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1. Introduction

Building on the foundation of standard Conformal Prediction and its known vulnerabili-
ties to covariate shift, we formalize our Thermodynamic DRO framework. While recent
methods such as Aolaritei et al. (2025) address score shift via topological metrics like the
Lévy—Prokhorov distance, our approach introduces a statistical mechanics perspective. By
applying a physics-inspired thermodynamic base measure directly to 1D non-conformity
scores within a KL-divergence ambiguity set, we yield a smooth, closed-form partition func-
tion that expands conformal thresholds to absorb out-of-distribution errors with minimal
computational overhead.

Our robust calibration procedure, which can be implemented using standard optimiza-
tion libraries (Pedregosa et al., 2011), is grounded in established finite-sample concentration
inequalities (Massart, 1990; van der Vaart and Wellner, 1996).

Assume a finite calibration set of size N.

Let s; be the non-conformity score of the i-th calibration set.

Let m; be the possible probability mass assumed to the i-th point.

Let k; be the normalized Gibbs-Boltzmann kernel weight for the i-th point from
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Let the binary indicator be [; = I[s; < ¢].

2. Methodology: Primal Problem and Solving for Optimal Distribution

To find the worst-case distribution that minimizes the expected coverage, which is con-
strained by a KL-divergence ball of radius 7 around a Gibbs-Boltzmann kernel:
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We convert the constrained optimization into a single function using Lagrangian Multi-
pliers A > 0 for the KL-ball constraint and v for the normalization constant:

N N - N
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Taking the partial derivative of the Lagrangian w.r.t m; and setting it to zero yields the
optimal probability mass 7

oL i « ki Li
%—li+)\<log<]ﬁ>+l>+u—0:>7T,L-—Zexp< )\> (3)

where Z = Zf\il k; exp (—I;/ ). Substituting 7} back into the Lagrangian yields L(7*, A\, v) =
—Alog Z — An. To find the worst-case coverage, we take the supremum over A > 0, which
is equivalent to the infimum of the negative objective:

inf {Alog Z + A 4
inf {Alog Z + A} (4)

3. Theoretical Guarantees

Theorem 1 (Finite-Sample Concentration) Letn be the calibration set size. Let Sp(q)
denote the empirical CDF' of calibration scores, and S(q) the true population distribution.
For any error probability 6 € (0,1), if the robust threshold qopyst is chosen such that the
empirical worst-case coverage is 1 —a, then with probability at least 1—9, the true population
worst-case coverage is bounded by:
In(2/9)
o (5)
Proof Sketch. The result follows directly from the Dvoretzky-Kiefer-Wolfowitz (DKW)
inequality (Massart, 1990), which guarantees that sup, 1S.(q) — S(q)] < +/In(2/6)/(2n)
with probability 1 — §.

Coveragey,e > 1 —a —

4. Experimental Results

We evaluated our framework on the California Housing dataset (Pace and Barry, 1997)
(N = 3000) using a Random Forest regressor (o = 0.10,7 = 0.05). Covariate shift was
simulated via Gaussian noise N (O,aﬁoise) applied to test features. As shown in Table 1,
standard CP fails under perturbation as widening errors escape fixed bounds. Conversely,
Thermodynamic DRO proactively expands the threshold, successfully preserving robust

coverage without requiring model retraining.

Table 1: Coverage under Covariate Shift (« = 0.10)
Noise Level Standard CP Robust DRO

0% (Baseline) 90.00% 90.00%
75% Std. Dev. 64.93% 80.80%
85% Std. Dev. 63.87% 79.47%
95% Std. Dev. 62.00% 77.33%
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