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Abstract

We introduce Deep QP Safety Filter, a fully data-driven safety layer for black-box dynamical
systems. Our method learns a Quadratic-Program (QP) safety filter without model knowledge by
combining Hamilton–Jacobi (HJ) reachability with model-free learning. We construct contraction-
based losses for both the safety value and its derivatives, and train two neural networks accordingly.
In the exact setting, the learned critic converges to the viscosity solution (and its derivative), even
for non-smooth values. Across diverse dynamical systems – even including a hybrid system – and
multiple RL tasks, Deep QP Safety Filter substantially reduces pre-convergence failures while ac-
celerating learning toward higher returns than strong baselines, offering a principled and practical
route to safe, model-free control.
Keywords: Safety filter, Hamilton-Jacobi reachability, Model-free learning, Safe reinforcement
learning

1. Introduction
Safety-critical control has advanced rapidly in recent years, revealing impressive capabilities across
robotics and autonomous systems. Among these, filtering-based approaches that modify an unsafe
reference input into a safe one have become popular for their simplicity and real-time feasibil-
ity (Hsu et al., 2023a). Within this family, Quadratic-Program (QP) formulations that enforce safety
even inside the safe set often produce smoother behavior than switching-based methods, and have
been deployed on challenging, unstable platforms such as bipedal robots (Liu et al., 2023).

Despite this progress, current filters depend heavily on prior model knowledge: their reliability
deteriorates as model uncertainty grows. Recent learning-based variants attempt to mitigate uncer-
tainty, yet many still presume partial access to the dynamics, which is unavailable for black-box
systems. This creates a practical gap between elegant theory and deployment on real platforms with
unknown or changing dynamics.

We address this gap by proposing a framework that learns a QP-based safety filter directly from
data, requiring no model knowledge. Our method integrates time-discounted Hamilton–Jacobi (HJ)
reachability with a model-free learning paradigm to construct a filter that preserves the desirable
control characteristics of QP methods while enforcing data-driven safety constraints. Theoretical
guarantees follow from the contraction properties of Bellman operators, yielding convergence and
enabling a practical, model-free implementation.

We validate the approach in extensive simulations. The learned critic converges to the analytic
HJ solution, and, when used as a safety filter, significantly reduces training failures and improves RL
policy performance relative to baselines. The filter’s conservatism is reduced via HJ reachability and
can be tuned in aggressiveness by the user, allowing reuse across tasks. Finally, we further test the
method on a hybrid system that does not meet the theoretical assumptions. Its strong performance
indicates that the assumptions are practically valid when approximated by neural networks.
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Figure 1: Overview of the Deep QP Safety Filter learned purely from transition data. The Safety
Critic maps state and constraints to a safety value and derivatives, used by a QP solver together with
a raw reference input, in order to produce a safe control input. The example sequence illustrates an
unstable system with bang-bang (±1) reference commands, where the filtered commands under our
method maintain safety.

2. Related Works
Learning with model assumptions. A large body of research uses learning to overcome the limi-
tations of model-based methods, such as the curse of dimensionality in HJ reachability (Bansal and
Tomlin, 2021; Hsu et al., 2023b; Li et al., 2025) or the difficulty of handcrafting Control Barrier
Functions (CBFs) (Robey et al., 2020; Xiao et al., 2023; Zhang et al., 2025). Other works combine
CBF-QPs with RL to compensate for imperfect nominal models (Gangopadhyay et al., 2022; Choi
et al., 2020). However, these approaches still rely on partial model knowledge, such as a pre-defined
CBF structure (Taylor et al., 2020), properties like Lipschitz constants (Choi et al., 2025), or a
precomputed safe policy (So et al., 2024) – assumptions that are rarely available in the black-box
settings.
Model-free safety learning. Inspired by RL, model-free safety learning has also been widely ex-
plored. Many of these methods rely on discounted cumulative costs (Gu et al., 2024), which do not
ensure persistent satisfaction of state constraints. Others aim for model-free state constraint satisfac-
tion but may incur numerous safety violations during training (Yu et al., 2022) or produce switching
filters (Fisac et al., 2019). This switching behavior is unsuitable for highly dynamic systems, where
such rapidly changing safe control strategies are not preferred. More recent work learns discriminat-
ing hyperplanes in the input space (Lavanakul et al., 2024). However, for black-box systems without
prior safety knowledge, one must adopt the RL-based training approach of this method. Since this
RL approach simply maximizes survival time, the absence of reachability foundations may lead to
conservative behavior.

3. Method
In this section, we describe the overall setting of our problem and introduce the HJ reachability
as a preliminary requirement for the proposed method. We then propose a model-free safety filter
learning framework grounded on the HJ reachability.
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3.1. Problem Setup

Let us denote the state and the control input as x ∈ X ⊆ Rn and u ∈ U ⊂ Rm, respectively, where
X and U represent the state space and the input space. Since most actuators are subject to hardware
limits, we consider the input space U to be constrained by a known pair of (A, b), i.e.,

U = {u ∈ Rm | Au ≤ b}.
This also includes the common box-constrained case in which each actuator independently pos-

sesses its own upper and lower bounds.
The system provides a differentiable output signal c(x) ∈ R whose functional form is unknown,

although its value can be directly measured. We impose the state constraint c(x) ≥ 0. This constraint
can be viewed as an observable signal analogous to a reward signal in RL. Observations are made
at a known fixed time interval δt > 0. Since sensing and control are performed discretely in real
systems, we use transition data sampled at the same fixed interval δt. That is, given a particular state
x, applied control input u, observed constraint signal c, and the next state and constraint xuδt and cuδt
after δt, we form transitions of the type (x, u, c, xuδt, c

u
δt).

We assume the control-affine dynamics of the given black-box system:

ẋ = f(x) + g(x)u.

This assumption is well justified, as many physical systems are controlled by force or torque com-
mands through actuators. In such cases, the Euler–Lagrange equation naturally leads to a control-
affine form. Even if a system is not strictly control-affine, the structure can still be represented by
introducing a virtual input v with u̇ = v. Moreover, as will be discussed later, even a highly dynamic
hybrid system exhibiting discontinuous state transitions can be effectively learned in a smooth man-
ner through discrete transition data. The proposed algorithm has been empirically verified to handle
such hybrid cases successfully.

Lastly, we define the notion of safety considered throughout this work.

Definition 1 (Safe state and safe set) A state x is said to be safe if there exists a control trajectory
such that the state at time t, x(t), driven by that control from initial condition x(0) = x, satisfies
c(x(t)) ≥ 0 for all t ≥ 0. A set S is said to be a safe set if every element x ∈ S is a safe state.

Our goal is to design a QP-based safety filter for systems with black-box dynamics. Unlike
bang–bang safety filters that intervene only when the safety value falls below a threshold, we aim
for a formulation that consistently filters the control input. This approach provides smoother control
commands and more stable system behavior while preserving safety guarantees.

3.2. Hamilton-Jacobi Reachability

Hamilton–Jacobi (HJ) reachability has been one of the cornerstones in the field of safety-critical
control. It is an optimal-control-based framework that handles input bounds and relative degrees
between constraint and control, enabling safe control with minimal conservatism. Let us consider
the safety value function and its corresponding Partial Differential Equation (PDE) (Fisac et al.,
2019, 2015):

V (x) = sup
π

inf
t≥0

c(xπt ), min

{
c(x)− V (x),max

u∈U

∂V

∂x
(x)(f(x) + g(x)u)

}
= 0.

where π denotes any control policy and xπt is the state at time t driven by policy π starting from x.
The function V (x) represents the smallest achievable constraint value when the system is controlled
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optimally from the current state x. By definition, the current state x is considered safe if and only if
V (x) ≥ 0, and the 0-superlevel set of V (x) renders the largest control invariant safe set.

To enable model-free learning, we rewrite the definition of V (x) in a recursive form:

V (x) = sup
π

min

{
min

0≤t1≤s
c(xπt1), inft2≥s

c(xπt2)

}
= sup

π
min

{
min
0≤t≤s

c(xπt ), V (xπs )

}
(1)

However, (1) requires transition data to be collected under an optimally safe policy. Since such a
policy is not known in advance, this formulation is not directly suitable for model-free learning. To
relax this limitation and allow learning from arbitrary transition data, we introduce a state-action
safety value function analogous to the Q-function in RL (Watkins and Dayan, 1992):

Qs(x, u) = min

{
min

0≤t1≤s
c(xut1), sup

π
inf
t2≥0

c((xus )
π
t2)

}
= min

{
min
0≤t≤s

c(xut ), V (xus )

}
(2)

Here, Qs(x, u) represents the smallest constraint value that can be achieved when applying a con-
stant control u for a short horizon s ≥ 0 and then switching to the optimally safe policy thereafter.
This formulation serves as the foundation for a model-free learning algorithm that can learn directly
from arbitrary transition data.

3.3. Time-discounted reachability
The recursive definitions in (1) and (2) do not inherently possess contraction properties, which
makes them unsuitable for stable critic learning. To overcome this limitation, several works (Fisac
et al., 2019; Li et al., 2025) introduced a discount factor in the discrete-time domain. In this sec-
tion, we extend this concept to the continuous-time setting and establish the theoretical foundations
required to learn the corresponding discounted value functions and their derivatives. First, for a
non-negative scalar λ ≥ 0, we define the discounted value functions V λ(x) and Qλ

s (x, u) as

V λ(x) := sup
π

inf
t≥0

{∫ t

0
λe−λτ c(xπτ )dτ + e−λtc(xπt )

}
, (3)

Qλ
s (x, u) :=min

{
min
0≤t≤s

∫ t

0
λe−λτ c(xuτ )dτ + e−λtc(xut ),

∫ s

0
λe−λτ c(xuτ )dτ + e−λsV λ(xus )

}
(4)

We list several corollaries relating the original and discounted value functions.

Corollary 1 For all (x, u) ∈ X × U , the following inequalities hold:

Qs(x, u) ≤ V (x) ≤ c(x), Qλ
s (x, u) ≤ V λ(x) ≤ c(x).

Corollary 2 As the discount factor approaches zero, the discounted functions converge to their
undiscounted counterparts:

lim
λ↓0

V λ(x) = V (x), lim
λ↓0

Qλ
s (x, u) = Qs(x, u), ∀(x, u) ∈ X × U .

Corollary 3 As the duration s tends to zero, the state-action safety values converge to their corre-
sponding safety values:

lim
s↓0

Qs(x, u) = V (x), lim
s↓0

Qλ
s (x, u) = V λ(x), ∀(x, u) ∈ X × U .

Proof It directly follows from the definitions in (1) and (2) that V (x) ≤ c(x) and V λ(x) ≤ c(x) for
all x ∈ X . Because V λ(x) is defined as the supremum over all admissible control , Qs(x, u) ≤ V (x)
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and Qλ
s (x, u) ≤ V λ(x) for all (x, u) ∈ X ×U . These prove the first corollary. The second and third

corollaries are obtained by substituting λ = 0 and s = 0 into (3)-(4) and (2)-(4).

These results serve as the starting point for constructing our model-free safety filter learning algo-
rithm. For further analysis, we consider the following HJ PDE for V λ(x).

Lemma 1 (PDE for the discounted safety value function) The value function in (3) satisfies the
following PDE in the viscosity sense (So et al., 2024),(Altarovici et al., 2013):

min

{
c(x)− V λ(x),max

u∈U

∂V

∂x
(x)(f(x) + g(x)u) + λ

(
c(x)− V λ(x)

)}
= 0 (5)

The PDE in Lemma 1 characterizes the local optimality condition of the discounted safety value
function. To make this relation explicit in terms of the control input u, we next introduce an auxiliary
quantity that measures the instantaneous change of V λ(x) along the system dynamics. This quantity,
referred to as the advantage of discounted safety value, plays a key role in defining the model-free
Bellman operator used in our learning framework. To facilitate further analysis, we assume that
V λ(x) is differentiable. This assumption not only simplifies the subsequent derivations but is also
not restrictive in practice, as most neural network approximators employ smooth activation functions
such as tanh or the Exponential Linear Unit (ELU) (Clevert et al., 2015).

Theorem 1 (Advantage in discounted safety value) Let us define the advantage qλ(x, u) :=

lims↓0
Qλ

s (x,u)−V λ(x)
s . Then, qλ satisfies the following:

qλ(x, u) ≤ 0 ∀(x, u) ∈ X × U , max
u∈U

qλ(x, u) = 0 ∀x ∈ X ,

qλ(x, u) = min

{
c(x)− V λ(x),

∂V λ

∂x
(x)(f(x) + g(x)u) + λ

(
c(x)− V λ(x)

)}
.

Proof Expanding each term inside the min of (4) with a sufficiently small s,

min
0≤t≤s

∫ t

0
λe−λτ c(xuτ )dτ + e−λtc(xut ) = c(x) + smin

{
0,

∂c

∂x
(x) (f(x) + g(x)u)

}
+O(s2)∫ s

0
λe−λτ c(xuτ )dτ + e−λsV λ(xus ) = V λ(x) + sλ

(
c(x)− V λ(x)

)
+ s

∂V λ

∂x
(x) (f(x) + g(x)u) +O(s2).

Now, we subtract V λ(x), divide s, and take s ↓ 0. For the ease of further analysis, we separately
consider the two cases: 1) V λ(x) = c(x) and 2) V λ(x) < c(x). For the case of 1), we have the
following:

qλ(x, u) = min

{
0,

∂V λ

∂x
(x) (f(x) + g(x)u)

}
,

where we used the fact that, from Corollary 1 and the continuity of both c(x) and V λ(x),

∂V λ

∂x
(x) (f(x) + g(x)u) ≤ ∂c

∂x
(x) (f(x) + g(x)u) ∀u ∈ U if V λ(x) = c(x).
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When V λ(x) < c(x), the min operator activates the second expression. In this case, we have
qλ(x, u) = ∂V λ

∂x (x) (f(x) + g(x)u)+λ
(
c(x)− V λ(x)

)
. Therefore, by the Corollary 1 and Lemma

1, we can concisely write qλ(x, u) as the following:

qλ(x, u) = min

{
c(x)− V λ(x),

∂V λ

∂x
(x)(f(x) + g(x)u) + λ

(
c(x)− V λ(x)

)}
.

Thus, maxu∈U qλ(x, u) = 0 ∀x ∈ X by Lemma 1, which means qλ(x, u) ≤ 0 ∀(x, u) ∈ X ×U .

3.4. Model-free safety filter learning
In this subsection, we construct a model-free safety filter using the time-discounted reachability for-
mulation developed in the previous subsection. For a sampled transition (x, u, c, xuδt, c

u
δt) observed

at a fixed interval δt, the first term in (4) can be treated as monotonic over 0 ≤ t ≤ δt. By leveraging
Corollary 1 and Theorem 1, we can rewrite (4) as the following:

Qλ
δt(x, u) ≃ V λ(x) + δt · qλ(x, u) ≃ min

{
c,int(c, λ, δt) + e−λ·δtV λ(xuδt)

}
(6)

where, int(c, λ, δt) denotes a numerically approximiated integral term
∫ δt
0 λe−λτ c(xuτ )dτ . From

Theorem 1, maxu∈U qλ(x, u) = 0 for all x ∈ X . Using this fact and ∂V λ

∂x (x)(f(x) + g(x)u) ≃
(V λ(xuδt)− V λ(x))/δt, we can write

∂V λ

∂x
(x)(f(x) + g(x)u) ≃ 1

δt
·

(
min

{
cuδt − V λ(x), e−λ·δtV λ(xuδt)− V λ(x)+ (7)

int(cuδt, λ, δt) + δt · e−λ·δtmax
u′∈U

∂V λ

∂x
(xuδt)(f(x

u
δt) + g(xuδt)u

′)

})
We denote ∂V λ(x, u) := ∂V λ

∂x (x)(f(x) + g(x)u) and define two Bellman operators:

Tv[V λ](x, u) := min
{
c,int(c, λ, δt) + e−λ·δtV λ(xuδt)

}
− δt · qλ(x, u) (8)

Tdv[∂V λ](x, u) :=

{
min

{
cuδt,int(c

u
δt, λ, δt) + e−λ·δtV λ(xuδt)+ (9)

δt · e−λ·δt ·max
u′∈U

∂V λ(xuδt, u
′)

}
− V λ(x)

}
/δt

When qλ in (8) or V λ in (9) is treated as a fixed term independent of the function to which the
Bellman operator is applied, each operator becomes an e−λ·δt-contraction in the supremum norm.
This leads to the following results.

Theorem 2 (e−λ·δt-contraction on the discounted safety value) Let two different value functions
be V λ

1 , V λ
2 . For a fixed qλ,

∥∥Tv[V λ
1 ]− Tv[V λ

2 ]
∥∥
∞ ≤ e−λ·δt ∥∥V λ

1 − V λ
2

∥∥
∞.

Theorem 3 (e−λ·δt-contraction on the derivatives) Let two different pairs of the derivatives be
∂V λ

1 , ∂V λ
2 . For a fixed safety value V λ,

∥∥Tdv[∂V λ
1 ]− Tdv[∂V λ

2 ]
∥∥
∞ ≤ e−λ·δt ∥∥∂V λ

1 − ∂V λ
2

∥∥
∞.

Proof Since qλ(x, u) in (8) for both V λ
1 and V λ

2 are fixed and identical, the effect of this term
vanishes when Tv[V λ

1 ](x, u)−Tv[V λ
2 ](x, u) for all pair of (x, u). Using |min{a, b}−min{a, c}| ≤
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|b− c|, we have the following inequality:∣∣∣Tv[V λ
1 (x, u)]− Tv[V λ

2 (x, u)]
∣∣∣ ≤ e−λ·δt|V λ

1 (xuδt)− V λ
2 (xuδt)|.

Taking the supremum norm on x and u for both sides concludes the proof of Theorem 2.
Similarly, terms related to V λ are canceled out in Tdv[∂V λ

1 ](x, u)− Tdv[∂V λ
2 ](x, u). Thus,∣∣∣Tdv[∂V λ

1 ](x, u)− Tdv[∂V λ
2 ](x, u)

∣∣∣ ≤ e−λ·δt
∣∣∣∣max
u1∈U

∂V λ
1 (xuδt, u1)−max

u2∈U
∂V λ

2 (xuδt, u2)

∣∣∣∣
≤ e−λ·δtmax

u′∈U

∣∣∣∂V λ
1 (xuδt, u

′)− ∂V λ
2 (xuδt, u

′)
∣∣∣

Taking the supremum norm on x and u for both sides concludes the proof of Theorem 3.

These theorems imply that, for each fixed qλ or V λ, repeated application of the operators converges
to the corresponding unique fixed points. In practice, following the standard approach in off-policy
RL (Haarnoja et al., 2018; Lillicrap et al., 2015), we adopt slowly updated target networks so that the
qλ and V λ terms can evolve gradually during training, and the learned value and derivative functions
progressively converge toward better fixed points. We approximate V λ≈ vλθ and ∂V λ≈ ∂vλϕ, with
parameters (θ, ϕ). We denote parameters of target networks as θ′ and ϕ′, which are used to compute
qλ≈qλθ′,ϕ′ in (8) and V λ≈vλθ′ in (9). Given a mini-batch of N transitions (xi, ui, ci, xuδt,i, c

u
δt,i)

N
i=1,

we minimize the following losses:

Lv =
1

N

N∑
i=1

{
vλθ (xi)−min

{
ci,int(ci, λ, δt) + e−λ·δtvλθ′(x

u
δt,i)
}
+ δt · qλθ′,ϕ′(xi, ui)

}2

(10)

L∂v =
1

N

N∑
i=1

{
∂vλϕ(xi, ui)−

{
min

{
cuδt,i,int(c

u
δt,i, λ, δt) + e−λ·δtvλθ′(x

u
δt,i)+ (11)

δt · e−λ·δt ·max
u′∈U

∂vλϕ′(xuδt,i, u
′)

}
− vλθ′(xi)

}
/δt

}2

The terms related to xuδt,i are computed using the target networks for numerical stability. We further
reparameterize ∂vλϕ(x, u) = aλϕ(x)u−maxu∈U aλϕ(x)u+bλϕ(x), so that maxu∈U ∂vλϕ(x, u) = bλϕ(x).
This representation allows the condition from Lemma 1 to be imposed directly through the term
bλϕ(·). In the sampled mini-batch, we enforce this condition by setting bλϕ′(xuδt,i) = −λ(c(xuδt,i) −
vλθ′(x

u
δt,i)) whenever vλθ′(x

u
δt,i) < c(xuδt,i).

For data collection, we first generate a potentially unsafe raw command uraw ∈ U and apply the
filtered control ufiltered by solving the following QP:

ufiltered = argmin
u∈U
∥u− uraw∥22 (12)

s.t. aλϕ(x)u−max
u′∈U

aλϕ(x)u
′ + bλϕ(x)︸ ︷︷ ︸

∂vλϕ(x,u)

+α(vλθ (x)) ≥ 0

Here, α(·) is a user-defined extended class-K function that regulates the aggressiveness of the filter.
For simplicity, it is designed as α(z) = αz with positive gain α > 0. A larger α permits inputs that
reduce the estimated safety value more rapidly. Before solving the QP, we solve a Linear Program
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Algorithm 1 Online Model-free Safety Filter Learning
Input: System with constraint signal, observation interval δt, raw input generator πraw(x, t), λinit >

0, λ-scheduler, mini-batch size N , learning rates γθ, γϕ, target update ratio τ
Initialize Replay Buffer B = {}, Networks θ, ϕ, θ′ ← θ, ϕ′ ← ϕ, Discount factor λ← λinit

for episode n = 1, 2, . . . do
Observe the state x and the constraint c from the system

for t = δt, 2δt, . . . do
Generate a raw input uraw ← πraw(x, t)
Infer the current safety value and derivatives vλθ (x), a

λ
ϕ(x), b

λ
ϕ(x)

u← Solve QP (12) if QP is feasible else argmaxu∈U aλϕ(x)u
Apply u to the system and observe transition xuδt, c

u
δt

Store transition B ← B ∪ (x, u, c, xuδt, c
u
δt)

Sample a mini-batch of N transitions from B
Compute loss Lv,L∂v using (10), (11)
Update network parameters θ ← θ − γθ · ∇θLv, ϕ← ϕ− γϕ · ∇ϕL∂v
Update target networks θ′ ← (1− τ) · θ′ + τ · θ, ϕ′ ← (1− τ) · ϕ′ + τ · ϕ
Decrease λ by the λ-scheduler
x← xuδt; c← cuδt if cuδt ≥ 0 else break

end
end

(LP) to compute maxu∈U aλϕ(x)u. When the networks are not yet sufficiently converged during
training, the QP (12) can occasionally become infeasible. In such cases, we apply the control input
that achieves the LP optimum instead. Since aλϕ(x) ≈

∂V λ

∂x (x)g(x), the LP fallback takes a greedy
ascent step on the critic’s estimated safety value. Finally, following Corollary 2, the discount factor
λ is gradually decreased during training, so that the learned discounted value vλθ converges to the
undiscounted value function V . The proposed online model-free safety filter learning algorithm is
summarized in Algorithm 1. Although designed for online learning, it can also leverage offline data
since the learning is off-policy.

4. Experiments
Our method is validated through various dynamical systems, including Gymnasium environments
(Towers et al., 2024) popular in model-free RL1. We highlight two key results: (1) consistent conver-
gence to analytic solutions regardless of δt, and (2) the least conservative behavior among baselines
due to the reachability-based formulation. We also validated the method on Hopper, a contact-driven
hybrid system, confirming the practical relevance of the underlying assumptions. As a diagnostic,
after training, we measured QP infeasibility over 106 filtering calls: 0 occurrences on Double Inte-
grator, Inverted Pendulum, and Inverted Double Pendulum, and 0.2343% on Hopper.

All QPs in (12) were solved using the proxqp solver (Bambade et al., 2022) with the qp
solvers package (Caron et al., 2025). The discount factor λ was initialized at 0.1/δt and gradually
decayed to 0.0001/δt, while the learning rate decreased from 3 × 10−4 to 10−6. Both schedules
followed a polynomial decay with a power of 5 and decay intervals of 106. We constructed neural
networks using ELU activations (Clevert et al., 2015) and layer normalization (Ba et al., 2016). It

1. Source code: https://github.com/snu-larr/Deep-QP-Safety-Filter.
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Analytic δt = 0.1 δt = 0.05 δt = 0.01 δt = 0.005

Figure 2: Comparison with analytic solutions. For each
plot, the horizontal and vertical axes represent the posi-
tion and velocity of the Double Integrator. From top to bot-
tom, the first column shows the analytic solutions V (x),
maxu∈U ∂V (x, u), and ∂V

∂x (x)g(x), while the remaining
columns show the learned counterparts vλθ (x), b

λ
ϕ(x), and

aλϕ(x) under different δt.

(a): α = 0.5 (b): α = 5

Figure 3: Effects of α on the ag-
gressiveness. In both cases, uraw is
switched from -1 to 1, and the two
images in each row are captured at
identical time steps. Larger α pro-
duces more aggressive behavior with
faster acceleration and deceleration.

consisted of two hidden layers with a width of 256, except for the Hopper environment, which used
three layers. We trained the models using the Adam optimizer (Kingma and Ba, 2017) with N = 256
and τ = 0.005. The raw input was generated by a random process dut = κ(µ − ut)dt + σdWt,
with κ, µ, and σ randomly sampled from uniform distributions for every episode. Since the safe
set rendered by the safety value is scale-invariant2, we normalized each newly observed constraint
value by its running maximum cmax to ensure that the constraint signal remained bounded by 1. We
also employed two value functions, vλθ,1 and vλθ,2 to balance over- and underestimation of the safety
value. When computing the next target value vλθ′(x

u
δt), we used the minimum of the two estimates,

whereas the current target value vλθ′(x) was computed using only one of them.

4.1. Convergence to the analytic solution

We conducted experiments on the Double Integrator system. The constraint was set such that the
position remains within the interval of [−1.4, 1.4]. We compare the learned critic against the ana-
lytic solution. The results are presented in Figure 2, where only the safety domain of V (x) ≥ 0 or
vλθ (x) ≥ 0 is plotted. The critic consistently converges across different δt and captures the discon-
tinuities in the analytic solution.

4.2. Adjusting the aggressiveness via the free parameter α

The parameter α in (12) is not learned but selected by the user to freely control the aggressiveness
of the filter. Figure 3 shows the effect of different α values for the Inverted Pendulum environment
with the constraint c(x) = min{1−|xbase|, 0.2−|θtip|}. As α increases, the controller behaves more
aggressively while preserving safety. In practice, α can be set considering the sustainable limits of
the hardware. Furthermore, although the constraint is defined as the minimum of two functions with
different scales, the learned filter maintains safe operation.

2. Multiplying the safety value by any positive constant does not change the safe set, i.e., S = {x | V (x) ≥ 0} =
{x | kV (x) ≥ 0} ∀k > 0.

9



KIM KIM

Inverted Double Pendulum-v5 Hopper-v5

(a) (b) (c)

Figure 4: Comparison Results of RL tasks with the learned safety filter against other baselines.
Inverted Double Pendulum environment with modified rewards (a): |x|base and (b): |v|base. Hopper
with default reward (c). All parameters of PPO used across baselines are identical.

4.3. Safe reinforcement learning
Our safety filter is learned task-agnostically: its training objective depends only on the safety signal
c(x), not on any task reward or performance objective. Thus, the same filter can be paired with any
RL controller. Therefore, in this last subsection, we demonstrate the synergy between our learned
safety filter and RL by showing that it can drastically reduce failures before convergence. The sys-
tems used are the Inverted Double Pendulum with c(x) = min{0.95− |xbase|, ytip− 1} and Hopper
with c(x) = min{ztorso− 0.7, 0.2− |θtorso|}. Both systems are highly unstable and require sophisti-
cated control strategies to satisfy the safety constraints. For the Inverted Double Pendulum, we con-
sidered two tasks with conflicting rewards: |xbase| and |vbase|. The Hopper task inherently conflicts
with safety because moving forward requires riskier motions. Baselines include PPO (Schulman
et al., 2017), PPO-Lagrangian (Ray et al., 2019), PPO with RL-DH (Lavanakul et al., 2024), and
PPO with our own variant implemented as a bang-bang safety filter (α → ∞) with a switching
criterion of vλθ (x) < 0.2. Figure 4 shows that, eventhough the system is highly unstable and re-
wards are conflicting with the safety, the proposed method achieves faster and higher rewards with
significantly fewer failures. The bang-bang variant further demonstrates that switching-based filters
are unsuitable for such systems.

5. Conclusion
We presented Deep QP Safety Filter, a fully data-driven, model-free safety layer for a black-box sys-
tem that provides no prior information about its dynamics. By casting safety as a time-discounted
reachability problem and proving contraction of the associated Bellman operators, our method sta-
bly learns both the safety value and its derivatives. In the exact setting, the critic converges to the
viscosity solution, and empirically it remains robust even when the true value is non-smooth. Ex-
periments show that our filter preserves safety while being markedly less conservative than prior
methods, achieving a practical balance between safety and task performance. We further demon-
strate task-agnostic deployment: a single trained filter adapts across tasks via a scalar gain that con-
trols aggressiveness. When combined with RL, the filter substantially reduces failure rates during
training without degrading returns, and continues to perform beyond idealized assumptions when
realized with neural networks. Overall, Deep QP Safety Filter delivers a principled, scalable safety
mechanism for model-free control that is both theoretically grounded and practically effective.
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Stéphane Caron, Daniel Arnström, Suraj Bonagiri, Antoine Dechaume, Nikolai Flowers, Adam
Heins, Takuma Ishikawa, Dustin Kenefake, Giacomo Mazzamuto, Donato Meoli, Brendan
O’Donoghue, Adam A. Oppenheimer, Abhishek Pandala, Juan José Quiroz Omaña, Nikitas
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