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Abstract
Vector quantization techniques have been extensively explored as interpretable, data-driven ap-
proaches within machine learning, demonstrating significant utility in hybrid system identification.
In this study, we establish convergence guarantees for a general framework of quantization-based
classifiers, encompassing histogram-based methods, variants of the generalized Lloyd’s algorithm,
learning vector quantization, and online deterministic annealing techniques. Utilizing principles
from histogram estimation, we analyze the conditions under which these algorithms converge to
the Bayes optimal error. These findings provide a rigorous theoretical foundation for the appli-
cation of quantization-based algorithms in machine learning tasks associated with cyber-physical
systems. An illustrative application in hybrid system identification is also presented.
Keywords: Statistical learning for dynamical and control systems, Optimization for machine learn-
ing, System identification.

1. Introduction

Vector Quantization (VQ) methods, initially introduced over three decades ago for data compres-
sion (Gersho and Gray, 2012; Gray, 1990), have since been extensively studied and employed as
both supervised and unsupervised learning algorithms, as they offer explainability, robustness, and
topology-preserving properties (Uriarte and Martı́n, 2005). Owing to their well-developed mathe-
matical foundations, VQ methods often serve as compelling alternatives to state-of-the-art neural
network architectures. Consequently, they continue to be studied alongside modern neural network
models (Saralajew et al., 2018; Villmann et al., 2017a) and applied to a variety of applications in-
cluding classification (Villmann et al., 2017b), clustering (Shah and Koltun, 2018), and time series
and speech analysis (Melchert et al., 2016; Wang et al., 2019).

In particular, the role of VQ methods in hybrid system identification has been well demonstrated and
continues to be studied (Mavridis and Johansson, 2025; Mavridis et al., 2024; Mavridis and Baras,
2023b; Wang et al., 2020; Ferrari-Trecate et al., 2003; Gegundez et al., 2008; Bianchi et al., 2020;
Yu et al., 2023). Moreover, recent research has demonstrated that VQ methods exhibit remarkable
robustness against adversarial attacks, indicating a potential advantage over neural network archi-
tectures in security-critical applications (Saralajew et al., 2019).

VQ methods can take many different forms, from standard histogram approaches, to more advanced
methods, including Expectation-Maximization (EM) (Banerjee et al., 2005; Devroye et al., 2013),
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stochastic approximation (Mavridis and Baras, 2020; Bottou, 1998; Baras and LaVigna, 1991), and
annealing optimization methods (Rose, 1998; Mavridis and Baras, 2023c,a). In this work, we pro-
vide convergence guarantees for a general framework of VQ-based classification methods, com-
monly found in hybrid system identification applications.

We consider the binary classification problem. Every point in a given domain is classified either
as 0 or 1. The joint distribution between samples from the domain and their corresponding label
is unknown. The true classifier is also unknown. Given two independent sequences of data, one
labeled and another unlabeled, the following algorithm is considered. Using the unlabeled data, VQ
based partitions of the domain is obtained. Using the labeled data, the classifier for each partition,
and thus for the entire domain, is obtained using a “majority” vote. The objective is to prove that
under certain sufficient conditions, the sequence of classifiers obtained through the partitioning
converges to the Bayes classifier, available only if the true joint distribution was known.

Under the assumptions that the true conditional densities are continuous, the VQ generated parti-
tions are “well behaved”, i.e., the size of the partitions converges to zero, and at every iteration
each partition is rich enough with data points which carry both labels, we prove that the sequence
of classifiers converges to the true Bayesian classifier. The progression of the proof follows similar
principles as in Raghavan and Baras (2021) and is achieved in three steps: proving the convergence
of the distribution estimators to the true conditional distributions, providing a measure-theoretic
definition of the Bayes classifier, and showing the convergence of empirical classifiers and loss to
the Bayes classifier and loss. These findings provide a rigorous theoretical foundation for the ap-
plication of quantization-based algorithms in machine learning tasks associated with cyber-physical
systems. An illustrative application in hybrid system identification is also presented.

The outline of the paper is as follows: In Section 2, we formally define the problem to be solved in
this paper. In Section 3, we present the solution to the problem in three steps as described previously.
In Section 4, we present examples demonstrating the result for a general classification problem and
in the context of hybrid system identification. We conclude with future directions in Section 5.

2. Problem Formulation

We begin this section with the measure theoretic definition of conditional density which is essential
for the rest of the paper. The optimization problem to be solved for obtaining VQ based partitions
is then defined. For every iteration n, given the partitions and the labeled data, the empirical joint
distribution is defined which is then utilized in defining the empirical classifier. The sufficient
conditions for the convergence and the problem to be solved is stated in Problem 1.

Definition 1 Let (X, c) be random variables on the abstract probability space (Ω,F,P) such that
X ∈ S ⊆ RdX , S compact, and c ∈ {0, 1}. The canonical probability space for this pair of random
variables is

(
RdX × {0, 1}, σ

(
B(RdX ) × {∅, {0}, {1}, {0, 1}}

)
,P
)

. The conditional measure

P i(·) is defined on the σ-algebra B(RdX ) as

P i(E) =
P(X ∈ E ∩ c = i)

P(c = i)

Let λ denote the Lebesgue measure on RdX . Suppose P i is absolutely continuous with respect to
λ, P i ≪ λ, i.e., λ(E) = 0 =⇒ P i(E) = 0. By the Radon-Nikodym theorem, there exists a
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measurable function f i : RdX → [0,∞) such that

P i(E) =

∫
E
f i(x) dλ(x), ∀E ∈ B(RdX ).

The function f i is the density of P i (or the Radon-Nikodym derivative) with respect to the Lebesgue
measure, is denoted by f i = dPi

dλ , and is referred to as conditional density. The measure P i is the
distribution associated with the density f i.

For n ≥ 1, we are given two sets of samples:

D1
n = {Xj}nj=1 (unlabeled sample), D2

n = {(Xj , cj)}nj=1 (labeled sample),

where each Xj ∈ S ⊆ RdX and cj ∈ {0, 1}. Within each set, the samples are assumed i.i.d. The
two sets, D1

n and D2
n, are assumed to be independent. The joint distribution of (X, c), P , defined

on the the product σ-algebra is unknown. P is the true distribution from which D1
n and D2

n are
sampled. Using the data set, D1

n, the set S is partitioned as follows. Let d : S × ri(S) → [0,∞)
be a divergence measure, where ri(S) represents the relative interior of S. Let Vn := {Sh}Kn

h=1

be a partition of S with respect to d and Mn := {µh}Kn
h=1 a set of codevectors, such that µh ∈

ri(Sh), for all h = 1, . . . ,Kn. A quantizer, Qn : S → Mn, is defined as the mapping Q(X) =∑K
h=1 µh1{X∈Sh}. The vector quantization problem at iteration n is formulated as an empirical loss

minimization problem:

min
Mn,Vn

L(Qn) :=
1

n

n∑
j=1

d(Xj , Qn(Xj)),

Since vector quantization is a hard-clustering algorithm, the problem is equivalent to:

min
{µh}Kn

h=1

1

n

n∑
j=1

Kn∑
h=1

d(X,µh)1{X∈Sh}

where Sh is defined as

Sn,h = {x ∈ S : h = argmin
k=1,...,Kn

d(x, µk)}, h = 1, . . . ,Kn.

The above problem is solved using the Lloyd’s algorithm which is the k-means algorithm invoked
in the context of vector quantization. Given (Mn, Vn), we define empirical class-conditional cell
frequencies using D2

n as follows. For each cell Sn,h let,

Nn,h :=

n∑
j=1

1{Xj∈Sn,h}, N
(i)
n,h :=

n∑
j=1

1{Xj∈Sn,h, cj=i}, i = 0, 1, {Xj , cj} ∈ D2
n.

The empirical distributions are defined as follows:

Pn(X ∈ Sn,h, c = 1) =
N1

n,h

n
,Pn(X ∈ Sn,h, c = 0) =

Nn,h −N1
n,h

n
, h = 1, . . . ,Kn.

Pn(c = 1|X ∈ Sn,h) = η̂n,h := N1
n,h/Nn,h, if Nn,h > 0, 0, otherwise.
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and the empirical class-priors are

Pn(c = i) =
1

n

n∑
j=1

1{cj=i}, i ∈ {0, 1}, {Xj , cj} ∈ D2
n.

Let C = {C : S → {0, 1}, C measurable} be the set of all classifiers. The loss function, l :
S × {0, 1} × {0, 1}, for the classification problem is defined as:

l(X, c, C(X)) =


l̂10, if c = 1, C(X) = 0

l̂01, if c = 0, C(X) = 1

0, otherwise

The classification problem with respect to the empirical distribution, Pn, is

l⋆n(Cn) = min
Cn∈C

EPn

[
l(X, c, Cn(X))

]
.

The above problem is equivalent to:

min
Cn∈C

EPn

[
EPn

[
l(X, c, Cn)

∣∣∣{X ∈ Sn,h}
]]
.

By monotonicity of expectation, it suffices to solve the following problem for each cell Sn,h,

c∗n,h = arg min
b∈{0,1}

{
l̂10 Pn(c = 1|X ∈ Sn,h)1{b=0} + l̂01 Pn(c = 0|X ∈ Sn,h)1{b=1}

}
,

From the above it follows that,

c⋆n,h = 1{η̂n,h≥τ}, with τ :=
l̂10

l̂10 + l̂01
.

or for 0–1 loss simply c∗n,h = 1{η̂n,h≥1/2}. Define the classifier C⋆
n : S → {0, 1} by

C⋆
n(x) := C

c⋆n,h

Mn,Vn
(x) =

Kn∑
h=1

c∗n,h 1{x∈Sn,h}.

Thus the procedure yields a sequence of classifiers {C⋆
n}n≥1. Let l(C) denote the true misclassifi-

cation (Bayes) loss, l⋆ the optimal loss, and C⋆ the optimal classifier, i.e.,

l(C) = EP

[
l(X, c, C(X))

]
, l⋆ = min

C∈C
l(C), C⋆ = argmin

C∈C
l(C),

Problem 1 Under the following regularity conditions:

A1. The conditional densities f0, f1 are continuous or satisfy Lebesgue-differentiation condition.

A2. The partition sequence (Vn) satisfies max
h

diam(Sn,h) → 0 and minh(n |Sn,h|) → ∞ (cells

shrink and receive enough labeled points).

A3. The codevector design via D1
n yields “regular” partitions (no pathological cell shapes, vol-

umes comparable to 1/κn), and κn → ∞ such that κn = o(n/ log n).

Prove that,
C⋆
n → C⋆ a.e on S and l⋆n(C

⋆
n) → l⋆,

that is, the proposed sequence of classifiers converges to the Bayes decision surface C⋆.
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3. Theoretical Results

The proof of the desired result is obtained in three steps. In Lemma 2, the convergence of the
empirical distributions to the true distribution is proven using all the three conditions mentioned
in Problem 1. In Lemma 3, the measure theoretic derivation of the Bayes classifier is obtained.
Invoking Lemmas 2 and 3, in Theorem 4, we solve Problem 1.

Lemma 2 Let n̂i =
∑n

j=1 1{cj=i}. For any x ∈ S, let Sn,x denote the Voronoi cell containing x

and N i
n,x :=

∑n
j=1 1{Xj∈Sn,x, cj=i}. Define the estimator of f i(·) as:

f̂ i
n(x) =

N i
n,x

n̂iλ(Sn,x)

Under regularity conditions A1, A2, A3, f̂ i
n → f i, a.s.

Proof From Definition 1, P i(Sn,x) =
∫
Sn,x

f i(x) dλ(x) and its Lebesgue measure is λ(Sn,x).
From the Strong law of large numbers, lim

n→∞
Pn(c = i) = P(c = i) . Thus n̂i → ∞ when n → ∞

except for the pathological case when P(c = i) = 0. Utilizing the same,

f̂ i
n(x) =

N i
n,x

n̂i λ(Sn,x)
=

P i(Sn,x)

λ(Sn,x)
+

N i
n,x

n̂i
− P i(Sn,x)

λ(Sn,x)
. (1)

We show that the terms on the right-hand side converge a.s. to f i(x) and 0 respectively. From
condition A1, f i is continuous at x. For every ε > 0 there exists δ > 0 such that

∥y − x∥ < δ ⇒ |f(y)− f(x)| < ε.

From A2, since max
h

diam(Sn,h) → 0, for sufficiently large n we have diam(Sn,x) < δ, and hence∣∣∣∣∣ 1

λ(Sn,x)

∫
Sn,x

f i(y) dλ(y)− f i(x)
1

λ(Sn,x)

∫
Sn,x

dλ(y)

∣∣∣∣∣ ≤ 1

λ(Sn,x)

∫
Sn,x

|f(y)− f(x)| dλ(y) < ε.

Thus,
P i(Sn,x)

λ(Sn,x)
→ f i(x) as n → ∞. When f i satisfies Lebesgue-differentiation condition the

above argument continues to hold. Conditional on D1
n, the test sample is i.i.d. and independent of

the partition. Therefore
N i

n,x | D1
n ∼ Bin(n̂i,P i(Sn,x)).

By Bernstein’s inequality, for all ϵ > 0,

P
(
|N i

n,x − n̂iP i(Sn,x)| ≥ ϵ
∣∣D1

n

)
≤ 2 exp

(
− ϵ2/2

n̂iP i(Sn,x)(1− P i(Sn,x)) + ϵ/3

)
.

Setting ϵ = n̂iλ(Sn,x)ε yields

P

(∣∣∣∣∣N i
n,x

n̂i
− P i(Sn,x)

∣∣∣∣∣ ≥ λ(Sn,x)ε

∣∣∣∣∣D1
n

)
≤ 2 exp

(
−αn̂iλ(Sn,x)ε

2
)
,
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for some constant α > 0 independent of D1
n and n (since P i(Sn,x) ≤ 1). Taking expectations

removes the conditioning:

P

(∣∣∣∣∣N i
n,x

n̂i
− P i(Sn,x)

∣∣∣∣∣ ≥ λ(Sn,x)ε

)
≤ 2 exp

(
−αn̂iλ(Sn,x)ε

2
)
.

By assumption A3,
n̂iλ(Sn,x)

log n
→ ∞; hence

∞∑
n=1

P

(∣∣∣∣∣N i
n,x

n̂i
− P i(Sn,x)

∣∣∣∣∣ ≥ λ(Sn,x)ε

)
< ∞.

By the Borel-Cantelli lemma, with probability one there exists N(ω) < ∞ such that, for all n ≥
N(ω) the inequality below holds. Dividing by λ(Sn,x) and since ε > 0 is arbitrary, it follows that,

∣∣∣∣∣N i
n,x

n̂i
− P i(Sn,x)

∣∣∣∣∣ < λ(Sn,x)ε =⇒

∣∣∣∣∣
N i

n,x

n̂i
− P i(Sn,x)

λ(Sn,x)

∣∣∣∣∣ a.s.−−→ 0.

From (1),

∣∣∣f̂ i
n(x)− f i(x)

∣∣∣ ≤ ∣∣∣∣P i(Sn,x)

λ(Sn,x)
− f i(x)

∣∣∣∣+
∣∣∣∣∣∣∣∣
N i

n,x

n̂i
− P i(Sn,x)

λ(Sn,x)

∣∣∣∣∣∣∣∣ .
Given any ϵ > 0, pick ε = ϵ/2 and use the almost-sure bounds from to find N1, N2(ω) such that
for all n ≥ max{N1, N2(ω)}, ∣∣∣f̂ i

n(x)− f i(x)
∣∣∣ ≤ ϵ.

Hence f̂ i
n(x) → f i(x) almost surely as n → ∞.

Lemma 3 Let λ×µ denote the product of the Lebesgue measure on B(RdX ) and counting measure
on 2{0,1}. Then,

fX,c(x, i) :=
dP

d(λ× µ)
(x, i) = f1(x)P(c = 1)1i=1 + f0(x)P(c = 0)1i=0.

fX(x) = f1(x)P(c = 1) + f0(x)P(c = 0). PX(E) := P(X ∈ E) =

∫
E
fX(x)dλ(x).

νĒ(E) := P (X ∈ E, c ∈ Ē). P(c = i | X = x) :=
dνĒ
dPX

=
fX,c(x, i)

fX(x)
for fX(x) > 0.

Proof For any E ∈ B(RdX ), from Bayes rule it follows that,

P(c = i|X ∈ E) =
P(X ∈ E ∩ c = i)

P(X ∈ E)
=

∫
E f i(x) dλ(x)P(c = i)∑

i=0,1

∫
E f i(x) dλ(x)P(c = i)
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However, the above does not lead to the conditional probability of the class being i given X = x.
From Definition 1, it follows that the joint law of (X, c) is absolutely continuous with respect to the
product of Lebesgue and counting measure and admits athe density fX,c(x, i). For any Ē ⊂ {0, 1}
and any Borel set E ⊂ B(RdX ),

νĒ(E) = P(X ∈ E, c ∈ Ē) =
∑
i∈Ē

∫
E
fX,c(x, i) dλ(x).

Let the measure νĒ(·) be defined on B(RdX ) as above. If PX(E) = 0, then
∫
E fX(x)dλ(x) = 0,

hence fX,c(x, c) = 0 a.e. on E for each c, and thus νĒ(E) = 0. Hence νĒ ≪ PX and by the
Radon-Nikodym theorem there exists a PX -a.e. unique measurable function gĒ(x) such that

νĒ(E) =

∫
E
gĒ(x)dPX(x) =

∫
E
gĒ(x)fX(x) dλ(x).

Comparing with the explicit formula for νĒ(E) we obtain for Lebesgue-a.e. x

gĒ(x)fX(x) =
∑
i∈Ē

fX,c(x, i).

Thus, whenever fX(x) > 0,

gĒ(x) =

∑
x∈Ē fX,c(x, i)

fX(x)
.

For singletons Ē = {i} this yields

P(c = i | X = x) =
fX,c(x, i)

fX(x)
, for fX(x) > 0,

which defines a regular conditional probability kernel. Uniqueness holds PX -almost everywhere.

Theorem 4 Let η̂n(x) =
N1

n,x

N1
n,x +N0

n,x

, where N1
n,x is defined in Lemma 2. Under conditions A1,

A2, and A3,

η̂n(x) → P(c = 1 | X = x) a.e on S, C⋆
n → C⋆ a.e on S, and l⋆n(C

⋆
n) → l⋆.

Proof We express η̂n(x) as below:

η̂n(x) =
N1

n,x

N1
n,x +N0

n,x

=

N1
n,x

n̂1λ(Sn,x)︸ ︷︷ ︸
(1)

n̂1

n︸︷︷︸
(2)

N1
n,x

n̂1λ(Sn,x)
n̂1

n +
N0

n,x

n̂0λ(Sn,x)︸ ︷︷ ︸
(3)

n̂0

n︸︷︷︸
(4)
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From Lemma 2 and strong law of large numbers, it follows that (1) converges to f1, (2) converges
to P(c = 1), (3) converges to f0, and (4) converges to P(c = 0). From Lemma 3, it follows that
η̂n(x) → P(c = 1 | X = x) a.e on S. The loss for the classification problem with respect to the
true distribution can be expressed as,∫

S×{0,1}
l(x, i, C(x))dP(x, i) =

∫
S×{0,1}

l(x, i, C(x))fX,c(x, i)d(λ× µ)

=

∫
S

[
l̂101c=1,C(x)=0P(c = 1 | X = x) + l̂011c=0,C(x)=1P(c = 0 | X = x)

]
fX(x)dλ(x)

Thus, C(x) = 1 if

l̂10P(c = 1 | X = x) ≥ l̂01(1− P(c = 1 | X = x)), i.e. C⋆(x) = 1P(c=1|X=x)≥τ .

Since η̂n(x) → P(c = 1 | X = x) a.e on S, and C⋆
n(x) =

∑Kn
h=1 c

∗
n,h 1{x∈Sn,h} = 1η̂n(x)≥τ , it

follows that C⋆
n → C⋆ a.e on S. The minimal cost at every n can be expressed as,

l⋆n(Cn) =

Kn∑
h=1

min(l̂10Pn(c = 1|X ∈ Sn,h), l̂01Pn(c = 1|X ∈ Sn,h))Pn(X ∈ Sn,h)

=

∫
S
min(l̂10η̂n(x), l̂01(1− η̂n(x))

∑
i=0,1

f̂ i
n(x)Pn(c = i)dλ(x).

From condition A1 and compactness of S, it follows that f1 and f0 are uniformly bounded. From
Lemma 2, it follows that histogram estimators, f̂ i

n(·), are uniformly bounded. By the bounded
convergence theorem it follows that,

lim
n→∞

l⋆n(Cn) =

∫
S

lim
n→∞

min(l̂10η̂n(x), l̂01(1− η̂n(x))
∑
i=0,1

f̂ i
n(x)Pn(c = i)dλ(x)

=

∫
S
min(l̂10P(c = 1 | X = x), l̂01P(c = 0 | X = x))fX(x)dλ(x) = l⋆,

thus solving problem 1.

4. Simulation Examples

We demonstrate the convergence of empirical estimators to the Bayes optimal classifier using three
different VQ-based partitioning algorithms: histogram approximation, Lloyd’s (k-means) algo-
rithm, and the Online Deterministic Annealing (ODA) method Mavridis and Baras (2023c,a). A
hybrid system identification application is also illustrated, highlighting the relevance of these re-
sults in inference and control applications.

4.1. Binary Classification

We consider a binary classification problem in S = [0, 1]× [0, 1] ⊂ R2 with Gaussian distributions
specified by the mean vectors (µ1, µ2) = ([0.25, 0.25]T, [0.75, 0.75]T), the covariance matrices

8
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(Σ1,Σ2) = (0.04 · I2, 0.06 · I2), and prior probabilities (p1, p2) = (0.4, 0.6). The closed form
expression for the Bayes decision surface can be derived by the condition:

p1N (x;µ1,Σ1) = p2N (x;µ2,Σ2),

which yields a quadratic Bayes decision boundary of the form:

(x− µ2)
⊤Σ−1

2 (x− µ2)− (x− µ1)
⊤Σ−1

1 (x− µ1) + log |Σ2| − log |Σ1|+ 2 log
p1
p2

= 0.

Substituting the parameters, the boundary equation becomes:

8(x21 + x22) + 12(x1 + x2)− 15 = 0.

Simulations were performed with N = 105 samples. Figures 1, 2 and 3 depict the progression of
the approximation of the Bayes decision surface as the number of codevectors increases and the
volume of the cells decreases. It is observed that the empirical cost converges to the Bayesian cost.
However, although the empirical classification boundary is shown to converge to the true quadratic
surface, this is not observed in practice. This confirms our intuition that assumptions A2 and A3
of Problem 1 can rarely be met in practice, since they require infinite number of samples even in
regions with near-zero measure. In that case, the classifiers converge to the Bayes error without
perfectly reconstructing the quadratic decision surface.

(a) k = 36 (b) k = 121 (c) k = 225 (d) k = 400

Figure 1: Approximation of the Bayes decision surface (red) using histogram approximation.

(a) k = 20 (b) k = 50 (c) k = 200 (d) k = 500

Figure 2: Approximation of the Bayes decision surface (red) using Lloyd’s algorithm (k-means).

4.2. Hybrid System Identification

A benchmark PWARX system, adopted from (Mavridis and Johansson, 2025) is given by:

yt =

{
θT2 ϕt + et, if ϕt ∈ S2

θT1 ϕt + et, otherwise
, (2)

where yt ∈ R1, rt ∈ P = [−4, 4], ϕt = [rt 1]
T, S2 = {ϕ = [r 1]T : r ∈ (−1, 2)}, and

(θ1, θ2) = ([1, 2]T, [−1, 0]T). The simplicity of this example allows for the graphical depiction of

9



RAGHAVAN MAVRIDIS JOHANSSON BARAS

(a) k = 51 (b) k = 110 (c) k = 165 (d) k = 302

Figure 3: Approximation of the Bayes decision surface (red) using Online Deterministic Annealing.

both the mode-switching partition and the convergence of the model parameters. At the same time,
it presents the same dynamics for non-convex regions of the input space. A total of N = 1500 obser-
vations under Gaussian noise (et ∼ N (0, 0.2)) are accessible. Following Corollary 4.1 in (Mavridis
and Johansson, 2025), the modes of system (2) can be identified by a stochastic approximation
VQ-based classification algorithm, while another stochastic approximation algorithm, running at a
higher timescale, reconstructs the mode dynamics. Therefore, convergence of the mode switching
classifier to the Bayes classifier is critical for the stable reconstruction of the hybrid system.

The progression of the mode classification and identification of system (2) are shown in Figure 4. In
this case, the classification problem in isolation is one-dimensional and the Bayes decision boundary
is the points r = −1 and r = 2, separating the region S2 from the rest of the domain. Because of
the simplicity of the boundary, the Bayes error is achieved with k ≥ 9 codevectors. In a noise-free
system the Bayes error is zero and is achieved with k ≥ 3 codevectors.

(a) k = 2 (b) k = 3 (c) k = 5 (d) k = 9

Figure 4: Progression of hybrid system identification using Online Deterministic Annealing.

5. Conclusion and Future Work

In this work we established convergence guarantees for a broad class of quantization-based classi-
fiers, including histogram methods, variants of the generalized Lloyd’s algorithm, and online deter-
ministic annealing methods. An illustrative application in hybrid system identification underscores
the practical relevance and adaptability of these methods.

Simulation results confirm that conditions A2 and A3 of Problem 1 are computationally expensive
in practice. Future directions include finding probabilistic bounds of the form P(|C⋆

n − C⋆| > ϵ) <
δ, under weaker assumptions leading to computational tractability. Simultaneous partitioning and
empirical classification will also be investigated leading to construction of partitions concentrated
around the true Bayes decision surface.

10



CONVERGENCE OF QUANTIZATION-BASED CLASSIFIERS

Acknowledgments

This work was supported in part by Swedish Research Council Distinguished Professor Grant 2017-
01078, Knut and Alice Wallenberg Foundation Wallenberg Scholar Grant, the Swedish Strategic
Research Foundation FUSS SUCCESS Grant, and the Swedish Foundation for Strategic Research
(SSF) grant IPD23-0019.

References

Arindam Banerjee, Srujana Merugu, Inderjit S Dhillon, and Joydeep Ghosh. Clustering with breg-
man divergences. Journal of machine learning research, 6(Oct):1705–1749, 2005.

John S Baras and Anthony LaVigna. Convergence of a neural network classifier. In Advances in
Neural Information Processing Systems, pages 839–845, 1991.

Federico Bianchi, Alessandro Falsone, Luigi Piroddi, and Maria Prandini. An alternating optimiza-
tion method for switched linear systems identification. IFAC-PapersOnLine, 53(2):1071–1076,
2020.
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