sufficiently large calibration set for learning the conformal threshold 7.

For both the scaled-score method and the skew-adaptive procedure, the central predic-
tion fi, the local scale &, and the local tilt 4 are learned with Random Forests (Breiman,
2001). For conformalized quantile regression, the conditional quantile functions at levels
a/2 and 1 — /2 are learned with a Quantile Regression Forest (Meinshausen, 2006). In all
cases, the predictive models are fitted with default hyperparameters, since the goal of these
experiments is not to optimize the performance of any individual method, but to compare
the three conformal procedures on an equal footing, isolating the effect of the conformal
procedure from the effect of hyperparameter tuning.

Table 2 reports the empirical coverage and the average prediction interval length on
the test set for the four nominal coverage levels 1 — a € {0.80,0.85,0.90,0.95}. Empiri-
cal coverage values are close to the nominal level for all three methods on all datasets, as
expected from the marginal validity of the three methods. Small fluctuations in the em-
pirical coverage below the nominal target can be explained in terms of the distribution of
the empirical coverage discussed in Marques F. (2025a). Since validity is matched across
methods, the comparison reduces to prediction interval length, and in terms of this criterion
the skew-adaptive procedure produces, on average, the shortest intervals on every dataset
and at every nominal coverage level.

Figure 2 shows, at the nominal coverage level 1 — a = 0.90, the prediction intervals
produced by the skew-adaptive procedure and the conformalized quantile regression method
for a random sample of 30 test observations from the Ames Housing, Bike Sharing, and
California Housing datasets.

Table 3 compares, at nominal coverage level 1 — o = 0.90, the efficiency of the skew-
adaptive method and the scaled-score method through the calibration-sample estimator ¢,
introduced in Proposition 6 and the corresponding average width ratio observed on the test
sample. The ratio is always defined as the width of the skew-adaptive interval divided by
the width of the scaled-score interval, both for the calibration-based estimate and for the
test-sample average. The agreement is remarkably close across all datasets. In five of the
seven cases, the absolute difference is below 1073, and the largest discrepancies, observed
for the Bike Sharing and Used Cars datasets, remain small in practical terms. These results
indicate that, after the training stage has been completed, the calibration sample can be
used effectively not only to determine the conformal thresholds underlying the coverage
guarantee, but also to estimate the expected ratio between the widths of future intervals
produced by the skew-adaptive and scaled-score methods. Since all ratios are below one,
the table also reinforces the empirical finding that the skew-adaptive procedure produces
shorter intervals than the scaled-score method on the considered datasets.

Although no strict theoretical guarantees are available, conformal methods that produce
more adaptive intervals may be expected to exhibit better conditional coverage in practice
(Izbicki et al., 2022). Table 4 reports on the empirical conditional coverage of skew-adaptive
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Table 2: Empirical coverage and average prediction interval length on the test set for the
seven datasets, across four nominal coverage levels. For each dataset and each
coverage level, the shortest average length is highlighted in bold.

Dataset 1-« Empirical coverage Average length
Skew-adaptive Scaled-score =~ CQR  Skew-adaptive Scaled-score CQR
95% 94.18% 93.62% 95.32% 68,845.88 72,864.74  112,169.50
Ames Housin 90% 90.64% 90.50% 90.07% 60,676.05 62,525.15 84,720.87
& 85% 86.24% 86.52% 85.11% 52,011.22 55,824.96 69,733.38
80% 82.27% 81.28% 80.43% 45,369.79 48,360.39 60,602.10
95% 95.62% 95.52% 96.18% 130.11 154.71 256.60
Bike Sharin 90% 90.67% 89.55% 91.65% 110.54 127.10 206.40
& 85% 84.93% 85.63% 86.66% 96.21 113.06 174.01
80% 79.51% 80.08% 81.30% 85.06 102.20 149.00
95% 95.36% 96.06% 97.95%  167,441.10 170,411.80  208,716.70
California Housin 90% 90.47% 91.10% 89.88%  125,558.50 130,871.30  165,865.40
& 85% 86.33% 86.93% 84.94%  104,747.20 111,895.60  136,485.20
80% 83.49% 82.39% 80.20% 93,677.10 97,614.60  116,708.00
95% 94.81% 94.37% 96.54% 20.96 22.22 37.50
Concrete 90% 88.74% 88.31% 93.51% 15.03 16.05 28.54
85% 84.85% 83.13% 89.18% 12.40 13.83 23.63
80% 80.09% 77.06% 83.98% 10.64 12.33 20.44
95% 94.49% 94.55% 94.68% 1,419.66 1,451.38 1,911.97
Diamonds 90% 89.46% 90.06% 90.03% 1,114.36 1,151.91 1,515.00
) 85% 85.00% 84.85% 85.01% 940.91 984.00 1,279.90
80% 79.82% 79.73% 79.82% 818.17 864.00 1,105.00
95% 94.65% 95.13% 95.59% 2.79 3.42 8.28
Ener 90% 89.33% 88.73% 91.24% 2.27 2.81 6.62
&Y 85% 84.23% 84.83% 86.91% 1.93 2.50 5.61
80% 79.71% 79.91% 82.38% 1.69 2.19 4.86
95% 95.45% 96.07% 95.03% 66,551.07 73,072.90  111,084.90
Used Cars 90% 90.99% 90.37% 90.89% 52,109.99 56,061.27 75,702.21
85% 86.02% 87.27% 86.02% 44,232.12 48,984.04 59,198.16
80% 81.06% 80.64% 82.19% 38,962.15 43,208.58 47,699.34

conformal prediction. For each of the seven datasets, the test observations were stratified
according to the quartiles of each available numerical feature.

8. Concluding remarks and future work

Our development has been confined to the inductive, or “split”, case of conformal prediction.
Nevertheless, the sequential procedure developed here, which introduces the third tilt model
4, is also suitable in other settings. For example, in applications of the method introduced by
Johansson et al. (2014), one usually constructs models analogous to /i and ¢ from out-of-bag
predictions on the training sample, thereby eliminating the need for a separate calibration
sample; see, for example, Graziadei et al. (2025). Hence, the same ji—-6—y scheme can
be used to augment this out-of-bag procedure. An analogous possibility arises for stacked
conformal prediction (Marques F., 2025b), another calibration-sample-free method, in which
the conformalization of the meta-learner could be enriched by the inclusion of a 4-like model.
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Figure 2: Prediction intervals for 30 test sample units from the Ames Housing, Bike Sharing,
and California Housing datasets at nominal coverage level 1 —a = 0.90. For each

test point,

the figure displays the skew-adaptive conformal prediction interval

in blue, the conformalized quantile regression interval in red, and the observed
response, indicated by a black cross (x). The blue dot is the central prediction

made by

in the skew-adaptive procedure.

Conformal Prediction Systems (CPS) (Vovk et al., 2017) provide a complementary ap-
proach by producing a predictive distribution for each future response, from which predic-
tion intervals at different nominal coverage levels can be extracted. Comparing the skew-
adaptive procedure with intervals derived from CPS, particularly in terms of efficiency and
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Table 3: Calibration-based estimation of relative prediction-interval efficiency at nominal
coverage level 1 —a = 0.90. The estimator ¢,, is compared with the corresponding
average test-sample width ratio, defined as the width of the skew-adaptive interval
divided by the width of the scaled-score interval. Ratios below one indicate that
skew-adaptive intervals are shorter on average.

Dataset Calibration estimate ¢,, Test sample average Absolute difference
Ames Housing 0.9534 0.9539 0.0005
Bike Sharing 0.8660 0.8470 0.0190
California Housing 0.9548 0.9544 0.0003
Concrete 0.9322 0.9316 0.0006
Diamonds 0.9692 0.9686 0.0006
Energy 0.8204 0.8200 0.0004
Used Cars 0.9456 0.9365 0.0092

adaptation to asymmetric predictive distributions, is a natural direction for future investi-
gation.

Since the seminal work of Vovk et al. (2005), the development of conformal prediction
has aimed at constructing finite-sample statistical guarantees, a goal that is inherited by the
skew-adaptive procedure. Complementing this pursuit of finite-sample properties, Section 6
explores a connection between the usual constructs of conformal prediction and the concepts
and methods of classical asymptotic theory. The possibility of empirically comparing the
efficiency of different conformal prediction methods by applying asymptotic machinery to
the calibration sample deserves further development.

Reference implementations of the skew-adaptive conformal prediction procedure, written
in R (R Core Team, 2024), are available at:

https://github.com/paulocmarquesf/skew-adaptive_cp
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