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Abstract
The synthesis of optimization algorithms typically follows a design-first-analyze-later paradigm, a
practice that often obscures fundamental performance limits and hampers the systematic design of
algorithms operating near these limits. In this paper, we build on a recently proposed frequency-
domain control framework that enables a principled approach to algorithm design, integrating the
analysis and synthesis stages and thereby elucidating the fundamental performance boundaries.
Specifically, we remove restrictive assumptions from recent prior work and extend the framework
to encompass a broad class of strongly convex problems with equality constraints. This leads to
a new family of algorithms that achieves a sharp trade-off between the number of matrix–vector
multiplications per iteration and the convergence rate. Notably, one of the resulting algorithms
attains the optimal lower bound on the total number of matrix–vector multiplications required to
reach a prescribed accuracy.

Keywords: Automated algorithm design, Chebyshev acceleration, circle criterion, constrained op-
timization, multi-agent systems, Nevanlinna-Pick interpolation, stability of Lur’e systems

1. Introduction

The design and analysis of optimization algorithms typically begin with selecting an algorithmic
structure based on the problem’s optimality conditions, followed by a convergence analysis that of-
ten relies on creative, problem-specific reasoning. Such a design-first-analyze-later approach usu-
ally requires deriving tight analytical inequalities—an inherently challenging and non-systematic
task. This difficulty contributes to the limited understanding of fundamental performance limits
within specific algorithm classes.

Viewing optimization algorithms through the lens of dynamical systems and applying tools
from stability theory facilitates a system-theoretic understanding of their convergence behavior. Al-
though Lyapunov-based analysis is generally regarded as conservative, convergence rates matching
known lower bounds can be achieved using Popov-type Lyapunov functions (Muehlebach and Jor-
dan, 2019; Ozaslan and Jovanović, 2025). Extending such functions to descent–ascent algorithms
for constrained optimization or minimax problems, however, remains a significant challenge. In
these settings, alternative Lyapunov functions have been proposed (Qu and Li, 2019a; Ding and
Jovanović, 2020; Zheng et al., 2023; Ozaslan et al., 2024), but their design often relies on deep
problem-specific insight. A complementary approach fixes the structure of both the Lyapunov func-
tion and the algorithm and uses computational tools to search for valid certificates and parame-
ters (Lessard et al., 2016; Van Scoy et al., 2017; Michalowsky et al., 2021; Scherer et al., 2023;
Boyd et al., 2024). While this approach can yield sharp results (Van Scoy et al., 2017; Scherer
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and Ebenbauer, 2021), its reliance on fixed functional forms limits its ability to reveal fundamental
performance bounds.

Recently, a frequency-domain approach has emerged as a powerful tool for automating algo-
rithm design and analysis (Ugrinovskii et al., 2023; Zhang et al., 2024; Wu et al., 2024). In this
setting, optimization algorithms are modeled as transfer functions within a feedback system, an-
alytical conditions are derived to guarantee desired algorithmic properties, and Nevanlinna–Pick
interpolation is used to construct transfer functions satisfying these conditions. When the specifica-
tions are expressed through necessary and sufficient conditions, the approach enables identification
of fundamental performance limits. For example, while Nesterov’s lower bound on the complex-
ity of gradient-based methods was originally proved in infinite dimensions using adversarial ex-
amples, a constructive proof has since been established in finite-dimensional settings using this
framework—first time in Ugrinovskii et al. (2023) and independently in Wu et al. (2024), building
on Zhang et al. (2024).

In this paper, we extend this control-theoretic framework to address algorithms for convex opti-
mization problems with linear equality constraints,

minimize
x

f(x)

subject to Ex − q = 0
(1)

where f is an m-strongly convex function with an L-Lipschitz continuous gradient, E ∈ Rd×n is
a constraint matrix, and q ∈ Rd is a vector. We also define condition numbers κf := L/m and
κE := σ1/σr, where σ1 and σr denote the largest and smallest (nonzero) singular values of E⊤E.

Such problems arise in a variety of applications including federated learning (Li et al., 2020),
imaging (Chambolle and Pock, 2016), optimal transport (Peyre and Cuturi, 2019), and fluid dynam-
ics (Taha et al., 2023). A particularly important case arises in decentralized optimization, where E
is a gossip (or Laplacian) matrix of the network, q = 0, and the objective function is a sum of local
costs, f(x) =

∑N
i=1 fi(xi) (Scaman et al., 2017).

Existing algorithms. A lower bound on the iteration complexity of gradient-based algorithms
for problem (1), along with an algorithm achieving this bound, was established in Salim et al.
(2022a). This algorithm attains ϵ-accuracy inO(

√
κf log

1
ϵ ) iterations but requiresO(

√
κE) matrix–

vector multiplications per iteration. When matrix–vector multiplications dominate the computa-
tional cost—as in distributed optimization with limited communication budgets (Qu and Li, 2019b;
Lan et al., 2020; Xu et al., 2021)—inner-loop iterations become undesirable. Among single-loop
methods, Gradient Descent–Ascent (GDA) achieves O(κfκE log 1

ϵ ) iteration complexity, while a
variant of the Condat–Vu algorithm (Condat, 2013; Vu, 2013), known as PAPC (Salim et al., 2022b),
achieves O(max(κf , κE) log

1
ϵ ). In the special case where E is the gossip matrix and q = 0, the

accelerated PAPC algorithm attains O(max(
√
κfκE , κE) log

1
ϵ ) complexity (Kovalev et al., 2020),

while accelerated EXTRA achieves O(
√
κfκE log(κfκE) log

1
ϵ ) (Li and Lin, 2020).

Our contribution. We develop a unified framework that enables automated algorithm design across
diverse problem settings. Using this framework, we synthesize a family of methods—referred to as
Interpolated Gradient Methods (I-GM)—for solving problem (1). Each member of this family is
characterized by a polynomial whose maximal value determines the convergence rate and whose
degree determines the number of matrix–vector multiplications per iteration. This parametrization
provides flexibility to accommodate different performance requirements, while the polynomial se-
lection remains fully principled and integrated into the synthesis procedure.

2



CHEBYSHEV POLYNOMIALS MEET NEVANLINNA-PICK INTERPOLATION

We demonstrate this flexibility through two concrete instances:
(i) The first method establishes a sharp trade-off between the number of matrix–vector multipli-

cations per iteration ℓ and the worst-case convergence rate, achieving an iteration complexity
of O(max(κf , κE/ℓ) log

1
ϵ ). Adjusting ℓ allows balancing local information propagation and

convergence rate in decentralized settings with limited communication/computation budgets.
(ii) The second method employs a family of polynomials that provably minimizes the conver-

gence rate among all degree-ℓ polynomials. This method achievesO(κf log
1
ϵ ) iteration com-

plexity with O(
√
κE/κf ) matrix–vector multiplications per iteration, attaining the optimal

communication complexity of O(
√
κfκE log 1

ϵ ) (Scaman et al., 2017).
Importantly, our guarantees arise directly from the synthesis procedure without requiring a separate
convergence analysis or the prior construction of a Lyapunov function.

Related work. Our framework overcomes key limitations of recent interpolation-based meth-
ods (Zhang et al., 2024; Ozaslan et al., 2025a,b) by: (i) eliminating structural restrictions on E
through an additional polynomial parameterization of the transfer functions; (ii) establishing guar-
antees for general convex functions; and (iii) requiring only one-sided bounds on the step sizes. In
contrast, prior approaches rely on exact parameter selection, require restrictive assumptions on the
singular values ofE (e.g., lying in (2/3, 1) (Zhang et al., 2024) or (2/κf , 1] (Ozaslan et al., 2025b)),
and are limited to specific nonlinearities, such as f(x) = ∥x∥4 (Zhang et al., 2024).

2. Automated algorithm synthesis

Our framework proceeds through a sequence of structured steps. We first specify the desired algo-
rithmic properties (Sec. 2.1) and employ the Z-transform to represent the class of candidate algo-
rithms (Sec. 2.2). The algorithm design is formulated as a controller synthesis problem (Sec. 2.3),
and the resulting design specifications admit analytical characterization in terms of the associated
transfer functions (Sec. 2.4). These characterizations allow the control synthesis task to be recast
as an algebraic problem, which is subsequently expressed as an interpolation problem via suitably
chosen conformal mappings (Sec. 2.5). Application of the Nevanlinna–Pick interpolation technique
yields all admissible solutions (Sec. 2.6), giving rise to a family of algorithms, each parameterized
by a polynomial (Sec. 2.7). Finally, the optimal polynomial family that optimizes the convergence
rate for a fixed number of matrix-vector operations is obtained by solving a Chebyshev minimax
problem, whose unique solution is given by the Chebyshev polynomials (Sec. 2.8).

For clarity of exposition, we simplify the synthesis procedure by replacing the constraint with
E⊤Ex = E⊤q and by assuming q = 0. The first modification incurs no loss of generality, since
multiplying the equality constraint by E⊤ leaves the feasible set unchanged. Crucially, the resulting
algorithms never explicitly form W := E⊤E; they require only matrix–vector products with E⊤

and E. The second assumption, q = 0, is made purely for clarity—extending the framework to
arbitrary q requires only a straightforward modification, as detailed in Sec. 2.7, without affecting
any theoretical guarantees of the synthesized algorithms.

2.1. Design specifications

Linearity. We focus on finite-memory algorithms with linear updates in both the optimization
variables and their corresponding gradients.
Explicitness. We consider single-loop algorithms that compute xk+1 without evaluating Exk+1

or ∇f(xk+1). This requirement can be relaxed when linear system solvers (Ozaslan et al., 2023) or
proximal operators are available along the iterations.
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Optimality. We require asymptotic convergence to the unique solution x⋆ of problem (1). A nec-
essary and sufficient condition for x⋆, when q = 0, is the existence of unique vectors δ⋆1 ∈ Rr and
w⋆
2 ∈ Rn−r such that ∇f(x⋆) = V1δ

⋆
1 and x⋆ = V2w

⋆
2. Here, r < n denotes the rank of the matrix

W = E⊤E, whose singular value decomposition is given by

W =
[
V1 V2

] [ Σ 0
0 0

] [
V ⊤
1

V ⊤
2

]
, Σ := diag(σ1, . . . , σr), V :=

[
V1 V2

]
.

Linear convergence. We require linear convergence at a rate of at least ρ ∈ (0, 1), i.e., ∥xk−x⋆∥ ≤
M∥x0 − x⋆∥ρk for all x0 ∈ Rn and k ≥ 0, where M > 0 is a constant.

2.2. Algorithm representation

Finite-memory algorithms with linear updates in both the optimization variables and their gradients
can be represented as

zK0(z,W )x̂(z) = K1(z,W )x̂(z) + K2(z,W )∇̂f(z) (2)

where x̂(z) and ∇̂f(z) denote the Z-transforms of the sequences {xk}∞k=0 and {∇f(xk)}∞k=0. The
transfer functions are (potentially) parameterized by the constraint matrix E, or, in the particular
setting of (1), by W := E⊤E. In this representation, K0(z,W ) characterizes the mapping from
the gradient input to the optimization variable, while K1(z,W ) and K2(z,W ) determine how past
iterates and past gradients, respectively, contribute to the update of the optimization variable.

The class of algorithms that can be expressed in the form (2) includes—but is not limited to—
accelerated methods such as Nesterov’s Accelerated Gradient (Nesterov, 2003); distributed algo-
rithms such as DIGing (Nedic et al., 2017), EXTRA (Shi et al., 2015), and ABN (Xin et al.,
2019); as well as descent–ascent type methods such as GDA (Alghunaim and Sayed, 2020) and
PAPC (Salim et al., 2022a). An illustrative example is provided in Appendix A.

2.3. From algorithm to controller design

The optimization algorithms given by (2) represent a feedback interconnection between an LTI
system defined by the input–output map x̂(z) = H(z,W )∇̂f(z) and a static nonlinearity ∆, where

H(z,W ) := (zK0(z,W ) − K1(z,W ))−1K2(z,W ), ∆(e) := ∇f(e+ x⋆) − ∇f(x⋆) (3)

with e := x− x⋆. The nonlinear operator ∆ is sector bounded in [m,L], i.e., ⟨∆(e)−me,∆(e)−
Le⟩ ≤ 0 for all e ∈ Rn. The resulting feedback interconnection forms a Lur’e system, whose block
diagram is shown in Fig. 1.

The objective is to synthesize a linear controller H(z,W ), representing the optimization algo-
rithm, that satisfies the aforementioned design specifications. To this end, we first apply a coordinate
transformation that brings the Lur’e system into a form suitable for analysis and synthesis and then
obtain analytical characterizations of the design specifications.
Coordinate transformation. We utilize the singular vectors of the matrix W to introduce the
change of variables w := V ⊤x and express the transfer function H as

H(z,W ) =
[
V1 V2

] [ H(z,Σ) 0
0 H(z, 0)

] [
V ⊤
1

V ⊤
2

]
. (4)

The resulting subsystems are diagonal in the transformed coordinates and can thus be decomposed
into scalar subsystems, each governed by the same scalar transfer function parameterized either by
a singular value or by zero; i.e., H(z,Σ) = diag

(
{h(z, σi)}ri=1

)
and H(z, 0) = h(z, 0)In−r.
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Figure 1: Left: Lur’e system representation of the optimization algorithm. Right: decomposition
of the left system into two subsystems coupled through the nonlinear element.

Loop transformation. We apply the loop transformation (Khalil, 2002, Sec. 6.5) to the Lur’e
system to enable the use of standard passivity-based stability criteria without introducing addi-
tional conservatism. This transformation maps the pair (H,∆), where the nonlinearity ∆ is sector-
bounded in [m,L], to the pair (H,∆), in which the transformed nonlinearity ∆ is sector-bounded
in [0,∞). The bijection between the two transfer functions is given by

H(z,W ) = (mH(z,W ) − LI)−1(H(z,W ) − I). (5)

Using the same coordinate transformation as before, the transformed linear system can also be
diagonalized, yielding the following bijection between the original and transformed scalar transfer
functions, h(z, σ) = (h(z, σ)− 1)

/
(mh(z, σ)− L).

The design problem thus reduces to finding a scalar transfer function h(z, σ) that satisfies all
design specifications for every σ ∈ [σ, σ] ∪ {0}, where σ ≥ σ1 ≥ σr ≥ σ > 0.

2.4. Analytical characterization of design specifications
Explicitness as causality. The strict causality of the linear controller in the Lur’e system provides a
necessary and sufficient condition for explicitness with respect to gradient computations. The con-
troller is strictly causal when the transfer function H(z,W ) is strictly proper, i.e., H(∞,W ) = 0.
Under the bijection (5), this condition is equivalent to H(∞,W ) = I , that is,

h(∞, σ) = 1, ∀σ ∈ [σ, σ] ∪ {0}. (6a)

A necessary and sufficient condition for explicitness with respect to matrix multiplications is that
the highest-order-z term in the denominator of h(z, σ) does not multiply the parameter σ. For
illustration, the transfer function h(z, σ) = 1

σz yields implicit iterations of the form Exk+1 = xk.
Optimality as input tracking and disturbance rejection. The asymptotic convergence of the
optimization algorithm to the optimal solution is equivalent to asymptotic tracking of the step ref-
erence signal z

z−1 x
⋆ (of unknown magnitude x⋆) and rejection of the step disturbance z

z−1 ∇f(x
⋆)

(of unknown magnitude ∇f(x⋆)) in the Lur’e system. By the internal model principle (Francis
and Wonham, 1976), asymptotic tracking and disturbance rejection can be achieved if the subsys-
tems H(z,Σ) and H(z, 0) possess a blocking zero and a pole at z = 1, respectively. For the
transformed scalar systems, this requirement is equivalent to

h(1, σ) = 1, ∀σ ∈ [σ, σ], h(1, 0) = L/m. (6b)

Proposition 5 in Appendix B establishes that condition (6b) is both necessary and sufficient for input
tracking and disturbance rejection.

5



OZASLAN GEORGIOU JOVANOVIC

Linear convergence as ρ-stability. The ρ-stability of the Lur’e system provides a necessary
and sufficient condition for linear convergence of the corresponding algorithm. By the circle cri-
terion (Khalil, 2002, Sec. 7.1), the transformed system (H,∆) is ρ-stable if the transfer func-
tion h(γz, σ) is strictly positive real for all γ ∈ (ρ, 1]. This can be equivalently expressed as

(i) h(γz, σ) ∈ RH∞, (ii) Re (h(γz, σ)) > 0, ∀z ∈ Dc, ∀γ ∈ [ρ, 1], ∀σ ∈ [σ, σ] ∪ {0} (6c)

where RH∞ denotes the set of all real, rational, stable transfer functions; C is the complex plane;
Re(·) denotes the real part of a complex number; D is the open unit disc {z ∈ C | |z| < 1}; and Dc

is its complement.

2.5. From controller design to interpolation

With the algorithm representation (2) and the analytical characterization of the design specifica-
tions (6), the controller design task reduces to the following algebraic problem:

Find a ρ ∈ (0, 1) and design a h(z, σ) such that conditions (6) hold for every γ ∈ (ρ, 1]. (AP)

The next step is to apply a transformation to h so that conditions (6) are expressed over the unit
disc. To this end, we employ the following conformal transformation (Rudin, 1987, Chs. 14–15),

ψ(z, σ) = θ(h(γz−1, σ))

where θ(z) = z−1
z+1 maps the right-half plane to the unit disc and has the inverse map θ−1(z) = 1+z

1−z ,
while the reciprocal z−1 maps the unit disc to its complement and vice versa. This transformation
allows us to restate (AP) as the following interpolation problem:

Given data pairs {(zi, wi)}Ni=1, find a function ψ : D → D satisfying ψ(zi) = wi. (IP)

The interpolation problem is then solved using the Nevanlinna–Pick (NP) method (Doyle et al.,
1992, Ch. 9), which provides: (i) a criterion for the existence of a solution—specifically, a lower
bound on ρ via the Pick matrix; and (ii) a parametrization of all admissible transfer functions, i.e., all
algorithms satisfying the design specifications, through an iterative construction based on Schur’s
algorithm. In this construction, the transfer functions are represented as compositions of Möbius
transformations (Rudin, 1987, Ch. 14) and a free function that can be any stable and bounded transfer
function with no further restrictions.

2.6. Nevanlinna–Pick interpolation

Direct application of the NP interpolation technique to problem (AP) is not possible because of the
conditional statement (6b) for different values of σ. Since the interpolation condition (6b) involves
two cases (σ ∈ [σ, σ] or σ = 0), we construct two candidate solutions, (ρ1, h1(z)) and (ρ2, h2(z)),
by applying conditions (6) to σ ∈ [σ, σ] and to σ = 0, respectively. The two candidates are then
combined to obtain a solution to problem (AP). The following propositions are direct consequence
of NP interpolation applied to the individual subproblems; their proofs are thus omitted.

Proposition 1 For any parameter σ ∈ [σ, σ] and convergence rate ρ1 ∈ (0, 1), all transfer func-
tions satisfying the interpolation conditions (6) can be parameterized in terms of a free function
g1(z) : Dc → D as

h1(γz) =
γz(γz − ρ21) + ρ21 g1(γz/ρ1)(γz − 1)

γz(γz − ρ21) − ρ21 g1(γz/ρ1)(γz − 1)
. (7)
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Proposition 2 A transfer function satisfying the interpolation conditions (6) for σ = 0 exists if and
only if ρ2 ≥ ρgd := (κf − 1)/(κf + 1). For any convergence rate ρ2 ∈ [ρgd, 1], all such transfer
functions can be parameterized by a free function g2(z) : Dc → D as

h2(γz) =
(γzρgd + ρ22)(γz − 1)g2(γz/ρ2) + (γz + ρgd)(γz − ρ22)

(γzρgd − ρ22)(γz − 1)g2(γz/ρ2) + (γz − ρgd)(γz − ρ22)
. (8a)

Moreover, for ρ2 = ρgd, the transfer function satisfying all constraints is unique and given by

h2(γz) = (γz + ρgd)/(γz − ρgd). (8b)

When the interpolation conditions in (6) are separated into the two cases σ > 0 and σ = 0, the
resulting interpolators depend only on this dichotomy and not on the specific value of σ. However,
to accommodate both scenarios within a unified design, the transfer function h must remain param-
eterized by σ. Our approach is therefore to set the interpolator h equal to h1 while modeling the
convergence rate ρ1 within h1 as a polynomial in σ, namely,

h(γz, σ) =
γz(γz − ρ21(σ)) + ρ21(σ)g1(γz/ρ1(σ))(γz − 1)

γz(γz − ρ21(σ)) − ρ21(σ)g1(γz/ρ1(σ))(γz − 1)
(9)

subject to the following constraints on the polynomial:

(i) ρ1(σ) ∈ [0, 1), σ > 0; (ii) ρ1(0) = 1. (10a)

The polynomial paramterization ensures that the resulting algorithm avoids matrix decompositions
and requires only matrix-vector multiplications. Under constraint (10a)-(i), Proposition 1 guaran-
tees that h satisfies conditions (6) for any σ ∈ [σ, σ] and γ ∈ (ρ1, 1], where

ρ1 := max
σ ∈ [σ, σ]

ρ1(σ). (10b)

Moreover, under constraint (10a)-(ii), h at σ = 0 reduces to h(γz, 0) = (γz + g1(γz))/(γz −
g1(γz)). As a result, if the free function is chosen as a constant, g1(z) = ρgd, then Proposition 2
guarantees that h satisfies (6) also for σ = 0 and for any γ ∈ (ρgd, 1].

Combining Propositions 1 and 2, the following transfer function provides a solution to prob-
lem (AP) with convergence rate ρ = max(ρ1, ρgd),

h(γz, σ) =
γz(γz − ρ21(σ)) + ρ21(σ) (γz − 1)ρgd
γz(γz − ρ21(σ)) − ρ21(σ) (γz − 1)ρgd

. (11)

2.7. Algorithm synthesis

Substitution of (11) into (5) yields the original scalar transfer function

h(z, σ) = − 2
L+m ρ21(σ)(z − 1)

/
(z2 − 2ρ21(σ)z + ρ21(σ))

The inverse coordinate transformation, illustrated in Fig. 1, recovers the matrix transfer function

H(z,W ) = − 2
L+m ρ21(W )(z − 1)(z2I − 2ρ21(W )z + ρ21(W ))−1

7
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which, together with x̂(z) = H(z,W )∇̂f(z), yields the update rule

zx̂ = ρ21(W )
(
(2 − z−1)x̂ − 2

L+m(1 − z−1)∇̂f
)
.

Finally, taking the inverse Z-transform gives the time-domain recursion

xk+1 = ρ21(W )
(
2xk − xk−1 − 2

L+m

(
∇f(xk) − ∇f(xk−1)

))
(12)

whose convergence rate is upper bounded by ρ = max(ρ1, ρgd), provided that ρ1 satisfies the
constraints (10a). A family of methods described by (12), referred to as the Interpolated Gradient
Methods (I-GM), is obtained for different choices of the polynomial function ρ1(·); see, e.g., (13).
Step size selection. The requirement of exactly knowing the strong convexity parameter m in (12)
can be circumvented by introducing a step size α1 := 2/(L̂ +m), where L̂ is an overestimate of
the Lipschitz constant. For any α1 ∈ (0, 2/(L+m)), there exists L̂ such that ρgd = (L̂−m)/(L̂+
m) = 1 − α1m. Hence, without loss of generality and without affecting convergence guarantees,
we replace the term 2/(L + m) in (12) with a generic step size α1 ∈ (0, 2/(L + m)) and use
ρ2 = 1− α1m as the corresponding convergence rate.
Nonhomogeneous constraints. When q ̸= 0, the unique solution to problem (1) decomposes as
x⋆ = x⋆q + x⋆⊥, where x⋆q is a particular solution to E⊤Ex⋆q = E⊤q with x⋆q ∈ R(E⊤), and x⋆⊥ is
the null-space component, i.e., x⋆⊥ ∈ N (E). To maintain orthogonality between the two exogenous
inputs, we replace x⋆ in Fig. 1 with x⋆⊥, and substitute the matrix–vector multiplication Wx =
E⊤Ex in (12) with the affine transformation E⊤E(x − x⋆q ), which is equivalent to E⊤(Ex − q).
This ensures that the output of the LTI system H is x − x⋆q , and hence the error takes the correct
form e = x− x⋆q − x⋆⊥ = x− x⋆.
Polynomial design. The final step is to design a polynomial ρ1(σ) that satisfies the constraints (10a).
A natural choice is to adopt a monomial form,

ρ1(σ) = (1 − α2σ)
ℓ (13)

with a (possibly noninteger) exponent ℓ > 0 and a step size α2 ∈ (0, , 1σ ). Substituting (13) into the
recursion (12) yields the Monomial I-GM algorithm, whose convergence rate is upper bounded by
ρ = max(1− α1m, (1− α2σ)

ℓ). We refer to Ozaslan et al. (2025a) for further details.

2.8. Chebyshev polynomials

Despite the elegance of the resulting algorithms, the monomial form (13) is suboptimal with respect
to the convergence rate ρ1 achieved for a given polynomial degree ℓ, which determines the number
of matrix–vector multiplications per iteration. It is therefore natural to seek an optimal polynomial
family that minimizes the convergence rate (10b) for a fixed ℓ under the constraints (10a). Cheby-
shev’s Alternation Theorem implies that the Chebyshev polynomials provide the unique solution.

Lemma 3 (Saad, 2003, Thm 6.25) Let Pℓ denote the set of all polynomials of degree ℓ. For a
nonempty interval [σ, σ], let ζ = (

√
σ −√

σ)/(
√
σ +

√
σ). The minimax solution to the problem

min
p∈Pℓ, p(0)=1

max
σ∈[σ,σ]

|p(σ)| = 2ζℓ
/
(1 + ζ2ℓ) = 1

/
Cℓ((σ + σ)/(σ − σ)) (14a)

is achieved by the shifted Chebyshev polynomial

Ĉℓ(σ) := Cℓ((σ + σ − 2σ)/(σ − σ))
/
Cℓ((σ + σ)/(σ − σ)) (14b)

where Cℓ(σ) denotes the Chebyshev polynomial of the first kind of degree ℓ.
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Since the shifted Chebyshev polynomials are not guaranteed to take positive values, we choose ρ1 as

ρ1(σ) = (1 − α2(1 − Ĉℓ(σ)))
1/2 (15)

where selecting α2 such that 0 ≤ α2 ≤ 1
2 ≤ maxσ (1 − Ĉℓ(σ))

−1 ensures constraint (10a)-(i)
is satisfied. The square-root in (15) is canceled by the square power in (12), and substitution
of (15) into (12) yields Algorithm 2, in which the shifted Chebyshev polynomials are evaluated
using Chebyshev iterations given in Algorithm 1 (Barrett et al., 1994, Sec. 2.3.9).

Algorithm 1: Chebyshev iterations
Data: y0=wk, E, q, ℓ, σ, σ
c1 = (σ−σ)2

16 , c2 = −2a0 = σ+σ
2

p0 = −E⊤(Ey0 − q)/c2, y1 = y0 + p0

for k = 1, 2, . . . , ℓ do
bk = c1/a

k−1, ak = −(c2 + bk)

pk = −(E⊤(Eyk − q) + bkpk−1)/ak

yk+1 = yk + pk

Result: yℓ+1

Algorithm 2: Chebyshev I-GM
Data: v0=x0, α1∈(0, 1

L ), α2∈(0, 12 ), ℓ>0, σ, σ
for k = 1, 2, . . . do

vk = xk−1 − α1∇f(xk−1)

wk = xk−1 + vk − vk−1

uk = Chebyshev(wk, E, q, ℓ, σ, σ)

xk+1=(1− α2)w
k+ α2u

k

Theorem 4 provides a lower bound on the polynomial degree ℓ required for Algorithm 2 to
achieve a worst-case convergence rate ρ = 1−α1m, which is independent of the estimated condition
number κE of the constraint matrix. Since the convergence rate of the recursion (12) is determined
by max(κf , κE), we can choose ℓ in Lemma 3 proportional toO(

√
κE/κf ). This choice effectively

reduces the influence of κE to the level of κf , in sharp contrast to existing methods such as Scaman
et al. (2017); Salim et al. (2022a), which require at least O(

√
κE) Chebyshev iterations to eliminate

dependence on κE regardless of whether κf ≤ κE . The proof of Theorem 4 is given in Appendix C.

Theorem 4 Let the cost function f in problem (1) be m-strongly convex with an L-Lipschitz con-
tinuous gradient, and let W = E⊤E be a matrix whose singular values lie in [σ, σ] ∪ {0}. For the
step size α1 ≤ 2/(m+L), the convergence rate of Algorithm 2 is upper bounded by ρc = 1−α1m
if the following conditions are satisfied

ℓ ≥
√
κE + 1√

(2α1m)−1 − 1
, α2 =

1 + ζ2ℓ

(1 + ζℓ)2
, where ζ :=

√
κE − 1√
κE + 1

, κE :=
σ

σ
.

The upper bound on the convergence rate is minimized by setting α1 = 2/(m + L), which yields
ρ = (κf − 1)/(κf + 1) and ℓ ≥ 2(

√
κE + 1)/(

√
κf − 2).

This completes the characterization of the convergence properties of Algorithm 2.

3. Computational experiments

Inspired by Salim et al. (2022a), we conduct a compressed-sensing type computational experiment1.
with the cost function f(x) =

∑n
i=1f̄(xi), and

f̄(xi) = (x2i + 1/(L − m)2)1/2 + m
2 x

2
i

which can be interpreted as anm-strongly convex and L-smooth approximation of the ℓ1-norm. For
the constraint Ex = q, we randomly sample a sparse vector x with 50 nonzero entries (each equal

1. Source code to reproduce experiments is available at https://github.com/ibrahimkurban/I-GM.git
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Figure 2: Error plots versus the number of iterations and matrix–vector multiplications (mvm) for:
(left) (κf , κE) = (105, 105); (right) (κf , κE) = (103, 105). The gray dashed line with
square markers indicates the theoretical convergence rate ρm of the Monomial I-GM
for ℓ = 1, while the line with diamond markers shows the theoretical rate ρc of the
Chebyshev I-GM. The two rates coincide in the left plot.

to 1) and generate the matrix E ∈ Rd×n with entries drawn from the standard normal distribution.
After scaling the singular values of E to lie within the interval [

√
σ,

√
σ] ∪ {0}, we set q = Ex.

We set the dimensions (N, d, n) to (103, 250, 103), the rank of E to r = 200, and run the
algorithms on two problem instances with different condition numbers; see Figure 2. In the first
instance, we set (L,m, σ, σ) = (104, 10−1, 102, 10−3), yielding κf = κE = 105. In the second
instance, we use (101, 10−2, 102, 10−3), yielding κf = 103 and κE = 105.

Consistent with our analysis, increasing ℓ reduces the number of Monomial I-GM iterations
required to reach a given level of accuracy. For instance, increasing ℓ from 1 to 2 approximately
halves the iteration count, in close agreement with the worst-case convergence rate ρm predicted
by (13). Notably, the theoretical bound ρm matches the empirical convergence rate with remarkable
accuracy, suggesting that the bound is tight.

Moreover, while both the algorithm proposed in Salim et al. (2022a) and the Chebyshev I-
GM achieve the optimal lower bound on communication complexity, our Chebyshev I-GM requires
fewer matrix–vector multiplications (which correspond to broadcast and synchronization operations
in distributed settings) to attain the same level of accuracy. This advantage becomes even more
pronounced when κf ≥ κE . In this regime, the convergence rate of Chebyshev I-GM no longer
benefits from additional matrix–vector multiplications, and only one is performed per iteration. In
contrast, the method of Salim et al. (2022a) requiresO(

√
κE) multiplications per iteration regardless

of the relation between the condition numbers and empirically diverges if the number of iterations
is reduced. On the other hand, the iteration complexity of the I-GM family is at best O(κf log

1
ϵ ),

requiring additional gradient evaluations relative to the method of Salim et al. (2022a). Which
metric dominates ultimately depends on the application: in some settings, communication is the
primary bottleneck, whereas in others, the cost of gradient evaluations is the main concern.

4. Discussion and conclusion

Despite achieving optimal communication complexity, the iteration complexity of the I-GM family
remains suboptimal. This limitation arises from the conservatism of the circle criterion. A natural
remedy is to incorporate Zames–Falb multipliers into the analysis (Carrasco et al., 2016). While
they integrate seamlessly into our framework, these multipliers restrict the class of admissible non-
linearities. Removing these restrictions while preserving the benefits of Zames–Falb analysis is part
of our ongoing work. We are also extending the framework to handle nonsmooth problems through
proximal operators which integrate naturally into the proposed synthesis procedure.
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Pick Interpolation. arXiv:2509.21416, 2025a. (to appear in NeurIPS DynaFront Workshop).

I. K. Ozaslan, W. Wu, J. Chen, T. T. Georgiou, and M. R. Jovanović. Automated algorithm design
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Appendix A. Algorithm representation

In this section, we demonstrate how formulation (2) encompasses a wide range of algorithms in-
cluding those with primal-dual updates. As a concrete instance, consider Proximal Alternating
Predictor-Corrector (PAPC) algorithm (Salim et al., 2022a):

xk+1/2 = xk − α1∇f(xk) − α1E
⊤yk (16a)

yk+1 = yk + α2(Ex
k+1/2 − q) (16b)

xk+1 = xk − α1∇f(xk) − α1E
⊤yk+1. (16c)

Replacing the equality constraint with E⊤Ex = E⊤q, i.e., multiplying the dual update (16b) by
E⊤, we introduce a new “dual” variable vk = E⊤yk, which reduces the PAPC algorithm to

xk+1/2 = xk − α1∇f(xk) − α1v
k (17a)

vk+1 = vk + α2E
⊤(Exk+1/2 − q) (17b)

xk+1 = xk − α1∇f(xk) − α1v
k+1. (17c)

Notably, all variables in (17) have the same dimension as primal variable x. While matching di-
mensions is not required for our representation (2), it substantially simplifies the transfer function
structure by avoiding block matrix forms. For clarity of exposition, we also assume q = 0 (this
assumption can be avoided by defining an affine operator W (x) = E⊤(Ex − q) as discussed in
Section (2.7)). Substituting the intermediate variable xk+1/2 into (17b), we obtain the following
primal-dual updates:

vk+1 = (I − α1α2E
⊤E)vk + α2E

⊤E(xk − α1∇f(xk)) (18a)

xk+1 = xk − α1∇f(xk) − α1v
k+1. (18b)

In the most general form, any primal-dual update (for solving problem (1)) that is linear both in
optimization variable and gradients, can be represented as

zx̂ = K1(z, E)x̂ + K2(z, E)∇̂f + K0(z, E)v̂ (19a)

zv̂ = L0(z, E)v̂ + L1(z, E)x̂ + L2(z, E)∇̂f. (19b)

For instance, the primal version of PAPC algorithm (18), a.k.a., PriLiCo (Salim et al., 2022b),
corresponds to the following transfer function definitions,

K0(z, E) = −α1zI,

K1(z, E) = I,

K2(z, E) = α1I,

L0(z, E) = I − α1α2E
⊤E

L1(z, E) = α2E
⊤E

L2(z, E) = −α1α2E
⊤E.

To establish a connection with our representation (2), we express v̂ in terms of x̂ and ∇̂f ,

v̂ = (zI − L0)
−1(L1x̂ + L2∇̂f) (20a)

= L̃1x̂ + L̃2∇̂f (20b)
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where, omitting the arguments, L̃1 := (zI−L0)
−1L1 and L̃2 := (zI−L0)

−1L2. Substituting (20b)
into (19a) yields

zx̂ = (K1 + K0L̃1)x̂ + (K2 + K0L̃2)∇̂f (21a)

= K̃1x̂ + K̃2∇̂f (21b)

where K̃1 := K1 + K0L̃1 and K̃2 := K2 +K0L̃2.
The reduction from (19) to (21) confirms that algorithms following the primal-dual structure (19)

can be equivalently cast in the primal-only form (21), thereby establishing the generality of repre-
sentation (2).

Appendix B. Necessity of the internal model principle

Proposition 5 Let the feedback interconnection in Figure 1 be stable for any sector bounded non-
linearity ∆ in [m,L]. The error asymptotically converges to zero, i.e., limk→∞ ek = 0, if and only
if the transformed scalar transfer function satisfies

h(1, σ) =

{
1, σ ∈ [σ, σ]
L/m, σ = 0.

Proof Sufficiency follows from the internal model principle. For necessity, we consider the follow-
ing equation representing the feedback interconnection in Figure 1,

ê(z) + z
z− 1 x

⋆ = H(z,W )
(
∆̂(z) + z

z− 1 ∇f(x
⋆)
)

where ê(z) and ∆̂(z) are the Z-transforms of the sequences {ek}∞k=0 and {∆(ek)}∞k=0, respectively.
Relation (5) yields

(mH(z,W ) − LI)
(
(z − 1)ê + zx⋆

)
= (H(z,W ) − I)

(
(z − 1)∆̂(z) + z∇f(x⋆)

)
.

By assumption, the feedback interconnection is stable for any sector-bounded nonlinearity ∆ in
[m,L], which implies that the transfer function H(z,W ) does not have any poles on the unit circle,
i.e., H(1,W ) ̸= ∞. Therefore, evaluating the above equation at z = 1 results in

(mH(1,W ) − LI)x⋆ = (H(1,W ) − I)∇f(x⋆).

Coordinate transformation (4) in conjunction with the optimality conditions gives

V2(mH(1, 0)− LI)w⋆
2 = V1(H(1,Σ)− I)δ⋆1

which must hold for any δ⋆1 ∈ Rr and w⋆
2 ∈ Rn−r. Hence,

H(1, 0) = (L/m)In−r, H(1,Σ) = Ir.
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Appendix C. Proof of Theorem 4

The convergence rate of recursion (12) for any polynomial ρ1(·) satisfying conditions (10a) is, by
construction, upper bounded by ρ = max(ρ1, 1 − α1m). The polynomial (15) satisfies (10a)-(ii)
since Cℓ(0) = 1 for any ℓ > 0. Moreover, constraint (10a)-(i) enforces

ρ1(σ) = (1 − α2(1 − Ĉℓ(σ)))
1/2 ∈ (0, 1) ∀σ ∈ [σ, σ]

⇐⇒ max
σ∈[σ,σ]

α2(1 − Ĉℓ(σ)) ≤ 1

⇐⇒ α2(1 + max
σ∈[σ,σ]

Ĉℓ(σ)) ≤ 1

⇐⇒ α2 ≤
(
1 + max

σ∈[σ,σ]
Ĉℓ(σ)

)−1

⇐⇒ α2 ≤ (1 + ζ2ℓ)/(1 + ζℓ)2

where the last equivalence follows from Lemma 3. To minimize the upper bound on the convergence
rate, therefore, we set α2 = (1 + ζ2ℓ)/(1 + ζℓ)2. While we can achieve an arbitrarily small ρ1 by
choosing sufficiently large ℓ, the best convergence rate achieved by (12) is restricted by 1 − α1m.
Hence, in what follows, we find a lower bound on ℓ such that ρ1 ≤ 1 − α1m, which suffices to
guarantee the worst case convergence rate of ρc = 1− α1m:

ρ1 ≤ 1− α1m ⇐⇒ ρ21 ≤ (1− α1m)2

⇐⇒ 1 − α2(1 − Ĉℓ(σ)) ≤ 1 − 2α1m+ α2
1m

2

⇐= 1 − α2(1 − Ĉℓ(σ)) ≤ 1 − 2α1m

⇐⇒ X := 2α1m ≤ α2(1 − Ĉℓ(σ))

⇐= X ≤ α2(1 − max
σ∈[σ,σ]

Ĉℓ(σ)))

⇐⇒
√
X ≤ 1− ζℓ

1 + ζℓ
:= tanh(θ) where ℓ ln ζ = −2θ

⇐⇒ arctanh(
√
X ) ≤ θ

⇐⇒ 2 arctanh(
√
X )

ln(ζ−1)
≤ ℓ

⇐⇒
ln

(
1 +

√
X

1−
√
X

)
ln(ζ−1)

≤ ℓ

⇐=

2
√
X

1−
√
X

2√
κE + 1

=

√
κE + 1√

(2α1m)−1 − 1
≤ ℓ

where the last sufficient condition is obtained by using the following two inequalities,

ln

(
1 +

√
X

1−
√
X

)
≤ 2

√
X

1−
√
X

∀X ∈ (0, 1), ln

(√
κE + 1√
κE − 1

)
≥ 2√

κE + 1
∀κE ≥ 1.
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