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Abstract

Hidden Markov Models (HMMs) are fundamental for modeling sequential data, yet learning their
parameters from observations remains challenging. Classical methods like the Baum-Welch algo-
rithm are computationally intensive and prone to local optima, while modern spectral algorithms
offer provable guarantees but may produce probability outputs outside valid ranges. This work
introduces Belief Net, a differentiable filtering framework that learns HMM parameters by formu-
lating the forward filter as a structured neural network and optimizing it with stochastic gradient
descent. This architecture recursively updates the belief state, which represents the posterior proba-
bility distribution over hidden states based on the observation history. Unlike black-box transformer
models, Belief Net’s learnable weights are explicitly the logits of the initial distribution, transi-
tion matrix, and emission matrix, ensuring full interpretability. The model processes observation
sequences using a decoder-only (causal) architecture and is trained end-to-end with standard au-
toregressive next-observation prediction loss. On synthetic HMM data, Belief Net achieves faster
convergence than Baum-Welch while successfully recovering parameters in both undercomplete
and overcomplete settings, whereas spectral methods prove ineffective in the latter. Comparisons
with transformer-based models are also presented on real-world language data.
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1. Introduction

Hidden Markov Models (HMMs) constitute a fundamental class of probabilistic models for discrete-
time sequential data, with broad applications spanning speech recognition (Rabiner, 2002), natural
language processing (Manning and Schutze, 1999), computational biology (Durbin et al., 1998),
and financial time series analysis (Hassan and Nath, 2005). In an HMM, an observed sequence is
generated (emitted) from an unobserved sequence of discrete latent states that evolve as a Markov
chain. A time-homogeneous model is fully characterized by three sets of parameters: an initial state
distribution, a state transition matrix for the Markov chain, and an emission matrix defining the
conditional distribution of observations given latent states (Murphy, 2012; Elliott et al., 1995).

The learning problem, or the system identification problem, is to recover the model parame-
ters of the HMM from the observed sequences. A classical approach is the Baum-Welch algorithm
(Baum et al., 1970), which is a special case of the Expectation-Maximization (EM) algorithm.
While widely used, EM is an iterative, non-convex optimization method that is sensitive to initial-
ization and often converges to poor local optima (Wu, 1983). More recently, spectral algorithms
have emerged as an efficient and provably correct alternative (Hsu et al., 2012; Boots et al., 2011;
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Balle et al., 2014). These spectral approaches apply singular value decomposition (SVD) to empir-
ical probabilities, the moments of observation singles, pairs, and triples, to identify an observable
representation, yet they often fail in overcomplete regimes due to rank deficiencies and produce
outputs that fall outside valid probability ranges (Balle and Maillard, 2017).

In parallel, the field of deep learning has produced powerful general-purpose sequence-to-
sequence models, such as transformers (Vaswani et al., 2017), that excel at next-step prediction
through gradient-based optimization (Bottou, 2010). These models have demonstrated remarkable
capabilities in modeling sequential data through an attention mechanism, which captures long-range
dependencies and complex patterns in sequences (Tay et al., 2020). Unlike an HMM, the parame-
ters of transformer models are not readily interpretable (Rudin, 2019). While they do not explicitly
recover the underlying generative structure of the model (Lipton, 2018), they have consistently
achieved superior predictive performance on various tasks (Brown et al., 2020; Dosovitskiy, 2020).

Motivated by the relationship between the HMM learning problem and the modeling capabilities
of transformer architectures, this paper explores two interrelated questions:

* How well does a transformer perform when the data is generated by an HMM?

* How well does an HMM-based learning algorithm perform on real-world language data where
transformers excel?

To help answer these questions, we introduce a transformer-inspired gradient-based algorithm, re-
ferred to as the Belief Net, for learning an HMM. Closely mirroring the decoder-only architecture of
modern auto-regressive language models, Belief Net is designed to perform one-step-ahead predic-
tion by maintaining a belief state that encodes the observation history. This design choice enables
end-to-end training with the same cross-entropy loss used in language modeling, while ensuring
that the learned parameters remain interpretable as HMM transition and emission matrices. Our
contributions are as follows:

* We formulate the HMM'’s recursive belief state update (the “forward filter”) as a structured
neural network whose learnable weights includes the logits of the initial distribution, transi-
tion matrix, and emission matrix.

* We show that this model can be trained end-to-end using backpropagation on the standard
auto-regressive (next-observation prediction) cross entropy loss function, exactly like a mod-
ern decoder-only language model.

* On synthetic data generated by an HMM, we empirically demonstrate that Belief Net is faster
than Baum-Welch and can recover parameters in settings where spectral algorithms fail.

* On real-world textual data, Belief Net learns an interpretable HMM that serves as a baseline
predictive performance against a black-box transformer.

The remainder of this paper is organized as follows. Section 2 provides a brief overview of
HMMs and reviews relevant learning algorithms. Section 3 introduces the proposed Belief Net
framework, including its model architecture and gradient-based parameter optimization scheme.
Section 4 presents the experimental evaluation, comparing Belief Net with both classical and mod-
ern baselines on synthetic benchmarks and a real-world language modeling task. Section 5 con-
cludes the paper with a summary of key results and directions for future research.
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2. Preliminaries and Related Work

2.1. Hidden Markov Models

A Hidden Markov Model characterizes a discrete-time stochastic process {(X;, Z;) € S x O},~,
where S = {x1,...,x4} and Q = {z1, ..., zn} are the hidden (latent) state and observation spaces,
respectively. For discrete-time steps ¢ > 0, the latent state X; evolves according to the Markov
property, while the observation Z; is generated conditionally on the current hidden state X;. The
model is fully characterized by the tuple (i, A, C'): The distribution of initial state X is given
by u(x) := P (Xo =x) for x € S. The transition and emission probability matrices are A;; :=
P (Xt+1 = Xj ’Xt = Xi) and Cj, :=P (Zt = 7k ‘ X = Xi) fOI'XZ',Xj €8S,z €0,and t > 0.

Learning problem Given a dataset of /N observation sequences D = {Zé% 57,\721 generated by the
HMM, whose parameters are unknown to the learner, the goal is to estimate the HMM parameters
(1, A, C). The number of learnable parameters is d — 1 for u, d(d — 1) for A, and d(m — 1) for
C, where (—1) is because of the normalization constraints on probabilities. After being learned
offline, the HMM can then be applied to a range of inference tasks, including filtering, smoothing,
and predicting future observations.

2.2. Methods for HMM Learning

Several methods have been proposed for learning HMM parameters from observation data:

Baum-Welch Algorithm The Baum-Welch algorithm is a classic Expectation-Maximization al-
gorithm used to estimate HMM parameters (Baum et al., 1970). It iteratively performs an E-step,
which uses the smoothing algorithm to compute the expected state distributions given the observa-
tions, followed by an M-step, which re-estimates the parameters (1, A, C) by calculating the ex-
pected state and observation occupancies based on those distributions. The algorithm’s objective is
to maximize the log-likelihood, and while it is guaranteed to find a local maximum, its performance
is sensitive to initialization and it may converge to a poor local optimum.

Spectral Algorithm A spectral based algorithm (Hsu et al., 2012) is employed to identify an
observable representation via SVD of empirical probability matrices. This approach circumvents
local optima and is computationally efficient, as it does not require iterative training. However, its
theoretical guarantees rely on a rank condition of the underlying HMM parameters, and the outputs
are not necessarily valid probability distributions. A simplified version is provided in Appendix B.2.

General Sequence Models (Transformers/RNNs) Models such as RNNs (Rumelhart et al., 1985),
LSTMs (Hochreiter and Schmidhuber, 1997), and transformers (Vaswani et al., 2017) can be trained
on the same next-observation prediction and are highly expressive; however, their parameters do not
correspond to the underlying HMM parameters, rendering them uninterpretable black-box models.
Related work on learning state-space models with differentiable filtering is reviewed in Appendix A.

A key motivation is to adapt the transformer-based loss function, input-output architecture, and
training algorithms, now for learning parameters of an HMM. To help relate the two, the state
dimension d is set equal to the embedding dimension of a transformer. This is primarily because the
number of parameters, e.g., in the attention projection matrices and dense feed-forward networks,
scales quadratically with the embedding dimension (Geva et al., 2021), analogous to the scaling of
parameters in an HMM with respect to the state dimension.
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Figure 1: Belief Net architecture. The model initializes at ¢ = 0 with p as prior and maintains a belief state p; over
the sequence t € {0,1,...,T — 1} by recursively applying transition (using transition matrix A) and correction (using
previous prior f1;;—1 and e; from emission step based on observation Z; and emission matrix C') steps to update beliefs.
The estimation step is to predict probabilities of the next observation p;+1 based on the next prior pi;41); and emission
matrix C. The detailed computation of each step is described in Algorithm 1.

This design allows for a direct comparison between transformers and Belief Net performance.

Such a comparison is useful for two reasons:

* On synthetic data generated by an HMM, it reveals how well a transformer can learn the
underlying structure when the data is truly generated by an HMM.

* On real-world language data, it quantifies the performance gain that a transformer achieves
compared to an interpretable HMM-based algorithm, thereby providing insights into the non-
Markovian nature of the embedded latent process in language models.

3. The Belief Net Framework

This paper proposes to learn the HMM parameters 6§ = (u, A, C') directly by formulating the HMM
filter as a transformer-inspired neural network and using stochastic gradient descent to optimize pa-
rameters with respect to the standard next-observation prediction loss function, and then compute
the estimation (the one-step prediction) p;4+1(z) := P (Z;4+1 = z| Zy+) during inference. The core
idea is to represent the recursive filtering equations as a computational graph (Scarselli et al., 2008;
Hamilton, 2022), where the learnable weights correspond directly to the logits of the HMM param-
eters. A comparison with the Baum-Welch algorithm is also presented at the end of this section.

3.1. Model Architecture

Parameterization Belief Net is parameterized by learnable weights 6 = (i, A C ), where i € R
is a row vector of logits for the initial state distribution; A € R9*9 is the logits for the transition
matrix; and C' € RI*™ is the logits for the emission matrix. The softmax operation is applied to
obtain valid probability distributions, including

A;. = softmax(4;.), C;.=softmax(C;.), Vi€ {1,2,...,d} (1)

The complete set of probability parameters is denoted as = (1, A, C), which are functions of the
logits 6. Thus, for notational simplicity, the transformation from logits to probabilities is denoted as

0 = softmax(6).

p = softmax (f1) ,
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Algorithm 1 Belief Net f; Algorithm 2 Belief Net Learning Process
Parameters: parameters 6 = (fi, A, C) Input: Dataset D = {Z(()?T)}ﬁ’:l of observation sequences
Input: observation sequence Zo.7—1, Output: Estimated HMM parameters 6 = (u, A, C)
Output: predicted observation distributions pi.7 L 14 0// iteration counter initialization
l(f;;f’ i): softmax(/&/) priéi zilifzkfi:;iizi 2 Initialize learnable parameters 6) randomly

3 Initialize optimizer AdamW with learning rate schedule 7;
fort =0toT — 1do

// Obtain observation Zi =z 4 while not converged do

5 D, CD // Sample a mini-batch
// Emission (likelihood)

e Cop /+* Forward: use belief net to

compute loss */
{/ Correction (posterior) p JM_J(é(l);Dl) // equation (2)
M < etfht—1
ot 4 fie/sum(fiz) /+ Backward: wupdate parameters
through backpropagation */

// Transition (next prior)

Heonie A 7 U D — 1y AddamW(V 5J;)

. . . // Iteration counter increment
// Estimation (next observation)

8 I+ 1+1
Pt4+1 < /Lt+1\tc +
end 9 end R }
return p1.7 10 return § = softmax(6"))

HMM Filter For an HMM, the belief state, j1;(x) := P (X; = x| Zp.¢) for x € S, is the posterior
distribution over the hidden state, given the history of observations Zg.;, and it is a sufficient statistic
for estimating the probability of next observation p;1;1. The posterior u; is computed recursively
using the HMM filter (Elliott et al., 1995): for each step ¢, the prior, fi,;—1(x) := P (X¢ = x| Zp:t—1)
for x € S, is from the previous step ¢ — 1. It is the distribution over the hidden state X; before
observing the current observation Z;. The likelihood is the probability of the current observation
given the hidden state, computed through the emission process e;(x) := P (Z; | X; = x) forx € S:

* Emission Step: e;(x;) = C; , observing Z; = z;,
The prior ji,—1 (x) for x € § is updated using the HMM filter, which consists of two steps:
* Correction Step: pu(x) o< et(X) y)—1(X)
* Transition Step: i1 (x) = (1t A)(x)
The probability of the next observation p;+1(z) for z € O is then estimated as
* Estimation Step: p11(z) = (p441,:C)(2)
This recursive update of the belief state p; forms the core of our proposed model, the Belief Net.

Belief Net Model Given an input sequence Zy.7—1, the model f; maintains belief states y; in-
ternally and processes the input observations sequentially using the HMM filter. The model then
outputs the predicted observation distribution p;; for each step ¢ € [0, T'— 1]. Therefore, the model
is expressed as

f;:00 = (PO),  Zor—1+ f3(Zor—1) = prir

where P (O) denotes the probability simplex over the observation space @. The complete model is
presented in Algorithm 1, and the architecture of the same is illustrated in Figure 1.



CHEN CHANG MEHTA

3.2. Learning Process

The Belief Net model f; is trained by minimizing the average cross entropy over all sequences in
each mini-batch D; C D, a random subset of the full dataset, for each iteration [. This is identical
to the training objective for a decoder-only language model:

T
1
Uprr, Zrr) = = > logpi(Z) (2a)
t=1
B:D)) = —— S 0(f:(2" ),z 2b
(7 l)’ ‘Dl| Z (f0< O:Tfl)7 1:T) (2b)
neD;

The optimization problem is to find the optimal logits 6* that minimize the expected loss over the
entire dataset:
6* = arg min Ep,~p <J(§; Dl)) 3)
6
This is optimized directly using stochastic gradient descent. The estimated model parameters are
recovered from the learned logits using the softmax transformation 6 = softmax(é*) as in equa-
tion (1). The complete learning framework is presented in Algorithm 2.

This framework is analogous to the Baum-Welch algorithm, but instead of alternating between
E-step (computing expectations) and M-step (maximizing log likelihood), a gradient-based updates
is performed on all parameters simultaneously using modern automatic differentiation. The detailed
comparison between the two algorithms is provided in the next subsection.

3.3. Comparison with Baum-Welch Algorithm

Belief Net and the Baum-Welch algorithm are both iterative approaches for estimating HMM pa-
rameters 6 from observed sequences Zy.r. Although they aim to optimize the same objective func-
tion, their computation and update mechanisms differ from each other. The underlying optimization
strategies and computational complexity of the two are discussed in this subsection.

Objective Function Both algorithms optimize the same objective: the log-likelihood of the ob-
served data with respect to the HMM parameters 6. By the chain rule of probability, the log-
likelihood is decomposed as

T

log P (Zor |0) = > 1ogP (Z¢ | Zo:-1,0)
t=0

where Zj._1 is defined as the empty sequence. This shows that maximizing the joint log-likelihood
is equivalent to maximizing the sum of one-step-ahead conditional log-likelihoods. Both Baum-
Welch and Belief Net aim to find parameters 6 that optimize this objective over the dataset D:

m@ax EZ():T'\’D (IOg P (ZO:T ’ 9))

which is equivalent to minimizing the negative log-likelihood of the observed data with respect to
the HMM parameters 6 as in equation (3). The key difference between the two algorithms lies not
in the objective function itself, but in how the algorithms optimize it.
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Update Mechanism The main difference is the strategies for optimizing the same objective.

* Baum-Welch (EM): The Baum-Welch algorithm, based on the Expectation-Maximization
framework, iteratively maximizes a lower bound Q(6; #()) on the log-likelihood.

log P (Z();T‘Q) > Q(Q, H(l)) = EP(XO:T ‘ Zo:Tﬁ(l)) (log P (XQ:T, Zo.T ‘ 9))

It computes expected sufficient statistics through smoothing and updates parameters in closed
form through the necessary condition for maximization:

9(l+1) = arg max Q(9§ 9(1))
0

* Belief Net (Gradient-Based): Parameters are updated through the optimizer AdamW (Loshchilov

and Hutter, 2017) with automatic differentiation on the objective equation (2).
oD = 0 — yAdamW(V (0 Dy)), 1=0,1,...

Here, at each iteration [, 1, > 0 is the learning rate, J(é(l); D)) is the log-likelihood over the
mini-batch D;, and #() are the logits corresponding to the HMM parameters.

Remark 1 The key properties of the expectation-maximization algorithm, including monotonic im-
provement of the log-likelihood and consistency of convergence to a stationary point, are well-
established in the literature (Dempster et al., 1977; Wu, 1983; Krishnamurthy, 2016).

Remark 2 While gradient-based optimization methods, such as stochastic gradient descent and its
variants (e.g., AdamW), do not enjoy the same guarantees on monotonic improvement and con-
sistency of convergence as in the EM algorithm, they have been known for their scalability and
flexibility in handling large datasets and complex models (Bottou et al., 2018).

Remark 3 Prior work has applied gradient-based methods to learn HMMSs without employing the
filtering architecture (Bagos et al., 2004). More recent neural-HMM hybrids further extend this
idea (Rimella and Whiteley, 2025). While sharing the gradient-based learning philosophy, these
approaches differ from Belief Net in objectives, architecture, and interpretability. More detailed
discussion on this neural-HMM hybrid line of work is provided in Appendix A.

Computational Complexity The computational complexity of the two algorithms differs on two
fronts: the amount of data processed per iteration and the operations required per sequence.

* Baum-Welch processes the entire dataset of N sequences in each iteration, requiring full
smoothing paths for all sequences.
— Data processed per iteration: N sequences of length T'.

— Operations per sequence: smoothing paths, expected state occupancy, and expected state
transition all require O (T'd?) operations per sequence.

— Parameter updates are computed in closed-form with O (d? + dm) operations.

The total complexity per iteration is thus O (N T d2).
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* Belief Net processes a mini-batch of B sequences each iteration, allowing stochastic updates.

— Data processed per iteration: B sequences of length T, where typically B < N.

— Operations per sequence: Both the filtering path and backpropagation require the same
order of operations O (T (d? + dm)) per sequence.

— Parameter updates via gradient descent require O (d2 + dm) operations.

The total complexity per iteration is thus O (BT (d? + dm)).

Since typically B < N, Belief Net processes substantially fewer sequences per iteration, enabling
faster iteration times and better scalability.

4. Experiments
In this paper, the Belief Net framework is evaluated on two tasks:

» Synthetic HMM Data: The objective is to evaluate prediction accuracy and parameter recov-
ery on synthetic data generated from HMMs.

* Real-World Text Data: The objective is to evaluate prediction performance on text data.

For both tasks, Belief Net is benchmarked against the Baum-Welch algorithm (from hmmlearn
library), an independently implemented spectral algorithm, and two transformer-based models: a
single-head single-layer model (nanoGPT-s) and a multi-head multi-layer model (nanoGPT-m), both
trained from scratch.

The core objectives are to assess Belief Net’s performance compared against both the classical
HMM methods and also the transformer architectures, particularly when all models are matched for
embedding dimension d. Studies with varying d are also presented. Detailed implementation and
training setup for all methods are available in Appendix B.

4.1. Synthetic HMM Data: Prediction Accuracy and Parameter Recovery

For the synthetic data, the experimental setting are as follows:

Data Generation: Each dataset D = {ZéZZ}fLI consists of NV sequences of length T = 256.
Observation sequences are generated from HMMs with parameters (1, A, C') configured as follows:

* [nitial Distribution p: A uniform distribution over the hidden states.

s Transition Matrix A: A convex combination of a cyclic permutation matrix AV (x;
Xg > - - - = Xq > x1) and a random stochastic matrix A™"°M: A = q A%Y°lic (1 —q) Arandom
where the homotopy parameter a@ = 0.9 controls the strength of the cyclic structure. This
structure encourages state persistence while allowing for some randomness in transitions.

e Emission Matrix C: A random stochastic matrix.

Both stochastic matrices (A™4°™ and C') are generated by sampling each entry of the matrix from
a normal distribution, then normalizing each row using a softmax function with temperature. The
temperatures are set to 0.1 for A™%°™ and 0.01 for C' to control the sparsity of the distributions.
The validation dataset is generated from the same HMM parameters, but with a smaller number of
sequences (10% of the training set size) to ensure sufficient validation data for model selection.
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validation loss ~ Baum-Welch  Spectral nanoGPT-s nanoGPT-m Belief Net HMM Filter Random

undercomplete 1.951 1.624 1.458 1.475 1.569 1.368 4.852
overcomplete 1.216 X 0.829 0.810 0.830 0.737 3.466

# parameters ~ Baum-Welch  Spectral nanoGPT-s nanoGPT-m  Belief Net * reference loss:

undercomplete 12,352 524,416 73,920 221,760 12,352 — optimal: HMM Filter
overcomplete 6,208 X 51,392 199,232 6,208 (model known)
training time ~ Baum-Welch  Spectral nanoGPT-s nanoGPT-m  Belief Net — random: In(m)
# iterations 20 iter. (PCA) 2,000 iter. 2,000 iter. 2,000 iter. o x: fai]
undercomplete 51 min N/A 2.5 min 7.5 min 20 min (rank deficiency)
overcomplete 12 min X 1 min 1.5 min 6min  « N/A: PCA is instant

Table 1: Validation loss, number of parameters, and training time on synthetic data for each method.

4.1.1. PREDICTION ACCURACY

In this setting, the learner knows both the hidden state dimension d and the observation dimension
m. Two cases are considered:

* Undercomplete case (d < m): Hidden states are fewer than observations (e.g., d = 64,
m = 128). This is the typical scenario where the observation space is richer than the latent
state space to which spectral methods are applicable. Number of samples in this case is
N =4,000.

* Overcomplete case (d > m): Hidden states are more than observations (e.g., d = 64, m =
32). This scenario tests whether methods can identify a higher-dimensional latent structure
from a limited observation space (Sharan et al., 2017). Number of samples in this case is
N =1,000.

Each method’s prediction accuracy (cross-entropy loss on a validation set) and training con-
vergence speed (wall-clock time)! were recorded with results summarized in Table 1. The HMM
Filter with true parameters is used to establish an optimal loss baseline; and random guessing is
used as a worst-case baseline. The Belief Net framework consistently outperformed Baum-Welch
algorithm, achieving low loss and faster convergence in both under- and overcomplete settings. The
spectral method was only effective in the undercomplete case, failing in the overcomplete scenario
due to rank deficiencies. The nanoGPT models achieved the lowest loss and successfully captured
Markovian dependencies, consistent with Hu et al. (2024). However, contrary to their findings,
the multi-head multi-layer model (nanoGPT-m) performs similarly to the single-head single-layer
model (nanoGPT-s), suggesting that a simple architecture suffices to capture the latent Markovian
structure. Additional results on emperical experiments on sensitivity analyses to initialization are
provided in Appendix C.1.1.

4.1.2. PARAMETER RECOVERY

In this realistic setting, the learner only knows the observation dimension m. The dataset D is
generated from an HMM with d = 64 and m = 128. To evaluate robustness to model mis-
specification, each model is trained and validated across a range of candidate state dimensions
d e {4,8,16,32,64,128,256}. As shown in Figure 2, validation loss is minimized when the

1. All training computations were conducted on a laptop with an Intel Core i7-12700H processor (2.3GHz, 6P+8E
cores), 32GB 4800MHz DDRS memory, and no GPU acceleration.
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(black) represents worst and best scenarios, respectively. (oranges). Corresponding Perplexity is shown on the right.

candidate state dimension d matches or exceeds the true d, confirming its effectiveness for model
selection. Across all settings, Belief Net outperforms Baum-Welch and spectral methods, approach-
ing the optimal HMM filter when d > d. Additional analyses of eigenvalue spectra and emission
matrix discrepancies are provided in Appendix C.1.2. The nanoGPT models achieve the lowest and
nearly identical losses, suggesting that a single-head, single-layer architecture suffices to capture the
Markovian structure. Notably, nanoGPT-s at d = 16 (9,264 parameters) and Belief Net at d =64
(12,352 parameters) attain comparable performance. Additional comparisons of Belief Net with
nanoGPT models on various HMM settings are provided in Appendix C.1.2.

4.2. Real-World Text Data: Character-Level Language Modeling

Belief Net is evaluated on a language modeling task for next-token prediction using the Federalist
Papers dataset (Jeong and Rockova, 2025; Bhatia, 2023). After tokenization, the dataset comprises
m = 82 unique characters, with N = 4,000 training sequences; each sequence has a length of
T = 256. The latent state dimension is fixed at d = 64 across all methods. Figure 3 depicts
the training and validation losses, together with validation Perplexity := e’. The nanoGPT-m
achieves the lowest perplexity, as expected given its capacity to model non-Markovian language
structure. Belief Net outperforms classical methods, indicating improved modeling of Markovian
latent dynamics, while retaining interpretability: its learned emission matrix captures the dominance
of lowercase letters and identifies distinct states for uppercase and digit emissions, demonstrating
recovery of meaningful latent structure. Further details are provided in Appendix C.2.

5. Conclusion

This paper introduces Belief Net, a differentiable filtering framework that bridges system identifi-
cation and neural representation learning. Experiments show that it outperforms Baum-Welch in
convergence speed, recovering parameters even in overcomplete regimes where spectral methods
fail. On real text data, Belief Net achieves better performance compared to classical methods. Fu-
ture work will extend the framework to more general settings, including POMDPs, non-Markovian
models with memory beyond a single time step, and online learning, thereby broadening its appli-
cability to a wider class of sequential inference and decision-making problems.
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Appendix

The appendix provides additional details on the related work, implementation details, and additional
experimental results.

* Related Work: A review of related literature on learning state-space models and connections
to neural network architectures.

» Implementation: Details on the implementation of each model, including library usage, train-
ing procedure, and hyperparameters settings.

* Experiments: Additional experiment results complementing those in the main text, including
training curves, initialization sensitivity analyses, evaluations of parameter recovery, addi-
tional comparisons with Belief Net and nanoGPTs, and interpretations of the learned models.

Appendix A. Related Work on Learning State-Space Models

This work is closely related to a broad class of architectures that learn state-space models by
unrolling recursive updates into computational graphs, thereby enabling end-to-end training with
gradient-based optimization (Scarselli et al., 2008; Hamilton, 2022). Such approaches have been
particularly successful for continuous-state estimators, including neural variants of Kalman filters
(Revach et al., 2022), and more recently within the broader paradigm of differentiable filtering
(Kloss et al., 2021; Wu and He, 2025). Extensions to nonlinear and non-Gaussian systems have
also been developed through differentiable particle filters, which integrate sequential Monte Carlo
methods into deep learning frameworks for state inference (Brady et al., 2024). In contrast to these
continuous-state formulations, where the belief state is typically represented as a mean-covariance
pair or a set of weighted particles, Belief Net operates in a discrete setting, in which the belief state
is a probability vector over discrete latent states.

A closely related line of work is Hidden Markov Neural Networks (HMNNs) (Rimella and
Whiteley, 2025), which similarly combine HMM structure with neural architectures. However, the
objectives differ fundamentally. HMNNS treat neural network weights themselves as latent HMM
states, enabling continual learning as new data arrive. In contrast, Belief Net leverages a neural
computation graph purely for offline system identification: its goals are (i) to recover the classical
HMM parameters from historical observations, and (ii) to perform inference using the standard
HMM filtering procedure with the learned parameters. In this sense, HMNNs extend what the latent
states represent, whereas Belief Net focuses on how HMM parameters are estimated.

Appendix B. Implementation Details

This section provides detailed implementation specifications for all methods evaluated in Section 4.
Section B.1 outlines the Baum-Welch algorithm implemented using the hmmlearn library. Sec-
tion B.2 describes the spectral algorithm adapted from the spectral-learning repository,
extended with a custom probability prediction function. Section B.3 details the transformer-based
models implemented using the nanoGPT repository, which offers a minimal implementation of
the transformer architecture. Finally, Section B.4 presents the Belief Net implementation using
PyTorch for automatic differentiation and neural network computations.
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B.1. Baum-Welch Algorithm

The hmmlearn Python library (Lee and Danielson, 2024) was utilized for all experiments involv-
ing the Baum-Welch algorithm. For each run, a CategoricalHMM object was configured with
randomly initialized parameters, including the initial distribution p, transition matrix A, and emis-
sion matrix C, and a maximum of 20 iterations was specified. The model was then trained on the
dataset D using the £it method, which iteratively estimates the HMM parameters 6 = (u, A, C).
Upon reaching the iteration limit, the learned parameters 6 = (f1, A, C ) were extracted and used
to evaluate the validation loss. To reduce sensitivity to random initialization, the procedure was re-
peated 5 times with distinct random seeds, and the run with the lowest validation loss was selected.

B.2. Spectral Algorithm

The spectral algorithm implementation follows the method described in Hsu et al. (2012). The
model initialization and parameter estimation were adapted from spectral-learning (Zhao,
2014), while the probability prediction was based on the original paper (Hsu et al., 2012).

Empirical Probabilities Given training data D, construct the empirical probability estimates
Py, P51, P31 by counting number of occurrences of overlapping subsequences of length three
in the training data. For any observation z,z’ € @ and for any ¢ within the sequence, the following
time-invariant empirical probability estimates are computed:

* Probability vector of dimension m: Py (z) = P (Z; = z| D)
* Probability matrix of dimension m x m: Py 1(z,z) = P (Z441 =2/, Z; = z| D)
* Matrix-valued probability function of dimension m x m:

O—P (@2) .z Pypq(2,z) < P (Zt+2 =72 Zy1 =z, 21 =2 ’ D)

Observable Representation To compute the observable representation, the SVD of P, ; is first
performed: P»; = UXVT, where U € R™™ and V € R™*™ are orthogonal matrices, and
Y = diag{o1,09,...,0m} is a diagonal matrix of singular values oy, sorted in descending order.
The top d singular values 1.4 are retained, and the corresponding left singular vectors are extracted
to form the matrix Uq € R™*9, The observable representation parameters are computed as follows:

bo=UP1, be = (P],Ug) P, Bp=TUlP3;1(UjP1)", Vz, €O
where the superscript + denotes the Moore-Penrose pseudoinverse.

Recursive Update Once obtaining a new observation Z, the internal state b, is updated following:

Bi.by

boBrb:’

where the case of denominator being zero is handled by resetting b;1 = bg.

bt+1 = with Z; = z,

Prediction The conditional probability for the next observation Z;1 given history Z.; is:
P (Zt+1 = Z ’ ZO:t) X bI.oBkbta vz, € O

To handle the cases of negative probabilities, all negative value entries were replaced with the min-
imum positive value at the current step, and the resulting vector was renormalized to sum to unity.
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B.3. transformer Model

The transformer baselines were implemented using the nanoGPT repository (Karpathy, 2024),
which provides a minimal decoder-only GPT architecture. Two configurations were evaluated to
assess the impact of model capacity on performance:

* nanoGPT-s: A single-head, single-layer transformer represents the simplest architecture.

* nanoGPT-m: A multi-head, multi-layer transformer (4 heads, 4 layers) represents a more
expressive variant.

Both models were configured with an embedding dimension of d, a feed-forward dimension of
4d, and learnable positional embeddings. Training was performed on a next-observation prediction
task using cross-entropy loss. The hyperparameters included a batch size of 10, dropout values in
{0.0,0.1}, learning rates in {0.001, 0.01}, and a maximum of 2,000 iterations for synthetic data and
4,000 iterations for text data. A grid search over the dropout and learning rate values was conducted,
with the configuration achieving the lowest validation loss selected for final evaluation. All remain-
ing settings followed the repository defaults for CPU-only training. To support the experimental
setup, the train.py script was modified to allow direct data loading from generated sequences,
while the core model architecture defined in model . py remained unchanged.

B.4. Belief Net

The repositories containing the Belief Net implementation and the experiments presented in Sec-
tion 4 are available in (Chang, 2025; Chen and Chang, 2026) and were developed as part of this
work. The implementation follows Algorithms 1 and 2 in the main text. The model is trained
using a batch size of 10, with dropout and learning rate selected from {0.0,0.1} and {0.01,0.1},
respectively, via grid search based on validation loss. Training is run for up to 2,000 iterations on
synthetic data and 4,000 iterations on text data. Optimization is performed using AdamW with be-
tas (0.9,0.999), eps 1078, and weight decay 0.01, without AMSGrad, and with decoupled weight
decay enabled.

Remark 4 A theoretical analysis of the convergence and sample complexity of the gradient-based
Belief Net is an important open direction. Existing results for stochastic gradient descent on smooth
non-convex objectives (Ghadimi and Lan, 2013) guarantee convergence to a stationary point at a
rate of O(1/ \E) after L iterations, but translating these into sample-complexity bounds specific to
HMM parameter recovery requires additional structural assumptions (e.g. identifiability and mixing
conditions) that are beyond the scope of the present work and are deferred to future research.

Appendix C. Experiments Results

This section presents extra results that complement the findings reported in Section 4. The results
are organized into two main subsections: synthetic HMM data in Section C.1 and real-world text
data in Section C.2, corresponding to Section 4.1 and Section 4.2 in the main text, respectively.
Each subsection includes additional figures and tables that provide a more comprehensive view of
the models’ performance across different settings and metrics.
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Figure 4: Undercomplete and overcomplete results on synthetic data. The Belief Net’s training (light red) and validation
(red) loss J; over iterations [ are shown in solid curves. The validation loss is evaluated every 50 iterations. For compari-
son, horizontal dashed lines show the final validation losses achieved by other methods, including random guess (gray),
Baum-Welch (blue), Spectral (green), and nanoGPT (orange).
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Figure 5: Sensitivity to initialization for the Belief Net (red) and Baum-Welch (blue) methods. Both approaches are
evaluated in undercomplete and overcomplete regimes across a range of candidate state dimensions d. For each setting,
10 independent random initializations are performed, and the resulting validation losses are visualized by their mean
(mark), minimum (lower bound), and maximum values (upper bound). The horizontal dashed lines indicate the loss of a
random guess (gray) and the optimal HMM filter (black), which represent the worst and best scenarios, respectively.

C.1. Synthetic HMM Data: Prediction Accuracy and Parameter Recovery
C.1.1. PREDICTION ACCURACY

In this setting (see Section 4.1.1), the learner knows both the hidden state dimension d and the
observation dimension m. The Belief Net’s training and validation loss curves for the undercomplete
and overcomplete settings on synthetic HMM data are shown in Figure 4.

To evaluate sensitivity to initialization, we relax the assumption that the hidden state dimension
d is known and instead sweep over candidate state dimensions de {4,8,16,32,64,128,256}. For
each candidate, we assess the variability in validation loss J across multiple random initializations.
The results are shown in Figure 5. The Belief Net consistently achieves lower validation loss and ex-
hibits substantially less variability compared to Baum-Welch across all candidate state dimensions.
The spectral method is excluded from this analysis, as it does not depend on initialization.
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Figure 6: Parameter recovery on synthetic HMM data comparing the Belief Net (red) and Baum-Welch (blue) methods.
The top row illustrates the magnitudes of the eigenvalues for the learned transition matrices, arranged in descending order
across multiple candidate state dimensions e {4, 16, 64, 256}), where transparency levels differentiate the choices of
d and black markers denote the true transition matrix eigenvalues for reference. The bottom row evaluates the fidelity of
the estimation by reporting the discrepancy between the learned and ground-truth emission matrices as a function of the
candidate state dimension d.

C.1.2. PARAMETER RECOVERY

In this setting (see Section 4.1.2), the learner only knows the observation dimension m. Each model
is trained and validated across a range of candidate state dimensions de {4,8,16, 32,64, 128,256}.
To evaluate the quality of parameter recovery, we analyze the learned transition and emission matri-
ces from the Belief Net and Baum-Welch methods, where the results are shown in Figure 6. For the
transition matrix, we compare the magnitudes of the eigenvalues of the learned transition matrices
IA(A)| to those of the true transition matrix |\(A)|, which reflect the system’s temporal dynamics
and mixing properties. For d > d, both the Belief Net and Baum-Welch successfully recovers the
eigenvalue spectrum of the transition matrix, with the learned d eigenvalues closely matching the
true eigenvalues and the remaining d—d eigenvalues have a sharp drop in magnitude, indicating that
the extra dimensions are effectively ignored. For d < d, the learned eigenvalues deviate from the
true eigenvalues, reflecting the model’s inability to capture the full dynamics with insufficient state
dimensions. For the emission matrix, we evaluate the discrepancy 0 between the learned and true
emission matrices as a function of the candidate state dimension d. For a fixed d, the discrepancy is
computed as follows:

m d d
= () D> i ‘éik - Cjk‘
k=1

i=1 j=1
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Figure 7: Belief Net (red) v.s. nanoGPTs (orange) on synthetic HMM data with state dimension d = 64. This figure
compares the models’ validation loss J across candidate state dimensions d for HMM’s with both fast and slow mixing,
overcomplete and undercomplete settings. Random guess loss (gray) and optimal loss (black) are plotted for worst and
best-case comparison.

where p € P (0) is the stationary distribution of the true HMM’s emission process, and v € ' :=
[0,1/d] x [0,1/d]9 is an optimal coupling between the rows of the learned emission matrix C' and
the true emission matrix C'. The coupling ~ is computed by solving the following optimal transport
problem:

d d d d
. A 1 1 . -
IIlel%l ZZ’WJHC@;-CLZ 5 S.t.Z’ﬁj:a, ijl,...,d, Z’yij:g, VZZl,...,d
=S = i=1 7=1
where the norm ||-|| can be any metric between the rows of the emission matrices. Here, we use

the Hellinger distance, which is a common choice for measuring the distance between probability
distributions, and the optimal coupling is obtained using the Sinkhorn algorithm (Sinkhorn, 1967)
through the Python Optimal Transport (POT) library (Flamary et al., 2021). The results show that
the Belief Net almost consistently achieves lower emission matrix discrepancy compared to Baum-
Welch across all candidate state dimensions d, indicating better parameter recovery quality.

In addition to comparing the Belief Net and Baum—Welch methods, we evaluate the Belief
Net against nanoGPT-s and nanoGPT-m across varying candidate state dimensions d for both fast-
and slow-mixing HMMs. As shown in Figure 7, the nanoGPT models exhibit similar performance
across all settings, with closely aligned validation losses, and consistently outperform the Belief Net
for all d < d. These findings indicate that even single-layer transformers can effectively capture
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Figure 8: Learned transition and emission matrices of the HMM with Belief Net trained on the real-word text data: the
Federalist Papers. The subfigure on the left is the learned transition matrix A. Each entry A;; represents the probability
of transitioning from state x; to state x;. The color intensity indicates the magnitude of the transition probabilities with
darker colors representing higher probabilities. The axes are labeled with the corresponding states. The subfigure on the
right is the learned emission matrix C. Each entry C;j, represents the probability of emitting token z;, from state x;. The
observations z14.23 correspond to the numeric characters 0-9, z2g.53 correspond to the uppercase letters A-Z, and zs6:81
correspond to the lowercase letters a-z. The remaining observations correspond to special characters and whitespace. The
color intensity indicates the magnitude of the emission probabilities with darker colors representing higher probabilities.
The axes are labeled with the corresponding states and tokens. The color bars indicate the log scale of the probabilities
with the minimum visualized value set to 1073,

HMM dynamics, likely due to their ability to model long-range, non-Markovian dependencies,
suggesting a potential avenue for improving the Belief Net framework.

C.2. Real-World Text Data: Character-Level Language Modeling

In this setting (see Section 4.2), the Belief Net and all other models are evaluated on a language
modeling task for next-token prediction using the Federalist Papers dataset. The trained models
include the Belief Net, Baum-Welch, Spectral, nanoGPT-s (single-head single-layer transformer)
and nanoGPT-m (multi-head single-layer transformer). Their performance is evaluated in terms of
perplexity on the validation set, as shown in Figure 3 in the main text.

The spectral method fails to identify a valid solution for this dataset under the state dimension
d = 64, likely due to the non-Markovian nature of the text data. A sweep over the candidate state
dimension d € [1,d] is performed and the model corresponding to the lowest validation loss is
chosen to report the validation perplexity for the spectral method. The final model of the spectral
method has d = 2 and has the highest perplexity among all methods.

The learned transition and emission matrices of the HMM with Belief Net are visualized in
Figure 8. The transition matrix A shows that each state only transitions to a few other states, indi-
cating that the model is learning a sparse transition structure. The emission matrix C' shows more
interpretable patterns: certain states emits specific characters with high probability. For example,
state x33 emits the digits and uppercase letters with high probability, while state x;5 emits uppercase
letters only. The likelihood of emitting lowercase letters is generally high across all states, which
may be due to the fact that the dataset contains more lowercase letters than all other characters.
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