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Abstract

This paper establishes central limit theorems for Polyak—Ruppert averaged Q-learning under asyn-
chronous updates. We present a non-asymptotic central limit theorem, where the convergence rate
in Wasserstein distance explicitly reflects the dependence on the number of iterations, state—action
space size, the discount factor, and the quality of exploration. In addition, we derive a functional
central limit theorem, showing that the partial-sum process converges weakly to a Brownian mo-
tion.
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1. Introduction

Reinforcement Learning (RL) has emerged as a powerful paradigm in artificial intelligence, achiev-
ing successes in various applications such as Atari [23], Go [33], robot manipulation [37, 41], and
aligning large language models to human preferences [25, 32]. Q-learning [39], which directly
learns the optimal action-value function (Q-function) from experience trajectories, is one of the
most widely used RL algorithms.

Stochastic approximation (SA) [2, 5] is a general iterative framework to solve fixed-point equa-
tion problems. Since the Bellman operator in RL is a contraction map with a unique fixed point,
many RL algorithms can be interpreted as instances of SA. For example, TD learning [36] can
be viewed as an instance of linear SA. Synchronous Q-learning, by contrast, is a special case of
nonlinear SA with martingale noise. The asynchronous Q-learning algorithm studied in this work,
however, is a nonlinear SA problem with Markovian noise. There is a growing line of work on
finite-sample analysis of SA with applications to RL algorithms [3, 6, 7,9, 11, 18, 29, 35, 38].

Polyak-Ruppert averaging is a classical variance-reduction technique to stabilize and accelerate
SA algorithms. A key motivation for focusing on Polyak-Ruppert averaging is its dual advan-
tage of practical robustness and statistical efficiency. Standard stochastic approximation algorithms
are often sensitive to the specific choice of decaying stepsize, requiring hyperparameter tuning to
achieve stable convergence. By contrast, averaging the iterates makes the algorithm significantly
more robust to the underlying stepsize schedule. Furthermore, Polyak-Ruppert averaging is known
to achieve the optimal rate of convergence by minimizing the asymptotic covariance matrix of the
estimates. In this paper, we are interested in establishing central limit theorems (CLTs) for Polyak-
Ruppert averaged Q-learning under asynchronous updates. Building CLTs provides a foundational
understanding of the algorithm’s statistical properties. This asymptotic normality is crucial for un-
certainty quantification and statistical inference in RL. Building on the seminal work by Polyak and
Juditsky [27], a non-asymptotic CLT for Polyak-Ruppert averaged SGD was established [1]. Mou
et al. [24], Samsonov et al. [31] derive non-asymptotic CLTs for linear SA with Polyak—Ruppert av-
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eraged iterates. Similar results for two-time-scale SA are also studied [16, 17, 19]. Recently, CLTs
for SA with applications to RL algorithms are studied [4]. As a special case linear SA, Samsonov
et al. [30], Srikant [34] derive non-asymptotic CLTs for TD-learning with averaging. However,
non-asymptotic CLTs for Q-learning remain unexplored.

As a special case of nonlinear SA, Q-learning is substantially more challenging to analyze than
linear SA and TD learning. Functional CLTs for Polyak—Ruppert averaged synchronous Q-learning
was established in Li et al. [21], Panda et al. [26], Xie and Zhang [40]. Synchronous Q-learning only
considers martingale noises. By contrast, asynchronous Q-learning updates a single state—action
pair based on one transition sample at each iteration, which involves Markovian noises that are
non-IID. Moreover, the empirical Bellman operator in asynchronous Q-learning is non-smooth.
Thus, the challenges in analyzing asynchronous Q-learning come from nonlinearity, Markovian
samples, and a non-smooth operator. Recently, Zhang and Xie [43] established a functional CLT for
asynchronous Q-learning with a constant stepsize. Constant stepsize does not satisfy the necessary
conditions for establishing a non-asymptotic CLT, which we detail in Section 3. To the best of our
knowledge, no non-asymptotic CLT is currently known for Q-learning, even in the synchronous
setting. In this work, we close this gap and prove both a non-asymptotic CLT and a functional CLT
for asynchronous averaged Q-learning with decaying stepsizes.

2. Preliminaries

An infinite-horizon discounted Markov decision process (MDP) is denoted by M, and is defined by
the tuple (S, A, P,r,~) where S is the set of states, A is the action set, P : S x A — Ag is the
transition probability function, and v € [0, 1) is the discount factor. Let A 4 denotes the simplex
over the action space. The action-value function (Q-function) of a stationary and stochastic policy

m:S — Ay is defined as Q7 (s,a) = E[Zfio yir(se, ar)|so = s,a0 = a], where a; ~ m(-|s¢)
and s;+1 ~ P(:|s¢, a;). The optimal Q-function is defined as Q* := max, Q™. The value function
is defined as V™ = 7Q™, where (7Q)(s) := (r(-|s), Q(s,-)). We also define P™ € RISIMAI*ISIIAl
such that P™(Q) = P(7(Q). We make the following assumption over a specific optimal policy.

Assumption 1 There exists an optimal policy ©* such that for Q € RISXMI we have ||(P™ —
PT)Q ~ Q) < LIQ — Q*|I%, where m(s) := argmax,e 4 Q(s, a).

Adopted from Li et al. [21], this assumption provides a localized smoothness condition required
to establish asymptotic normality for Polyak-Ruppert averaging. Unlike linear stochastic approx-
imation, the Bellman optimality operator is non-smooth due to the max operation, meaning the
greedy policy 7 can shift abruptly near Q*. Assumption 1 addresses this by imposing a margin con-
dition, where the difference in transition dynamics between the current and optimal policies must
shrink at a quadratic rate relative to the estimation error, ||Q) — Q*||~- This quadratic decay ensures
that non-linear residual terms vanish asymptotically, allowing the leading-order martingale noise to
dictate the covariance of the averaged iterates.

The asynchronous Q-learning algorithm maintains a Q-function estimator )5 and the update
rule is the following:

Qry1 = Qr + ap(Fr, — Qr) )]
where we let Fy, = F(Qk, Yk), Y = (Sk, k, Sk+1)s
[F'(Qks Sk ks Sk+1)](85 @) = L (sy,a1)=(s,a)} L (Qk» Sk Qs Sk11) + Qi (s, a), ?2)

[\
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and
I'(Qk; sk, ks k1) = T (Sks ar) + ’YmgXQk(SkH, a) — Qi (sk, ax).

I is the temporal difference in the Q-function iterate. The sample trajectory { (s, ax)} is collected
by the MDP under a behavior policy m,. We define Vi (s) := max, Qx(s,a). Now we make the
following assumption on the Markov chain, which is standard in the literature [10, 20, 29, 42, 43].

Assumption 2 {yy }x>0 is an irreducible and aperiodic finite state Markov chain M.

Under Assumption 2, the Markov chain M admits a unique stationary distribution .. We denote
S as the state-space and P as the transition kernel. Next, we define the Bellman operator for the
Q-function:

[T(Q)](Sa a’) = T(Sv a) + 7Es’~P(-|s,a) glgﬁ Q(8/7 a/)‘

Define m;, such that T(Qr) = r + y7,Qy. Denote by Fj, the expected value of F(Qp,yx), i.e.
Fy := F(Qx) := Eyni[F(Q, yx)]. Further, denote by D € RISIAIXISIAI the diagonal matrix
with {p(s,a)}(sa)csx.4 On its diagonal, where p(s, a) is the stationary visitation probability of the

state-action pair (s, a). We denote p := ( I;ain Ap(s, a), which captures the quality of exploration.
5,a)ESX

The following lemmas are consequences of Assumption 2.

Lemma 3 (Proposition 3.1 in [10]) Suppose that Assumption 2 holds, we have

FQ) =DT(@Q)+ (U - D)Q.

Lemma 4 (Proposition 3.1 in [10]) For the operator F(-,-) defined in eq. (2), under Assumption
2, we have ||[F(Q1,5) — F(Q2,9)||co < 2||Q1 — Q2]|co for any s € S.

We denote the Markov chain mixing time at iteration k as ¢x. Formally, the mixing time ¢j, of the
Markov chain M is defined as ¢, := min{s > 0 : max g [|[P'(s,-) — i(:)|ltv < ax}.

3. Main Results

In this section, we present our main results. We first establish a non-asymptotic CLT for the aver-
aged Q-learning iterates, providing an explicit rate at which their distribution approaches a normal
distribution. The deviation is measured by using the 1-Wasserstein distance. We then derive a func-
tional central limit theorem (FCLT), showing that the partial-sum process converges weakly to a
Brownian motion.

3.1. Non-Asymptotic Central Limit Theorem

Let A = Qr — Q™. Our goal is to study the rate at which \/% Zszl Ay, converges in distribution to
normality. We present the main result as follows, where we use big O notation to hide all constants.
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Theorem 5 Let o, = a(k+b) 7 for some constants o, b > 0 and B € (0.5, 1). Under Assumption
1 and 2, we have the following rate of convergence

2

K 1
-1 Y (IS]]Al)2 = b2 B/2 —1 -1
wi [ K35 AN | < 0 ((p(1—4)F + K 1-
| ( k§:1 k ) 0 - 2K ((p( 7)) p~(1=7)

KK (1))
where N' = (AT'SATT)V2N(0,1), A = D — yDP™, % := 3, .o a(i)P(i, §)(X(j) —
E[X (Y1)|Yo = i])(X(j) — E[X(Y1)|Yo = i]) " and X is the solution to a Poisson’s equation.

We now derived a non-asymptotic CLT showing that the distribution of the algorithm’s average
error converges towards a normal distribution. The asymptotic covariance matrix > describes the
variance in the learning process that comes from sampling transitions from the environment. The
asynchronous Q-learning updates are noisy because they are based on single transition samples,
which is not IID. The matrix ¥ quantifies the long-term structure of this randomness. The parameter
p quantifies the quality of exploration. Recall that , P, and S are the stationary distribution, state-
space, and transition kernel of the Markov chain M. We define X : S — RISIXII (o be the solution
of the Poisson’s equation: F(Q*,i) — E[F(Q*,4)] = X (i) —E[X(Y)|[Yo =4 V i€ S.

The stepsize in the Q-learning update chosen in this work is o, = a(k + b) ™7 for two rea-
sons. First, convergence of stochastic approximation with averaging schemes relies on several key
conditions [21, 27]: (1) 0 < supj o < 1, ax | 0 and kay, 1 oo; (i) 1= = o(ay_1); (iii)

A —1

\/—% ZkK:O ap — 0; (iv) %OKQ’“ < C. Constant stepsizes violate conditions (i) and (iii), while
linear stepsizes violate condition (ii). By contrast, polynomial stepsizes satisfy all of the above.
Second, the problem-dependent constants « and b are crucial for establishing a finite-sample con-
vergence guarantee [10], which we leverage in our analysis. The parameter « acts as a scaling factor
for balancing the trade-off between the speed of convergence and the final error of the algorithm.
The parameter b is used to control the magnitude of the initial stepsizes and ensure the stability of
the algorithm during the early stages. Setting 5 = 2/3, the rate of convergence can be simplified as
follows.

Corollary 6 Under Assumption 1, 2, and with o, = a(k + b)_g, K > (p(1 —7))"'2 we have

K 1
_% -1 —T\1/2 A (|SHA|>§
Wi (K ;Ak, (A7'sA™T) N(o,z’)) <0 (Kép2(1 _7)3> :

3.2. Proof Sketch of Theorem 5

The proof of the non-asymptotic central limit theorem for asynchronous averaged Q-learning ad-
dresses the core challenges of nonlinearity, the non-smoothness of the empirical Bellman operator,
and non-IID Markovian noises. The proof contains five main steps.

Step 1: Constructing Bounding Processes Note that the empirical Bellman operator in asyn-
chronous Q-learning is non-smooth due to the max operator and the indicator function. The proof
introduces upper and lower bounding processes, denoted as AZ and At, to track the error A; =
Qr — Q. By carefully bounding the update steps using the properties of the greedy and optimal
policies, it is established by induction that Ai <AL < A£ holds for all k € [K].
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Step 2: Recursive Error Decomposition We first analyze the upper bounding process, where the
accumulated error sum Zle AE is expanded recursively. We decompose the sum into five primary
terms. These terms isolate distinct sources of error: the initialization bias, the smooth temporal
difference errors, and the stochastic noise term.

Step 3: Handling Markovian Noise via Poisson Equation Asynchronous updates rely on single
transition samples, which introduces Markovian noise into the sequence. To address this lack of
independence, the proof leverages the Poisson equation technique [8, 13, 14, 22]. By applying
the solution to the Poisson equation, the non-stationary Markovian noise is rewritten as the sum
of a bounded martingale difference sequence and a telescoping-like correction term. This cleanly
isolates the true martingale noise required for the central limit theorem.

Step 4: Bounding the Residual Components With the error decomposed, the non-martingale
residual terms, such as the initialization decay and the Poisson equation correction terms, are
bounded in the infinity norm. The analysis demonstrates that when these residual terms are scaled
by 1/ V'K, they vanish asymptotically at a fast enough rate and do not affect the limiting distribution.

Step 5: Applying the Martingale CLT and Sandwiching After bounding all remainder terms, a
non-asymptotic martingale central limit theorem is applied directly to the isolated martingale differ-
ence sequence. This establishes that the normalized sum of the upper bounding process converges
to the normal distribution in the 1-Wasserstein distance. Finally, since the lower bounding process
At follows an analogous decomposition and converges to the exact same distribution, a sandwich
argument concludes that the true averaged Q-learning error \/% Zszl Ay, inherits this identical
convergence rate.

3.3. Functional Central Limit Theorem

The FCLT is an important extension to the conventional CLT. Donsker’s FCLT [12] states that the
normalized partial sum process of i.i.d. random variables converges weakly to a Brownian motion
in the Skorokhod space. In this section, we establish an FCLT for asynchronous Q-learning iterates,
showing that the partial-sum process converges in distribution to a rescaled Brownian motion. Let
D0, 1] denote the Skorokhod space. For ¢ € [0, 1], we define the standardized partial sum processes
associated with {Q }x>1 as

1 (K] 1 [(K]
P (C) = NI Z Ap = Ui Z(Qk - Q).
k=1 k=1

Theorem 7 Under the setting of Theorem 5, the partial sum process ® () converges weakly to
(A~'SA=T)Y/2B(.) on D|0, 1], where B(-) is the standard Brownian motion on [0, 1].

We can see that the conventional CLT is a special case of the FCLT when ( = 1. As the FCLT
provides a basis for the asymptotic normality of certain functionals of stochastic processes, it is
important for uncertainty quantification and statistical inference in Q-learning. Previous works
have established the FCLT for synchronous Q-learning [21, 26, 40]. A recent work by Zhang and
Xie [43] established a FCLT for asynchronous Q-learning with a constant step size. In contrast, our
result concerns diminishing step-sizes.
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4. Conclusion

We present a non-asymptotic central limit theorem for asynchronous averaged Q-learning, showing
that the averaged iterate converges to a normal distribution in the Wasserstein distance at a rate of

O ((]S\ ].A])%K_%p*2 (1-— 7)*3> . We also derive a functional CLT, showing weak convergence of

the partial-sum process to a Brownian motion. Compared with linear stochastic approximation and
TD learning, the analysis of Q-learning poses additional challenges due to its nonlinearity and the
non-stationarity of the process. Asynchronous updates further complicate the problem by introduc-
ing Markovian noise. This work identifies and addresses all of these challenges to provide the first
non-asymptotic CLT for Q-learning. An important future direction is to strengthen the convergence
rate and to extend the results to other metrics beyond the 1-Wasserstein distance.
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Appendix A. Proof of Theorem 5

We begin by establishing the following lemma.

A.1l. Proof of Lemma 8

Lemma 8 Denote A, = Qp — Q*. Forall k € [K], if a, < 1, then Ay, is bounded as follows:

Ay < A <A

where Aé =/Ag = Ag and the upper and lower bounds evolve according to

AZH = (I — oD + apyDP™ )AL + gy D(P™ — P™)Ag + ap(Fr — Fy),

and
Af,, = (I — D+ axyDP™ )AL + ay(Fy — F).

Proof We first show that

Aps1 = (I = axD + ogyDP™ ) A + gy D(P™ — P™)Qp + o (Fr — Fy).

By the asynchronous Q-learning update rule, we have

Qi1 = Q + a(Fr — Q)
= Qk + ap(Fr — Qi) + ap(Fy — Fy)
= Qr + (DT (Qr) + (I — D)Qr — Q1) + o (Fi, — Fy)
= Qr + (DT (Qr) — DQ4) + ap(Fy — Fy)
= Qr + o D(T(Qr) — Qk) + ar(Fy — Fy).

Subtracting Q* from both sides yields

Qi1 — Q" = Qr + apD(T(Qr) — Qr) + c(Fr — Fy) — Q°
= (I — xD)Qy + . DT (Qp) + ap(F, — Fj,) — Q"
= —axD)(Qr — QF) + ar D(T(Qr) — QF) + a(Fy, — Fk)

Therefore, using the definition of Ay, we obtain

Api1 = (I —apD)Ag + ap D(T(Qr) — Q%) + ap(Fy — Fy).

3)

“

Let Vi.(s) := max, Qx(s,a) = Qu(s,m(s)) and define P™ € RISIAXISIAl guch that PTQ =

P(7@Q), we observe
arD(T(Qr) — Q*) = akD((r + ’yPVk) —(r+ "}/PV*))
= apyD(PV}, — PV™)
= oy D(P™ Qs — P Q")
= apyD(P™ Qi — P™ Qi+ P™ Qp — P™ Q")

10
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= apyD(P™ — P™)Qy 4 apyDP™ (Qr — Q).

Thus, eq. (3) holds by substituting the above expression into eq. (4).

Next, we prove At < A < Az by induction. The base case k = 0 holds by initialization.
Suppose the statement holds at k. We observe that, since oy, and the entries in matrices D and
P™" are all bounded between 0 and 1, the entries in matrix I — o, D + oz;ﬂDP”* are nonnegative.

Consequently,

(I — axD + ayyDP™ A} < (I — D + agyDP™ )Ay, < (I — oD + apyDP™ )AL

‘We now have

1
Ayl =

(I — axD + apyDP™ A} + ay(Fy — Fy)

< (I — oD + agyDP™ ) Ag + oy (Fy — F)

< (I — axD 4 apyDP™ Ay, + apyD(P™

== Ak+17

— P")Qx + ax(Fy, — Fy)

where the last inequality holds because (P™ — P™ )Qj > 0, as 7y, is greedy w.r.t. Q. We remark
that 7, is the greedy policy w.r.t. () over all states, as implied by the definition of the Bellman

optimality operator 7. Next, we have

AkJrl = (I —apD + Oék’)/DP
< (I —apD+ apyDPT™
= —ayD + Oék;’)/DP7r

*

1
- AkJrl’

- P

N

- P

*

"NQk + o (Fy — Fy,)
Qk + i (Fy, — Fy)

P

™ A+ Oék(Fk — Fk)

)
)

W*)Ak —+ Ozk’yD(PWk —
)

PW*)Q* + Oék(Fk — Fk)

where the last inequality holds because (P™ — P™ )Q* < 0, as 7* is greedy w.r.t. Q*. Thus, the

statement holds at k£ 4 1, which completes the proof.

A.2. Proof of Theorem 5

Proof We first recall

1
AkJrl

(I — axD + apyDP™ )AL + ayyD(P™ — P7

VAL + ag(Fy, — F).

Denoting A = D — yDP™, Z), = yD(P™ — P™ )A, and Z, = F}, — F}, by recursion we have

k k
Al =T[0 - id)ng+>°
i=0 i=0 \j=i+1
Thus,
K K k-1 K k-1 k
STAL =T -ad)ro+>>

k
I 0 —a;4) | «u(Zi+ Z)).

-1
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K k-1 K-1 K k—1
= [[U-d)ro+> ai > | [ U-d) | (Zi+ Z).
k=1 1=0 =0 k=i+1 \j=i+1

Denote U = a; o1 .| <Hf;i1+1(l — ajA)). We further expand:

k=1
K k-1 K-1
=> T[T - ad)ro+ > ¥ (2 + Z))
k=1 i=0 =0
K k-1 K-1 K-1
=S JJU =)Ao+ > ANZi+ Z)+ > (UF — A7) (Zi+ Z))
k=1 1=0 1=0 i=0
K k-1 K-1 K-1 K-1 K-1
=S U —aid)ne+ Y A7 Zi+ Y A7 Z]+ Y (BF - ANz + Y (wF - A7z
k=1 1=0 =0 =0 =0 =0

Ter?nr (D) Term (2) Term (3) Ter?nr “4) Term (5)
)
Bounding Term (1). By applying Lemma 13 and using the bound [|Agllc < 1, we have
_ B—2
| K5 Term (Do < O (K~ 2pT5 (11— )15
Bounding Term (2). We first expand the expression

A7 Z; = (DI —yP™))"'yD(P™ — P™)(Q; — Q).

Denoting p := (s’ar)réingp(s, a), we observe
[4 e = (DU = 7P™) Moo < ©®)
(1=7)p
and by Assumption 1 and Lemma 16,
12 < 1P™ = PYQ = @l = LIQi - QB < 0 (™) )
p(1— )2
where ¢; is the mixing time. Thus,
] 1 tmaxL 51
H\ﬁZA g <7Z ( p>§\/F'O<(1—v)2p>.@;i
~ L
=9 <\/E(1 - 7)%) '
Decomposing Term (3). We now analyze the Markovian noise term
K-1 K—1
Y ATZI=N " ATNE - Z ATNF(Qi, ;) — B[F(Qi, V7))
i=0 i=0

12
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We decompose this term into two parts, where the first part has a bounded norm and the second part
is a bounded martingale difference sequence. To this end, we use the Poisson equation technique [8,
13, 14, 22] to transform the Markovian noise into a martingale difference sequence. By a standard
use of the technique [13], we know there exists a solution Xy, : S — RISl to the following
Poisson’s equation for all k € [K],

F(Qk, Yi) = E[F(Qr, Yi)] = Xi(yr) — B[ Xk (Yes1)|Ye = ysl-
For i € S, the closed form of the solution X () is given by
Xi(i) =D 1 =P =117 (0, ) (F(Qus i) — Fi).
jes
Under Assumption 2, there exists a constant ¢y > 0 and x € (0, 1) such that

max 1P, ) = A()llrv < cor”.

1€

We now state two important properties for X. The first is a boundedness property that || X||oo <

O(m), which follows directly from the above results. Next, we prove Lipschitzness by
showing that

1Xk (@) = X (Dlloo = | D1 = P = 13" (6, 4)(F(Qks ) = F(Qur7))l|oo

jes
=1_ (Qkaz)_F(Qk/72)||oo
200
S ||Qk — Q|| so- (By Lemma 17)
We now decompose Term (3),
K-1 K-1
AN F(Qk, Vi) — E[F(Qr, Yi)) = Y AN (Xk(Yr) — E[Xk (Vs 1) Va])
k=0 k=0
K-1

Z ATHX(Ya) = Xir1 (Yirr) + X1 (Veg1) — X (Yega) + Xi(Yigr) — B[X5(Yiy 1) Y2])

o
=

-1
= AN Xo(Y0) = Xx(Yi)) + > A (Xip1 (Yig1) — Xi(Yig1))
0

=
Il

Term (3a)

Term (3b)

K-1
+ ) AN X (Y1) — E[X5 (Vi) |Y2]) -
k=0

Term (3¢)

For Term (3a), note that || A~ (Xo(Yp) — Xk (Yi))|leo < O(

W) by boundedness prop-
erty. By the Lipschitzness property, for Term (3b) we obtain

K-1

1
D Xk (Y1) = X6 (Yegn) o

A7t (Xga1(Y7 X (Y] <
Z altin) = Xuia)| < o 2

o0

13
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<2 KZH@ e 2 S (B Q)]
S (=T —r)p &= km‘<1—7><1—m>pk:0 e

SO((l— 2(1 - k) >I,:Z k+b)P ((1—71)(21(_15—@/’)'

We have analyzed the first two terms. We defer the analysis of Term (3c) to the end of the proof.
Bounding Term (4). By combining eq. (12) and eq. (7), we have

1 K 1
HK =0 (lpl - )ZZ 00
Ly ! (-1  (1=p—yag)H 1
: VK ;O (z’(p(l — 7))%@ i ip*(1—7)? p(l—7) ) p(1—~)2i

Bounding Term (5). Similarly to Term (3), we have

K-—1 K-—1
(U —ANZ, = (U — A7) (X5(Ye) — B[X5(Yigr) V)
k=0 k=0
K-1

k=0
K—1 K—1
= > (W = AT (X (Ye) = X1 (Vi) + Y (Xpos1 (V1) — Xi(Yir1))
k=0 k:O
Terr;lr(Sa) Term (5b)
K—1
+ ) (W = AT (X (Yerr) — E[Xk(Yer)|Va])
k=0
Term (5¢)
Now we analyze each term individually. For Term (5a),
K—-1
> (U = ATHXR(Y) — X1 (Viern)
k=0
K-1
= > [0 = AT)XR(Y) — (T — A7) X (Vi)
k=0
HW — AT X (Vi) — (U8 — A7 X0 (Vi)
K-1
= (¥ — AN Xo(Yo) = (PR = AN Xk (Yie) + D [(Weiy = ) Xpp1 (Yes1)] -
k=0

14
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By the boundedness of X}, eq. (12), and Lemma 15, we obtain

| Term (5a)|| <O< 1 + 1 §:1>
T A=) K

k=
go( ! . +K1_ﬂ>.
() K

By eq. (12) and the Lipschitzness property of X, we have

N
=y

|

—_

|
)

N
=y

s 1 (k=17  (1—p(—7)ag) 1) 1
|| Term (5b)|| 0 S;O (k;(p(l—fy))?_g + (1= )2 + e - F

-5 1 K18
- <<p<1—w>>?‘ﬁ +p<1—7>)'

Next, we bound H\/LF]E[Term (5c)]H . We first note that { My, Fi }re[k) is a martingale differ-

ence sequence where { M} }ic(x] ::?Xk(YkH) — E[Xk (Yiy1)[Yr]}we[x) and Fi is o-field gen-
erated by all randomness until iteration k. Thus, by the martingale difference property we have
E[Mj|Fr—1] = 0 and E[(M;, M;)] = E[(M;, E[M;|F;_1])] = 0 for i # j. This leads to

2

1
H\/T(E[Term (50)] N
K-1 2
H KEZ (U = AD)(Xk(Yi1) = E[X5(Yig1)[Ya))
k= oo
) OK 1
< S
k=0
b - 1 (i —1)P (1 - p(1 — 7)ag)K—itl 2
<K <z'<p<1 = 7 (R LA () )

(by eq. (12))

<1 0 ! :
S T K-y T KT
Thus,
1 - 1 1
H\/EE[Term (50)] LO <0 <K1/2(1 - 7))?%5 + K12B/2p2(1 — 7)3) :

Combining three terms, we have

1 1 1

1 ~
—_E[Term (5)]|| <O P +
H\/? [Term ( )]HOo < <K1/2(1 - E 2 t R Bl2p2(1 —~)3  KB-1/2p(1

15
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Putting Everything Together. At this stage, we have decomposed Z el A into six components
{(;SZ}Z 1, where ¢; corresponds to Term (i) for ¢ = 1,2,4,5 and Term (3) is further split into

3 = A~1(Xo(Yo)— Xk (Vi) and ¢ = 30,551 A~ (X (V1) —ELXe(Vi1)[Vi]). Accordingly,
K 6
YoAl=> o= Z@ + Z AT Xk (Y1) — B[Xe(Yig1) | Ye]) ®)
k=1 =1

where ¢g is a bounded martingale difference sequence. Note we have also established bounds
for {ébi}?:l- Therefore, to establish CLTs for the averaged ()-learning iterates, we can apply any
suitable known martingale CLTs. To proceed, we choose the non-asymptotic martingale CLT

given in Srikant [34]. We prove in Lemma 10 that W, (\/%gtﬁ, (A_IEA_T)I/zN(O,I))> <

O (W). Note that
K
Wi ( AL (ATIEATT)2N (O, I))
k:

K
sup u-z[ ( Z g)—h((A—le—T)l/W(o,I))].

hELlpl

For any 1 € Lip,, we have

K
h <1K > AZ) — h((A7'Z A2 N0, 1))]

(e

5
= X;IE h (\/1[? ;gbk) —h \F Z o; || +E [h (%)] —h((ATISAT Y20, 1)) .

Jj=i+1

=E

ﬂ\

6
Z )—h((A IS A-DY2N(0,1))

EH

T
Ta b

By Lemma 10, we have T, < O (((1 — fy)p)_z_ﬁK_B/z) . To bound 7, by combining all bounds
analyzed above, merging alike terms, and ignoring constants, we have

Z Hﬂ”
- T %

~ 1 1 1
+ + :
= p(1—7)? (Kl/z(p(l _7))%2 K1/2-6/2p(1 — ~) K3—1/2>

Thus, we have shown that

5
1
< Z«wmm”m@

oo

=N

K
Z N) < R(K,p,1—7,|S|,A])
k:

?

16
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where N := (A~'Z A~ T)/2N/(0, I) and

S||A| = 1
R(K.p.1 — .18 1)) == AL 6
Pl =7) KY2(p(1 = 7))1=7

1 1 1 >
+ + + .
KV2B2p(1 — )~ KBA-1/2 " KB2pIHH(1 — )8
Next, we show that a similar convergence also holds for Ai. By Lemma 8, we know
A}y, = (I — apD + ayyDP™ ) Ay + oy (Fy, — F).

By a similar decomposition as in eq. (5), we obtain

K K k-1
>ar=>"T]U-aA AO+ZA12’+Z (UK — A1
k=1 k=1 i=0

which matches Term (1), Term (3), and Term (5) in eq. (5). Thus, following the same steps as
before,

K
1 -
w —EA%N = R(K,p,1—7,|S],|A]).

By Lemma 8, we have Ai < AR < A£ for all k € [K]. Therefore, we conclude that

1 & . 1 4 - 1 .
Wi \/?;Ak,/\/ <Wi JE;A’“N +W \TEZ%N

= R(Kuoa 1- e ‘8’7 ‘AD

A.3. Martingale CLT

Theorem 9 (Restatement of Theorem 1 in Srikant [34]) Let {my, }1>1 be a d-dimensional mar-
tingale difference sequence with respect to a filtration {Fy,}>0. Assume (i) E[||my||2] < oo and
E[mg|Fr—1] = 0 for all k > 1; (ii) E[[\mk\\§+6] exists almost surely for all k > 1 and some
B € (0,1) and (iii) X, = Elmym, |Fx_1] exists and further assume that limy,_o0(X1 + -+ +
Y,)/n = Yo almost surely for some positive definite ¥. It follows that

Z SN.D) ZO 122 fop BN == 2 ma 152 + 55 *m5)
\f (n—k+ 1)(+8)/2

1
n—k+1

Te(My (S5 E[S,]5 ;;/21»)

where M, is a matrix with the property || My||op < O(vV/n — k + 1H2éé2|]0p).

17
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Lemma 10 Under Assumption 2,
W <1§:A1(X (Y3 — E[Xp1 (Ya)[Ye1]) /\7) <0 (((1 — ) )*2*5K*5/2)
1\/Ek:1 k=1\Lk k=1\Lk) | Xk-1]), = Y)P
where N'= ATVSATTN(0,1) and = := 32, ;5 (i) P(i, §)(X (7)) — EIX (Y1) [Yo = i])(X () —
EX(Y1)|Yo=1])".
Proof We first define X : S — RISIXIAl to be the solution of the following Poisson’s equation,
F(Q*,i) —E[F(Q*,i)] = X (i) — E[X(Y1)|Yy =] forall i € S.

Denote p; (i) := P(Y; = i). We further define the covariance matrix of the martingale noise charac-
terized via the solution of Poisson’s equation and its asymptotic matrix by

Se = Br(i)P(i,5) (Xa(5) — ELXp(Y1)[Yo = i) (Xk(j) — E[Xx(Y)|Yo = i))T
i,j€S
and
Si= ) )P, )X () - EX(V)[Yo = i)(X(j) - EX(V)[Yo =i]) .
i,j€S

Now we can substitute n = K, my, = A=Y (X}_1(Yz) — E[Xp_1(Y3)|[Yiee1]), Bp = A718, AT,
and ¥oo = A7'Y AT into Theorem 9. Note that under Assumption 2, the three conditions in
Theorem 9 are satisfied. The rest of the proof follows from the proof of Theorem 2 in Srikant [34],
with necessary modifications to accommodate our setting. To conclude, with the substitutions, we
have

21/2 . 2—1/2 5+2+ D 1/2m 8 ~
Z | lop [H T f!)(uﬁ)/’z’ kll2] <0 (n(l B)/2/((1 _ ’Y)p)%ﬂ)

and
S L T(My(SR2E[SSIY - 1) < 0 (1/(1 - 7)%?)

which completes the proof.

Appendix B. Proof of Theorem 7

Polish space is a separable and complete function space. It is a crucial structure for applying con-
vergence in distribution results such as FCLT. Recall that we denote D[0, 1] as the Skorokhod space.
Equipped with the Skorokhod J; topology with a particular metric [28], D|0, 1] is a Polish space.
We use — to denote weak convergence for some sequence of random elements. To prove the theo-
rem, we need the following result.

18
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Proposition 11 For two random sequences { Xt }+>0,{Y: }+>0 C DI0, 1] satisfying E|
0and X1 < X, we have X1 + Y — X.

(I} =

Now we prove Theorem 7.
Proof For ¢ € [0, 1], by a similar decomposition as in eq. (8), we have

R [CK] . 1 6
ol (¢) = \ﬁkZAkzﬁ;@-(o
LS 60+ -2 S A Xy 1 (%) — Bl 1 (V) ¥oa)
= S 0O+ = S AT (V) — E[X 1 (V) [Yiea]).
\/Ei:1 \/Ek:l k—1\1LEk k—1\{Ek k—1

From the proof of Theorem 5, we know sup,¢jg 1 H\/—%@(() H =o(1) fori € {1,2,3,4,5}. Let
o0

X and ¥ as defined in the proof of Lemma 10. The following lemma, which establishes the FCLT

for \/—%d)(; (¢), is a direct consequence of Theorem 4.2 in Hall and Heyde [15].

Lemma 12 For any ¢ € [0, 1],

[CK]
= > A7 (X (V) BN (1) ¥t ]) S (47247 V2B(Q)
k=1

where B is the standard Brownian motion and ¥ := ), ;& ()P, j)(X(j) — BE[X(Y1)|Yy =
iNXG) —EX M) =)'
Thus, we have \/%gbg(-) 5 (A~12 A~ T)1/2B(.). Besides, we observe that

B0 - —an(0)| < S sup

sup
VK o i cep]

¢elo,1]

\%@(C)Hm —o(),

which implies @}(() 5 (A~12A-T)1/2B(.) by Proposition 11. The FCLT for o+ ()= % ZL K] Ai
can be established in the same way. Therefore, by the sandwich inequality, we have

sup () — (47 2A7T) 2B (C)|

¢elo,1] 00
< sup [[0}(¢) — (ATIAT)BO)|+ swp [@h(¢) — (A7 ATT)2BQ)| = o(),
¢efo,1] o ¢efo,1] 00

which implies that ® ¢ (-) = (A~'X A~ T)1/2B(-). This completes the proof.

19
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Appendix C. Supporting Lemmas

In this section we present several supporting lemmas. Lemma 13 and 15 analyze Term (1) and \IllK
appeared in the proof of Theorem 5. Next, by leveraging the results in Chen et al. [10], Lemma 16
gives a non-asymptotic convergence rate for Ay = @ — @ under asynchronous updates. Lastly,
Lemma 17 provides a Lipschitz property for the operator F'(-, s) defined in eq. (2).

Lemma 13 Let o; = a(i + b)~? for some problem-dependent constants o.,b > 0 and 3 € (0, 1).
Then the following bounds hold:

fjf[ I-aid)| <0 ((p(1-7)75),
=0

K - _ KB
;H‘IGK—A 1|oo<0((0(1—’7))1 +p2(1—’y)2>

[e.9]

=)
M

™

Proof The analysis of polynomial step sizes has been well studied in prior work (see, e.g., Li et al.
[21], Polyak and Juditsky [27], Srikant [34]). However, due to a slightly modified choice of the
step-size and the different update rule in the asynchronous setting, we provide a complete proof for

the sake of completeness. Recall that o; = av(i + b) % and p := o r)nl}gl Ap(s a). We now have
€8x
K k-1 K k-1
Y U -wa)) =3 [0 -ai(D-yDP™))
k=1 i=0 o Ik=1i=0 0
K k-1
<Y T = aip(1 =)
k=1 i=0
K k-1
_Z <1_OZP(1—7)>
= : 3
i< io (i+9)
K k—1
< Zexp (—ap(l —y) Yy (14 b)_5> . (1 —z <exp(—x))
k=1 =0

For 5 € (0, 1), we have Zf;ol(z +b)78 > fok_l(az +b)Pdx M,

11—«

Ui a k—1+b)18 4 pl8
Z::];[ — oA wsgexp<—a0(l—v)( +1)_a+ )
- /°° exp <_ap(1 ) (k=147 + b1—5> "
1 l-«
by the change of variable u = —ap(1 — 7)%,
< L /00 < (1= B)u + b1_6> = exp(—u)du
“ap(l=7)Jo \ap(l-7)

20
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B B
max{21-7, 1} [ (1—=P3)u \7~
<o) ((J : bﬁ) e

5 s
Since [;° exp(—u)du = 1and [;° uT=7 exp(—u)du = I'(115) < Y2ZS(115) 17,

max{2%,1} 1 =7 2me | 4
OOS ap(l—7) ((ap(l—’y)> 1—6+b>

st )
(ap(l—=~))=7 (1= B)

Next, we prove the second part. Recall UF = a; S0, (H’?:-l (I-— ajA)). Since A~ =

Jj=1+1
a; 1(I — (I — a;A)), we have

k—1

1:[ (I - CVZA)

k=1 1i=0

o=

oK Al =(wka-—1nat

(i(ﬁ(]a]A) (I — oz]A)

-
|
—

|
’,:]w\—/

t=i+1 \j=i+1 j=i
K t—1 t
=) II 0=aa) - J]T-ay4) | A" I—ajA) | A7
t=i+1 J=i+1 Jj=t Jj=i
K t—2 K
=Y (ai—a) [ T-ed)— | [JT —a;4) ) A7". )
t=i+1 j=i+1 j=i
Tl T2

For T, since A = D — yDP™ and 1 — 2 < exp(—x), we have

K t—2
ITillo = || D (i —ar) T (T—e54)
t=i+1 j=it1 .
K t—2
<D Jai—adexp [ = Y p(1—7)ey
t=it1 j=itl
K t—1 t—2
<> ok —anlexp [ = Y p(1 =)y
t=it1 k=i j=it1

_ B
Note that *- 5L =1 — (1 — ) <1—exp(—55) < 2,

1
k+1+4b k+14b

t

K — ﬁ t—2
Tle< 3 27 ( ) p(lv)aj)
t=i+1 k= j=
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t=i+1 k=i j=i+1

1 (i —1)8
= <z‘(p(1 —))ih T 7>2> ' (10)

B K t-1 t—2
< A > > p(l=y)agexp ( > p(lv)ag)

For T, we obtain

K K
1Telloe = ||| [T —asa) | A7 <A o JT I — @Al
7=t o Jj=t

Hf:i(l —p(1 —7)aj) < (1—p(1 - 'y)aK)K—i-i-l‘

11
p(1 =) - p(l—7) (v
Combining eqgs. (9) to (11), we have
||\I/K _ A—IH -0 1 + (2 — 1)B + (1 — p(l - V)QK)K7i+1 ] (12)
' - i(p(1—~)s w1 =7)? p(1—=7)
Therefore,
K 8
ZH\IIZK_AilHoogo ! 55 T 2K 2 |-
= (p1 - =)
|

Lemma 14 Let o; = a(i + b)~P for some problem-dependent constants o, b > 0 and 3 € (0, 1).
It follows that

S S8 . ) (i— 1)
Y>> p(l=agexp [ = > p(l—7)ay | < ( 1+p(1_7)>-

t=it1 k=i j=it+1 (p(1 —7))*-7
Proof Since
pa(l =)
dopl=map < == (=)= (=D))< 37 pl=yar, (13
. -3 -
k=i k=i—1
we have
K t-1 t—2
SN el —arexp [ = > p(1 =)oy
t=i+1 k=i j=i+1
K t-1 t—2
= > > p—Yagexp | = Y p(l—7)a; | exp(p(l —7)(ai + ;1))
t=i+1 k=i j=i—1
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t—2
P = )ar exp ( > ol V)O‘J’)

t=i+1 k=i j=i—1
K
<e Y wexp(-u) (etu = 223 (1 — 1)1F — (i — 1)'-9) and by eq. (13))
t=i+1
; 1 1 /B %
_ - s
Se/o uexp (~u) pa(l—7) </)04(1—'7)u+(Z ! ) “
B 8
emax{21-8 2} [ _ 1-5 i ©_1\8
S Tation) Y ((pau—w“) ce )‘”

<2 () e (v ) )

1 (i—1)8
=0 ((p(l—v))ll" T _7)> '

|
Lemma 15 Let VK = o, Zfikﬂ (Hj;}ﬁ_l(l - ajA)>. Fork > (p(1 —~))~/P0=8) we have
|, — o <0 L
k+1 klloo = kﬁ .

Proof First, we have

K i-1 K [i-1
\IJI,€K_~_1 — \Ili( = k1 Z ( H (I — ajA)) — akz (H(I — ajA))
i=k =

i=k+1 \j=k+1 j=k

i=k+1 \j=k+1

= (Qt1 — o) i ( ﬁ (I - Osz))
+ ag |: EKI ( ﬁ (Iosz)) —EK: (ﬁ(lajA))

i=k+1 \j=k+1 i=k \j=k

For the first term above, by a similar analysis as in the proof of Lemma 13 we have

K i—1 1 1 1
(w1 =) 3 ( I1 “%‘A)) <(&-a) ° ()

i=k+1 \j=k+1 -
1 1
kP (p(1 =) 7 K

23




CLTSs FOR Q-LEARNING

for k > (p(1 — ~))~/P1=8)_ For the second term, we observe

K i—1 K 1—1 K 1—1 —1
ST -0 | =D ([[0-ad) | =1+> | T] -4 -] -4
i=k+1 \j=k+1 i=k \j=k i=k \j=k+1 j=k
K i—1
:I+Z arpA H (I —ajA)
i=k Jj=k+1
=o(I)

for k > (p(1 — ))~Y/#(1=B)  Thus, the second term is of order . Putting them together,

1
i -l <0 (55)-
|

The following lemmas provide finite-sample convergence guarantees of asynchronous Q-learning
and Lipschitzness of the operator F'(-, s) [10].

Lemma 16 (Theorem B.1 in Chen et al. [10]) Ler o; = a(i + b)~? for some problem-dependent
constants a,b > 0 and 8 € (0,1). For the Q-learning updates in eq. (1), under Assumption 2, we

have E||Qr — Q*|locc < O (1 /(1_5%), where tj, = O(log(1/ay,)) denotes the mixing time.

Lemma 17 (Proposition 3.1 in Chen et al. [10]) For the operator F(-,-) defined in eq. (2), under
Assumption 2, we have |F(Q1,s) — F(Q2, 9)|lco < 2||Q1 — Q2||co for any s € S.
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