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Abstract
This paper proposes a framework for multi-robot systems to perform simultaneous learning and
coverage of a domain of interest characterized by an unknown and potentially time-varying density
function. To overcome the limitations of Gaussian Process (GP) regression, we employ Random
Feature GP (RFGP) and its online variant (O-RFGP) that enables online and incremental inference.
By integrating these with Voronoi-based coverage control and Upper Confidence Bound (UCB)
sampling strategy, a team of robots can adaptively focus on important regions while refining the
learned spatial field for efficient coverage. The incremental update mechanism of O-RFGP natu-
rally supports time-varying environments, allowing efficient adaptation without retaining historical
measurement data. Furthermore, to the best of our knowledge, we provide the first theoretical anal-
ysis of online learning and coverage through a regret-based formulation, establishing asymptotic
no-regret guarantees in the time-invariant setting. The effectiveness of the proposed framework
is demonstrated through simulations with both time-invariant and time-varying density functions,
along with a physical experiment with a time-varying density function.
Keywords: Multi-robot systems, online learning, coverage control, Gaussian processes

1. Introduction

Environmental exploration and monitoring play a vital role in applications ranging from disaster
response to ecological preservation, where multi-robot systems provide significant advantages due
to their resilience and effectiveness in data collection and coverage over large domains (Rizk et al.,
2019). To guide the deployment of robots, a common approach to characterize the relative impor-
tance of the environment is through a density distribution function across the domain of interest, i.e.,
a spatial field. For example, in wildfire monitoring or fighting (Pham et al., 2017; Rickenbach et al.,
2024; Lin et al., 2025), the density function can represent the heat distribution or fuel accumulation,
while in sensor network deployment (Pimenta et al., 2010; Schwager et al., 2011; Belal et al., 2023;
Xu and Tzoumas, 2024), it can encode the spatial concentration of target-relevant information.

However, in many real-world scenarios, such a density distribution is not known a priori. Hence,
the robots must perform environmental exploration to learn the underlying unknown density. To
this end, recent approaches leverage Bayesian inference to learn such unknown density functions
while simultaneously deploying robots to efficiently cover the spatial field (Benevento et al., 2020;
Santos et al., 2021; Nakamura et al., 2022; McDonald et al., 2021; Landgren et al., 2021; Xu and
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Zhe, 2024). This involves the joint process of exploration and exploitation, where cooperative robots
gradually improve their knowledge of the environment through learning the unknown density while
simultaneously covering relatively more important or informative areas.

Bayesian inference typically employs the Gaussian Process (GP) as a probabilistic surrogate
that learns unknown functions with uncertainty quantification (Srinivas et al., 2012; Williams and
Rasmussen, 2006; Calandriello et al., 2019; Bogunovic et al., 2016; Berkenkamp et al., 2019).
Combined with the Upper Confidence Bound (UCB) sampling technique (Auer, 2000) and Voronoi-
based coverage control (Lloyd, 1982; Cortes et al., 2004), the GP-based methods proposed in Ben-
evento et al. (2020); Santos et al. (2021); Nakamura et al. (2022) enable simultaneous learning of
an unknown density function and coverage over the learned spatial field. These previous works rely
on the assumption that the underlying density function is time-invariant, which limits their applica-
bility in dynamic scenarios such as wildfire monitoring, where the density function is time-varying.
Pratissoli et al. (2025) empirically adapts the GP-based framework of Nakamura et al. (2022) to the
time-varying setting. However, the results in Pratissoli et al. (2025) suggest that effective learning
and coverage of time-varying densities remains challenging.

A key limitation of GP-based methods lies in their cubic computational complexity with re-
spect to the number of training data (Williams and Rasmussen, 2006). To tackle this challenge, we
leverage the random feature-based Gaussian process (RFGP) to alleviate the computational com-
plexity. RFGP is an approximation method that enables scalable inference in kernel-based learning
and Gaussian processes (Rahimi and Recht, 2007; Shen et al., 2019; Calandriello et al., 2019; Mutny
and Krause, 2018; Wang et al., 2018; Lu et al., 2020). RFGP brings significant improvements in
computational cost with acceptable or even negligible performance loss. However, RFGP still re-
quires all historical measurements to be associated with outputs, which limits its applicability in
learning time-varying density functions. To this end, we resort to Online RFGP (O-RFGP), which
updates incrementally once new training data becomes available, enabling real-time adaptation to
changing environments. The lightweight computation and incremental update mechanism make O-
RFGP particularly suitable for time-varying function learning. Based on the efficient and online
updates obtained via O-RFGP, our proposed framework enables real-time learning and coverage of
time-varying spatial fields. The main contributions of this paper are summarized as follows.

c1) We propose a simultaneous learning and coverage framework for exploring and monitoring
unknown spatial fields. With its incremental and lightweight updates, the proposed framework is
capable of real-time operation and well-suited for physical robotic deployment.

c2) To the best of our knowledge, our framework offers the first analytical results on online learning
and coverage through a regret-based analysis in the time-invariant setting. Under mild assumptions,
we prove that the proposed algorithm has asymptotic no-regret with respect to the coverage obtained
with the corresponding ground truth density.

c3) The performance of the proposed framework is evaluated through simulations with both time-
invariant and time-varying densities. Its effectiveness for real-time deployment is further demon-
strated in a physical experiment with a time-varying density. The results of both simulations and
the physical experiment provide encouraging evidence that the proposed framework can effectively
maintain its performance and stability in time-varying settings.
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2. Problem Formulation

Consider a group of n robots operating in a convex domain of interest D ⊂ R2. The position of robot
i ∈ N ≜ {1, . . . , n} is denoted by xi ∈ D, and the positions of all robots are grouped into a matrix
x ≜

[
x1, · · · , xn

]⊤ ∈ Rn×2. The problem of coverage control concerns designing strategies for a
group of robots to achieve optimal coverage of D associated with a density distribution. Specifically,
the density distribution function, f(x) : R2 → R>0, encodes the relative importance of a location
x ∈ D in the sense that the higher the value of f(x), the more important the location x is. Typically,
the subdomain (or region of dominance) that robot i is in charge of is given by the Voronoi cell,
V i ≜

{
q ∈ D : ∥q − xi∥2 ≤ ∥q − xj∥2, ∀j ̸= i ∈ N

}
. When the density function f is known, an

optimal coverage can be asymptotically achieved by each robot i following the gradient flow of the
locational cost function

ℓ(x, f) =
n∑

i=1

∫
x∈Vi

∥x− xi∥22 f(x) dx (1)

with respect to xi (Cortes et al. (2004)), resulting in a centroidal Voronoi tessellation (CVT), ci =∫
Vixf(x) dx∫
Vif(x) dx

, ∀i ∈ N, where ci is the centroid (i.e., center of mass) of V i with respect to the density

function f . We denote a CVT by the matrix c ≜
[
c1, · · · , cn

]⊤ ∈ Rn×2.
However, in practice, as discussed in Section 1, the density function f can be unknown a priori.

Then, the group of robots needs to achieve an optimal coverage of a surrogate density function
learned from their measurements. Specifically, at position xi, robot i takes the measurement yi =
f(xi) + ϵ, where ϵ ∼ N (0, σ2). As a robot typically takes independent measurements at each time
using the same sensor, the measurement noise ϵ is independent and identically distributed (i.i.d.)
across time and space (Benevento et al., 2020).

Let all variables related to time t ∈ {1, . . . , T} be affixed with a subscript (·)t. For example,
xt ≜

[
x1t , · · · , xnt

]⊤ denotes the locations of all the n robots at time t. As each robot takes a mea-

surement yit at time t, all measurements at time t are grouped in a vector yt ≜
[
y1t , · · · , ynt

]⊤ ∈ Rn.
We use the subscript (·):t to indicate the variables with the range of time steps from the beginning
to t. For example, the positions of all the n robots from t = 1 to t = T are grouped into the matrix
x:T ∈ RnT×2 and their corresponding measurements are denoted as the vector y:T ∈ RnT . Let
ft(x) denote the time-varying density value at location x at time t, whereas f(x) represents the
time-invariant density function at location x whose value remains the same over time.

As the true density function is unknown, robots need to simultaneously learn and update the
surrogate density function f̂t at each time step based on collected training data, i.e., measurements
from all robots, and follow a control law to efficiently cover the domain associated with f̂t. The

centroid of V i
t with respect to f̂t becomes cit =

∫
Vi
t
xf̂t(x) dx∫

Vi
t
f̂t(x) dx

, and the control law for the team of

robots is given by Cortes et al. (2004)

ẋt = κ(ct − xt), (2)

where ct ≜
[
c1t , · · · , cnt

]⊤, and κ > 0 is a control gain.
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3. Density Learning

In this section, we detail the density learning methods. The unknown density function f(·) is mod-
eled as the realization of a GP, specified by a mean function, µ(·) : D → R, and a covariance
(kernel) function, k(·, ·) : D × D → R. In particular, σ2(x) = k(x, x). We assume that the
structures of µ and k are characterized by certain hyperparameters ρ∗ and τ∗ (Srinivas et al., 2009),

f(·) ∼ GP(µ(·; ρ∗), k(·, ·; τ∗)). (3)

For time-varying density, (3) transforms into ft(·) ∼ GP(µ(·; ρ∗t ), k(·, ·; τ∗t )), where ρ∗t and τ∗t are
hyperparameters at t.

To learn an unknown function f that has a GP prior, the noisy measurements y:t at positions x:t

are leveraged. Then, the learned density value f̂t at location x ∈ D at time t can be represented by

f̂t(x) ∼ GP(µt(x), kt(x, x)), (4)

where µt and kt are mean and covariance functions calculated based on y:t and x:t. In the following
content, we will introduce i) the GP-based approach in Section 3.1, ii) the RFGP-based approach in
Section 3.2, and iii) the O-RFGP-based approach in Section 3.3, to calculate µt and kt.

Table 1: Computational complexity and memory cost of GP, RFGP, and O-RFGP.

Method GP RFGP O-RFGP
Computational complexity O(T 3) O(TD2) O(D2)

Memory cost O(T 2) O(TD) O(D2)

3.1. Gaussian Process (GP)

Assuming the mean function is a function parameterized by ρt and the kernel function parameterized
by τt, the corresponding µGP and kGP at time step t are defined as Williams and Rasmussen (2006)

µGP
t (x) = µ(x; ρt) + kt

⊤(Kt + σ2I)−1(y:t−1 − µ:t−1(; ρt)), (5)

kGP
t (x, x; τt) = k(x, x; τt)− kt

⊤(Kt + σ2I)−1kt, (6)

where µ:t−1(; ρt) ≜ [µ(x1; ρt), · · · , µ(xt−1; ρt)]
⊤, kt ∈ Rnt is the vector with the ((j − 1)n+ i)th

entry as k(xij , x; ρ
t), and Kt ∈ Rnt×nt is the covariance matrix with the ((j−1)n+i, (j′−1)n+i′)th

entry as k(xij , x
i′
j′ ; ρ

t), ∀i, i′ ∈ {1, · · · , n}, ∀j, j′ ∈ {1, · · · , t}. Specifically, at time step t, the
measurements y:t at locations x:t accumulated by the n robots are used to learn the density function.
According to Williams and Rasmussen (2006), the parameters ρt and τt can be obtained by

ρt, τt = argmin
ρ,τ

[(µ:t(; ρ)− y:t)
⊤(Kt(; τ) + σ2I)−1(µ:t(; ρ)− y:t)] + log

∣∣Kt(; τ) + σ2I
∣∣ ,

where | · | denotes the determinant of a matrix. Note that the choices of the mean and covariance
functions are not unique (Williams and Rasmussen, 2006). For example, in the case where the
linear model and Radial Basis Function (RBF) kernel are used, we have: µt(x; ρt) ≜ ρ⊤t x, and
k(x, x′; τt) ≜ exp

(
−∥x−x′∥22

2τ2t

)
. Since GP needs the memory of saving the covariance matrix Kt

and requires the computation of the inverse of (Kt+σ2I), at time T , the memory cost is O(T 2) and
the computational complexity is O(T 3), as shown in Table 1. As the number of samples increases,
updating the mean and kernel functions of the GP becomes computationally intensive, limiting the
applicability of GP in real-time robotic applications.
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3.2. Random Feature Gaussian Process (RFGP)

Random feature Gaussian Process (RFGP) provides an efficient way to scale GP by approximating
the kernel using random features. It is more suitable for applications requiring GPs but constrained
by computational resources, such as physical robotics implementations in real-time.
We define the real-valued 2D-dimensional random feature (RF) vector as

ϕv(x) ≜
1√
D
[sin(v⊤

1 x), cos(v
⊤
1 x), . . . , sin(v

⊤
Dx), cos(v

⊤
Dx)]

⊤, (7)

where D denotes the number of random features and vi is a random vector sampled from the spec-
tral distribution of the kernel (Shen et al., 2019). And we define ϕv(x) ≜ [ϕv(x

1), · · · , ϕv(x
n)]. A

low-rank approximation of Kt can be achieved by using the standardized shift-invariant k̄, whose
inverse Fourier transform can be approximated by Lu et al. (2020) k̄(x, x′) ≈ 1

D

∑D
i=1 e

jv⊤
i (x−x′) =

ϕ⊤
v (x)ϕv(x

′), and k = σ2
θ k̄, where σ2

θ is the magnitude of k. A low-rank (2D) approximation of
Kt is shown as K̄t = σ2

θΦtΦt
⊤, where Φt ≜ [ϕv(x1), · · · , ϕv(xt)]

⊤. Then, the µRF and kRF

at time step t can be calculated by µRF
t (x) = ϕ⊤

v (x)
(
Φt

⊤Φt +
τRFI2D

σ2
θ

)−1
Φt

⊤y:t, kRF
t (x, x) =

ϕ⊤
v (x)

(
Φt

⊤Φt
τRF

+ I2D
σ2
θ

)−1
ϕv(x). Let θt =

(
Φt

⊤Φt +
τRFI2D

σ2
θ

)−1
Φt

⊤y:t, Σt =
(
Φt

⊤Φt
τRF

+ I2D
σ2
θ

)−1
,

µRF
t and kRF

t at time step t can be rewritten as

µRF
t (x) = ϕ⊤

v (x)θt, kRF
t (x, x) = ϕ⊤

v (x)Σtϕv(x). (8)

Then, θt and Σt can be considered as the parameters of RFGP. For example, if µ = ρ⊤x, ideally,
ϕ⊤
v (x)θ

∗ = ρ⊤x, where θ∗ denotes the optimal model parameters. As such, RFGP hugely reduces
computational complexity and memory cost by using a fixed dimension RF vector to approximate
the kernel, i.e., at time T , the memory cost is O(TD) and the computational complexity is O(TD2),
where D is much smaller than T , as summarized in Table 1.

3.3. Online Random Feature Gaussian Process (O-RFGP)

The RF-based function approximant µRF and kRF readily accommodates online operation (Lu et al.,
2020), which is necessary for many time-critical applications, such as simultaneous learning and
covering time-varying density functions. The online approach allows interactive learning, i.e., the
prediction at time step t receives xt at the beginning of slot t and then updates after receiving
measurements at the end of slot t. Specifically, the online learning procedure is shown as follows:

1. Predict mean and covariance at location xt as

µO
t (xt) = ϕ⊤

v (xt)θt−1, σ2
t (xt) = kO

t (xt,xt) = ϕ⊤
v (xt)Σt−1ϕv(xt). (9)

2. Upon receiving yt, update θt and Σt as

θt = θt−1 + σ−2
t (xt)Σtϕv(xt)(yt − µO

t (xt)), (10)

Σt = Σt−1 − σ−2
t (xt)Σt−1ϕv(xt)ϕ

⊤
v (xt)Σt−1. (11)

The O-RFGP can significantly save data storage and further reduce the computational complexity
in the sense that at each time step, the computational complexity and the memory cost are both
O(D2), as summarized in Table 1. This iterative update mechanism enables O-RFGP to adapt to
time-varying function learning by relying solely on the current measurements. Meanwhile, the low
computational complexity of O-RFGP allows real-time robotic implementations.
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Algorithm 1 O-RFGP-Aided Coverage Algorithm (ORC)

1: Initialization:
2: Non-decreasing sequence {βt}Tt=1.
3: Random locations x0 =

[
x10, · · · , xn0

]⊤.
4: Compute µ0(·) and σ0(·).
5: for t = 1 . . . T do
6: Compute the surrogate f̂t for all x ∈ D by f̂t(x) = µt−1(x)−

√
βtσt−1(x).

7: Run control law (2) for robots to reach xt, i.e., a discrete integration step of (2).
8: Determine the location x̃t = argmaxx∈D σt−1(x), where to take additional measurement.
9: Obtain the measurements yit = ft(x

i
t) + ϵ, ∀i ∈ {1, · · · , n}, ỹt = ft(x̃t) + ϵ.

10: Update µt(·) via (10) and σt(·) via (11)
11: end for

4. Learning-Aided Coverage Algorithm

In this section, first, we propose an algorithm that enables robots to simultaneously learn an un-
known spatial field and efficiently cover the most recently acquired estimate of it. The algorithm,
which integrates GP-based learning and Voronoi-based coverage control, combined with the UCB
sampling strategy, guides the robots’ sensing and movement, incrementally driving them toward a
CVT with respect to the evolving learned density function. Specifically, this is achieved by alter-
nating between a prediction step, which allows the multi-robot team to select new sampling points,
and a correction step, which allows it to update the learned density to be covered. A detailed outline
of the proposed algorithm is presented in Algorithm 1. Note that the estimation step is based on
O-RFGP but can be directly replaced with GP or RFGP as presented in Section 3. We define the
cumulative regret as the sum of the rt at time step t as the difference between the locational cost
with current locations xt and the optimal locational cost

RT ≜
T∑
t=1

rt, with rt = ℓ(f,xt)−min
x

ℓ(f,x) ≥ 0. (12)

A small cumulative regret RT indicates that the achieved coverage cost ℓ(f,xt) remains close to
the optimal cost, meaning that the robots attain coverage performance comparable to the ideal case
with full knowledge of the density function.The theoretical guarantee of sub-linear regret in the
time-invariant setting is formally established in Theorem 2, where the density function f , as in (3),
does not vary over time. The detailed regret analysis is provided in Appendix A. Extending the
analysis to time-varying density functions would naturally require regret bounds that depend on
a temporal variation measure of the density, such as a “total variation” (Bogunovic et al., 2016).
Since such variation budgets are typically unknown a priori and may grow with time, we leave the
regret analysis for the time-varying case as an important direction for future work. The empirical
results in Section 5 and Appendix G demonstrate that the cumulative regret remains sub-linear and
is influenced by the same key parameters (D and βt), which suggests that similar principles govern
the performance of O-RFGP in the time-varying setting.
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(a) (b) (c) (d)

Figure 1: The final configuration (at time step 500) of ten robots covering the time-invariant density
distribution that is: (a) the ground truth, (b) learned using GP, (c) learned using RFGP, and (d)
learned using O-RFGP. Areas in red (green) indicate higher (lower) importance.

(a) (b)

Figure 2: The evolution of the locational cost and the MSE between the learned density and the true
density with respect to time steps.

5. Experiments

In this section, we demonstrate the effectiveness of the proposed framework ORC through both
simulations and a physical experiment. The simulations are designed to evaluate performance under
both time-invariant and time-varying spatial fields, thereby examining the framework’s capability
to achieve accurate learning and efficient coverage in static as well as dynamic environments. We
further conduct a physical experiment to demonstrate the computational efficiency and effectiveness
of O-RFGP for deployment of physical multi-robot systems in real-time.

5.1. Simulations

In this subsection, we conduct simulations to evaluate and compare the performance of the proposed
algorithm on time-invariant and time-varying density functions separately. The detailed experimen-
tal settings are presented in Appendix F. A summary of how to use each learning method to estimate
the (time-invariant or time-varying) density is as follows: GP: compute µt(·) and σt(·) as equations
(5) and (6); RFGP: compute µt(·) and σt(·) as equations (8); O-RFGP: compute µt(·) and σt(·) as
equations (9) by iteratively updating θ and Σ as equations (10) and (11). We use the mean squared
error (MSE) between ft and f̂t to evaluate the learning quality, and compute the locational cost
using ft as equation (1) to evaluate the coverage quality. Unless otherwise specified, we average
the results over 3 independent runs for all experiments. More experimental results on the sensitivity
analysis of hyperparameters D and βt, and the computational efficiency comparison of GP, RFGP,
and O-RFGP are presented in Appendix G.
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(a) T = 10 (b) T = 30 (c) T = 100 (d) T = 1200 (e) T = 2000

Figure 3: The heatmaps of ten robots covering the true time-varying density distribution at different
time steps, where the black dots represent the positions of robots and the blue asterisks represent
the centers of mass of their Voronoi cells.

(a) T = 10 (b) T = 30 (c) T = 100 (d) T = 1200 (e) T = 2000

Figure 4: The heatmaps of 1 trial of ten robots covering the learned time-varying density distribution
using O-RFGP.

5.1.1. TIME-INVARIANT DENSITY

The measurements collected only at the current time step are leveraged when using O-RFGP, while
all measurements collected from the beginning up to the current time step are leveraged when using
the GP and RFGP for learning the time-invariant density. The simulation results are shown in
Fig.1 and Fig.2. The final configurations of one trail, at time step 500, of the robots covering the
learned time-invariant density using the GP, RFGP and O-RFGP are shown in Fig.1(b), Fig.1(c)
and Fig.1(d), respectively. Fig.2(a) shows that the coverage qualities achieved by the GP, RFGP,
and O-RFGP are almost the same as the coverage quality over the ground truth density. Fig.2(b)
and Fig.1 indicate that O-RFGP and RFGP have higher MSE compared with GP. These results are
consistent with the regret analysis in Appendix A since RFGP and O-RFGP have larger γT . It is
worth noting that although all three learning methods achieve similar coverage quality in the end,
O-RFGP and RFGP do so with significantly lower computational cost than GP, as seen in Table 1
and Appendix G.2. Unlike the RFGP and O-RFGP, the GP has cubic computational complexity in
the number of training samples. This implies the limitation in applying the GP in real-time robotic
implementations as discussed in Section 1.

5.1.2. TIME-VARYING DENSITY

We conduct simulations using the measurements that robots collect only at the current time step to
avoid stale data for time-varying density learning. The heatmaps of one trial of ten robots covering
the learned density using O-RFGP, GP, and RFGP are shown in Fig.4, Fig.5, and Fig.6, respectively.
Fig.7 shows that the coverage quality and MSE for density learning resulting from GP and RFGP are
apparently higher than those from O-RFGP. In Fig.7(b), the MSE values of RFGP and GP are not
only higher than that of O-RFGP but also exhibit high-frequency fluctuations. These fluctuations in
MSE lead to higher and less stable coverage costs for GP and RFGP compared to O-RFGP, as shown
in Fig.7(a). Compared with Fig.3, the heatmap results in Fig.5 and Fig.6 also indicate that both
GP and RFGP do not provide accurate estimation results in the time-varying setting. In contrast,
Fig.4 shows that O-RFGP is the only method capable of accurately estimating the true density over

8
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(a) T = 10 (b) T = 30 (c) T = 100 (d) T = 1200 (e) T = 2000

Figure 5: The heatmaps of 1 trial of ten robots covering the learned time-varying density distribution
using GP based on the measurements collected at the current time step

(a) T = 10 (b) T = 30 (c) T = 100 (d) T = 1200 (e) T = 2000

Figure 6: The heatmaps of 1 trial of ten robots covering the learned time-varying density distribution
using RFGP based on the measurements collected at the current time step.

time. Since GP and RFGP are designed for learning the time-invariant density using all historical
data, as discussed in Section 4, they are not supposed to adapt to the evolution of the time-varying
density in a straightforward manner. In contrast, O-RFGP can adapt to the evolution of the time-
varying density, achieving almost the same coverage quality as the ground truth density across time,
along with accurate estimation. Since O-RFGP iteratively updates the learned density using current
measurements as the density varies over time, it is not influenced by out-of-date measurements and
able to capture the dynamic property of the time-varying density, as discussed in Section 3.3.

In summary, O-RFGP not only benefits from lightweight computation and memory, but also
employs the incremental update structure that only relies on the most recent collected data. These
two properties enable real-time learning and adaptation, and the simulation results further suggest
the potential of O-RFGP in handling time-varying density for real-world robotic applications.

5.2. Physical Experiment

To highlight the performance and effectiveness of ORC in learning time-varying density on phys-
ical robotic systems in real-time, we implement it on ten differential-drive wheeled robots for
simultaneous learning and covering an unknown time-varying density. The size of the physical

(a) (b)

Figure 7: The evolution of the locational cost and the MSE between the learned density and the true
density with respect to time step. The measurements collected by robots at the current time step are
leveraged when using the GP, RFGP, and O-RFGP.
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(a) T = 10 (b) T = 30 (c) T = 100 (d) T = 1200 (e) T = 2000

Figure 8: The screenshots of ten differential-drive wheeled robots covering the learned time-varying
density distribution using O-RFGP. The blue dots represent the centers of mass of their correspond-
ing Voronoi cells.

(a) (b)

Figure 9: The evolution of the locational cost and the MSE between the learned density in the
physical experiment (corresponding to Fig.8) and the true density in the simulation (corresponding
to Fig.3). The measurements collected by robots at the current time step are leveraged to learn the
time-varying density using O-RFGP.

testbed (Pickem et al., 2017) is the same as the domain of interest D in numerical simulations. The
location of Robot i, xi, corresponds to the position of a point near the wheel axle of the robot. Single
integrator dynamics of xi is mapped by the near-identity diffeomorphism (Olfati-Saber, 2002) to the
unicycle dynamics of the differential-drive wheeled robot. The experimental results are shown in
Fig.8 and Fig.9. As shown in Fig.9(a), the locational cost for the time-varying density learned by O-
RFGP closely matches that of the ground truth, indicating comparable coverage quality. In Fig.9(b),
the MSE between the learned and true densities also converges, confirming the effectiveness of O-
RFGP in density learning. Comparing Fig.3, Fig.4, Fig.7, Fig.8, and Fig.9, O-RFGP performs
consistently across both simulation and physical experiments, which demonstrate that ORC enables
multi-robot systems to efficiently learn and cover unknown, time-varying spatial fields in real time.

6. Conclusion

This paper proposes ORC (Algorithm 1), a framework that integrates O-RFGP and Voronoi-based
coverage control to enable a team of robots to learn an unknown density function and achieve effi-
cient spatial coverage. To the best of our knowledge, we provide, for the first time, a regret-based
theoretical analysis that guarantees the performance of online learning-aided coverage control in
time-invariant settings. The effectiveness of ORC is validated through simulations, and its strong
potential in handling time-varying density fields is further demonstrated through additional sim-
ulations and a physical experiment, confirming its capability for real-time learning and coverage.
Future work includes investigating extensions to the parameter update mechanism of O-RFGP, en-
abling effective learning of unknown densities with more complex temporal evolution. It also in-
volves extending the regret-based analysis to time-varying settings, and generalizing the proposed
framework to heterogeneous sensing modalities and noise characteristics across robots.
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Appendix A. Regret Analysis

In this section, we provide the regret analysis in the time-invariant setting, i.e. the density function
f , as in (3), does not vary with respect to time. Remind that the regret, rt, and the cumulative regret,
RT , are defined in equation (12):

rt = ℓ(f,xt)−min
x

ℓ(f,x) ≥ 0,

RT ≜
T∑
t=1

rt.

The asymptotic no-regret property, i.e., limT→∞
RT
T = 0, is based on the sub-linear growth of RT

in T achieved by (13), which will be proved in the following content. A small cumulative regret RT

indicates that the achieved coverage cost ℓ(f,xt) remains close to the optimal cost, meaning that
the robots attain coverage performance comparable to the ideal case with full knowledge of the true
density function. In Algorithm 1, the non-decreasing sequence {βt}Tt=1 is required to achieve sub-
linear regret, especially with the UCB sampling strategy, e.g., Calandriello et al. (2019); Srinivas
et al. (2012); Benevento et al. (2020). Specifically we let

βt ≜ 2 log

(
|D| t

2π2

6δ

)
(13)

with δ ∈ (0, 1]. The asymptotic no-regret property, i.e., limT→∞
RT
T = 0, is based on the sub-linear

growth of RT in T achieved by (13). In Section 5, we set βt as a constant value and observe that
sublinear regret still remained. To proceed, we will need the following assumptions:
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Assumption 1 The optimal hyperparameters of f(·) exist, denoted as ρ∗ and τ∗ in equation (3).

Assumption 2 The domain D is discretized.

Assumption 3 The control law solves the optimization problem xt = argminx ℓ(f̂t,x).

Assumption 1 simplifies the proof: it implies that the function is sampled from a known GP and
has a low reproducing kernel Hilbert space (RKHS) norm (Srinivas et al., 2009). Note that f(·)
represents the true density function, so ρ∗ and τ∗ are considered as hyperparameters of the true
density and thus not accessible to the robots. Assumption 2 can also be further relaxed since the
results can be generalized to a compact domain, and D is discretized either in the simulations or
the physical experiment of this paper. Assumption 3 is a theoretical idealization used for the re-
gret analysis. However, the Voronoi-based coverage control law (2) typically achieves local optima
without guaranteeing global optimality, e.g., Cortes et al. (2004); Luo et al. (2019). Nevertheless,
extensive experiments in Section 5 empirically suggest that a local optimum (a CVT) reached by
Algorithm 1 performs well in practice and may, in some cases, reach the global optimum. Impor-
tantly, our proposed framework provides the flexibility that alternative control laws can be directly
incorporated without changing other components of Algorithm 1. Should future theoretical work
prove that certain control laws attain global optimality, our analysis in this paper remains valid.

To establish the static regret bound using different density learning methods, we first introduce
the following lemma.

Lemma 1 Pick δ ∈ (0, 1], and set βt = 2 log
(
|D|πt

δ

)
, where

∑
t≥1 π

−1
t = 1, πt > 0. Then,

|f(x)− µt−1(x)| ≤
√
βtσt−1(x)

holds for any x ∈ D and any t ≥ 1 with probability at least 1− δ.

Proof For GP, see Lemma 5.6 of Srinivas et al. (2012), while for RFGP and O-RFGP, see Appen-
dices B and E.

We assume that the high probability event of Lemma 1 holds. Next, we will work towards the
upper bound of accumulated regret through the following theorem.

Theorem 2 Let δ ∈ (0, 1] and βt = 2 log
(
|D| t2π2

6δ

)
. If the density function f(·) is the realization

of a Gaussian Process with mean µ(·) and covariance function k(·, ·) ≤ 1, then running Algorithm
1 ensures that

∀T ≥ 1, Rt ≤
√
c1(n+ 1)TβTγT

holds with probability at least 1 − δ, where c1 ≜ 8|D|2maxx,x′
∥x−x′∥42

log(1+σ−2)
. For kernels such that

γT = O(T ), Algorithm 1 has asymptotic no-regret.

Proof See Appendix C.

Note that the estimation step can also be implemented using either GP or RFGP. As shown in
Srinivas et al. (2012), γT scales sub-linearly for GP with many kernels, e.g., γT = O(log T ) with
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RBF kernel. However, γT for RFGP and O-RFGP usually cannot achieve information as well as
GP since RFGP usually suffers from variance starvation (Calandriello et al., 2019; Wang et al.,
2018), e.g., γT = O(

√
T ) with RBF kernel, details are shown in Appendix D. Nevertheless, RFGP

and O-RFGP still ensure that γT scales sub-linearly, i.e., γT = O
(
2D log

(
T
D

))
, with details in

Appendix D.
As discussed in Lu et al. (2020); Shen et al. (2019), O-RFGP could potentially handle time-

varying density, ft. Extending this analysis to time-varying densities would require regret bounds
that depend on a temporal variation measure of the density (Bogunovic et al., 2016). Since such
variation budgets are typically unknown and may grow over time, we leave the regret analysis for
the time-varying setting as future work. Nonetheless, Algorithm 1 is evaluated with a time-varying
density function in Section 5.1.2 and Section 5.2, where the results are encouraging in the sense that
O-RFGP learns a surrogate f̂t, and by running the control law (2) with f̂t, the team of robots can be
guided to locations that efficiently cover the domain of interest, i.e., a time-varying CVT.

Appendix B. Proof of Lemma 1

In this section, we prove that Lemma 1 holds when the RFGP approach computes µ:

|f(x)− µt−1(x)| ≤
√
βtσt−1(x)

holds for any x ∈ D and any t ≥ 1 with probability at least 1− δ while picking δ ∈ (0, 1], and set
βt = 2 log

(
|D|πt

δ

)
, where

∑
t≥1 π

−1
t = 1, πt > 0.

Proof: Since we can have f(x) ∼ N (µt−1(x), σ
2
t−1(x)). Let r ∼ N (0, 1) and c5 > 0, we can

have

P (r > c) = e
−c25
2

1√
2π

∫
e
− (r−c5)

2

2−(r−c5) ≤ e
−c25
2 P (r > 0) =

1

2
e

−c2

2 .

Let r = f(x)−µt−1

σt−1(x)
and c5 =

√
βt, then

P (|f(x)− µt−1| >
√
βtσt−1(x)) ≤ e−

βt
2 .

Since the domain D is discrete per Assumption 2, applying the union bound,

P
(
|f(x)− µt−1| >

√
βtσt−1(x), ∀x ∈ D

)
≤ |D|e−

βt
2 ,

which can be rewritten as

P
(
|f(x)− µt−1| ≤

√
βtσt−1(x), ∀x ∈ D

)
≥ 1− |D|e−

βt
2 . (14)

Choosing |D|e−
βt
2 = δ

πt
, we can have βt = 2 log

(
|D|πt

δ

)
:

P
(
|f(x)− µt−1| ≤

√
βtσt−1(x), ∀x ∈ D

)
≥ 1− δ.

Proof of Lemma 1 is completed.
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Appendix C. Proof of Theorem 2

In the proof of Theorem 2, we assume the high-probability event of Lemma 1 holds. Firstly, we
define

ℓ∗ ≜ min
x

ℓ(f,x)

x∗ ≜ argmin
x

ℓ(f,x)

Based on Assumption 3, xt = argminx ℓ(f̂t,x), we have

ℓ(f̂t,xt) ≤ ℓ(f̂t,x
∗) ≤ ℓ∗ (15)

where the last inequality follows since the event in Lemma 1 holds:

µt−1(x)−
√
βtσt−1(x) ≤ f(x) ≤ µt−1(x) +

√
βt,

f̂t(x) = µt−1(x)−
√
βtσt−1(x),

f̂t(x) ≤ f(x) ∀x ∈ D,

ℓ(f̂t,x
∗) ≤ ℓ∗.

Then, the regret at step t is

rt ≜ ℓ(f,xt)− ℓ∗
(a)

≤ ℓ(f,xt)− ℓ(f̂t,xt)

(b)
=
∑
i

∑
q∈Vi

t

∥q − xit∥22(f(q)− f̂t(q))

(c)

≤ 2
√

βt

∑
i

∑
q∈Vi

t

∥q − xit∥22

max
q∈D

σt−1(q)

≤ 2c0
√

βtmax
q∈D

σt−1(q) ≜ 2c0
√

βtσt−1(x̃t), (16)

where (a) follows from (15), (b) follows by the definition of locational cost, (c) holds because
f(q) ≤ µt−1(q) +

√
βtσt−1(q) and f̂t(q) = µt−1(q)−

√
βtσt−1(q), and c0 is defined as

c0 = |D| max
x,x′∈D

∥x− x′∥22.

Note that c0 only depends on the domain D and not on the number of robots n.
Since βt is non-decreasing with respect to t, we have

(rt)
2 ≤ 4c20βt (σt−1(x̃t))

2 (17)

≤ c1βT
1

2
log

(
1 +

(
σt−1(x̃t)

σ

)2
)
, (18)

by setting c1 =
8c20

log(1+σ−2)
. Then, we have

T∑
t=1

(rt)
2 ≤ c1βT

T∑
t=1

log

(
1 +

(
σt−1(x̃t)

σ

)2
)
. (19)
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According to (19), we will derive the information gain which upper bounds the last term, i.e.,

T∑
t=1

log

(
1 +

(
σt−1(x̃t)

σ

)2
)

. For t ∈ {1, · · · , T}, we define f(x:t) ∈ Rnt as

f(x:t) ≜
[
f(x1

1) · · · f(xn
1 ) · · · f(x1

t ) · · · f(xn
t ))
]⊤

.

Recall that for every robot i ∈ {1, · · · , n} at each t, we have

yit = f(xit) + ϵ,

where all noises are N (0, σ2) and i.i.d. Then,

I(f(x:T ), f(x̃:T );y:T , ỹ:T ) = h(y:T , ỹ:T )− h(y:T , ỹ:T |f(x:T ), f(x̃:T ))

(a)
= h(y:T , ỹ:T )−

(n+ 1)T

2
log(2πeσ2), (20)

where (a) follows by

h(y:T , ỹ:T |f(x:T ), f(x̃:T )) = −
∑

y∈y:T ,ỹ:T

log p(y)

= −
∑

y∈y:T ,ỹ:T

log

[
1

√
2πσ2e

(y−f(x))2

2σ2

]

= −
∑

y∈y:T ,ỹ:T

(
−1

2
log(2πσ2)− 0

)
=

(n+ 1)T

2
log(2πσ2).

By the chain rule of differential entropy, we have

h(y:T , ỹ:T ) =
T∑
t=1

h(yt, ỹt;y:t−1, ỹ:t−1)

=
T∑
t=1

h(yt;y:t−1, ỹ:t−1) + h(ỹt;y:t−1, ỹ:t−1) (21)

According to ORC algorithm, the sequence of sensing points x:t and x̃:t is a deterministic
function of y:t−1 and ỹ:t−1. Since ỹt and yt conditioned on x:t, x̃:t,y:t−1, ỹ:t−1 that are distributed
according to N (µt−1(x̃t), σ

2 + σt−1(x̃t)
2) and N (µ̃t,Kt(xt)) with µ̃t ∈ Rn and Kt(xt) ∈ Rn×n,

we have

h(ỹt;y:t−1, ỹ:t−1) = h(ỹt;x:t, x̃:t,y:t−1, ỹ:t−1)

=
1

2
log
(
2πe(σ2 + σt−1(x̃t)

2)
)
, (22)

h(yt;y:t−1, ỹ:t−1) = h(yt;x:t, x̃:t,y:t−1, ỹ:t−1)

=
1

2
log
∣∣2πe(σ2I+Kt(xt))

∣∣ . (23)
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Combining (22) and (23) together, we obtain

I(f(x:T ), f(x̃:T );y:T , ỹ:T ) =
T∑
t−1

[
1

2
log
∣∣2πe(σ2I+Σt)

∣∣+ 1

2
log
(
2πe(σ2 + σ2

t−1(x̃t))
)]

− (n+ 1)T

2
log(2πeσ2),

=

T∑
t−1

[
1

2
log

∣∣∣∣(I+ 1

σ2
Kt)

∣∣∣∣+ 1

2
log

(
1 +

σ2
t−1(x̃t)

σ2

)]

≥
T∑
t−1

1

2
log

(
1 +

(
σt−1(x̃t)

σ

)2
)
. (24)

Since the exact behavior of I(f(x:T ), f(x̃:T );y:T , ỹ:T ) is difficult to analyze, we use the universal
upper bound as Srinivas et al. (2012)

I(f(x:T ), f(x̃:T );y:T , ỹ:T ) =I(ỹ:T ; f(x:T ), f(x̃:T )

+
n∑

i=1

I(yi
:T ; f(x:T ), f(x̃:T )|y1

:T , · · · ,yi−1
:T , ỹ:T )

≤I(ỹ:T ; f(x̃:T )) +
n∑

i=1

I(yi
:T ; f(x

i
:T ))

≤(n+ a) max
A⊂D:|A|=T

I(yA; fA). (25)

Setting γT ≜ maxA⊂D:|A|=T I(yA; fA),

γT = I(yA; fA) =
1

2
log

∣∣∣∣I+ 1

σ2
KA

∣∣∣∣ , (26)

and combining (19), (24) and (25), we can obtain

T∑
t=1

(rt)
2 ≤ c1(n+ 1)βTγT . (27)

Per Cauchy-Schwarz inequality,

Rt =
T∑
t=1

rt ≤
√
c1(n+ 1)TβTγT . (28)

Appendix D. Information Gain γT for RFGP

Since KA is approximated as σ2
θΦTΦT

⊤ for RFGP, the γT is

γT = log

∣∣∣∣I+ σ2
θ

σ2
ΦTΦT

⊤
∣∣∣∣ . (29)
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Based on the determinant of a square matrix,∣∣∣∣I+ 1

σ2
ΦTΦT

⊤
∣∣∣∣ ≤ ( trace(I+ c3ΦTΦt

⊤)

2D

)2D

=

(
trace(I) + c3trace(ΦTΦT

⊤)

2D

)2D

, (30)

where c3 ≜
σ2
θ

σ2 , trace(I) = 2D and

trace(ΦtΦt
⊤) =

2D∑
i=1

kii =

2D∑
i=1

1

D
(ϕ⊤

v (x1))i(ϕv(x1))i + · · ·+ 1

D
(ϕ⊤

v (x1))T (ϕv(x1))T

≤ 1

D

2D∑
i=1

NT = O(2T ).

By combining them, we can get

γT ≤ log

((
D + c3T

D

)2D
)

= O
(
2D log

(
T

D

))
. (31)

Thus, the information gain,γT , scales sub-linearly for RFGP and O-RFGP.

Appendix E. Convergence of O-RFGP

Without noisy measurements, |f(x)− µt(x)| = O( 1√
T
) for GP (Srinivas et al., 2009) and RFGP

(Rahimi and Recht, 2007). As for O-RFGP, we will additionally show that |f(x)− µt(x)| =
O( log TT ) in this section. For simplicity and clarity of proof, we set n = 1 then xt can be rewritten
as xt.

Lemma 3 For O-RFGP,

|f(x)− µt(x)| = O(
log T

T
). (32)

To prove Lemma 3, we define the negative log-likelihood loss and regret for prediction

L(µ(x; θ); f(x)) ≜ − log p(f(x)|µ(x; θ)) (33)

Rpred(T ) ≜
T∑
t=1

L(µ(xt; θ); f(xt))−
T∑
t=1

L(µ(x; θ∗); f(xt)) (34)

where θ∗ denotes the optimal solution and µ(x; θ) is computed as (9). We omitted the superscript
‘O’ here for clarity and readability. Then, we need to introduce additional assumptions of Lu et al.
(2020):

Assumption 4 The loss, L, is continuously twice differentiable with | d2

dz2t
L(zt; f(xt)| ≤ c4.

Assumption 5 The loss, L, is convex and has bounded derivative | d
dzt

L(zt; f(xt))| ≤ L
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Assumption 6 The kernel, k̄, is shift-invariant, standardized and bounded as k̄(x, x′) ≤ 1, ∀x, x′

To establish the regret bound for O-RFGP, we also need the following lemma.

Lemma 4 Under Assumptions 4, for a fixed ϵ2 > 0, the following bound holds with probability at
least 1− 28(σ∗

ϵ2
)2 exp(

−Dϵ22
4d+8 )

T∑
t=1

L ≤
T∑
t=1

L(ϕv(xt)θ
∗; f(xt)) +

∥θ∗∥2

2σθ
+D log(1 +

Tσ2
θ

2D
). (35)

Proof Defining the cumulative loss over T slots with a fixed θ as

Lθ ≜ − log(f(x:T )|θ;x:T ) =

T∑
t=1

L(ϕ⊤
v (xt))θ; f(xt)), (36)

the expected cumulative loss over q(θ), a pdf of the fixed strategy θ, can be defined as

L̄qθ ≜ Eq[Lθ] =

∫
θ
q(θ)Lθdθ. (37)

Based on Bayes rule, we have

T∑
t=1

L(µ(x; θ); f(x)) =
T∑
t=1

− log(f(xt)|f(xt−1);x:t)

= − log p(f(x:t);x:t). (38)

Employing the definition of the Kullback-Leibler (KL) divergence, we have

T∑
t=1

L(µ(x; θ); f(x))− L̄qθ =

∫
θ
q(θ) log

p(f(x:t)|θ;x:t)

p(f(x:t);x:t)
dθ. (39)

Since p(f(x:t), θ;x:t) = p(f(x:t)|θ;x:t)p(θ) = p(f(x:t);x:t)p(θ|f(x:t);x:t), the RHS of (39) can
be rewritten as∫

θ
q(θ) log

p(f(x:t)|θ;x:t)

p(f(x:t);x:t)
dθ =

∫
θ
q(θ) log

p(θ|f(x:t);x:t)

p(θ)
dθ

=

∫
θ
q(θ) log

q(θ)

p(θ)
dθ −

∫
θ
q(θ) log

q(θ)

p(θ|f(x:t);x:t)
dθ

≤ KL(q(θ)||p(θ)).

Hence, it holds for any q(θ) (Lemma 2 of Lu et al. (2020)) that

T∑
t=1

L(µ(x; θ); f(x)) ≤ L̄qθ +KL(q(θ)||p(θ)). (40)
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Let q(θ) = N (θ; θ∗, ξ2I2D) and p(θ) = N (θ;0, σ2
θI2D), combined with (40), we can have

T∑
t=1

L(µ(x; θ); f(x))− L̄qθ ≤ KL(q(θ)||p(θ))

= 2D log σθ +
1

2σθ
(∥θ∗∥2 + 2Dξ2)− 2D − 2D log ξ. (41)

Let zt = ϕ⊤
v (xt)θ and z∗t = ϕ⊤

v (xt)θ
∗. Taking Taylor’s expansion of L(zt; f(x)) around z∗t results

in

L(zt; f(x)) = L(z∗t ; f(fx)) +
dL(z∗t ; f(x))

dzt
(zt − z∗t ) +

d2

dz2t
L(h(zt); f(x))

(zt − z∗t )
2

2
, (42)

where h(zt) is some function lying between zt and z∗t . Taking the expectation of (42) with respect
to q(θ) leads to

Eq = L(z∗t ; f(x)) +
dL(z∗t ; f(x))

dzt
× 0 + Eq

[
d2

dz2t
L(h(zt); f(x))

(zt − z∗t )
2

2

]
(a)

≤ L(z∗t ; f(x)) + c4E
[
(zt − z∗t )

2

2

]
(b)

≤ L(ϕ⊤
v (xt)θ; f(x)) +

c4ξ
2

2
, (43)

where (a) makes use of Assumption 4, and (b) relies on the bound ∥ϕv(xt)∥2 ≤ 1. Summing (43)
from t = 1 to T , we have

L̄qθ ≤ Lθ∗ +
Tc4ξ

2

2
. (44)

Combining with (41), the following inequality holds

T∑
t=1

L(µ(x; θ); f(x)) ≤ Lθ∗ +
Tc4ξ

2

2
+ 2D log σθ +

1

2σθ
(∥θ∗∥2 + 2Dξ2)− 2D − 2D log ξ.

(45)

Since the RHS is a convex function of ξ with minimal value at ξ2 = 2Dσ2
θ

2D+Tc4σ2
θ

, replacing ξ with the
minimal value in (45) leads to

T∑
t=1

L(µ(x; θ); f(x)) ≤
T∑
t=1

L(ϕv(xt)θ
∗; f(xt)) +

1

2σθ
∥θ∗∥2 +D log

(
1 +

Tc4σ
2
θ

2D

)
.

Proof of Lemma 4 is completed.

Lemma 4 bounds the cumulative Bayesian loss. Next, we will further bound the loss of O-RFGP
estimator relative to the best function estimator in the original RKHS.
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Theorem 5 Under Assumptions 4, 5 and 6, and with optimal function estimator (f̂∗) belonging to
the RHKS H∗ induced by k∗, for a fixed ϵ2 > 0, the following bound holds with probability at least
1− 28(σ∗

ϵ2
)2 exp(

−Dϵ22
4d+8 )

T∑
t=1

L(µ(x; θ); f(x))−
T∑
t=1

L(f̂∗(xt); f(xt)) ≤
(1 + ϵ2)

2

2σθ2
+D log

(
1 +

Tc4σ
2
θ

2D

)
+ ϵ2LTC,

(46)

where C is a constant, d = 2 in our case. Let ϵ2 = O( log TT ), Rpred(T ) = O(log T ).

Proof By Rahimi and Recht (2007), for a given shift-invariant standardized kernel k̄, the maximum
point-wise error of the RF kernel approximate is uniformly bounded with probability at least 1 −
28(σ∗

ϵ2
)2 exp(

−Dϵ22
4d+8 ),

sup
x,x′

∣∣∣ϕ⊤
v (x)ϕv(x

′)− k̄(x, x′)
∣∣∣ ≤ ϵ2, (47)

where ϵ2 is a given constant, D is the number of the feature vectors, d is dimension of x, and
σ2
∗ ≜ E

[
∥v∥2

]
is the second-order moment of the RF vector v.

The optimal function estimator in H∗ incurred by k∗ is expressed as f̂(x) ≜
∑T

t=1 α̂tk
∗(x, xt) =

σ2
θ

∑T
t=1 α̂tk̄(x, xt); and its RF-based approximate is f̌∗(x) ≜ ϕ⊤

v (x)θ
∗ with θ∗ ≜ σ2

θ

∑T
t=1 α̂tϕv(x).

Then, we can have ∣∣∣∣∣
T∑
t=1

L(f̌∗(xt); f(xt))−
T∑
t=1

L(f̂∗(xt); f(xt))

∣∣∣∣∣
(a)

≤
T∑
t=1

∣∣∣L(f̌∗(xt); f(xt))− L(f̂∗(xt); f(xt))
∣∣∣

(b)

≤
T∑
t=1

Lσ2
θ

∣∣∣∣∣
T∑

t′=1

α̂t′ϕ
⊤
v (xt)ϕv(xt′)−

T∑
t′=1

α̂t′ k̄(xt, xt′)

∣∣∣∣∣
(c)

≤
T∑
t=1

Lσ2
θ

T∑
t′=1

|α̂t′ |
∣∣∣ϕ⊤

v (xt)ϕv(xt′)− k̄(xt, xt′)
∣∣∣ , (48)

where (a) follows the triangle inequality, (b) makes use of Assumption 5, and (c) results from the
Cauchy-Schwarz inequality. Combining (48) with (47), we find that∣∣∣∣∣

T∑
t=1

L(f̌∗(xt); f(xt))−
T∑
t=1

L(f̂∗(xt); f(xt))

∣∣∣∣∣ ≤
T∑
t=1

Lσ2
θϵ2

T∑
t′=1

|α̂t′ | ≤ ϵ2LTC, (49)

where C ≜
∑T

t=1 σ
2
θ |α̂t|. Thus, we can have∣∣∣∣∣
T∑
t=1

L(ϕ⊤
v (xt)θ

∗; f(xt))−
T∑
t=1

L(f̂∗(xt); f(xt))

∣∣∣∣∣ ≤ ϵ2LTC. (50)
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The uniform convergence bound (47) and Assumption 6 imply that

sup
x,x′

ϕ⊤
v (x)ϕv(x

′) ≤ ϵ2 + 1, (51)

which leads to

∥θ∗∥2 ≜

∥∥∥∥∥σ2
θ

T∑
t=1

α̂tϕv(xt)

∥∥∥∥∥
2

= σ4
θ

T∑
t=1

T∑
t′=1

α̂tα̂t′ϕ
⊤
v (xt)ϕv(xt′)

≤ (1 + ϵ2)C
2. (52)

Combing (50), (52) and Lemma 4, we can have

T∑
t=1

L(µ(x; θ); f(x))−
T∑
t=1

L(f̂∗(xt); f(xt)) ≤
(1 + ϵ2)C

2

2σ2
θ

+D log

(
1 +

Tc4σ
2
θ

2D

)
+ ϵ2LTC.

(53)

Proof of Theorem 5 is completed.

Theorem 5 provides the upper bound of prediction for O-RFGP: Rpred(T ) = O(log T ) while L
is Bayesian loss. Assuming the loss of optimal estimator f̂∗ is relatively negligible, L(f̂∗(xt); f(xt)) ≈
0, we can have

∑T
t=1 L(µ(x; θ); f(x)) = O(log T ). Then, L(µt(x); f(x)) can be rewritten as

L(µt(xt); f(xt)) = − log p(f(xt; θ)|µt(xt))

=
(f(xt)− µt(xt))

2

2σ2
t

+
1

2
log(2πσ2

t ).

Since σ2
t is bounded due to the bounded kernel, the cumulative squared error also scales as O(log T ):

by Cauchy-Schwarz inequality, we can have

T∑
t=1

|f(xt)− µt(xt)| ≤

√√√√T
T∑
t=1

(f(xt)− µt(xt))2

= O(
√
T log T ).

Since the cumulative absolute error is O(
√
T log T ), the per-step error is

|f(x)− µt(x)| = O(

√
log T

T
).

Although it converges slower than O( 1√
T
), it is still fast enough for the requirement in Lemma 1.
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Appendix F. Experimental Settings and Implementation Details

The domain of interest D is a rectangular domain with the origin located at the center of it, x-
axis ranging from −1.6 to 1.6 meters, and y-axis ranging from −1 to 1 meter. The common
parameters for the simulations are set as follows. The initial positions of the team of robots are
x10 = [−0.8,−0.2]⊤, x20 = [−0.8, 0.2]⊤, x30 = [−0.4,−0.2]⊤, x40 = [−0.4, 0.2]⊤, x50 = [0,−0.2]⊤,
x60 = [0, 0.2]⊤, x70 = [0.4,−0.2]⊤, x80 = [0.4, 0.2]⊤, x90 = [0.8,−0.2]⊤, and x100 = [0.8, 0.2]⊤.
The initialization of the learned density is a uniform distribution across D. Each robot takes a
noisy measurement of the density value at its current position at each time step. The parameters
of RFGP for learning the mean and variance of the density function are τRF = 0.1, σ2

θ = 5. The
non-decreasing sequence

√
βt is set as 10−3 for RFGP and 105 for O-RFGP. The noise ϵ is sampled

from a zero-mean Gaussian distribution with σ = 0.01. The number of random features are D = 20
and D = 40 for RFGP and O-RFGP, respectively.

The time-invariant density function is defined as f(x) =
∑6

i=1Ai exp(−(x−mi)
⊤Si(x−mi)),

where the amplitudes are A1 = A2 = A3 = A4 = 150, A5 = A6 = 50, the means are m1 =
[1.3,−0.75]⊤, m2 = [−1.2, 0.7]⊤, m3 = m6 = [1, 0.8]⊤, m4 = m5 = [−1,−0.8]⊤, and the
covariance matrices are S1 = S2 = diag(0.32, 0.82), S3 = diag(0.82, 0.42), S4 = diag(0.42, 0.82),
S5 = S6 = diag(0.852, 0.22).

The time-varying density function is defined as ft(x) =
∑6

i=1Ai(t)·exp(−(x−mi)
⊤Si(x−mi),

where the amplitudes are A1 = A2 = A3 = A4 = 150, A5(t) = 50(1 + sin(0.12t)), A6(t) =
50(1− sin(0.12t)), the means are m1 = [1.3,−0.75]⊤, m2 = [−1.2, 0.7]⊤, m3 = m6 = [1, 0.8]⊤,
m4 = m5 = [−1,−0.8]⊤, and the covariance matrices are S1 = S2 = diag(0.32, 0.82), S3 =
diag(0.82, 0.42), S4 = diag(0.42, 0.82), S5 = S6 = diag(0.852, 0.22).

Appendix G. Additional Experiments

Apart from Section 5.1, we perform several additional simulations for: 1. sensitivity study of the
number of random features D and non-decreasing sequence βt, and 2. comparison of the computa-
tional efficiency among GP, RFGP, and O-RFGP.

G.1. Sensitivity Study

G.1.1. DIMENSION OF RANDOM FEATURES D

(a) (b)

Figure 10: Sensitivity study of D when using O-RFGP to estimate the time-invariant density.
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Table 2: Cost when using O-RFGP with different values of D to estimate the time-invariant density.
Associated with Fig. 10(a).

D T = 50 T = 100 T = 200 T = 500

10 77.61± 8.92 37.57± 2.25 27.63± 0.39 29.25± 1.52
20 87.28± 8.77 38.43± 1.46 27.72± 0.62 27.34± 0.02
40 96.35± 2.46 41.47± 0.53 28.32± 0.68 27.15± 0.22
80 108.18± 1.7754 47.57± 1.88 27.74± 0.25 27.14± 0.04

Table 3: MSE (×103) when using O-RFGP with different values of D to estimate the time-invariant
density.. Associated with Fig. 10(b).

D T = 50 T = 100 T = 200 T = 500

10 2.15± 0.91 0.65± 0.37 0.40± 0.04 0.51± 0.05
20 2.90± 1.24 0.62± 0.19 0.23± 0.01 0.28± 0.26
40 4.78± 0.53 0.54± 0.13 0.20± 0.04 0.17± 0.03
80 6.05± 0.15 0.66± 0.09 0.19± 0.02 0.12± 0.01

(a) (b)

Figure 11: Sensitivity study of D when using O-RFGP to estimate the time-varying density.

Table 4: Cost when using O-RFGP with different values of D to estimate the time-varying density.
Associated with Fig. 11(a).

D T = 50 T = 100 T = 500 T = 1000 T = 1500 T = 2000

10 77.71± 5.06 37.95± 1.50 30.72± 1.06 30.49± 1.81 31.48± 0.88 31.49± 0.63
20 82.42± 1.35 38.45± 1.56 29.18± 0.80 27.18± 0.44 28.02± 0.61 29.15± 0.64
40 97.14± 5.16 42.79± 1.22 28.09± 0.13 26.00± 0.21 26.68± 0.21 28.04± 0.27
80 105.52± 2.26 45.11± 1.09 27.81± 0.23 26.71± 1.15 26.70± 0.24 28.12± 0.07
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Table 5: MSE (×103) when using O-RFGP with different values of D to estimate the time-varying
density. Associated with Fig. 11(b).

D T = 50 T = 100 T = 500 T = 1000 T = 1500 T = 2000

10 1.60± 0.68 0.64± 0.20 0.49± 0.09 0.66± 0.18 0.70± 0.13 0.57± 0.05
20 2.06± 0.09 0.71± 0.31 0.35± 0.07 0.33± 0.04 0.34± 0.05 0.32± 0.07
40 5.22± 0.88 0.57± 0.07 0.14± 0.02 0.14± 0.03 0.17± 0.01 0.19± 0.04
80 5.93± 0.17 0.56± 0.12 0.19± 0.03 0.21± 0.06 0.20± 0.07 0.25± 0.06

To analyze the influence of the number of random features D, the results in Fig. 10, Table 2,
Table 3, Fig. 11, Table 4 and Table 5 show that large values of D lead to accurate estimation of
both time-invariant and time-varying densities, which in turn improves the overall coverage quality.
Although the theoretical analysis holds only in the time-invariant setting, it suggests that similar
principles also govern the performance of O-RFGP in the time-varying setting. In particular, as D
increases, the MSE decreases, consistent with the analysis presented in Appendix E.

G.1.2. NON-DECREASING SEQUENCE βt

(a) (b)

Figure 12: Sensitivity study of
√
βt when using O-RFGP to estimate the time-invariant density.

“
√
βt = Step” denotes a piecewise constant schedule:

√
βt = 101 for time steps 0-100,

√
βt = 102

for time steps 100-200,
√
βt = 103 for time steps 200-300,

√
βt = 104 for time steps 300-400, and√

βt = 105 for time steps 400-500.

Table 6: Cost when using O-RFGP with different values of D to estimate the time-invariant density.
Associated with Fig. 12(a).

√
βt T = 50 T = 100 T = 200 T = 500

101 60.10± 1.10 33.41± 2.00 27.83± 0.36 26.92± 0.21
103 61.53± 0.53 33.88± 0.96 27.09± 0.53 26.78± 0.28
105 96.35± 2.46 41.47± 0.53 28.32± 0.68 27.15± 0.22
Step 58.81± 0.11 34.40± 2.07 28.07± 1.42 28.05± 1.43
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Table 7: MSE (×103) when using O-RFGP with different values of D to estimate the time-invariant
density. Associated with Fig. 12(b).

√
βt T = 50 T = 100 T = 200 T = 500

101 0.56± 0.06 0.24± 0.08 0.21± 0.07 0.19± 0.05
103 0.59± 0.08 0.21± 0.04 0.21± 0.01 0.20± 0.01
105 4.76± 0.53 0.54± 0.13 0.20± 0.04 0.17± 0.03
Step 0.50± 0.04 0.28± 0.19 0.17± 0.07 0.13± 0.03

(a) (b)

Figure 13: Sensitivity study of
√
βt when using O-RFGP to estimate the time-varying density. “

√
βt

= Step” denotes a piecewise constant schedule:
√
βt = 101 for time steps 0-500,

√
βt = 102 for

time steps 500-1000,
√
βt = 103 for time steps 1000-1500, and

√
βt = 104 for time steps 1500-

2000.

Table 8: Cost when using O-RFGP with different values of D to estimate the time-varying density.
Associated with Fig. 13(a).
√
βt T = 50 T = 100 T = 500 T = 1000 T = 1500 T = 2000

101 59.13± 0.45 33.45± 1.28 28.02± 0.59 25.99± 0.35 26.68± 0.41 28.56± 0.52
103 60.60± 0.49 32.76± 0.79 27.68± 0.22 26.58± 0.78 26.77± 0.52 28.84± 0.71
105 97.14± 5.16 42.79± 1.22 28.09± 0.13 26.01± 0.21 26.68± 0.21 28.04± 0.27
Step 60.19± 1.37 33.71± 1.62 28.02± 0.83 26.22± 0.51 26.94± 0.53 28.86± 0.78

Table 9: MSE (×103) when using O-RFGP with different values of D to estimate the time-varying
density. Associated with Fig. 13(b).
√
βt T = 50 T = 100 T = 500 T = 1000 T = 1500 T = 2000

101 0.59± 0.12 0.26± 0.10 0.22± 0.09 0.22± 0.11 0.23± 0.08 0.25± 0.07
103 0.58± 0.09 0.21± 0.06 0.22± 0.08 0.24± 0.09 0.22± 0.004 0.32± 0.09
105 5.22± 0.88 0.57± 0.07 0.14± 0.02 0.14± 0.03 0.17± 0.01 0.19± 0.04
Step 0.54± 0.05 0.27± 0.05 0.20± 0.07 0.20± 0.05 0.23± 0.04 0.33± 0.08

27



DU LIN SHEN EGERSTEDT

To analyze the influence of the non-decreasing sequence βt, the results in Fig. 12, Table 6,
Table 7, Fig. 13, Table 8 and Table 9 show that ORC maintains sub-linear regret across a wide range
of βt values. Although a smaller βt value yields slightly lower MSE, we select

√
βt = 105 in most

simulations as a larger value provides more precise boundary visualization in heatmaps.

G.2. Computational complexity

Figure 14: Comparison of the computational efficiency among GP, RFGP, and O-RFGP. The unit of
the total elapsed time is the average value of the per-iteration running time of O-RFGP.

Fig. 14 shows that the running time of GP is significantly longer than those of RFGP and O-
RFGP. At around time step 200, both RFGP and O-RFGP achieve roughly a thousandfold improve-
ment in computational efficiency over GP. The results verify the theoretical results presented in
Table 1. Notably, due to its lightweight computation, unlike the standard GP, O-RFGP is well-
suited for real-time implementation on physical robotic platforms, as highlighted in Section 1 and
demonstrated in Section 5.2. In addition, we conduct a case study using GP, where the robots are

Figure 15: The learned time-varying density using GP (with all measurements collected from the
beginning up to the current time step leveraged) at time step 760, where the black dots represent the
positions of robots and the blue asterisks represent the centers of mass of their Voronoi cells.

ignorant of the time-dependency of the density function. Thus, all measurements collected from
the beginning of the experiment up to the current time step are leveraged for density learning. In
addition to the computational burden of GP, we find in a simulation that the learning result starts
to diverge at around time step 760, as shown in Fig.15. Although the density learning error of the
GP decreases as the number of training samples increases, as analyzed in Section A, the number of
mismatched data points increases due to the time-dependency of the density. This result indicates
the limitations of the methods proposed in Srinivas et al. (2012); Williams and Rasmussen (2006);
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Calandriello et al. (2019) in time-varying scenarios. Overall, as discussed in Section 1, GP is not
suitable for real-time applications due to its high computational complexity, consistent with Table 1
and Section G.2.
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