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Abstract

In this paper, we propose a learning-to-optimize (L20) framework to accelerate solving parametric
mixed-integer quadratic programming (MIQP) problems, with a particular focus on mixed-integer
model predictive control (MI-MPC) applications. The framework learns to predict integer solu-
tions with enhanced optimality and feasibility by integrating supervised learning (for optimality),
self-supervised learning (for feasibility), and a differentiable quadratic programming (QP) layer,
resulting in a hybrid L20 framework. Specifically, a neural network (NN) is used to learn the
mapping from problem parameters to optimal integer solutions, while a differentiable QP layer
is integrated to compute the corresponding continuous variables given the predicted integers and
problem parameters. Moreover, a hybrid loss function is proposed, which combines a supervised
loss with respect to the global optimal solution, and a self-supervised loss derived from the prob-
lem’s objective and constraints. The effectiveness of the proposed framework is demonstrated on
two benchmark MI-MPC problems, with comparative results against purely supervised and self-
supervised learning models.

Keywords: Learning to optimize, mixed-integer quadratic programming, mixed-integer model pre-
dictive control.

1. Introduction

Mixed-integer optimization is fundamental to many control applications involving discrete decision-
making, such as autonomous driving (Quirynen et al., 2024), traffic signal coordination with con-
nected automated vehicles (Le and Malikopoulos, 2024), multi-robot pickup and delivery (Camisa
et al., 2022), motion planning and task assignment for robot fleets (Salvado et al., 2018), and sig-
nal temporal logic specifications (Belta and Sadraddini, 2019). However, solving a mixed-integer
program (MIP) is NP-hard because it requires combinatorial search over discrete decision variables.
Consequently, computation time can grow exponentially with problem size or constraint complexity,
making MIPs generally unsuitable for real-time control or decision-making.

Advancements in machine learning and differentiable programming provide a promising oppor-
tunity to accelerate MIP solvers through learning-to-optimize (L20) frameworks. The literature on
L20 for MIP problems is still limited but has gained increasing attention in recent years. The cur-
rent state of the art can be categorized into two main approaches: (i) supervised learning (SL) and
(i1) self-supervised learning (SSL). Classical SL approaches, e.g., (Cauligi et al., 2021, 2022; Le
et al., 2025), train neural networks (NNs) to minimize the supervised loss between predictions and
the optimal integer solutions generated by an optimization solver such as GUROBI (Gurobi Opti-
mization, LLC, 2021). A major drawback of SL approaches is that they do not guarantee feasibility,
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Figure 1: Architecture of the proposed hybrid framework (c) compared with supervised learning
(a) and self-supervised learning (b). In our framework, the NN takes the problem parameters 6 to
predict the integer solution 8, while the QP layer computes the continuous solution & based on @ and
4. In conventional SL and SSL, the NN is trained to predict the integer solution without considering
the continuous solution or to predict both the integer and continuous solutions, respectively.

i.e., the resulting convex continuous problems obtained by fixing the learned integer variables can
be infeasible. SSL approaches (Tang et al., 2024; Boldocky et al., 2025), on the other hand, do not
rely on labeled data and can improve feasibility by using a loss function that combines the objec-
tive function with a penalty for constraint violation. For example, (Tang et al., 2024) proposed a
framework for mixed-integer nonlinear programming that solves the integer-relaxed problem, com-
bined with integer correction layers to ensure integrality and a projection step to improve feasibility.
(Boldocky et al., 2025) considered parametric MIQP problems within a differentiable predictive
control framework, which constrains the integer solutions and optimal control inputs to a neural
state-feedback law. However, trained SSL models may produce feasible but suboptimal solutions,
since differentiable programming techniques such as gradient descent may converge to locally op-
timal solutions.

Addressing the limitations of both SL (infeasibility) and SSL (suboptimality), we propose a
novel hybrid L20 framework that strategically combines both training paradigms with an integrated
differentiable QP layer. The hybrid approach proposed in this paper shares conceptual similarities
with physics-informed machine learning (PINN) by embedding the known optimization structure of
the problem (the QP layer) as an inductive bias, much as PINNs embed physical laws (the PDEs).
First, we propose a novel architecture in which a differentiable QP layer is integrated into the net-
work to better incorporate the optimization structure. During training, the QP layer takes the NN
predictions of the integer decision variables as input and outputs the corresponding optimal solu-
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tions for the continuous variables, but it may be infeasible. To address this issue and ensure that
gradients can always be computed, we propose a simple yet effective approach that introduces a
differentiable layer for the relaxed QP problem. We prove that, if the penalty weight is chosen suf-
ficiently large, the relaxed problem yields either the exact optimal solution when the original QP is
feasible or the minimally infeasible solution otherwise. Second, we propose a new loss function de-
sign, called a hybrid loss function, defined as a weighted sum of SL and SSL losses. This approach
allows the framework to balance the feasibility-optimality trade-off in L20. The overall architecture
of our framework in comparison with SL and SSL can be illustrated in Fig. 1.

Our framework differs from existing work in the relevant literature in the following aspects.
First, a major difference lies in how we encode the dependency between continuous variables, in-
teger variables, and problem parameters during training. In SL approaches (Cauligi et al., 2021,
2022), the goal is to learn the mapping from problem parameters to the optimal integer variables,
while disregarding the continuous variables during training. In online prediction, the continuous
variables are then obtained by solving a QP given the NN predictions of the integer variables. In
contrast, SSL approaches (Tang et al., 2024; Boldocky et al., 2025) train NNs to predict both the
continuous and integer variables from the problem parameters. Thus, the prediction obtained di-
rectly from the NN does not explicitly account for the dependency between continuous and integer
variables. In our approach, we incorporate the continuous variables into training by integrating a QP
layer, based on the fact that the optimal continuous variables are the solutions of a parametric QP
given the integer variables and the MIQP problem parameters. Therefore, our approach better incor-
porates the underlying optimization structure into both training and prediction than supervised and
self-supervised learning. Second, we combine supervised and self-supervised learning objectives to
define a hybrid loss function, rather than relying on either one alone. This hybrid loss allows the
framework to balance the optimality of supervised learning with training labels and the feasibility
improvement of self-supervision during training. Thus, our proposed framework can be viewed as a
compromise between SL and SSL. We show through numerical examples that the hybrid loss func-
tion achieves near-global optimality and minimal constraint violation for most problem instances.

2. Preliminaries
This section provides a brief discussion on the parametric MIQPs and L20 for accelerating solving

MIQP problems.

2.1. Parametric MIQPs

We consider a parametric MIQP problem that takes the following form:

o 5.0 1
minimize f(zx,0;0), (la)
subject to g(x,d;0) <0, (1b)

where x is the vector of continuous optimization variables, d is the vector of integer optimization
variables, and @ is the vector of problem parameters. We let X and Z be the domains for continuous
and integer optimization variables, and g(-) = [g1(-), - - ., gr(+)] be the vector of r linear constraints.
We assume that X and Z are non-empty. In this work, we consider a convex quadratic objective
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function and linear constraints, i.e.,
()

where Q(0) > 0. Note that given known parameters 6 and integer variables 4, the optimal solution
of the continuous variables can be obtained by solving a QP problem, if it is feasible, as follows:

minimize f(x;§&), (3a)
xrxeX
subjectto g.(x;&) <0, (3b)

where g.(-) denotes the components of g(-) that involve at least one continuous decision variable,
and § = [5T, OT]T. The objective function and constraint function in (3) can be expressed as:

f(@:€) = 327 Qu(E) +p.(6) @

gc(m;ﬁ') = Gw(s)w - hr(£> (5)

Mixed-integer MPC: A typical application that can greatly benefit from L20 approaches is
model predictive control (MPC). In MPC, we solve a parametric optimization problem at every
time step, in which the problem parameters may include, for instance, a given initial state, target
state, to name a few. Using machine learning to solve or assist in solving parametric MPC problems
enables real-time implementation of complex MPC, such as nonlinear MPC or mixed-integer MPC.
We consider the state x; € X' C R™ and control inputs u; € & C R™ as the continuous decision
variables and let §; € 7 C 7Z™ be the integer decision variables. Let H be the control horizon
length, and xg.7, wo.57—1, 00.77—1 be the concatenated vectors over the control horizon. Given a
vector of problem parameters @ € R"», a parametric MI-MPC can be written as:

H-1
minimize ca(x; 0) + ci(e, ug, 643 6),
To:H,U0: H—1,00:H—1 =0
subjectto  xy = Tinit(0), (6)

Li41 = f(act,ut,dt;é’), t= 0, .. .,H — 1,

gt(mt,ut,ét;O) < 0, t= 0,...,H— 1,

9H ($t7 0)7
where the stage cost ¢;(-) and terminal cost cy(+) are convex quadratic, while the dynamics f(-),
the inequality constraints g,(-) and g (-) are assumed to be linear functions. The objective function

and constraints are functions of the parameter vector 8 € ©, where © C R"» is the admissible set
of parameters.

2.2. Learning to Optimize for MIQPs

Due to the combinatorial nature, the problem (1) is computationally demanding to solve, where
finding the optimal solution may scale exponentially with the problem size. Meanwhile, solving (3)
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while the integers are fixed is significantly cheaper to solve than the MIQP. An interesting approach
to accelerating solving problems of the form (1) is to learn a map between the vector of problem
parameters 0 and the discrete optimizer §* by an NN, §* = m,(0), where w is the vector of network
weights. Overall, there are two main approaches for learning 7, including (i) supervised learning
and (ii) self-supervised learning.

Supervised Learning: The NN 7, can be trained by a classical SL approach. In SL, we collect
the optimal solutions °* corresponding to each °, for i = 1, ..., M, obtained from a solver. We
then use the dataset {6, 5%*} to train a NN that minimizes the following loss function:

sos . 1 - A %
minimize - ; L(m,(0"),86""), (7)
where £ denotes a supervised loss (e.g., Huber or cross-entropy) between the predicted outputs and
labels. However, the prediction from an SL. model may not ensure that the resulting QP is feasible,
although the original MIQP is feasible.

Self-Supervised Learning: Self-supervised learning, contrary to SL, does not rely on labeled
data for training the model. It instead trains models by minimizing the objective function and
constraint violation directly from model predictions. In generic SSL, an NN is trained to predict
both the integer and continuous variables, i.e., (', ") = m,(6"), and to train the NNs given a
dataset with M training instances, the following self-supervised loss function is used:

M

minimize MZ;f(m,(S;O)—F)\ max((],g(a:,d,@)), (8a)
subject to (8%, z') = 7, (6°), (8b)

In (8), we include a penalty for constraint violation with max penalty (implemented via a ReLU)
function. A € RL is a vector of penalty parameters that balances the trade-off between minimiz-
ing the objective function and satisfying the constraints. Although the penalty methods lack formal
guarantees, they often outperform their hard constraint counterparts in practice. Training the NN
with a self-supervised loss function can improve, though it does not guarantee, feasibility. Never-
theless, a major drawback of this approach is that since the self-supervised loss (8) is non-convex
with respect to w, gradient-based methods may not converge and may converge to a sub-optimal
solution. Moreover, in MPC applications, designing an NN to predict the optimal continuous deci-
sion variables from the problem parameters is generally challenging, as it is difficult to enforce the
system dynamics on the network outputs (Cauligi et al., 2021), unless the optimal integer and con-
tinuous solutions at each time step are constrained to follow a state-feedback law, as in differentiable
predictive control (Boldocky et al., 2025).

Remark 1 (Differentiating through discrete operations) In many approaches, the NNs are de-
signed to directly output discrete values, using discrete operations such as rounding to produce
those outputs. These discrete operations lead to non-differentiability and hinder the use of stan-
dard differentiable programming for network training. A common approach to address this issue is
the straight-through estimator (STE) (Bengio et al., 2013), which enables backpropagation through
discrete operations. During the forward pass, STE applies a non-differentiable operation to obtain
discrete values. During the backward pass, it bypasses the non-existent gradients of these oper-
ations by replacing them with those of smooth surrogate functions. This approach was used in



LE XIE MANGHARAM

self-supervised learning frameworks for mixed-integer programming (Tang et al., 2024, Boldocky
et al., 2025). We also use this technique in our framework.

We observe that the strength of SL in finding global solutions corresponds to the weakness of
SSL, and vice versa, the strength of SSL in improving feasibility corresponds to the weakness of SL.
Therefore, an interesting idea is to combine SL and SSL to exploit the benefits of both approaches.

3. Proposed Framework

In this section, we present an L20 framework for MIQPs in which a differentiable QP layer is
incorporated, and a hybrid loss function combining SL and SSL is proposed.

3.1. Differentiable QP Layers for Feasible and Infeasible Problems

Given known & and 0, the optimal solution of the continuous variables can be obtained by solving
the QP problem (3), if it is feasible. Thus, we can consider the QP problem as a differentiable layer
within deep learning architectures, denoted by x = QP(4d, ). Therefore, it leads to the following
problem in which we approximate the integer solutions by NNs, and the continuous solutions by a
QP layer:

mingnize f(x,8:0), (9a)
subjectto & = m,(0), (9b)
T = QP((S, 0), (9¢)
g(x,5:0) < 0. Od)

To ensure the validity of the L20 framework using a QP layer and differentiable programming, we
need the following assumption.

Assumption 1 The QP problem (3) is strictly convex.

As stated in Amos and Kolter (2017, Theorem 1), Assumption 1 is needed to ensure that the QP
layer is subdifferentiable everywhere, and differentiable at all but a measure-zero set of points,
because the solution of a strictly convex QP is continuous. The question is how to compute the
gradient of the optimal solution * with respect to the argument, i.e., aa—mg. If the problem is feasible,
these derivatives can be obtained by differentiating the KKT conditions (sufficient and necessary
conditions for optimality) of (3). However, since the methods in (Amos and Kolter, 2017; Agrawal
et al., 2019) rely on KKT conditions, it assumes the QP problem is feasible. On the other hand,
in our framework, the optimization problems might be infeasible during training, given different
values of the integer variables from the NN. Thus, we cannot directly incorporate the differentiable
QP layer in (Amos and Kolter, 2017; Agrawal et al., 2019) into our framework. In this section, we
present a simple yet efficient way to handle infeasibility during training, as described below.
To this end, we introduce slack variables s for the constraints, leading to the following QP:

minimize f(x;€)+p1's, (10a)

reX,s
subjectto g.(x; &) < s, (10b)
s> 0. (10¢)
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For ease of notations, in the rest of this section, we omit the argument £ while mentioning the
terms involving it. Since (10) is feasible given any realization of & as long as the domain for x
is non-empty, we can apply the KKT conditions. First, we formulate the Lagrangian of (10) as
follows:

1
L(xz,s,pu, k) = ngwa +pix+pl's+pu (Gox—h,—s)—k's, (11)
where 1 > 0 and k > 0 are the dual variables on the constraints, and p > 0 is a penalty weight
for the slack variables. The KKT conditions for stationarity, primal feasibility, and complementary
slackness are

Q.x" +p,+ G pu* =0, (12a)
pl—p" — kK" =0, (12b)
D(p*)(Gpw* — hy — s*) =0, (12¢)
D(k*)s* =0, (12d)

where D(-) is the operation creating a diagonal matrix from a vector. Taking the differentials of the
KKT conditions (12), we obtain

dQ,z* + Q,dx +dp, + dG) u* + G dp =0, (13a)
dp +ds =0, (13b)
D(Gmm* —h, — s*)du + D(p*)(dGx™ + G dx — dh, —ds) =0, (13¢)
D(s*)dk + D(k™)ds = 0, (13d)
or in the matrix form as follows:
Q, 0 G, 0 dx —dQ,z* — dp, — dG] pu*
DG, ~D(w') D(Guw*—hs—s") 0 | |ds| | —D(u")(dGoa" —dhy) |
0 D(k™) 0 D(s*)| |dp| 0 '
0 0 1 I de 0

Using these equations, we can form the Jacobians of «* and s* with respect to any of the problem
parameters. The details can be found in (Amos and Kolter, 2017), (Agrawal et al., 2019).

Note that given any x, s* = max(0, g.(x)). In other words, the use of slack variables in (10)
is equivalent to using the max penalty function. The following theorem shows that if the original
QP (3) is feasible, then by choosing a sufficiently large value for p, solving (10) yields the same
solution as (3).

Theorem 2 If the original QP (3) is feasible and let x'* and ul* be the optimal solutions and
T

>
o

multipliers of the problem, respectively. If the penalty weight p is chosen such that p > ‘
then the optimal solutions of (10) and the original QP (3) are the same.

The proof of this theorem follows directly from Proposition 5.25 in (Bertsekas, 2014) and is
therefore omitted. Therefore, if the original QP is feasible, we get the exact derivative of the optimal
solution by using the KKT conditions of the relaxed problem. In the infeasible case, we show in the
following theorem that, under some mild conditions, the obtained solution from (10) is a point that
minimizes the constraint violation, and among all the solutions with minimal constraint violation,
the obtained solution also minimizes the original objective function.
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Theorem 3 [fthe original QP (3) is infeasible and assume that either one of the following proper-
ties hold:

* Q, > 0, which means f(x) is coercive.
* X is compact (closed and bounded).

Let us denote v(x) := 1" max(0, g.(x)). If the penalty weight p is chosen sufficiently large, then

(i) a minimizer (:c;, s3) of (10) achieves minimal total violation, i.e., v(:v;) = v* and (ii)

x, € argeril{in {f(x) : v(x) =0v"}. (15)

The proof for Theorem 3 is given in Appendix A.

3.2. Hybrid Training Loss

Our training framework relies on a hybrid loss function that combines supervised and self-supervised
losses. The main advantage of this hybrid loss is that it leverages the strengths of supervised learn-
ing (SL) in achieving global solution optimality and self-supervised learning (SSL) in improving
constraint satisfaction. The hybrid loss used to train the neural network can be defined as follows:

M
. 1 bj i S, i ny 1 i Si. 0t u T S,k
minimize M'glyo Tf(x", 0% 0") + A maX(O,g(CC,(S,H))—F’YS PL(6*,6""), (16)

where °PI, 41 and 4P € R>¢ are the weights for the objective value, constraint violation, and

supervised loss, respectively. Note that in our framework, the constraints involving at least one
continuous variable can be directly handled using the differentiable QP layer, while the constraints
involving only the integer variables must be incorporated into the loss function.

4. Results and Discussions

We validate our hybrid L20 framework on two benchmark MI-MPC problems: (i) collision avoid-
ance for robot navigation and (ii) simplified thermal energy tanks (Boldocky et al., 2025). In the
first example, binary variables are used to formulate the collision-avoidance constraints, thus, there
are several coupling constraints between the integer and continuous variables. Meanwhile, the sec-
ond example involves integer decision variables and demonstrates the case where the integers ap-
pear in the objective function. The details of the two examples are provided in Appendix B. For
each example, a multilayer perceptron network is constructed with four hidden layers, 128 neu-
rons per layer, and ReLU activation functions. Our implementation and examples are available at
https://github.com/mlab-upenn/L20-MIQP.

We compare the proposed hybrid L20 framework with an SL. model and an SSL model. Note
that the SSL model considered here follows the architecture of our framework with the differen-
tiable QP layer, rather than the conventional design in which the NN is trained to predict both
integer and continuous solutions. However, the loss function used to train the SSL model does not
include the supervised term. We evaluate the trained models using two metrics: constraint violation
and optimality gap. We separate the violations into those associated with constraints involving con-
tinuous variables and those involving only integer variables. The optimality gap is expressed as a
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Figure 2: Statistical comparison of the three models: hybrid L20 (H-L20O), supervised learning
(SL), and self-supervised learning (SSL), for the robot navigation example.
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Figure 3: Statistical comparison of the three models: hybrid L20 (H-L20O), supervised learning
(SL), and self-supervised learning (SSL), for thermal energy tank example.

percentage, computed as the ratio of the objective gap to the optimal objective value. We show the
statistical comparison for the two examples in Figures 2 and 3, respectively. In each figure, the left
panel shows the violations for integer-only constraints in the form of barplots, while the boxplots
in the middle and right panels show the continuous-constraint violations and the optimality gap,
respectively. For the figures showing constraint violations, we also report the violation rate, i.e., the
percentage of validation problems in which the obtained solutions violate the constraints. For the
robot navigation example, the results indicate that all three models satisfy the constraints involving
only integer variables. However, for continuous-constraint violations, the SL model fails to ensure
constraint satisfaction in 71.7% of the test cases (a consequence of SL training only for the integer
solution, which does not guarantee a feasible continuous solution from the subsequent QP), whereas
the hybrid L20 and SSL models exhibit much smaller violation rates of 8% and 0.6%, respectively,
demonstrating improved constraint satisfaction. The plot of the optimality gap shows that the hybrid
L20 model achieves better optimality than the SSL. model, although it exhibits a slightly larger gap
than the SL model. A similar trend in optimality is observed in the second example. Regarding
constraint satisfaction, the hybrid L20 model outperforms the SL model for constraints involving
only integer variables, achieving a lower violation rate of 1.1% compared to 5.7%. Meanwhile, the
two models achieve comparable levels of satisfaction for continuous constraints (5.6% vs. 4.8% vi-
olation rate). In contrast, the SSL model perfectly satisfies the integer-only constraints but performs
poorly on the continuous ones. Overall, the results show that the proposed hybrid L20 frame-
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Table 1: Average solving time and standard deviation for GUROBTI solver and the L20 solver.

Problem Solver Avg. time (ms) Std. dev. (ms)
Robot navigation example GUROBI 69.49 19.06
L20 7.55 1.31
Energy tank example GUROBI 15.40 8.61
L20 1.31 0.39

work effectively balances feasibility and optimality, achieving optimality comparable to supervised
learning while improving constraint satisfaction.

Finally, we report the computation times in Table 1, comparing the L20 approach (either SL,
SSL, or the hybrid L20) with the GUROBT solver (Gurobi Optimization, LL.C, 2021). Note that the
computation time for L20 approach includes both the NN prediction time and the time required to
solve the relaxed QP problem. The results confirm that the L20O approach significantly reduces the
overall solving time compared to a state-of-the-art MIQP solver. In particular, the L20 approach
achieves approximately 9x and 12x faster computation for the robot navigation and energy tank
examples, respectively.

Although our proposed hybrid L20 framework demonstrates some benefits over SL and SSL
approaches, it still has certain limitations that can be addressed in future research. First, the choice
of weights in the hybrid loss function significantly affects the optimality and feasibility performance
and currently requires manual tuning. Second, integrating the differentiable QP layer considerably
increases the training time compared to purely supervised learning. Finally, the current framework
is limited to MIQPs, while integrating differentiable optimization layers into general mixed-integer
convex or nonlinear programming problems remains an open challenge.

5. Conclusions

In this work, we developed a hybrid L20 framework for MIQPs that integrates a differentiable QP
layer and a hybrid loss function combining supervised learning and self-supervised learning. We
designed a model architecture in which a neural network learns the mapping from problem param-
eters to optimal integer variables, while the differentiable QP layer computes the corresponding
continuous variables. This architecture enables the optimization structure to be incorporated into
the learning process. To balance solution optimality and constraint feasibility during training, we
defined a hybrid loss that linearly combines supervised and self-supervised terms. We validated the
framework on two benchmark MPC examples, showing that the hybrid L20 approach effectively
balances optimality and feasibility: it achieves better constraint satisfaction than purely supervised
learning and better optimality than purely self-supervised learning. Future work will focus on ex-
tending the framework to mixed-integer convex and nonlinear programming problems.
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Appendix A. Proof of Theorem 3

Proof We first prove (ii) given assuming that 3 € S,. Let S, = {z |v(x) = v*} be the set of
all points that achieve this minimum violation. S, is closed since it is a level set of a continuous
function. Combining with the condition that either f(x) is coercive or X’ is compact, there exist a
minimizer of f(x) on S,. From the definition of wz, we have

x, € argmin f(x) + pv(x), (17)
reX

which means 7 is also a minimizer of f(z) + pv(x) on Sy, i.e.,

x, € argmin f(x) + pv(x) = argmin f(z) + pv”. (18)
IBESU iBESv

*

Since pv* is a constant, then z, € argmin f(x), or =},

:13651;
For (i), we prove that for a sufficiently large but finite p, 7, must be in S,,. Let us assume, for

the sake of contradiction, w: ¢ Sy. From (17), we have

is a minimizer of f(x) on S,.

fl@p) + po(ey) < f(2™) + po(a™) = f(&™) + pv”, (19)

for any =** € S,,, which leads to
f(x™) — f(xp)

v(xy) — v*

p< (20)

Next, since v(+) is a convex piecewise linear function, the Hoffman error bound property holds, i.e.,

v(z,) — 0" > cdist(z), Sy), (21)

with ¢ > 0. Moreover, f(x) is a quadratic function, so it is Lipschitz continuous, and we have the
following inequality

|f(&™) = f(xp)| < Ly - [|l&7 — x| (22)
Therefore, if we choose z** € S, such that dist(z}, Sy) = [|[** —z} ||, i.e., ** is the closest point
Ly

in S, to , then from (19), we obtain that p < —- must be satisfied. Thus, we can select p such that

p > L—Cf which leads to a contradiction. The proof is thus complete. |

Appendix B. Details of Numerical Examples

B.1. Collision Avoidance for Robot Navigation

In this example, we consider a navigation problem for a single robot operating in an environment
with stationary obstacles. The robot is required to move from its initial position to a designated

12



A HYBRID L20 FRAMEWORK FOR MIQP

goal while avoiding collisions with obstacles. This problem is formulated as an MIQP, where bi-
nary variables are used to formulate the collision avoidance constraints between the robot and the
obstacles. The corresponding MI-MPC formulation follows the setup described in (Le et al., 2025).
We consider an MPC problem with a single robot and 7, obstacles, and let O be the set of
obstacles. We formulate the MPC problem with a control horizon of length H. Lett € Z* be
the current time step. At every time step k € Z%, let p(k) = [p*(k),pY(k)]" € R2, v(k) =
[v=(k),vY(k)]T € R?, and u(k) = [u®(k),u?(k)]T € R? be the vectors of positions, velocities,
and accelerations for robot, respectively. Let (k) = [p(k), v(k)] " be the state vector of robot. The
dynamics of each robot are governed by a discrete-time double-integrator model as follows,

pk+1)=pk)+1v(k) + %7‘2’11,(/{7),
v(k+1) =v(k) + Tu(k),

(23)

where 7 € R is the sampling time period, and compactly expressed as x(k+1) = f(x(k), u(k)).
We assume that the states and control inputs of robots are subjected to the following bound con-
straints:

pfnin < px(k) < pfnax? pi/nin < py(k) < p%’nax?

24
—VUmax < Ux(k); Uy(k) < Umax; —Omax < ux(k)7uy<k) < Gmax, ( )

where [p% ., P, Pl Dinax] | € R* is the boundary of the environment, vmax € Ro and apax €
R~ are the maximum speed and acceleration of the robots, respectively. More compactly, (24) is
expressed as (k) € X and u(k) € U.

The mixed-integer constraints for collision avoidance between the robot and obstacle o € O at
time-step k are formulated by big-M formulation as follows,

cos ao(p®(k+ 1) —pl) + sinao(p?(k + 1) — p¥) > Lo + dmin — Mb1 o(k),
—sinao(p”(k + 1) = p;) + cos ao(p?(k + 1) — pf) = Wo + dmin — Mbao(k), 25)
—cosao(p®(k+ 1) — p) —sinao(p?(k + 1) — pY) > Loy + dmin — Mbs o(k),

sin o, (p”(k 4+ 1) — pl) — cos ao(p?(k 4+ 1) — p¥) > Wo + dmin — Mbao(k),

(
where by ,(k), b2,o(k), b3 o(k) and by (k) are binary decision variables satisfying
bljo(kﬁ) + b270(k3) + 6370(145) + b47o(k) <3, (26)

[pZ, piﬂT is the center location, «, is the rotation angle, and 2L, and 2W, are the length and width
of obstacle—o € O, respectively, while dy,;, is the minimal distance between robot and obstacle to
be considered as no collision. We define the binary decision variables §(k) € {0, 1}*" at each time
step k as the concatenated vector of by o(k), b2,o(k), b3,0(k), bao(k), for all o € O, and rewrite all
the collision avoidance constraints as g, (x+1, 0x) < 0.

The objective for the robot is to reach the goal, i.e., minimize the distance to the goal, while
maintaining the minimum effort. Thus, we consider the following MPC cost given by a weighted
sum of terminal cost ¢ and running cost c over the horizon i.e.,

t+H—1
inimize ¢(x(t+ H)) + k), z(k)),
minimize c(z(t+ H)) ; c(u(k), z(k)) @27)
u(k)eU N
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where
c(a(t+ H)) = wy |[p(t+ H) — pgl[3
c(u(k), z(k)) = wp [|p(k) — pg||3 + wu [lu (k)3

with p, being the vector of goal positions, while wps, wp, and wy are positive weights. Consequently,
the cost function is quadratic in the continuous decision variables.
Therefore, the parametric MI-MPC problem can be given by

(28)

H-1
minimize ¢(xpy;0) + Z c(xy, uk; 0)
k=0

subject to o = Tinit(0),
i1 = f(zr, ur),
9o(Tk+1,0) <0,
xc X weu? 5, € {0,1}4".

(29)

where the parameter vector 8 = [:BE)r , p;;—]—r € RS contains the initial state and goal position.
We consider an MPC problem with three obstacles and a control horizon of length 20, leading
to 3 x 20 x 4 = 240 binary decision variables. An NN 7, : RS — {0,1}240 is employed to pre-
dict the binary decision variables. The parameters for the simulation are set as follows: 7 = 0.255,
[pfnin’p:rcna)(?p?ninap?nax]—r = [-0.5m,3m, —3m,0.5m]", vpax = 0.5m/s, Gmax = 0.5m/s?,
dypin = 0.25m, M = 103, wpt = 10, wp = 1, wy = 1, wg = 10%. The information of the three
obstacles is:

1. Obstacle 1: p7 = 1.0m, pzlj =00m,L; =0.8m, W7 =1.0m, vy = 0.0rad.
2. Obstacle 2: p§ = 0.7m, p§ = —1.1m, Ly = 1.0m, W5 = 0.8m, az = 0.0rad.

3. Obstacle 3: p§ = 0.4m, p§j = —2.5m, Ly = 0.8m, W3 = 1.0m, a3z = 0.0rad.

B.2. Simplified Thermal Energy Tank System

In the second example, we examine a simplified thermal energy tank system, adapted from (Boldocky
et al., 2025). The system dynamics are represented by a discrete-time linear time-invariant (LTT)
model with both continuous and discrete control inputs, described as follows:

Tr11 = Az + Byuy + Bgdy + Edy, (30)

where x, € R? is the state vector, u;, € R? is the continuous control input, §, € {0,1,2,3} is the
discrete control input, and dj, € R? represents known disturbances at time step k. The dynamics
matrices A, B, By, and F are:

0

0.0825

A 0.9983 0.001
N 0 0.9966

} , By=0075I, Bg= [ ] , E=-0.083315. 31)

The system is subject to the following state and input constraints:

0<21, <84, 0<x0;, <36, 0 upp,uzp <8. (32)
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In addition to the constraints on the continuous control inputs, we also impose constraints on the
changes between consecutive time steps of the discrete control input as follows,

1< -1 <1, k=1,....H—1 (33)

The control objective is to minimize the expected cumulative cost over the prediction horizon, which
includes both state tracking and control effort penalties. The stage cost function and terminal cost
function are defined as

&, we, Os ) = [l — Tllgy + ke + o 16k]13 34
c@mirn) = llzn —rullg, .

where 7}, is the reference state at time step k, and Q, R, @, and p are weighting matrices and
vectors, respectively, given by Q = Q, = I3, R = 0.5, and p = 0.1. For simplicity, we assume
that the reference state r; remains constant over the prediction horizon, i.e., vy = r for all k,
where r = [4.2, 1.8]T. Thus, the optimization problem is parameterized by the current state x; and
the sequence of known future disturbances over the prediction horizon, [dy, dk11, ..., dk+H—1]-
Accordingly, the parameter vector is defined as 6 = [z , d;,d} TP d;. o1 € R#T2

The parametric MI-MPC problem is given by

H-1
minimize &(xp;rH) + Z c(xk, Wi, Ok Tk)
k=0
subjectto  xpy1 = Axy + Byuy + Bydp + Edy, (35)

—1<0,—0p_1 <1, k=1,...,H—-1
L e X, upr €U, O € {0,1,2,3}.
An NN is trained to predict the integer control inputs, i.e., 7w, : R2H2 — {0,1,2, S}H . For this

example, we set the control horizon to H = 20, resulting in a parameter vector @ € R*? and an NN
output dimension of 20.
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