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Abstract

Nonlinear system identification of dynamical systems is a challenging problem. Recently, learning
based approaches have made attempts to embed physical priors in the learning model to improve
model identification of dynamical systems. In this paper, we propose the Bond Graph based Con-
stitutive Law learning (BGCL) framework to learn analytical expressions for constitutive laws and
thus identify models for physical dynamical systems. Simulation studies conducted on a spring
mass system and synchronous three phase motor are used to validate the proposed framework.
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1. Introduction

System identification of dynamical systems has been studied extensively. This problem becomes
especially challenging when the model of the system to be identified is nonlinear in nature. Accu-
rate models are necessary for model based control strategies. In recent years, data driven learning
methods are being increasingly utilized in identification of nonlinear system dynamics. Brunton
et al. (2016a) introduced a sparse regression algorithm to identify symbolic nonlinear dynamics for
autonomous systems. Subsequently, Brunton et al. (2016b) applied the algorithm, SINDYc, to non-
autonomous systems including a control input. Black box methods such as ResNets Lu et al. (2018)
have been used to approximate ordinary differential equations (ODE). Chen et al. (2018) introduced
a new family of deep neural networks for end-to-end training of ODEs. However, common learning
methodologies such as neural network based approaches have been known to suffer from problems
such as overfitting and low generalizability. To overcome these issues, using knowledge of physics
in conjunction with data driven methods has gained prominence. Physics informed Neural Networks
(PINNGs) Raissi et al. (2019) have been shown to learn solutions to PDEs from data.

Bond graphs, developed by Paynter are an excellent tool for modelling dynamical systems Payn-
ter (1961), Paynter (1992),Rosenberg (1993). A bond is used to represent transfer of energy between
nodes of a bond graph. With basic building blocks consisting of energy storage elements, energy
dissipative elements, sources/sinks, transformers and gyrators, one can model arbitrarily complex
dynamics such as RLC circuits, Permanent Magnet Synchronous Motors (PMSM) etc Borutzky
(2011). When modeling physical systems using a bond graph approach, it can be readily seen that
non-linearity in a system can enter through nonlinear energy storage elements, nonlinear dissipative
elements or nonlinear junction relations. These relations are referred to as the constitutive laws of
those elements. Another important property encoded in bond graphs is causality. Causality deter-
mines dependent and independent energy storage elements; independent energy storage elements,
referenced using preferred integral causality yield state variables indicating the minimum order re-
quired to sufficiently represent the physical system Borutzky (2011). One can readily arrive at
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the familiar state space equations or the port Hamiltonian equations for control from bond graphs
Rosenberg (1971), Donaire and Junco (2009).

Related Work. Several recent studies have been conducted on using physical invariants to
inform the learning of models for dynamical systems. Ahmadi et al. (2018) proposed learning
Lagrangians and Hamiltonians from trajectory data. These methods assume the nonlinear basis
functions apriori and only tune the linear coefficients from training data, thereby limiting the ex-
pressibility of the function approximator. Greydanus et al. (2019) proposed the Hamiltonian Neural
Network (HNN) for conservative systems and demonstrated their superior trajectory prediction ca-
pabilities over vanilla neural networks. Subsequent works such as Sosanya and Greydanus (2022),
Zhong et al. (2020) have expanded HNN to encompass dissipative and non-autonomous systems.
Hamiltonian based approaches assume knowledge of canonical co-ordinates that are not easily mea-
surable for physical systems. For instance, in the mechanical domain, one can measure the velocity
of a moving object but not its momentum. Similarly, in the electrical domain, one usually measures
the electric current but not the magnetic flux. Lagrangian Neural Networks, proposed by Cranmer
et al. (2020), use a neural network to learn the Lagrangian instead of the Hamiltonian to overcome
the limitation of using canonical coordinates. For physical systems, having compact symbolic ex-
pressions is desirable. Seo et al. (2003) utilized genetic programming to construct bond graphs of
multi-domain systems. However, the constitutive laws used therein are assumed to be linear.

Main contributions To exploit physical structure of the problem in learning the unknown dy-
namics, we emphasize using a bond graph based approach. For a class of physical systems, we
propose a novel approach that learns the energy stored in a physical system in terms of measurable
quantities. We enforce physics informed constraints derived from bond graphs while learning the
function describing the stored energy, inform input excitation design and improve learning accuracy.
We also demonstrate how the constitutive laws of the energy storage elements can be extracted from
the stored energy function. Simulation studies on spring mass system and synchronous three-phase
electric motors are used to validate the proposed approach.

2. Background

Notation: Variables in bold indicate vectors. p denotes the time derivative ‘(%’ of variable p.

Bond graphs use power and energy variables to arrive at the governing equations of a dynamic
system. Efforts e and flows f are called the power variables whereas as momentum p and displace-
ment q are the energy variables. These are related to each other as e = p and f = ¢. Across a
bond, e and f are considered conjugate power variables as their inner product informs the power
flowing through that bond. Tables 1 and 2 provide examples of energy and power variables respec-
tively in some common modeling domains. Depending on the choice of state-variables, different
formulations describing the dynamics of the same system are possible. Fig. 1 indicates the four dif-
ferent choices for state variables leading to four different formulations- Hamiltonian, Lagrangian,
Co-Lagrangian and Power variable formulation. All four formulations are related to each other
through Legendre transforms Duindam et al. (2009).

There are two types of energy storage elements: capacitive and inductive. An ideal capacitor is
an energy storage element whose constitutive law relates effort e to displacement q. Similarly, an
inductor’s constitutive law relates flow f to momentum p. For example, in mechanical systems, an
ideal spring is a capacitive energy storage element with the linear constitutive law e = kq. Here,
the effort e is the restoring force of the spring, ¢ is the displacement of the spring and k is the spring
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Domain Momentum (p) Displacement (q)
Quantity Variable Units | Quantity Variable Units

Mechanical Translational | Momentum P Ns Displacement =z m

Mechanical Rotational Angular mo- L Nms | Angle 0 rad
mentum

Electrical Magnetic flux ¢ Vs Charge q C

Table 1: Energy variables across different domains
. Effort (e) Flow (f)

Domain Quantity Variable Units | Quantity Variable Units

Mechanical Translational | Force F N Velocity v m/s

Mechanical Rotational Torque T Nm Angular ve- w rad/s

locity
Electrical Voltage %4 A% Current 1 A

Table 2: Power variables across different domains

constant. An ideal mass acts as an inductive element with the constitutive law f = % where the
flow f is the velocity of the moving mass and p is its momentum. Fig. 2, provides an illustrative
relation of different constitutive laws for different elements.

3. Problem Definition and Preliminaries

In this section, we list the assumptions and formulate our problem statement.
Key Assumptions
1. A bond-graph, with energy storage elements in integral causality is available.

2. The constitutive law for resistive elements, transformers and gyrators are known whereas
constitutive laws for energy storage elements are unknown.

Integral causality is the preferred causality assignment for energy storage elements in bond graphs
Borutzky (2011). Algebraic loops in causality assignment lead to differential-algebraic equations
(DAE) describing the dynamics which are beyond the scope of this paper. In differential causality,
an energy storage element becomes dependent and thus its flow or effort can be characterized as
a function of another independent energy storage element in the bond graph. Transformers and
gyrators are energy transducers that transform energy from one domain to another or from one part
of the system to another. Such transducers are characterized by linear, time-invariant algebraic
relations between the relevant power variables. Gear systems, belt drives, electrical transformers
etc. are some examples of such elements. Thus, it is reasonable to assume that their constitutive
relation is known apriori. Assuming the availability of resistive constitutive laws is restrictive.

Let u € R"™ denote the input power variable and y,, € R"™ the corresponding conjugate power
variable. Let ¢b;(-) € R™ denote the constitutive law, E;(-) the energy and E;(-) the co-energy
of the i*" energy storage element. Let e; denote the effort variable and f; the flow variable corre-
sponding to the i*" energy storage element. Using the definition of co-energy and constitutive law,
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Figure 1: Interrelation of different state variable Figure 2: Different examples of consti-
choices tutive laws

for the i*" capacitive storage element, we have
pi(ei) e = Ei(e:) + Ej(es), ()

Rewriting the co-energy in terms of the constitutive law we get,
e
Pi(ei) e —/ #i(€:)" dé; = E;(e;) 2)
0
Similarly, we can write the relation for the j th inductive element,
T Ti -

&;(f;)" fi /0 &;(f5)df; = E;(f;) 3)

The total energy stored in the system is then given by eq. (4)

k

B(f.e) =3 (d»z-(fi)Tfi -[ ! @-(fi)Tdﬁ-) s (qu(ej)Tej - [ asj(éj)Tdéj) @
j=1

1=1

Unlike the Hamiltoninan H (g, p), the stored energy function in eq. (4) is a function of e, f which
can be measured in physical systems. To extract the constitutive laws, we take partial derivatives
w.r.t to the efforts and flows of a particular storage element. It can be shown that the following
relation exists between the stored energy and the Jacobian matrix J (-) of the i*" constitutive law.

OF

NT ¢
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Eq. (18) gives the general condition for each entry of a constitutive law in the general multiport
nonlinear case. The derivation has been provided in the appendix. Thus, by learning a functional
form of F, one may extract the Jacobian and subsequently the constitutive laws of the energy storage
elements. In this paper, we train a PySR model Cranmer (2023) to learn the stored energy function.
Stored Energy Computation: To learn F/, we need to first have access to the stored energy. In this
subsection, the stored energy computation is described. At any time ¢, the power into the system
P;,, the power dissipated Py;s and the power stored Pg; are related as:

Pa(t) = Pu(t) — Pys(t)

Since the input signals are measured and the resistive field is assumed to be known, the stored
power Py (t) can be computed. Now the stored energy at any time instant ¢ can be computed by
numerically integrating the stored power expression:

B(t) = /0 t Py (t)dt (6)

4. Proposed framework

Input Excitation

I;;md Graph
Figure 3: Proposed Bond graph Constitutive law (BGCL) based model identification framework

Fig. 3 illustrates the proposed framework for identifying the system model. The key idea of the
proposed framework is to enforce the constraint in eq. (18) coupled with an appropriately designed
control input to learn the system dynamics. The dynamical system under consideration is excited by
a designed input signal u;,. The relevant efforts e and flows f are measured and used to compute
the energy stored in the system E using (6). These signals are then used as training data for the
learning module. To learn interpretable models for physical systems, we use PySR to learn the
stored energy F(t) as a function of e, f. Subsequently, eq. (18) can be solved to recover the
constitutive law. The learnt constitutive laws along with the bond-graph are used to infer the system
dynamics.

We now consider different cases to simplify eq. (18). Without loss of generality, the subsequent
analysis is performed on inductive elements but it can be repeated for capacitive elements.
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4.1. Linear Models

For a linear system, the constitutive law ¢(f;) is a linear function of f; and hence J(f;) is a

constant. Thus Eq. (18) simplifies to
ok

ofi

where Ly, is a constant matrix. Thus, the equation search can be constrained to look for functions
of the form:

= L% f; (7)

E(.fla"' afnaela"'a Z f flft‘i'z eTLeJe] (8)

This is the familiar quadratic form of stored energy in a linear system. In line with linear system
identification theory, a step input u can be used to excite the dynamic system and collect the dataset
E e, f. Once the analytical form for F has been identified, for each m dimensional multi-port
element, we can use m distinct data-points to identify the constant matrix L g,.

4.2. Nonlinear Models

While a general closed form expression like eq. (8) is unavailable for nonlinear models, (18) implies
searching for separable energy functions of the form: E(f1,--- , fn,e1, -+ ,€m) = > i gi(fi)+
> im0 hj(e;)-
Input Excitation Design: To leverage separability, the input u can be designed such that all flow
variables except one are regulated to a constant. This can be accomplished using a PI control design
since all flow variables are independent. Thus, each function g;, h; can be learnt individually, further
narrowing the equation search. In case of nonlinear single port elements, (18) reduces to the scalar
equation
oE
ofi

Since the input excitation regulated all other flow variables to a constant the L.H.S of (9) can be
approximated using the first order method of finite differences as a f A f , thereby allowing us to
directly learn the Jacobian J(-).

J(fi) fi ©)

5. Simulation Studies

In this section, we apply the proposed approach to learn the dynamics of the classical spring-mass
system with a nonlinear spring and a three-phase electric motor with nonlinear flux relations. The
signal measurements in the simulation studies are assumed to be noiseless. Since the stored energy
is computed using (6), any noise in measurements will be integrated and distort the stored energy
value. The proposed approach attempts to learn the energy as a function of state; since measure-
ment noise would be state independent, the proposed approach should work in the presence of noisy
measurements. Nevertheless, the effect of noisy measurements needs to be extensively studied and
will be part of future work.

Baseline: To evaluate the performance of the BGCL framework, we compare the state prediction
performance of the model learnt using the BGCL framework to that of an appropriate baseline.
Considering the bond graph informed learning approach, other physics informed approaches such
as Hamiltonian Neural Networks (HNNs) may be considered appropriate; however, such approaches
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rely on measurement of canonical co-ordinates, whereas the BGCL approach utilizes power vari-
ables. SINDYc, a data-driven method, attempts to learn a sparse symbolic representation of un-
known dynamics of non-autonomous systems.

5.1. Spring mass system

The familiar state space equation of motion for a mass tied to a wall through a spring is given by:
1 (t) = 2(t), (10)

da(t) = LR 2. (11)

where x1(t) is the displacement, x5(t) is the velocity. g(z7) is the unknown spring force and
m is the unknown mass. The unknown nonlinear constitutive law is the power law for springs
e1(t) = k|z|®®, with k = 0.5. The mass m was taken to be 1. A sinusoidal input u = sin(2mt)
was used to excite the system for time ¢ = [0, 2.5] s. The details of the PySR model are provided in
the appendix 7.2.2. The energy function learnt by PySR is

E(e1, f1) = 2.67e3 +0.5f2 (12)

Using (18), the jacobian for the spring constitutive law is J(e;) = 8e;. Thus the constitutive law
for the spring is found by integrating the Jacobian giving x = 4e? or e; = 0.5|z|%5. Thus the true
constitutive laws for both the spring and mass are recovered through the BGCL approach.

5.2. Three phase synchronous motors

Motors such as Synchronous motors (SyR), Interior-permanent magnet motors (IPM) exhibit non-
linear relations between the d, ¢ axis currents Guglielmi et al. (2006); Stumberger et al. (2003);
Bianchi and Bolognani (1998). Significant research efforts have been directed towards identifying
symbolic d, g axis flux models to enable advanced model based control such as Maximum Torque
per Ampere (MTPA), Maximum Torque per Volts (MTPV), and Model Predictive Control (MPC)
Ortombina et al. (2018),Bedetti et al. (2016),Qu et al. (2012),Patkar et al. (2024). Fig. 4 shows a
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Figure 4: Bond graph of a Permanent Magnet Synchronous Machine (PMSM)

bond graph representation for a three-phase motor in the d, ¢ axis. The constitutive laws for the
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magnetic flux in the d, q axis are unknown. All the remaining constitutive relations are assumed to
be known. The governing equations in the d, ¢ axis are Pillay and Krishnan (1989):

¢2q = _Rqu — Wehd + an
¢a = —Rslg+ We¢q + Vg,
3 (13)
Te = 5”p(¢dlq - ¢q1d)
Wy = Lj

where ¢, ¢4 denote the ¢, d axis flux linkages, R, is the stator resistance, I4, I; are the ¢, d axis
currents, Vy, Vg are the ¢, d axis applied voltages, J is the moment of inertia, w, is the mechanical
angular frequency and w, is the electrical angular frequency. We also have w. = n,w,., where n,, is
the number of magnet pole pairs. For current control, (13) is rewritten as:

I=L'(—RI+we.p+V) (14)
Here I = [I4,1,)7, R = [}S‘S ]g }, We = [—?u U(j]e], ¢ = [pa, ¢q)T, L is the Jacobian matrix
S e
06y D6y
givenby L = | §i¢ Ol ] and V = [V, V).
al, ol

Nonlinear Flux Model: Model 3 in table 3, models the nonlinear saturation behavior observed in
electric motor flux. To generate dataset Dy = (E, 14, 1,), I, is regulated at a constant value of 1A
using a PI controller applied to V; while a chirp signal with a starting frequency of 0.1Hz and an
ending frequency of 50Hz is used as input excitation in the d axis. The system is excited for 40s.
Similarly, dataset D, = (E, I4, ;) is generated by regulating /; = 1A and applying a chirp signal
in g axis. The details of PySR model are provided in 7.2.4.

SINDY ¢ Setup: To facilitate symbolic learning of non-autonomous dynamical systems, SINDYc
allows for a state library and a control library. To draw a fair comparison between the proposed
framework and SINDYc, the control library degree is chosen to be 1, as from (13), it is known apri-
ori that the control input will only have degree 1 terms. Since we are attempting to learn (14), we
also specify a tensor product of the state and control libraries. The polynomial library with degree
2 is used as the state library and a polynomial library with degree 1 is used as the control library.
Higher polynomial degrees in the state library were also tested, but resulted in poorer prediction
performance compared to that of the degree 2 state library. The SR3 optimizer with Lg regularizer
was used in training the SINDY ¢ model.

5.3. Results and Discussion

The BGCL framework was successful in recovering the exact expressions for nonlinear spring mass
system. For comparing the performance of BGCL against SINDYc, we focus our discussion on the
nonlinear single port case.

Table 5 compares the true constitutive laws with those learnt through the BGCL framework for
model 3. It is evident that while gZ;q has the same functional form as ¢, the same is not true for
qu. From figs. 5(a), 5(b), it is evident that the learnt function is able to capture the shape and
approximate the true constitutive law closely. Using (14) and gzgd, gZ)d, we arrive at the BGCL learnt
model for the motor.
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Model | Type oq dd
1 Linear Lol Lgly
Si'ngle-port Param. Value Param. | Value
2 Linear Lolg+ Lagly Lalg+ Laglq R. 12 O a1 3
Multi-port L, |20 mH| b | 65
3 Nonlinear alu{]ﬁ T Lq 7 mH as 4
Single-port Lag 1 mH ba 30
Table 3: Simulated constitutive laws Table 4: Simulation parameters
¢4 9y da da
I I I -1
SIT,[765 | ST L100 | AT,rs0 | O-13tan (0.1514)

Table 5: Analytical expression comparison of the true and learnt constitutive laws

We compare the step response of the BGCL model and the SINDYc model with the step re-
sponse of the true model to evaluate their relative performance. A step input excitation of V; = 10V
and V;, = 5V is used and the response of the true model, BGCL model and SINDYc¢ model are
recorded. It can be seen from figs. 6(a) and 6(b) that the BGCL prediction emulates the true 1,4, I,
current response and is seen to outperform the SINDYc model prediction. The BGCL prediction
for the angular speed w, is seen to have a steady state error whereas the SINDYc prediction is seen
to be more accurate in steady state. However, the BGCL prediction emulates the shape of the true
response and thus may be stated to have a better transient response as compared to that of SINDYc.

In addition to the step response comparison, we further test the BGCL and SINDYc model
predictions to a sinusoidal excitation sequence given by V; = 10sin(2nt), V, = 5cos(2nt) and
a sawtooth excitation sequence given by Vy = 10s(2nt + ), Vg = 5s(27t), where s(-) is the
sawtooth function. From figs. 7(a),7(b), 7(c) we can readily see that while both the BGCL and
SINDYc model predictions closely track the true response, the BGCL model prediction is marginal
better than that of the SINDYc model. Figs. 8(a), 8(b) and 8(c) draw a comparison between the
prediction performance of the BGCL and SINDYc model to sawtooth excitation. From these figs.
it is clear that the BGCL model prediction closely tracks the true response and is significantly
better than the SINDYc¢ model prediction. By enforcing (18) and learning the constitutive law, the
proposed approach outperforms a purely data-driven approach in SINDYc.

6. Conclusions

In this paper, we proposed the BGCL framework for learning constitutive laws and the governing
equations of a dynamical system. The proposed approach was validated through simulation studies
performed on a spring mass system and a three phase synchronous motor. Comparison studies
with SINDYc showed that by learning expressions for constitutive laws, a better model prediction
performance can be achieved. The main limitation of the BGCL approach is the assumption that
the constitutive relations of the dissipative elements and transformer elements are assumed to be
known. Future work will aim to relax this assumption.
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Figure 5: BGCL d, ¢ axis learnt constitutive laws compared to the ground truth.
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7. Appendix

7.1. Constitutive Law derivation

To extract the constitutive laws, we take partial derivatives w.r.t to the efforts and flows of a particular
storage element. Without loss of generality, consider the i** element to be a m-port inductive
element. Then f; = [fi1, fi2, fis, -...fim]. Since the energy storage elements are independent, we
have

op O ()7 fi— T oi(f)Taf)

of, a7, (15)
To simplify eq. (15),
a 7 (2 (2
¢%9f—JmFﬁ+@m) (16)
where J(f;) is the Jacobian matrix of ¢;(f;).
Since the co-energy is path independent, we have
0 Ji" ¢i(F)"df:
Jg %) = oi(fi) (17)
Using eq. (16) and eq. (17), we can simplify eq. (15) to
oE
o7, = T fi (18)

Eq. (18) gives the general condition for each entry of a constitutive law in the general mul-
tiport nonlinear case. Thus if a functional form of FE is learnt, one may extract the Jacobian and
subsequently the constitutive laws of the energy storage elements.

7.2. Simulation Results

For completeness, the cases for ideal spring mass and linear single and multi-port models for 3-
phase motors were also simulated and the results are included here.

7.2.1. IDEAL SPRING MASS

For the ideal spring mass system, the constitutive law e;(t) = g(x1(t)) = kx1(t), where k is the
spring constant and e; (¢) represents the effort or restoring force of the spring. The mass constitutive
law gives f1(t) = xa(t) = %, where m is the mass and f; () represents the flow or velocity of the
mass. k, m are taken to be unknown. As described in 4.1, the system is excited by a step input and
the time evolution of the spring force e;(t) = g(z1(t)), the velocity f1(t) = x2(t) are recorded.
Using eq. (6), the stored energy E(t) is computed. Using eq. (8), we search for d,Z; such that
E(ei, f1) = %&e% %I;ff is satisfied. Solving (18), we get k = % and b = m. In the absence of
noise, a variety of simulated a, b values could be correctly recovered.

11
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7.2.2. NON-LINEAR SPRING MASS SYSTEM

The PySR model setup used for the case of the non-linear spring mass system is described in this
appendix subsection. The complexity of expressions is limited to 20. The number of iterations for
the model was set to 200. Binary operators [+, x, —, /] are available for the model. Unary operators
functions containing [square,cube,abs] are included in the model. Nested constraints penalizing
more than one unary operator inside another are applied. Eq. (18) is enforced by requiring the
searched expressions to be E(e1, f1) = gi(e1) + h1(f1). This is implemented by defining a custom
objective function in the model. Constants are penalized by setting their complexity to 5.

7.2.3. LINEAR FLUX MODELS

Following the procedure outlined in 4.1, models 1, 2 in table 3 with unknown constants L, Lg, Lgq
as listed in table 4 are excited with a voltage step input V; = 10V and V;, = 5V. The training
dataset D = (F, I4, I;) is then collected. Using (8), the values for L4, L, Lq, are correctly learnt.

7.2.4. NON-LINEAR FLUX MODEL

The PySR model setup used for the case of the non-linear flux model for motors is described in this
appendix subsection. The complexity of expressions is limited to 13. The number of iterations for
the model was set to 500. Binary operators [+, %, —, /] are available for the model. Unary operators
functions containing [square,cube,abs] are included in the model. Nested constraints penalizing
more than one unary operator inside another are applied. Eq. (18) is enforced by requiring the
searched expressions to be factorized. This is implemented by defining a custom objective function
in the model.
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