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Abstract

Embedding non-restrictive prior knowledge, such as energy conservation laws, into learning meth-
ods is a key motive to construct physically consistent dynamics models from limited data, relevant
for, e.g.,model-based control. Recent work incorporates Hamiltonian dynamics into Gaussian
Processes (GPs) to obtain uncertainty-quantifying, energy-consistent models, but these methods rely
on—rarely available—velocity or momentum data. In this paper, we study dynamics learning using
Hamiltonian GPs and focus on learning solely from input—output data, without relying on velocity
or momentum measurements. Adopting a non-conservative formulation, energy exchange with
the environment, e. g., through external forces or dissipation, can be captured. We provide a fully
Bayesian scheme for estimating probability densities of unknown hidden states, GP hyperparam-
eters, as well as structural hyperparameters, such as damping coefficients. The proposed method
is evaluated in a nonlinear simulation case study and compared to a state-of-the-art approach that
relies on momentum measurements.

Keywords: Nonlinear System Identification, Gaussian Processes, Physics-informed Learning

1. Introduction

Learning the dynamics of a system is a key approach for enabling high-performance model-based
control and system insight, even with limited prior model knowledge. To this end, recent physics-
informed machine learning approaches provide well-generalizing and data-efficient learning-based
models by incorporating non-restrictive prior knowledge (Geist and Trimpe, 2021). Notable exam-
ples include embedding energy conservation laws into neural networks (Cranmer et al., 2019) or GPs
(Beckers et al., 2022) to learn models that yield physically interpretable predictions. In this context,
choosing a GP is a good idea for (at least) two reasons. First, recent work has shown that kernel-
based methods, such as GPs, are particularly well-suited to represent dynamical systems (Ziegler
et al., 2024; Scampicchio et al., 2025). Second, GPs inherently provide an uncertainty quantification
of the predictions that can benefit the application, e. g., through stochastic control or safe learning
(Brunke et al., 2022).

In particular, fusing Hamiltonian inductive biases into GPs is a vital approach for obtaining
uncertainty-quantifying dynamics models while ensuring physically plausible, energy-consistent
predictions. However, to the best of our knowledge, all existing work relies on measurements of
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the entire system state, meaning that, e. g., beyond position measurements, momentum or velocity
data is required for training, which is a restrictive assumption in many practical settings. While
ad hoc approaches approximate velocities from position data via numerical differentiation, this is
highly sensitive to measurement noise (Chartrand, 2011). Moreover, generalized momenta, required
within Hamiltonian mechanics, cannot generally be constructed from position data.

In this article, we consider learning of non-conservative dynamics with Hamiltonian GPs. In
contrast to previous research—which relies on measurements of momenta or velocities—we ad-
dress the more realistic problem setting of learning from input-output data only. We propose a
novel Hamiltonian GP model, which is linear in its parameters, features simple closed-form gradi-
ent expressions, and exhibits computational complexity independent of the training data dimension,
thereby improving its applicability in practical settings. For learning the model, we present a fully
Bayesian system identification scheme that estimates probability densities of unknown latent states,
GP hyperparameters, as well as structural hyperparameters, such as damping coefficients.

2. Related Work

Integrating continuous-time dynamics into learning-based models has attracted significant attention
over the last decade, with early work focusing on learning a vector-valued flow map that deter-
mines the evolution of a system’s state, e. g.,using neural ordinary differential equations (Chen
et al., 2018). A more contemporary approach is to compute this flow map from an approximation
of the system’s Hamiltonian or Lagrangian, which reflects the exchange of energy within a system.
In these approaches, a learning-based model, e. g., a neural network (Cranmer et al., 2019; Lutter
et al., 2019; Hansen et al., 2025) or a GP (Evangelisti and Hirche, 2022; Giacomuzzo et al., 2024;
Dai et al., 2024; Beckers et al., 2022) approximates the scalar Hamiltonian or Lagrangian. By ap-
plying deterministic operations to the model, such as the Euler-Lagrange equations (Evangelisti and
Hirche, 2022; Giacomuzzo et al., 2024; Dai et al., 2024) or a Hamiltonian system structure (Beckers
etal., 2022; Greydanus et al., 2019), a physically consistent representation—obeying the underlying
energy conservation laws by construction—is obtained. Importantly, incorporating this “algebraic”
physics information (Watson et al., 2025) contrasts with simulation-based learning methods, which
feature a physics loss based on a known partial differential equation (Raissi et al., 2019).

Table 1: Comparison of recent Hamiltonian GPs (g: positions/coordinates; p: momenta)
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Rath et al. (2021); Offen and Ober-Blobaum (2022) | X X qgp X frequentist X
Tanaka et al. (2022) X v q,p v frequentist  frequentist
Ensinger et al. (2023) X X qgqp X frequentist X
Beckers et al. (2022) v v qgp X frequentist  frequentist
Ross and Heinonen (2023) X X q,p v frequentist
Hu et al. (2025) X X ap X frequentist X
Proposed v v q v Bayesian  Bayesian
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Considering Hamiltonian-based GP approaches (see Table 1), existing work often models the
underlying system as conservative (Bertalan et al., 2019; Rath et al., 2021), meaning that there
is no energy exchange with the environment. More recent methods consider energy dissipation
(Tanaka et al., 2022) and exogenous inputs, such as driving forces and torques (Beckers et al.,
2022; Li et al., 2024). Although this represents a step toward realistic problem settings, all existing
work on Hamiltonian GPs relies on velocity or momentum measurements, which is a restrictive
assumption in many applications. This issue has been noted by Hansen et al. (2025), who provide
a deterministic neural network-based approach for energy-consistent learning from position data.
While uncertainty quantification can be achieved through various frameworks—such as Bayesian
neural networks (Jospin et al., 2022) or deep ensembles (Lakshminarayanan et al., 2017)—these
probabilistic approaches do not inherently yield physically consistent dynamics. Hence, an open
problem is to learn energy-consistent and non-conservative system models from input-output data
while also providing an uncertainty quantification.

Moreover, all research on Hamiltonian GPs that considers hyperparameter learning relies on a
frequentist assumption and does not provide uncertainty quantification over structural model prop-
erties, such as GP hyperparameters or damping coefficients. Lastly, predicting with GPs can be com-
putationally costly when the number of training data points exceeds the “small-data” regime. In this
light, only a few studies (Tanaka et al., 2022; Ross and Heinonen, 2023) address the computational
burden with approximations to make the practical application of Hamiltonian GPs feasible.

3. Problem Formulation

We are concerned with learning physically consistent state-space models from input-output data. To
this end, we consider systems whose dynamics can be described by forced Hamiltonian mechanics.
Building on classical mechanics, this formulation provides a modeling paradigm that allows for de-
scribing energy storage and dissipation within a system, as well as energy exchange across systems,
in a consistent and interpretable fashion. Formally, consider a continuous-time state-space system

& = (J(@) - R(@)) Vol (z) + G@)u +w, y=g@) +e. (1)

where the energy is described by the unknown Hamiltonian function H : {2 — R. The unknown
system state = [q',p']T € Q C R™—consisting of the generalized coordinates ¢ € R™ and
the conjugate momenta of the system p € R"»—is driven by the exogenous inputs © € R"~, and
observed through the outputs y € R"v. We consider a stochastic setting with normally distributed
process noise w ~ A (w | 0,3,,) and measurement noise e ~ N (e | 0, 3.), respectively.

Assumption 1 The covariances f)w, f]e, and the map g : R™ — R™ are assumed to be known.

While other noise models could be used, it is often sufficient in practical settings to consider
Gaussian noise. The energy exchange in the system is described by the skew-symmetric intercon-
nection matrix J € R™*"= the symmetric, positive semi-definite dissipation matrix R € R"= %"=
R=R'" =0, and the input matrix G € R« %",

Assumption 2 The parametric structures of the matrices J(x), R(x), and G(x), i. e., the poten-
tially state-dependent patterns of entries, are assumed to be known, but the parameters themselves
are unknown.
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While the unknown Hamiltonian captures the potentially highly nonlinear energy landscape of a
given system, the matrices J, R, and G typically encode the basic physical system topology, such
as kinematic relationships, which are often available from coarse system understanding.

Specifically, the problem considered in this work is to learn an uncertainty-quantifying model,
obeying the underlying physics (1), from sampled input-output data {u;,y,}Z_,. This amounts
to estimating the joint conditional distribution! p(zq.7, &|wo.1, yo.77) of hidden states and model
parameters &—describing the Hamiltonian H, as well as the matrices J(x), R(x), and G(x)—in
a fully Bayesian setting.

4. Reduced-Rank Hamiltonian Gaussian Processes

To construct a physically consistent, uncertainty-quantifying system representation, we model the
Hamiltonian function as a zero-mean Gaussian Process (GP), i.e., H(x) ~ GP(0, k(x,x’)), with
covariance (kernel) function k(x,«’) (Rasmussen and Williams, 2005), as proposed by Beckers
et al. (2022). Importantly, not the Hamiltonian function itself, but its gradient is needed for predic-
tion within the model structure (1). Therefore, exploiting that GPs are closed under linear operations,
we model the gradient of the Hamiltonian as

VeH(z) ~ GP(0,VyVyk(z,x')), ()

where applying the differential operators to a differentiable scalar kernel yields a valid positive-
definite matrix-valued kernel (Beckers et al., 2022). However, a common drawback of GPs is that
their computational complexity and memory requirements scale poorly with the number of training
data points, which becomes even more severe in (2) because the partial derivative induces a multi-
output GP. Instead, for efficient learning in practical settings, it is desirable that a model features (i)
a computational complexity independent of the training data dimension, (ii) a linear representation
to facilitate closed-form learning, and (iii) access to computationally simple gradient expressions.

Interestingly, the reduced-rank GP presented by Solin and Sirkkd (2020) exhibits all of these
properties, which is why it has been exploited in various related papers on parameter learning and
state inference (Svensson and Schoén, 2017; Ewering et al., 2026). To retain conciseness, we re-
fer to Svensson and Schon (2017) for a justification of the approach and introduce only the main
concept subsequently. Loosely speaking, in the reduced-rank GP (Solin and Sérkki, 2020), a covari-
ance function is approximated with a finite-dimensional eigenfunction expansion by encoding the
kernel’s spectral density S' in the frequency domain. The chosen kernel is described by

M
K@, x') =Y S(vor)or(@)dr(x), 3)
k=1

where ¢y, : 2 — R are eigenfunctions of the Laplace operator on the domain 2 = [—Lq, L1] x
- X [=Lp,, Ly,] where the system state resides, and g are the corresponding eigenvalues. For
this rectangular domain, the eigenfunctions have a closed form, that is

Sl (e (v + L) Tk \
o (x) = sin < ’ ) o= < ’ ) , @)
H v L; 2L; Z 2L;

i=1

1. To improve readability, we sometimes refer to a probability density function as a distribution, and use the short-hand
notation xo.7 := {&: }1-o to describe time-series data.
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where © = [1,...,2,,] ", and the indices Jk,i determine the frequency of the corresponding eigen-
function (Riutort-Mayol et al., 2023). Predictions of H(x) ~ GP(0,k(x,x’)) can be performed
with the reduced-rank GP at computational complexity (M) using the basis function expansion

M
H(z) =) ardp(x) = a’ p(a), )
k=1
where the vector-valued function ¢(x) = [¢1(x), ..., ¢ar(x)] T, and the weights @ = [a1, ..., ap] "

follow a distribution A'(0, V'), with V' = diag(S(y/01),--.,S(\/0n)). Please note that we use
the superscript [J to denote the learned counterparts of the quantities in (1). The reduced-rank GP
converges to the exact GP in the limit M, Ly, ..., L, — oo (Solin and Sérkki, 2020). Given this,
we model the Hamiltonian gradient V, H by taking the partial derivative of (5), that is

VoH(z) = Vy (aTqb(:c)) — Dy(z)a, 6)

where D g(x) € R™=*M is the closed-form Jacobian of the transposed basis function vector ¢ ' (z).
Note that this model is still linear in its parameters a, which is convenient for computationally effi-
cient training and prediction. Unfortunately, we do not have direct access to Hamiltonian measure-
ments for learning. Instead, we use particle Gibbs (Svensson and Schon, 2017) to decouple learning
the Hamiltonian from inferring unknown hidden variables (see Section5). For this, we model the
current Hamiltonian gradient Vw}AI (x) at time ¢ as an auxiliary quantity h; € R"=, i.e.,

h; = VyH(x) e, w e~ N, 1), 7

=&t

which is estimated via Sequential Monte Carlo (SMC). For conjugacy reasons and to describe the
model (6) & (7) with a single distribution (Svensson and Schon, 2017; Berntorp, 2021), we express
the GP prior as a zero-mean multivariate normal N (a|0,0?V'), where the scale o2 reflects the
noise, and the diagonal covariance V' encodes the spectral density of the chosen kernel. While any
isotropic kernel, i.e., k(x, ') = k(||x — 2'||), can be employed, we resort to using a common
squared exponential kernel

x — | 22
fise(@, &) = UJ% exp (‘H%QH) ) Sse(w) = ‘7]2”(2752)%/2 exp (_2> )
in the following, with Euclidean norm ||-||, spectral density Sse(-), as well as O']% and length scale ¢

as hyperparameters Yk := {aj%, ¢}. Please note that using isotropic kernels is a valid assumption,
provided we expect the Hamiltonian’s smoothness not to change drastically from one region of state
space to another.

The noise parameter o is unknown and must be estimated along with the basis function coeffi-
cients a. To this end, we set an inverse Gamma prior ZG (0|1, v) on o2 (Murphy, 2007), with scale
1) and degrees of freedom v, such that the overall GP prior for parameters § = {a, 0%} becomes

a,0” ~NIG(a,0%0,V,v,v) = N(al0,0°V)IG(c*[¢),v). ©9)

For further details on the distributions employed in this reduced-rank GP model, we refer to the
Supplementary Material A and Volkmann et al. (2025). Using the gradient approximation Vg H (),
the state transition function of a non-conservative Hamiltonian GP model can now be constructed as

&= (3(:1;) - fe(;c)) VoH(z) + G(z)u+w, (10)

5
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where energy is transferred across the system boundary by the exogenous inputs u, and dissipation
is reflected through the matrix }AZ(:L') To align with sampled data, a suitable integration scheme can
be applied for discretizing the continuous-time dynamics (10).

To learn the proposed model, the (hyper-)parameters & := {6, 9k, 95} must be determined. In
particular, we have (i) the Hamiltonian model parameters 6, (ii) the GP kernel hyperparameters 9k,
and (iii) the structural hyperparameters Jg, i. ., the unknown entries of J(z), R(x), and G(zx).

5. Bayesian Inference and Learning from Input-Output Data

This section introduces a Bayesian inference and learning scheme for estimating—under the given
model structure (10)—the joint distribution p(z.7, &|uo.7, yo.r) of latent variables z;, = {x, by}
and (hyper-)parameters £ from input-output® data {u;,y,}._,. For a fully Bayesian treatment, we
model the parameters 6 and the hyperparameters ¥ := {9k, s} as random variables and set a
prior p(@|9k) and a hyper-prior p(1), respectively.

Given this potentially high-dimensional target distribution, performing state inference and pa-
rameter learning can be challenging. To tackle this task, we rely on a Particle Markov Chain Monte
Carlo (PMCMC) approach (Andrieu et al., 2010) and break down the overall problem into simpler
sub-problems using a particle Gibbs scheme (Lindsten et al., 2014; Volkmann et al., 2025). The
overall inference and learning method is illustrated in Figure 1 and detailed in Algorithm 1. Loosely
speaking, the learning procedure consists of sequentially sampling from the conditional distributions

i. of latent variables z(.r, given the measurements y,.r and (hyper-)parameters &, and

ii. of (hyper-)parameters & = {0, 9k, Us}, given the latent variables zg.7.

To perform Step i., we employ a conditional SMC procedure (Lindsten et al., 2014). It provides
samples from the density p(zo.7|yo.7, &), and resembles a standard particle filter with one trajectory
fixed to a previous reference trajectory. In Step ii., finding the posterior density of @ is done in closed
form, exploiting the conjugate prior and the parameter-linearity of the model. The posterior density
of 9 = {Vk, ¥s} is targeted by Metropolis Hastings (MH) steps within the particle Gibbs scheme.

Remark 1 The proposed inference and learning method resembles the particle Gibbs scheme for
GP learning by Svensson and Schon (2017). Algorithm I thus represents a valid PMCMC sampler that
is guaranteed to asymptotically sample from the true distribution p(zo.1, €|Yo.), as the number of
iterations k — oo (Andrieu et al., 2010).

Remark 2 While we focus on Bayesian inference and learning in this paper, the reduced-rank
Hamiltonian GP model (10) also enables efficient learning in a frequentist setting, exploiting the
closed-form expressions for gradient-based hyperparameter optimization. The computational com-
plexity of learning the covariance function parameters is O(T M?) for initialization and O(M?3) per
evaluation of the marginal likelihood and its gradient (Solin and Sdrkkd, 2020). This compares to a
complexity of O(T3) for each optimizer step using an exact GP (Rasmussen and Williams, 2005).

2. As commonly done in Bayesian estimation literature (Sarkkd and Svensson, 2023), the dependence on exogenous
inputs wo.7 is not explicitly stated for the remainder of the paper to avoid notational clutter.
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Inputcoutput data__ State inference Algorithm 1 Inference and Learning of Hamiltonian GP
z ~
fun v iz ™ p?zTo rlyor 0.95)  Input: Data {u;,y,} L, state density p(zo),

sa.mples

arameter prior p(0|9k ), hyper-prior p(J
|RTETE: Conditional SMC p p p( ’ K ) ’ yp p p( )
K iterations

Output: K samples of invariant distr. p(zo.7, &|Yo.1)

Parameter learmng ‘/ v;::i?é Initialize ZO;T[O] arbitrarily 5
Os[k] ~ MH(9s|z0:1) zsamp[lzT Draw ’19[0] ‘ Z(];T[O] ; // Sec.5.2
O [k] ~ M'H(’BK|Z'0:T) ' & Draw 0[0] | zo.7[0],9[0] ; // Sec.5.1

Metropolis Hastings, Sec. 5.2
N o o) for £k = 1to K do

= NTGOlm Y, V* 4t vh) Draw zo.r[k] | yo.r, zo:r[k — 1], [k — 1], ds[k — 1]
Closed form, Sec. 5.1 Particle Gibbs Dl'aW 19[]?] ’ ZO:TV{Z] y // Sec.5.2
Draw 0[k] | zo.7[k], Ok K] ; // Sec.5.1

Figure 1: Algorithm overview.

5.1. Closed-form Parameter Learning

To construct the posterior of the paramters 6 from the estimated trajectories z(.7, we decompose
p(0]zo.7,9) x p(zo.7|0,9s)p(0|9K) using Bayes’ rule. Considering individual time steps, we
can write the likelihood as
T
p(z0.7160,9s) = p(ze | 21-1,0,9s) o [ [ p(he | 4, 6), (11)
t=0

IIEH

where the proportionality is regardlng the parameters 6. The factors p(h; | x,0) are normal
distributions, defined by (7), and the overall likelihood is, thus, a normal distribution

T 2
p(z0716,9s) = [ be exp (Z o si(z) — Tr <P;-r(a)ri(;ct))> , (12)
t=0 =1

expressed in the canonical form of the restricted exponential family with the natural parameters
a1 = a/o? and as = —1/(20?), respectively, log-partition functions P;(cx), as well as (sufficient)
statistics s;(z;) and r;(x;). Please note that Tr(-) is the trace operator, and that the base measures
b, contain the #-independent state dynamics p(x; | €1, hi—1,¥s), defined by (10). Conveniently,
the chosen N'ZG prior with distribution parameters n = {0, V', ¢, v}, i.e.,

p(O19K) = NIG(a, 02 | 0,V 1, v) = n(n) exp <Za 5:m) = Tx (P] ()7 (n))> . (13)

is a conjugate prior to the likelihood (12), with normalizing factor n(n), as well as prior statistics
3;(m), and 7;(n), respectively. The parameter posterior p(6@|z¢.7, 1) is available in closed form
by summation of the prior statistics and the new statistics obtained from the estimates zq.7, that is

s; =3i(n)+ ZtT:o si(z¢) and v =7i(n) + ZtT:O ri(x:). The resulting posterior density is
p(8|zo.7,9x) = NIG(a, 0% | mt, VT T v, (14)
with the posterior distribution parameters n* = {m™*, V' 4 v} being
mt = D) s, VI ), et —s st D) st v =rf. 09)

The full derivation can be found in the Supplementary Material A.



EWERING HERRMANN WAHLSTROM SCHON SEEL

5.2. Hyperparameter Learning: Metropolis-within-Gibbs

For the hyperparameters ¥ = {Ux, ¥s}, similar closed-form results are not available. Therefore, we
employ Metropolis-within-Gibbs steps for learning, and, in each iteration k, generate a hyperparam-
eter sample ¥ from a proposal distribution {(9*|9[k]), e. g., a random walk. The proposals are ac-

cepted with probability min (1, p’zgﬁ}'a?) gggﬁg’;&; ) , and rejected otherwise, i. e., 9[k+1] = d[k].

To evaluate p(¥*|zo.7) x p(zo.r|9")p(¥*), we use the hyperparameter prior p(9¥*) and compute
the likelihood p(z.7|9") for the kernel and structural hyperparameters individually.

Kernel Hyperparameters For the likelihood of the GP kernel hyperparameters ¥k, we have

P(B195)p(z0r18.0%) _ n(m") [T by 6
p(0]z07,05) ()

using Bayes’ rule, and we note that all terms are known in closed form. The numerator and the
denominator in (16) are proportional to each other. In fact, both follow a A'ZG distribution, and the
O-related components cancel. Therefore, the likelihood for the kernel hyperparameters is a quotient
of normalizing constants, and the first term of the acceptance probability can be computed as

pklzor) _  plzor[9%)p(¥%) _ n(m )p(k)  n(n"[k]) (17
p(Uk[kllzor)  p(zor|9k[k])p(Ix[K]) n(n™) n(nlk)p(9xk])’

p(zO:T”ﬁf() =

where the base measure products HZ;O b; in the numerator and the denominator cancel.

Structural Hyperparameters For the structural hyperparameters g, the likelihood can be con-
structed by integrating out the parameters 6 from p(z¢.7, 0|9s). This is done by noting that the
result is proportional regarding g to the Gaussian density p(xo.7 | ho.7—1,Js), that is

T T
p(zor|Vs) = / [p(wo) o | @, 0) [ p(2e | @11, i1, 95)p(6) | dO
t=0 t=1

. (18)
zo) - [[p(®i | ®1-1, hi-1,95) = p(xox | hor—1,9s) .-
t=1
Thus, we compute the first quotient of the acceptance probability as
p(¥slzor) _  p(or | hor-1,95)p(95) (19)

p(Islk]lzor)  plxor | hor—1, Is[k])p(Islk]) ’

where the normalizing constants cancel.
H(x)inJ

6. Simulation and Results
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To evaluate the proposed method, we conduct a simula-
tion case study with a non-harmonic oscillator, governed
. . 2 2 .
by the Hamiltonian H(q,p) = % + & + 2cosg, with
the position ¢ and the momentum p (see Figure 2). The
system is driven by a known input force v and dissipates  Figure 2: Test system & Hamiltonian.
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Hamiltonian model | Exact GP () Reduced-rank GP () Reduced-rank GP* (4#)
Complexity (mean prediction) o(T) O(M) O(M)

Training data input-state data input-state data input-output data
Flow magnitude RMSE 3.84J 3.09J 3.27J

Flow angle RMSE 0.04rad 0.08 rad 0.12rad

Dat. Datz Data
Hamiltonian gradient flow 50 #Data, 50 #Data 50 #Data,
True vs. learned (right)
\ 0

0 0
| 7~
£l 115 \//\
3 No
= p @ @ Data
E
gl 15
3 - \N
[% o A Data 3 \
0 50 3 ¢ 3

Figure 3: Flow maps following from the true and learned Hamiltonians. The reduced-rank Hamilto-
nian GP yields similar approximation accuracy while allowing for computationally efficient predic-
tion. Despite only having access to input-output data, the proposed method (right) enables learning
a Hamiltonian GP with accuracy comparable to methods with access to full-state measurements.

energy through a damping coefficient d =: g, to be estimated. To generate training data, we simu-
late a single trajectory by applying an input signal u; for time steps t = 0, ..., 7T, and storing only
noisy position measurements y;'~ = g; + e; as outputs.> For comparison with existing work that
relies on full-state measurements, we also consider an input-state setting, i. e., yf/ S = [qt, pt] Tre,.
In particular, we compare the proposed Algorithm 1 for physically consistent learning from input-
output data to (i) itself in an input-state setting, and to (ii) an exact Hamiltonian GP model based on
Beckers et al. (2022). Please note that we set non-informative priors on all parameters, for instance,
broad Gaussian distributions for the hyper-prior p(13).

In Figure 3, the flow map resulting from the true Hamiltonian (left) is compared to the learned
Hamiltonian models in terms of their Root Mean Squared Error (RMSE) and computational complex-
ity. While the algorithms in the middle columns have access to state measurements, the proposed
approach (right) uses only noisy position measurements, i. €., input-output data. Despite only hav-
ing access to input-output data, the proposed method learns the flow map with accuracy comparable
to approaches that have access to full-state measurements. Please note that learning the considered
non-harmonic oscillator system from input-output data required incorporating a symmetry con-
straint.* In this regard, future work may examine conditions for the Hamiltonian’s identifiability.

Figure 4 depicts the Bayesian inference and learning results on the training data set, show-
casing that the method provides density estimates for the model (hyper-)parameters, and accurate
smoothing estimates for all state variables (including unknown hidden states). If we run Algorithm 1
with measurements y((;:{;), the hyperparameter density estimates are pronounced, and the density
p(d \y(()l/;)) accurately reflects the true damping coefficient. In comparison, the density p(d |y(()lé,,O )) is
slightly biased, which we attribute to identifiability issues in the chosen simulation example.

3. Further details on the simulation (including the matrices J, R, GG), the algorithmic setup, as well as the training/
testing scenarios can be found in the Suppl. Material B. Convergence metrics are given in Suppl. Material C.

4. Due to identifiability issues in the input-output setting, we impose a symmetry constraint on the Hamiltonian GP,
i.e., H(x) = H(—a), which induces an anti-symmetric gradient V, H (z) = —V,H (—x). Results without sym-
metry constraint are presented in the Suppl. Material D. No symmetry constraint is used in the input-state setting.



EWERING HERRMANN WAHLSTROM SCHON SEEL

1

4 Measured 4 Training Kerpel hyperparam.
Input
g 2 z
= g 2
=
> — M ean s
5 +3 x Std. [
= = True 0 = — v
-2 logy ¢ 1 499 log,o; 5.01
4 Unknown| m— Unknown
2 4 Structural hyperparam.
g 5 8
jo10)
s 1 @ e
2 92 0 : ® Initial.
= e j Freq. (i/s)
A Bayes. (i/s)
i/

0 5 tins 15 20 0 5 tins 15 20 0V d 1 4 Bayes. (i/o)

Figure 4: True and estimated system behavior in the training data set (left), as well as density
estimates for the GP kernel and structural hyperparameters ¥ = {9, VUs} (right). From input-
output data, the proposed method infers densities of unknown hidden states, the current system
energy, and hyperparameters in a fully Bayesian fashion.

To evaluate the physical consistency of the learned Hamiltonian GP, we draw models from the
sample-based posterior distribution, provided by Algorithm 1, and compare their forward simula-
tions from an initial value with a true system trajectory (see Figure 5 and details in the Supplemen-
tary Material B). Despite learning from input-output data, Algorithm 1 yields a physically consis-
tent, probabilistic model whose samples closely resemble the actual system behavior. In fact, the
method can represent multimodal densities in phase space, as can be seen in a single sample con-
verging to the system’s upper equilibrium (compare Figure 2 and Figure 5, top left). Notably, the
method consistently accounts for dissipation and energy intake through exogenous inputs, as visible
in the monotonically decreasing Hamiltonian H after the input signal reaches zero.

7. Conclusion

In this article, we present a method for learning a physically consistent dynamics model using non-
conservative Hamiltonian GPs. In contrast to existing work, which relies on measurements of mo-
menta or velocities, we consider learning solely based on input-output data. The proposed reduced-
rank Hamiltonian GP is linear in its parameters and comes with closed-form gradient expressions.
While we exploit these properties for fully Bayesian learning of (hyper-)parameters, we emphasize
that the model structure can also speed up training and prediction significantly in frequentist set-
tings. However, we acknowledge that the computational complexity of the particle-based scheme
and the reduced-rank GP increases rapidly with the problem dimension (Riutort-Mayol et al., 2023),
which future work should consider. Moreover, the presented empirical case study necessitated prior
knowledge in the form of symmetry constraints to learn a complex Hamiltonian function, highlight-
ing the relevance of a future identifiability analysis.

Taking a step back, we present an approach to bridge physics-informed dynamics learning
(Beckers et al., 2022) and physically consistent Bayesian system identification. Using the proposed
method, an uncertainty-quantifying, physically consistent nonlinear system model can be learned
solely from input-output data, potentially enabling model-based control and insights in complex
application systems without extensive prior knowledge.
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Supplementary Material
A. Proposed Model in the Canonical Form of the Restricted Exponential Family

To derive the distributions employed in Section 5, we express all densities in the canonical form of
the restricted exponential family. This is convenient for Bayesian inference in state-space models,
as probabilistic dependence on the previous state can be incorporated (Wigren et al., 2019).

Formulation The proposed model (10) can be written in the canonical form of the restricted
exponential family as

2
p(a) = Zexp (Z o) s; — Tr (PZ-T (a)ri)> , (20)
i=1

where the density is expressed in terms of the natural parameters o that are obtained by transform-
ing the original model parameters @ = {a,0?}. We have = [t , o] " with

a 1

alzg, agz—T‘Q, (21)
and the parameter-dependent parts of the log-partition function being
Pi(a)= —1041(12_1011T = iaaT Py(a) = —llog\ — 20| = 1logo2 (22)
4 202 ’ 2 2 ’

where we denote | - | as the determinant. The remaining variables, Z, s;, and r;—depending on the
employed prior and the data—are a normalization constant and statistics, respectively.

Likelihood To express the likelihood

p(z0:710,93) = p(z0) - [ [ p(2t | 24-1,6,95)
t=1
T (23)
= p(mO)p(h’O | o, 0) : Hp(zt | Zt—1, 0)198) )
t=1
in the form (20), we assume, for simplicity, that p(x() is known and consider each time step sepa-
rately. For individual transitions p(z; | z;—1, 0, s) we have
p(2t | 2¢-1,0,9s) = p(ht | 21, 0) p(xt | -1, hi-1,9s)

9 24)
= N(ht ’ Dd)(wt)ava I) N(mt | f(xtfla htfl)utflaiﬂs)) Ew)a

were the function f and the noise covariance X, describe the discrete-time state dynamics, and can
be obtained from integrating (10). Noting that only the first density is 8-dependent, the likelihood
for one time step can be expressed as

p(z¢ | 24-1,0,9s) = b - N(hy | Dg(x;)a,o’T)
by

= (27T)n1./2(0.2)nz/2 exXp <_2}‘_2(ht - D¢(113t)a,)T(ht — D¢(xt)a)>

= buexp (Z ol si(z) = Tr (P (a)m(wt))> ,
i=1

(25)
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with the statistics

s1(zt) = D (1) hy, s2(z¢) = by hy, 26)
ri(x¢) = Dy (azt)T Dy () , ro(xs) = ng,
and the base measures
2 —nz/2 . ft == 0
bt — ( ﬂ-) p(mo) ) 1 i b (27)
(27r)_”f/2 N (x| f(xi—1,he—1,ui—1,9s),Ey), otherwise.

The overall likelihood for data zg.7 is constructed by multiplying the one-step densities, which
amounts to summing the corresponding trajectory statistics (26).

Prior and Posterior To express the multivariate normal inverse Gamma (N'ZG) (Murphy, 2007)
prior and posterior densities in the form (20), we first define the normal distribution

pla|m,V,o?) =N(a|m,o*V)

1 1 _ (28)
= LA exp <—M(a -m)"'Via- m)> )
and inverse Gamma (ZG) distribution
2)v/2 1
e | 0) =702 |0 = P e (0] @9
2

where I is the scalar Gamma function. Given this, the prior and posterior densities can be expressed
in the canonical form of the restricted exponential family as

pla,0® | m,V, i, v) = NIG(a | m,V ¢, v)
(1!)/2)11/2 (%)V/2+1+M/2

=~ VRV T @ exp <—%i2 [1/1 t(a-m) 'V ia- m)D 30)

2
— () exp (Z a 8i(m) = Tr (P] (a)h(n))> ,

where the statistics, dependent on the distribution parameters n = {m, V', ¢, v}, are

5(n) =V im, Sa(n) =Y +m' 'V im, 31
,;,1(,,7):‘/*17 7:2("):”+2+M7
and the normalizing factor
2)v/2
n(n) = W/2) (32)

(27T)M/2’V’1/2F (%) ’

The parameter posterior p(0|zg.7, ) is available in closed form by summation of the prior
statistics and new statistics, obtained from the data trajectories zq.7, thatis s;” = 3; (77)+2th0 si(z¢)
and | = 7;(n) + Z?:o r;(a;). The resulting parameter posterior density is

p(GIZO;T,ﬁK) :Nzg<a7o—2‘m+7v+7w+7y+)7 (33)
with the new distribution parameters n* = {m™, V" ¢ v} being
—1 -1
= () Vi) .
-1
vt =s =T (rf) st vh=ryg.
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B. Simulation Case Study

Simulation Setup We conduct a simulation case study with a non-harmonic oscillator, governed
by the Hamiltonian function

2 2
q q p
H ==+ —=—+2
<[}> 5 5 cosq, 35)

with position ¢ and momentum p (see Figure 2). The system is driven by a known input force v and
dissipates energy through a damping coefficient d, to be estimated. We consider the system

d d [q 0o 11 [o o 0
A | e I RO e
—_——— ~—— ~—

J R G (36)
g/ = 3 4+ el/9)

with damping coefficient d = 0.15. The zero-mean discrete-time process and measurement noise
terms are Gaussian with standard deviation 10~ and 1073, respectively. To generate training data,
we simulate the system from the initial value o = [0,0]", using the input signal illustrated in
Figure 4, for 7" = 1,000 time steps with a symplectic Euler integrator at step size 6 = 0.02s.

Inference and Learning To perform Bayesian inference and learning, we run Algorithm 1 for
K = 20,000 iterations. We discard the first 10,000 samples to ignore the burn-in period of the
Markov chain. For discretizing the state dynamics (10) in Algorithm 1, we use Euler integration. To
generate proposals in the Metropolis-within-Gibbs steps, a random walk is employed for the kernel
hyperparameters ¥k . For the structural hyperparameter ¥g := d, we use refined proposals based on
the gradient and Hessian of the likelihood (Roberts and Stramer, 2002). The chosen parameters are
summarized in Table 2.

Table 2: Parameters of Algorithm 1 in the Case Study

Name Symbol  Value

Number of eigenfunctions M 20 without symmetry constraint
15 with symmetry constraint

Domain bounds L1, Lo 8,8

Hyper-prior p(9) near uniform (broad Gaussian)

Scale P 100

Degrees of freedom v 400

Testing For testing in Figure 5, we use the samples {0[k], Us[k]}, & = 10,000, ..., 20, 000, pro-
vided by Algorithm 1 to (i) generate a mean model and (ii) draw ten random instances, each repre-
senting a sample from the posterior model distribution. Using these models, we perform forward-
predictions with a symplectic Euler integration scheme at step size 6 = 0.01's. We simulate from the
initial value xg = [—0.1,0.5] " and apply a pre-set test input signal (depicted in Figure 5), different
from the training input signal.
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Figure 5: True system behavior and forward predictions of the learned Hamiltonian GP model. The
proposed method provides a probabilistic Hamiltonian system, and—despite learning only from

input-output data—each sampled model yields a physically consistent prediction that resembles the
actual system behavior.
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C. Convergence Metrics

For the simulation case study in Section 6, we evaluate the convergence of the PMCMC scheme in
Algorithm 1. Specifically, we present the autocorrelation plots of individual states and parameters
in Figure 6, which indicate the degree of correlation between successive draws from the sampler.
A quickly decreasing autocorrelation indicates good “mixing” and, thus, an efficient exploration of
the domain (Wigren et al., 2022).

1 1 1
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Figure 6: Autocorrelation of the state and parameter samples. In the plots, each state time step and
each state/parameter dimension are represented by individual autocorrelation graphs.

Similarly, the update rate along the time axis provides a measure of how regularly state time
step samples x;[k] are updated throughout the sampling procedure. Ideally, the update rate should
be close to 1 for each time step, which is the case in the present simulation example (see Figure 7).

The RMSE between the true measurements and the estimated output variables is given in the right
plot of Figure 7. Although we discard the initial 10,000 samples as burn-in, we see a significantly
faster convergence after at most 1, 000 iterations.
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Figure 7: Update rate of the state samples (left) and RMSE between the estimated positions and the
true position measurements y(/°) (right).
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D. Additional Simulation Results

Due to identifiability issues in the input-output setting, we impose a symmetry constraint on the
Hamiltonian GP model (5). To this end, an advantage of the employed reduced-rank GP is that prior
knowledge about the target function, such as symmetry, can be easily encoded in the basis function
expansion (Volkmann et al., 2025). To impose the symmetry constraint, we follow the lines of Bern-
torp and Menner (2022) and index basis functions in (4) by selecting only odd indices j;; = 1,3, ...
when constructing the reduced-rank GP. This ensures that the approximated Hamiltonian satisfies
H(z) = H(—), which induces the anti-symmetry VH () = —V,H (—a) for its gradient. In
Figure 8, we compare the proposed method in three different settings, i. e., learning with

* state measurements {ygi/ 9 ML, without symmetry constraint (left column),

e output measurements (/o) T with symmetry constraint (middle column), and
p Yy t=0 y ry

* output measurements {yf/ °) ML, without symmetry constraint (right column).

All approaches correctly learn the equilibrium positions along the g-dimension. In the input-
output setting, i.e., without measurements of the momentum p available, learning along the p-
dimension can result in ambiguous solutions, which we attribute to identifiability problems. In the
present nonlinear simulation example, the symmetry constraint can facilitate learning from input-
output data.

Hamiltonian model Reduced-rank GP Reduced-rank GP Reduced-rank GP
Symmetry constraints None Symmetry None
Training data input-state data input-output data input-output data
Flow magnitude RMSE 3.09J . .

Flow angle error RMSE 0.08 rad 0.12rad 1.47rad

(=]
[=]

Hamiltonian gradient flow 50 #Data 50 #Date) 50 il D
True v, leamed (righ b M 1 e
\ e

=
I/~ MR

ém p @ @ Deta » f@ Dt
és 3\\A// _4>

=0 3 ¢ 3 3 g 3

Figure 8: Flow maps following from the true and learned Hamiltonians of the non-harmonic oscil-
lator system.
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