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Abstract

In the present paper we study the performance of linear denoisers for noisy data of the form
x 4 z, where x € R? is the desired data with zero mean and unknown covariance ¥, and z ~
N(0,X,) is additive noise. Since the covariance X is not known, the standard Wiener filter cannot
be employed for denoising. Instead we assume we are given samples X1, ...,%, € R? from the
true distribution. A standard approach would then be to estimate 3 from the samples and use it to
construct an “empirical” Wiener filter. However, in this paper, motivated by the denoising step in
diffusion models, we take a different approach whereby we train a linear denoiser W from the data
itself. In particular, we synthetically construct noisy samples X; of the data by injecting the samples

with Gaussian noise with covariance ¥; # X, and find the best W that approximates WxX; ~ x;

in a least-squares sense. In the proportional regime 4 — x > 1 we use the Convex Gaussian

Min-Max Theorem (CGMT) to analytically find the closed form expression for the generalization
error of the denoiser obtained from this process. Using this expression one can optimize over 3 to
find the best possible denoiser. Our numerical simulations show that our denoiser outperforms the
“empirical” Wiener filter in many scenarios and approaches the optimal Wiener filter as Kk — oo.
Keywords: Denoising, Linear Denoisers, Linear Filters, Convex Gaussian Min-Max Theorem,
Gaussian Comparison Inequalities, Proportional Regime, Wiener Filter

1. Introduction and Related Works

Data denoising is a fundamental problem arising in many areas of data science, signal processing,
control theory, and machine learning. Denoisers have been successfully applied to signal processing
(Kailath et al., 2000), image processing (Hirakawa and Parks, 2006; Zhang et al., 2017; Zamir et al.,
2022) and generative Al (Song et al.; Song and Ermon, 2019) .

Arguably the most widely known denoiser, the Wiener Filter (Wiener, 1964; Kolmogorov,
1941), dates back to the 1940s. However, constructing such filter in practice requires precise knowl-
edge of the covariance of the data x € R?. Noting that reliable estimation of the second-order
statistics requires access to plethora of samples, other works, such as Hirakawa and Parks (2006),
attempt to circumvent such need by learning denoisers directly from data.

To provide a pertinent and opportune motivation, denoisers are used as central building blocks
in modern diffusion models (Song et al.; Song and Ermon, 2019). In the context of diffusion,
the denoiser Dy : R? — R? is a neural network parametrized by its weights & € R, such
as UNet (Ho et al., 2020) or Diffusion Transformer (DiT) (Peebles and Xie, 2023). Simplifying
and omitting certain technical details for ease of explanation, one can illustrate the core idea of
denoising diffusion models as follows. Suppose we trained the denoiser Dg to learn a “good quality”
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approximation Dg(x; + z;) ~ x; where z; ~ N(0, 021,) is artificially injected noise such that the
signal to noise ratio (SNR) is very low, i.e.

dog ~ ||zi|* > |[xi|3 Q)

Then, under (1), it would be reasonable to attempt generating new samples by dropping dependence
of the denoiser on x as x ~ Dg(z) where z ~ N(0, 021,).

Motivated by classical works on learning denoisers as well as more recent works on diffusion,
we would like to initiate a systematic study of the performances of denoisers. As a starting point, we
propose to study linear denoisers trained via the least squares objective. If the number of samples
n and the dimensionality of data d satisfy n >> d, it is known that the least squares solution will
converge to the Wiener Filter, whose performance has been studied extensively in the literature. As
such, to make the problem interesting, we assume that n is proportional to d.

In the proportional regime n, the number of samples, and d, the number of features, grow
together such that § — x. This is different from classical works in statistics and control theory,
where, usually, d is fixed and n — co. Arguably, the main technical difference between the two
is that one can reliably estimate the covariance of the data reliably when n > d2, but, generally
speaking, cannot do so if n = 0(d). The latter in particular means that the Wiener Filter cannot be
recovered precisely in the proportional regime, as it is defined based on the covariance of the data.

Understanding the precise asymptotics of various statistical inference problems in the propor-
tional regime has been the subject of study of many works in the past decade (Thrampoulidis et al.,
2018; Mallory et al., 2025; Hastie et al., 2022; Li, 2025; Wang et al., 2025; Huang, 2025; Loureiro
etal., 2021; Deng et al., 2022; Akhtiamov et al., 2024; Ghane et al., 2025; Akhtiamov et al., 2025b;
Ghane et al., 2024). Analyzing the performances of learning algorithms in the proportional regime
requires a different toolbox from classical statistical work, the main two of which have proven to
be the Approximate Message Passing (AMP) (Donoho et al., 2009) and the Convex Gaussian Min-
Max (CGMT) (Thrampoulidis et al., 2014) frameworks. For the purposes of the present work, we
employ the latter (CGMT) approach.

2. Problem Setting and Preliminaries

We use bold font for vectors and matrices and normal font for scalars in this exposition. Consider
the following data denoising problem:

minimize the following generalization error objective:

E(W) = EZNN(O,EZ)EXNN(O,E) HWT(X +z) — XH%

Given n i.i.d data points sampled from the normal distribution x ~ A(0, X) with an unknown
covariance 3 € R?*? and a noise distribution z ~ N (0, 3,) with a known covariance 3, € R4*¢,
design a linear denoiser W € R%*, that takes noisy data of the form X = x + z as input and
“suppresses the noise” and outputs WX =~ x as accurately as possible. More formally, W should

Note that (2) can be simplified as:

E(W) = EE|(WT —Dx + Wz| = Tr (W —DZ(W' - D7) + Tr (WIS, W) (3)
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Minimizing (3) over W directly leads to
W=(Z+3%,)'s 4)

The denoiser (4) is known as the Wiener Filter in the literature. By construction, (4) achieves
the optimal generalization error among all linear denoisers. However, finding (4) requires precise
knowledge of 3. Recovering ¥ from data with good accuracy might not be feasible when n and d
are proportional to each other, unlike the classical case n > d. As such, one natural approach to the
denoising problem would be to take the empirical Wiener Filter

w=(S+3,) S 5)

Where the empirical covariance 3 is defined as follows via the sample data matrix
XT = (X1 D, CHI X”) € R" with X € R? being the rows generated independently:

. 1 1,17
2:n_1XT<In—"n”)X (6)

Naturally, the quality of the denoiser (5) depends on the quality of approximation of the true covari-
ance X by the empirical covariance (6). The latter does not have to be good in general, as ¥ € R?*¢
has ©(d?) degrees of freedom and (6) attempts to estimate X from n = ©(d) samples. As such, we
would like to consider an alternative approach to minimizing (2) as well. The approach we propose
is outlined below and is based on learning W directly from data, but the main technicality lies in
how the training data should be generated from X.

We divide the training data X into NV batches X; € R™*¢ . X, € R™*? In other words,
X; € Rmxd Xy € R'W*4 gre defined via X7 = (X{ X7 ... X%). Using X} to
denote the ith row of Xy, note that the data points X¢ and Xf; are independent whenever (i,t) #
(', ') and each row satisfies

Xi~N(0,E)fort=1,...,Nandi=1,...,n4
Furthermore, consider independent noise vectors
Zi ¢ RY where Zi ~ N(0,%,), t=1,...,N,i=1,...,n;

We construct noisy data batches Xt =Xy +Zy, t=1,...,N and train a denoiser Wi, as:

N 2
’XW—XH 7
F

Wiq := arg min
W

Here, X is the full noisy data matrix defined as X7 = (XlT Xg . X%) . The main results
of the present work, namely Theorems 1 and 5 in Section 3, address the following questions:

N,nl,...,nt,d,El,...,ZN?

What is the generalization error (2) of the denoiser Wiy, found via (7) for given

Focusing on the case of N = 1 and relying on Theorem 1, we also conduct extensive mathe-
matical (Corollary 3) as well as numerical (Section 5) investigations of the following questions:
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What is the optimal 3J; leading to the minimal generalization error (2) among linear denoisers
trained via (7) in terms of 3 and 3,? How can we approximate this optimal 3; algorithmically

approximation of the optimal 33, ?

given access only to x1,...,%,? Can we outperform the empirical Wiener filter (5) using such an

We will also impose the following technical assumptions that are necessary for our analyses.
Assumptions 1

1. X is invertible.

2. % — kg >0asng,d—ooforeacht =1,... Nandk = k1 +---+ Ky > L.
Our Main Contributions:

* We characterize the generalization error of Wy, found from (7) for arbitrary N, ny, ..., ns,d,
3, ..., 2y satisfying Assumptions 1 in Theorem 5.

* Inthe case of N = 1, we derive much more explicit results, which are formulated in Theorem
1, again assuming assumptions 1 hold.

* We use Theorem 1 to find the optimal 31 minimizing the generalization error for the speci-
ailized case when N = 1 and both ¥ and 3, are scalar. Perhaps surprisingly, even in this
case we see that the optimal X, is in general different from 3,, meaning it’s better to take
different noise distributions for training and testing. The result is presented in Corollary 3.

* In Section 5, we propose an algorithm for approximating the optimal 3; for the case N = 1
and arbitrary 33, 32,. This algorithm is based on Theorem 1. We then proceed to verify that in
certain cases the Wiy resulting from (7) indeed outperforms the empirical Wiener filter (5).

3. Main Results

Since we use CGMT, our results are asymptotic, meaning that we characterize the error £(Wigq)
via certain quantities f,, 4, such that % — lasn,d — ooand j — k > 1. For the ease of
exposition, we just write equalities within the results of this section, but keep the reference to the
asymptotic regime in the formulation to avoid confusion. We would like to begin with stating the
results we obtained for NV = 1, as the expressions we get in this case are more explicit and thus

allow for more insight.

Theorem 1 Assume that N = 1 and Assumptions 1 hold. Then, for the denoiser W, found via
(7), its generalization error (2) can be characterized asymptotically as follows:

EWig) = (1+ - ! _rv[(z+ 21)71 (=+=.)])(m[5] - v[(=+ 21)7122)})
+Tr[(2 + 21)71 (zz - 21) (=+ 21)7122} ®)

Specifying Theorem 1 to the case 337 = X, leads to the following corollary:
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Generalization Error Phase Diagram (c=1)

— (8-2k)+c;/c=0
=== 1+(3—2k)c;/c=0

Figure 1: Phase Transition explained in Remark 4

Corollary 2 Under the setting of Theorem 1, assume in addition that 31 = X, and ¥, and 3
commute. Then, for the denoiser found via (7), its generalization error (2) asymptotically equals the

following, where Ewjiener denotes the generalization error (2) minimized over W, which is attained
by the Wiener Filter (4):

K

S(Wlsq) == r — 15Wiener
Note that taking Kk — oo, i.e. assuming n > d, recovers the performance of the Wiener filter. As
expected, £(Wsq) > Ewiener-

We obtain another corollary of Theorem 1 by treating the case of scalar 3 and X, in greater detail:

Corollary 3 Under the setting of Theorem 1, assume in addition that 3 and 33, are scalar matrices
and define:

> = gld and 3, = %Id

Then minimizing the generalization error (2) of the denoiser found via (7) over 31 leads to the
following optimal generalization error:

2 2

e s (3 2k)ct e, <0, e+ (3 2k)e, <0 ©

min{c, ¢} otherwise
Remark 4 Corollary 3 reveals an interesting phase transition phenomenon, whose phase diagram
is depicted in Fig. 1. In region I, defined by 3 — 2 + = > 0, the generalization error equals c, and
the optimal W s, = 14 regardless of the choice of X1. In region 111, defined by 3 — 2x + é > 0,
the generalization error equals ¢ and the optimal W s, = 0, again regardless of the choice of .
The interesting region II, defined as the complement of I and 11, is where there exists a unique 33,
achieving the best performance and the resulting Wy, ¢ {0,1;}. We fixed ¢ = 1 for Fig. 1.

Finally, we formulate the expression that we have derived for the case of N > 1. The expression we
obtain for /N > 1 is more complicated and we leave analyzing it further and making it more explicit
as a subject for future work.
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Theorem 5 Suppose that Assumptions I hold. Consider {Gt}ivzl found as the unique fixed points
of the following system of equations

6, =2 29tTr[<§: Oyne (S + 2))_124

t=1

Define
N
0=2-— 4TI’|:(Z tht(Zt + 2)>_12:|
t=1

Finally, consider the matrix A € RINtDXWN+2) dofined in (25) and vector b € RN12 defined in
(27), deferred to the Appendix due to their longer descriptions. Then, for the denoiser W j5, found
via (7), its generalization error (2) can be characterized asymptotically as follows:

1

E(Wisg) = An—ady

N 1 N 1
(A_lb)N+2 + T}"|:(Z tht(Zt + 2)) Ez (Z Qtnt(Et + 2))
t=1 t=1

N
-(462(A*1b)12 +16(n — d)’E? + 6% efzt(Alb)Hlﬂ
t=1

Where (A~1b); denotes the jth entry of the vector A=1b € RN T2,

4. Proof Technique and Sketches

Both proofs rely heavily on a result known in the literature as the Convex Gaussian Min-Max The-
orem (CGMT). We refer the reader to Thrampoulidis et al. (2014); Akhtiamov et al. (2025a) for a
formal detailed treatment of the CGMT, but we will outline it briefly for completeness. The goal of
the CGMT is to analyze properties of solutions of the objectives of the following form, called the
Primary Optimization (PO) objective:
min maxu’ Gw + ¢ (u,w) (PO) (10)
wWESw UESy
Here, u € R", w € R%, Su CR™", Sy C R% are compact convex sets, ¢ is convex in u and concave
in w and G is an i.i.d. N (0, 1) matrix. To analyze (10), the CGMT framework introduces another
objective, called Auxillary Objective (AO), where g € R?, h € R” are i.i.d. N(0, 1) vectors:
min max g! w||u|| + hTu|w|| + ¥ (u,w) (AO) (11)
WESw UESY

Consider an arbitrary set S C Sy. Let w40 and wpp be any minimizers of (11) and (10) respec-
tively. Assume that w40 € S holds with probability approaching 1 (w.p.a. 1), i.e. :

P(wapo €8S) — lasn,d — oo
Then wpo € S holds w.p.a. 1 as well, i.e.:

P(wpo €S) = lasn,d — oo
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Note that, formally speaking, we should introduce sequences of PO and AO to discuss convergence
in probability. However, we suppress these formalities to ease exposition and refer the interested
reader to Thrampoulidis et al. (2014); Akhtiamov et al. (2025a) for a rigorous exposition.

Sketch of the proof of Theorems 1 and 5: Recall that the linear denoiser Wiy is defined via:

n 2
minHXWfXH — min | X(W - I) + ZW|% (12)
AYY% F W

Denoting the i-th column of W by w;, we can rewrite (12) as:
d
valvinHX(wi —e;) + Zw;|? (13)
i=1

Introducing a set of Fenchel dual variables v; € R for i = 1,...,d and writing X = GX'/2,
where G € R"* s i.i.d. standard normal, we obtain:

_ vill3
4

d

g minmax v GEY2(w; — €;) + v! Zw;
— Wi v
1=

With a slight abuse of notation we drop the indices from w; and v; and rewrite:

d 2
> minmaxv G2 (w —e;) + v Zw — H‘;Hg

i=1
Let u := 31/2 (w — €;). Using a Lagrange multiplier and leveraging Sion’s minimax theorem:
d

Z max min max v Gu + vI'Zw + ATu — ATSY2(w — ¢;) —

w,au Vv 4
i=1

VI3

(14)

Treating each term of (14) as a separate PO with an i.i.d. standard normal G, we arrive at the
following sum of AOs:

d 2
Z max min max |[ullsh”v + [|[v]2g"u 4 vIZw + ATu - ATV 2(w — ¢;) — H‘;H2
w,u Vv
i=1

Denoting 3 = ||v||2 and performing optimization over the direction ”:,’—”, we have

2

d
E maxminmangTu—i—BHZW—i— Hu||2hH +ATu - AT2V2(w — ;) — 5
P A wau 8>0 2 4

Denoting 77 = ||ul|2 and optimizing over ﬁ we obtain

y 2
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After swapping around min and max due to convexity-concavity by Lemma 6, we employ the
square-root trick /x = ming~g 5 + 5 and obtain:

Zmaxgggrgax 77”5g+>\H2—%+Wr2£0%+—“2w+nh" S ATE2(w —e)

i=1

Now, recall the block structure we have for Z and introduce a matching structure for h, where each

h® e Ru: 7T = (ZT ZT Z%) anth:(h(l)T h@T h(N)T).Wearriveat:
N
Zmaxmlnmax 77Hﬁg+)\||2—ﬁf+ i 57 EZ:Hth—i-nh H ~“ATsY2(w — ¢)
n>0 B>0 4 w7'>0 2 2 =1

Using a Fenchel Dual v; € R™ foreacht =1,..., N, we obtain:

d
[vel3
err‘li‘lln max —<Z A th + thTh( ) _ TQ) _ )\Tzl/2(w —e€;) (15)

Applying CGMT again, but this time with respect to the randomness in Z(*), we can replace the
inner optimization part of (15) by the following:

2
min max — (Z ‘|21/2W‘|2hTVt + Ivill2gl =, V2w + nvIn® — ”‘ZHQ) —AT2V2(w — ;)

w Vi

(16)

We defer further analyses of (16) to the Appendix due to the lack of space, but we wanted to illustrate
that the proofs of Theorems 1 and 5 proceed by a two-stage application of the CGMT followed by
a meticuolous detailed analysis of (16).

5. Experiments

In this section we provide numerical experiments to corroborate our findings and discuss the pro-
posed denoising algorithm.

5.1. Verifying Corollary 3 and Theorem 1

We begin with verifying Corollary 3. We take 3 = I and X, = 3; = c,I and plot the performance
of the linear denoiser against x. We also use the closed-form expression obtained in (9) to plot the
optimal generalization error from Corollary 3. Furthermore, we investigate how the error changes if
we replace the Gaussian features with Rademacher with the same the first and second moments. The
results are reported in Fig. 2, where cross marks denote the simulated values and solid-lines depict
the predictions coming from Corollary 3. We observe a close match between our predictions and
the simulated errors for the Gaussian features as well as a close match between the generalization
errors for Gaussian and Rademacher features. The latter suggests a form of universality, which we
propose as a direction for future work.

To verify Theorem 1 for a non-scalar 3, we generated n synthetic data points of dimension
d = 50 distributed i.i.d. according to N'(0, %) where £;; = &;;4%,4,j = 1,...,d (the power law
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exponent 4 is chosen arbitrarily without any specific consideration in mind). For simplicity, we set
3, = 31 = I. We vary the number of samples n by changing « and train the denoiser via solving
the least-squares objective through the linear system of equations by Karush—Kuhn—Tucker (KKT)
conditions. For each x, we evaluate the generalization error of the trained denoiser and compare
it with our predictions from Theorem 1. Finally, we also approximated the optimal 3:; dictated
by the expression (8) from Theorem 1 via the following heuristics: we initialize 3; = X, and
then performed projected gradient descent on 3;. To make sure 337 stays PSD, we fixed the basis
of 37 to be the basis of 3 and trained vector of the eigenvalues of 3J; via gradient descent with
projection on the positive orthant. The results are reported in Fig. 3 where cross marks denote the
simulated values and solid-lines depict the predictions coming from Theorem 1. We observe a close
match between the theory and the simulated values as well as that optimizing over 331 does increase
performance.

5.2. Heuristics for using the result of Theorem 1 for training denoisers

Since, in practice, 3. is not known, we propose to use the sample covariance (6) and perform the
following optimization as a surrogate of the expression (8) from Theorem 1:

min (1 - Tr((ﬁ) + 21) ' (2 n z))) (Tr(ﬁ)) - Tr((ﬁ} n 21) 12?))) (17)

210 n—d
Since the problem (17) is not convex in X1, solving it precisely appears out of reach, so we sug-
gest the following heuristics. We initialize 37 = X, and, to make sure 3; stays PSD, we fix the
basis of 3 to be the basis of 3 and train the vector of the eigenvalues of 37 via gradient descent
with projection on the positive orthant. The performance of the true Wiener filter is depicted using
dashed-lines and serves as a baseline for performance. To demonstrate that it is possible to outper-
form the empirical Wiener filter, we consider the case where 3, = I and ¥ = AGGT, withe >0
being the scaling factor and G € R%*? having i.i.d. standard normal entries. We choose a non-
diagonal X to ensure that it cannot be estimated reliably from O(d) samples. We vary ¢ and plot the
performance of the empirical filter against the performance of Wiy, with optimized X in Figure
4. We also have included the performance of the Wiener filter and the W = I denoiser. As we
increase c, we observe that performance of the empirical and true Wiener filters and our proposed
filter approaches that of the identity denoiser. We see that, for large values of ¢, i.e. the high SNR
regime, Wyq outperforms the empirical Wiener filter.

6. Conclusion and Future Directions

In this work we rigorously derived the precise asymptotics of a linear denoiser trained using the
least-squares objective in the proportional regime. Possible future directions include investigating
the expressions obtained in Theorem 5 to understand how using different batches of data may help
with the performance. Another promising direction is to extend the analysis to the overparame-
terized regime where the number of parameters exceed the number of samples and the denoiser is
trained via SGD or via a regularized objective.

While we maintained the assumption of data gaussianity throughout the present work, we sus-
pect it is not necessary for Theorems 1 and 5. As has been observed in the literature for many
statistical inference problems, the generalization error often depends only on the first and second
order statistics of the data, a phenomenon commonly referred to as Gaussian Universality (see
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Figure 2: Verification of Corollary 3 with ¢ = 1
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Figure 3: Numerical verification of Theorem 1

(Pesce et al., 2023; Ghane et al., 2024) and references therein). In addition, Figure 2 suggests that
a form of universality might hold for the denoisers trained through the least-squares objective too.
We leave the latter as an interesting direction for future work.
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Appendix A. Proof of Theorems 1 and 5: common part
Here we describe the proof in full detail. We start with the objective (16) obtained in the main body
and take ¢ = 1 WLOG:
By [vil3
. 1/2 2 t
min max o - (; |51 wllohf v + [villog? B *w + vf R — TH2) — TSV (w —e))

(18)

Doing the optimization over the direction of v; yields:

mmmax—(Zﬁ th(t + HEl/ WHthH + Bigy 21/2 = Bj) ~ATsV2(w —e))

W 3>0 2

Using the square-root trick, we introduce the variables 74 for 1 <t < N:

mmmaxmmf(z@+ N ey
W 3:>0 7>027 4

— )\T21/2(w —e;)

Using the Sion’s minimax theorem and convex-concavity of objective, we exchange the order of
miny with maxg,~oming~o. Now we observe that the optimization over w is quadratic, after
performing the optimization over w, we obtain:

2
mfxrsl;g Iéng — 1| Bg + All2 + AT=2e; — % + I7_n>151 77—

+ max min — (Z BtTt Bt 2nt — 63)

B:>0 >0 27
N _
a2 zﬁtzgﬂgt)T(g > otuz)
=1 =1
8 v, |
. (—21/2)\ + o tz_; 51:2%/2&)

Where the optimal w can be written as
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Hence, we need to find A € R%. Employing the square-root trick on the first term:

e llBg A AT S
max max min max — —> — —— — — 4+ min —
NS0 o0 Ao 2 & LTy TR 2

Bie 2, 5?)
*%:2%5?;%7(2*+* ne
1 1/2 B al 12 \T/ B Bt -1
— ( b )\+§Zﬁt2t gt> (EZ—TtntEt)
t=1 t=1
3 N
(-3 4+ 23 83 e)
it
The optimal A is
by (i1+ 21/2([3%6’5”2) 121/2> !
27y 4 27 — 21y bt

(5 N ﬁnt2t>_121/2< n I+ 1/2<2T27nt2) 21/2>—1ﬂg

27 — 27y 27y 27y 27
N N
-1 -1 -11
- (ﬁ ﬁntzt) 21/2( U 21/2( b ﬁntzt) 21/2) Sxl/2e,
2T pt 27 27Ty 4 2T pt 274 2
N N
1 —1 1
_ (ﬁ ﬁntgt) 21/2( N I+ -%1/2 (ﬁ ﬁntgt) 21/2)
2T T (Y 4 2T T

Using matrix inversion lemma

. 1 e 3 9 ~1 41y /B N B 2 -1
w :—2[45(T;tntzt+”2) 21/2g—%(;zint2t+%2) Se

14



LINEAR DENOISERS

Performing the optimization over A yields the following scalar optimization:

N7 52 T N BeT t2
5?2’6%28%38“2‘4“3282“1““““@2 prtm =
23 BB
fBQgT(JIjL *Zlntx_mﬁtﬁ_m)
K T
2 N N _
_ 2T 1
_ %(Zﬁtz 1/22t1/2gt) (7/\ gzg $-1/25 5 1/2)
t=1 =1
N
BT
t=1
1 U S R I Ny
+ el =2 (Lrg w2 ( 23 Pasy) m12) w2
4 27 4 2T —~ 27y
We apply the matrix inversion lemma
N
T21/2< n I+ 21/2(£2ﬁnt2t) 21/2) »1/%,
27y 2T — 27
2 4 2 al
_ Qe"{zel Y 1T21/2 (QI+ éz B /251 % 1/2) »1/%e,
" T

t=1

max min max min max min ———~ — — + — + —
>0 >0 >0 7>0 B >071>0 2 4 2 27

nm B Br B(iBQ & 2
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We define
(@ B m g 5) Tr[(% Biﬂ 2) (ﬁ22+ i iﬂzz L s eTE)]
TTt7 + ] = TiTtt 72t:1tt 772 1€1

Now we compute the stationary coditions for the scalar optimization in (19). For the derivatives
w.r.t S and 7

N
9 oo BT LB B B
g~ V= 0= 2+2+27<Z2 b 4>

t=1

N —
_ fa F(é B nA’B’ﬁO —26Tr[<2;)‘2+f;f:nt2t> 12}

TTt

o B B B Be o 87 B B B
67_—0:>0—2—2T2<;2+2Tt7]nt_4>+7281F(7_77_t7 76613)

Thus for 6 := we have

N
g =1- 29Tr<27?2 + 92 @ntzt)ilz

p
=1 't

5t7't 51& ﬁ2 B B: m
Z 27—t 2 t_z—Qa F(i ) )\767515)

T Tt
Where
B B n 27) B By 1N By
OF(—,—,— = -Tr|(—X+ — b —m
(T 7 T 55t) r[( +T; tnt t) (;Ttnt t)
N N
27’)\ B t -1 2 BQ 2 TE T
—=3 + - —n X > > > >
<77 +T; ng ) <5 +4T ;@5 t+772 e1€] )
N
5 27 B Bt -1 2
—Tr|| —X+ — —n b3
f | (SR T D) XA
Similarly for 7 and 7
0 5777% T/\ T B Bt n
o 0=0 2 27’t e 33 (T " T Bﬁt)
0 n B Bt m
R N ANTIND > F(Z 2 2L
o7 0=0 2+27]e1 o1+ /\83 (T Tt’T ﬁﬁt)
Thus for ¢ := o we have
N
1 Bt
ot
1 B B
2
7= ael 2e1+28F< = ,5@)
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Where

(222 5) =23 r[<2“z+fi%zt>*z

)
T Tt

Similarly for 3, and 7,

J _Bym e B B Bt n
o5 =0=0= 0. (5 + 5 = 5) e (D )

2
o] 2y Sz )

(it_ —~ 0= 257—</Bt Bin? nt>+5ta2F(5 Bt 777ﬁ Bt)

Tt

2 27,?

T Tt T

This implies for 8, := f—:

N -1
Qt =2-— 290tTI'|:(§2 +6 Z BtntZt) Et:|
t=1
4
7 = Crn—zoF (2,001 5 )

T Tt T)

Where

N
n 2T -1
(250 5.5y = [(AE Iy ts) s,
T Tt n T —1 t
N N
2 -1 2 2
(?E—I—fzﬁtntﬁt) <522+ o B ’\22e1e{2>]
t=1 't t=1
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Now we summarize the stationary conditions as follows:

0 2 N -1
—=1- 26TI'|:<CE + Qzetnt2t> Z:|
t=1

2
9 N
f:0nt29t
C t=1
9 N
(9,5 =2 209tTI' |:(2 + 6 Z thtﬁlt :|
C t=1
N
0,77 0 267 B Bt
2 _ N~ U | Ot 2, TiTr poPen
’ _Z 2 +2CT/\nt 4 28F<7’ T A By ﬁt)

t=1

4
T = CQTgnt - 53217(9 0, ¢, B3, 5t>

el Dey + 205 F (0,6,,¢, 8,5

2
T C2

nF(6,00,C.8,5:) = —Tr{(zz - egjemtzt) (Z o) (72 + ezemtzt)
t=1

-1

REED> 5 02722 1 See! S
. T + T Z LT 2+ —524€1€
t=1

¢
9 9 N 1 N
+ 2Tr[(<z 0D 0m) Y GSTEEJ
t=1 t=1
P al 1_ /2 N -1
82F<0, 0, ¢, B, ﬁt) = —0On;Tr |:<CE +6 Z thtEt) > (EZ +6 Z Qtnt2t>
t=1 t=1
N
. (92722 + 6422 02773, + ;Eele?zﬂ
t=1
—1

2 _[/2 al ~1_ /2 al
03F (6,01,C,B,5:) = @Tr[(gz = ezemtzt) S(F2 403 oms)
t=1

.(.92722+ Ze 32t+ —Zerel 2)]

2 _T/2 -1
- & [(Cz 10 t; thtEt) zelesz] Q1)

At the optimal points, we have for w

N N
w* = (0 Z O 3, + 2_2)1 (—207’21/2g +2Xe; — 0 Z gtthi/th)

t=1 t=1
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The generalization error corresponding to this term (2 = 1) is
" +wlS,w

. N 9 -1 N 2 -1
—n? +Tr[(920mt§]t + EE> 3, (9297&7%216 + EE)
t=1 t=1

N
4
: (492722 + Ez:ele{z: +6°> 9?73&)}
t=1

Lemma 6 The function f(3) := ||Bg+ A||2 for B € Rand any g, X € R% is convex in 3 € [0, 00).

Proof We proceed by verifying the definition of convexity. Let 0 < ¢ < 1, then for any 31, 52 > 0
we have

tf(Br) + (L —t)f(B2) = [thig + tA[l2 + (1 — t)Brg + (1 — 1) Al
2 [[((61 + (1 = 1)B2)g + All2

Where the inequality follows by the convexity of £5 on vectors 51 + A and fS2g + A. Hence

tf(Br) + (L =) f(B2) = f(tBr+ (1 —1)Ba)

And the result follows. [ ]

‘We now consider N = 1.

A.1. End of the proof of Theorem 1

The system in (21) turns into
— 1 20Tr <ZE+991”h1H221> >

= 0||h||30:

NN N D

2 -1
01 = 2—2991TI‘|:<€2+991H}11H§21> 21]

Which implies

—1
o — 2Tr{(2 4 21) 21]

2 —1
01 :2—2T1‘|:<2+21> 21:| =
I3

2
o0 = —=
01]/h|3
o
2

—1- gan[(z + 21>_12]

n
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Hence, by plugging in for 8, # would be

2Tr[<2+21)12] o 2

0=2- _1 - 1
\|h||§—Tr[(2+21) 21] n—Tr[<E+21> 21}
1

2(n —d)

(=

Furthermore, we have for the other variables

2= ez - AT (821 5 )
= c A~ 50u (6,6,,¢.6. )
2= ?el TSe, + 263F(9,91, 9 5,@)
Plugging in
i 91271 + 921 2% )3 - 92471 - ngﬁT [<2+21)_121}
+ WT{(E} + 21)_121 (2 + 21)_1 (92722 0 i?ﬁ i+ L sepe! 2)]

-1 -1 62
72 = C272||h|2 + g2|h\|§Tr{(z +31) B(D+3) (02 + o+ L Sesel 2)}

¢

2= C2 eT'Se; + Tr[(E + 21)_12(2 + 21)_1 (92722 + T@%szl + szele{z)}

2 —1
- Tr[(z + 21) zelesz]

Eliminating 73 yields

0 2 92 2 20 h 202 1 29 h 29202 1
2 0T YT +C a3 Tr[(2+21> 2}7_2_’_4 1]/ha 3 lTr[(ZH—Zl) 21}7_12

2 4 2 2 4

N 6¢o -1 61/h3 -1
- 1“21”%{2 C21T1T[<E+21) 21}— 1”2 H2Tr[(2+21> EelelTE}

0033 .

—1 -1
72 :gQHhH%HzTr[(Z—i—El) 2] w24 r{(Z—i—Xh) > ]71 + )2l Se

2 -1 T
. ||h||2Tr[<2 + 21) See! 2}

¢
2 -1 T
LTy (2 + 21) Seiel'S

7= e 291+Tr[(2+21)_12(2+21) (%7 22+9917121+<

See! 2)}
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By simplifying the expressions, we obtain

0 61 |/hy |2 -1
57'2 = 1”21‘2 (elTZel — Tr[(Z + 21> EelelTE})
0 2—40 -1
51712 = Tﬂ + ||| %el e — ||h]|%Tr[(2 + 21> ZelelTE]
1

Hence 7 can be written as follows

4[f3
66,

4||h||2
2 |h|3

;= 00, el Se; —

Tr[(Z + 21> Yee] 2]

Furthermore, we have for 73

2.2 T -1 -1 T —1 -
22 =el'Se; +Tr (2 + 21) z(z + 21) Seel' S| — 2Tr (2 + 21) Seel's

2 <e’{2e1 - Tr[(Z + 21>_12e1e1T2] >Tr{(2 + 21) _12]

2 0+2 -1 -1 -1
= el Se, - ;Tr[@ + 21) Eele{E} + Tr[(E + 21> 2(2 + 21> ZelelTE]

Summarizing for n? = ¢ 27’/\2

T{(WT —DTswWT - 1)} L, %Tr{z} - QZQTr[(E + 21>_122}

+ Tr[(Z + 21) _12(2 + 21) _122]

:Tr[(<2+21)121>((2+21>12 " I)E]

1
n—d+Tr(2+21) >

-1
Denoting Ry := (2 + 2}1) 3 as the Wiener filter, we obtain
Tr|((WT —D)TsW? —1)| &1 (R —I>(R —#Iﬁ:
r[( )3 )}% ! W W n—d+ TrRy

If ¥; =X, and ¥; and ¥ commute, we have for the generalization error

n
n—d

n
g(W]Sq) E) m (TI'E — TI'RW 2) = 8Wiener

More generally, we may write

E(Wisq) — Ewiener 51 [E <2 + 21)—121] [ n dI B (21 <2 N 21)—1 n (g + 21) _12)}

n —
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The error per term is

i+ CQTr[(Zl +5) (e m) (P bzedln azeffleﬂ
=3+ Tf[<21 + 2)_12z (21 + 2>_1261e{2]
% (esze1 - Tr[(E n 21)12e1e{2] )Tr[(E v 21)124
= eTSe; + Tr[(E + 21)_1 (2 + 2z) (2 + 21)_12e1e1T2} - 2Tr{(2 + 21)_12e1e{2]

—1 -1
+ 2 (e’{zel - Tr[(E + 21> EelelTZ] >Tr[(2 + 21) (2 + 2)]
Thus the total error is

EWig) & (1+ 2(Tr[<2 + 21)71 (=+ 2)]) (te[=] - Tr[(E + 21)122})

+Tr[<2 + 21)_1 (= -=) (= + 21)_122]

A.2. End of the Proof of Theorem 5.

Recall that we had from (21)
2 N -1
-1 —29Tr[(<2+929mt2t> 2]

t=1
N
=0 Z nth
t=1

N
9,5 =2— 200tTI'|:<§2 + 0 Z thtEt) _12t:|
t=1

NN N D

This implies

N
0, =2 — 20,Tr |:<Z Qtnt(Et + 2)>_12t:|
t=1

0 9 N -1
5=1- 29Tr[(cz +0y Qtnt2t> 2}

t=1
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Hence
1 1
57’ = @el Eel <29 |:(<2 + 6 E thtEt) Eele{E]

-1
Cﬁel TSe, — o Tr[(z 00 (S + 2)) zele{z] 22)

Furthermore, TZ-2 can be found through the following system of linear equations:

N 1 N -1
_ 4T2||h<z>||§Tr[(Z Oyne (S + z)) (z n zt) (Z Opne (24 + 2)) 2}

t=1 t=1

N 1 N -1
_ (@))1292 T 1y (24 i tT 24t i 7-12
+(1 Ih ||291T[(ZH (= +2)) (2+2><;e (= +2)) 2])
N N

— Z nte TI‘|:<Z tht Et + 2 ) (2 + 21> (Z tht(zt —+ 2))_12t:| TtZ

t#i t=1

L [(i@n (2-+2))_1<2+2 ><i0n (= +Z)>_1Ze eTE]
622 T\~ tt:1ttt 1€1

t=1
()2 N -1
— 4”120 H2Tr |:(Z tht(Zt + 2)) 2819{2] (23)
t=1

Furthermore, we have for 73

= g2el 1Zer + C292 [(Z 6ene(3¢ + %) ) (Z Oeme(Be + 2))

-1

2 2 02 Y 2_2 1
t=1

c EelelTZl)]

N
4 -1
— <39TI'|:( E Qtnt(Et + 2)) zele,{z]
t=1

Arranging the terms, we obtain

4 N -1 N -1
_ C2Tr[(z Oyne (S + z)) z(z Oyne (S + z)) 2] T
N
_ ClzTr[(Ztht (S, +3 ) (Zﬂtnt IR ) 129327&]73 + 72
Clz TSe + qu [(Zetnt (Z+3) 1 (tz;etnt 2t+z)> Sese] 2}

_ g;le [(Z O (S + 2))12e1e{2} 24)
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So far all the computation presented was for the case j = 1 as the scalar parameters depend on e;.
However, we note the coefficient matrix for TE, T, and T/% is independent of e; as # and 6; do not
depend on e;. This implies that for every j = 1,--- ,d, can be expressed as the solution to the
following linear system of equations

Where A is constructed according to the equations (22), (23), and (24) as follows:

S I
-~
<
Il

i=1, j=2,--N+2
_4niTr[<Zi\L1 O,y (S + 2)) - (2 + zt)

—1

‘(Zivzletnt(zt‘FZ)) ]E i=2,---N+1, j=1
-1

—njH?Tr[(ZiVl Otnt(Zt + 2)) <2 + 21)

—1
-<Zleetnt(zt+z)) zj] i=2, - N+1, j=2.-N+1, j#i

—1
1 niGETr[(Zivl Oy (S + 2)) (2 n zi)
(A)ij = 1
(Z,{il@tnt(Et—i—E)) 22:| 222,N+1, j:Z
0 i=2--N+1, j=N+2
—1
—16(n — d)?Tr[(Zivl Oy (4 + z)) >
N -1 . .
-(Zt:1 Oy (S + 2)) > i=N+2, j=1
-1

—16(n — d)?@j?n[(zgv_ O (Se + 2)) >

-1
1 i=N+2, j=N+2

(25)

24



LINEAR DENOISERS

And we have for b;

LelSe; — 2, Tr[(Eivzl Oyne (S + 2))_12eje§2]
45 Tr [(fol Oyny (S + 2))71 (2 v 2t) (Zi\il Oyny (S + 2))12eje;f2} !
b; = ‘*ggTr[(ZgV:l Oyna (S + 2)) Seje! 2] B
i
Lel'Se; + ipTr {(ZL Ome(Si+ X)) _IE(EiV:l Oyna (S + 2))_12eje{2]

-1
<§9TI' |:(Zi\;1 Gmt(zt + 2)) EGJG?E]

(26)
And we define from (26)

b= b, 27)

We note the total generalization error can be written as

d

d N N
¢? Z T/@Q + 4% Z 72Ty [(Z Oy (3 + E)) 712z (Z Oy (B¢ + E)) 12}
j=1 t=1 t=1

j=1

4 N -1 N -1,
+ 5T {(2 Oni (S + 2)) >, (2 Oy (S + 2)) > ]
3\7 1 1;; N
+ 92Tr[(z 0,y (S + E)) >, (Z 0 (Sy + ) ) N> } Z (5)2
t=1 t=1

t=1

. . . 2 2 ,
We observe that the generalization error is a function of Z?:l 792 Z?zl Tij 2, Z?:l 7U)2, Hence
we can write the generalization error as

C2(A"'b)x 12 + 402(A'b) Tr[(i@ ne (S + 2>>_12 (ie ne (S + z))_lz]
+2 1 tiit t Z trit t
t=1 t=1
N 1 N i,
ta Tr[(; O,y (S + 2)) 3, (; O,y (S + 2)) > }
N . N N
+ 9%[(2 Oyny (4 + 2)) >, (Z Oy (S, + 2) ) Y 675(A'b) m]
t=1 t=1

t=1

Where (A~!b); denotes the jth entry of the vector A~'b € RV*2,

A.3. Proof of Concentration of the Generalization Error

In this section, we would like to show that one can use the concentration of some scalar functions
of wj for j = 1,...,dto prove the concentration of the total generalization error of Wyq. Namely,

25
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by the prior arguments, we have observed that ||§3]1-/2 (Wr —ej) 112 5 CQT/(\j)Q foreachj =1,...,d.

Moreover, one can specifiy the concentration rate, similar to Dokmanic and Gribonval (2019); Has-
sani and Javanmard (2024), where one can show that there exist ¢, co = 6(1) such that for ¢; > 0
fori € [d]:

P(|dll=)2(w; — eI — dc*r{?| > 1)) < e1 exp(—cadty)

Furthermore, let
N 9 -1 N 2 -1
L= Tr[(QZetntzt+ EE> =, (03 0+ ZE>
t=1 t=1

N
4 )
(407773 + aTeie] B+ 673 93715”22,5)]
t=1

We have similarly for c3, ¢4 = 6(1)
P(’dw;TEZw;f — dﬁj‘ > tj> S C3 exp(—04dtj)

Note that we had

d

S(Wlsq) = Z:VV)"TX;ZVV;‘< + (VV;< — e])TEJ(W; — ej)

j=1
The concentration of the solutions follows by a union bound argument, from:

P(|e(Wig) - Sc eri?| > 1) < ir@(\wfzzw; L+ 1552w - )l - | > 3)
j=1 j=1

< 2d max{cy, cs} exp(— min{ce, c4 }dt)

Thus the statement follows as ¢ = w(1).

Appendix B. Proof of Corollary 3

We consider X = cI and ¥, = c,I and write

—1 —1
min <1 + C+czTr<cI+21> )(cd—c2Tr(cI+21> )
>0 n—d

+ c?Tr[(cI + 21)_1 (csT = 2) (1 + 21>_1]
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Note that, since the KKT condition for the optimal 3; is symmetric w.r.t. the eigenvalues of 3J; in
this case, we can take 31 = oI, which leads to

) d c+cy c —0
c'frnﬁ)l(l—’_n—dc%—a)(d_dc >+Cd( +0)?
d(ctcz) _Cd(chcz) (Cz )

=cd-minl+ =4
0>0 c+o (c+0)?

—c% +c(cz — o) + <% —c)(c—i—a)
= cd + ¢d - min
>0 (c+0)?

(Lf:if) — 20)0 + cey — 2
= ¢d + cd - min

a>0 (c+0)?

—C

Then we observe for the optimal o

0 (B—2r)c+¢z <0, ¢+ (3—2K)cz >0
3—2K)cz
c% (B—2K)c+c; <0, c+(3—2K)c, <0
0" =4 o0 (B3=2K)c+cz; >0, c+(3—2Kk)c, <0
00 (3—2K)c+ ¢z >0, +(83—=2K)cz >0, cz>c
0 (3—2K)c+c; >0, ¢+ (B3—=2K)ez; >0, c¢,<c

In each case, the best generalization error turns out to be

.
deyg

3—2K)c, >0
d={etea s A e (3 gk)et e, < 0, ot (3—2m)e <0

(3 —2k) ( )

( ) ( )
g.e = § dc (B3=2Kk)c+c; >0, c+(3—2K)e, <0

( ) ( )

( ) ( )

dc 3—2Kk)c+c; >0, c+(3—2K)c; >0, c;>c
deyg 3—2Kk)c+c; >0, c+ c; >0, cz<c
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