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Abstract

Data-driven control methods based on subspace representations are powerful but are often limited
to linear time-invariant systems where the model order is known. A key challenge is developing
online data-driven control algorithms for time-varying systems, especially when the system’s com-
plexity is unknown or changes over time. To address this, we propose a novel online subspace
learning framework that operates on flag manifolds. Our algorithm leverages streaming data to re-
cursively track an ensemble of nested subspaces, allowing it to adapt to varying system dimensions
without prior knowledge of the true model order. We show that our algorithm is a generalization
of the Grassmannian Recursive Algorithm for Tracking. The learned subspace models are then
integrated into a data-driven simulation framework to perform prediction for unknown dynamical
systems. The effectiveness of this approach is demonstrated through a case study where the pro-
posed adaptive predictor successfully handles abrupt changes in system dynamics and consistently
achieves competitive performance against several baselines.

Keywords: System identification; Subspace learning; Optimization on manifolds

1. Introduction

Subspace representations are becoming increasingly important in the field of systems and control,
especially with the recent revival of behavioral systems theory (Willems, 1986) in data-driven con-
trol. A key concept in this area is Willems’ Fundamental Lemma, which provides a direct data-
driven non-parametric subspace representation for finite-length trajectories of linear time-invariant
systems. This has spurred the development of effective subspace identification techniques (Favoreel
et al., 1999; Van Overschee and De Moor, 2012), novel data-driven simulation and control methods
(Markovsky and Rapisarda, 2008; Coulson et al., 2021; De Persis and Tesi, 2019; Berberich et al.,
2020; Verhoek et al., 2021; Dorfler et al., 2022), which have been shown to perform remarkably well
across a wide range of application domains (Elokda et al., 2021; Huang et al., 2021b,a; Kerkhof and
Keviczky, 2021; Fawcett et al., 2022). See (Markovsky and Dorfler, 2021) and references therein.

Despite these advances, many existing identification and control methods are limited to Lin-
ear Time-Invariant (LTI) systems. A significant open challenge is the design of online adaptive
approaches and recursive algorithms that can handle systems that change over time. While some
subspace tracking methods have been developed for online state-space identification (Verhaegen and
Verdult, 2007; Van Overschee and De Moor, 1994; Oku and Kimura, 2002; Zhang et al., 2019; Sasfi
et al., 2025), they typically require the system order to be known and constant. In many real-world
scenarios, however, the true system order is unknown and may vary, for instance, due to component
failures. In this work, we propose a novel framework for adaptive, data-driven identification of
unknown, time-varying dynamical systems based on subspace learning techniques.
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Subspace learning (sometimes termed subspace tracking) has long been studied in signal pro-
cessing (Yang, 1995; Delmas, 2010; Balzano et al., 2010; Balzano and Wright, 2015; He et al,,
2012). Broadly speaking, subspace learning algorithms can be classified into algebraic and geo-
metric methods (Balzano et al., 2018). The geometric methods optimize a certain loss function via
gradient descent on a matrix manifold such as the Grassmannian, a set consisting of all subspaces
of a particular dimension. Such methods have a solid theoretical background rooted in optimization
on manifolds (Edelman et al., 1998; Absil et al., 2004; Boumal, 2023). Running these algorithms
on Grassmannians requires choosing the dimensionality a priori. This poses a significant challenge
in practical applications where the true underlying dimension is unknown or may change over time.

Contribution. We propose a novel framework for online system identification and data-driven
simulation for unknown time-varying dynamical systems. The proposed framework consists of the
Flag Recursive Online Tracking (FRONT) algorithm on flag manifolds that leverages streaming
data and yields a nested hierarchy of subspaces. To the best of our knowledge, this is the first
online algorithm that optimizes over flag manifolds with streaming data. We formally show that
Grassmannian Recursive Algorithm for Tracking (GREAT) (Sasfi et al., 2025) is a special case of
our algorithm when the true subspace dimension is known. When the dimension is unknown, we
propose a dimensionality ensemble strategy inspired by ensemble learning (Dietterich, 2000). Fi-
nally, the FRONT algorithm is leveraged as a subspace model in data-driven simulation (Markovsky
and Rapisarda, 2008) to perform trajectory prediction for a time and complexity-varying unknown
system. The framework is showcased on an AutoRegressive model with eXogenous inputs (ARX)
system simulation and is shown to outperform non-adaptive subspace prediction (Favoreel et al.,
1999) and other adaptive benchmarks.

The rest of the paper is organized as follows. Section 2 contains preliminaries on subspace
geometry. We formulate the problem in Section 3. Section 4 introduces the online subspace learning
algorithm. Section 5 contains numerical studies. Section 6 concludes the paper.

2. Preliminaries

We use Z>( to denote non-negative integers. Given i, j € Z>(, with i < j, we use [i, j] to denote
the discrete interval [i, j] N Z>p. We use Iy, to denote the p x m matrix whose entries are 1
on the main diagonal (i.e., (i,7)-entry for i = 1,..., min(p, m)), and all other entries are 0. The
diagonal matrix with diagonal elements 1, - - - , 74 is denoted diag(~1,--- ,7q). Given a function
v: Zzo — R7and i, j € Zxo, withi < j, we define vy ;] = (v(i),v(i+1),...,v(j)) € RIG-HD,
We use U to denote a subspace of RP and U to denote a matrix such that im U = U. The orthogonal
projector onto U is denoted by ITy, and is used interchangeably with II;; = UU T, where U is an
orthonormal matrix whose columns span U. The Moore-Penrose inverse of a matrix A is denoted
AT, The Gaussian distribution with mean 0 and covariance > € RP*? is denoted N(0, ¥).

2.1. Subspace geometry

A Grassmannian is the set of all subspaces in RP with dimension d denoted by Gr(p,d) = {U a
linear subspace of R? : dim U = d}. Flag manifolds generalize the Grassmannians by considering
sequences of nested subspaces of increasing dimension. Let p > 2 be an integer and ¢;.q =
(q1,---,qq) With0 < ¢1 < -+ < gq < p. A flag of signature (p, q1.4) is a nested sequence of linear
subspaces {U;}%_; of R? satisfying {0} C U; C --- C Uy C RP withdim U, = ¢j,j = 1,...,d.



ONLINE SUBSPACE LEARNING ON FLAG MANIFOLDS FOR SYSTEM IDENTIFICATION

We denote this flag by Uy.4. The set of all such flags forms a smooth manifold Flag(p, ¢1.4) (Ye
et al., 2022). We also denote g9 = 0,9 = qq4,q94+1 = p- We can represent flags as points on
the Stiefel manifold St(p,q) = {U € RP*? : UTU = I} consisting of orthonormal matrices.
Define for each k = 1,...,d, Uy € St(p,qx — qx—1) such that [U; --- U] is an orthonormal
basis of Ug. We must note that under these notations, Uy, is not the subspace spanned by Uy.
Then Uy.q := [U;y--- Uyl is a representative of Uy.4, called Stiefel representative. Throughout
this paper we will abuse the notation to write U1,y € Flag(p,qi.q). If the signature is (p, 1),
then Flag(p, (¢1)) = Gr(p, q1). The chordal distance of two subspaces A € Flag(p, (m)),B €
Flag(p, (n)) is defined by d(A,B) = (372" gin2 6;)1/2 (Ye and Lim, 2016, Theorem 12),
where 6; is the i" principal angle (Golub and Van Loan, 2013) between A and B. We present a
simple example to illustrate the difference between flags and subspaces.

Example 1 Consider the canonical basis e; = (1,0,0,0),e2 = (0,1,0,0),e3 = (0,0,1,0),e4 =
(0,0,0,1) of R*. Let Uy = span{e;}, Uy = span{ey,ea}, Us = span{ey, e, e3}, then Uy.3 €
Flag(4, (1,2, 3)), and a Stiefel representation of this flag is the matrix U = [61 €9 63]. Note
that even if two bases span the same subspace, the hierarchical structures of their flags may be
different. Let V = [61 es3 62], then clearly im V' = im U. However, V1 = span{e;}, Vo =
span{ei, ez}, V3 = span{ey, e, es}, which implies Vo # Us, hence V1.q # Uy.q4.

3. Problem Setup & Motivation

The goal of this paper is to estimate an unknown, time-varying subspace U? from streaming data.
More precisely, for each t € Zxo, let Ut € U;-lzl Gr(p,qj), where 0 < ¢1 < --- < qq4 < p.
We assume that we have access to an upper bound ¢4 on the dimension of all subspaces U'. Note
that the upper bound gz may not be tight in the sense that there may be no time instance ¢t € Z>q
where dim U! = ¢;. We assume that at each ¢ € Z>(, we measure the data w; = v¢ + 1, where
vy € U, and 7, is noise. We wish to obtain estimates U? such that d(ﬁt, U!) < ¢ for some
user-defined tolerance €, > 0, i.e., we seek estimates that are “close” to the true subspaces. We
refer to this problem as learning U or tracking U!. In the case when d = 1 and g, is known,
there are efficient algorithms (Yang, 1995; Balzano et al., 2010; Sasfi et al., 2025) for robustly
learning U?. However, in many practical settings the true dimension of the underlying subspaces is
unknown and may even vary over time (e.g., online dynamic mode decomposition for time-varying
dynamical systems (Zhang et al., 2019), direction of arrival analysis (Rabideau, 1996)). Solving
this problem is critical for online system identification and control: a fixed, mis-specified subspace
dimension yields biased estimates, slow adaptation, and brittle decisions (Ljung, 1998) (see Figure
3). Learning a nested hierarchy of subspaces (flag) online gives rank-on-demand models that track
changing complexity, enabling efficient prediction, reliable change-point detection, without prior
knowledge of the true order (Szwagier and Pennec, 2025).

Motivating Example: Online System Identification. Consider the Linear Time-Varying (LTV)
dynamical system
xz(t+1) = Ax(t) + Bu(t),
y(t) = Cyx(t) + Dyu(t),

where A; € R™™"™, B, € R™™ (C, € R™*", and D; € R™ ™ are time varying matrices. Assume
that the model parameters (A, B, Cy, D;) are unknown, and we only have access to input-output
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data of (1). A typical problem in system identification is to use input-output data to find a model
that captures the input-output behavior of (1). The main challenge in this setting is that the model
parameters are time-varying. Furthermore, we do not have access to state measurements. Hence, the
underlying state-space dimension (system complexity) is unknown. Let L > 1, foreacht > L — 1,
the L-length input-output trajectories of (1) on the interval [t — L + 1, ¢] are given by

Vt = |:u[t_L+1’t]:| = |: 0 ImL :| |:x<t -1 * 1):| ) where

Ylt—L+1,1] Op—r+1, Tp—r+1,q] | Up-rLs1
=:U?
c D141 0 0 - 0
thLt;Zim Cip+2Bi-r1 Di_p4o 0 - 0
Op-r414 = " o Tieriig = | C-r+3ders2Bir1 CerssBirva Di-r4s -0 0
Crde1 Av-rn CiAi 1Ay poBr 111 o Dy

Instead of learning the state-space matrices (A¢, By, Cy, D;) through (recursive) state-space system
identification methods (Verhaegen and Dewilde, 1992; Van Overschee and De Moor, 1994; Oku
and Kimura, 2002), we directly learn the subspaces Ut € U;lzl Gr(p, ¢;) based on streaming data
wy = v; + 1, where 1; is measurement noise. Note that dim U? is unknown and may vary depend-
ing on the rank of O;_r14. The subspace U? is known in behavioral system theory (Willems,
1986; Markovsky and Dorfler, 2021) as the restricted behavior (Markovsky and Dorfler, 2022) and
serves as the backbone of several powerful nonparametric control methods (Coulson et al., 2019;
De Persis and Tesi, 2019; Markovsky and Dorfler, 2021; Markovsky and Rapisarda, 2008). This
online learning problem is studied in (Sasfi et al., 2025) under the assumption that dim U is con-
stant, which may not hold in practical settings in which the complexity of the system varies over
time (see Section 5.1). In what follows, we propose a method for learning U? without assuming
dim U? is constant, and use the learned flags for a data-driven prediction task (see Section 5.2).
While we do not address control here, the learned subspaces can be incorporated into data-driven
control frameworks, which is a direction for future work.

4. Online subspace learning on flag manifolds

Inspired by recent advances in subspace learning for online system identification (Sasfi et al., 2025),
we propose a method for solving the learning problem in Section 3, which consists of estimating the
evolving subspace U! using optimization on the flag manifold. Each element of the flag manifold
is an ensemble of subspaces that can be used for downstream tasks such as data-driven prediction.
Thus, our algorithm contributes to a data-to-prediction pipeline that continuously adapts to stream-
ing data and the changing complexity of the system (see Section 5.2).

4.1. Gradient descent on flag manifolds with streaming data

Let {Ut}teZZO be a sequence of subspaces with each U’ ¢ U?Zl Gr(p,qj). Ateachtime t € Z>q
we observe a data sample w; = v; + 1, where v; € U? and 1 is noise. Let T' > 1. For each
t>T —1,let W, = [we—p41 -+ wy] € RP*T be the window of the most recent 7" data samples.
Foreacht € Z>p and j € {1,...,d}, we define the cost function g{,vt : Gr(p, ¢;) = R by

gy, (U) = W, — Iy Wi 7., )
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where || - || is the Frobenius norm. Minimizing (2) over U € Gr(p, ¢;) is known as principal
component analysis (PCA) (Boumal, 2023, Section 2.4) and entails finding the ¢;-dimensional sub-
space that best fits the data in the sense of minimizing the projection error. While alternative norms
(e.g., £1) could provide improved robustness under non-Gaussian noise (Candes et al., 2011), our
focus in this work is on the geometric and algorithmic aspects of flag-based subspace tracking. It
is well-known that PCA admits a closed-form solution (Eckart and Young, 1936) given by the top
q; singular vectors (principal vectors) of W;. One approach to solving the proposed problem would
be running d separate optimizations on each Gr(p, gx) and select a suitable dimension, but this is
computationally expensive and would yield optimal subspaces Vj- 1= arg minUeGr(p’qj) 9{% (U)
that are not nested for j = 1, ..., d. The lack of nestedness has been shown (Szwagier and Pennec,
2025) to cause poor performance when using subspaces for tasks such as robust subspace recovery.
Instead, we propose optimizing over Flag(p, ¢1.q4). For each t € Z>( we define

2

d
1
W= oW 3)

Jw,(Urq) = '
=1

F

for all Uy.4 € Flag(p, ¢1.4)- One key difference of optimizing (3) instead of (2) is that we obtain a
nested sequence of subspaces which can be leveraged for downstream tasks (e.g., data-driven pre-
diction) via ensembling methods (Dietterich, 2000) (see Section 5.2). The operator éZle My,
demonstrates an ensemble of projections onto subspaces of different dimensions, which is called
the “flag trick” in (Szwagier and Pennec, 2025, Definition 5). Similar to (2), minimizers of (3) can
be computed in closed form by computing the top-q4 principal vectors of W; (Szwagier and Pen-
nec, 2025, Theorem 4). However, recomputing the full sample covariance W; W, and its leading
eigenspaces at every time ¢ can be computationally expensive, motivating recursive subspace track-
ing methods (Balzano et al., 2018). Based on results in optimization on flag manifolds (Ye et al.,
2022; Zhu and Shen, 2024), we perform Riemannian gradient descent (RGD) (Boumal, 2023, Sec-
tion 4.3) for (3). The goal of RGD is to seek a minimizer of the function (3) by iterative updates. In
particular, for each new data sample w;, we perform K > 0 steps along the gradient of (3). Suppose
that the initial point is U{d_l (we use the superscript 7' — 1 since we have to collect T" data points
to form the first window Wr_1). For each fixed t > T' — 1, we update

ﬁtl’;]zlﬂ = EXPﬁtl,'l; ( aggrad fy, (U tk)) , “4)
where k = 0,..., K — 1, ay > 0 is the step size, and we denote UT 1o — Ulel, Ut+1 = Ui{j,
Utfdl’o = Uitll, for all t > T — 1. The Riemannian gradient grad fw, is a vector field on the

manifold, and Eprt » 18 the exponential map, which maps the tangent vector —a;grad fiy, (U tllzl)

back to the manifold. Rlemanman gradient and exponential map can be computed using only matrix
algebra (Ye et al., 2022).

4.2. Learning time- and dimension-varying subspaces

Having established the necessary foundations, we now present the Flag Recursive ONline Tracking
(FRONT) algorithm given by Algorithm 1. The output of FRONT is a sequence of flags, rather
than selecting a single subspace from U ,. We aggregate information across subspaces of different
dimensions, with their usage depending on the specific task. Since a flag is represented by an
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Algorithm 1 FRONT Algorithm 2 GREAT
Require: Window length 7" > 1; initial estimate ~ Require: Window length 7" > 1; initial estimate
Ule 1. samples {wittezs,s step sizes oy ur-1; ; samples {wy }rez., 5 step sizes o
I: fort=T-1,T,... do I: fort=T-1,T,... do
2:  Construct W; = [wt T41 wt] 2:  Construct W; = [wt,TH e wy
Initialize gradient descent: UY% = U, Initialize gradient descent: U*? = U?
3: fork=0,1,..., K —1do 3: fork=0,1,..., K —1do
Gradient step: Gradient step:
Ul = Expger (*atgradfw,(Uﬁ’ZD UMM = Expg. . (foztgradfwt (Ut”“)>
4 Update: U} = ULK 4:  Update: Utt! = UK

orthonormal matrix in RP* %, the per-time-step complexity of FRONT is O(Kp?q,), by the same
covariance-based complexity argument as in (Sasfi et al., 2025, Remark 5). FRONT is similar in
structure to GREAT (Sasfi et al., 2025), but generalizes GREAT by learning an ensemble of models
with different complexity while not assuming that the true data-generating subspaces have fixed
dimension. Moreover, when d = 1 so that Flag(p, (¢1)) = Gr(p, q1), FRONT is equivalent to
GREAT. To prove this, we make a definition on algorithm equivalence.

Definition 1 Ler M be a Riemannian manifold. We define an algorithm A on M as an update
mapping: A: M — M by U = A(U?).

Definition 2 Let A1, Ay be two algorithms on M such that U = A1 (U?) and VI = Ay(VY),
respectively. We say that Ay is equivalent to Ay if U? = VO implies Ut = V! forall t > 1.

Proposition 3 Ler A; : Flag(p,(q)) — Flag(p, (q)) be defined by (4), and As : Gr(p,q) —
Gr(p, q) be defined by the update rule in GREAT. Then, A, is equivalent to As.

Proof By definition, Flag(p, (¢)) = Gr(p, q), so A; and Ay are defined on the same manifold.
Let UY be the initial point of A; and VO be the initial point of .Ay. Suppose U0 VO. The cost
function (3) becomes th( ) = ||W; — ILgW¢||%., which coincides with th(U) For each t =
T-1,T,... and k € {0, .. — 1}, let Ut * and V** be the points obtained by the gradient step
in FRONT and GREAT, respectlvely. Since Flag(p, (¢)) and Gr(p, q) are the same manifold, their
intrinsic geometric structures coincide. Thus, the exponential map and the Riemannian gradients are
identical. This can also be verified by the formulas in (Ye et al., 2022) for Flag(p, (q)) with those
in (Edelman et al., 1998) for Gr(p, q). Therefore, we have Ut* = V¥ forallt € {T —1,T,...}
and k € {0,--- , K — 1}, hence .A; and A; are equivalent. [ |

Under assumptions on quantitative persistency of excitation of the data and bounded subspace vari-
ation (Sasfi et al., 2025, Assumptions 1-4), all convergence guarantees and finite-sample analysis of
(Sasfi et al., 2025, Theorem 1) directly extend to FRONT on Flag(p, (¢)). In particular, (Sasfi et al.,
2025) derives finite-sample upper bounds on the distance d(U?, U?) in terms of subspace change
rate, and singular values of the data window W;. These results provide guaranteed convergence
rates to the true underlying subspace and therefore give a quantitative method for determining con-
ditions on data needed to satisfy d(ﬁt, Ut) < €1 for a given €. Beyond this trivial signature, we
do not claim convergence guarantees for FRONT in this paper. In the future work, we wish to study
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finite-sample convergence guarantees for FRONT in the more general case when the flag does not
have a trivial signature (p, (¢)). The nontrivial flag-manifold setting is supported by the following
numerical case studies.

5. Numerical case studies

Throughout all numerical examples', when implementing FRONT, we use the Python class Flag
developed in (Szwagier and Pennec, 2025) and use the SteepestDescent optimizer from Py-
manopt (Townsend et al., 2016), which uses backtracking line-search (Boumal, 2023) to specify the
step sizes a; used for the gradient steps in FRONT. The number of gradient steps is K = 5.

5.1. Geodesic tracking

We generate a sequence of time-varying ground-truth subspaces on Flag(10, (1,...,5)). The initial
flag UY has Stiefel representation U? = I1¢y5. Foreach t € Z>( we update U'™! = Expy: (aH?),
where H? is a random tangent vector (Boumal, 2023, Section 8.3) at Utanda = 5-107°. At
time Tgwieen = 100, we increase the subspace dimension by setting U Towich = [0y and generate
subsequent flags in the same way on Flag(10,(1,...,6)). Ateach time ¢t we observe a data point
wy = Ulay + n¢, where a; ~ N(0,1) and ; ~ N'(0,1074I) is noise. For each ¢ > T — 1, the
data window is constructed as W; = [w;_741 . .. w;]. The subspace estimate is updated online by
running FRONT on Flag(10, (5, 6)). We set the initial estimate U7 to be random and run with data
window size T € {1,20,50}. For each T € {1,20,50}, we run 100 experiments across different
random data sets {w; }7%9.

Figure 1 shows how d(U?, U?) evolves over time —T=1 T=20 —T =50
t =T —1,...,200 for different window sizes T' € ‘ ‘
{1,20,50}. For all T € {1, 20, 50}, the distance de-
creases as more data are available, indicating that the 0.5
estimates gradually align with the true subspaces. At N |
time Tiwitch, the distance sharply increases due to the 0 20 50 100 150 200
sudden change in subspace dimension, after which ~ Figure 1: Average chordal distance for differ-
FRONT readapts and the distance decreases again. ~ ©"tWindow sizes across 100 experiments.
The plateau for T = 1 after switching arises because a single-sample update does not provide
sufficient information to identify the new subspace, whereas larger data window sizes (1" = 20, 50)
yield better estimates. Although this example considers an increase in subspace dimension, the
problem setup in Section 3 does not assume increasing complexity. Decreasing subspace dimension
can likewise be accommodated, since each flag contains all lower-dimensional nested subspaces.

5.2. Online data-driven prediction for a switched system

The data-driven prediction problem posed in (Markovsky and Rapisarda, 2008, Section 4) aims to
find the output sequence of an unknown dynamical system corresponding to an input sequence and
a past input-output trajectory collected from the system. For LTI systems, data-driven prediction
can be performed using a matrix representation of the set of finite-length trajectories (restricted
behavior) (Favoreel et al., 1999). Motivated by the subspace representations of dynamical sys-
tems in Section 3, we use FRONT to learn the subspace of finite-length trajectories of a time- and

1. The code is available at ht tps://github.com/DianJin-Frederick/FRONT-experiments.
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complexity-varying system and perform data-driven prediction. We consider the data-driven pre-

diction task for a single-input single-output (SISO) ARX system, whose dynamics is given by
Yyt = 0.3yt—1 — 0.02y;—2 + 0.6uz—1 + 0.2uz—o2, t < Tiwitch, )
yr = 1.5ys—1 — 0.74y,—2 + 0.12y4_3 + 0.6u4—1 + 0.2u4—2 + 0.05us—3, t > Tiwitch,

The input dimension is m = 1 and output dimension is n = 1. The main purpose of this example
is to test adaptation to a change in system complexity, since the underlying system order increases
at Tywitch. This is precisely the setting that motivates the use of a flag, as it incorporates information
from subspaces across all candidate dimensions. Let T4, = 300 and Tyitcn = 100. Given a random
input sequence ujg 7, 1) and a prediction horizon T¢ € Z>(, we wish to predict the corresponding
future output trajectory yjo 7, —1) of (5). We assume that the measurement of output at time ¢ is
corrupted by the independent noise 7 for t € [0, Tyim — 1]. The noise-to-signal ratio (NSR) at time
t € [0, Tsim — 1] is defined as o, == ||m¢||2/]|y¢||2- In our experiments, we fix this ratio to a constant
o > 0 for all ¢. The measurement noise is generated as 7 ~ N (0, (o|y|2)*1).

Offline Data Collection. Assume that we have access to a noisy input-output trajectory of (5)
of length T4 = 30 denoted by (u([iO,Tdfl]’ yﬁmf” + n%’m), where nfl ~ N(0, (o|lyfl||2)%]) for
t€[0,Tqg —1]. Let Tip; = 4, Tt = 4, and L = Tiy; + Ty = 8. We sort the offline input-output data
into a Hankel matrix

d d
Ylo,L-1] o UTa—L,141]

H = 4

d d d
Yo.r-11 T o) " Yima-rmy-1 T -1 m-]
with the thin singular value decomposition (SVD) being H = UXV ", where U € R(m+n)Lxr
is orthonormal with » = rank H. Let U = [uj...u,], we set the initial point of FRONT to be
VY, ={VI¢_, € Flag((m+n)L,(q1,-..,qa)), where VO = spanf{uy, - ,ug, } fork € [1,d],
and gg = .

Subspace Predictor. Let V' € R(™+7LX" be any orthonormal matrix with the partition V' =
[VpT Vi YpT Y;'], where V,, € RmTmixr 1 ¢ RmIexr 'y, e RTmixr vy ¢ RTEXT The T;-
length predicted output at time £ is given by

pred
| yt (V) Vp T u[t_’Tinivt_l} T
IS N
yﬁt,t+Tf—1](V) = : =Y |V Ult t+Tp—1] ER™E (6
yf_rf%_1 (V) Y, Ylt—Ting t—1] + Mt—Tini t—1)

which is known as the orthonormal subspace predictor (Jin and Coulson, 2026). In order to cope
with the changing dynamics of (5), we use FRONT to update the subspace (restricted behavior of
(5): see Section 3) based on streaming data wy = (U[t—T—f—l,t}ay[t—T-i-l,t] + ﬁ[t—T+1,t]) and initial
point V9., where n; ~ N(0, (o|y¢||2)?I). We then update the matrix Y¢([V," V;" Y,']T)T in (6)
based on the learned flag. Let \A/'tl q= {\A/'Z}‘,ﬁzl be the ¢ flag estimate produced by FRONT. The
Stiefel representative 171t: i of \A/'}; is obtained by taking the first g columns of the Stiefel representa-
tive IA/f: g of \Afﬁ 4~ Then we partition the rank-q; matrix ‘A/f: i as 171t: = [Vka Vka Yka Yka]T where
Vpi € RmTwmixae Vi, e RMTixa Y, e Rlnixar yp, € R"Ti¥9 For each k, we get the

pred pred

prediction Yit t+T—1] (‘A/lt: ;) defined in (6), and keep only its first component /; (‘Aﬁt: ;) simplifying
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its notation as ¥;(k) € R™. Thus, by leveraging the nestedness of a flag, at each time ¢, we obtain
d different predictions 7;(1), ..., 7:(d) from matrices of different ranks based on only one matrix
Y/}lt: 4 Linking back to the motivation made in Section 4.1, we compare against separately running
FRONT on Gr(16, g) for k € [1,d] and use the individually learned subspace ﬂ'f€ e Gr(16, qx)
for prediction. In contrast, we use each \A/tk with k£ € [1,d] from a single flag \Af’i 4 for prediction,
requiring only one optimization instead of d separate runs. We measure the prediction perfor-
mance by the cumulative prediction error over the whole simulation horizon Tg,, — T¢ given by

fiiglfofl |ly+ — 5|3, where % is the prediction at time ¢ from the corresponding model. We set

Tini = Tt = 4 and the window size T" = 20. Nested subspaces in flag Grassmannians

Figure 2 shows the median cumulative predic-
tion errors of both approaches, where we set d = 8 35| I } |
and (q1,...,q4) = (8,...,15). The NSR is set to be

o = 0.02. All models were evaluated over 100 inde- 20 l } } } } 3

pendent trials, and in each trial, all the models use the

same offline input-output data (u‘[th_l], yﬁ)jd_l] + 107

IIII IIII

nﬁle]), input sequence ujg 7, 1] and measurement oLl
noise 7o 7, —1]- 1he results demonstrate that the 8
nested subspace predictions from a single flag achieve
median prediction errors comparable to those of in- ) ! '
dividually optimized Grassmannians across many di- rors (y-axis): a single flag evaluated at differ

ent ranks (orange) versus individually learned
mensions. We observe that the choice of subspace Grassmann subspaces (green). The whiskers
dimension can significantly affect performance. Op- span 30" to 70" percentiles.
timal choice of subspace dimension is an area of future work. In the next part, we propose an
ensembling strategy for mitigating the risk of poor subspace dimension selection.

T - T - T T T T - 1 —
9 10 11 12 13 14 15
Subspace Dimension

Figure 2: Median cumulative prediction er-

Ensemble of Nested Subspace Prediction. Since the true system order is unknown, relying on
a single subspace from the flag estimate may lead to biased predictions. To mitigate this, inspired
by ensembling methods (Dietterich, 2000), we aggregate information from all candidate subspaces
{Vi1d_,. Specifically, we compute an ensemble of predictions by averaging 7;(k) obtained from
(6) across k = 1,...,d, yielding y; = 522:1 yi(k). We use uniform averaging as a simple
baseline ensemble rule. More sophisticated weighting schemes, for example based on the spectrum
of the data covariance, may further improve performance and are an interesting direction for future
work. This approach leverages the hierarchical structure of the flag to balance the contribution
of lower- and higher-dimensional subspaces, yielding more robust online predictions. We name
this model as average-(qi, ..., qq) prediction. We choose an ensemble of dimension ¢g; = 9 and
g2 = 10 based on validation and evaluate the average-(9, 10) prediction against several baseline
models: no learning, N4SID, projection approximation subspace tracking (PAST). The no learning
model predicts future outputs without any adaptive updates to the subspace predictor. The N4SID
method (Van Overschee and De Moor, 1994) is implemented in an online fashion: at each time ¢ we
re-identify a state-space model (Ay, By, Cy, D) from the current input-output data window W; =
[wi—741 -+ - wye]. The state is estimated by a Kalman filter. Then the estimated state-space model
is used to compute 3;. The PAST algorithm (Yang, 1995) performs recursive subspace tracking
based on each new wy, where the estimated subspace is used in (6) for prediction. In addition, we
evaluate the average-(8, ..., 11) prediction to examine the performance when combining subspaces
with relatively high cumulative prediction errors (see Figure 2). We vary the NSR level as o €
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No learning Flag(16, (9, 10))
True Prediction True Prediction
T T T T
5 A =
0} L
W ¥ 4 ‘ ,
—5 - il I y TA N
| | \ i |
0 100 200 300 0 100 200 300

Figure 3: True and predicted trajectories. Vertical axis: output. Horizontal axis: time steps. Left: no learning baseline.
Right: the average-(9, 10) prediction model adapts and tracks the system after ¢ = Tywitch quickly.

{0.01,0.02,0.05,0.1}. For each NSR level, we conduct 100 independent trials. All models are
evaluated using the same 100 offline input-output data sets, identical input sequences, and the same
noise realizations across all NSR levels to ensure a fair comparison.

Results. Figure 3 shows, for the no learn-

ing baseline and the average-(9, 10) prediction - Es(g g:?;)
model, the predicted trajectory and the corre- —+— Cr(10) -2~ Flag(16, (9,10))
sponding ground truth from the trial whose cu- Gr(11) - = - Flag(16, 8, ..., 11)

I I
mulative prediction error is closest to the median 0l i

over 100 trials. Figure 4 reports the median cu- \
mulative prediction error versus the NSR for all /
models. The average-(9, 10) prediction model \

. . I/
achieves nearly the same median error as the

Grassmann models Gr(16,9) and Gr(16,10), il e oo o

while requiring only a single opti‘mi‘zati.on over Figur.e 4: Medi:an cumulative .prediction c;,rror

one flag rather than separate optimizations for (y-axis) versus varying NSR (z-axis).

each dimension. Since the range (9, 10) is cho-

sen a posteriori, this experiment mainly illustrates the computational advantage of a single flag
optimization. At all NSR levels, the average-(8, . . ., 11) model yields larger errors than the average-
(9,10) model. Since the dimensions in the average-(8,...,11) model are chosen from a broader
range without assuming knowledge of the true system order, this experiment reveals a limitation
of the proposed method: including dimensions that underfit or overfit the system can degrade pre-
diction performance. The results highlight a trade-off between robustness to unknown model order
and prediction accuracy, as flags reduce the need for dimension selection but may degrade when the
chosen dimension range is not well aligned with the true system complexity.

6. Conclusion

We proposed the FRONT algorithm for online system identification and data-driven prediction that
adapts to time-varying systems by recursively updating a nested hierarchy of subspaces. This en-
ables the predictor to accommodate unknown or changing system dimensions without prior model
information. We proved that GREAT is recovered as a special case of FRONT. Numerical studies
demonstrated that the proposed predictor effectively tracks abrupt changes in dynamics and con-
sistently achieves better prediction error than most baselines even under high NSR. Future work
focuses on finite sample convergence of FRONT for nontrivial flag signatures and integrating the
proposed flag-based learning framework into an adaptive data-to-control pipeline.
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