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Abstract

The analysis of global dynamics, particularly the identification and characterization of attractors
and their regions of attraction, is essential for complex nonlinear and hybrid systems. Combinato-
rial methods based on Conley’s index theory have provided a rigorous framework for this analysis.
However, the computation relies on rigorous outer approximations of the dynamics over a dis-
cretized state space, which is challenging to obtain from scattered trajectory data. We propose
a methodology that integrates recent advances in switching system identification via convex op-
timization to bridge this gap between data and topological analysis. We leverage the identified
switching system to construct combinatorial outer approximations. This paper outlines the integra-
tion of these methods and evaluates the efficacy of computing Morse graphs versus data-driven and
statistical approaches.

Keywords: Conley Index Theory, Morse Graph, Switching Systems, System Identification, Con-
vex Optimization

1. Introduction

Topological dynamics provides a topological characterization of attractors of a dynamical system.
For a system of ordinary differential equations, & = f(z), this involves identifying invariant sets,
their stability, and the connectivity between them. Computational topological methods have suc-
cessfully provided tools to rigorously identify and characterize even chaotic dynamics (Mischaikow
and Mrozek, 1995; Kaczynski et al., 2004). Recently, these tools have been applied towards con-
troller design and safety evaluation in robotics due to their superior ability in characterizing regions
of attraction (RoAs) against Lyapunov-based methods (Vieira et al., 2022, 2023, 2024).

Fundamentally, the method consists of the computation of a Morse graph, whose existence is
rooted in Conley index theory. The computation relies on a combinatorial representation of the
dynamics over a discretization of the state space X. The main bottleneck is the construction of
a multivalued map F: X=X that serves as an outer approximation of the underlying continuous
flow.

The primary limitation in applying these topological methods to data-driven scenarios is the dif-
ficulty of guaranteeing the outer approximation property from trajectory data. Batko et al. (2020);
Yim and Nanda (2025) have attempted to address the issue with respect to Conley index theory,
nonetheless, errors in this approximation can lead to spurious topological features or missed dy-
namics. Batko et al. (2024) and Vieira et al. (2023) have employed a probabilistic characterization
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of the dynamics, constructing outer approximations with confidence levels rather than deterministic
guarantees that allows the reconstruction of topological invariants.

We propose to address this limitation by utilizing identified dynamical models obtained via the
convex optimization framework for switching system identification as in Iwasaki et al. (2025). This
framework identifies Switching Linear Systems (SLSs) and Switching Polynomial Systems (SPSs)
from data, yielding a piecewise-smooth vector field f . The analytical structure of the identified
model enables the construction of outer approximations F, therefore enabling the combinatorial
representation of the dynamics. If the learned system f approximates the true dynamics f with suf-
ficiently small error, the topological information computed for f is equivalent to that of f (Dowling
et al., 2023).

This paper outlines the integration of convex optimization-based system identification and com-
binatorial dynamics. We detail how the output of switching system identification enables the com-
putation of Morse graphs and compare the resulting regions of attraction against alternative state-
of-the-art, data-driven and statistical methods.

2. Topological Dynamics

We consider a dynamical system ¢ : Rx X — X onacompactregion X C R" defined by solutions
of £ = f(x) where f : X — R™. An attractor is an invariant set A for which there exists an open
neighborhood U such that A = w(U) C U, where w is the omega-limit. The region of attraction
(RoA) of an attractor A is the set of all initial conditions whose forward trajectories converge to A.

Conley index theory offers an algebraic topological framework that rigorously characterizes
such attractors as special cases of isolated invariant sets. A compact set S C X is invariant if
o(t,S) = Sforallt € R. A compactset N is an attracting block if p(t, N) C int(NV) forall ¢ > 0.
Given nested attracting blocks Ng C N1 C X, we may study the corresponding Morse set, defined
as the maximal invariant set contained in the interior of their set difference: S := Inv(cl(N7 \ Np)).

The (homological) Conley index of S is the relative homology of the pair (N7, Np), namely
CH,(S) = H.(Ny, Ny). This algebraic topological invariant is independent of the choice of at-
tracting blocks and depends only on the isolated invariant set S (Mischaikow and Mrozek, 2002).
The Conley index C'H,(S) provides information about the dynamical behavior within S. For in-
stance, if CHy(S) = Z for some k > 0 and CH,,(S) = 0 for n # k, then S contains at least one
fixed point (McCord, 1988). Similar results allow identification of periodic orbits (McCord et al.,
1995) or chaotic behavior (Mischaikow and Mrozek, 1995). Furthermore, the theory prescribes the
existence of a Morse decomposition that decomposes the space into finitely many Morse sets that
are partially ordered by the flow and contain all the (chain-)recurrent behavior, so that the system is
gradient-like outside of the Morse sets.

A key property of topological dynamics is robustness with respect to perturbations: attract-
ing blocks, Morse decompositions, and associated topological invariants are preserved under suf-
ficiently small perturbations of the flow (Conley and Easton, 1971; Dowling et al., 2023). This
robustness justifies the use of an identified approximation f ~ f for topological analysis, provided
the approximation error is sufficiently small.



TOPOLOGICAL DYNAMICS VIA LEARNED HYBRID SYSTEMS

3. Switching System Identification

Switching systems constitute a class of hybrid dynamical systems that evolve according to one of
several constituent vector fields, with a discrete mode selecting which dynamics are active at a given
state. Formally, a switching system has the form

T = fo)(®), o:X—={1,...,K},

where each mode ¢ € {1,..., K} is associated with a continuous vector field f; : X — R™.
Although the overall system may exhibit discontinuities at the mode boundaries, the dynamics are
continuous within each mode. This can be expressed compactly using binary indicator variables as
flz) = Z]K:1 Aj(x) fj(x) where Aj(z) € {0,1} and Z]K:l Aj(z) =1

Recent work by Iwasaki et al. (2025) has developed a convex optimization framework for identi-
fying switching systems from trajectory data. Given measurements {(z?, #%)}Y ,, the identification
problem is formulated as minimizing the discrepancy

N K
)1\1?161} Z it — Z )\;C’j@(mi)
=1 j=1
p
where A} = X;(2") are subject to mode constraints A} € {0,1} and >-; X = 1 while ®(x) is
a feature map (e.g., ®(x) = x for SLS or ®(z) = ¢4(z), some polynomial basis up to degree-
d polynomial for SPS) and C; are coefficients matrices (e.g., C; = A; for SLS or a matrix of
polynomial coefficients for SPS).

The above mixed-integer formulation struggles with certifiability due to the inherent nonlin-
earity arising from the cross terms between decision variables )\3 and C;, and the computational
cost due to the mixed-integer constraints. We handle both challenges using bilevel convex opti-
mization that alternates between mode assignment via semidefinite programming (SDP) using the
moment relaxation, and dynamics estimation via linear programming (LP). The key is to realize the
mixed-integer constraints on /\3- as polynomial constraints

NN —1)=0, 17X =1,
so that we can relax them to the order-r moment relaxation
M, (y) = 0, MT—l(A§‘<A§' —1)y) =0, Mr—l((lT)‘i —1)y) =0,

where y = (Ya)|a|<2r 18 @ truncated moment sequence indexed by monomials in A, M, (y) is the
moment matrix, and M,._4(gy) is the localizing matrix associated with constraint polynomial g with
d = [degg/2]|. More details of the moment relaxation in polynomial optimization can be found
in Lasserre (2015). We choose the /1-norm objective and solve the bilevel convex optimizations
to identify )\é and C;. More specifically, switching system identification using order-1 moment

relaxation can be formulated as follows. By using slack variables 5,‘; >0fork =1,...,n, and
denoting ¢} (C,\) = [¢' — Z]Ail )\éC’j@(zi)}k, we solve the following SDP using by fixing the
coefficients C; of the vector fields for )\3:
N n . . . . .
min Y Y 6 st — 8, <ch(CN) <8, 6 >0,
NOALSE
T , . .
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where we use A to denote the first order moments y;, and A;; = y;;. Modes are recovered either
directly from A’ or by hardening to ej» with j* € argmax; )\Z At the initial iteration, we choose
arbitrary coefficients for the fixed C';. For subsequent iterations, C come from solving the following
dynamics search LP. Note that for higher—order relaxations (r > 1), the linear inequalities become
LMISs on localizing matrices. With these fixed A’, we solve the following LP for C;:

ém?ZZ(Sk st. —6p <k, <6k, 8 >0, = < (C)om <.
DT i=1 k=1

We alternate these convex subproblems to obtain the estimates A’ and C'j.

Remark 1 In practice, warm-starting the alternating convex optimization improves convergence
speed and accuracy, particularly for systems with a higher number of modes or with overlapping
domains. For example, mode assignments \' are initialized by clustering velocity data (e.g., K-
means on i*) followed by cluster-wise least-squares regression to initialize Cj.

Once we obtain these mode labels X for the N samples (z°, "), a classical soft-margin polynonnal
classifier method is used to reconstruct the state-dependent switching law X : R” — {0, 1} with
1T)\( ) = 1. Consequently, the output is an identified system

M ~ ~
=D A@)f()
j=1
where f;(x) = Ajx for SLS or f;(x) = C;p4(x) for SPS.

4. Combinatorial Dynamics

Our goal is to analyze the discrete-time dynamics induced by the time-7 map ¢, : X — X for
some fixed 7 > 0 and obtain insights into the dynamical structure of ¢ as in Kalies et al. (2014,
2016, 2022). Given the identified switching system f , we construct a combinatorial representation
of its dynamics over a discretization of the state space as in Kalies et al. (2005).

Definition 4.1 A grid X on X C R" is a finite set together with a geometric realization map
|- : is homeomorphic to a closed ball in R™,
and [¢] Nint(|']) = O for all £ # &' € X. The diameter of £ is diam(§) = max, zci¢| ||
and the diameter of X is diam(X') = max¢cy diam(§).

Remark 4.2 In practice, we use cubical grids as in Kaczynski et al. (2004). For a cubical cell
& € X, we denote by V (§) the set of 2™ vertices (corner points)
there exists v € V(§) such that |z — v|| < diam(§)/2.

4.1. Outer Approximation
Definition 4.3 A multivalued map F : X=X is an outer approximation of o if

¢r([€]) Cint |[F(E)], V€ e X.
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The key advantage of identifying an analytical switching system f from data is that it induces
a flow ¢ whose time-7 map ¢, can be systematically approximated. For each cell £ € X, we
integrate the system from the cell’s corners (and optionally its center) for time 7 to obtain points
{¢r(v) |v € V(§)}, where V(&) denotes the vertices of |{|. We then compute a bounding box
R-(|£]) enclosing these integrated points and define

F(&) = {¢ € X| €| N R-(€]) # 0}

For a fine enough grid, this bounding box construction provides an outer approximation by
exploiting the analytical structure of the identified model. Alternatively, Lipschitz bounds can be
computed analytically for each mode as in Vieira et al. (2022), allowing for an outer approxima-
tion at a given resolution, though the quality of the outer approximation depends on the Lipschitz
constants.

€]

Figure 1: Outer approximation of time-7 map via the bounding box R, (|¢]).

When the identified flow ¢, approximates the true flow ¢, with known error bounds, we can
leverage this approximation to construct an outer approximation of the true dynamics.

Proposition 4.4 If ||p; — ;|| < 0 for some 0 < 6 < diam(X)/2, then the coarser outer approxi-
mation of o

Fe(€) = {¢ € X[I€'10 B(R-(I¢]), 0) # 0}
is an outer approximation of ¢-. Furthermore, if 6 < d(o-(|€]), 0|F(£)|) where

F(&) ={¢ eXx|IgnR-(I¢]) # 0},
then F. = F.

Proof We have ¢, (|¢]) C B(¢-(|€]),0) by assumption, and ¢-(|¢]) € R,(|¢]) by construction.
Thus ¢-(|¢]) € B(R-(|£]),d). By definition of F.(§), any cell intersecting B(R-(|£]),d) is in-
cluded, so ¢-(|¢]) C int|F.(§)|. Furthermore, notice that F(§) C F.(&) by construction. If
6 < d(pr([€]), 91 F()]), then B(R-([€]),9) C |F(E)], so Fe(§) = F(E) forany £ € A u

Remark 4.5 Proposition 4.4 is a robustness result, that is, it quantifies the tolerance of the outer
approximation in terms of the approximation error in the flow. The tolerance is governed not only
by the grid diameter but by the separation d(¢-(|€|),0|F(§)|), which depends on the dynamics
itself. This is consistent with continuation properties of the Conley index Conley and Easton (1971);
Dowling et al. (2023). Obtaining uniform bounds on || — @+ || from finite trajectory data remains
an open problem, particularly for discontinuous vector fields. In practice, we monitor the training
residuals of f and numerical integration errors.
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4.2. Morse Graph and Regions of Attraction

Morse graphs play the role of Morse decompositions in combinatorial dynamics. They identify a
recurrent-like and a gradient-like structure as follows. The combinatorial map F induces a directed
graph with vertices X’ and edges (&,¢') € E when &’ € F (). The strongly connected components
(SCCs) partition X into trivial and nontrivial SCCs. The condensation graph CG(F) is the directed
acyclic graph whose vertices are the SCCs. The reachability relation in CG(F) induces a partial
order < onits vertices. Let (P, <) be a poset that indexes the nontrivial SCCs where the partial order
is inherited from reachability in CG(F). We denote by M (p) the set of elements in the equivalence
class and call them Morse sets.

Definition 4.6 The Morse Graph MG(F) is the Hasse diagram of the poset (P, <).

For each p € P, we associate an attractor via A(p) = w(|U,, F*(M(p))|) (Kalies et al., 2016). Its
region of attraction is defined by the reachability of F:

RoA(p) = [{ € € X | Tk > 0st. FF(¢) € | FM(M(p))
n>0

5. Examples

We compare four approaches for constructing outer approximations and computing Morse sets,
Morse graphs and RoAs. The Lipschitz (Vieira et al., 2022) and Gaussian-Process (Vieira et al.,
2023) methods are selected as baselines because they represent existing approaches to computing
Morse graphs from surrogate models in the robotics literature. Note that the Ground-truth and
Lipschitz methods require access to the true vector field f, while the GP and our method operate
from data only.

1. Ground-truth: When the true dynamics f are known analytically, we construct the outer
approximation F via numerical integration of f using the bounding box method described in
Section 4 (Kalies et al., 2005). This serves as the reference outer approximation.

2. Lipschitz: Following the approach in Vieira et al. (2022), we construct the outer approxima-
tion using a global Lipschitz constant L, estimated using f:

Fr(§) ={¢ e X|1¢|n B(e-(v), L:d/2) # 0 forsome v € V(§)}, d=diam(X).

3. Gaussian-Process: Following Vieira et al. (2023), we learn the flow from trajectory data
using Gaussian-Processes and compute a probabilistic-inspired outer approximation

For() = {¢ € | |10 (Bl UR- (D) # 0}

where E% € = Hii I 7(5,2 ©) is the confidence ellipsoid from GP predictions at the center of

|€| with confidence level 1 — 6 = 0.95.

4. Ours: Using the same trajectory data used by the Gaussian-Process approach, together with
the vector field on the trajectory, we identify a switching system f as in Section 3 and con-
struct the outer approximation F as in Section 4.
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For each example, we compare the obtained Morse Graphs. For a fair comparison of the Morse
sets and RoAs, we define an Aggregated Morse Graph from the the expected Morse decomposition.
Then, for each method, we match all computed Morse sets to the Aggregated Morse Graph. This
matching is done by spatial clustering while respecting the partial order. Then we compute the
Intersection-over-Union (IoU) of Aggregated Morse sets and Aggregated Regions of Attraction
with respect to the reference method.

5.1. Toggle Switch: Bistability in Gene Regulation

We consider a genetic toggle switch where two genes repress each other to create bistability (Gard-
ner et al., 2000). We may represent it by a planar piecewise linear system with state x = (z1, z2) €
R? representing protein concentrations & = Az + by, © € R? (i,5) € {0,1}* where A =
—diag (1, 72) and the production vector b;; switches at thresholds 77,75 > 0:

Ly H(Ty — 22)(Uy — L) . .. ) 0 <0,
b = + , where H is the Heaviside function H (x) =
J [Lz] {H(T1 —x1)(Uz — Lg) (@) 1 z>0.

The parameters L;, U; represent the basal and activated production rates. Gameiro et al. (2024) have
shown that, for gene regulatory networks modeled by sufficiently steep functions, the dynamics do
not rely on the precise parameters, but on a set of inequalities that must be satisfied. In this setting,
bistability is a byproduct of the simple assumption 0 < L; < v;T; < U;. We set the parameters to
v =1.0,T;=3.0,L; =1.0and U; = 5.0 forv = 1, 2.

The system has two stable fixed points corresponding to states where one gene dominates and
represses the other. The separatrix between these basins of attraction passes through an unstable
saddle-like region. Note, however, that for the switching system, the saddle point is not well-
defined. These three regions emerge as distinct Morse sets in the combinatorial analysis.

We generate N = 50 trajectories over [0, 10] with 7 = 1.0 and discretize [0, 6] into 27 x 27
cubical cells. Figure 3 shows the computation of Morse sets and graphs derived from each outer
approximation. Figure 4 shows spatially aggregated results while respecting its connectivity. Table 1
summarizes the quantitative comparison.

Our method learns a switching linear system f (v) = Az + by(,) where A = —1I and the mode
o(z) € {1,2,3,4} is determined by learned linear switching surfaces s;(x) = ¢l z + d; viao(z) =
1+ 1, (>0 + 2 - Ly, (4)>0, With production vectors by = [1,5]7, by = [1,1]7, by = [5,5]7, b3 =
[5,1]7. Due to the small sample size, the recovered switching surfaces exhibit overfitting despite
perfect mode assignments (see Figure 2). Nevertheless, we obtain an isomorphic Morse Graph to
the ground-truth as expected from Proposition 4.4.

Method #MG(F) | M(1) M(2) M(3) | RoA(1) RoA(2) RoA(3)
Ground-Truth 9 1.000 1.000 1.000 1.000 1.000 1.000
Lipschitz 9 0.444 0.444 1.000 1.000 1.000 1.000
Gaussian-Process 19 0.108 0.066 0.026 0.385 0.552 0.982
Ours 9 1.000 1.000 0.663 0.980 0.996 1.000

Table 1: Toggle switch metrics. The column # MG(F) reports the number of Morse sets before aggregation.
Remaining columns report Intersection-over-Union (IoU) of aggregated Morse sets M (p) and regions of
attraction RoA (p) against the ground-truth method.
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(a) Training samples (b) Learned vector fields

Figure 2: Learned switching linear system colored by learned modes.

Morse Sets
]
Morse Graphs
L] . L ] ®©
L ] o [ ] f : : L] o ®
L] L ] [ ] ® [ L
° 1 ® o : ° ]
(a) Ground-Truth (b) Lipschitz (c) Gaussian-Process (d) Ours

Figure 3: Morse sets (top) and Morse graphs (bottom).

The Lipschitz method enlarges each cell image by a ball of radius L.d/2, overestimating
M (1), M(2) in contracting regions. Since the system is piecewise linear, the Lipschitz constant
coincides with the operator norm of A and is essentially tight, preserving RoAs and M (3) with high
fidelity unlike the nonlinear case of Example 2. The GP method produces 19 Morse sets because
GPs assume smoothness while the system switches discontinuously at thresholds 71, T5. Standard
kernels (RBF, Matérn) cannot capture switching behavior without excessive local variation, and con-
fidence intervals expand near discontinuities, creating spurious sets. Vieira et al. (2023) suggests a
refinement step to sample from regions with large variation. Notably, the GP outer-approximation
improves over the results shown here when using a smaller time step 7 or when the refinement step
of Vieira et al. (2023) is performed, as both reduce predictive variance.

The topological dynamics reveals deeper structure. In terms of attracting blocks, we can see
that H,(RoA(3), RoA(1) URoA(2)) = H,(S') where S! is the circle. The index describes the
algebraic topological information when collapsing the attracting block RoA (1) URoA(2), contained
in RoA(3), to a single point, providing a homological description of the maximal invariant set
contained in M (3). In this case, it corresponds to the Conley index of a saddle-point in classical
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a4 4

(a) Agg MG (b) Ground-Truth (c) Lipschitz (d) Gaussian-Process (e) Ours

Figure 4: Aggregated Morse graph (a) and geometric realization of Morse sets and regions of attraction.

dynamics. Similarly, CH,(1) = C'H,(2) yield the Conley index of stable fixed points. Since the
latter Morse sets lie entirely within regions of continuous dynamics, we may conclude they contain
fixed points (Mischaikow and Mrozek, 2002).

5.2. Piecewise Van der Pol: Limit Cycle
We consider a Switching Polynomial System (SPS) inspired by the Van der Pol oscillator. Let

r = (z1,72) € R? and consider

23 || <1

where  g(z1) = {

iy = (1 —x})zy — g(a1) x|z >1

The switching occurs at |z1| = 1 when the force changes from cubic to linear. The system exhibits
a stable limit cycle encircling an unstable equilibrium at the origin. Unlike the toggle switch, the
vector field remains continuous at the switching boundary. This continuity and the nonlinear term
fundamentally changes the performance of different approximation methods.

We generate N = 50 trajectories over [0, 10] with 7 = 1.0 and discretize [—3, 3]? into 27 x 27
cubical cells. Figure 6 shows the aggregated results. Table 2 summarizes the quantitative compari-
son. We learn f as a switching polynomial system with modes separated by s(x) ~ —0.4922.

N

. _-;",:-n"-"""f. 3
PRt S
- J N

105 0 05 1 1

(a) Training samples (b) Learned vector fields

Figure 5: Learned switching polynomial system colored by learned modes.

Our method identifies four Morse sets, the same number as the reference method. The GP
method shows better results than the previous example since the continuity of the vector field allows
standard kernels to approximate the flow more effectively. In contrast, the Lipschitz method obtains
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(a) Agg MG (b) Ground-Truth (c) Lipschitz (d) Gaussian-Process (e) Ours

Figure 6: Aggregated Morse graph and geometric realization of Morse sets and regions of attraction.

Method #MG(F) M(1) M(2) RoA(1)
Ground-Truth 4 1.000 1.000 1.000
Lipschitz 1 0.094 0.000  0.964
Gaussian-Process 2 0932 0.174 0.973
Ours 4 0.972 1.000 1.000

Table 2: Piecewise Van der Pol metrics. The column # MG(F) reports the number of Morse sets before
aggregation. Remaining columns report Intersection-over-Union (IoU) of aggregated Morse sets M (p) and
regions of attraction RoA (p) against the ground-truth method.

a single Morse set due to an overly conservative global bound. In other words, the nonlinearity
causes the Lipschitz constant to be too large to discern the unstable behavior at the origin.

After aggregation, these correspond to two dynamical structures: an unstable fixed point (re-
peller) and a limit cycle (attractor). The Conley index in the planar case can be computed by
inspection, and due to the existence of a Poincaré section, the index C' H, (1) = H,(S') leads to the
existence of a periodic orbit in M (1) (McCord et al., 1995). By collapsing RoA(1) to a point, one
obtains the Conley index of an unstable fixed point in M (2), namely, CH (2) = H,(S?) where 52
is the sphere.

6. Conclusion

We have presented a framework for topological dynamics by integrating switching system iden-
tification via convex optimization with combinatorial dynamics. The identified analytical model
enables explicit construction of outer approximations, addressing a key limitation of data-driven
approaches.

Our experimental results on planar systems show that the method recovers attractors and regions
of attraction, achieving better results than Gaussian-Process and Lipschitz methods used in robotics
applications (Vieira et al., 2023, 2022). We restricted our experiments to low-dimensional systems
as our prototype implementation prioritized interpretability over computational efficiency. However,
faster methods to compute cubical homology and combinatorial dynamics could be used (Harker,
2013; Gameiro, 2020).

Future work includes the extension to higher-dimensional systems through adaptive refinement
and sparse grid methods, computation of the Conley index of the 7-map via shift-equivalences, and
exploration of hybrid systems in the control setting by identifying control modes.
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