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Abstract

We study adversarially robust multitask adaptive linear quadratic control; a setting where multiple
(potentially different) systems collaboratively learn control policies under model uncertainty and
adversarial corruption. We propose a clustered multitask approach that integrates clustering and
system identification with resilient aggregation to mitigate corrupted model updates. Our anal-
ysis characterizes how clustering accuracy, intra-cluster heterogeneity, and adversarial behavior
affect the expected regret of certainty-equivalent (CE) control across LQR tasks. We establish non-
asymptotic bounds demonstrating that the regret decreases inversely with the number of honest
systems per cluster and that this reduction is preserved under a bounded fraction of adversarial
systems within each cluster.

Keywords: Multitask Adaptive Control; Clustered System Identification; Resilient Aggregation.

A. Introduction

Adaptive control seeks to design controllers that adapt to uncertain or unknown system dynam-
ics. Rooted in early work on self-tuning regulators for flight and aerospace applications (Astrom
and Wittenmark, 1973; Astrom, 1983), it remains central to modern control. Among its formula-
tions, the linear quadratic regulator (LQR) serves as a canonical benchmark due to its tractability
and theoretical appeal. Extensive research over the past five years has established non-asymptotic
performance guarantees for adaptive LQR through regret analysis (Abbasi-Yadkori and Szepesvari,
2011; Dean et al., 2018; Cohen et al., 2019; Simchowitz and Foster, 2020; Hazan et al., 2020; Zie-
mann and Sandberg, 2022), proving that, in the single-system setting the optimal expected regret
scales as O(v/dT), with d = d2d,, where T is the time horizon and (d, d,,) denote the state and
input dimensions (Simchowitz and Foster, 2020). This lower bound reveals a fundamental limita-
tion: certainty-equivalent (CE) control is inherently data-inefficient in high dimensions, as accurate
model estimation demands extensive data collection.

To circumvent this limitation, recent work has investigated multitask system identification,
where multiple systems collaboratively estimate their dynamics. When the participating systems
are “similar”, collaboration reduces the sample complexity required for accurate model estimation,
with gains that scale proportionally with the number of participating systems (Xin et al., 2022;
Wang et al., 2023a; Toso et al., 2023; Kececi et al., 2025a). When the systems are homogeneous or
share some model structure (e.g., a model basis), joint estimation yields improvements in sample
complexity (Zhang et al., 2024). On the other hand, when systems are only approximately similar,
an additive heterogeneity bias emerges (Wang et al., 2023a). Since the primary source of regret in
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Figure 1: Workflow for adversarially robust multitask adaptive control.

adaptive control stems from identification, multitask identification offers a natural path to surpass
the O(v/T) scaling limit from the single-task setting.

Recent work has extended the idea of multitask system identification (Wang et al., 2023a; Zhang
et al., 2024) to the control synthesis setting (Wang et al., 2023b; Toso et al., 2024; Wang et al.,
2023c; Lee et al., 2025)". Lee et al. (2025) prove that learning a shared model basis across systems
allows the expected regret to scale as O(y/T/#systems), reducing the regret by the number of
systems. However, this result relies on structural homogeneity, namely, the existence of a shared
model representation across all systems.

In practice, multitask control systems, such as fleets of drones, autonomous vehicles, and dis-
tributed robotic platforms (Wang et al., 2023c) often exhibit diverse dynamics without a shared
representation. In such settings, malfunctioning or compromised systems may transmit corrupted
updates, undermining collaboration. This motivates the need for adversarially robust multitask
adaptive control, where learning remains effective despite heterogeneous and adversarial systems.

This work studies clustered multitask adaptive control in the presence of heterogeneous and
adversarial systems (see Figure 1), when a common representation across systems may not exist.
We analyze how malicious systems can bias the collaborative learning step and design a robust
approach to mitigate such behavior. Our analysis characterizes the interplay among adversarial
behavior, intra-cluster heterogeneity, and clustering accuracy on the regret. We prove that the regret
scales favorably with the number of systems per cluster. This benefit dominates even under a small
fraction of adversarial systems per cluster. This provides the first non-asymptotic regret bounds for
clustered multitask adaptive control under heterogeneous and adversarial systems (see Table 1).

Theorem 1 (Informal) Consider the multitask adaptive linear quadratic control pipeline illustrated
in Figure 1. For an appropriate choice of exploration and a sufficiently large amount of data per
system, let T' denote the time horizon, m; the number of honest systems in cluster Cj, and X\ the
resilient aggregation coefficient. Then, the expected regret of any system in C; satisfies:

drl
— 4+ cluster error xT+ AT + heterogeneity x T,
m; —_—

Regret <

h . o j N
) - versarial effec . , .
clustering effect adversarial effect heterogeneity effect

benefit of multitask

where cluster error ,Sexp(*# data samples per System).

* Equal contribution.
T Ilustrations of drones, quadruped robots, and robotic arms were created with assistance from ChatGPT (OpenAl).
!'We provide a detailed related work section in Appendix B.
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Theorem 1 highlights the benefits of multitask adaptive control and quantifies the effects of
clustering errors, adversarial systems, and heterogeneity. The first term captures the benefit of
collaboration, reducing regret proportionally to the number of honest systems m ;. The second term
is the clustering misclassification rate, which decays exponentially with the data size and can be
made sufficiently small when the number of data samples per system is sufficiently large. The third
term represents the effect of adversarial updates, governed by the resilient aggregation parameter A,
which scales with the ratio of adversarial to honest systems (Farhadkhani et al., 2022), when this
ratio is small, the collaboration benefit is preserved. The final term captures the heterogeneity effect,
which is negligible under small intra-cluster heterogeneity. We characterize the first two terms in
Theorem 8, the adversarial effect in Theorem 10, and the heterogeneity effect in Corollary 9.

A.l1. Contributions

o Heterogeneous Systems. We study multitask adaptive LQR under heterogeneous dynamics where
global representation across system models are not assumed. We propose a clustered system iden-
tification approach that groups similar systems and performs multitask identification within each
cluster. We derive non-asymptotic estimation error bounds demonstrating that sample complexity
improves proportionally to the number of systems per cluster, up to an exponentially small cluster
misclassification rate (Lemma 5 and Proposition 6).

e Adversarial Systems. Our approach handles adversarial systems that may contribute with cor-
rupted model updates. Robustness is ensured with a resilient aggregation step that may employ
any resilient aggregation rule (Farhadkhani et al., 2022). Under a bounded fraction of adversarial
systems, our approach preserves the asymptotic gains as in the fully honest setting (Lemma 7).

o Regret Bounds. We provide the first non-asymptotic regret bounds for adversarially robust multi-
task adaptive LQR. The analysis quantifies the impact of clustering misclassifications, intra-cluster
heterogeneity, and adversarial behavior, demonstrating that with sufficient data, small intra-cluster
heterogeneity, and bounded fraction of adversarial systems these effects are negligible, preserving
the regret reduction by the number of honest systems (Theorems 8 and 10, and Corollary 9).

Table 1: Expected regret for single-and multitask online learning. In the regret bound reported by Lee et al.
(2023), d,, denotes the dimension of the task-specific weight vector, as the model is decomposed into a task
weight and a shared representation. Moreover, d4; s+ quantifies the discrepancy between the ground-truth
representation of the system model and a given pre-trained representation. The setting considered in Lee
et al. (2025) assumes that the M tasks are structurally similar so that a common representation exists.

Work Setting Heterogeneity Adversarially Robust Regret
Simchowitz and Foster (2020) ~ Single task X X oWdr)
Lee et al. (2023) Single task X X O(VdwdyT) + 04ise T
Lee et al. (2025) Multitask  Structurally Homogeneous X (@] (\/ % log?(TM ))
Dong et al. (2023) Distributed Heterogeneous v OWT + epeT)
. g [dT
This work Multitask ~ Heterogeneous v O ( o + A\WdT + 6hetT)

B. Problem Setup

We consider M discrete-time linear time-invariant (LTI) systems, among which an unknown f
systems may behave adversarially. The remaining m = M — f honest systems evolve according to

(i) ,
Tl eRY, withd =dy +dy, (1)

20, 20050 4 o v o,1,... o L‘“
t




FALLAH* TOSO* ANDERSON

where 01 = [Aii) Bii)] denotes system 4’s model, and {wgi)}t has elements that are i.i.d. mean-
zero o2 -sub-Gaussian, for some positive variance proxy o2 (Vershynin, 2018).

Clusters. Each honest system belongs to one of V.. clusters {C; } 1, grouping systems with similar
dynamics. Systems within the same cluster share model parameters that are “close” in the Frobe-
nius norm (Assumption 1). The separation between clusters is characterized by the minimum and
maximum distances, A, = min;; [|[©; — O] and Ay = max;jr [|©; — O], respectively.
Control Input. The control input is composed of a stabilizing and an exploratory component,

ugi) itlb + ugx)p, where u( ) = K@y ( ) is the stabilization term and u,SQp = augt(i) provides

exploration, with gt(l) S N(0, I du)- For every honest system, the exploration term o, géi) ensures
persistent excitation, guaranteeing A\pin (E[zt(l)zgl)TD > 02, where zg i) tid s (0, 22}) We refer
the reader to (Wang et al., 2023a, Lemma 1) for the definition of the covariance matrix zi?.
Dataset. We denote the local trajectory data up to time 7 by

X0 = [xgi), .., 2W], and 20 = [[ac(()i), u((]i)]—r, e [x(Tizl, ne 1]T],

T

and define system 4’s dataset DY = {XT , ﬁ)}
Assumption 1 (Intra-cluster heterogeneity) Let H; C C; denote the index set of honest systems
inside cluster C;. There exists a scalar epey > 0 such that

je[Nrcr]l%?;eHj H [Aii) Bii)] o [Ag) H P S Chet- @

B.1. Certainty-Equivalent Linear Quadratic Control

We fix an honest system i € C; with ug()p = 0 (for now). The local control objective is to design a

linear feedback controller that minimizes the infinite-horizon quadratic cost

Z '
t=0 , ‘
where () > 0 and R > 0. When the ground-truth dynamics (A,(f), Biz)) are known, the optimal

. . . . . . —1 . .
controller K,EZ) =K (A,(f), B,(f)) £ _ (R + BS)TP*(Z)B,EZ)) B,(f)TP,fZ)A( %) is obtained by solv-

JO(K )—hmsupTEK ,Withcg)—xt (Q—i—KTRK) ()

T—oo

ing the discrete algebraic Riccati equation (DARE), pY = DARE(A&“7 BY ,Q,R).

In practice, the true model parameters (A,(f), Bii)) are typically unknown and must be inferred
from data. A standard approach to designing a near-optimal controller is certainty-equivalent control
(Mania et al., 2019), which first estimates the system model and then computes the controller as if
the estimate were exact. In particular, by using trajectory data Dg)
least-squares (OLS) estimation as

00 £ [AM BO)] = argmin
OcRdaxd’!
and designs a controller K() = K(A® B(®) with the estimated model.

While conceptually simple, applying CE control to a single system, suffers from poor sample ef-
ficiency. This motivates adaptive LQR, where learning and control are performed jointly, i.e., data
are collected under the current controller, the model is updated, and the control policy is refined
iteratively. Simchowitz and Foster (2020) demonstrate that a simple greedy strategy, balancing ex-

, each system performs ordinary

x® —oz0 ’ 3

Y

ploration through ug()p # 0 and exploitation through the data size 7, achieves the optimal expected
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regret scaling of (’)(\/diT) Nevertheless, as the dominant source of regret arises from system iden-
tification, doing so on a single system still requires extensive data. This limitation makes CE control
particularly challenging in data-scarce scenarios (Topcu and Leve, 2022).
B.2. Multitask Adaptive Control
To overcome the limitations of system identification using data from a single system, we consider
a setting in which multiple systems collaborate, with f = 0 adversarial systems (for now), to learn
a common model that best fits their collective data. When the true cluster identities are known,
multitask system identification can be performed within each cluster C; by replacing (3) with

574 Bl = i L Il
£ [4; Bj] = ggﬂggg/ 2 | Z HX - 06Z; -

u®>

The resulting estimate ) ; defines a shared model for the cluster, from which a common controller
KW = K (flj, B]) is designed for all systems ¢ € C;. As proved in prior work on federated
system identification (Wang et al., 2023a), when local gradient updates G¢(©;) are shared and

aggregated by a trusted server using simple averaging, namely, @ +— @ +nF ({Gg( i) eec; )
where F' denotes the averaging operator and 1 > 0 is the stepsize, the sample complexity improves
proportionally to the number of systems in the cluster.

In practice, however, the systems’ cluster identities are typically unknown. To address this, a
clustering step is introduced to group systems based on similarities in their locally estimated models.
This clustered system identification approach proposed in Toso et al. (2023) incurs an additional but
exponentially decaying misclassification error, as clustering accuracy improves with the amount
of collected data. The complete multitask adaptive control pipeline comprising data collection,
clustering, multitask system identification, and control design is illustrated in Figure 1.

B.3. Adversarial Systems

Finally, we are interested in the setting where some systems may behave adversarially, transmitting
corrupted or malicious model updates to the server during aggregation. To guarantee recoverability
of the true cluster models, we assume an honest majority within each cluster, i.e., f; < M; /2, where
M; denotes the total number of systems in cluster C;, otherwise, reconstruction of the true model
becomes information-theoretically impossible. In such cases, simple averaging of model updates
fails, as a fraction of corrupted gradients can arbitrarily skew the aggregate and compromise con-
vergence. To mitigate this, we leverage resilient aggregators that are widely studied in adversarial
federated and distributed learning (Guerraoui et al., 2024).

Definition 2 ((f, \)-Resilient aggregation - Adapted from Farhadkhani et al. (2022)) Given a
scalar A\ > 0, an aggregation rule F' is said to be (f, /\)-resiliem if, for any collection of matrices
G1,...,Gy € R=* gnd any subset of honest systems H C {1,..., M} with |H| =

|F (Gi,...,Gu) =G| < Amax [[Gi = Gy| with G = ZG
|7_t| i€H

Remark 3 (f, \)-resilient aggregation ensures that the aggregated update remains close to the
mean of the honest systems, up to a factor X capturing their dispersion. This guarantees robustness
even when up to f; < M;/2 systems act adversarially. Many classical robust aggregation rules
satisfy this property, including the coordinate-wise trimmed mean (CWTM), coordinate-wise me-
dian (CWMed), geometric median (GM), minimum diameter averaging (MDA ), and mean-around-
median (MeaMed) (Farhadkhani et al., 2022). Typically, MDA and CWTM achieve A = O( f;/m;),
while GM and CWMed yield A = O(1); the latter can be adjusted via pre-aggregation techniques
such as nearest-neighbor mixing (Allouah et al., 2023) or bucketing (Karimireddy et al., 2020).

5



FALLAH* TOSO* ANDERSON

Remark 4 We assume that each cluster satisfies the honest-majority condition, i.e., f; < M;/2 for
all j € [N.]. This standard assumption in robust aggregation (Farhadkhani et al., 2022) guarantees
convergence to the true cluster model even when a subset of systems transmit corrupted updates.
More precisely, this ensures that robust aggregation can filter out malicious contributions, allowing
for convergence to a correct solution despite adversarial systems. Extending the framework to cases
where adversarial systems can also misreport their cluster identities, thereby violating the honest-
majority assumption, is left for future work. Promising future directions include (i) randomized
warm-up clustering steps to prevent adversarial concentration within specific clusters and (ii) robust
clustering methods such as iterative filtering (Ghosh et al., 2019).

Goal. The aim of adversarially robust multitask adaptive control is to cluster systems and design
controllers that remain performant under heterogeneity and adversarial behavior.

Our analysis quantifies the benefit of collaboration and the effects arising from clustering errors,
intra-cluster heterogeneity, and adversarial behavior. We evaluate performance using the standard
notion of cumulative regret from online learning (Abbasi-Yadkori and Szepesvari, 2011), defined
as the difference between the cumulative cost incurred by the adaptive controller and that of the
optimal controller under the true model: R{Y = "7 (cgl) —J (i)(KS))), where ¢\ denotes the
immediate cost for playing a suboptimal controller K@,

Algorithm 1 Multitask Certainty-Equivalent Control

1: Initialize: K" « K" Vie [M], T « 7 2kn-1

2: fork=1,2,..., kgn

3:  forall systemsi =1,..., M (in parallel) // Data collection

4 fort=1,_1,7_1+1,...,7%

5 It 272 > 22 log T or | K| > K,

6: Abort and play K (()1) forever

7 Play ugl) = f(,‘j’xﬁ” + Jkgt(l) // Exploration

8 end for

9:  end for R

;O RCSI(@,S:IY),D%M) N, N, ) // Robust SysID
1:

~

11:  Update the controller: Kk+1 — K(@/,(C ) Vie [M]// Controller update
12: Tht1 < 27k

13: end for
Algorithm 2 RCSI: Robust Clustered System Identification

1: forn=0,1,...,N —1do

2: Systems receive all the current cluster estimated models {(:)J }ielNa
3: fori=1,...,M (in parallel) do // Cluster identity estimation
4: J = argminjey,| |]X(i) — @jZ(i)H2
5: end for
6: Construct the cluster identity set Cj«
7: GO0 « (X — 0z ZzOT () Z(OTY~1 wy ¢ C; // Update
8: fori=1,..., M (in parallel) do // Model estimation
0 80) 8 4y ({GE(C:)“))} ) // Aggregation
ZECJ”-
10: end for
11: end for
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Algorithm 1 summarizes the adversarially robust multitask adaptive control procedure. Each
system alternates between three phases: (i) data collection under the current controller, (ii) clustered
robust system identification via resilient aggregation, and (iii) controller update using the estimated
model. At each epoch k, all systems collect local trajectory data D%) in parallel. If the state or
controller norm exceeds a threshold (i.e., x; and K}), the system switches to a fallback stabilizing
controller K(()Z) to ensure bounded trajectories and regret. The identification step, implemented by
RCSTI (Algorithm 2), jointly performs clustering and robust aggregation: systems estimate their
cluster identities, send local gradients Gg(@(i)), and the server aggregates them via a resilient rule
F'. The estimated model then defines the CE controller K 15;21 =K (/1,(;), B ,(;)) for the next iteration.

We emphasize that a stabilizing initial controller & él) is required for each system to ensure the
initial trajectories remain bounded. Such controllers can be obtained using data-driven stabilization
methods (Perdomo et al., 2021; Toso et al., 2025). Moreover, Algorithm 1 operates under the
following two assumptions. First, we assume that the initial model estimate is sufficiently accurate

to ensure consistent clustering (Toso et al., 2023).

Assumption 2 The initial model satisfies Hég) —el | < Calpin, for some constant Cy, € (0, 1).
Second, we impose the following bounds on the state and controller norms.

Assumption 3 We assume that the state and controller bounds are

zp > 400 (Py)? Who,Vd', and Ky > \/ Py

p , with PI(;) denoting the

@) & (1) A (@) A
where \Ijé £ max {17 HB,(Z H} , \II% £ max; \I/é s Pa/ £ max; Kéi)

solution to the discrete Lyapunov equation, P[((Z) 2 diya p(Ay) + B,(f)K ,Q+ K"RK)

We present our theoretical analysis progressively across three settings, building from the sim-
plest to the most general case: (i) intra-cluster homogeneity (f = 0, epet = 0), (ii) bounded hetero-
geneity (f = 0, epet > 0), and (iii) adversarial systems (f > 0, epet > 0). For each setting, we first
establish estimation error bounds and subsequently the corresponding regret bounds.

C. Error Bounds for Multitask System Identification

We are now ready to establish error bounds for the clustered multitask identification procedure de-
scribed in Algorithm 2. This section characterizes how collaboration, heterogeneity, and adversarial
behavior influence the estimation error of the local system models. Complete proofs and constant
definitions are provided in Appendix F. For clarity of presentation, we introduce the following key
quantities: 1V 2 max,eqryecc, tr (Z8) /1IN, PL 2 mingepan 1P, Cr = poly(da,du),
and the contraction rate p = 1 — 7, for some step-size ) € (0, 1).

Lemma 5 (Intra-cluster homogeneity) Consider a cluster C;j composed of M identical systems.
Suppose that Assumption 2 holds and that the initial epoch length is set sufficiently large, such that

71 > C; max iV 7V + log <5]) ,log(4T?), —*1
] lOg (]_ — Pi,f\>
for a small 6 € (0,1). Then, after N > log (CoQmini) /log(1/p) iterations of RCSI, with
probability 1 — 6, the model estimate 0 qt epoch k satisfies:

2 2 (32 X
' < Couns oo (dy + dypdy) log(M;/6)

—Chnis, 2027,
+ Cmis,1 € ™27k,

e

2
o.My
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Proposition 6 (Intra-cluster heterogeneity) Consider a cluster C; consisting of M; similar but
non-identical systems with bounded intra-cluster heterogeneity as in Assumption 1. Suppose the
initial epoch length T\ and the number of iterations N in RCSI are chosen as in Lemma 5. Then,
fora small 6 € (0,1), the model estimate 0 ar epoch k satisfies:

Ui(di + dydy) 10g(Mj/5)
J,%Mka

Al 1 2 _Cmis 2
H@;(C) - @ﬁ) . < Citat + Chetehet + C’mis,le "20ka,

with probability at least 1 — 0.

Lemma 7 (Adversarial systems) Consider a cluster C; containing M; similar but non-identical
systems, among which at most f; < Mj;/2 are adversarial and m; = M; — f; are honest. Assume
the aggregation rule is (f;, \)-resilient as defined in Definition 2, and that Assumption 1 holds.
Suppose further that the initial epoch length 7| and the number of iterations N in RCST are chosen
as in Lemma 5. Then, for a small 6 € (0, 1), the model estimate 0 gt epoch k satisfies:

~U Ik 2 (@2 4+ dydy,) log(M;/8) [ 1
|8 el < Ol T T ol 1og(M;/0) ( +)\2d$> + Cheo(1 + N)2E2,,
F 0. Tk m;
+ C’mis,le_omisv”'%”@, with probability 1 — 6.

Here, Che; > 0 is a universal constant. In addition, Cyt,¢ > 0 depends on o, the conditioning
of the state-input covariance, and on a polynomial logarithmic factor of 7, §, and d (see Appendix

2
F), Cris,1 := Amax, and Cpis2 > 0 depends on U%, 2;““, and the magnitude of the state-input

process across systems, i.e., supy E[sz) 2.

Discussion. Taken together, Lemma 5, Proposition 6, and Lemma 7 provide a unified characteriza-
tion of the error bounds for the multitask system identification step under adversarial and heteroge-
neous systems. Under intra-cluster homogeneity, the estimation error scales inversely with both the
number of systems and the data length (epoch size), achieving O (o2 /(M;Ty)) consistency. Intro-
ducing heterogeneity adds a fixed bias proportional to eﬁet, while adversarial systems introduce an
additional A-scaled term determined by the resilience coefficient of the aggregation rule. The proofs
of these results are provided in Appendix F, where the estimation error is controlled using the matrix
Hoeffding inequality (Tropp, 2011). These results underpin the regret analysis in Section D, where
improved estimation accuracy translates into a reduction in the expected regret.

D. Regret Analysis

We are now ready to establish the regret bounds for Algorithm 1 under the three settings of in-
terest: (i) intra-cluster homogeneity, (ii) intra-cluster heterogeneity, and (iii) the presence of ad-
versarial systems. We quantify how clustering accuracy, intra-cluster similarity, and adversarial
robustness jointly affect the regret of the CE controller for any honest system within a given clus-
ter C;. Complete derivations are provided in Appendix H. To clarify exposition, we introduce the

following quantities: € = 142C'StatHP,£i)H8012U log((M;T)/6) + 2d,(1 + 2\|Pfi)||\11%)2), Qy =

3d, || P, || w{? PO, Q3 2 142C501 | P8, and Q4 2 14200, || P8,

2
; + 2z ‘
K b

Theorem 8 (Intra-cluster homogeneity) Fix a system i belonging to a homogeneous cluster C;
of size M;. Let Assumption 2 hold and consider the doubling-epoch schedule 1), = 2k=1r with
initial epoch length 71 and number of RCS1T iterations N as in Lemma 5, with exploration sequence

0,% = ng;/dz i \/TiiMJ Then the expected regret of any system i € C; under Algorithm 2 satisfies:

. _Cmis, L
E [Rgﬂ < dﬁj; + Qo(log T)? + QsTe VAL

8
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Corollary 9 (Intra-cluster heterogeneity) Consider a system i belonging to a heterogeneous clus-
ter C; of size M. Suppose Assumptions 1 and 2 hold. Then, under the same conditions on the epoch
length 11, number of RCST iterations N, and exploration sequence aﬁ in Theorem 8, the expected
regret for any system i € C; satisfies:

71
E [Rgﬂ < Ql\/% + Qo(log T)? + Q3Te o[ T +QUTE,,.
Theorem 10 (Adversarial systems) Let each cluster C; satisfy honest-majority f; < % Suppose
that the aggregation rule is (fj, \)-resilient as defined in Definition 2. Under the conditions on
the epoch length 11 and number of RCST iterations N as in Lemma 5, with exploration sequence

2 \/d%dw l+)\2dzm]'

Ok = R¥dpdy ey

Then, for any honest system in C;, the expected regret satisfies:

(1+)\2dzm]~)‘r1

i 7Cmis, - m;
E [Rgﬂ < Qlw + Qo(logT)* + Q3T e ’ i + QT (1 + A€

Discussion. Theorem 8 demonstrates that, under intra-cluster homogeneity, multitask adaptive con-
trol achieves an O(1/ \/ﬁ] ) improvement in the leading term of the regret compared to the single-
system case (Simchowitz and Foster, 2020). This scaling confirms that jointly estimating a common
model for identical systems effectively reduces the regret of adaptive LQR control. Corollary 9 ex-
tends this result to heterogeneous clusters, where a residual bias term proportional to eﬁet appears
in the regret. This term reflects the unavoidable model mismatch within each cluster, introducing an
additional component linear in 7". When €yt is sufficiently small, the regret remains dominated by
the O(,/T/M;) term, thus preserving the benefit of collaboration.

Finally, Theorem 10 demonstrates that the collaboration benefit persists even in the presence
of adversarial systems, provided the honest-majority condition holds and the aggregation rule is
(f;, A)-resilient. The additional factor (1 + A\?d,m;) quantifies the robustness cost introduced by
resilient aggregation. As discussed earlier, the resilience coefficient A typically scales as O( f;/m;),
thereby preserving the regret reduction under adversarial systems. Taken together, these results
highlight the robustness of multitask adaptive control under heterogeneous and adversarial systems.

D.1. Proof Idea

The proof of Theorem 10 follows a standard regret decomposition (Cassel et al., 2020) into three
parts: (i) regret under the success event, when Algorithm 1 does not abort and Lemma 7 holds; (ii)
regret under failure; and (iii) regret from the first epoch. We prove that the success event occurs
with high probability, at least 1 — 72 (see Appendix G), ensuring that (i) dominates.

Under success, the regret scales as O (7, —75_1)( H@,(;) —ey |2.+0%)), where estimation errors

propagate via the Lyapunov bound on P*(i), linking model inaccuracy to cost difference (Simchowitz
and Foster, 2020, Theorem 3). Balancing exploration (o) and exploitation (7%) in the error bound of
Lemma 7, and summing over exponentially growing epochs, yields the dominant (5( /T'/m;) term,
with additive effects from resilient aggregation, heterogeneity, and clustering misclassification. The
term depending on (log T')? arises from the initial epoch. The regret under failure is negligible.

E. Numerical Validation

We consider multiple unicycle robots with details on the dynamics and implementation” deferred to
Appendix C. Figure 2 summarizes the performance of Algorithm 1 across six panels, highlighting
the effects of collaboration, heterogeneity, clustering accuracy, and adversarial behavior. In the top-
left panel, homogeneous clusters show decreasing regret with more systems per cluster, matching

2 Code available at ht tps: //github.com/jd-anderson/multi_task_adaptive_control
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Figure 2: Illustration of main results. Top row: (left) homogeneous clusters; (middle) intra-cluster
heterogeneity; (right) misclassification rate. Bottom row: (left) adversarial systems; (middle) robust
aggregation comparison; (right) comparison with multitask representation learning.

the O(\/T/M ;) scaling in Theorem 8. The top-middle panel introduces intra-cluster heterogene-
ity, where regret increases due to the O(eﬁetT ) term (Corollary 9); estimation accuracy initially
improves with collaboration but saturates at a bias floor proportional to € ;.

The top-right panel reports clustering accuracy, showing exponentially decaying misclassifica-
tion with more samples and faster convergence for larger clusters, consistent with the e ~Cmis.2? AT
rate. The bottom-left panel presents the adversarial setting, where a fraction pyy, = f;/M; of
systems send corrupted updates (see Appendix C). Increasing pry, € {10%,20%, 30%} preserves
sublinear regret for pry, < 0.5, in line with the O(1 + A\?d,;) term predicted in Theorem 10.

The bottom-middle panel compares two resilient aggregation rules under identical adversarial
contamination. We evaluate the trimmed mean and geometric median aggregators, which differ in
their resilience coefficients A. Both converge, confirming the ( f;, A)-resilience property; consistent
with Allouah et al. (2023), the trimmed mean achieves slightly lower regret due to a smaller A\. A
broader empirical study across alternative aggregation schemes is left for future work.

The bottom-right panel compares Algorithm 1 with the multitask representation learning method
of Lee et al. (2025) (denoted here by RepL). We evaluate both under (i) structurally homogeneous
systems, where a shared representation exists, and (ii) a heterogeneous configuration with an added
system violating this assumption. While RepL performs well in case (i), it deteriorates sharply
without a shared model representation (ii). In contrast, Algorithm 1, though affected by intra-cluster
heterogeneity, confines learning to similar systems and achieves lower regret under heterogeneity.

F. Future Work

This work provides the first analysis of multitask adaptive control under heterogeneous and ad-
versarial systems, opening several promising directions. Our regret bounds reveal a non-vanishing
heterogeneity bias ey, scaling as (’)(eﬁetT ), which may limit collaboration when intra-cluster het-
erogeneity is large. A natural extension is to integrate representation learning within clusters to mit-
igate this bias and remove the interplay between heterogeneity and adversarial effects O()\Qeﬁet).
Another direction is developing robust clustering methods to handle cases where adversarial systems
corrupt cluster identities. Extending this work to nonlinear dynamics and non-quadratic objectives
also remains an important avenue for future work.

10
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Appendix A. Appendix Roadmap

The appendix is organized as follows. We first provide more details on the related work in Appendix
B. Appendix C provides additional experiments and details on the experimental setup used in Sec-
tion E to validate and illustrate our theoretical guarantees. Appendix D presents the detailed regret
decomposition into three components: (i) the contribution corresponding to the success of Algo-
rithm 1 (i.e., no abortion), (ii) the contribution associated with its failure, and (iii) the term arising
from initialization with a suboptimal stabilizing controller. In Appendix E, we revisit key auxil-
iary results, including matrix concentration inequalities from Tropp (2011), regret bounds from Lee
et al. (2023), and the assumption that the state-input covariates are distributed according to a -
mixing stationary processes, we refer the reader to Yu (1994) for the definition of such geometric
processes. Appendix F presents error bounds for multitask system identification under three set-
tings: (i) intra-cluster homogeneity, (ii) intra-cluster heterogeneity, and (iii) adversarial systems.
Appendix G establishes that the success event under which Algorithm 1 does not abort holds with
high probability. Finally, Appendix H provides the regret analysis, leveraging the estimation error
bounds and success-event probability to derive the final regret guarantees.

Appendix B. Related Work

Recent work in multitask system identification have explored collaborative learning to improve
sample complexity. Wang et al. (2023a) first proved that the sample complexity of learning linear
dynamical systems decreases with the number of collaborating systems, up to a heterogeneity bias.
This bias is replaced by a misclassification term in clustered system identification (Toso et al., 2023;
Kececi et al., 2025b), where systems are assumed identical within clusters and the misclassification
rate decays exponentially with the amount of local data. Zhang et al. (2024) instead assumes a
shared latent representation across system models, implicitly requiring strong structural similarity.
In contrast, our work considers multitask clustered system identification under intra-cluster hetero-
geneity, allowing for settings where no global representation exists.

Within adaptive control, the most relevant work is Lee et al. (2025), which learns a shared basis
across systems to accelerate policy adaptation. A related recent work studies clustered LQR via
model-free personalized and collaborative policy optimization (Kanakeri et al., 2025). Our frame-
work removes this structural assumption by learning cluster-specific models that capture local simi-
larities while remaining robust to adversarial systems. Adversarially resilient learning has been well
studied in distributed and federated settings (Blanchard et al., 2017; Chen et al., 2018; Farhadkhani
et al., 2022; Dong et al., 2023), where resilient aggregation ensures robustness against malicious
agents. We extend these ideas to the more challenging domain of system identification and control,
providing the first analysis of adversarially robust multitask adaptive control.

Appendix C. Numerical Implementation Details

System dynamics. All experiments were conducted on discrete and linear time-invariant (LTT)
systems of the form

:vgl = A,(f)xgi) + By)ugi) + wgi), with noise wgi) ~N(0,021),
where z; € R? is the system state, u; € R is the control input, and (Aii), Bg)) denote the dynamics
of the 7-th subsystem. Each subsystem is derived from a discrete-time unicycle model with kinemat-
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ics pg) = v cog ), p?(f) =@ sin @, 90 = L) where the state is (V) = (pg(f),pg), 9(")) and

the control input is u(?) = (v(),w (). Here, (pg(f) , pg)) denotes the position, #(*) the orientation, v(*)
the forward velocity, and w(® the yaw rate of the i-th robot. The dynamics are linearized around
different nominal operating points (vg ;,6p ;) € {(1.0,0°),(1.0,45°),(0.8,90°)} and discretized

(with Euler step At = 0.1) to obtain the cluster models:

1 0 —Atvg;sinby; Atcostp; 0
Aj =10 1 AtUOJ‘ COS 9073' s Bj = | Atsin 9073' 0 s
0 0 1 0 At

for each cluster j € {1, 2, 3}, heterogeneous systems are created by adding Gaussian perturbations
to the nominal parameters:

AS) = Aj + €ij, B,((Z) = Bj + 52']',

where ¢;; and d;; are elementwise Gaussian perturbations with zero mean and variance epe¢. Unless
otherwise stated, ey = 0.01, which corresponds to a relatively strong heterogeneity level since
the smallest inter-system coefficient difference among the nominal cluster models is on the order of
0.04. The process noise variance was fixed to o2 = 0.01. We set Q = I;, and R = I, .

Experimental configurations. In the first three panels (homogeneous, heterogeneous, and misclas-
sification) in Figure 2, we used the above three cluster models and their perturbed systems with
enet = 0.01. The homogeneous case is obtained by setting €yt = 0 for all systems. In the the
misclassification experiment we use the same configuration as the homogeneous case.

For the fourth experiment (adversarial setting), we considered the same system clusters and
heterogeneity level (epet = 0.01) with 20 systems per cluster. Adversarial systems were randomly
selected with corruption ratio pyy, € {0,0.15,0.35} to evaluate robustness.

In the fifth experiment (aggregation rules comparison), the same cluster models were used with
50 systems per cluster, and €,e; = 0.01, and adversarial ratio py,y, = 0.15. Two aggregation rules
were compared: (i) trimmed-mean with rim = ppy,+0.05, and (i) geometric-median aggregation.
Both methods were implemented using the RCST update under identical simulation conditions.

The final experiment corresponds to the shared-representation setting. Here, we used 26 sys-
tems belonging to two clusters (see dataset files A_norep.pkl and B_.norep.pkl). The first 25
systems share a common representation and were treated as belonging to a single cluster, while the
26-th system was constructed to violate this assumption, representing a structurally distinct system.
We ran both Algorithm 1 and the multitask representation learning method from Lee et al. (2025)
(denoted here by RepL) using identical algorithm hyperparameters:

71 =15, kan = 9, xp = 25, Kp = 15, with epe¢ = 0.004.
For both methods, the exploration sequence was geometrically decaying as

ok € {0.663,0.411,0.124,0.037,0.011,0.0034, 0.0010, 0.0010}.

Adversarial implementation. To simulate adversarial systems, each system ¢ is assigned a binary
corruption flag with probability py,y,. Corrupted systems replace their empirical regression statistic
(X Z;, Z Z;) with an adaptive convex combination:

Xz = (1 - B)XZi + B(O,2Z:) +e, (4)
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where ©); is the parameter matrix of an incorrect cluster, 5 € [0, 1] controls the corruption strength
(8 = 0.6), and ¢ is small Gaussian perturbation ensuring numerical non-degeneracy. When py,y, =
0, the algorithm defaults to CST aggregation (simple averaging). When py,, > 0, robust aggregation
uses either a trimmed-mean rule (alpha_trim = pyy, + 0.05) or geometric-median consensus
depending on the flag use_geom_median.

Appendix D. Regret Decomposition

To synthesize our regret bounds, we begin by defining the events Egyccess and Epajlure. These events
characterize the high-probability regimes under which the system trajectories remain bounded and
the clustered system identification produces sufficiently accurate estimates of the dynamics. Each
of the following settings—(i) intra-cluster homogeneity, (ii) intra-cluster heterogeneity, and (iii) ad-
versarial systems—are associated with a distinct estimation event.

Success and failure events. We first introduce the event which ensures that the state and designed
controller norms remain uniformly bounded throughout the epoch length for all epochs:

EMMM::{HMHZSQ%bgTZVtzlw”,T}ﬂ{HKM|§lQ,szlw.whm}. )
We recall that the true and estimated system models are denoted by
o = (A BY), 80 = AV B,

and introduce a the estimation events, each corresponding to one of the three principal cases con-
sidered in this work:

e Case 1: Intra-cluster homogeneity. When all systems within a cluster share identical dynamics,

we denote by 89(53)71 the event which the estimation error admits the following bound:

A a2 Cstaro2 (d2 + dydy,) log(1/6
H@l(ﬂ)_@(*)FS tat T ( ) log(1/4)

2,7 + Chis,1 €xp( — Cmis,QU]%Tk)y (6)

for all epochs k € [kfin], and systems ¢ € [m]. The constants Cgtat, Cmis, 1, Cmis,2 are positive and
universal, and they are defined in Lemma 17, along with their derivations.

e Case 2: Intra-cluster heterogeneity. When systems within a cluster are similar but not identical
k)

with bounded heterogeneity €y, we denote by & ¢

o the event when the estimation error satisfies:

2 < C’Statag}(d% + dxd,)log(1/6)

-

2 2
U%Mka + Cmis,l eXp( - CmiS’QO'ka;) + Chetehet: @)

for all epochs k € [kyin], and systems i € [m]. Here e}, denotes the maximum heterogeneity level
across the systems inside the clusters, quantifying the worst-case intra-cluster deviation from the
nominal dynamics (see Assumption 1).
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e Case 3: Adversarial systems. When clusters contain both heterogeneous and adversarial sys-
tems, we denote by 555373 the event when the estimation error is bounded as follows:

2 < Cstato_ (d +d d )log(l/d)
F aka

-

(m + \2d ) + Chet (1 + V)2l
J
+ C(mis,l eXP(_CmiszU;Qng); (8)

for all epochs k € [ksin|, and all systems ¢ € [M]. The latter case will be elaborated in a subsequent
section, where we integrate the effects of both heterogeneity and adversarial systems into our system
identification guarantees.
The success event in each regime is then defined by
gl)

success *

= Ehound N gcst,ja forj =1,2,3,

and corresponding failure events Sf(al)lure : (5§ﬁ'.lcess) ‘.

Regret decomposition. With these events in place, as in Cassel et al. (2020), the expected regret
for system ¢ € [m] decomposes as follows:

E[Rg)] R()—i—Rg)—{—Rg —TT( *l), where

1 (o) S50 = 1 () X
k=2

t=11+1

@) _

Rgi) =E 2

T1 .
vl
t=1
(€))
with J\* P =S Yo ) denoting the cost for epoch k € [kfin]. The interpretation for each term is

t=Tg
standard:

1. Rgl) quantifies the regret under the success event.
2. Rg) captures the cost contribution under the failure event.
3. Réz) accounts for the one-time exploration cost in the initial epoch.

A key step for synthesizing the regret bounds is to establish that P(Séﬂgcess) >1—T"2ineach

setting 7 = 1, 2, 3 (see Appendix G). This renders the contribution of Rgi) negligible, and ensures

that the dominant terms are Rﬁ” and R:(;)’ which we bound explicitly in terms of noise variance,
heterogeneity, and adversarial contamination.

Appendix E. Auxiliary Results

We now turn to the auxiliary concentration inequalities and matrix norm bounds that play a central
role in analyzing our robust multitask adaptive LQR design. In particular, we invoke the matrix
Hoeffding’s inequality to derive high-probability bounds on the estimation error under sub-Gaussian
noise. We further provide derivations of the error decomposition into variance, misclassification
bias, and heterogeneity-induced components.
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These results are fundamental for establishing the design rationale and theoretical guarantees
of the clustering-based adaptive estimation approach. The proofs are structured around a unified
estimator framework and rely on matrix concentration techniques along with the assumptions on
the data distribution and honest-majority condition for the adversarial setting.

Lemma 11 (Matrix Hoeffding (Tropp, 2011)) Let {X@}?Lzl be independent, random and sym-
metric matrices in R with E[X/] = 0 and almost-sure bounds X 82 = Bt? for fixed symmetric
matrix By = 0. Define 0% := sznzl BgH. Then, for all t > 0,

m 2
P (Amax (Z Xg) > t) < dexp <—8i‘2> . (10)
/=1

0 M

In addition, for general rectangular {M,}}", C R1*% e define X, := [ MT 0
¢

] and
assume each My satisfies E [My] = 0. Then for all t > 0,

T 2
P [Umax (Z Mg) > t] < (dy + da) exp <_87;2> . (11)
t=1

Proof The proof for this lemma is detailed in Tropp (2011). The idea is to apply a Laplace-
2

transform method with the fact that log Eexp(6X,) < % B2 for 6 small enough when X? < B?

and finish with a matrix Chernoff bound plus a trace trick. |

Lemma 12 (Bound on Rgi) from Lee et al. (2023)) Let the SS(,ZC)MS = Ebound N Eest,j for the set-
tings j = 1,2,3. Fix a system i € [m]. Then, the Rgl) as defined in 9 is bounded by:

est,]

Efin . .
R <z< [1E8,) 192 (= mi) [ PO || [ALy B, 149 B3]

t+ (7 = hm1) JO D) + A(m, = 1oy dy | PO 0F 057

+2221og T ya“’u), (12)

where \I’g) = max{1, HB,((Z)H}

Lemma 13 (Bound on R( 2 adapted from Lee et al. (2023)) Fix a system i € [m]. Then, in the
contribution of the failure event to the regret is bounded as:

Rg) <T (HQH+2Kb)xb10gT+T 1]()(K())+24HP Z)H\Il d + d, )U T 210g(3T)

khn
+2772|[P) ol 103 KZaFlog T+ 2(my — i )du 07, (13)
k=1

where Ky, and xy, denote controller and state norm bounds, and O’,% is the variance of the exploration
noise in epoch k.

19



FALLAH* TOSO* ANDERSON

Lemma 14 (Bound on R;(f)

with length T satisfies:

from Lee et al. (2023)) The exploration cost during the first epoch

R < 37 max{d,,d,} HP[(Qi) [R5 (14)
0

We also revisit two additional results from Lee et al. (2023). The first result in Lemma 15
controls the largest norm of the process and exploration noises, w§i) and xgl), respectively, for any
system i € [m], with high probability. The second result in Lemma 16 bounds the norm of the state
and the norm of the solution of the Lyapunov equation P, for a sufficiently large horizon length. In
particular, the bound for the state norm scales with the largest norm of the process and exploration
noise. Later, we see that Lemmas 15 and 16 can be used to demonstrate that if the initial epoch
length is sufficiently large, the state and controller norm boundedness requirement in Algorithm 1

are satisfied.

Lemma 15 (Lee et al. (2023)) Let § € (0, 1). For any system i € [m], it holds that
uf
g

Lemma 16 (Lee et al. (2023)) Consider the discrete LTI system xs+1 = A,ts + Byus + wg with
initial state xg. Suppose that we play this system with the control action us = Kxg + 0,95 where
K is stabilizing and o, < 1, for t time steps. Moreover, suppose that

]

max

T
<4 w x U 1 N
o Jnax < 4o \/(d + dy) log 5

with probability at least 1 — 0.

o |1l < 16 || Py ||*/? ¥ - maxoep<r—1

* Prll < 2[[Px l

. _1
bz 1og(1_1) <4||PKH> +1
Pkl
Then for s = 0,...,t — 1, it holds that

|zs]] < 40 ||PK0H2 W B« max,

Wil
Al

Assumption 4 (Geometric mixing) For any system i € [m], assume the state evolution -input pro-
cess {zt(z)} is a mean-zero stationary [3-mixing process, with stationary covariance ES) and
>0

B(s) < Cgp?, for some Cz > 0and p € (0,1).

In addition, we have

< 16 || Px. ||*/? W s
llz¢]| < 16| Pre, || pe max
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Appendix F. Multitask System Identification

We now turn our attention to characterizing the error bounds for clustered system identification un-
der three different settings: 1) without intra-cluster heterogeneity and without adversarial systems;
2) with intra-cluster heterogeneity but still without adversarial systems; and 3) in the presence of
adversarial systems. For the first two settings, the aggregation function used in Algorithm 1 is a
simple average, whereas for the third, the adversarial setting, we employ a resilient aggregation
scheme as defined in Definition 2. For completeness, we restate here the key lemmas presented in
the main body of this paper.

F.1. System Identification with Intra-cluster Homogeneity

We now characterize the system estimation error in epoch & (of length 7) for clustered system
identification when all systems within a cluster have identical local models.

Lemma 17 (Estimation error under intra-cluster homogeneity) Fix a cluster C; with M; sys-
tems. For each system i € Cj, data generation follow (1). Moreover, suppose Assumption 2 holds.
Then, given a small probability of failure § € (0,1), it holds that

2 _ Cstato2, (d2 + dpdy,) log(1/6)

o _ @(i)
H * F UkM]Tk

+ Chnis,1 €Xp (_Cmis,20']%7-k:) , (15)

for any system © € Cj;, with probability at least 1 — § — exp(—Chnis gaka) where leSQ =
JA2 02 quantifies the decay rate of the misclassification at epoch k, and Cis) =
corresponds is the misclassification constant.

( min
O(A%ax)
Proof For a given epoch k of length 7, each system i € [M] evolves according to the dynamics
in (1). Each system uses its collected dataset D) = {X @) Z()}, consisting of state—input and next-
state trajectories, to estimate its model and identify its cluster membership. Suppose that system 7 is
assigned to cluster ;j, where Cja denotes the set of indices of systems belonging to clusterj' € [Ng].
Each system computes its gradient using its local data and the common model of the cluster to
which it is assigned. The gradients are then transmitted to the server, which performs the following
aggregation step:

;@)
@n+1 |C | Z GZ
ZEC

where G¢(0)) = (X — W z0) Z(OT (7O Z(OT)=1 45 specified in Algorithm 2. We can
further decompose the average over the set of systems assigned to cluster j into two parts: the
average over systems that are correctly identified, i.e., those belonging to C; N Cj., and the average

over systems that are misclassified to cluster 7, i.e., those belonging to cin Cj, where C5 denotes
the complement of C;. That is, we obtain

e =8 + S Gy Z GO,

’ J| £eC;ine; J £eCine;
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where we can write

! QU 1 A6 _
il Z G1(00)) = Cl (X — 80 z(0) z(OT (7() 7(OT -1
J gecjmcj J ZECjﬁC;
= i (@(z)Z(Z) + w® _ @)(i)Z(Z))Z(K)T(Z(Z)Z(z)‘r)_l
=l tec;ne;
J
= i (@&Z)Z(ﬂ) +w® _ @(i)Z(£)> Z(f)T(Z(g)Z(g)T)_l
|C~§’ EGCjﬂCj-
= @ii) _ @)7(11') + L Z W(Z)Z(Z)T(Z(Z)Z(Z)T)q?

| J’ eC;Me;
and the following expression for the average over the misclassified systems:
1 ~ 1
— Z Ge(@g)) - Z (©; — z) + — Z w®z Z)T yAG (Z)T)*l
1651 tecsnc; G5l tecsnc; Gl tecenc;

where ©; denotes the common model that system ¢ would use if it were correctly classified to its
true cluster, which is different from j. Therefore, we obtain

O, =8 +n () —8) + el > WOZOT(ZOZ0T) e S (9,81,
Zec J LeCenC;

statistical error misclassification error

(16)
where we subtract @&i) from both sides to obtain
165 — ePllr < @ =)&) L r + ,c 2 wOzOT(z020T)™
ZEC
F

n (4
s Y (e, -8,

IG5l (50
£eCiNCs F

o Statistical Error: For each system ¢ € C 5 we have trajectory data of length 7, = 74,1 + 73 2 and
)

the block split 7, (size 74,1) and Zs (size 7 2), with 7 1, 7 2 > 1. We recall that zy) = [x@) € R4
Uy

(0)

denotes the state-input vector, and w, ~ € R% is the process noise, independent across ¢ and £, with
zero mean. Define

7 = [zy)

dxrn O _ [ (0 dxy, 0 (70,07 ndxd
I, cR ><7'k17 ZI2 — |:Zt i|t€ZZ cR ><7'k2’ P( — (le ZIl ) cR xa.

] tel
We also define the (decoupled) cross term on the second block

)= 3w OTPO e R N = 3 M
teZo ‘ KEC
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Sample-split independence: By construction (i.e., sample-split in two independent blocks), P(¢)

is independent of { (wy), Zy)) .t € Tp}, and thus E[M ) | P()] = 0. We can see this by fixing a

system £ and a time ¢ € Z,, and by considering the o—field ;1 := ¢ (P(Z), {zg) 15 < t})
Therefore, the sample—split construction, P(Y) depends only on the block Z; and is then inde-

(6)

pendent of the pair (wf@, zge)) from block Z;. In the process—noise model, w, ~ is zero—mean

and it only affects xgi)l (hence Zii)ﬂ’ but is independent of the present regressor z,ge) and of F;_1.
Consequently,

E [wgz) ng)TP(Z) | J"tq} _ (E[wt“) | J-'t71]> Zt(e)TP(g) _o,

where we used that zy)TP( ) is F;_1—-measurable and IE[ ] Fi—1] = 0. Taking expectations
again and summing over ¢ € 7, yields

E [Mw) | p(f)} -3 E [wg%yﬁ P | p(f)} -

tely

Note that conditioning must be on P (or on the past F;_1). If one conditioned on the entire
(0)

future block Zé;, then wy) would correlate with z,”; and the conditional mean need not be zero.
We proceed by writing

P baiEL

J ’ fec tels

We fix a system £, and by the independence from the sample split we have that E[A/() | P(O)] = 0.
In addition, we for each t € 75, we obtain

/ oHT Y4 Y4
1wl 20T PO < |l ]| |1o) PO,

4 0 .
As we assume w§ ) is mean-zero sub-Gaussian with variance 02, and thus z§ ) is mean-zero

sub-Gaussian with covariance 22} = E[ztw)ztww} in the sense that ||(v, zt >||¢ < Cy/ UTZ( )

for all v and some constant C' > 0. Let k(9 := Amax (Zg) ) In particular, by (Wang et al., 2023a,
Lemma 1), we have

¢ ¢ ¢ T
w0 & [ o6l (6) B0 (K)o ]
' 0 o2l
with Gy 2 [ AO-1BO A0=2pO) ... BO ] and K 2 [ 401 A0=2 ... [, ],

for any £ > 1. Then, by standard inequalities for sub-Gaussian vectors, on a high-probability event,
with probability at least 1 — 4,

max||w H2 < Cwow Th2 . By, matz(g)Hg < C,VEO [V + logE = B,.
teT t ) ez, ¢ )
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for some constants C, and C,. Hence, we obtain
0O _(OT
lwf?="" PO < BuB.|IPY),
We can now apply matrix Hoeffding inequality (Lemma 11) to M ©):

0 MO

]’ E[X, | PY) =0, X7 < B2B%|PY|*Lo4,1a,,

Therefore, we have that

t2
P MO\ >¢] < (2dy + dy, -
;602 21| < (2ds + )exp< 802>,
J

where 02 = B2 B? 25605_ HP(Z)HQ. By setting t = /7,01 BB, /25605 |P®)2/81og (%),

we obtain the following expression:

i < VR (S0 st (2 ).

|C51 (ec;

with probability at least 1 — 4.

Controlling || P)||: We now proceed to prove that | P©)] < G2 for some constant Cp, with
0Lk

probability 1 — dp. To prove this bound, we first assume that {zy)}tezl is a strictly stationary,

mean-zero Gaussian process in R? with covariance QU ) {zt(g) zt(é) T} = 071, and geometric
B-mixing, i.e., 5(s) < Cgp® for some Cz > 0 and p € (0, 1) (see (Yu, 1994)).
Let Ei 2= (zi‘;))l/ 2. As we know that {z;}; are Gaussian with covariance 22‘?, we can write

2 = 212y, where {y;}¢ is a stationary Gaussian process in R? with the same 3-mixing rate. Hence,
we can write

21 1/2
S-xf) =%/ <k D w ~ Id) £,/%, and thus [|S-2) < 125
’ t

1
' ZytytT —1q
Th1 4

As {z:}+ are dependent over time ¢, we use a blocking technique to construct “independent
blocks” of data in Z;. Therefore, let us partition Z; into g kept blocks of length m; separated by
gaps of length my. In addition, we denote m = my + ma, ¢ = [73,1/m]. For the kept blocks, we

define the block averages Y ; := mil Y oie B, (yeyd —14). Therefore, there exist i.i.d. copies {?; Y1

with the same marginals such that P{3j : Y; # ?;} < ¢B(mg) < qCpgp™2. This implies that, with
probability at least 1 — gCp™?, the kept blocks behave as independent.

Conditional on the coupling event, we apply an effective-rank covariance deviation bound to
1 ;1-:1 ?;-, where each ?;- is an average of m; i.i.d. variables, where its sub-exponential norm

q
is uniformly bounded, and its second moment has effective rank at most réﬁf) = tr(3) /|2 A
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standard Gaussian covariance concentration (e.g., matrix Bernstein (Vershynin, 2018)) yields, for
all s > 0,

q € ©)
P 12?; > Oy Tog +8 n Tog T U < 9¢%,
QJ_l qmi qmi

As the contribution of discarded intervals of samples dilutes the kept sample size by at most a
factor —"1— we conclude that

mi+mgo’
1
T
Zytyt — Iy
Tk,1

J4 Y4
ccy D 4 1og(2/6) . r8 +10g(2/6)

Tk,1 Tk,1

with probability at least 1 — § — gCgp™2, for some constant Cy .
log(29C5/9) |

[log p|
gm1 X 7j,1. Then the bound above holds with probability at least 1 —  and becomes

By setting mg = [ we have that ¢Cgp™? < §/2, and by taking m; = mg so that

) 4+ 10g(2/5) . r8) 4+ log(2/5)

Tk,1 Tk,1

15— 20| < oy =9

Therefore, by setting 7, 1 > Cy (réﬁf) + log(2/9)) with a large enough Cy-, we have

2 2
<

Tk,l)\min(zg)) B 7’]%10'27

IPO] <

as we know that B > o714, by persistency of excitation, and thus Amin(2) > 0.

Therefore, by using the above bound for || P()||, we guarantee that the statistical error term in
(16) is upper bounded as follows:

1 \/dx\/Tk 10xBwB. C 2d, +d
— wOzOT (70 7(OTY-1| < ’ TNt 1 20z T Cu
‘C ‘ Z ( ) — ‘Cﬂ ‘CJ‘UiTk 8 0og S

J £€C§- P

VdyB,B.Cp 8 2d, + d,
= log ) 17
ok |C3|Tk’1

d

where the extra v/d, term is due to upper bounding the Frobenius norm with the spectral norm.

e Misclassification Error: Now let us control the misclassification error term in (16). For this
purpose, we define the misclassification event for agent ¢ € Cj as follows:

mis

e {31 13- 08,20 > Jx0 -8, ).

where we recall that X(© and Z(®) denote the data matrices corresponding to system ¢, and (:)j/ is

the estimated model for cluster j/ # j. Substituting X ) = 0,7 @ + Ww® where 0; = @i‘), we
obtain

|05~ 8020 + WO > |©; - 8,020 + WO
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Rearranging terms, this event is equivalent to

D= HAJ»,Z@ + W“)H HA]-Z“) + W“)Hi <0,

2
I
where we define A := ©; — (:)j, and A; := 0; — @j as the estimation residuals for the incorrect
and correct cluster models, respectively. We proceed to analyze this term by defining
2 2
Dy = HAJ«/Z(@HF = HAJZWHF and Dy =2t (WO (8 — 2;)2)
where D = D1 + Ds. Then the probability of misclassification probability becomes

IP)(E(Z)

mis

) =P(D < 0)=P(D; < —Ds).

As D is a linear with respect to the assumed Gaussian noise W) matrix, it is sub-Gaussian
with variance bounded as follows:

Var(Ds) < Cp,02E H(Aj/ - Aj)Z(@Hi .

for some sufficiently large constant C'p,. Moreover, by bounding ||A; — Aj||p < 2A.x With the
maximum cluster separation, we have that

w max

2
Var(Ds) < 2Cp,02 A2 E HZWHF.

In addition, we have that || Z (©) ||fP < Oz specTh» Where Cz gpec is a uniform upper bound for the
spectral norm of Z(©). Therefore, we obtain

max

Var(D3) < 2CD2A2 CZSPeCO'?UTk,
To lower bound D, observe that by persistency of excitation, /\min(E[zpzt(i)T]) > a,%, and

Assumption 2, we obtain
min

Dy = mihain (Elzea ) (18717 = 18513) > ofm (A2 — %) -

where g, denotes the statistical error from (17). Therefore, by setting 7, 1 such that

8d,B,B.Cp 2d, + d, A2 8d,B,B.CpAZ, 2d, + d,
271 < — Tg,1 = 5 log s
O—k‘Cj‘Tk,l 1) 2 20’ij 0

which is guaranteed by making the initial epoch length sufficiently large. Therefore, we obtain

2 2
UkaAmin O'k;Tk;Amjn

2 - 2 ’
where the second inequality follows from assuming that the clusters are sufficiently well separated

such that A5, > é By substituting into a Gaussian tail bound yields the following misclassifica-
tion probability:

D? giAZ.
BED) < exp [~ 21 < exp (- £Aumin — exp (~Coolmy)
(Emis) S e { =57 | S exp | —Thga CrapecA2 02 ) = P (=Caoiem)

Dy >
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. A2 ) ) . .
with Cy = e Cz,s:;:‘A?ﬂ 7 Therefore, the misclassification rate is bounded by
|ICsNCs
J J 2
————— < exp(—Ca0}7%),
1G5

which implies that

1 ~(; T

o7 2 (0;-8)| < Anacep (~Caot) (18)
J ZECJCﬂCj. F

Combining the high-probability bound on the statistical error (17) with the misclassification

error (18), we obtain the following error bound at iteration n:

-
+ nAmax exp <_C2Ek>

NCstat 0w/ (A2 + dydy,) log(1/0)

O 4 /Mj-Tk,l

= (1-n))6Y -V F+

+ nijSJ eXp (_Cmis,Zo-lg-Tk) )

where Cgtot depends on C,, log(7y), C., k0, Cp,and log(d). In addition, for clarity in our bounds,
Wwe use C'mis,l = Amax and CmiS,Q = %
To conclude the proof we unroll the above expression over N iterations and write

Cstataw \/(dg + dmdu) log(l/é)

Ok 4 /MkaJ

with p = 1 — 1. The proof is complete by setting N > log (CaAmin?) /log(1/p), and noting
that for a sufficiently large initial epoch length, M3 ~ M, which guarantees that the systems are
correctly classified and the error bound decays with the true total number of systems inside the
cluster. Finally, we also note that 7, ; = O(7). In addition, we omit the contraction term of order
o1/ 7',?) by setting the total number of iterations /V as before, since this term becomes negligible
in the subsequent regret analysis. |

189 — 0| < pMIBf — 0| r + + Chis 1 €XP (—Chnis 20275

F.2. System Identification with Intra-cluster Heterogeneity

We now turn our attention to the setting in which the systems within each cluster are similar but not
identical, exhibiting bounded heterogeneity characterized by €pey.

Proposition 18 (Estimation error under intra-cluster heterogeneity) Fix a cluster C; with M;
systems. For each system i € Cj, data generation follow (1). Suppose Assumption 2 holds and
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that the intra-cluster heterogeneity is bounded by eyoi. Then, given a small probability of failure
d € (0,1), it holds that

2 < Cstato'?y(dg + d:r:du)
F azMka

+ Chet€het + Cmis,1 €XP (—Chnis 20775 » (19)

for any system i € C;, with probability at least 1 — 6 — eXp(—CmiSQO'I%Tk).

Proof The proof for this lemma follows from using the of Lemma 17 and writing

O =00+ 3 GO+ Y Gue),
7t tec;ne; 7t eecsne;

where we can write for the statistical error term

1 ~ G 1 o
AT Z G|(© Z)) = 1A Z (X(E) — @(l)Z(@)Z(f)—r(z(f)z(ﬁ)'r)—l

1% tec;ne; 1G5l tec;ne;

= CL ((@&i) +ol_ @g)> 7O L w _ @(z‘)Z(e)) ZOT (70 7(OT)=1
| J'| eC;ne;
= % (@,(f)Z(f) +Ww® — @(i)Z(Z)> Z(E)T(Z(Z)Z“)T)—l
=l tec;ne;
+ i (@)(f) @(1))7
;]
J éGCjﬂCﬁ-

System heterogeneity

where we note the presence of the system heterogeneity term which is further upper bounded using
the bounded heterogeneity condition in (2). The remaining of the proof follows exactly as in Lemma
17, where the bounds for the statistical error (17) and misclassification error (18) are leveraged to
obtain the error bound presented in (19). |

F.3. Adversarially Robust System Identification

We now focus on the setting where adversarial systems may be present within the cluster of interest.
To mitigate their effect in the multitask system identification process, we adopt an aggregation
scheme that is (f, \)-resilient, as defined in Definition 2.

Lemma 19 (Estimation error under (f;, \)-resilient aggregation) Fix a cluster C; with M; sys-
tems, among which at most f; < M;/2 are adversarial and m; = M; — f; are honest. For
each honest system i € Cj;, data generation follow (1). Suppose that the aggregation function

F({o@m},,

Moreover, suppose Assumption 2 holds. Then, given a small probability § € (0, 1), it holds that

Cirat02 (d2 + dydy,) log(1/5) (

> is (f, \)-resilient and that the intra-cluster heterogeneity is bounded by €y.

1oy — ez <

2
01Tk

1
—+ A%) + Chet (1 4+ N)2€d,
J

28



ADVERSARIALLY ROBUST MULTITASK ADAPTIVE CONTROL

+ Cmis,l eXp(_Cmis,QU]%Tk)a (20)
for any system i € C;, with probability at least 1 — § — exp(—Chnis 202 7k)-

Proof We begin the proof by recalling that, during epoch k& (of length 73,), each system i € [M] uses
its collected dataset D) = {X () 7} to perform model identification through clustered system
identification. As described in Algorlthm 2, the state—input data are utilized both for estimating the
cluster identity and for learning the model parameters. In the latter step, in particular, we store the
gradient preconditioned by the inverse of the empirical state—input covariance matrix:

Gg(é(i)) —(x® - @(i)Z(f))Z(Z)T(Z(K)Z(E)T)—l

of each system that has the same cluster identity as the ¢ system. The model parameter os system ¢
is then updated as follows:

@f;ll =01 4 nF(G(OW),...,Gi(BD), ..., G,(8)Y), 21)

where C ={{,...,1,...,s} is the set of indices of all systems that belong to the identified cluster

j of system i € [M]. From (21) we can write

]
5% 5 5 50 _a
6, =6 4y (G +F ({Gg(@n )}%) G)

—omyy oMy + o) F o) —G
Gn + ETR Z Gl(@n ) + |IHA Z ﬁGl(@n )‘H]( <{Gf(@n )}€603> G>7

J
~~ resilient aggregation error
Correct classified honest systems Misclassified honest systems
where G = |”H | Zze% Gl(@( )) denotes the average of honest system’s gradient updates. In

addition,

;N 7-[ denote the number of honest systems that are correct classified

to cluster j and misclassiﬁed to cluster 7, respectively. Here, 5 denotes the complement of the set
of honest systems in cluster j € [IN.]. We proceed our analysis, by controlling the estimation error
in the correct classified honest systems. For this purpose, let us define S; = misclassified honest
systems term + resilient aggregation error term, and write the following:

(:)Sil =0\ + =/ Z G0 + 5

1#; leH;NH;

—60 Y (xO- 80 20) 70T (20 707y 4 g,
| 5”66%ij;

—60+ L Y (0020 1 WO _ 8070707 (70 707y g,

"
(EH;MH;

_o0 ol + 60— 0) 20 + WO~ 80 20) 70T (20 207)71 15,

|H5lﬁe%,m—z
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=0 +n (6 -8() + ﬁ > (e -6l)
LeH; ﬁ?—[

System heterogeneity

Ui 0 7 (OT (7(0) 7(0)T—1
—l-? Z W()Z()(Z()Z()) + 5.

We now proceed to control .S1. To do so, let us first denote by S5 the resilient aggregation error
term, and write the following:

-y 5 aees
EHGNH

HL Z W — 80z zOT (20 2Oy 4+ 5,
EHGNH

- P S WOz (00T 4,

HJ|£€HCHH ’ 3|£€H§H’H3.

Misclassification error

where ©; denotes the common model that system ¢ would use if it were correctly classified to its
true cluster, which is different from 5. Therefore, we obtain

6\, =6 +n (6l - @@) Z(@“

Z w O z( f)T(Z(f)Z(E) )1 +5’2
leH;

o) 4+ ME Ol o 5w
)+ (0 =8)

\H\

where we can subtract @,(f) from both sides to write

. o . , , HE N H-| ey
) _ oW _ 356 _ g 0 _ 3 o) MOl o a0
T +"<@* H)+ e;;( o)+ T (@ -6
> wOzOT(zOzOT1 4 s,
|’HJ‘EEH

which implies

~(; i ~ i 77\7‘[6 NH | i
188, — 00 r < (1 =1 189 — 0|5 + nepes + T||@ 6|
misclassification error (18)
Z WO ZzOT(ZzOZzOT) | p+8,. (22)
ZE?—[

statistical error bound (17)

30



ADVERSARIALLY ROBUST MULTITASK ADAPTIVE CONTROL

As discussed previously in the proof of Lemma 17, we have that

ncstataw \/(d% + dxdu) 1Og(1/5)

Z WO ZOT(ZO Z2OT) Y p < , (@3
ee% Tk/ TV

77|7'[§ ‘ 2

W H@ - @ ||F < ncmls 1 eXp( Cmis,ZO-ka)- (24)
J

We now proceed to control the resilient aggregation error. For this purpose, we will use Defini-
tion 2 to write

<nl||F o) ye.
Isale <o P ({c®9)},, ) -6

where the dimensionality factor v/d,, is due to upper bounding the Frobenius norm with the spectral
norm of the corresponding matrix. We then proceed by examining the sets of system indices that
are correctly and incorrectly assigned to cluster j.

Go(OF) - G,(61)| )

<17)\\/d> max HG —G,,(@@)HF.

H + max
F s,pe?{; ﬂ?—[;

|S2]|F < nAVdg ( max

s,pG’H; ﬂHj
where we note that

HGS(@S:)) — Gp((:)ﬁf))HF < H@&S) — @ip)HF + HW(S)Z(S)T(Z(S)Z(S)T)_IHF

+ HW(p)Z(p)T(Z(p)Z(P)T)*lH

F
2y Cotar 0w/ (2 + dpdy,) log(1/6
Sehet+ \/>z stat \ék\/ﬁ T u) g( / ) (25)

It is worth noting that the first term corresponds to the intra-cluster system heterogeneity. This
term arises in the adversarial aggregation error, as the server cannot distinguish between devia-
tions caused by adversarial attacks and those due to natural heterogeneity. It reflects a fundamental
limit of adversarially robust learning under heterogeneous systems, consistent with the lower bound
established in Karimireddy et al. (2020) for the Byzantine federated learning setting.

Therefore, by plugging (25) into (22), we obtain

185, — 09k < (1 =) 18 — 0| + n(1 + 2X)ener + 7Chmis,1 exD(—Cruis 20575)
N nCStataw\/ (d2 + d,dy,)log(1/0) N AnA/dyCstar o/ (d2 + dpdy,) log(1/0)
Ok /TRTTT; Ok\/Tk '

Therefore, by unrolling the above expression over IV iterations we obtain

189 — 091 < pN[BY) — OD[| 5 + (1 + 20 )ehet + Conis 1 €XP(—Cmis 20275
Cstata—w\/(d;% + dajdu) log(l/é) + /\\/@Cstataw\/(db% + dxdu> 10g(1/5>
Ok /TR Oin/Th '
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with p = 1 — 7. Note that any additional constant factors are absorbed by Cstat, Cnis,;1 and Chnis 2.
Moreover, we can set the total number of iterations as N > log (CoAmin7) /log(1/p), since the
initial model estimate is as in Assumption 2. Therefore, the contraction term is of order O(1/77)
and becomes negligible in the subsequent regret analysis. We then obtain the following estimation
error bound:

o~ . 2 (32
169 — 03 < Gomiulls * dodu) log(1/0) (1 " m)

2 .
0Tk m;

+ C’het(l + >\)26}216t + CVmis,l exp(_cmis,QO']%Tk’)v

for some universal constant Cyo;. We complete the proof by noting that the misclassification rate
decays exponentially with the epoch length. By choosing a sufficiently large initial epoch length
70, and doubling the epoch length for subsequent epochs, we ensure that the misclassification rate
becomes negligible, guaranteeing that the systems are correctly classified. Consequently, we have
j ~ 4, and therefore ms & mj. [ |

Appendix G. Characterizing the Probability of the Success Event

We now demonstrate that the success event holds with high probability, that is, the event in which
Algorithm 1 does not abort and the estimation error bounds for Cases 1, 2, and 3 hold, as given in
(6), (7), and (8), respectively. Below, we establish the probability of success for Case 1 and note
that the proof can be readily extended to Cases 2 and 3 by incorporating the additional heterogeneity
bias and adversarial-aware terms that appear in those settings.

Lemma 20 Running Algorithm I with the arguments defined in Lemma 17, the event gs(i{():cess; for
j = 1,2, 3 holds with probability at least 1 — T 2.

Proof We show that the success event Ss(ulc)cess holds with probability at least 1 — T2 by induction.
In particular, we prove that for every epoch k € [kgy], Algorithm 1 does not abort and the estimation
error remains bounded as specified in £e,1. The base case corresponds to the first epoch.
Base case: For convenience we assume that a;éz) = 0, for all systems i € [M]>.Note that we can
use Lemma 15 to obtain

wf?

e

with probability 1 — %T‘Q, for all systems 7 € [M]. As our initial state is zero, we can guarantee

that '
w;”
g

< 40\/3(dy + du) log(2MT), (26)

max
0<t<T-1

)

(h)H <1 P\/ 3/2‘1J\/
H‘Tl <16(F) BogrtngaTX—l

3 This proof can also be extended to bounded non-zero initial states.
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where Py’ £ max;e(y] HPI(Q’) . P} £ miney ‘ PY||, and Y, £ max;e(u \Ilg). Therefore, by
0
. _— . clog pr .
setting the initial epoch length according to 7, > ﬁ, for a sufficiently large constant c, we
og —F*(

can use Lemma 16 to obtain

< 40(Py)*¥T), max

0<t<T—1 VE=A{0,1,..., 711}, 27

g

< 76800( Py ) (¥%)%02 (dy + dy)log(2MT), Vt=1{0,1,...,71}

where we use (26) to obtain

=]

with probability 1 — %T ~2, for all systems i € [M], which implies that ny) H2 < a:% log T" which
satisfies the state norm requirement to not abort as described in Algorithm 1. On the other hand, to
verify that the controller norm requirement is satisfied we note that || K| (()i) |2 < Py < 2Py, which
leads to ||K(gi) || < K. Therefore, we have that Eyoung holds with probability 1 — 372,

We now proceed to control the estimation error at the first epoch. Note that by making 7|
sufficiently large such that 7; > c(1+4log(47°2)), for a sufficiently large constant ¢, we can guarantee
the following upper bound for the model estimation:

H { A A(z’)} _ { A0 By)} Hi < Chtat02 (d2 + dpd,,) log(212) Cunto 5 (—Crnis 20°71)

B
1 U%Mjn

for any system ¢ € Cj as discussed in Lemma 17. Our induction step follows by considering the
following inductive hypothesis:

wf?

g

Bounded state: } x%) < 16(PY)*2wY [ Jnax , (28)

and

Estimation error:

I[49 82 - [a9 89| < Cstatamdia-gﬂjjf:)1og<zT2>

+ CYmis,l exXp (_Cmis,QU]%Tk) s
(29)

where we demonstrate that the estimation error holds for the next epoch k + 1 by balancing the

exploration and exploitation as 7,07 > %Tk+10’1% 41+ In addition, we guarantee that the state and

controller norm bounds are not violated by combining the fact that HP};) H < 2(Py) and 73, >
kE+1

clog = X . .
L ) , for a sufficiently large constant ¢, along with Lemma 16 to obtain

= log (1— ﬁ
uf
g
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which guarantees that the state norm requirement is satisfied. For the controller norm, we have that

&L < |r

epoch k the bounded state and controller norm requirements hold with probability 1 — lT , then
for epoch k + 1 also holds with at least the same probability. Then, by union bounding for all the
epochs, we have that Egyccess holds under probability of at least 1 — T2, |

v, and thus HK ) H < K. We conclude the proof by noting that for

Appendix H. Regret Analysis

With the estimation error bounds and the probability of the success event in place, we are now
ready to synthesize the regret bounds for the three settings under consideration: (i) no intra-cluster
heterogeneity, (ii) intra-cluster heterogeneity, and (iii) the presence of adversarial systems. In this
section, we leverage the adapted regret bounds from Lee et al. (2023), revisited in Lemmas 12,
13, and 14, and derive conditions on the exploration sequence {0y} and the epoch length 74 (i.e.,
exploitation phase) that ensure a reduction of the leading term in the regret proportional to the
number of honest systems participating in the collaboration. For completeness, we restate here the
key theorems presented in the main body of the paper.

H.1. Regret with Intra-cluster Homogeneity

We begin with the setting in which the models within each cluster C;, for any j € [N.], are identical,
and each cluster contains M; models.

Theorem 21 (Intra-cluster homogeneity) Fix a system i € [M] that belongs to a homogeneous
cluster C; of size M;. Let the assumptions of Algorithm (2) hold. Suppose the exploration sequence

; 2 _ Vdids _ ok-1 ; _
satisfies oy, = @+ dodu)n /0 and the epoch length doubles, i.e., 7, = 2% 11 with T = 7, .
Then the expected regret of system i satisfies
d2d,T

E[RY] <o ST

C’rnis
+ Qg(log T) + Q3T exp (—M> , 3D

\/ﬁj
where
Q = 1425, ac || PV |02 og(1/8) + 2d, + 4y, | P | W),
O =3 max{dy, d | Pt [ W57 + 208 | P

Q3 = 142C,;, 1|75,

All constants above are as defined in the lemmas referenced in the proof.
Proof By Lemma 12, Lemma 13, Lemma 14, and the regret decomposition in (9), we have

. kfin ~(i ; ;
E[RY] < (E[”ge(fﬁ”) 142 (7 = ) 1P| AL, BEY) — (A2 B
k=2

+ (1 — 7o) JOED) + A7y — 7p21) du || P 02092 4 222 10g T || P ||>
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‘1(HQH + 2K§)x§ log T 4+ T~ J(Ky)
+24HP H\If *(dy + dy) 02T 210g(3T) + 2T~ 2||P 1)\|||e HFKbxblogT

kﬁn
+ 37 2(m, — 1)dy oF + 37 max{dy, dy }|| P! mnqﬂ — TJ(KY).
k=1

In the homogeneous case and by (6), for each epoch k > 2,

btatg d d dy) lo )
[ 5(k1 H H] w(d3 + dedy)log(1/9)

est,1 2
O—kflMJkal

2
+ Crnis,1 €Xp (_Cmis,2 Ok—1 Tk:—l) .

Substituting this bound yields

kﬁn :
7 7 Cs atO d +d d 10g 1 6
E[Rg“)] < Z <142(Tk - Tk‘*l)HP’E )H8< - (Uk 1 My, )1 -
k=2 B )

+ Conios 50 (~Cinis2 0F174-1) ) + (71 = 7o) JOK) + 47k = 1) | P o W2
+ 222 log T HP@H) +T7H|Q| + 2K3) i log T + T J® (Kéi))

+ 24|70 W5 (Ao + du) 08T 10g(3T) + 272 [P, 104" - K 2 log T
0

kﬁn
+ 22 Tk — Th_1)dy 0% + 37 max{d,, du}HP e ||\Il(l( . Tj(z)( K,).
k=1
2 dide _ ok—1 .
Assume 0. = (@t dada) /720, and 7, = 217y, Since we double the epoch length over the

epochs, i.e., 75, increasing, we have that e~ Cmis.2v7k < ¢~ Cmis2v71 Using these conditions, we
obtain

ktin

, 2 \/d2d, log(1/6) Cmis,2y/T1
E[RY] < <142( 7 — )| PO (ST Dule + Chnis,1 exp | ——2—
Rl kZQ ( VM7 VM,

+ (= me )OI + 4 = 7 )/ Bl | P + 20 log 7| P ‘)

()2

B
M

+TV(|QI + 2K2) a2 log T + T~ 7O (k)
+24||P l()H‘I/ 1)2((1 +d )o’ T 210g(3T)+2T 2||P l()HH@ ||FKbxblogT

kfin

+22 T — Thet1)du/ @2 +3Tlmax{dz,d HIPY mH\P“ —TJO(KD).
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Note that Zk % (T — Th—1) = Thg, — 71 =1 — 71 and Zk 1 = kgn — 1 < log T. Moreover,
a standard estimate for the doubling epoch length gives

STl <o(VT - ) < VT

k=2

By using these facts and separating terms, we obtain

E[RY] < 142 PO | Cutaro? v/ @2

+ 2dy/d2d, Z

kﬁn

L 2a2| P (g T) 1

Z v k=2

kg
Crnis,2 7‘1) -

(Th — Th—1)
“L(|Ql + 2K2)a21og T + T~ 1@ (K1)
+ 24| PO P+ d,) 3T 210g(3T) + 272 P, 108 [} Ko log T
0

Ktin
log(1/0) kz \/7 \/W

+ 4dy\/d2d, | PO o)

+ 142||P || Chis,1 €XP <

+ (T =) JD(KD) = TI(KD) + 37 max{d,, du}HP;;(i) [K7%
0

Therefore, since (T'—71)J(K*) =T J(K*) = —7 J(K*) < 0, we may drop this (non-positive)

term. By applying >, (7% — 7k—1)/\/Tk < 2T, Zkﬁ“ 1 < logT, and Zk (T = Th—1) =
T — 11 < T, we obtain

T

E[RY] < (142;]13@ 1BCutac02 (42 + dydy) log(1/8)0? + 2dy, + 4dy|| P || 2 ) i

+ (3 max{dy, dy }|| P || V%, + 2x§]\P*i)H>(logT)2
i Cmis
4142 || PO |BClpis 1 exp | — 22V
9 Mj

which is precisely the claimed bound with the stated 21, €25,and Q3 We also emphasize that
by choosing the initial epoch length as 71 > M log(Chyis, 112)/C? Sis, 2> SO that T e~ Cmis 271 g
negligible (i.e., O(1)) and the T~! and T2 terms vanish as T' grows. Absorbing the remaining
11-dependent constant into the (log 7')? term yields (31) without the misclassification term. |

H.2. Regret with Intra-cluster Heterogeneity

Next, we consider the setting where the models within the cluster C; are similar but not identical,
with bounded heterogeneity quantified by et (see Assumption 1).

Corollary 22 (Intra-cluster heterogeneity) Fix a system i that belongs to a heterogeneous cluster
Cj of size M. Let the assumptions of Algorithm (2) hold. Suppose the exploration sequence satisfies
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o2 — V dids
k™ (@24 dadu)/TM;

expected regret of system 1 satisfies

and the epoch length doubles, i.e., 7, = 2"~ 'my with T = Tke,- Then the

i d2d,T
E[R’(T)] S Ql UT + QQ (log T>2 -+ QgT exp <_

R

Cmi T
mis,2 1) + Q4T6}21et’ (32)
J
with additional constant Q4 = 142ChetHP*i) 8.

Proof The proof follows directly from the derivations established in Theorem 21. We recall that
the expected regret can be decomposed as follows

E[R%’]éZ(E[l(&EM)) 142 (7 — 7 0) | POIF || (A, B ] - (49 B3]
k=2

+ (i = 71) TR + Al = mi1) du || 0 W2 + 203 log T \\Pﬁ>||>

+TL(|Q] + 2K2)a2log T + T~ (k)
+24||P ’()H\IJ 1)2(d +d, )O’ T 210g(3T)+2T 2||P z()HH@ ||FKbxblogT

kﬁn .
+ 327, — To1)duo} + 311 max{dy, d, }up Z)qu — IO (KD).
k=1

We note that in the heterogeneous setting, the only additional contribution arises from the devi-
ation between the true system parameters within each cluster (i.e., intra-cluster heterogeneity). This
effect appears in the first term through the heterogeneity bound, which introduces an additional bias
term proportional to eﬁet. Consequently, the regret bound becomes

) d2d T Cmis 2 7—1
E[RY] < Q) 2522 4 Qy (log T)? + Q3T exp | — 22V
[ T ] Mj \/ﬁj

kﬁn .
+ 37142 (1 — 7o) [|PE[[¥ Chet e
k=2

By evaluating the summation over epochs and applying the doubling schedule 75, = 2~ 17|, we
obtain the final bound

i d2d C'mis 7
B[R] < Quy[ =5 + Q2 (logT)* + Q5T exp (—2> + 142 || P Cher Tk

J \/Mj

which completes the proof. |
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H.3. Regret with Adversarial Systems

We now consider the setting where a given cluster C; consists of f; adversarial systems and m; =
M; — f; honest systems. The effect of the adversarial systems on the regret bounds manifests
through the resilient coefficient A of the underlying resilient aggregation rule (see Definition 2).
Well-known resilient aggregation rules such as the coordinate-wise trimmed mean (CWTM) and the
mean-around-median (MeaMed) typically exhibit a resilient coefficient on the order of O(f;/m;).
We refer the reader to Farhadkhani et al. (2022) for more details on such resilient aggregators. In
Section E, we further illustrate our adversarially robust adaptive control approach using GM, whose
m;
Vv M;=2f; M;

respect to the number of honest systems within each cluster may be attenuated.

resilience coefficient scales as O 1 + . In this case, the improvement in regret with

Theorem 23 (Adversarial and intra-cluster heterogeneity) Consider a system i belonging to a
heterogeneous cluster C; of size M; that may contain a fraction of adversarial systems. Let
the assumptions of Algorithm (2) hold. Suppose that the exploration sequence satisfies a,% =

V2d:  [TiX2dym; . .  ok—1 .
Bidydy \ T m, and that the epoch length is double every epoch, i.e., T, = 27711, with total
horizon T' = Ty, . Then, the expected regret of system i satisfies

i (iQCLEjﬂ 1 ‘A2(i$ s 1 4X2(iz
E[RY] < Ql\/ udeT(1 1 A%dsm,) + Qo(log T)? + Q3T exp <_cmi&2 +mﬂl)

m; m;

+ QUT(1+ N)éd,.
Proof We begin the proof by rewriting the regret decomposition as follows:

' Uil ; ~i) 5 i) i
E[RY] <) (E[uséf;;)) 142 (r = me0) [P || 1AL, B ] - (4 BOY |17
k=2

+ (1 = 7he) JOED) + 47 — 721)du| PP |02 U 4 222 10g T P |y>

el + QKI?):U% logT+T—1J(i)( (i))
0

kﬁn
+32(n, — i) da U,C+37-1max{dx,du}HP(Z(>H\I’(l —TJO(K),
k=1

where for the adversarial setting we have
‘ i) stat0 2 (d2 + dpdy,) log(1/68
[ esligl) H [Aﬁ)Bi)}HHS tat ( . u) g(/)< )\2d>
Ok_1Tk—1 m;

+ C’het(l + )‘)QE%et + Cmis,l exp(_cmis,20']%717-k—1)-

Applying this bound in the regret bound yields

kﬁn
Gtat0 2 (A2 + dydy,) log(1/8) (1
E[RY <Z<142 e — 1) || P H( e T 5 ) g(/)<m+)\2dm>
k=2 Ok_1Tk—1 J
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+ Chet (1 + A)* 6o + Crmis 1 eXp(—Cmis,sz;%ﬁkz—l)))

(7 = Th1) J(K®) + 4, — 1) da ||| 0F 032 + 203 log T ||P£“||>

1QN + 2Kz log T+ T~ J(Ko)
+ 24| P, | 93%(dy + d) o3 T2 og(3T) + 272 P m||||@ |2 KZa31og T
0

kﬁn . . . .
+ 3727, — To1)du 07 + 371 max{dy, du}HPI((’gi) ||\pg>£i>2 _ IO (KD).
k=1

Vd2ide [1+X2d,m; .
Therefore by setting the exploration sequence as ak = Pidods Tom, > We obtain

kﬁn
i Cstat o, \/de log(1/9)
E[R}] sZ(mm—m [P (FETe S0/ [ L e,
k=2 - m;
14+ N2d,m;
+ thet(1 + A)Zeiet + Cmis,l €Xp <_Cmis,2 ‘meﬂl> ))
J

+ (7 — 7o) JDED) + A — 7 1) du/ B2 | P /7% s w2 )
J

+ 202 10g T PP + T 1(|Q)| + 2K2)a?log T + T~ TO (K ()
+24||P1m||\1v“2<d +dy) 02T > log(3T) + 2T 2||P%||u@< 3. K223 log T

kﬁn
1+ A2, -
+ 3 2k — 1)/ By | g maxc{d,, d}|| P (”H\IJ( — 10Ky,
k=1 Th—111j

and by using the fact that kg, =< log T and Zzﬁnz T’j/ll < 2(\/T — ﬁ) < 2V/T, we obtain

E[RY] < (142||P£") 18 Car2 log(1/8) + 2dy, + 4dy || P ||q,g>2)\/

m;
+ (3max{dy, du }| P, |1 89% + 222 P || ) (log T)?
xy Qu K(()i) B bl g

; 14+ A\2d,m;

+ 142”P£Z) HSCmis,l €Xp <_Cmis,2 rol) T
m;
+ 142) PO B Chet (1 + )22, T
which completes the proof. |
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