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Abstract
We study the problem of online caching when the caches are arranged in a tree network – the

root is the source, the clients are at the leaves, and the intermediate nodes are the caches. Each
client’s request for a file is forwarded up the tree until a cache hit occurs, or the request reaches the
root node, with hits at lower levels of the tree yielding higher rewards. The goal is to maximize
the total reward over a sequence of requests. The tree-caching problem models caching in many
content delivery networks (CDNs) and generalizes work on caching in more restricted network
models, such as those with a single client connected to a single cache or a single client connected
to a multi-level cache. We show that for general tree networks, finding the optimal static offline
caching configuration for a given request sequence is NP-hard. However, in the natural setting
where the tree has bounded depth and large enough cache capacities, we present an algorithm
that computes a near-optimal configuration with high probability in polynomial time. We then
leverage this result to give an online algorithm that achieves (1 + ϵ)−approximate sublinear regret
for adversarial request sequences when the cache capacity C satisfies C = Ω̃( 1

ϵ2 ). Numerical
simulations show that our algorithm outperforms several natural baseline strategies.
Keywords: Regret Minimization, Online Algorithms, Network Caching, Probabilistic Graphical
Models

1. Introduction

Efficient content delivery is paramount in modern networked systems like content delivery net-
works, with caching playing a crucial role in reducing latency, alleviating server load, and mini-
mizing network congestion (Borst et al., 2010; Rosensweig et al., 2013; Rossi and Rossini, 2011;
Aggarwal et al., 2002; Chakareski, 2017). Multi-level caching architectures, where caches are de-
ployed at various points in the network hierarchy (e.g., edge servers, regional data centers), offer
a powerful paradigm to bring content closer to end-users (Nygren et al., 2010; Li et al., 2018). In
these systems, a request from a client traverses up the hierarchy until the requested item is found in
a cache or at the origin server (Li et al., 2005). Hits at caches closer to the client are generally more
beneficial, leading to lower latency and reduced upstream traffic.
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Figure 1: A Tree Network of Caches with Depth 3.

The majority of prior work on online algorithms for caching in the adversarial setting focuses
on either the single cache setting (Bhattacharjee et al., 2020; Paschos et al., 2019; Mukhopadhyay
and Sinha, 2021) or the bipartite network setting where the caches are on one side and clients are
on the other side of the network (Shanmugam et al., 2013; Paria and Sinha, 2021). The problem
becomes significantly more difficult when we transition to a multi-client setting with more compli-
cated network topologies (Ioannidis and Yeh, 2016; Li et al., 2021).

In this paper, we consider the setting in which caches, clients, and the source server are con-
nected according to a tree topology. The root is the source server, the leaves are the clients, and
intermediate nodes are the caches. See Figure 1. A request from a client traverses up the tree
through a sequence of caches, from the leaf and finally to the source if a miss occurs at all cache
levels. A hit at a lower level yields higher rewards. This hierarchical caching topology models
many real-world scenarios in web caching and content delivery networks (Li et al., 2005; Dai et al.,
2012; Li et al., 2008; Paschos et al., 2018). We also consider a special case of the tree setting where
we have a single client connected to a source server through a series of caches arranged in a path.
This special case is important as the path topology models the multi-level cache hierarchy common
in many storage configurations and large-scale distributed systems (Yadgar et al., 2007; Gill, 2008;
Wu et al., 2010; Meng et al., 2019).

We work in the adversarial setting (Paschos et al., 2019; Bhattacharjee et al., 2020; Paria and
Sinha, 2021), where file request sequences can be worst-case. The online caching algorithms we
design in this setting focus on minimizing the regret, which is a popular metric in the online learning
literature (Hazan et al., 2016; Shalev-Shwartz et al., 2012). Regret measures the difference between
the caching algorithm’s performance (in terms of hits) and that of the single best static offline
solution – i.e., the optimal fixed cache configuration if the entire file request sequence were known
in advance. The goal is to design online algorithms whose regret grows sublinearly with time,
i.e., the hit rate of the online algorithm approaches the hit rate of the best static offline caching
configuration. For additional relevant background, see Appendix A.

Our Contributions We first show that computing the offline optimal caching allocation for the
general tree caching is NP-hard, using a reduction from vertex cover. Next, we focus on the more
realistic setting of caching trees with bounded depth. In this setting, we propose a randomized al-
gorithm that computes a near-optimal offline caching configuration in polynomial time and ensures
that the total number of items placed in each cache is less than the capacity of the cache with good
probability as long as the cache capacities are large enough. To achieve this, we consider a frac-
tional version of the problem, where a fractional amount of each file can be stored in each cache.
We can formulate this fractional version as a linear program (LP) with exponentially many variables
corresponding to the exponentially many caching configurations. However, standard algorithms like
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simplex will take exponential time to solve this LP. Hence, we design a separating hyperplane oracle
for this LP that works in polynomial time by leveraging novel connections to probabilistic graph-
ical models. Specifically, we formulate the problem of checking if a given solution to the LP is
feasible as a MAP (maximum a posteriori) inference query on a Markov network. This problem
can be solved efficiently as long as the underlying graph encoding the dependencies in the Markov
network has bounded treewidth. We show that this is indeed the case for our tree-structured network
and this enables us to solve the LP in polynomial time by leveraging novel connections to proba-
bilistic graphical models. The fractional solution to the LP is then rounded to an integral solution
using a randomized rounding technique.

Subsequently, we propose an online algorithm with sublinear (1+ϵ)-approximate regret (assum-
ing the cache capacity C = Ω̃( 1

ϵ2
)) in this setting by utilizing the algorithm for finding the offline

integral solution to derive an online algorithm and leveraging the Follow-The-Perturbed-Leader
(FTPL) framework (Cesa-Bianchi and Lugosi, 2006).

For the special case when we have a single client connected to multi-level caches (i.e. caches are
arranged in a path), we first observe that the optimal cache configuration must maintain orthogonal-
ity among the caches, i.e., multiple caches never store the same file at the same time. This enables
us to design a simple greedy algorithm that is optimal in the offline setting. We also design a simple
FTPL-based online algorithm with sublinear regret.

In Section 2, we describe the notation and the underlying system model used throughout the
paper. In Sections 3 and 4, we analyze the offline and online algorithms for general multi-level
tree topology. The special case of a single client connected to multi-level caches is analyzed in
Appendix H due to a lack of space. Finally, in Appendix I, we show the results of numerical
simulations.

2. System Model

We consider a multi-level caching system where multiple clients are connected to a source server
through a tree network. The root of the tree is the source server, the leaves are the clients, and the
internal nodes are the caches (see Figure 1). We denote the number of clients by n and the number
of caches by ℓ. Each cache j ∈ [ℓ] (we use [ℓ] := {1, . . . , ℓ}) has an associated reward rj and can
store up to Cj files. There is a fixed library of N files, and we assume for simplicity that all files
have equal size. The system operates over a time horizon of T steps.

At each time step t ∈ [T ], the online caching policy first chooses a cache configuration and
then the adversary reveals the requests. Formally, at time t, the policy outputs a configuration
Y (t) =

(
y1(t), . . . ,yℓ(t)

)
,where yj(t) ∈ {0, 1}N is the indicator vector of files stored at cache j at

time t, and ∥yj(t)∥1 = Cj . We denote by Y the set of all feasible configurations Y = (y1, . . . ,yℓ)
that satisfy the capacity constraints. After the configuration is chosen, each client issues a (possibly
adversarial) file request. We assume an oblivious adversary, i.e., the entire request sequence is fixed
in advance and does not depend on the algorithm’s randomization.

For client i ∈ [n], we denote its request at time t by the one-hot vector zi(t) ∈ {0, 1}N .
Overloading the notation, we may write zi(t) = f to mean that client i requested file f at time t.
Let Z(t) = (z1(t), . . . ,zn(t)) be the collection of all client requests at time t.

Each client i is attached to the root via a unique path of caches. We denote this ordered sequence
of caches by Path(i) =

(
ci,1, ci,2, . . . , ci,m

)
, where ci,1 is the cache closest to client i and ci,m is

the cache closest to the root. The root (source) is at depth 0 and the clients are at depth m+ 1. For
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simplicity, we assume that (i) every cache has the same capacity Cj = C, and (ii) all clients are at
the same depth m+ 1 (i.e., the tree is balanced). However, we note that the algorithms and bounds
we present in the paper can be straightforwardly extended to a general case when each cache has a
different capacity and clients are situated at different depths from the root. We assume throughout
that caches are constrained only by storage capacity, not by per-round service rate. Hence a single
cached copy may serve multiple requests in the same round, and if several clients have the same
earliest hit cache, each request receives that cache’s reward.

A request from client i for file f at time t is forwarded upward along Path(i) until it reaches
a cache that stores f . If the file is found at cache j on this path, the algorithm receives reward rj
(we denote the maximum reward by rmax = maxj∈[ℓ] rj). If none of the caches on the path store f ,
the request is served at the source and the reward is 0. Since we assume rewards are non-increasing
along any client-to-root path, i.e., rci,1 ≥ rci,2 ≥ · · · ≥ rci,m , it is natural to say “the reward is that
of the first cache on the path that contains the file.” For later use, we express the same rule as

R
(
zi(t), Y (t)

)
= max

j∈Path(i)
rj ⟨zi(t),yj(t)⟩, (1)

where ⟨·, ·⟩ denotes the standard inner product. Let ρ be a (possibly randomized) online policy that,
at each time t, chooses the cache configuration Y (t) ∈ Y based on the past requests and its own past
randomization. The cumulative reward of an online policy ρ over the horizon T is then given by∑T

t=1

∑n
i=1R

(
zi(t), Y (t)

)
. We evaluate an online policy ρ using the α-approximate regret defined

as

RegρT (α) = max
Y ⋆∈Y

T∑
t=1

n∑
i=1

R
(
zi(t), Y

⋆
)
− α · E

[ T∑
t=1

n∑
i=1

R
(
zi(t), Y (t)

)]
, (2)

where the expectation is over the randomness of ρ. The factor α ≥ 1 accounts for computational
intractability of the exact offline benchmark (see Appendix B). This is a common approach in online
learning literature when the exact solution to the offline problem is intractable (Paria and Sinha,
2021; Sinha et al., 2023). We do not charge an explicit switching cost for changing cache contents
across rounds. This is standard in regret-based adversarial caching and isolates the problem of
competing with the best static allocation.

3. An Efficient Offline Algorithm for Bounded Depth Trees

Finding the offline optimal caching configuration can be formulated as an integer linear program.
We show that computing the exact offline optimum is NP-hard via a reduction from the vertex cover
problem (see Appendix B for the formal statement). Accordingly, in this section we develop a
polynomial-time (1 + ε)-approximate offline oracle for trees with bounded-depth and large enough
cache capacities as follows: (i) formulate an LP relaxation of the underlying integral allocation
problem (Section 3.1). This LP is formulated by considering a joint distribution over all possible
caching configurations for each file and then maximizing the total reward over the marginal hit
probability of each file. (ii) reduce solving the fractional1 program to finding a membership oracle
which can efficiently check if a given solution to the LP satisfies the joint and marginal probabilities
for each file. (Section 3.2), (iii) implement this oracle by solving the dual via an exact MAP-based
separation oracle (Section 3.3), (iv) construct an integral distribution with small-support for each

1. By ”fractional” we mean that instead of integral allocations, we allow randomization over allocations and optimize
over the marginal probabilities of each file being stored in each cache.

4



ONLINE CACHING IN TREE NETWORKS

file that matches the given marginals and sample an integral allocation (Section 3.4), and (v) put
everything together to obtain a near-optimal offline caching algorithm for tree networks of bounded
depth (Section 3.5).

3.1. Fractional Tree Cache

Let us first define the decision variables of our LP. For some file f , we denote its caching configu-
ration across all caches by s = (s1, . . . , sℓ) where sj = 1 if file f is present in cache j, and sj = 0
otherwise. Let πf (s) ∈ [0, 1] be the probability that file f ∈ [N ] is in a system-wide caching con-
figuration s ∈ {0, 1}ℓ. We define the vector Πf = (πf (s))s∈{0,1}ℓ to be the joint distribution over
all possible caching configurations for file f . Let Π = {Πf}f∈[N ] be the set of joint distributions
for all files. With a slight abuse of notation, the state allocation vector for file f is denoted by sf .

To simplify the formulation of the objective function and constraints, we define two types of
marginal probabilities, which act as auxiliary variables.

• xjf : The marginal inclusion probability that file f ∈ [N ] is stored in cache j ∈ [ℓ]. We
denote the set of marginal probabilities by X = {xjf}j∈[ℓ],f∈[N ]. We denote the vector of the
marginal probabilities by x ∈ RℓN .

• hifk: The marginal hit probability that a request for file f ∈ [N ] by client i ∈ [n] is “first
hit” at cache ci,k (the k-th cache on Path(i)). This implies that file f is stored in cache ci,k,
but is not stored in any cache ci,k′ closer to client i (i.e., for k′ < k). We denote the set of hit
probabilities byH = {hifk}i∈[n],f∈[N ],k∈[m] and the vector of hit probabilities by h ∈ RmnN .

Note that since the auxiliary variables are just the marginal and hit probabilities derived from
the joint distribution Π, they can be expressed as linear functions of the primary variables πf (s).
Let Xif denote the total number of requests for file f ∈ [N ] by client i ∈ [n] over the time horizon.
The linear program is then formulated as

FLP : max
x∈RℓN ,h∈RmnN ,{Πf∈R2ℓ}f∈[N]

∑
i∈[n]

∑
f∈[N ]

m∑
k=1

Xif · rci,k · hifk (3a)

s.t.,
∑

f∈[N ]

xjf ≤ C, ∀j ∈ [ℓ], (3b)

∑
s∈{0,1}ℓ

πf (s) = 1, ∀f ∈ [N ], (3c)

xjf =
∑

s∈{0,1}ℓ:sj=1

πf (s), ∀j ∈ [ℓ], f ∈ [N ], (3d)

hifk =
∑

s∈{0,1}ℓ

Iifk(s) · πf (s),∀i ∈ [n], f ∈ [N ], k ∈ [m], (3e)

πf (s) ≥ 0, ∀f ∈ [N ], s ∈ {0, 1}ℓ, (3f)

where, Iifk(s) =

{
1 if sci,k = 1 and sci,k′ = 0,∀k′ < k

0 otherwise.
(3g)

The indicator function Iifk(s) is 1 if file f is stored in cache ci,k and not stored in any cache ci,k′
on the path closer to client i (i.e., for k′ < k) in the caching configuration s, and 0 otherwise. The
constraint (3b) ensures that the total expected number of files stored in any cache j does not exceed
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its capacity C. (3c) ensures that for each file f , the sum of probabilities over all possible system-
wide caching states must be 1. (3d) and (3e) ensure that the marginal probabilities xjf and the
path hit probabilities hifk are consistent with the joint distribution Πf for each file f . (3f) ensures
non-negativity of the probabilities.

While FLP exactly models the fractional caching problem, it is computationally intractable due
to the exponential number (N · 2ℓ) of variables Πf . In particular, the “consistency constraints”
in Eqs. (3c) to (3f) that ensure that there exists a joint distribution Πf that is consistent with the
marginal and hit probabilities are the main bottleneck. Thus, it is not possible to directly solve this
LP in polynomial time. We now introduce a more concise reformulation of FLP. For each file
f ∈ [N ], let F marg

f ⊆ R(mn+ℓ) be the set of all feasible marginal inclusion and hit probabilities for
f described by the constraints in equations (3c)-(3f). We denote the union of these sets by F marg =⋃

f∈[N ] F marg
f . We now rewrite FLP in terms of just the marginal and inclusion probabilities, which

are only polynomially many in number, as follows:2

FLP2 : max
x,h

∑
i∈[n]

∑
f∈[N ]

m∑
k=1

Xif · rci,k · hifk (4a)

s.t.,
∑
f∈[N ]

xjf ≤ C, ∀j ∈ [ℓ], (4b)

[xf ;hf ] ∈ F marg
f ,∀f ∈ [N ]. (4c)

Clearly, the LP in (4) has the same optimal value as the LP in (3). Formally,

Observation 1 The optimal value of the LP in (3) is equal to the optimal value of the LP in (4).

Note that we can solve an LP in polynomial time using the Ellipsoid method if we have access
to a polynomial-time separation oracle for the feasible set. For FLP2, the constraints in (4b) can be
checked in polynomial time. But, describing the set F marg explicitly still takes N · 2ℓ variables, and
hence the main challenge is to efficiently handle the constraints in (4c). Lee et al. (2018) provide a
general framework to construct such a separation oracle using a polynomial-time membership oracle
that determines if a point belongs to the feasible set. Thus, we focus on constructing an efficient
membership oracle that, given any assignment of marginal probabilities and hit probabilities, can
check whether it satisfies the constraints in (4b) and (4c), i.e., whether there exists a joint distribution
over cache states that is consistent with these marginals, without explicitly constructing F marg.

Having access to such an oracle, FLP2 can be solved by a polynomial-time convex optimization
algorithm using Õ((nmN)2) calls to the oracle. This is formalized in Theorem 1 below. For a
complete description, see (Lee et al., 2018, Sections 3 and 4).

Theorem 1 (Theorem 14, Lee et al. (2018)) Given a membership oracle for the feasible set of
FLP2, there exists a polynomial-time algorithm that computes an optimal solution using a polyno-
mial number of membership oracle queries.

We henceforth use the membership-based routine of Lee et al. (2018) as a black box, and focus on
implementing an efficient membership oracle for the constraint set of FLP2.

2. We use the notation [x;h] to denote the concatenation of the vectors x and h. By xf and hf , we denote the
sub-vectors of x and h corresponding to the file f . Analogous notation is used for other vectors as well.
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3.2. Construction of Membership Oracle

Given an assignment µx and µh of marginal probabilities x and hit probabilities h, the membership
oracle needs to verify whether these marginals belong to a valid joint distribution Π (i.e., whether
there exists a joint distribution Π that is consistent with these marginals) and also satisfy the ca-
pacity constraint. In other words, the oracle needs to verify whether µx satisfies (4b) and [µx

f ;µ
h
f ]

satisfy (4c). Verifying the capacity constraint in (4b) is straightforward and can be done explicitly.
The main challenge is to determine the membership [µx

f ;µ
h
f ] ∈ F marg

f for each file f ∈ [N ]. To that
end, for each file f ∈ [N ], consider the following linear program

MLPf : min
Πf

0 (5a)

s.t.,
∑

s∈{0,1}ℓ
πf (s) = 1, (5b)

µxjf =
∑

s∈{0,1}ℓ:sj=1

πf (s), ∀j ∈ [ℓ], (5c)

µhifk =
∑

s∈{0,1}ℓ
Iifk(s)πf (s), ∀i ∈ [n], k ∈ [m], (5d)

πf (s) ≥ 0, ∀s ∈ {0, 1}ℓ. (5e)

The LP in (5) is an explicit description of the set F marg
f . It is feasible if and only if there exists

a joint distribution πf (s) that is consistent with the given marginals µx
f and µh

f , i.e., if and only if
[µx

f ;µ
h
f ] ∈ F marg

f . Formally:

Observation 2 The LP in (5) is feasible if and only if [µx
f ;µ

h
f ] ∈ F marg

f .

The LP in (5) is an instance of the Consistency problem as described by Roughgarden and
Kearns (2013), which is to check whether a given set of marginals belongs to a valid joint distribu-
tion. Roughgarden and Kearns (2013) show that the consistency problem can be solved efficiently
if we can solve the corresponding MAP Inference problem efficiently for the underlying data graph.
We describe these concepts in the subsequent sections, and show that our problem admits a structure
required to solve the MAP inference problem efficiently.

Towards that end, we first write down the dual of the LP in (5) using the dual variables α,
β = {βj}j∈[ℓ] and γ = {γik}i∈[n],k∈[m], as follows (we drop the subscript f for clarity):

D-MLPf : max
α∈R,β∈Rℓ,γ∈Rnm

α+
∑
j∈[ℓ]

βjµ
x
j +

∑
i∈[n]

∑
k∈[m]

γikµ
h
ik, s.t. (6a)

α+
∑
j∈[ℓ]

sjβj +
∑
i∈[n]

∑
k∈[m]

Iik(s)γik ≤ 0, ∀s ∈ {0, 1}ℓ, (6b)

where Iifk is as defined in Equation (3g). The pseudo-code for the membership oracle is given in
Algorithm 1 (see Appendix C). The algorithm checks whether the dual is infeasible or unbounded
(which implies that the primal is infeasible). We explain how to solve the dual problem D-MLPf

efficiently in Section 3.3.
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3.3. MAP Inference Oracle for Constraints

It is convenient to isolate the configuration-dependent part of the dual feasibility constraints (6b)
and write

Φ(s) :=

ℓ∑
j=1

sjβj +

n∑
i=1

m∑
k=1

Iik(s) γik. (7)

A separation oracle for (6) needs to answer the following question: Is α + Φ(s) ≤ 0 for every
s ∈ {0, 1}ℓ? If the answer is no, it should produce a concrete s that violates (6b). Let s⋆ ∈
argmaxsΦ(s). If α + Φ(s⋆) > 0, then s⋆ indexes a violated constraint of (6b). If instead α +
Φ(s⋆) ≤ 0, then every constraint is satisfied, because α+Φ(s) ≤ α+Φ(s⋆) ≤ 0 for all s ∈ {0, 1}ℓ.
Thus, the problem reduces to finding the maximum of Φ(s) over s ∈ {0, 1}ℓ. Formally:

Observation 3 Let Φ(s) be defined as in (7). Given (α,β,γ), let s∗ ∈ argmaxs∈{0,1}ℓ Φ(s). If
α + Φ(s∗) > 0, then s∗ certifies a violated constraint of Eq. (6b), otherwise all constraints are
satisfied.

We cannot optimize Φ(s) by optimizing each sj individually as there are complicated depen-
dencies among the sj’s due to the indicator variables Iik(s). We find s∗ using the following strategy:

• We first define a data graph G encoding the dependencies among the sj’s induced by the
indicator variables Iik(.).

• We then define a Markov network (a type of probabilistic graphical model) over this data
graph by assigning a log-potential function to each component of the graph.

• Finally, we find s∗ by running a MAP Inference query over this Markov network. There are
efficient (polynomial time) algorithms for performing MAP inference over a Markov network
as long as the underlying data graph has a bounded treewidth (Roughgarden and Kearns,
2013). Hence, in Lemma 2 we bound the treewidth of the underlying data graph G.

The Markov network construction and the MAP Inference query on it follows standard techniques
and is described in Appendix D.1. We now explain the details of the data graph construction and
then bound its treewidth:

Data Graph. The data graph is a transitive closure of the directed3 cache tree and can be created
as follows: create one vertex for each cache variable sj , and connect sj and sj′ whenever the cor-
responding caches appear together along some client-to-root path (equivalently, when they jointly
participate in a single indicator Iik(·)). Intuitively, along a client path Path(i) = (ci,1, . . . , ci,m)
the indicators Iik(s) depend on a prefix of the variables {sci,1 , . . . , sci,k}, so these variables should
be adjacent within G. Because the physical network is a tree of depth m, each such path has length
at most m, and hence every dependency induced by Iik(·) lives on a small subset of variables of
size at most m. We leverage this structure to bound the treewidth of G in the next lemma (see
Appendix D.2 for proof). A visual illustration of the data graph construction is given in Figure 3 in
the Appendix.

3. All edges are directed from root to the leaves

8



ONLINE CACHING IN TREE NETWORKS

Lemma 2 (Treewidth of G) If the cache tree has depth m, then tw(G) ≤ m− 1.

On graphs of treewidth w, exact MAP inference with binary variables runs in time O(poly(ℓ) ·
2O(w)) via junction-tree methods (see Murphy (2012)). The combination of Observation 3 and
Lemma 2 yields:

Theorem 3 For depth-m trees, the separation oracle for Eq. (6b) can be implemented by a MAP
query on G in time 2O(m)poly(ℓ) per file. In particular, for constant m, the oracle (and hence the
feasibility test for the per-file consistency LP) is polynomial time.

Also note that in the natural setting when each cache has at least two child caches, m = O(log ℓ).
The pseudo-code for the MAP Inference oracle is given in Algorithm 2 (see Appendix D.3). In
the next section, we show how to convert the optimal fractional solution of Eq. (4) into an integral
allocation by sampling from a distribution with a small support size for each file.

3.4. Sampling from the Optimal Distribution

So far, we have described how to efficiently solve FLP2 in Eq. (4) (and by extension, FLP in
Eq. (3)) to obtain the optimal fractional marginals µx

f and µh
f , which specify the marginal inclusion

probabilities of f in each cache and the marginal probabilities of f being served to each client by
each cache along its path to the root. Now, we want to efficiently sample an integral cache allocation
using the optimal fractional solution. To do this, first, for each file f ∈ [N ], we construct a sparse
joint distribution Πf that is consistent with the marginals µx

f and µh
f obtained from the optimal

fractional solution. Then we sample a caching state vector sf ∈ {0, 1}ℓ according to the sparse
joint distribution. The sampled caching state vectors for all files will give us an integral cache
allocation that satisfies the capacity constraints in expectation.

The key result we use to construct a sparse Πf is Theorem 3.5 from Roughgarden and Kearns
(2013), which guarantees that for any file f ∈ [N ] and its corresponding marginals µh

f and µx
f , a

valid joint distribution Πf with small support can be computed efficiently. We state the sampling
procedure (Algorithm 3) and its performance guarantees (Theorem 9) in Appendix E.

3.5. Near-Optimal Offline Integral Allocation (High-Probability Capacity)

In the previous section, we described how to obtain an integral cache allocation by drawing, in-
dependently for each file f , a state sf ∈ {0, 1}ℓ from a distribution πf that matches the optimal
objective, marginals and capacity constraints of FLP in Eq. (3) in expectation. To obtain a high-
probability guarantee, we first solve FLP with capacities scaled to Ĉ := C/(1+ ε) for some ε > 0,
and then sample from the resulting per-file distributions. This ensures E[Sj ] = Ĉ for all j, and
a Chernoff bound plus a union bound implies no cache exceeds its original capacity C with high
probability as long as C = Ω̃( 1

ϵ2
). The complete procedure is formalized in Algorithm 4, along

with a formal analysis in Theorem 4, in Appendix F. We state the final guarantee for the caching
configuration returned by Algorithm 4 below.

Theorem 4 For any ε ∈ (0, 1) and C = Ω̃( log(ℓ/δ)
ϵ2

), Algorithm 4 runs in 2O(m)poly(ℓ, n,N) time
and returns an integral cache allocation that satisfies all cache capacity constraints with probability
at least 1−δ and achieves an expected total reward within a 1/(1+ε)-factor of the optimal fractional
reward.

9
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4. Online Algorithm

Finally, we combine the offline optimization oracle developed in the previous section with the
Follow-the-Perturbed-Leader (FTPL) algorithmic framework to obtain an online caching policy
with sublinear approximate regret. On each round t, the algorithm observes a request, adds it to the
cumulative request counts, adds a perturbation to the cumulative request count, and then calls Algo-
rithm 4 from the previous section on the perturbed cumulative reward which returns a near-optimal
(integral) allocation for the perturbed problem that we play on round t. The perturbation ensures
that the algorithm achieves a sublinear regret compared to the optimal offline solution in an adver-
sarial setting. The procedure is summarized in Algorithm 5 (see Appendix G.1) with guarantees
given in Theorem 5 below (see Appendix G.2 for the proof).

Theorem 5 Let ρ be the caching policy given by Algorithm 5 with appropriate learning rates
{ηt}t∈[T ] and rmax be the maximum attainable reward. Then, for any ϵ such that C ≥ Ω( log(ℓT/δ)

ϵ2
),

the (1 + ϵ)-expected regret of the policy is given by:

RegT (1 + ϵ) ≤ O
(
rmaxn

5/4
√
mC(lnNn)1/4

√
T
)
.

Moreover, the online policy ensures that the total number of items placed in each cache at every
time step is less than the cache capacity C with probability at least 1− δ.

In other words, the average hit of our online algorithm approaches that of the optimal offline policy
up to a factor of 1 + ε as the number of requests T grows large.

Single User connected to Multiple Caches: For the special case when there is a single client
connected to multi-level caches (i.e. a path network), the problem becomes significantly simpler.
The key insight is that the optimal offline caching configuration will never store the same file in two
different caches. This results in a simple, greedy optimal offline algorithm which stores the top C
most requested files in the first cache, the next C most requested file in the second cache and so on.
We leverage this to suggest a simple FTPL based online algorithm. See Appendix H for details.

Numerical simulations: We perform experiments comparing our algorithm against three natural
benchmark algorithms on a simple network with one root cache and two child caches using both
synthetic as well as real-world file request sequences. We find that our proposed algorithm either
outperforms the other algorithms or is at least as good as them on certain sequences. Due to space
limitations, we include the details of experiments in Appendix I.

5. Conclusion

In this work, we studied the problem of designing efficient caching algorithms for cache networks
with tree topologies. We showed that the offline problem is NP-hard. We then proposed both
offline and online algorithms that achieve near-optimal performance while satisfying cache capacity
constraints with high probability (as long as the cache capacities are large enough). Future work
could explore incorporating reconfiguration/switching costs into the tree-caching model, as well as
extending our algorithm to a distributed setting where each cache makes decisions based on local
information and limited (sublinear in T ) communication with other caches.

10
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Appendix A. Related Work

Caching is a very well-studied problem. Most existing caching algorithms have performance guar-
antees in terms of one of two different metrics – competitive ratio or regret. The majority of early
work on caching algorithms focused on optimizing the competitive ratio which is the ratio between
the performance of the caching policy (usually expressed in terms of number of cache misses of
the requested files) and that of the optimal caching policy that knows the whole sequence of file
requests in advance. The policies studied under this model are mostly cache eviction policies which
must admit the requested file in the cache if it is not already present. The offline optimal policy
among all cache eviction policies is known to be Belady’s MIN algorithm (Aho et al., 1971). The
seminal work in Sleator and Tarjan (1985) was among the first to study the competitive ratio of
caching algorithm with adversarial file requests. Popular caching algorithms studied under this
model include the Least Recently Used (LRU), Least Frequently Used (LFU) (Lee et al., 1999),
and First-In-First-Out (FIFO) (Dan and Towsley, 1990) policies. LRU and FIFO have a competitive
ratio equal to the size of the cache while LFU is known to have an unbounded competitive ratio in
the worst case. Variants of the caching problem taking into account different fetching costs for files
(Chrobak et al., 1991; Young, 1994) different file sizes (Young, 2002) and dependencies between
the files being cached (Bienkowski et al., 2017; Dallot et al., 2024) have also been studied.

In contrast, our work focuses on the regret of the proposed online caching algorithms. The regret
is a metric which is popular in the online learning literature (Hazan et al., 2016; Shalev-Shwartz
et al., 2012). It measures the difference between the cost/reward of the proposed algorithm and the
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cost/reward of the optimal static offline solution which has access to the entire request sequence in
advance. The goal here is to design algorithms which have regret which grows sublinearly with the
time horizon. Paschos et al. (2019) proposed an online gradient descent (Zinkevich, 2003) based
fractional caching policy (i.e. which allows caching of file fractions) which has sublinear regret
under an adversarial file request sequence. They also considered two different scenarios in the
paper – a single client connected to a single cache and a bipartite graph network model where a set of
clients are connected to a set of caches (known as the femtocaching problem from Shanmugam et al.
(2013) ). Bhattacharjee et al. (2020) showed that the online gradient based policies for fractional
caching proposed in (Paschos et al., 2019) are optimal in the single client setting and nearly optimal
for the femtocaching setting. They also proposed a Follow-The-Perturbed-Leader (FTPL) (Cesa-
Bianchi and Lugosi, 2006) based online integral caching algorithms which is nearly regret optimal
for the single client case. Subsequently, Paria and Sinha (2021) proposed an FTPL based integral
caching algorithm with sublinear regret for the femtocaching setting. More general online caching
algorithms where files are requested in batches have also been studied (Si Salem et al., 2023)

Our paper studies the case when caches are arranged according to a tree network. Most of the
existing work on networks of caches either considers the offline setting (Poularakis et al., 2016;
Borst et al., 2010; Shanmugam et al., 2013; Li et al., 2005; Gill, 2008) or considers the request
sequence to be stochastic (Fofack et al., 2014; Ioannidis and Yeh, 2016; Chu et al., 2018; Berger
et al., 2014; Alouf et al., 2016). There are some results which show that finding the offline optimal
becomes hard in caching networks. For example, Shanmugam et al. (2013) showed that finding the
offline optimal version of the fractional femtocaching problem (i.e. when clients and caches are
connected as a bipartite graph) is NP-hard. Li et al. (2021) analyzed a setting which is very close
to the one considered in this paper. They study online algorithms for a network of caches arranged
in an arbitrary topology with adversarial file request sequences. In their setting, file requests can
originate at any node in the network and the requests are routed along some pre-specified paths over
the network. They show that finding the offline optimal in this setting is NP-hard. Our setting can
be considered to be a special case of theirs since we consider a tree topology where file requests
always originate at the leaves and travels upwards towards the root. However, note that the hardness
from Li et al. (2021) doesn’t directly translate to our special case of tree networks.

Appendix B. Problem Complexity and Hardness

In this section, we show that the offline tree caching problem is NP-hard via a reduction from the
wel-known NP-hard problem of Vertex Cover. Let us first define a decision version of the tree
caching problem and also recall the definition of the vertex cover problem, from which we will
derive our hardness result

Definition 6 (Tree Cache) Given a tree T with ℓ caches, where each cache j has capacity Cj and
reward 1, a setF of files of equal size, horizon T and a sequence of file requestsZ = {z(t)}Tt=1 and
an integer threshold r, the tree cache problem TC(T ,Z,F , T, r) asks whether there exists a fixed
cache configuration y∗ such that the total reward

∑T
t=1

∑n
i=1R(zi(t),y

∗
i ) (as defined in Eq. (1))

is at least r.

Definition 7 (Vertex Cover) Given a graph G(V, E) and an integer k, the vertex cover problem
VC(G(V, E), k) is to check if there exists a subset of vertices V ′ ⊆ V such that |V ′| ≤ k and every
edge in E is incident to at least one vertex in V ′.
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The Vertex Cover problem is a well-known NP-Hard problem. The following theorem shows
that the TC problem is NP-hard via reduction from Vertex Cover.

Theorem 8 TC(T ,Z,F , T, r) is NP-hard.

Proof [Proof of Theorem 8] Given an instance VC(G(V, E), k) of vertex cover, we construct an
instance of TC(T ,Z,F , T, r) with a cache tree T of depth 3 as shown in Figure 2. At level 3,
there are n = |E| clients as the leaves, each corresponding to an edge in E . Each client i ∈ [n]
is connected to its own unique cache ci, located at level 2. Each of these caches has a capacity
Cj = 1,∀j ∈ [n]. Each cache ci is connected to the cache cn+1 of capacity Cn+1 = k at level
1, which is connected to the source server at level 0. The total number of files is N = |V|, each
corresponding to a vertex in V . We take a time horizon of T = 2. For each edge (ui, vi) ∈ E , the
corresponding client i requests two files {ui, vi} i.e. zi(1) = ui and zi(2) = vi. All the caches
have the same reward of 1, and we set the target reward to r = 2n.

Source

cn+1

c1 c2 . . . cn−1 cn

{u1, v1} {u2, v2} {un−1, vn−1} {un, vn}

Figure 2: Tree Network for Lower Bound

Clearly, the total number of file requests is 2n. If there exists a caching configuration that gives
a reward of 2n (i.e. all requests are satisfied), then the size k vertex cover of G corresponds to the
set of files stored in the cache cn+1. So, given an algorithm for TC(T ,Z,F , T, r), we can solve
VC(G(V, E), k).
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Appendix C. Membership Oracle for Marginal Consistency

Algorithm 1 Membership Oracle for Marginal Consistency
Input : Candidate marginals (µh,µx)
Output : true if (µh,µx) is feasible, false otherwise
Oracle Access: MAP Inference Oracle MAPInferenceOracle (Algorithm 2)

1 // Check capacity constraints
2 foreach cache j ∈ [ℓ] do
3 if

∑
f∈[N ] µ

x
jf > C then

4 return false
5 end
6 end
7 // Check consistency for each file
8 foreach file f ∈ [N ] do
9 Solve D-MLPf via ellipsoid using MAPInferenceOracle as a separation oracle (Algo-

rithm 2).
10 // dual is infeasible
11 if D-MLPf is not feasible then
12 return false
13 end
14 //dual is unbounded
15 if Optimal value of D-MLPf ̸= 0 then
16 return false
17 end
18 end
19 return true

Appendix D. MAP Inference and Markov Networks

D.1. Background

Markov network for Φ. We now construct a Markov network over the vertices of Gf by assign-
ing:

• a unary clique at each cache j with log-potential logψj(sj) = βjsj , and

• for each pair (i, k), a clique supported on the prefix {sci,1 , . . . , sci,k} with log-potential
logψi,k(s) = γikIik(s).

The total log-score of a configuration s in this network is precisely
∑

j logψj(sj)+
∑

i,k logψi,k(s) =
Φ(s) (up to the additive constant α, which does not affect maximization). Next, we show how to
maximize the potential function Φ(s) efficiently by running MAP inference query on this Markov
network.

MAP inference. Given an undirected graphical model (Markov network) over binary variables
s ∈ {0, 1}ℓ with clique potentials {ψC}, the (unnormalized) score of a configuration s is

∏
C ψC(sC),
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C0

C1

C2

Client A

C3

Client B

C4

Client C

(a) Cache Tree

s0

s1 s4

s2 s3

(b) Data Graph for MAP Infer-
ence

{s0, s1, s2} {s0, s1, s3}

{s0, s4}

{s0, s1}

{s0}

(c) Junction Tree

Figure 3: Cache Tree and the Corresponding Data Graph and Junction Tree for MAP Inference. The
source node is omitted for clarity.

or equivalently the log-score
∑

C logψC(sC). A MAP (maximum a posteriori) inference query re-
turns a configuration

s∗ ∈ arg max
s∈{0,1}ℓ

∑
C

logψC(sC),

and optionally the optimum value maxs
∑

C logψC(sC). Importantly, MAP does not require com-
puting the normalizing constant (partition function) or any marginal probabilities; it only finds
the highest-scoring assignment under the specified potentials. In our construction, the clique log-
potentials are chosen so that the log-score equals Φ(s) up to an additive constant, hence a MAP
query directly produces s∗ maximizing Φ(s). We then check the sign of α+Φ(s∗) to either return
a violated constraint of Eq. (6b) or certify feasibility (see Lemma 3).

D.2. Proof of Lemma 2

Proof Lemma 2 We define a tree decomposition (also called a Junction tree) of Gf . For each client
i with path Path(i) = (ci,1, . . . , ci,m), define bags Bi,k = {sci,1 , . . . , sci,k } for k = 1, . . . ,m
and connect adjacent bags (Bi,j , Bi,j+1) for j = 1, . . . ,m − 1. An example of a cache tree, the
corresponding data graph (i.e. Gf ), and the tree decomposition (junction tree) of the data graph is
shown in Figure 3. Note that every edge of Gf lies along a pair of vertices on some Path(i), hence
it must be present in some Bi,k. Each variable sj appears in a contiguous set of bags (those where
its cache is within the first k positions on some Path(i)), so the running intersection property holds.
Bag size ≤ m gives treewidth ≤ m− 1.
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D.3. Algorithm

Algorithm 2 MAPInferenceOracle: MAP Inference Separation Oracle
Input : Dual variables (αf ,βf ,γf ) for a file f . Network tree T of depth m.
Output: A tuple (status, s∗), where status is VIOLATED or SATISFIED.

1 Construct a graphical model for file f with nodes representing the binary variables {sj}j∈[ℓ].
2 Solve the MAP inference problem using the junction tree algorithm to find the optimal assignment:

s∗ ← argmaxs∈{0,1}ℓ Φ(s).
3 Compute the maximum potential Φmax = Φ(s∗).
4 if Φmax > −αf then
5 return (VIOLATED, s∗)
6 end
7 else
8 return (SATISFIED, ∅)
9 end

Appendix E. Sampling from the Optimal Distribution

Algorithm 3 Sampling for Integral Allocation
Input: Feasible (µH , µX)
Output: Integral cache configuration Y ∈ {0, 1}ℓ×N

Oracle Access: Access to membership oracle MAPInferenceOracle (Algorithm 2)
1 for f = 1 to N do
2 Run ellipsoid on D-MLPf with MAPInferenceOracle and collect the violated constraints

to form the reduced primal (Theorem 9);
3 Solve the (polynomial-sized) reduced primal to obtain πf with small support via Theorem 9;
4 Sample sf ∼ πf and set Yj,f ← (sf )j for all j ∈ [ℓ];
5 end
6 return Y

Theorem 9 (Per-file small-support construction) Fix a tree of depth m and a file f . Given
feasible marginals (µX

f ,µ
H
f ), there is a polynomial-time algorithm that computes a distribution

πf over {0, 1}ℓ which is consistent with (µX
f ,µ

H
f ) and has support size at most mf + 1, where

mf = |µX
f | + |µH

f | is the total number of marginal equalities for file f . Moreover, the algorithm
runs in time poly(mf ) · 2O(m)poly(ℓ).

Proof We briefly outline the main steps of the procedure; see Roughgarden and Kearns (2013)
for full details. Fix a file f and its feasible marginals (µX

f ,µ
H
f ) obtained by solving FLP2 in

Eq. (4). Let mf = |µX
f | + |µH

f | be the total number of marginal equalities for this file. The idea
is to construct a ”reduced primal” LP with only polynomially many variables that still captures the
feasibility of the original per-file consistency MLPf in Eq. (5). The steps are as follows:

First, we will construct the ”reduced dual” from the dual LP D-MLPf in Eq. (6) by only re-
taining those constraints in Eq. (6b) that are necessary to certify feasibility. Recall that we solve
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D-MLPf using the ellipsoid method. Its separation oracle, given a candidate dual point, searches
for a state s ∈ {0, 1}ℓ that maximizes the potential Φ(s) on the data graph Gf ; a strict maximizer
identifies a violated dual constraint. The ellipsoid runs for only poly(mf ) iterations, so we collect
at most K ≤ poly(mf ) violated constraints in total. Keeping only these constraints yields the re-
duced dual, a smaller dual system containing exactly the constraints needed to certify feasibility and
optimality for file f (cf. Figure 2 in Roughgarden and Kearns (2013)). Note that unlike the original
dual, the reduced dual has only polynomially many constraints.

By strong duality, the reduced dual constructed above is feasible. Therefore, the ”reduced pri-
mal” that is restricted to only the K variables corresponding to the K constraints in the reduced
dual is also feasible. Interpret this reduced primal as choosing a distribution πf over a finite set
Sf ⊆ {0, 1}ℓ (the K states we collected), subject to: (i) probability mass sums to one, (ii) πf
matches the mf marginal equalities for (µX

f ,µ
H
f ), and (iii) nonnegativity for all probabilities.

Thus, the reduced primal has a polynomial number of variables, and there is an optimal solution
πf supported on at most mf + 1 states in Sf .

The ellipsoid method performs only polynomially many iterations in mf . Each iteration makes
one MAP call, which costs 2O(m)poly(ℓ). Solving the final reduced primal has onlyK ≤ poly(mf )
variables, so it is polynomial in mf . Thus, the total time is poly(mf ) · 2O(m)poly(ℓ).

Let R∗
FRAC and R∗

INT be the rewards of the optimal fractional and integral allocations respec-
tively. Clearly, R∗

FRAC ≥ R∗
INT since the fractional program is a relaxation of the integral one.

Let RINT(Y ) be the reward of the integral allocation Y constructed by Algorithm 3. Hence, the
expected reward of Algorithm 3 is denoted by E[RINT(Y )], where the expectation is taken over the
randomness in sampling. The next corollary formalizes the guarantees of Algorithm 3.

Corollary 10 (Sampling guarantees in expectation) Construct πf with small support consistent
with the optimal FLP marginals (µX , µH) and sample sf ∼ πf independently for each f ∈ [N ];
set Yj,f ← (sf )j . Then:

1. Expected objective equals the FLP optimum.

E[RINT(Y )] = E
[∑

i,f

m∑
k=1

Xif rci,k Iifk(Yf )
]

= R∗
FRAC (by Eq. (3a)).

2. Marginals are matched in expectation. For all caches j, files f , clients i, and depths k,

E[Yj,f ] = µXjf (by Eq. (3d)), E[Iifk(Y )] = µHifk (by Eq. (3e)).

3. Capacity holds in expectation. For every cache j,

E
[∑

f

Yj,f

]
=

∑
f

µXjf ≤ C (by the FLP capacity constraint, Eq. (3b)).

Proof By construction, πf realizes the FLP marginals (µX , µH) for each file (Eqs. (3d) and (3e)),
which directly gives the second statement. The first statement follows by linearity of expectation
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applied to the FLP objective (Eq. (3a)). The third statement follows from E[Yj,f ] = µXjf and
Eq. (3b).

Note that the allocation Y may violate capacity on a particular sample, since Corollary 10 only
guarantees that capacity holds in expectation. The next section upgrades this to a high-probability
statement without degrading the expected objective value too much.

Appendix F. Near-Optimal Offline Integral Allocation (High-Probability Capacity)

Algorithm 4 Near-Optimal Offline Integral Allocation
Input: Tree T , requests {Xif}, rewards {rj}, capacities {C}, parameter ε > 0
Output: Integral configuration Y ∈ {0, 1}ℓ×N

1 Solve the FLP with capacities set to Ĉ = C/(1 + ε) to obtain optimal marginals (µh, µx);
2 For each file f ∈ [N ], construct a sparse-support joint πf consistent with (µhf , µ

x
f ) and sample

sf ∼ πf ; set Yj,f ← (sf )j for all j ∈ [ℓ];
3 return Y

Let R∗
FRAC(C) be the optimal value of FLP as a function of the cache capacity. Fix ε ∈ (0, 1) and

set Ĉ := C/(1 + ε). Let (µ̂x, µ̂h) be an optimal solution of FLP with capacities Ĉ.

Theorem 4 (restated) Run Algorithm 4 with parameter ε ∈ (0, 1). Then:

1. Expected reward.

E
[
RINT(Ŷ )

]
= R∗

FRAC(Ĉ) ∈
[
R∗

FRAC(C)/(1 + ε) , R∗
FRAC(C)

]
.

2. Capacity in expectation and with high probability. For every cache j,

E
[∑

f

Yj,f

]
=

∑
f

µxjf ≤ Ĉ =
C

1 + ε
.

Moreover, letting Sj :=
∑

f Yj,f , we have the tail bound

Pr
(
∃j ∈ [ℓ] : Sj > C

)
≤ ℓ · exp

(
− ε2C

3(1 + ε)

)
,

so the original capacity C is satisfied at all caches simultaneously with high probability.

Proof For the first claim, linearity of expectation applied to Eq. (3a) gives E
[
RINT(Ŷ )

]
= R̂∗

FRAC.
Concavity of R∗

FRAC(C) with R∗
FRAC(0) = 0 implies R∗

FRAC(Ĉ) = R∗
FRAC(

C
1+ε) ≥ R

∗
FRAC/(1 +

ε) and trivially R∗
FRAC(Ĉ) ≤ R∗

FRAC(C).
For the second claim, for fixed j, the variables {Yj,f}Nf=1 are independent Bernoulli, with means

µxjf summing to at most Ĉ. Applying the multiplicative Chernoff bound to Sj and a union bound
over j ∈ [ℓ] yields the stated probability.
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Runtime. Solving FLP with capacity Ĉ uses the same membership/separation framework as Sec-
tions 3.1 to 3.3, requiring Õ((nmN)2) membership calls; each call and the per-file small-support
construction invoke the MAP oracle in time 2O(m)poly(ℓ). Thus, our final algorithm runs in
poly(n, ℓ,N) · 2O(m) time.

Appendix G. Online Algorithm and Regret Analysis

G.1. Online Algorithm

Algorithm 5 Online Integral Cache Allocation via FTPL
Input: Tree network T , client requests {Z(t)}T1 , rewards {rj}, capacity C, learning rates {ηt}
Output: Online cache allocation Yt ∈ {0, 1}ℓ×N at each time step t

1 Sample γ ∼ N (0, IN×n) ; X1 ← 0
2 for t = 1 to T do
3 Θ(t)←Xt + ηtγ
4 Return the integral cache allocation for the perturbed counts Θ(t) using Algorithm 4.
5 Xt+1 ←Xt + Z(t)

6 end

G.2. Regret Analysis: Proof of Theorem 5

Proof We will reuse the notation introduced in the previous section. Let R∗
INT and R∗

FRAC be the
reward of the optimal integral cache allocation and the optimal fractional cache allocation given by
solving FLP, respectively. Note that R∗

INT is the reward of the optimal static offline caching policy
which our online algorithm competes against. Then, recall that:

R∗
INT ≤ R∗

FRAC(C) ≤ (1 + ϵ)R∗
FRAC(Ĉ). (8)

where Ĉ = C/(1 + ϵ).
Let RALG be the sum of rewards over time horizon T of the online algorithm given in Algo-

rithm 5. Then, the (1 + ϵ) regret is given by:

RegT (1 + ϵ) = R∗
INT − (1 + ϵ)Eγ,S [RALG]. (9)

where the expectation is taken over the randomness from sampling (denoted by S) as well as from
the noise γ in Algorithm 5. Note that, at every time step, the caching configuration returned by
Algorithm 5 is found by running Algorithm 4 with the perturbed count vector (and reduced cache
capacity C/(1 + ϵ)) as input. Thus, by Theorem 4, the cache capacity constraints of all caches are
satisfied at every time step with probability at least 1−δ by taking a union bound over the time steps.
Also note that the solution returned by Algorithm 4 is obtained by sampling an integral solution
from a fractional solution. For the purpose of this proof, we now consider the fractional version
of the online algorithm where we are allowed to output fractional caching configurations. More
specifically, suppose that, at every time step, the online algorithm outputs the fractional caching
configuration instead of the integral caching configuration given by the sampling step. Let RFRAC

ALG
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be the total reward over time horizon T obtained by these fractional solutions. Then, as described
in Theorem 4, we will have Eγ,S [RALG] = Eγ [R

FRAC
ALG ]. Thus, from (8) and (9), we have:

RegT (1 + ϵ) ≤ (1 + ϵ)[R∗
FRAC(Ĉ)− Eγ [R

FRAC
ALG ]]. (10)

Thus, it is enough to bound the regret of the online algorithm with fractional solutions given by
E[RegFRAC

T ] = R∗
FRAC(Ĉ) − Eγ [R

FRAC
ALG ]. To bound this quantity, we will follow the proof for the

regret analysis of FTPL policy given in Paria and Sinha (2021).
First, recall that the request vector for client i at time t is given by zi(t) ∈ {0, 1}N and

z(t) is a length Nn obtained by concatenating all zi(t)’s together. Let wi(t) be length N re-
ward vector corresponding to client i at time step t due to the online policy of Algorithm 5 such
that (wi(t))j ∈ [0, rmax] is the reward if file j ∈ [N ] was requested by client i at time t. Note
that

∑n
i=1⟨wi(t), zi(t)⟩ is the reward at time step t of the policy in Algorithm 5. Also note that

∥wi(t)∥1 ≤ rmaxmC
1+ϵ since each cache is of capacity C

1+ϵ in the modified LP in Algorithm 4 and
there are m caches in the path from client i to the root in a tree of depth m. Also, let w(t) be
the length Nn reward vector corresponding to all clients obtained by concatenating all the wi(t)
vectors together. Then,

∥w(t)∥1 ≤
rmaxnmC

1 + ϵ
. (11)

Let W be the set of feasible reward vectors obtained by solving the (fractional) LP with cache
capacity C/(1 + ϵ). Then, we have:

w(t) ∈ argmax
w∈W

⟨w,Xt + ηt.γ⟩ (12)

Now, we follow the proof of Theorem 1 of Paria and Sinha (2021) to bound the regret E[RegFRAC
T ] =

R∗
FRAC(Ĉ)−Eγ [R

FRAC
ALG ]. Let the potential function Φηt(z) be defined as Φηt(z) = Eγ [maxw∈W⟨w, z+

ηt · γ⟩]. Then, following the proof of Theorem 1, we have (see Eq. (29) of Paria and Sinha (2021)):

E[RegFRAC
T ] ≤ ηT+1E[max

w∈W
⟨w,γ⟩] + 1

2

T∑
t=1

(z(t))T∇Φ2
ηt(X̃t)z(t) (13)

where X̃t lies on the line segment joining Xt and Xt+1 for all t ∈ [T ]. We now bound the two
terms in (13) separately. We can bound E[maxw∈W⟨w,γ⟩] following the proof of Proposition 1
of Paria and Sinha (2021) as follows:

E[max
w∈W

⟨w,γ⟩]
Hölder’s ineq.
≤ E[max

w∈W
∥w∥1∥γ∥∞]

≤ rmaxηT+1nmC

1 + ϵ

√
4 ln(Nn) (14)

where for the second inequality, we bounded ∥w∥1 using (11) and ∥γ∥∞ was bounded using a
standard upper bound on the expectation of the maximum of the absolute value of a set of i.i.d.
standard Gaussian random variables Wainwright (2019). Now, for bounding the second term in (13),
first note that we can write the (i,j)’th term of the matrix as (using Lemma 1.5 of Abernethy et al.
(2016)):

(∇Φ2
ηt(X̃t))i, j =

1

ηt
E[ŵiγj ]
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where ŵi ∈ argmaxw∈W⟨w, X̃t + ηtγ⟩. Thus, we get:

(z(t))T∇Φ2
ηt(X̃t)z(t) =

1

ηt

Nn∑
i=1

Nn∑
j=1

(z(t))i(z(t))jE[ẑiγj ]

=
1

ηt
E[(

Nn∑
i=1

(z(t))iŵi)(

Nn∑
j=1

(z(t))jγj)]

≤ 1

ηt

√√√√E[(
Nn∑
i=1

(z(t))iŵi)2]

×

√√√√E[(
Nn∑
j=1

(z(t))jγj)2] (15)

where the final step follows from the Cauchy-Schwarz inequality. Now, each request z(t) has a 1 at
n indices corresponding to the file requests of the n clients and 0 everywhere else. Also, every ŵi

for i ∈ [Nn] is bounded by rmax. Thus, (
∑Nn

i=1(z(t))iŵi)
2 ≤ n2r2max. Also,

∑Nn
j=1(z(t))jγj is a

Gaussian random variable with mean 0 and variance ∥z(t)∥22 = n. Thus, E[(
∑Nn

j=1(z(t))jγj)
2] =

n. Substituting this in (15), we get:

(z(t))T∇Φ2
ηt(X̃t)z(t) ≤

1

ηt
n3/2rmax

Using the above result and (14) in (13), we get:

E[RegFRAC
T ] ≤ rmaxηT+1nmC

1 + ϵ

√
4 ln(Nn) +

n3/2rmax

2

T∑
t=1

1

ηt

Choosing ηt = β
√
T and setting β appropriately to balance the two terms on the right hand side

above, we get:

E[RegFRAC
T ] ≤ rmaxn

5/4

√
mC

1 + ϵ
(lnNn)1/4

√
T .

Substituting the above bound in (9), we get the final regret bound:

RegT (1 + ϵ) ≤ rmaxn
5/4

√
(1 + ϵ)mC(lnNn)1/4

√
T

Appendix H. Special Case: Path Network

Having established the hardness of the general tree caching problem along with presenting a so-
phisticated algorithm to solve it, we now turn to a key special case: a single client connected to the
source server via a path of caches. This linear topology (Figure 4) is a special case of a tree with a
single leaf and no branching nodes. Note that the treewidth of the underlying graph is 1. We will
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Server

Cachem

Cachem−1

...

Cache1

Client

Figure 4: Single Client: Path Network

Algorithm 6 Caching for Single Client
Input: Learning rates {ηt}t∈[T ]

1 Sample γ ∼ N (0, IN×1)
2 X(1)← 0
3 for t = 1 to T do
4 Θ(t)←X(t) + ηtγ
5 Sort Θ(t) in descending order
6 for k = 1 to m do
7 Load Cachek with files at indices [(k − 1) · C + 1, . . . , k · C]
8 end
9 X(t+ 1)←X(t) + x(t)

10 end
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show that in this case, there is a simple, optimal greedy algorithm for the offline (and hence, online)
problem. Note that in this case, we will have ℓ = m since the number of caches is equal to the depth
of the tree.

The online caching policy is given in Algorithm 6. Note that this is a simple Follow-The-
Perturbed-Leader based caching policy which maintains a vector X(t) containing the total number
of requests of each file up to time t and then perturbs the vector X(t) by a small Gaussian noise
vector (scaled by ηt at time t). Also note that the policy maintains orthogonality of the cache
configurations across different levels, i.e. for caches i and j, we will always have yT

i (t)yj(t) = 0.
We now bound the regret of this simple policy.

Theorem 11 Let π be the caching policy given by Algorithm 6 with learning rates {ηt}t∈[T ]. Then,
the expected regret of the policy is bounded as follows:

E [Regπ(T )] ≤ O
(√

T
)
. (16)

Proof Let z(t) =
∑m

i=1 riyi(t) and z∗ =
∑m

i=1 riy
∗
i . Let x(t) ∈ RN be the one-hot vector that

represents the file requested at time step t. Then, the set of feasible reward vectors are given by
z ∈ Z ⊆ {0, rm, . . . , r1}N such that

∑N
i=1 I(zi = rj) ≤ C for j ∈ [m]. The reward vector at time

step t given by the algorithm is

z(t) ∈ argmax
z∈Z

⟨z,Xt + ηt · γ⟩

where γt ∼ [N ](0, IN×1) and X =
∑t−1

i=1 x(i). For simplicity, assume that
∑m

i=1 r
2
i = 1, i.e. the

rewards are normalized.
Define a potential function

ϕη(x) = Eγ [max
z∈Z
⟨z,x+ ηt · γ⟩]. (17)

Then, following the analysis in (Bhattacharjee et al., 2020, Theorem 2.4), or equivalently from Co-
hen and Hazan (2015), we can bound the regret after T steps as:

E[RT ] ≤ Φη(X1) +
1

2

T∑
t=1

⟨x(t),∇2(ϕ(x̃(t)))x(t)⟩ (18)

for some x̃(t) on the line segment connecting Xt and Xt+1. The second term can be bounded using
(Bhattacharjee et al., 2020, Eq. 27) since x(t) has a 1 at only a single index at every t. So, we get

1

2

T∑
t=1

⟨x(t),∇2(ϕ(x̃(t)))x(t)⟩ ≤ T

η
√
2π
.

. Next, note that we have Φη(Θ1) = ηE[maxz∈Z⟨z,γ⟩]. Following Cohen and Hazan (2015), since
⟨z,γ⟩ is a normal random variable with mean 0 and variance ∥z∥22 ≤ C we get

E[max
z∈Z
⟨z,γ⟩] ≤

√
2C log |Z|.
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Now, note that |Z| < NmC . Thus, we get Φη(Θ1) = Cη
√
2m logN . So, we get:

E[RT ] ≤ Cη
√

2m logN +
T

η
√
2π

Hence, we get

E[RT ] ≤ O
(
(m logN)1/4

√
CT

)
for

η =
1

(4πm logN)1/4
·
√
T

C
.

.

Appendix I. Experiments

We compare the performance of our Tree Cache algorithm with the commonly used network caching
policies such as LRU and LFU (run independently on each cache), and also with the TBGRD algo-
rithm proposed in Li et al. (2021).

The tree network used for the simulations has one root cache and two leaf caches. Each leaf
has a client attached to it, that requests files from the cache at each time step. All the caches have a
capacity of 5 files. A cache hit at the leaves awards a reward of 2, while a cache hit at the root cache
awards a reward of 1. The library consists of 21 files. The time horizon for the experiments is set to
10,000 time steps.

We evaluate the algorithms on three types of request sequences: an adversarial sequence, a
synthetic Zipf sequence, and a CDN trace from Berger (2018).

For the adversarial sequence, the library is divided into three sets A, B, and C. At each time
step, client 1 chooses set A with probability 0.55 and set B with probability 0.45, while client 2
selects set A with probability 0.55 and set C with probability 0.45. Each client then requests a file
uniformly at random from the chosen set.

In the synthetic Zipf sequence, both clients independently request files from the library accord-
ing to an identical Zipf distribution. The CDN trace is a real-world trace from a Content Delivery
Network (CDN) available at Berger (2018). For preprocessing, we sort the requests by time and
discard the requests of file indices greater than 21, since that is the library size. Then, we take a
continuous sequence of 20,000 requests from the trace, and split it into two equal parts, one for each
client. The first half of the requests is assigned to client 1 and the second half to client 2.

We find that our proposed algorithm outperforms other algorithms on the adversarial sequence
while performing comparably on the Zipf sequence and the CDN trace.
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Figure 5: Regret per unit time for different request sequences. The Tree Cache algorithm out-
performs other algorithms on the adversarial sequence while performing comparably on the Zipf
sequence and the CDN trace.
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