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Abstract
This paper establishes central limit theorems for Polyak–Ruppert averaged Q-learning under asyn-
chronous updates. We present a non-asymptotic central limit theorem, where the convergence rate
in Wasserstein distance explicitly reflects the dependence on the number of iterations, state–action
space size, the discount factor, and the quality of exploration. In addition, we derive a functional
central limit theorem, showing that the partial-sum process converges weakly to a Brownian mo-
tion.
Keywords: Reinforcement Learning, Central Limit Theorem, Stochastic Approximation, Q-Learning

1. Introduction

Reinforcement Learning (RL) has emerged as a powerful paradigm in artificial intelligence, achiev-
ing successes in various applications such as Atari [23], Go [33], robot manipulation [37, 41], and
aligning large language models to human preferences [25, 32]. Q-learning [39], which directly
learns the optimal action-value function (Q-function) from experience trajectories, is one of the
most widely used RL algorithms.

Stochastic approximation (SA) [2, 5] is a general iterative framework to solve fixed-point equa-
tion problems. Since the Bellman operator in RL is a contraction map with a unique fixed point,
many RL algorithms can be interpreted as instances of SA. For example, TD learning [36] can
be viewed as an instance of linear SA. Synchronous Q-learning, by contrast, is a special case of
nonlinear SA with martingale noise. The asynchronous Q-learning algorithm studied in this work,
however, is a nonlinear SA problem with Markovian noise. There is a growing line of work on
finite-sample analysis of SA with applications to RL algorithms [3, 6, 7, 9, 11, 18, 29, 35, 38].

Polyak-Ruppert averaging is a classical variance-reduction technique to stabilize and accelerate
SA algorithms. A key motivation for focusing on Polyak-Ruppert averaging is its dual advan-
tage of practical robustness and statistical efficiency. Standard stochastic approximation algorithms
are often sensitive to the specific choice of decaying stepsize, requiring hyperparameter tuning to
achieve stable convergence. By contrast, averaging the iterates makes the algorithm significantly
more robust to the underlying stepsize schedule. Furthermore, Polyak-Ruppert averaging is known
to achieve the optimal rate of convergence by minimizing the asymptotic covariance matrix of the
estimates. In this paper, we are interested in establishing central limit theorems (CLTs) for Polyak-
Ruppert averaged Q-learning under asynchronous updates. Building CLTs provides a foundational
understanding of the algorithm’s statistical properties. This asymptotic normality is crucial for un-
certainty quantification and statistical inference in RL. Building on the seminal work by Polyak and
Juditsky [27], a non-asymptotic CLT for Polyak-Ruppert averaged SGD was established [1]. Mou
et al. [24], Samsonov et al. [31] derive non-asymptotic CLTs for linear SA with Polyak–Ruppert av-
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eraged iterates. Similar results for two-time-scale SA are also studied [16, 17, 19]. Recently, CLTs
for SA with applications to RL algorithms are studied [4]. As a special case linear SA, Samsonov
et al. [30], Srikant [34] derive non-asymptotic CLTs for TD-learning with averaging. However,
non-asymptotic CLTs for Q-learning remain unexplored.

As a special case of nonlinear SA, Q-learning is substantially more challenging to analyze than
linear SA and TD learning. Functional CLTs for Polyak–Ruppert averaged synchronous Q-learning
was established in Li et al. [21], Panda et al. [26], Xie and Zhang [40]. Synchronous Q-learning only
considers martingale noises. By contrast, asynchronous Q-learning updates a single state–action
pair based on one transition sample at each iteration, which involves Markovian noises that are
non-IID. Moreover, the empirical Bellman operator in asynchronous Q-learning is non-smooth.
Thus, the challenges in analyzing asynchronous Q-learning come from nonlinearity, Markovian
samples, and a non-smooth operator. Recently, Zhang and Xie [43] established a functional CLT for
asynchronous Q-learning with a constant stepsize. Constant stepsize does not satisfy the necessary
conditions for establishing a non-asymptotic CLT, which we detail in Section 3. To the best of our
knowledge, no non-asymptotic CLT is currently known for Q-learning, even in the synchronous
setting. In this work, we close this gap and prove both a non-asymptotic CLT and a functional CLT
for asynchronous averaged Q-learning with decaying stepsizes.

2. Preliminaries

An infinite-horizon discounted Markov decision process (MDP) is denoted by M, and is defined by
the tuple ⟨S,A, P, r, γ⟩ where S is the set of states, A is the action set, P : S × A → ∆S is the
transition probability function, and γ ∈ [0, 1) is the discount factor. Let ∆A denotes the simplex
over the action space. The action-value function (Q-function) of a stationary and stochastic policy
π : S → ∆A is defined as Qπ(s, a) = E

[∑∞
t=0 γ

tr(st, at)|s0 = s, a0 = a
]
, where at ∼ π(·|st)

and st+1 ∼ P (·|st, at). The optimal Q-function is defined as Q∗ := maxπ Q
π. The value function

is defined as V π = πQπ, where (πQ)(s) := ⟨π(·|s), Q(s, ·)⟩. We also define P π ∈ R|S||A|×|S||A|

such that P πQ = P (πQ). We make the following assumption over a specific optimal policy.

Assumption 1 There exists an optimal policy π∗ such that for Q ∈ R|S|×|A| we have ∥(P π −
P π∗

)(Q−Q∗)∥∞ ≤ L∥Q−Q∗∥2∞ where π(s) := argmaxa∈AQ(s, a).

Adopted from Li et al. [21], this assumption provides a localized smoothness condition required
to establish asymptotic normality for Polyak-Ruppert averaging. Unlike linear stochastic approx-
imation, the Bellman optimality operator is non-smooth due to the max operation, meaning the
greedy policy π can shift abruptly near Q∗. Assumption 1 addresses this by imposing a margin con-
dition, where the difference in transition dynamics between the current and optimal policies must
shrink at a quadratic rate relative to the estimation error, ||Q−Q∗||∞. This quadratic decay ensures
that non-linear residual terms vanish asymptotically, allowing the leading-order martingale noise to
dictate the covariance of the averaged iterates.

The asynchronous Q-learning algorithm maintains a Q-function estimator Qk and the update
rule is the following:

Qk+1 = Qk + αk(Fk −Qk) (1)

where we let Fk = F (Qk, yk), yk = (sk, ak, sk+1),

[F (Qk, sk, ak, sk+1)](s, a) = 1{(sk,ak)=(s,a)}Γ(Qk, sk, ak, sk+1) +Qk(s, a), (2)
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and

Γ(Qk, sk, ak, sk+1) = rk(sk, ak) + γmax
a

Qk(sk+1, a)−Qk(sk, ak).

Γ is the temporal difference in the Q-function iterate. The sample trajectory {(sk, ak)} is collected
by the MDP under a behavior policy πb. We define Vk(s) := maxaQk(s, a). Now we make the
following assumption on the Markov chain, which is standard in the literature [10, 20, 29, 42, 43].

Assumption 2 {yk}k≥0 is an irreducible and aperiodic finite state Markov chain M.

Under Assumption 2, the Markov chain M admits a unique stationary distribution µ̃. We denote
S̃ as the state-space and P̃ as the transition kernel. Next, we define the Bellman operator for the
Q-function:

[T (Q)](s, a) = r(s, a) + γEs′∼P (·|s,a)max
a′∈A

Q(s′, a′).

Define πk such that T (Qk) = r + γπkQk. Denote by F̄k the expected value of F (Qk, yk), i.e.
F̄k := F̄ (Qk) := Eyk∼µ̃[F (Qk, yk)]. Further, denote by D ∈ R|S||A|×|S||A| the diagonal matrix
with {p(s, a)}(s,a)∈S×A on its diagonal, where p(s, a) is the stationary visitation probability of the
state-action pair (s, a). We denote ρ := min

(s,a)∈S×A
p(s, a), which captures the quality of exploration.

The following lemmas are consequences of Assumption 2.

Lemma 3 (Proposition 3.1 in [10]) Suppose that Assumption 2 holds, we have

F̄ (Q) = DT (Q) + (I −D)Q.

Lemma 4 (Proposition 3.1 in [10]) For the operator F (·, ·) defined in eq. (2), under Assumption
2, we have ∥F (Q1, s)− F (Q2, s)∥∞ ≤ 2∥Q1 −Q2∥∞ for any s ∈ S̃.

We denote the Markov chain mixing time at iteration k as tk. Formally, the mixing time tk of the
Markov chain M is defined as tk := min{i ≥ 0 : maxs∈S̃ ∥P̃ i(s, ·)− µ̃(·)∥TV ≤ αk}.

3. Main Results

In this section, we present our main results. We first establish a non-asymptotic CLT for the aver-
aged Q-learning iterates, providing an explicit rate at which their distribution approaches a normal
distribution. The deviation is measured by using the 1-Wasserstein distance. We then derive a func-
tional central limit theorem (FCLT), showing that the partial-sum process converges weakly to a
Brownian motion.

3.1. Non-Asymptotic Central Limit Theorem

Let ∆k = Qk−Q∗. Our goal is to study the rate at which 1√
K

∑K
k=1∆k converges in distribution to

normality. We present the main result as follows, where we use big O notation to hide all constants.
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Theorem 5 Let αk = α(k+b)−β for some constants α, b > 0 and β ∈ (0.5, 1). Under Assumption
1 and 2, we have the following rate of convergence

W1

(
K− 1

2

K∑
k=1

∆k, Ñ

)
≤ (|S||A|)

1
2

ρ(1− γ)2K
1
2

· Õ
(
(ρ(1− γ))

β−2
1−β +Kβ/2ρ−1(1− γ)−1

+K1−β +K
1−β
2 ρ−1−β(1− γ)−β

)
where Ñ = (A−1ΣA−⊤)1/2N (0, I), A = D − γDP π∗

, Σ :=
∑

i,j∈S̃ µ̃(i)P̃ (i, j)(X(j) −
E[X(Y1)|Y0 = i])(X(j)− E[X(Y1)|Y0 = i])⊤ and X is the solution to a Poisson’s equation.

We now derived a non-asymptotic CLT showing that the distribution of the algorithm’s average
error converges towards a normal distribution. The asymptotic covariance matrix Σ describes the
variance in the learning process that comes from sampling transitions from the environment. The
asynchronous Q-learning updates are noisy because they are based on single transition samples,
which is not IID. The matrix Σ quantifies the long-term structure of this randomness. The parameter
ρ quantifies the quality of exploration. Recall that ũ, P̃ , and S̃ are the stationary distribution, state-
space, and transition kernel of the Markov chain M. We define X : S̃ → R|S|×|A| to be the solution
of the Poisson’s equation: F (Q∗, i)− E[F (Q∗, i)] = X(i)− E[X(Y1)|Y0 = i] ∀ i ∈ S̃.

The stepsize in the Q-learning update chosen in this work is αk = α(k + b)−β for two rea-
sons. First, convergence of stochastic approximation with averaging schemes relies on several key
conditions [21, 27]: (i) 0 ≤ supk αk ≤ 1, αk ↓ 0 and kαk ↑ ∞; (ii) αk−1−αk

αk−1
= o(αk−1); (iii)

1√
K

∑K
k=0 αk → 0; (iv)

∑K
k=0 αk

KαK
≤ C. Constant stepsizes violate conditions (i) and (iii), while

linear stepsizes violate condition (ii). By contrast, polynomial stepsizes satisfy all of the above.
Second, the problem-dependent constants α and b are crucial for establishing a finite-sample con-
vergence guarantee [10], which we leverage in our analysis. The parameter α acts as a scaling factor
for balancing the trade-off between the speed of convergence and the final error of the algorithm.
The parameter b is used to control the magnitude of the initial stepsizes and ensure the stability of
the algorithm during the early stages. Setting β = 2/3, the rate of convergence can be simplified as
follows.

Corollary 6 Under Assumption 1, 2, and with αk = α(k + b)−
2
3 , K ≥ (ρ(1− γ))−12, we have

W1

(
K− 1

2

K∑
k=1

∆k, (A
−1ΣA−⊤)1/2N (0, I)

)
≤ Õ

(
(|S||A|)

1
2

K
1
6 ρ2(1− γ)3

)
.

3.2. Proof Sketch of Theorem 5

The proof of the non-asymptotic central limit theorem for asynchronous averaged Q-learning ad-
dresses the core challenges of nonlinearity, the non-smoothness of the empirical Bellman operator,
and non-IID Markovian noises. The proof contains five main steps.

Step 1: Constructing Bounding Processes Note that the empirical Bellman operator in asyn-
chronous Q-learning is non-smooth due to the max operator and the indicator function. The proof
introduces upper and lower bounding processes, denoted as ∆↑

k and ∆↓
k, to track the error ∆k =

Qk − Q∗. By carefully bounding the update steps using the properties of the greedy and optimal
policies, it is established by induction that ∆↓

k ≤ ∆k ≤ ∆↑
k holds for all k ∈ [K].
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Step 2: Recursive Error Decomposition We first analyze the upper bounding process, where the
accumulated error sum

∑K
k=1∆

↑
k is expanded recursively. We decompose the sum into five primary

terms. These terms isolate distinct sources of error: the initialization bias, the smooth temporal
difference errors, and the stochastic noise term.

Step 3: Handling Markovian Noise via Poisson Equation Asynchronous updates rely on single
transition samples, which introduces Markovian noise into the sequence. To address this lack of
independence, the proof leverages the Poisson equation technique [8, 13, 14, 22]. By applying
the solution to the Poisson equation, the non-stationary Markovian noise is rewritten as the sum
of a bounded martingale difference sequence and a telescoping-like correction term. This cleanly
isolates the true martingale noise required for the central limit theorem.

Step 4: Bounding the Residual Components With the error decomposed, the non-martingale
residual terms, such as the initialization decay and the Poisson equation correction terms, are
bounded in the infinity norm. The analysis demonstrates that when these residual terms are scaled
by 1/

√
K, they vanish asymptotically at a fast enough rate and do not affect the limiting distribution.

Step 5: Applying the Martingale CLT and Sandwiching After bounding all remainder terms, a
non-asymptotic martingale central limit theorem is applied directly to the isolated martingale differ-
ence sequence. This establishes that the normalized sum of the upper bounding process converges
to the normal distribution in the 1-Wasserstein distance. Finally, since the lower bounding process
∆↓

k follows an analogous decomposition and converges to the exact same distribution, a sandwich
argument concludes that the true averaged Q-learning error 1√

K

∑K
k=1∆k inherits this identical

convergence rate.

3.3. Functional Central Limit Theorem

The FCLT is an important extension to the conventional CLT. Donsker’s FCLT [12] states that the
normalized partial sum process of i.i.d. random variables converges weakly to a Brownian motion
in the Skorokhod space. In this section, we establish an FCLT for asynchronous Q-learning iterates,
showing that the partial-sum process converges in distribution to a rescaled Brownian motion. Let
D[0, 1] denote the Skorokhod space. For ζ ∈ [0, 1], we define the standardized partial sum processes
associated with {Qk}k≥1 as

ΦK(ζ) =
1√
K

⌊ζK⌋∑
k=1

∆k =
1√
K

⌊ζK⌋∑
k=1

(Qk −Q∗).

Theorem 7 Under the setting of Theorem 5, the partial sum process ΦK(·) converges weakly to
(A−1ΣA−⊤)1/2B(·) on D[0, 1], where B(·) is the standard Brownian motion on [0, 1].

We can see that the conventional CLT is a special case of the FCLT when ζ = 1. As the FCLT
provides a basis for the asymptotic normality of certain functionals of stochastic processes, it is
important for uncertainty quantification and statistical inference in Q-learning. Previous works
have established the FCLT for synchronous Q-learning [21, 26, 40]. A recent work by Zhang and
Xie [43] established a FCLT for asynchronous Q-learning with a constant step size. In contrast, our
result concerns diminishing step-sizes.
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4. Conclusion

We present a non-asymptotic central limit theorem for asynchronous averaged Q-learning, showing
that the averaged iterate converges to a normal distribution in the Wasserstein distance at a rate of
Õ
(
(|S||A|)

1
2K− 1

6 ρ−2(1− γ)−3
)

. We also derive a functional CLT, showing weak convergence of
the partial-sum process to a Brownian motion. Compared with linear stochastic approximation and
TD learning, the analysis of Q-learning poses additional challenges due to its nonlinearity and the
non-stationarity of the process. Asynchronous updates further complicate the problem by introduc-
ing Markovian noise. This work identifies and addresses all of these challenges to provide the first
non-asymptotic CLT for Q-learning. An important future direction is to strengthen the convergence
rate and to extend the results to other metrics beyond the 1-Wasserstein distance.
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Appendix A. Proof of Theorem 5

We begin by establishing the following lemma.

A.1. Proof of Lemma 8

Lemma 8 Denote ∆k = Qk −Q∗. For all k ∈ [K], if αk ≤ 1, then ∆k is bounded as follows:

∆↓
k ≤ ∆k ≤ ∆↑

k,

where ∆↓
0 = ∆0 = ∆↑

0 and the upper and lower bounds evolve according to

∆↑
k+1 = (I − αkD + αkγDP π∗

)∆↑
k + αkγD(P πk − P π∗

)∆k + αk(Fk − F̄k),

and

∆↓
k+1 = (I − αkD + αkγDP π∗

)∆↓
k + αk(Fk − F̄k).

Proof We first show that

∆k+1 = (I − αkD + αkγDP π∗
)∆k + αkγD(P πk − P π∗

)Qk + αk(Fk − F̄k). (3)

By the asynchronous Q-learning update rule, we have

Qk+1 = Qk + αk(Fk −Qk)

= Qk + αk(F̄k −Qk) + αk(Fk − F̄k)

= Qk + αk(DT (Qk) + (I −D)Qk −Qk) + αk(Fk − F̄k)

= Qk + αk(DT (Qk)−DQk) + αk(Fk − F̄k)

= Qk + αkD(T (Qk)−Qk) + αk(Fk − F̄k).

Subtracting Q∗ from both sides yields

Qk+1 −Q∗ = Qk + αkD(T (Qk)−Qk) + αk(Fk − F̄k)−Q∗

= (I − αkD)Qk + αkDT (Qk) + αk(Fk − F̄k)−Q∗

= (I − αkD)(Qk −Q∗) + αkD(T (Qk)−Q∗) + αk(Fk − F̄k).

Therefore, using the definition of ∆k, we obtain

∆k+1 = (I − αkD)∆k + αkD(T (Qk)−Q∗) + αk(Fk − F̄k). (4)

Let Vk(s) := maxaQk(s, a) = Qk(s, πk(s)) and define P π ∈ R|S||A|×|S||A| such that P πQ =
P (πQ), we observe

αkD(T (Qk)−Q∗) = αkD((r + γPVk)− (r + γPV ∗))

= αkγD(PVk − PV ∗)

= αkγD(P πkQk − P π∗
Q∗)

= αkγD(P πkQk − P π∗
Qk + P π∗

Qk − P π∗
Q∗)

10
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= αkγD(P πk − P π∗
)Qk + αkγDP π∗

(Qk −Q∗).

Thus, eq. (3) holds by substituting the above expression into eq. (4).
Next, we prove ∆↓

k ≤ ∆k ≤ ∆↑
k by induction. The base case k = 0 holds by initialization.

Suppose the statement holds at k. We observe that, since αk and the entries in matrices D and
P π∗

are all bounded between 0 and 1, the entries in matrix I − αkD + αkγDP π∗
are nonnegative.

Consequently,

(I − αkD + αkγDP π∗
)∆↓

k ≤ (I − αkD + αkγDP π∗
)∆k ≤ (I − αkD + αkγDP π∗

)∆↑
k.

We now have

∆↓
k+1 = (I − αkD + αkγDP π∗

)∆↓
k + αk(Fk − F̄k)

≤ (I − αkD + αkγDP π∗
)∆k + αk(Fk − F̄k)

≤ (I − αkD + αkγDP π∗
)∆k + αkγD(P πk − P π∗

)Qk + αk(Fk − F̄k)

= ∆k+1,

where the last inequality holds because (P πk − P π∗
)Qk ≥ 0, as πk is greedy w.r.t. Qk. We remark

that πk is the greedy policy w.r.t. Qk over all states, as implied by the definition of the Bellman
optimality operator T . Next, we have

∆k+1 = (I − αkD + αkγDP π∗
)∆k + αkγD(P πk − P π∗

)Qk + αk(Fk − F̄k)

≤ (I − αkD + αkγDP π∗
)∆↑

k + αkγD(P πk − P π∗
)Qk + αk(Fk − F̄k)

= (I − αkD + αkγDP π∗
)∆↑

k + αkγD(P πk − P π∗
)∆k + αkγD(P πk − P π∗

)Q∗ + αk(Fk − F̄k)

≤ (I − αkD + αkγDP π∗
)∆↑

k + αkγD(P πk − P π∗
)∆k + αk(Fk − F̄k)

= ∆↑
k+1,

where the last inequality holds because (P πk − P π∗
)Q∗ ≤ 0, as π∗ is greedy w.r.t. Q∗. Thus, the

statement holds at k + 1, which completes the proof.

A.2. Proof of Theorem 5

Proof We first recall

∆↑
k+1 = (I − αkD + αkγDP π∗

)∆↑
k + αkγD(P πk − P π∗

)∆k + αk(Fk − F̄k).

Denoting A = D − γDP π∗
, Zk = γD(P πk − P π∗

)∆k, and Z ′
k = Fk − F̄k, by recursion we have

∆↑
k+1 =

k∏
i=0

(I − αiA)∆0 +

k∑
i=0

 k∏
j=i+1

(I − αjA)

αi(Zi + Z ′
i).

Thus,

K∑
k=1

∆↑
k =

K∑
k=1

k−1∏
i=0

(I − αiA)∆0 +
K∑
k=1

k−1∑
i=0

 k−1∏
j=i+1

(I − αjA)

αi(Zi + Z ′
i)

11
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=

K∑
k=1

k−1∏
i=0

(I − αiA)∆0 +

K−1∑
i=0

αi

K∑
k=i+1

 k−1∏
j=i+1

(I − αjA)

 (Zi + Z ′
i).

Denote ΨK
i = αi

∑K
k=i+1

(∏k−1
j=i+1(I − αjA)

)
. We further expand:

K∑
k=1

∆↑
k

=
K∑
k=1

k−1∏
i=0

(I − αiA)∆0 +
K−1∑
i=0

ΨK
i (Zi + Z ′

i)

=

K∑
k=1

k−1∏
i=0

(I − αiA)∆0 +

K−1∑
i=0

A−1(Zi + Z ′
i) +

K−1∑
i=0

(ΨK
i −A−1)(Zi + Z ′

i)

=

K∑
k=1

k−1∏
i=0

(I − αiA)∆0︸ ︷︷ ︸
Term (1)

+

K−1∑
i=0

A−1Zi︸ ︷︷ ︸
Term (2)

+

K−1∑
i=0

A−1Z ′
i︸ ︷︷ ︸

Term (3)

+

K−1∑
i=0

(ΨK
i −A−1)Zi︸ ︷︷ ︸
Term (4)

+

K−1∑
i=0

(ΨK
i −A−1)Z ′

i︸ ︷︷ ︸
Term (5)

.

(5)

Bounding Term (1). By applying Lemma 13 and using the bound ∥∆0∥∞ ≤ 1
1−γ , we have

∥K− 1
2 Term (1)∥∞ ≤ O

(
K− 1

2 ρ
−1
1−β (1− γ)

β−2
1−β

)
.

Bounding Term (2). We first expand the expression

A−1Zi = (D(I − γP π∗
))−1γD(P πi − P π∗

)(Qi −Q∗).

Denoting ρ := min
(s,a)∈S×A

p(s, a), we observe

∥A−1∥∞ = ∥(D(I − γP π∗
))−1∥∞ ≤ 1

(1− γ)ρ
(6)

and by Assumption 1 and Lemma 16,

∥Zi∥∞ ≤ ∥(P πi − P π∗
)(Qi −Q∗)∥∞ = L∥Qi −Q∗∥2∞ ≤ O

(
tiL

ρ(1− γ)2i

)
(7)

where ti is the mixing time. Thus,∥∥∥∥∥ 1√
K

K−1∑
i=0

A−1Zi

∥∥∥∥∥
∞

≤ 1√
K

K∑
i=1

O

(
tiL

i(1− γ)2ρ

)
≤ 1√

K
·O
(

tmaxL

(1− γ)2ρ

)
·

K∑
i=1

1

i

≤ Õ

(
L√

K(1− γ)2ρ

)
.

Decomposing Term (3). We now analyze the Markovian noise term

K−1∑
i=0

A−1Z ′
i =

K−1∑
i=0

A−1(Fi − F̄i) =

K−1∑
i=0

A−1(F (Qi, Yi)− E[F (Qi, Yi)]).

12
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We decompose this term into two parts, where the first part has a bounded norm and the second part
is a bounded martingale difference sequence. To this end, we use the Poisson equation technique [8,
13, 14, 22] to transform the Markovian noise into a martingale difference sequence. By a standard
use of the technique [13], we know there exists a solution Xk : S̃ → R|S|×|A| to the following
Poisson’s equation for all k ∈ [K],

F (Qk, Yk)− E[F (Qk, Yk)] = Xk(yk)− E[Xk(Yk+1)|Yk = yk].

For i ∈ S̃, the closed form of the solution Xk(i) is given by

Xk(i) =
∑
j∈S̃

[I − P̃ − 1µ̃⊤]−1(i, j)(F (Qk, i)− F̄k).

Under Assumption 2, there exists a constant c0 > 0 and κ ∈ (0, 1) such that

max
i∈S̃

∥P̃ t(i, ·)− µ̃(·)∥TV ≤ c0κ
t.

We now state two important properties for Xk. The first is a boundedness property that ∥Xk∥∞ ≤
O( 1

(1−γ)(1−κ)), which follows directly from the above results. Next, we prove Lipschitzness by
showing that

∥Xk(i)−Xk′(i)∥∞ = ∥
∑
j∈S̃

[I − P̃ − 1µ̃⊤]−1(i, j)(F (Qk, i)− F (Qk′ , i))∥∞

≤ c0
1− κ

∥F (Qk, i)− F (Qk′ , i)∥∞

≤ 2c0
1− κ

∥Qk −Qk′∥∞. (By Lemma 17)

We now decompose Term (3),

K−1∑
k=0

A−1(F (Qk, Yk)− E[F (Qk, Yk)]) =
K−1∑
k=0

A−1(Xk(Yk)− E[Xk(Yk+1)|Yk])

=
K−1∑
k=0

A−1(Xk(Yk)−Xk+1(Yk+1) +Xk+1(Yk+1)−Xk(Yk+1) +Xk(Yk+1)− E[Xk(Yk+1)|Yk])

= A−1(X0(Y0)−XK(YK))︸ ︷︷ ︸
Term (3a)

+

K−1∑
k=0

A−1(Xk+1(Yk+1)−Xk(Yk+1))︸ ︷︷ ︸
Term (3b)

+
K−1∑
k=0

A−1(Xk(Yk+1)− E[Xk(Yk+1)|Yk])︸ ︷︷ ︸
Term (3c)

.

For Term (3a), note that ∥A−1(X0(Y0) −XK(YK))∥∞ ≤ O( 1
(1−γ)2(1−κ)ρ

) by boundedness prop-
erty. By the Lipschitzness property, for Term (3b) we obtain∥∥∥∥∥

K−1∑
k=0

A−1(Xk+1(Yk+1)−Xk(Yk+1))

∥∥∥∥∥
∞

≤ 1

(1− γ)ρ

K−1∑
k=0

∥Xk+1(Yk+1)−Xk(Yk+1)∥∞

13
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≤ 2c0
(1− γ)(1− κ)ρ

K−1∑
k=0

∥Qk+1 −Qk∥∞ =
2c0

(1− γ)(1− κ)ρ

K−1∑
k=0

∥αk(Fk −Qk)∥∞

≤ O

(
1

(1− γ)2(1− κ)ρ

)K−1∑
k=0

1

(k + b)β
= O

(
K1−β

(1− γ)2(1− κ)ρ

)
.

We have analyzed the first two terms. We defer the analysis of Term (3c) to the end of the proof.
Bounding Term (4). By combining eq. (12) and eq. (7), we have∥∥∥∥∥ 1√

K

K−1∑
i=0

(ΨK
i −A−1)Zi

∥∥∥∥∥
∞

≤ 1√
K

K∑
i=1

O

(
1

i(ρ(1− γ))
2−β
1−β

+
(i− 1)β

iρ2(1− γ)2
+

(1− ρ(1− γ)αK)K−i+1

ρ(1− γ)

)
· 1

ρ(1− γ)2i

≤ Õ

(
1

√
Kρ

3−2β
1−β (1− γ)

4−3β
1−β

)
.

Bounding Term (5). Similarly to Term (3), we have

K−1∑
k=0

(ΨK
k −A−1)Z ′

k =
K−1∑
k=0

(ΨK
k −A−1)(Xk(Yk)− E[Xk(Yk+1)|Yk])

=

K−1∑
k=0

(ΨK
k −A−1)(Xk(Yk)−Xk+1(Yk+1) +Xk+1(Yk+1)−Xk(Yk+1) +Xk(Yk+1)− E[Xk(Yk+1)|Yk])

=
K−1∑
k=0

(ΨK
k −A−1)(Xk(Yk)−Xk+1(Yk+1))︸ ︷︷ ︸

Term (5a)

+
K−1∑
k=0

(ΨK
k −A−1)(Xk+1(Yk+1)−Xk(Yk+1))︸ ︷︷ ︸

Term (5b)

+

K−1∑
k=0

(ΨK
k −A−1)(Xk(Yk+1)− E[Xk(Yk+1)|Yk])︸ ︷︷ ︸

Term (5c)

Now we analyze each term individually. For Term (5a),

K−1∑
k=0

(ΨK
k −A−1)(Xk(Yk)−Xk+1(Yk+1))

=

K−1∑
k=0

[
(ΨK

k −A−1)Xk(Yk)− (ΨK
k+1 −A−1)Xk+1(Yk+1)

+(ΨK
k+1 −A−1)Xk+1(Yk+1)− (ΨK

k −A−1)Xk+1(Yk+1)
]

= (ΨK
0 −A−1)X0(Y0)− (ΨK

K −A−1)XK(YK) +

K−1∑
k=0

[
(ΨK

k+1 −ΨK
k )Xk+1(Yk+1)

]
.

14
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By the boundedness of Xk, eq. (12), and Lemma 15, we obtain

∥Term (5a)∥∞ ≤ O

(
1

(1− γ)(ρ(1− γ))
2−β
1−β

+
1

1− γ

K∑
k=1

1

kβ

)

≤ O

(
1

(1− γ)(ρ(1− γ))
2−β
1−β

+
K1−β

1− γ

)
.

By eq. (12) and the Lipschitzness property of Xk, we have

∥Term (5b)∥∞ ≤
K∑
k=1

O

(
1

k(ρ(1− γ))
2−β
1−β

+
(k − 1)β

kρ2(1− γ)2
+

(1− ρ(1− γ)αK)K−k+1

ρ(1− γ)

)
· 1

kβ

≤ Õ

(
1

(ρ(1− γ))
2−β
1−β

+
K1−β

ρ(1− γ)

)
.

Next, we bound
∥∥∥ 1√

K
E[Term (5c)]

∥∥∥
∞

. We first note that {Mk,Fk}k∈[K] is a martingale differ-

ence sequence where {Mk}k∈[K] := {Xk(Yk+1) − E[Xk(Yk+1)|Yk]}k∈[K] and Fk is σ-field gen-
erated by all randomness until iteration k. Thus, by the martingale difference property we have
E[Mk|Fk−1] = 0 and E[⟨Mi,Mj⟩] = E[⟨Mi,E[Mj |Fj−1]⟩] = 0 for i ̸= j. This leads to∥∥∥∥ 1√

K
E[Term (5c)]

∥∥∥∥2
∞

=

∥∥∥∥∥ 1√
K

E
K−1∑
k=0

(ΨK
k −A−1)(Xk(Yk+1)− E[Xk(Yk+1)|Yk])

∥∥∥∥∥
2

∞

≤ 1

(1− γ)2K

K−1∑
k=0

∥ΨK
k −A−1∥2∞

≤ 1

(1− γ)2K

K∑
i=1

O

(
1

i(ρ(1− γ))
2−β
1−β

+
(i− 1)β

iρ2(1− γ)2
+

(1− ρ(1− γ)αK)K−i+1

ρ(1− γ)

)2

(by eq. (12))

≤ 1

(1− γ)2
· Õ

(
1

K(ρ(1− γ))
4−2β
1−β

+
1

K1−βρ4(1− γ)4

)
.

Thus, ∥∥∥∥ 1√
K

E[Term (5c)]
∥∥∥∥
∞

≤ Õ

(
1

K1/2(1− γ)(ρ(1− γ))
2−β
1−β

+
1

K1/2−β/2ρ2(1− γ)3

)
.

Combining three terms, we have∥∥∥∥ 1√
K

E[Term (5)]
∥∥∥∥
∞

≤ Õ

(
1

K1/2(1− γ)(ρ(1− γ))
2−β
1−β

+
1

K1/2−β/2ρ2(1− γ)3
+

1

Kβ−1/2ρ(1− γ)

)
.
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Putting Everything Together. At this stage, we have decomposed
∑K

k=1∆
↑
k into six components

{ϕi}6i=1, where ϕi corresponds to Term (i) for i = 1, 2, 4, 5 and Term (3) is further split into
ϕ3 = A−1(X0(Y0)−XK(YK)) and ϕ6 =

∑K−1
i=0 A−1(Xk(Yk+1)−E[Xk(Yk+1)|Yk]). Accordingly,

K∑
k=1

∆↑
k =

6∑
i=1

ϕi =

5∑
i=1

ϕi +

K−1∑
k=0

A−1(Xk(Yk+1)− E[Xk(Yk+1)|Yk]) (8)

where ϕ6 is a bounded martingale difference sequence. Note we have also established bounds
for {ϕi}5i=1. Therefore, to establish CLTs for the averaged Q-learning iterates, we can apply any
suitable known martingale CLTs. To proceed, we choose the non-asymptotic martingale CLT
given in Srikant [34]. We prove in Lemma 10 that W1

(
1√
K
ϕ6, (A

−1ΣA−⊤)1/2N (0, I))
)

≤

O
(

1
(1−γ)ρKβ/2

)
. Note that

W1

(
1√
K

K∑
k=1

∆↑
k, (A

−1ΣA−⊤)1/2N (0, I)

)

= sup
h∈Lip1

E

[
h

(
1√
K

K∑
k=1

∆↑
k

)
− h((A−1ΣA−⊤)1/2N (0, I))

]
.

For any h ∈ Lip1, we have

E

[
h

(
1√
K

K∑
k=1

∆↑
k

)
− h((A−1ΣA−⊤)1/2N (0, I))

]

= E

[
h

(
1√
K

6∑
i=1

ϕi

)
− h((A−1ΣA−⊤)1/2N (0, I))

]

=
5∑

i=1

E

h( 1√
K

6∑
k=i

ϕk

)
− h

 1√
K

6∑
j=i+1

ϕj


︸ ︷︷ ︸

Ta

+E
[
h

(
1√
K

ϕ6

)]
− h((A−1ΣA−⊤)1/2N (0, I))︸ ︷︷ ︸

Tb

.

By Lemma 10, we have Tb ≤ O
(
((1− γ)ρ)−2−βK−β/2

)
. To bound Ta, by combining all bounds

analyzed above, merging alike terms, and ignoring constants, we have

Ta ≤
5∑

i=1

E
∥∥∥∥ 1√

K
ϕi

∥∥∥∥
2

≤
5∑

i=1

√
|S||A|E

∥∥∥∥ 1√
K

ϕi

∥∥∥∥
∞

≤
√
|S||A|

ρ(1− γ)2
· Õ

(
1

K1/2(ρ(1− γ))
2−β
1−β

+
1

K1/2−β/2ρ(1− γ)
+

1

Kβ−1/2

)
.

Thus, we have shown that

W1

(
1√
K

K∑
k=1

∆↑
k, Ñ

)
≤ R(K, ρ, 1− γ, |S|, |A|)
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where Ñ := (A−1ΣA−⊤)1/2N (0, I) and

R(K, ρ, 1− γ, |S|, |A|) :=
√

|S||A|
ρ(1− γ)2

· Õ

(
1

K1/2(ρ(1− γ))
2−β
1−β

+
1

K1/2−β/2ρ(1− γ)
+

1

Kβ−1/2
+

1

Kβ/2ρ1+β(1− γ)β

)
.

Next, we show that a similar convergence also holds for ∆↓
k. By Lemma 8, we know

∆↓
k+1 = (I − αkD + αkγDP π∗

)∆↓
k + αk(Fk − F̄k).

By a similar decomposition as in eq. (5), we obtain

K∑
k=1

∆↓
k =

K∑
k=1

k−1∏
i=0

(I − αiA)∆0 +

K−1∑
i=0

A−1Z ′
i +

K−1∑
i=0

(ΨK
i −A−1)Z ′

i

which matches Term (1), Term (3), and Term (5) in eq. (5). Thus, following the same steps as
before,

W1

(
1√
K

K∑
k=1

∆↓
k, Ñ

)
= R(K, ρ, 1− γ, |S|, |A|).

By Lemma 8, we have ∆↓
k ≤ ∆k ≤ ∆↑

k for all k ∈ [K]. Therefore, we conclude that

W1

(
1√
K

K∑
k=1

∆k, Ñ

)
≤ W1

(
1√
K

K∑
k=1

∆↑
k, Ñ

)
+W1

(
1√
K

K∑
k=1

∆↓
k, Ñ

)
= R(K, ρ, 1− γ, |S|, |A|).

A.3. Martingale CLT

Theorem 9 (Restatement of Theorem 1 in Srikant [34]) Let {mk}k≥1 be a d-dimensional mar-
tingale difference sequence with respect to a filtration {Fk}k≥0. Assume (i) E[∥mk∥2] ≤ ∞ and
E[mk|Fk−1] = 0 for all k ≥ 1; (ii) E[∥mk∥2+β

2 ] exists almost surely for all k ≥ 1 and some
β ∈ (0, 1) and (iii) Σk = E[mkm

⊤
k |Fk−1] exists and further assume that limn→∞(Σ1 + · · · +

Σn)/n = Σ∞ almost surely for some positive definite Σ∞. It follows that

W1

(
n∑

k=1

mk√
n
,Σ1/2

∞ N (0, I)

)
≤ 1√

n

n∑
k=1

O

(
∥Σ1/2

∞ ∥opE[∥Σ−1/2
∞ mk∥β+2

2 + ∥Σ−1/2
∞ mk∥β2 ]

(n− k + 1)(1+β)/2

− 1

n− k + 1
Tr(Mk(Σ

−1/2
∞ E[Σk]Σ

−1/2
∞ − I))

)
where Mk is a matrix with the property ∥Mk∥op ≤ O(

√
n− k + 1∥Σ1/2

∞ ∥op).
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Lemma 10 Under Assumption 2,

W1

(
1√
K

K∑
k=1

A−1(Xk−1(Yk)− E[Xk−1(Yk)|Yk−1]), Ñ

)
≤ O

(
((1− γ)ρ)−2−βK−β/2

)
where Ñ = A−1ΣA−⊤N (0, I) and Σ :=

∑
i,j∈S̃ µ̃(i)P̃ (i, j)(X(j) − E[X(Y1)|Y0 = i])(X(j) −

E[X(Y1)|Y0 = i])⊤.

Proof We first define X : S̃ → R|S|×|A| to be the solution of the following Poisson’s equation,

F (Q∗, i)− E[F (Q∗, i)] = X(i)− E[X(Y1)|Y0 = i] for all i ∈ S̃.

Denote p̃t(i) := P(Yt = i). We further define the covariance matrix of the martingale noise charac-
terized via the solution of Poisson’s equation and its asymptotic matrix by

Σ̃k =
∑
i,j∈S̃

p̃k(i)P̃ (i, j)(Xk(j)− E[Xk(Y1)|Y0 = i])(Xk(j)− E[Xk(Y1)|Y0 = i])⊤

and

Σ :=
∑
i,j∈S̃

µ̃(i)P̃ (i, j)(X(j)− E[X(Y1)|Y0 = i])(X(j)− E[X(Y1)|Y0 = i])⊤.

Now we can substitute n = K, mk = A−1(Xk−1(Yk) − E[Xk−1(Yk)|Yk−1]), Σk = A−1Σ̃kA
−⊤,

and Σ∞ = A−1ΣA−⊤ into Theorem 9. Note that under Assumption 2, the three conditions in
Theorem 9 are satisfied. The rest of the proof follows from the proof of Theorem 2 in Srikant [34],
with necessary modifications to accommodate our setting. To conclude, with the substitutions, we
have

n∑
k=1

∥Σ1/2
∞ ∥opE[∥Σ−1/2

∞ mk∥β+2
2 + ∥Σ−1/2

∞ mk∥β2 ]
(n− k + 1)(1+β)/2

≤ O
(
n(1−β)/2/((1− γ)ρ)2+β

)
and

n∑
k=1

1

n− k + 1
Tr(Mk(Σ

−1/2
∞ E[Σk]Σ

−1/2
∞ − I)) ≤ O

(
1/(1− γ)2ρ2

)
which completes the proof.

Appendix B. Proof of Theorem 7

Polish space is a separable and complete function space. It is a crucial structure for applying con-
vergence in distribution results such as FCLT. Recall that we denote D[0, 1] as the Skorokhod space.
Equipped with the Skorokhod J1 topology with a particular metric [28], D[0, 1] is a Polish space.
We use w→ to denote weak convergence for some sequence of random elements. To prove the theo-
rem, we need the following result.
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Proposition 11 For two random sequences {Xt}t≥0, {Yt}t≥0 ⊆ D[0, 1] satisfying E[supκ∈[0,1]∥YT (κ)∥] →
0 and XT

w−→ X , we have XT + YT
w−→ X .

Now we prove Theorem 7.
Proof For ζ ∈ [0, 1], by a similar decomposition as in eq. (8), we have

Φ↑
K(ζ) :=

1√
K

⌊ζK⌋∑
k=1

∆↑
k =

1√
K

6∑
i=1

ϕi(ζ)

=
1√
K

5∑
i=1

ϕi(ζ) +
1√
K

⌊ζK⌋∑
k=1

A−1(Xk−1(Yk)− E[Xk−1(Yk)|Yk−1]).

From the proof of Theorem 5, we know supζ∈[0,1]

∥∥∥ 1√
K
ϕi(ζ)

∥∥∥
∞

= o(1) for i ∈ {1, 2, 3, 4, 5}. Let
X and Σ as defined in the proof of Lemma 10. The following lemma, which establishes the FCLT
for 1√

K
ϕ6(ζ), is a direct consequence of Theorem 4.2 in Hall and Heyde [15].

Lemma 12 For any ζ ∈ [0, 1],

1√
K

⌊ζK⌋∑
k=1

A−1(Xk−1(Yk)− E[Xk−1(Yk)|Yk−1])
w→ (A−1ΣA−⊤)1/2B(ζ)

where B is the standard Brownian motion and Σ :=
∑

i,j∈S̃ µ̃(i)P̃ (i, j)(X(j) − E[X(Y1)|Y0 =

i])(X(j)− E[X(Y1)|Y0 = i])⊤.

Thus, we have 1√
K
ϕ6(·)

w→ (A−1ΣA−⊤)1/2B(·). Besides, we observe that

sup
ζ∈[0,1]

∥∥∥∥Φ↑
K(ζ)− 1√

K
ϕ6(ζ)

∥∥∥∥
∞

≤
5∑

i=1

sup
ζ∈[0,1]

∥∥∥∥ 1√
K

ϕi(ζ)

∥∥∥∥
∞

= o(1),

which implies Φ↑
K(·) w→ (A−1ΣA−⊤)1/2B(·) by Proposition 11. The FCLT for Φ↓

K(·) := 1√
K

∑⌊·K⌋
k=1 ∆↓

k

can be established in the same way. Therefore, by the sandwich inequality, we have

sup
ζ∈[0,1]

∥∥∥ΦK(ζ)− (A−1ΣA−⊤)1/2B(ζ)
∥∥∥
∞

≤ sup
ζ∈[0,1]

∥∥∥Φ↑
K(ζ)− (A−1ΣA−⊤)1/2B(ζ)

∥∥∥
∞

+ sup
ζ∈[0,1]

∥∥∥Φ↓
K(ζ)− (A−1ΣA−⊤)1/2B(ζ)

∥∥∥
∞

= o(1),

which implies that ΦK(·) w→ (A−1ΣA−⊤)1/2B(·). This completes the proof.
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Appendix C. Supporting Lemmas

In this section we present several supporting lemmas. Lemma 13 and 15 analyze Term (1) and ΨK
i

appeared in the proof of Theorem 5. Next, by leveraging the results in Chen et al. [10], Lemma 16
gives a non-asymptotic convergence rate for ∆k = Qk − Q∗ under asynchronous updates. Lastly,
Lemma 17 provides a Lipschitz property for the operator F (·, s) defined in eq. (2).

Lemma 13 Let αi = α(i+ b)−β for some problem-dependent constants α, b > 0 and β ∈ (0, 1).
Then the following bounds hold:∥∥∥∥∥

K∑
k=1

k−1∏
i=0

(I − αiA)

∥∥∥∥∥
∞

≤ O
(
(ρ(1− γ))

−1
1−β

)
,

K∑
i=1

∥ΨK
i −A−1∥∞ ≤ Õ

(
(ρ(1− γ))

β−2
1−β +

Kβ

ρ2(1− γ)2

)
.

Proof The analysis of polynomial step sizes has been well studied in prior work (see, e.g., Li et al.
[21], Polyak and Juditsky [27], Srikant [34]). However, due to a slightly modified choice of the
step-size and the different update rule in the asynchronous setting, we provide a complete proof for
the sake of completeness. Recall that αi = α(i+ b)−β and ρ := min

(s,a)∈S×A
p(s, a). We now have

∥∥∥∥∥
K∑
k=1

k−1∏
i=0

(I − αiA)

∥∥∥∥∥
∞

=

∥∥∥∥∥
K∑
k=1

k−1∏
i=0

(I − αi(D − γDP π∗
))

∥∥∥∥∥
∞

≤
K∑
k=1

k−1∏
i=0

(1− αiρ(1− γ))

=
K∑
k=1

k−1∏
i=0

(
1− αρ(1− γ)

(i+ b)β

)

≤
K∑
k=1

exp

(
−αρ(1− γ)

k−1∑
i=0

(i+ b)−β

)
. (1− x ≤ exp(−x))

For β ∈ (0, 1), we have
∑k−1

i=0 (i+ b)−β ≥
∫ k−1
0 (x+ b)−βdx = (k−1+b)1−β+b1−β

1−α ,∥∥∥∥∥
K∑
k=1

k−1∏
i=0

(I − αiA)

∥∥∥∥∥
∞

≤
K∑
k=1

exp

(
−αρ(1− γ)

(k − 1 + b)1−β + b1−β

1− α

)

≤
∫ ∞

1
exp

(
−αρ(1− γ)

(k − 1 + b)1−β + b1−β

1− α

)
dk

by the change of variable u = −αρ(1− γ) (k−1+b)1−β+b1−β

1−α ,

≤ 1

αρ(1− γ)

∫ ∞

0

(
(1− β)u

αρ(1− γ)
+ b1−β

) β
1−β

exp(−u)du
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≤ max{2
β

1−β , 1}
αρ(1− γ)

∫ ∞

0

((
(1− β)u

αρ(1− γ)

) β
1−β

+ bβ

)
exp(−u)du.

Since
∫∞
0 exp(−u)du = 1 and

∫∞
0 u

β
1−β exp(−u)du = Γ( 1

1−β ) ≤
√
2πe√
1−β

( 1
1−β )

β
1−β ,

∥∥∥∥∥
K∑
k=1

k−1∏
i=0

(I − αiA)

∥∥∥∥∥
∞

≤ max{2
β

1−β , 1}
αρ(1− γ)

((
1

αρ(1− γ)

) β
1−β

√
2πe√
1− β

+ bβ

)

≤ O

(
1

(αρ(1− γ))
1

1−β (1− β)
1
2

)
.

Next, we prove the second part. Recall ΨK
i = αi

∑K
k=i+1

(∏k−1
j=i+1(I − αjA)

)
. Since A−1 =

α−1
i (I − (I − αiA)), we have

ΨK
i −A−1 = (ΨK

i A− I)A−1

=

 K∑
t=i+1

 t−1∏
j=i+1

(I − αjA)−
t−1∏
j=i

(I − αjA)

A−1 −A−1


=

K∑
t=i+1

 t−1∏
j=i+1

(I − αjA)−
t−2∏
j=i

(I − αjA)

A−1

−

 K∏
j=i

(I − αjA)

A−1

=
K∑

t=i+1

(αi − αt)
t−2∏

j=i+1

(I − αjA)︸ ︷︷ ︸
T1

−

 K∏
j=i

(I − αjA)

A−1

︸ ︷︷ ︸
T2

. (9)

For T1, since A = D − γDP π∗
and 1− x ≤ exp(−x), we have

∥T1∥∞ =

∥∥∥∥∥∥
K∑

t=i+1

(αi − αt)

t−2∏
j=i+1

(I − αjA)

∥∥∥∥∥∥
∞

≤
K∑

t=i+1

|αi − αt| exp

−
t−2∑

j=i+1

ρ(1− γ)αj


≤

K∑
t=i+1

t−1∑
k=i

|αk+1 − αk| exp

−
t−2∑

j=i+1

ρ(1− γ)αj

 .

Note that αk−αk+1

αk
= 1−

(
1− 1

k+1+b

)β
≤ 1− exp(− β

k+1+b) ≤
β
k ,

∥T1∥∞ ≤
K∑

t=i+1

t−1∑
k=i

βαk

k
exp

−
t−2∑

j=i+1

ρ(1− γ)αj


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≤ β

ρ(1− γ)i

K∑
t=i+1

t−1∑
k=i

ρ(1− γ)αk exp

−
t−2∑

j=i+1

ρ(1− γ)αj


≤ O

(
1

i(ρ(1− γ))
2−β
1−β

+
(i− 1)β

iρ2(1− γ)2

)
. (10)

For T2, we obtain

∥T2∥∞ =

∥∥∥∥∥∥
 K∏

j=i

(I − αjA)

A−1

∥∥∥∥∥∥
∞

≤ ∥A−1∥∞
K∏
j=i

∥I − αjA∥∞

≤
∏K

j=i(1− ρ(1− γ)αj)

ρ(1− γ)
≤ (1− ρ(1− γ)αK)K−i+1

ρ(1− γ)
. (11)

Combining eqs. (9) to (11), we have

∥ΨK
i −A−1∥∞ = O

(
1

i(ρ(1− γ))
2−β
1−β

+
(i− 1)β

iρ2(1− γ)2
+

(1− ρ(1− γ)αK)K−i+1

ρ(1− γ)

)
. (12)

Therefore,

K∑
i=1

∥ΨK
i −A−1∥∞ ≤ Õ

(
1

(ρ(1− γ))
2−β
1−β

+
Kβ

ρ2(1− γ)2

)
.

Lemma 14 Let αi = α(i+ b)−β for some problem-dependent constants α, b > 0 and β ∈ (0, 1).
It follows that

K∑
t=i+1

t−1∑
k=i

ρ(1− γ)αk exp

−
t−2∑

j=i+1

ρ(1− γ)αj

 ≤ O

(
1

(ρ(1− γ))
1

1−β

+
(i− 1)β

ρ(1− γ)

)
.

Proof Since

t−1∑
k=i

ρ(1− γ)αk ≤ ρα(1− γ)

1− β
((t− 1)1−β − (i− 1)1−β) ≤

t−2∑
k=i−1

ρ(1− γ)αk, (13)

we have

K∑
t=i+1

t−1∑
k=i

ρ(1− γ)αk exp

−
t−2∑

j=i+1

ρ(1− γ)αj


=

K∑
t=i+1

t−1∑
k=i

ρ(1− γ)αk exp

−
t−2∑

j=i−1

ρ(1− γ)αj

 exp (ρ(1− γ)(αi + αi−1))
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≤ e

K∑
t=i+1

t−1∑
k=i

ρ(1− γ)αk exp

−
t−2∑

j=i−1

ρ(1− γ)αj


≤ e

K∑
t=i+1

u exp (−u) (let u = ρα(1−γ)
1−β ((t− 1)1−β − (i− 1)1−β) and by eq. (13))

≤ e

∫ ∞

0
u exp (−u)

1

ρα(1− γ)

(
1− β

ρα(1− γ)
u+ (i− 1)1−β

) β
1−β

dt

≤ emax{2
β

1−β , 2}
ρα(1− γ)

∫ ∞

0
u exp (−u)

((
1− β

ρα(1− γ)
u

) β
1−β

+ (i− 1)β

)
dt

≤ e2
1

1−β

ρα(1− γ)

((
1− β

ρα(1− γ)

) β
1−β

Γ

(
1 +

1

1− β

)
+ (i− 1)β

)

≤ O

(
1

(ρ(1− γ))
1

1−β

+
(i− 1)β

ρ(1− γ)

)
.

Lemma 15 Let ΨK
k = αk

∑K
i=k+1

(∏i−1
j=k+1(I − αjA)

)
. For k ≥ (ρ(1− γ))−1/β(1−β), we have

∥∥ΨK
k+1 −ΨK

k

∥∥
∞ ≤ O

(
1

kβ

)
.

Proof First, we have

ΨK
k+1 −ΨK

k = αk+1

K∑
i=k+1

 i−1∏
j=k+1

(I − αjA)

− αk

K∑
i=k

i−1∏
j=k

(I − αjA)


= (αk+1 − αk)

K∑
i=k+1

 i−1∏
j=k+1

(I − αjA)


+ αk

 K∑
i=k+1

 i−1∏
j=k+1

(I − αjA)

−
K∑
i=k

i−1∏
j=k

(I − αjA)

 .

For the first term above, by a similar analysis as in the proof of Lemma 13 we have∥∥∥∥∥∥(αk+1 − αk)

K∑
i=k+1

 i−1∏
j=k+1

(I − αjA)

∥∥∥∥∥∥
∞

≤
(

1

kβ
− 1

(k + 1)β

)
·O

(
1

(ρ(1− γ))
1

1−β

)

≤ O

(
1

k1+β(ρ(1− γ))
1

1−β

)
≤ O

(
1

k

)
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for k ≥ (ρ(1− γ))−1/β(1−β). For the second term, we observe

K∑
i=k+1

 i−1∏
j=k+1

(I − αjA)

−
K∑
i=k

i−1∏
j=k

(I − αjA)

 = I +
K∑
i=k

 i−1∏
j=k+1

(I − αjA)−
i−1∏
j=k

(I − αjA)


= I +

K∑
i=k

αkA
i−1∏

j=k+1

(I − αjA)


= O(I)

for k ≥ (ρ(1− γ))−1/β(1−β). Thus, the second term is of order αk. Putting them together,

∥∥ΨK
k+1 −ΨK

k

∥∥
∞ ≤ O

(
1

kβ

)
.

The following lemmas provide finite-sample convergence guarantees of asynchronous Q-learning
and Lipschitzness of the operator F (·, s) [10].

Lemma 16 (Theorem B.1 in Chen et al. [10]) Let αi = α(i+ b)−β for some problem-dependent
constants α, b > 0 and β ∈ (0, 1). For the Q-learning updates in eq. (1), under Assumption 2, we

have E∥Qk −Q∗∥∞ ≤ O
(√

tk
(1−γ)2ρ2k

)
, where tk = O(log(1/αk)) denotes the mixing time.

Lemma 17 (Proposition 3.1 in Chen et al. [10]) For the operator F (·, ·) defined in eq. (2), under
Assumption 2, we have ∥F (Q1, s)− F (Q2, s)∥∞ ≤ 2∥Q1 −Q2∥∞ for any s ∈ S̃.
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