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Abstract

We present an iterative active constraint learning (ACL) algorithm, within the learning from demon-
strations (LfD) paradigm, which intelligently solicits informative demonstration trajectories for in-
ferring an unknown constraint in the demonstrator’s environment. Our approach iteratively trains a
Gaussian process (GP) on the available demonstration dataset to represent the unknown constraints,
uses the resulting GP posterior to query start/goal states, and generates informative demonstra-
tions which are added to the dataset. Across simulation and hardware experiments using high-
dimensional nonlinear dynamics and unknown nonlinear constraints, our method outperforms a
baseline, random-sampling based method at accurately performing constraint inference from an
iteratively generated set of sparse but informative demonstrations.

Keywords: Learning from demonstration, Constraint inference, Gaussian Processes, Robot safety.
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Figure 1: Given demonstrations (orange) generated via a 7-DOF robot arm, our GP-ACL algorithm
recovers a nonlinear obstacle set with fewer instances of false positive (FP, in green) and false
negative (FN, in red) errors, compared to a random-sampling baseline method.

1. Introduction

Recently, learning from demonstrations (LfD) via inverse optimal control (IOC) has emerged as a
versatile framework for empowering robots to infer the constraints underlying an expert demonstra-
tor’s actions (Chou et al., 2022; Menner et al., 2021; Chou et al., 2020b; Armesto et al., 2017; Pa-
padimitriou and Li, 2023), with existing methods proving effective at inferring unknown constraints
from a given set of approximately locally-optimal demonstrations. However, current approaches im-
plicitly assume that the demonstrations supplied for training are generated in a manner agnostic to
the downstream constraint learning task, and thus the supplied data may not always be informative
for reducing constraint uncertainty. As such, existing constraint inference approaches may be data-
inefficient, requiring a large number of demonstrations to accurately learn unknown constraints.

To overcome this limitation, we present an iterative active constraint learning algorithm built
upon the Gaussian process (GP)-based constraint learning framework in Chou et al. (2022), which
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uses the Karush-Kuhn-Tucker (KKT) optimality conditions of the provided demonstrations to train
nonparametric GP-based constraint representations. At each iteration, our algorithm trains a Gaus-
sian Process (GP) on a given dataset of locally-optimal demonstrations to represent the unknown
constraint as a GP posterior. Although active learning methods have been widely explored in the
context of cost inference, to our knowledge, our work provides the first framework for active con-
straint inference over continuous state spaces. Our contributions are:

1. Leveraging the GP-based constraint learning framework in Chou et al. (2022), we sample
multiple GP posterior estimates of an unknown constraint given a demonstration dataset D.
The generation of multiple GP posterior samples provides a more complete description of
the constraint information encoded in D, as well as the remaining constraint uncertainty that
cannot be resolved using D.

2. We present a GP-based active constraint learning algorithm, GP-ACL (Alg. 1), which itera-
tively queries start/goal constraint states to induce the generation of informative demonstra-
tions that reduce constraint uncertainty.

3. We evaluate our GP-ACL algorithm by inferring high-dimensional, nonlinear constraints from
the generated demonstrations, both via 4D unicycle and 12D quadcopter dynamics in simula-
tion, and via a 7-DOF robot arm hardware platform.

Related Works Existing LfD-based methods have enabled constraint learning via both IOC (Chou
etal. (2020a, 2022); Armesto et al. (2017); Papadimitriou et al. (2022); Menner et al. (2021)) and in-
verse reinforcement learning frameworks (McPherson et al. (2021); Stocking et al. (2022); Papadim-
itriou and Brown (2024); Singh et al. (2018)). Specifically, Chou et al. (2020a, 2022); Papadimitriou
and Li (2023) use KKT optimality conditions corresponding to the provided demonstrations to for-
mulate inverse optimization problems, from which constraint information can then be extracted. In
particular, our work builds upon and is most similar to Chou et al. (2022), which likewise embeds
the KKT optimality conditions for the provided demonstrations into a Gaussian process (GP) frame-
work to represent unknown constraints. However, whereas Chou et al. (2022) only computes the
mean and covariance functions of a trained GP posterior for constraint inference, we additionally
sample GP posterior samples as surrogate functions for the unknown constraint map, to facilitate
the efficient generation of informative demonstrations. Moreover, while existing constraint learning
methods can enable downstream planning that is robust to epistemic uncertainty (Chou et al., 2022,
2021), they do not actively seek to reduce uncertainty through soliciting informative demonstra-
tions. In contrast, our GP-ACL algorithm explicitly actively generates demonstrations guided by
the downstream constraint learning objective, a capability not considered in prior work.

Prior work has also considered the problem of active infent inference, with the aim of extracting
the unknown reward or cost of an expert demonstrator from a provided set of trajectory demonstra-
tions. In particular, methods have been developed to achieve active information gathering (Sadigh
etal., 2016, 2018; Li et al., 2025b), intent demonstration (Li et al., 2024), and uncertainty reduction
(Mesbah, 2018; Hu and Fisac, 2023) for human-robot interaction tasks. Meanwhile, Akrour et al.
(2012); Fang et al. (2017); Lee et al. (2021) devise active reward learning methods for reinforce-
ment learning (RL). Our work likewise considers the purposeful generation of demonstrations that
are maximally informative with respect to a downstream inference task. However, unlike the works
listed above, our GP-ACL algorithm leverages demonstration data to recover unknown constraints,
rather than unknown intent, rewards, or costs.



ACTIVE CONSTRAINT LEARNING

Finally, our methods are related to recently developed RL-based (Papadimitriou et al. (2022))
and GP-based (Li et al. (2025a)) active constraint learning methods. Unlike these works, however,
our method is capable of inferring unknown high-dimensional constraints in continuous and infinite
state and constraint spaces and does not require both constraint-satisfying and constraint-violating
behavior to guide learning, which is important for safety-critical robotics applications.

2. Preliminaries and Problem Formulation
2.1. Demonstration Generation and KKT Optimality Conditions

By a demonstration, we refer to a state-control trajectory & = (z1(§), - ,z7(§),u1(§), -+,
ur(€)) € ROHm)T of length T € N, where z4(£) € R” and us(£) € R™ respectively denote
the state system and control vector identified with the demonstration £ at each time t € [T] :=
{1,---,T}. As in Chou et al. (2022, Sec. III-A), we assume that each demonstration is a locally-
optimal solution to the constrained optimization problem described below (Prob. 1). First, let
c: ROEIT R g« ROEmIT 5 RN and by, : RH)T 5 RV respectively encode a
(possibly non-convex) cost function, as well as a set of known inequality and equality constraints.
In our work, we focus on smoothness-based costs of the form ¢(§) := 23:11 |zt+1 — x¢||3; sim-
ilar costs are often used in the constraint learning literature to encode trajectory length minimiza-
tion (Chou et al. (2022); Papadimitriou and Li (2023)). Moreover, the known equality constraint
hj(-) = 0 encodes a set of deterministic, nonlinear dynamics x;+1 = fi(x¢, us),V t € [T], as well
as constraints on the initial and final system states, which we describe in more detail in Sec. 2.4.
Next, to formulate constraints unknown to the learner, let ¢gp : R™ — R"¢ denote a map
from each system state = to a constraint state ¢sep(x) € R™, at which the constraint satisfac-
tion of the system state x is then evaluated', and let ¢ : R"" — R"T be given by ¢(&) :=
(dsep(1(£)), -+, Psep(a7(€))). For each t € [T], we formulate the unknown inequality con-
straints below, where gf’jk, cee gMjk : R™ — R encode scalar-valued constraints g;l’jk(-) < 0.
For each ¢ € [T'], we can write “g’ -+ (¢sep(2¢(£))) < 0,Vm € [M]” in the more compact form
of “g%.(x;) < 07, by defining g§k7 : R — Rvia g% (k) = max{g] (k). -, g5 w(r)}

for each constraint state k € R"™. Moreover, we can stack the constraints g%, (dsep(2:(£))) <
0 across times ¢t € [T] as g%.(¢(£)) < 0, by defining g%, : R™? — RT via g% (¢(¢)) :=
(g% (Dsep(£1(€))), -+, P (Psep(27(€)))) for each demonstration & € R 7T
Finally, we write the demonstrator’s trajectory generation problem as follows.
Problem 1 (Demonstrator’s forward problem)
mgin. c(§) (la)
st he() =0, g,(5) <0, gy(e)) <0, (1b)

For each demonstration £, which forms a locally-optimal solution of Prob. 1, there must exist
Lagrange multipliers A, € RVk ', A+, € RT, and v € RV such that the following KKT optimality
conditions, denoted below by (£, Ag, Ak, v) € KKT, hold:

g (o)) <0, (2a)
A >0, Ay >0, (2b)
M Oge(6) =0, AypoOgy(6) =0, (2¢)
Vee(€) + AL Vegh(€) + A Vg (0(€)) + vy Vehi(€) =0, (2d)

1. Our formulation readily generalizes to settings in which some unknown constraints depend on control inputs.
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where ® denotes element-wise multiplication, and for each differentiable map f : R* — R™,
we define the gradient of f by [V, fl]ij = gﬂ’;; for each i € [m] and j € [n]. Above, (2a),
(2b), (2¢), and (2d) encode primal and dual feasibility, complementary slackness, and stationar-
ity conditions, respectively. We denote the stationarity residual, i.e., the left-hand-side of (2d),
by s(&, Mg, A, v) € ROH2)T and the component of (&, A, A, v/) corresponding to partial
gradients with respect to system state xz; (resp., control u;) by sy, (£, Ak, Ak, v) € R™ (resp.,
Suy (f, ALy Ak, V) € R"™),

2.2. Constraint Tightness and Constraint Gradient Extraction

Suppose we are given a collection of D demonstrations Sp := {&; : d € [D]} generated by solving
Prob. 1 to local optimality, with corresponding Lagrange multipliers Ag , Ag %, and vg for each
d € [D]. Constraint information can be extracted from each £; by examining its zight system states
(if any), i.e., system states x;(£) at which g%, (¢sep(2¢(€))) = 0, as well as the constraint gradient
values Vg, g% (dsep(2¢(€))) at such tight system states. Methods for both extracting tight system
states and computing the corresponding gradient values were first presented in Sec. IV-A in Chou
et al. (2022); for completeness, we review details of these methods in App. A.1.

2.3. Training Gaussian Process (GP)-based Constraint Representations

To learn a Gaussian Process (GP)-based representation for the unknown constraint function g%, (-),
we collect the constraint states and estimated constraint gradients, across the tight timesteps ¢ €
tigoni ({q) of each demonstration d € [D], into the data sets D, and Dy, as defined below. Here, for
each d € [D] and t € [T], wq; € R™ denotes an estimate for the unknown constraint gradient
V951 (Dsep(24(€4))), taken with respect to the system state x;; we defer a thorough discussion of
the computation of wg to Prob. 8 in App. A.1:

Dn = {¢sep(xt(§d)) 1d e [D}vt S ttight(fd)}a 3)

Dy := {way : d € [D],t € tign(&a) } 4)
Since g% (dsep(7t(£4))) = OVE € tign(€a), we append Dy = {0 € RN} where Nygn :=
Zfl):l |tighi(€q)|, into our training data (| - | denotes set cardinality). Let X := D, and Y :=
(Dgy, Dy ) respectively be input and output training datasets for our GP model, set D := (X,Y), and
optimize GP hyperparameters via the marginal log likelihood (Rasmussen and Williams (2006)).
Our GP training process emulates (Chou et al., 2022, Sec. IV-B). The resulting posterior (§|D)(-)

of g%, has posterior mean E[§(-)|D] and covariance cov[g(-)|D] (see (15)). A plausible constraint
§(-) can be sampled from this posterior via random Fourier features. For details, see App. A.2.

2.4. Problem Statement and Formulation

Suppose we are given a demonstration dataset Sp and a corresponding GP posterior (§|D)(-) de-
scribing our belief of the unknown, ground truth constraint g% (-). We seek start (k) and goal
(rg) constraint states such that locally-optimal demonstrations £ generated while adhering to the
start and goal constraints ¢sep(21(§)) = ks and Pgep(27(€)) = Ky maximally reduce the remaining
uncertainty over the GP posterior (§|D)(-). Concretely, we formulate our problem as follows:

Problem 2 (Active Constraint Learning (Idealized))
max . Z cov [.67 (‘bsep(fvt(f))) ‘ID] (5a)

Ks Hg 5,)\]@ A‘\k v
e ’ ’ tEtign (§)

s.t. bsep(21(§)) = Ksy  Psep(@T(§)) = Kgy (&, ARy A, v) € KKT(Sp). (5b)
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Above, given a candidate demonstration &, the objective (5a) evaluates the covariance of the GP
posterior (§|D)(-) at the robustly identified tight states {x;(§) : t € tign(§)} of £ Since the
covariance functions of GPs serve as uncertainty measures, (5a) captures the degree to which a
candidate ¢ traverses regions of high constraint uncertainty with respect to the GP posterior (§|D)(+).
Meanwhile, (5b) enforce the start/goal constraints and the local optimality of £ (see Prob. 1).

A constraint learner who attempts to directly solve Prob. 2 faces several challenges. First, the
KKT conditions KKT(Sp) appearing in (5b) depend on knowledge of the unknown constraint g%, (-)
(see (2)), which the constraint learner a priori lacks. Moreover, for each candidate demonstration
&, the tight timesteps tgh: (&) appearing in (5a) can only be computed by solving Prob. 7 as an
inner optimization loop, which renders Prob. 2 computationally intractable. To overcome these
challenges, in Sec. 3, we decompose Prob. 2 into sub-problems that allow the recovery of start/goal
constraint states which are approximately maximally-informative for the constraint learning task.

3. Methods

Below, Sec. 3.1 describes optimization routines for obtaining start/goal constraint states which
induce approximately maximally informative demonstrations, to bypass the challenges of directly
tackling Prob. 2, as identified in Sec. 2.4. The prescribed optimization steps are then synthesized
in Sec. 3.2 into our iterative active constraint learning algorithm (Alg. 1), which repeatedly queries
start and goal states from which the demonstrator is likely to generate state-control trajectories
which maximally reduce the remaining uncertainty over the unknown constraints.

3.1. Optimization Routines for Approximately Solving Prob. 2

Suppose, as in Prob. 2, that we are given a demonstration set Sp and corresponding GP posterior
(g|D)(-) and P GP posterior samples {gy(-)},c[p]- We aim to select suitable start/goal constraint
states for constraint learning from each GP posterior sample g, (-). First, we compute the maximally
informative constraint state ki p, defined as the constraint state which maximizes the covariance
of the GP posterior (§|D)(-) while remaining safe with respect to g, (-) (Prob. 3). We then approxi-
mate Prob. 2 as the problem of searching for start/goal constraint states, using each xmp , and corre-
sponding gradient V §,(kmrp), Which induce tight demonstrations against the unknown constraint
at Kmr,p, and thus provide information about the constraint shape near sy . Concretely, we present
two methods for computing start/goal constraint states, as codified in Probs. 4-5 and Prob. 6 below,
which are tailored respectively to the settings in which the avoid set A := {x € R" : g7, (r) > 0}
(1) is locally-convex near ki p, Or (ii) is not. Since the constraint learner lacks a priori knowledge
of the geometry of A, our GP-ACL approach prescribes the application of both methods to generate
two start/goal constraint state pairs.

Finding Maximally-Informative Constraint States {xm1,},c;p) We begin by computing, for
each GP posterior sample gy, (-), a maximally-informative constraint state s, which maximizes
the covariance of the GP posterior (§|D)(-) while remaining tight with respect to g, (-).

Problem 3 (Computing Maximally-Informative Constraint States {1 }pcr))
KMmip € arg max .  cov[j(x)|D] (6a)
rER"C
st gp(k) =0. (6b)

Below, we present separate schemes for generating start/goal constraint states under the distinct
scenarios in which the avoid set A either is locally convex near s, (Fig. 2a) or is not (Fig. 2b).
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Optimizing Start/Goal Constraint States in a Hyperplane # (7)) Orthogonal to Vg, (~mrp)
We begin by formulating a search method for start/goal constraints that is adapted for the setting in
which the avoid set A is locally-convex near xmr,p, and thus the boundary of A curves away from
kwMr,p in the direction of V§,(kmip) (see Fig. 2a). We aim to induce demonstrations that are taut
against A (and thus reveal information about .A) near ~myp. To this end, we first fix a constraint
state r,(n) that is slightly offset from ki in the direction of Vg, (kmip), with the degree of offset
measured by the step size 7. The purpose of defining a constraint state «,(n) offset from sy, is
to increase the likelihood that the resulting demonstration is tight against the avoid set A at K p,
i.e., the true constraint g%, is active at xmr,p, for a constraint that is locally-convex around rmr,p
(see Fig. 2a). We then search for start/goal constraint states (s p, | , kg,p, 1 ) Outside A but within a
hyperplane H,,(n) which is orthogonal to V§,(kmi ) and passes through ,(n) (see Fig. 2a). As
illustrated in Fig. 2a, the demonstration trajectory generated from (ki |, fgp, 1) is likely to curve
away from kwmy p in the direction of Vg, (kmip), similar to the boundary of A near V §,(xmi ), and
yield a tight point at s, at which the true constraint g%, is active.

Vgp(kmp)

Figure 2: (a) Our method for finding start/goal constraint states that induce tight demonstrations.
Blue dots represent tight points (from demonstrations) used to train the GP constraint representation
(see Sec. 2.2, 2.3, and A.1). To handle locally-convex constraint boundaries, we search along a
hyperplane H(7) orthogonal to the gradient Vg, (xmr,p). (b) To handle locally-concave constraint
boundaries, we search along nyp(FcMLp). (c) Visualization of the locally-convex case in 3D.

Concretely, we first fix a suitably small step size 7, and define:

kp(n) = kmrp + MVap(kmip), Vp € [P, 7
Hp(n) = {/@ e R" : Vgy(kmrp)(k — kp(n)) =0 }, Vp € [P]. 8

To fix a search direction within # () starting from (1), we aim to find a constraint state %,(7) in
H(n) that is of maximum possible distance from £, (7)) while remaining unsafe with respect to the
GP posterior sample §,(-) (Prob. 4). Intuitively, £, () is a constraint state on the boundary of A that
lies on #,(n) which we aim to locate, to obtain a search direction (in the form of x,(n) — &p(1))
along which safe start/goal constraint states can be located.

Problem 4 (Identifying a Search Direction %,(7n) — x,(n) in H(n))

Rp(n) € arg max . [|r5 — rp(n)]2 (9a)
st. ke H(n), Gp(k)>0. (9b)

We then search for start/goal constraint states along the line £(n) := {kp(n)+t(Rp(n) —kp(n)) :
t € R} on H(n) (Prob. 5), which identifies, among all vectorial directions in H(n) starting from
kp(n), the direction along which constraint states remain unsafe over the greatest distance (Fig. 2c).
Since demonstrators aim to minimize path length while ensuring feasibility, start/goal constraint
states on £(n) outside the avoid set .4 are likely to induce demonstrations that are taut against .A.
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Concretely, for each p € [P], we search for start/goal constraint states on £(n) that are as close
to kp(n) as possible while remaining safe. To encode safety, we consider constraint states r that are
(i) strictly safe with respect to g, (-) by a margin § > 0, and (ii) safe with respect to the GP posterior
(g|D)(-) with probability at least 5 > 0, where both § and /3 are algorithm design parameters.
Mathematically, the two safety conditions described above are given by:

k)< -6, o LR > g (10)
where ®(-) is the cumulative distribution function (CDF) of the unit Gaussian distribution. We
formulate Prob. 5 below to compute optimal start and goal constraint states, denoted respectively
by ks p 1 and Ky, |, along the two halves of L£(n) corresponding to the selection of negative or
positive values of the scale parameter 7 , which measures distance from the unsafe constraint state
kp(1n). We choose 72 as our objective in (11a) to compel the start/goal constraint states to be close
to kp(n) while remaining probabilistically safe in the sense of (10), to increase the likelihood of
generating demonstrations that are close to, and tight against, the avoid set A (see Fig. 2a).

Problem 5 (Optimizing Start/Goal Constraint States in 7{(n) Along &, (1) — £,(n))

(Ts,p,Ls Ksp, 1) OR(Tgp 1y Kgp 1)
€ arg min 72 (11a)
TER
KERM™c

s.t. & = kp(n) + 7(Rp(n) — Kkp(n)),  ksatisfies (10), 7<OOR7T>0. (11lb)

Remark 1 While numerically solving Prob. 5, we often encode the constraints (10) as penalties in
the cost (11a) with large weights, to bypass the issue that initializations of k may fail to satisfy (10).

Optimizing Start/Goal Constraint States Along Vj,(rkmr,) If the true constraint set were in
fact not locally convex near Ky p, the boundary of 4 may curve away from rmp, in the direc-
tion of —V g, (ka1 p) (see Fig. 2b). In this case, start/goal constraints located by searching along
+V gp(km1p) from rmi p, which we denote by (k|15 Kg,p,|)» are likely to generate demonstrations
that are tight against .4, since such demonstrations may also exhibit curvature away from ks in
the direction of —V g, (ks ), similar to the boundary of A. An illustration is provided in Fig. 2b,
and the computation of (K, |1, g,p,) is described in detail in Prob. 6. We note that Probs. 3-6
are efficiently solvable via the IPOPT solver (Wichter and Biegler, 2006) in Casadi (Andersson
et al., 2019). Given that A may or may not be locally-convex near rmy,p, searching for start/goal
constraint states in directions both orthogonal and parallel to the gradient Vg, (rmip) (Probs. 4-6)
increases the likelihood of generating demonstrations that are tight against the unknown constraint.
Concretely, Prob. 6 considers a variant of Prob. 5 which searches for start/goal states in the
direction of V§,(kmr,p) from ,(n), rather than along the direction &, (1) — x,(n), with the same
aim of inducing tight demonstrations that are taut against the constraint boundary (see Fig. 2b).

Problem 6 (Optimizing Start/Goal Constraints Along Vg, (xmi,p))

(Tspyll> Fspll) OR (Tgp |15 g p|)

. 2
€ ar min T 12a
& TER,KERC ( )

stk = kp(n) +7Vip(kmip) |, & satisfies (10), 7 < 0ORT > 0. (12b)
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Algorithm 1: Gaussian Process-based Active Constraint Learning (GP-ACL) Algorithm.

Data: Njirs, o, g, 1, initial demonstration set S(l), J5, B

Result S( llers)
: forz-l -+, Niters — 1 do

2 (g ]D(i))( ), {“(Z (‘) : p € [P]} «+ Learn GP posterior and draw GP posterior samples

3: via Probs. 7-8, using the hyperparameters o and n,

4: {ﬁl(\f[)Lp }pe[p) < Compute maximally-informative constraint states via Prob. 3

5. kp(n), H(n) < Compute offset constraint state and hyperplane via (7) and (8)

6: 5,(;)1 = {(/1(2) I ;J) 1) }pep) < Compute start/goal constraint states via Probs. 4-5
(with 4, 5)

7. S ,(;)2 = {( s p T g; ||)}p€[ p) < Compute start/goal constraint states via Prob. 6

8: 1(;) V(K g;, 5;) ( 21U SH)Q, solve Prob. 1 over & € R("+)7 subject to:

o Gun(ro(€)) = i) and eyl (€) = 5L

10: SED gy gl

11: end for

3.2. GP-ACL Algorithm

We present our algorithm for active constraint learning (GP-ACL) in Alg. 1. Concretely, given an
available demonstration dataset Sg) at each iteration ¢ € [Nijers), we solve Prob. 7 to extract tight
points and perform GP learning via Prob. 8 to construct the stochastic GP posterlor (39 |D)(-) as an

estimate of the unknown constraint function g7, (-) (Lines 2-3). From ( )|D)(-), we compute the

posterior mean E[§(*) (-)|D] and randomly draw posterior samples {gp (*)}pe[p)- Next, by solving
Prob. 4-6, we query start and goal constraint states that are likely to compel the demonstrator to
produce constraint-revealing trajectories (Lines 4-7). Finally, after new demonstrations are gener-
ated (see Prob. 1), we insert the newly generated demonstrations and their corresponding robustly
identified constraint state and gradient values (see Sec. 2.3) into Sg)

Sgﬂ), and proceed to the next iteration of our algorithm (Lines 8-10).

to form an updated dataset

4. Experiments

To evaluate our GP-ACL algorithm, we perform constraint learning tasks on simulations using dou-
ble integrator, 4D unicycle, 12D quadcopter, and 7-DOF robot arm dynamics (see (Murray et al.,
1994, Ch. 2-4)), and on hardware platforms using a 7-DOF robot arm. Below, Sec. 4.1 introduces
parameter settings shared across our experiments, while Sec. 4.2 presents a select subset of our
experiment results. For additional experiments and experiment details, see App. B.

4.1. Experiment Setup

Our experiments involve the dynamics, constraints, and costs listed below. Given a state vector ¢,
we use p; € R? and Dzt» Py,t» and p. ¢ € R to respectively denote the overall 3D position vector
and the z-, y-, and z- position coordinates encoded by x.

Dynamics models We infer constraints from demonstrations generated using 2D and 3D double-
integrator, 4D unicycle, 12D quadcopter (Sabatino (2015)), and 7-DOF robot arm (Murray et al.
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(1994)) dynamics. In our experiments, we discretize the above continuous-time dynamics at inter-
vals of At = 1 and set a time horizon of 7' = 30, unless stated otherwise.

Constraints We consider eight unknown nonlinear constraints {g?, ; : ¢ € [8]}, each correspond-
ing to an obstacle set .4; that demonstrations must avoid. We define the constraint space for each A;
to be either the configuration space of the robot arm, or in 2D/3D Cartesian coordinates for all other
dynamics. For the definition of each constraint type, see Appendix B.1. In addition to the nonlinear
constraints mentioned above, each demonstration must satisfy prescribed start/goal constraints.

Costs All demonstrations in the following experiments are generated via the smoothness cost
c(x) = 23:11 lpe+1 — pel|3, which compels each demonstration to minimize the total distance
traversed between the prescribed start/goal constraints while avoiding the prescribed obstacle sets.

Algorithm Implementation When running GP-ACL (Alg. 1), unless otherwise specified, we set
o = 0.3 and use n, = 1000 random Fourier basis functions to train the GP posterior for constraint
representation ((16) and Alg. 1, Lines 2-3), with Njes = 3 and 6 = 0.001. We select 5 = 0.55 to
compute start/goal constraint states (ks |, /<c97p,J_) in Alg. 1, Line 6, and § = 0.3 and 5 = 0.55 to

compute x| and kg, |, respectively, on Line 7.

Metrics for Assessing Constraint Recovery Accuracy To evaluate the constraint recovery accu-
racy of our GP-ACL (resp., a random-sampling baseline) method, we randomly generate ns samples
in the constraint space and report the fraction yours (resp., ysL) of sampled constraint states at which
constraint satisfaction or violation was accurately predicted. For both methods, we also visualize
constraint states corresponding to false positive (FP) and false negative (FN) errors, defined respec-
tively as incidents in which safe constraint states are mistakenly marked as unsafe, and vice versa.

4.2. Experiment Results

Unicycle Simulations We evaluate our GP-ACL method by recovering three nonlinear constraints
91> 9 20 and g% 5 (see App. B.1, Fig. 3) Here, we set a = 0.3 when sampling GP posteriors.
Across ns = 2500 sampled constraint states, our GP-ACL algorithm accurately predicts the safeness
or unsafeness of each sample with accuracy Yours = 0.9996, 1.0, and 0.9956 for the constraints g3 k1>
g%, o and g%, 5, respectively, while the random-sampling baseline yielded accuracies of only yg =
0.97788, 0.9912, and 0.9492, respectively. Although both the baseline and GP-ACL accurately clas-
sified most of the space in each obstacle set, our method incurred markedly lower misclassification
rates near obstacle boundaries, resulting in higher constraint representation quality (Fig. 3).

Quadcopter Simulations Our GP-ACL algorithm also outperforms the baseline method in accu-
rately recovering constraints from demonstrations of length 7" = 20 generated from high-dimensional
quadcopter dynamics and the constraint g%, (Fig. 10). Here, we set o = 0.3 when sampling
GP posteriors. Over ng = 27,000 sampled,constraint states, GP-ACL achieved higher accuracy
(Yours = 0.9919) compared to the random sampling baseline (ygr. = 0.9423). Our experiment
results verify that, compared to random sampling, GP-ACL achieves superior constraint recovery
accuracy when learning from demonstrations generated via high-dimensional nonlinear dynamics.

7-DOF Arm Simulations and Hardware Experiments Across constraint recovery tasks involv-
ing demonstrations of length 7' = 20 generated in simulation (resp., on hardware) using 7-DOF
arm dynamics and the ellipse-shaped constraint gim (resp., using the physical obstacle visualized
in Fig. 1), our GP-AL algorithm likewise achieves higher constraint inference accuracy compared
to the baseline method. (We do not report vyours and gL, here, due to challenges inherent in sampling
from a 7D constraint space.) For 7-DOF robot arm simulations and hardware experiments, we use
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Figure 3: Our GP-ACL algorithm (left half) outperforms the random sampling baseline (right half)
in accurately recovering constraints g%, ; (top), g%, 5 (middle), and g7, 5 (bottom) from unicycle
dynamics demonstrations, with fewer false positive (green) and false negative (red) errors.

0 = 0.1 in our GP-ACL algorithm. Moreover, for hardware experiments, we set & = 0.1 when
sampling GP posteriors. Our experiment results illustrate that, when learning from either simulated
or hardware demonstrations generated using high-dimensional robot arm dynamics, our GP-ACL
algorithm achieves superior constraint recovery accuracy compared to the baseline approach.
Constraint Accuracy of GP-ACL vs. Baseline Fig. 11 plots constraint learning accuracy against
iteration count for our GP-ACL method and the random-sampling baseline, when learning from
demonstrations generated with unicycle, quadcopter, and 3D double integrator dynamics. GP-ACL
consistently outperforms random sampling in per-iterate constraint learning accuracy.

5. Conclusion

This paper presents our Active Constraint Learning (GP-ACL) method for inferring unknown con-
straints through iterative, uncertainty-guided demonstration generation. In simulation and hardware
experiments involving nonlinear, high-dimensional robot dynamics and non-convex constraints,
GP-ACL successfully queries a small number of informative demonstrations to efficiently and ac-
curately recover unknown constraints. In contrast to existing constraint inference techniques which
learn from demonstrations generated without considerations of constraint uncertainty, our ACL
method achieves higher constraint inference accuracy while learning from a substantially smaller,
but more informative, demonstration dataset. Future work will extend GP-ACL to handle demon-
strations generated using unknown or noise-corrupted dynamics Chiu et al. (2026), and to incorpo-
rate maximally informative waypoint states as side information.
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Appendix A. Supplementary Material for Sec. 2

A.1. Extraction of Tight Points and Constraint Gradient Estimates

Our work uses methods first proposed in Sec. IV-A in Chou et al. (2022) to extract tight system
states and compute the associated gradient values. We describe these methods below for complete-
ness.

First, we describe the extraction of tight system states from a given locally-optimal demonstra-
tion ;. Complementary slackness (2c) encodes that if the constraint gy, (¢sep(2¢(£4))) < 0 were
not tight at some time ¢ € [T, the corresponding Lagrange multiplier at that time ¢ € [T'] must be
zero. In that case, we could enforce the stationarity condition at time ¢ € [T'] while setting the un-
known constraint’s Lagrange multiplier Ag 1 equal to 0, i.e., s, ({4, Ag, 0,4) = 0. Conversely,
if g (Psep(wt(€a))) = O, then sz, (€4, gk, 0, v4) # 0 for all possible Ag j, and v satisfying dual
feasibility (2b) and complementary slackness (2c), and thus the following linear program would
yield a strictly positive optimal value (Chou et al. (2022), Corollary 1):

Problem 7 (Tightness Check)

min.  [[$z, (€2, Adk, 0, va) |11 (13a)
S.t. )‘d,k >0, Ad,k ® gk(fd) =0. (13b)

For each d € [D], we collect times ¢t € [T at which Prob. 7 yields a strictly positive opti-
mal value to construct an estimated set of tight timesteps tighi(&4), which is a guaranteed under-
approximation of the true set of tight timesteps {t € [T] : ¢%.(dsep(2(€q))) = 0} for the d-th
demonstration.

Next, for each demonstration d € [D], ateach t € tggn(£4), we describe a method for generating
estimates wg ; for the corresponding gradient of the unknown constraint, i.e., Vg, g% (dsep (¢ (€a)))-
Concretely, following Sec. IV-A in Chou et al. (2022), we first define lggn(£q) € RT to be the
vector whose ¢-th component equals 1 if ¢ € ttight(fd), and 0 otherwise, for each ¢ € [T']. Then, we
fix Ag % = Ligni(&q), and solve for gradient estimates wq; € R!*™ which are compatible with the
KKT conditions (2) via the following linear program:

Problem 8 (Constraint Gradient Estimation)

find.  Agr,va, {way : t € tign(a)} (14a)
st g(B(6a) <0, Agp >0, Ay ©gi(&a) =0, (14b)
V(&) + AL Vi g1(6) + 1{t € tign(&a)} - was + vy Vo, hi(§) = 0, Vi € [T], (140)
Vi e(€) + M Vi 81 (6) + v Vi, (§) = 0, ¥t € [T]. (14d)

Thm. 2 in Chou et al. (2022) provides mild conditions under which {wq: : t € tign(&a)}
recover the true constraint gradients {V,, gi‘k(@ep(mt(fd))) 1t € tign(&q)} up to scale, i.e., for
each t € tigni(&q), there exists some ag¢ > 0 such that V, g%, (¢sep($t (éd))) = QW

A.2. A Primer on Gaussian Processes and Their Training Process

A Gaussian Process GP(m, k) is a (possibly infinite) set of random variables characterized by a
mean function m : R™ — R and a covariance function £ : R™ x R" — R, whose finite sub-
collections are always jointly Gaussian (Rasmussen and Williams (2006)). GPs are often employed

14
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as priors in regression tasks, in which one aims to infer an unknown map g : R® — R from
an input-output dataset D := ({(z;,y;) € R" x Rm})f\fl generated via a noisy output model
yi ~ N(g(z;),0?). In such scenarios, the posterior (§|D)(-) of the function g is characterized by
the following posterior mean and covariance maps:

E[§()|D) = k(- X) (k(X,X) + 0°I) 'Y, (152)

cov[§(-)|D] = k() = k(- X) (k(X,X) + o) "' k(X, ) (15b)

Whereas Chou et al. (2022) only uses the posterior mean for constraint inference, we addition-
ally sample from the posterior (§|D)(+) to facilitate higher constraint learning efficiency. Concretely,
we sample posterior functions {g,(-) : p € [P]} using the Random Fourier Features-based ap-
proach presented in Wilson et al. (2020). Concretely, we sample ny basis functions ¢y : R™ — R,
as described in Wilson et al. (2020), and select a scale coefficient o > 0, which modulates the

level of random deviations between E[g(-)|D] and each posterior function g,(-). We then draw
wp¢ ~ i.i.d. N(0,1), and define, for each p € P:

Gp() = E[GO)ID] + - > wpe(6e() = k(- X) (R(X,X) +0%) '6r(X)), 16)
(=1
to form the desired GP posterior samples.

Appendix B. Supplementary Material for Sec. 4
B.1. Constraint Types

We concretely formulate the constraints g%, ,,- - , g5 - and associated avoid sets Ay, - - , A7 be-
low. We note that Ag is a physical obstacle in a hardware experiment with a 7-DOF robot arm.
Recall that, by definition, A; := {x € R" : ¢% .(x) < 0} for each i € [8]. As formulated in
Sec. 4, given a state x, we refer to the position, z-coordinate position, y-coordinate position, and
z-coordinate position by p, p.., py, and p, respectively.

For gﬁm and A;, we set:

91 (bsep()) = —0.02]1.732p, + py|"* — 0.042|p, — 1.732p, | + 1 17)

For g7, , and A, we set:
Fa(Psep(®)) = —minfp' Qip + ¢ p + i}, (18)

where:

01 = 0.0868 0.0243 ~ [-0.8403
17 10.0243 0.0868]> “ 7~ |-0.7153

0 — 0.0868 0.0243 ~ [0.8403
27 10.0243 0.0868]> 7 |0.7153

] , Ry =1.7534 (19a)
] , Ry = 1.7534. (19b)
For g7, 5 and A3, we set:

4

1 2
3 (sep(w)) = — <p§ +pp— 25> — 50p2 + 687.5 (20)
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For g7, , and A4, we set:

1 1
i np() = —max { Lol ) | 41 e

For g%, - and As, we set:

1 1 216
P (Psep()) := — (93:2 + §y2 + 22 — 6) - 3(362 + y?) + 39.6. (22)
For g% 5 and A, we set:
Fio(@sep(®)) := —min(e —vi) 'Wilw —v)) + R, (23)
where:
(0] [2 0 0]
vy = |0, Wiy=10 2 0|, R=49, 24)
10| 0 0 1]
(5] [1 0 O]
Vo = 0, WQZ 0 4 0 y (25)
5 0 0 4]
[—5 [1 0 O]
vs=101], Ws=1]0 4 o, (26)
-5 0 0 4]
(27)
For g%, ; and A7, we set:
Tr(Ssep(x)) = —2? B2 + 1, (28)

where B := diag{150, 90, 150, 90, 150,90, 150} € R7*7. Here, diag{-} describes a diagonal ma-
trix, with the given entries indicating diagonal values.

B.2. Additional Experiment Results

2D Double Integrator Experiments We evaluate our GP-ACL algorithm on the problem of re-
covering the three nonlinear constraints gi‘m, g:m, g§k73, and g:,a 4» as defined in B.1 and visualized
in Figs. 4, 5, 6, and 7. Here, we set a = 0.3 when sampling GP posteriors for learning g7, 5, and
use the default setting of & = 0.15 while learning g%, ;, g%, 5, 9% 3, and g% 4. All other parameters
are set at the default values provided in Sec. 4.1. Across ng = 2500 sampled constraint states,
our GP-ACL algorithm accurately predicts the safeness or unsafeness of each sample with accuracy
Yours = 0.9952, 0.996, 0.9956, and 0.9762 for the constraints g%, |, g% 5> 9% 3> and g% 4, respec-
tively, while the random sampling-based baseline method yielded accuracies of only ’YBL = 0.99,
0.9868, 0.9652, and 0.9692, respectively.
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Figure 4: Our GP-ACL algorithm (top) outperforms the random sampling baseline (bottom) in
accurately recovering the nonlinear constraint g%, ; from demonstrations generated using 2D double
integrator dynamics, with fewer false positive (green) and fewer false negative (red) errors.

3D Double Integrator Experiments We further evaluate our GP-ACL algorithm by recovering
the complex nonlinear constraint g% g, as defined in B.1 and visualized in Fig. 8, using demon-
strations of length 1" = 20. Across ns = 2500 sampled constraint states, our GP-ACL algorithm
accurately predicts the safeness or unsafeness of each sample with accuracy vyous = 0.9914, while
the random sampling-based baseline method yielded accuracies of only g, = 0.9724.

Unicycle Experiments (Additional) We further evaluate our GP-ACL algorithm by recovering
the constraint g5, ,, as defined in B.1 and visualized in Fig. 9, using demonstrations of length
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Figure 5: Our GP-ACL algorithm (top) outperforms the random sampling baseline (bottom) in
accurately recovering the nonlinear constraint g7, , from demonstrations generated using 2D double
integrator dynamics, with fewer false positive (green) and fewer false negative (red) errors.

T = 30. As shown in Fig. 9, our GP-ACL algorithm predicts the safeness or unsafeness of each
sample more accurately than the baseline method.

7-DOF Arm Hardware Experiments

We apply our GP-ACL algorithm on a physical 7-DOF

Kuka LBR iiwa 7 to learn the “C-shaped” constraint (see Fig. 1), described mathematically as a
planar set Ag C R? within the robot arm’s workspace. Demonstrations are of length 7" = 20, and

are collected via end effector teleoperation.
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Figure 6: Our GP-ACL algorithm (top) outperforms the random sampling baseline (bottom) in

accurately recovering the nonlinear constraint g%, ; from demonstrations generated using 2D double
integrator dynamics, with fewer false positive (green) and fewer false negative (red) errors.
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Figure 7: Our GP-ACL algorithm (top) outperforms the random sampling baseline (bottom) in
accurately recovering the nonlinear constraint gﬁ,ﬁ 4 from demonstrations generated using 2D double
integrator dynamics, with fewer false positive (green) and fewer false negative (red) errors.
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GP Isosurfaces (ACL) Constraint recovery accuracy (ACL)
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GP Isosurfaces (Baseline)

GP Obstacle  GT Obstacle — Trajectories Fp RN

Figure 8: Our GP-ACL algorithm (top) outperforms the random sampling baseline (bottom) in
accurately recovering the nonlinear constraint gﬁk’ﬁ. from demonstrations generated using 3D double
integrator dynamics, with fewer false positive (green) and false negative (red) errors.
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Figure 9: Our GP-ACL algorithm (top) outperforms the random sampling baseline (bottom) in ac-
curately recovering the constraint g%, , from demonstrations generated using 4D unicycle dynamics,
with fewer false positive (green) and false negative (red) errors.
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Figure 10: Our GP-ACL algorithm (left half) outperforms the random sampling baseline (right half)
in accurately recovering constraints 9%,3 (top), 9§k,7 (middle/bottom), from unicycle dynamics (top)
and simulated 7-DOF arm (middle/bottom) demonstrations, with fewer false positive (green) and
false negative (red) errors. Middle and bottom row figures display 3D slices of the 7D constraint

space from our numerical simulations on the 7-DOF arm.
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Figure 11: Constraint recovery accuracy of (a) our GP-ACL algorithm and (b) the random-sampling
baseline approach. Across the following constraint learning tasks, our GP-ACL method consistently
recovered the a priori unknown constraints more accurately compared to the random-sampling base-
line method: Learning the constraints gﬁm, gﬁka, and gﬁk:, from demonstrations generated using
unicycle dynamics (blue, red, and yellow, respectively); learning the constraint g% k5 from quad-
copter dynamics (purple); and learning the constraint gﬁkﬁ from double integrator dynamics (green).
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