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Abstract

Koopman Model Predictive Control (MPC) uses a lifted linear predictor to efficiently handle con-
strained nonlinear systems. While constraint satisfaction and (practical) asymptotic stability have
been studied, explicit guarantees of local exponential stability seem to be missing. This paper
revisits the exponential stability for Koopman MPC. We first analyze a Koopman LQR problem
and show that 1) with zero modeling error, the lifted LQR policy is globally optimal and globally
asymptotically stabilizes the nonlinear plant, and 2) with the lifting function and one-step predic-
tion error both Lipschitz at the origin, the closed-loop system is locally exponentially stable. These
results facilitate terminal cost/set design in the lifted Koopman space. Leveraging linear-MPC prop-
erties (boundedness, value decrease, recursive feasibility), we then prove local exponential stability
for a stabilizing Koopman MPC under the same conditions as Koopman LQR. Experiments on
an inverted pendulum show better convergence performance and lower accumulated cost than the
traditional Taylor-linearized MPC approaches.
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1. Introduction

Model Predictive Control (MPC) is a well-established feedback strategy where, at each sampling
instant, a finite-horizon optimal control problem is solved using the current state, and only the first
control input is applied before repeating the process (Rawlings et al., 2017). Its explicit handling of
input and state constraints has led to success across a wide range of applications (Mayne et al., 2000;
Qin and Badgwell, 2003; Zheng et al., 2016). For nonlinear systems, however, the MPC problem
becomes nonlinear and nonconvex, making exact solutions difficult. In practice, suboptimal yet
feasible implementations are often adopted, which can still guarantee closed-loop performance with
careful design (Scokaert et al., 2002). This feasibility-implies-stability principle underpins many
real-time methods, such as successive linearization (Diehl et al., 2005).

To overcome the computational challenges of nonlinear MPC, recent work has explored alterna-
tive linearization strategies beyond first-order Taylor expansions. One promising approach is Koop-
man linearization, which lifts the nonlinear dynamics into a higher-dimensional space where they
evolve approximately linearly. Originally introduced for autonomous systems (Koopman, 1931), the
Koopman operator framework has been extended to controlled systems (Korda and Mezi¢, 2018;
Haseli and Cortés, 2025). This enables the design of Koopman MPC, where each step solves a
convex program using the Koopman linear model as a predictor (Korda and Mezi¢, 2018). By com-
bining the expressiveness of nonlinear modeling with computational benefits of convex optimiza-
tion, Koopman MPC has attracted a growing interest for its practical scalability and performance
(Haggerty et al., 2023; Mamakoukas et al., 2019; Shang et al., 2025a).
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Koopman MPC fits within a sequential learning-and-control framework: a Koopman-based
model is first learned from data via Extended Dynamic Mode Decomposition (EDMD) (Williams
et al., 2015) or Deep Neural Networks (DNN) (Shi and Meng, 2022), and then used for controller
design. However, general controlled nonlinear systems do not admit exact finite-dimensional Koop-
man linear or bilinear models (Haseli and Cortés, 2025), and the learned model typically intro-
duces modeling error. This has motivated recent work on investigating the closed-loop performance
of Koopman MPC for nonlinear systems utilizing such inaccurate learned models. For instance,
Zhang et al. (2022) proposed a robust tube-based Koopman MPC strategy, which relies on tight-
ened constraints in the Koopman space to ensure constraint satisfaction in the presence of small
modeling errors; similarly, Mamakoukas et al. (2022) enforced constraint satisfaction via conser-
vative surrogate constraints using a Hankel-Koopman model. More recently, de Jong et al. (2024)
established input-to-state stability for a Koopman MPC variant with an interpolated initial condi-
tion, while Worthmann et al. (2024) proved practical asymptotic stability using terminal ingredients
designed from the original nonlinear system. A terminal-free variant was analyzed in Bold et al.
(2025); Schimperna et al. (2025), where (practical) asymptotic stability is obtained under a cost-
controllability assumption on the original nonlinear dynamics.

As discussed above, several notions of closed-loop stability for Koopman MPC have been estab-
lished under various assumptions. Despite the progress, to our best knowledge, the basic question of
local exponential stability seems to have been overlooked. In particular, local exponential stability
cannot be implied or directly derived by the results in (Zhang et al., 2022; Mamakoukas et al., 2022;
Worthmann et al., 2024; Bold et al., 2025; de Jong et al., 2024). In this paper, we revisit this funda-
mental question: we design practical terminal ingredients in the lifted Koopman space, and provide
clear conditions under which Koopman MPC ensures local exponential stability of the nonlinear
closed-loop system. For brevity, we refer to this scheme as stabilizing Koopman MPC (5-KMPC).

Our technical results are as follows. We begin with a Koopman linear quadratic regulator (LQR),
closely linked to s—kmMpcC. This is an unconstrained, infinite-horizon optimal control problem. With
no Koopman modeling error, a globally optimal policy can be obtained by solving a standard LQR
in the lifted space (Lemma 2); under mild assumptions, this policy globally asymptotically stabilizes
the original nonlinear dynamics (Theorem 1). If both the lifting function and the one-step Koopman
prediction error are Lipschitz around the origin, the nonlinear closed loop is locally exponentially
stable (Theorem 2). These results guide the terminal design in S—-KMPC: we construct the terminal
cost and terminal set in the lifted space via the Koopman-LQR. Since s-KMPC is designed based
on a lifted linear model, it naturally inherits several key properties of linear MPC (Rawlings et al.,
2017), including boundedness, decrease of the value function, and recursive feasibility of the Koop-
man update (Propositions 1 to 3). Together with continuous lifting, these yield local asymptotic
stability of the nonlinear closed loop (Theorem 3). Strengthening the assumptions to the Lipschitz
lifting function and one-step Koopman prediction error around the origin, S-KMPC guarantees the
local exponential stability of the nonlinear closed-loop system (Theorem 4). We provide a detailed
comparison with existing Koopman stability results later in Remark 2.

The rest of this paper is structured as follows. Section 2 provides preliminaries on the Koopman
MPC. The Koopman LQR problem is discussed in Section 3 and the S-KMPC design is provided in
Section 4. Numerical results are shown in Section 5 and we gather our conclusions in Section 6.

2. Preliminaries and Problem Statement

We consider a discrete-time nonlinear system of the form
Tep1 = (2, ue), (D
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where x; € R is the system sate, u; € R™ is the system input at time ¢, and f : R x R™ — R"
denotes the system dynamics. We make the following standard assumption.
Assumption 1 The function f is continuously differentiable and satisfies f(0,0) = O.

2.1. Exponential stability

A basic objective is to design a feedback policy u; = m(z;) that exponentially stabilizes (1).
Definition 1 (Local exponential stability) The origin of system (1) with a control law uy = w(xy)
is locally exponentially stable if there exist ¢ > 0, p € (0,1), and a neighborhood N of the origin,
such that the closed-loop dynamics satisfies >
Lemma 1 (Rawlings et al., 2017, Theorem B.19) Consider the autonomous system xy11 = g(x)
with g(0) = 0. Suppose there exist constants oy, ag, a3 > 0, an invariant set D C R™ with
0 € int(D), and a function V : D — R satisfying

apl|z)|? < V(x) < aglz||?, V€D, (2a)

V(g(z)) — V(z) < —ag|z|?, VzeD. (2b)

Then, the system is locally exponentially stable, and D is a region of attraction (ROA).
This standard result is used throughout the paper; for completeness, we provide a brief proof in
Appendix A.1. The function V' in Lemma 1 is called a Lyapunov function. Both the quadratic upper
and lower bounds in (2a) are important, and the decrease condition (2b) ensures stability. Notably,

there exist ¢ =+/aa/a1 > 1,p =+/1 — az/as €(0,1) and r > 0 such that every trajectory with
lzo|| < 7 is well-defined for all k£ > 0 and satisfies ||z¢]| < cp?||lzol|,t € Z>0.

2.2. Nonlinear MPC basics and Koopman linearization

At each time ¢, the MPC algorithm N-1
solves the nonlinear problem (3) V3 (x) = min Z Uy, uosr) + Vi(zin) (3a)
with initial state x; = x € R™ and " k=0
horizon N € N. In (3), X and U subject to  xpyk11 = f(Trak, Utsk), (3b)

are the state and input constraints,
and Vf and Xf denote suitable ter-
minal cost and set. We assume both
X and U are convex, and ! is also bounded. We choose £ : R” x R™ — R, as a quadratic stage cost:

U, u) = ]G + %, ©)
with ) and R being two positive definite matrices. If (3) is feasible at x, then the optimal value
function V3 () is finite and we say = € dom(V7;). In this case, let @’ be an optimal input sequence
to (3). The MPC feedback is the first control action % (x) = u;(0), x € dom(Vy).

With appropriately chosen terminal ingredients Vi and Xj, the closed- loop dynamics with the
MPC law, i.e., t411 = f(24, R(24)), is locally exponentially stable, and the value function V; serves
as a Lyapunov function; see Rawlings et al. (2017, Ch. 2) for details. A well-known challenge is that
(3) is generally nonconvex and thus hard to solve for global optimality. We next introduce a popular
Koopman linearization strategy which is increasingly used in applications; see e.g., Shi et al. (2024).

The key idea is to approximate the state sequence in (3b) using a high-dimensional linear pre-
dictor in the Koopman framework (Koopman, 1931). Define the lifted state

zp = W(xy) 1= col(1 (@), - .., Y. (21)), ®)

where n, >n and each ¢; : R™ — R is a chosen observable. The dictionary ¥ typically includes the

identity mapping so that z; can be reconstructed from z; (i.e., x; = Cz;) (Korda and Mezi¢, 2018;
Strisser et al., 2024; Mamakoukas et al., 2022). We can represent the nonlinear dynamics (1) as

241 = Azg + Bug + e(Czyug), = C, (6)

Uk €U, Ty € X k€ Zg n—q), (B0)
Tr =T, Teyn € A (3d)
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where A, B, C' are matrices with compatible size, and the one-step modeling error is defined as
e(Cze,ur) =e(we, up) ==Y (f (2, ur)) — AV (z¢) — Buy. 7

The modeling error depends on the choice of observables (5) and the matrices A, B. If e = 0, we

say (1) admits an exact Koopman linear embedding (Shang et al., 2024), leading to an exact linear

predictor in the lifted Koopman space. N-1
In practice, if e is “small” lo- Vx(2) = min Z UCzpsk, ursr) + Vi(ze4n) (8a)
cally, we can handle it within the " k=0
MPC design. At each time ¢ with subject to 24441 = Aziix + Bugig, (8b)
an initial state x; = x, we lift this Uk €U, Crprp €X, k‘GZ[O N—1] (8¢)
initial state to the Koopman space ’
2t = 2, Zt+N S Zf. (Sd)

as z = U(z), and replace the non-
linear optimization (3) with problem (8), where V; and Zy C R™* are appropriate terminal cost and
terminal set to be designed. Let u} be one optimal solution for feasible z. The Koopman MPC law is

k(z) =u(0), Vz e dom(Vy), )
and the closed-loop dynamics of the original nonlinear system (1) with the control law (9) becomes
w1 = fwe, K(V(21))). (10)

The basic Koopman MPC formulation was first proposed in Korda and Mezi¢ (2018), without
discussing the terminal ingredients and the closed-loop stability.

2.3. Problem statement

The Koopman MPC problem (8) is computationally efficient because the predictor (8b) is linear
in u. The lifted linear model matrices A, B, C' in (6) can be identified from data via EDMD and
related methods (Williams et al., 2015). Some recent works (de Jong et al., 2024; Zhang et al.,
2022; Mamakoukas et al., 2022; Worthmann et al., 2024) have addressed constraint satisfaction and
(practical) asymptotic stability of the closed-loop system (10).

In this paper, we revisit the exponential stability of (10) with the Koopman MPC law, and discuss
the design of the terminal cost V; and terminal set Z¢ in (8). Unlike de Jong et al. (2024); Zhang et al.
(2022); Mamakoukas et al. (2022); Worthmann et al. (2024), we assume the lifting observable (5) is
given and a linear model A, B, C' in (6) has been estimated from data. This isolates the core stability
questions of the Koopman MPC from the complexity arising in the identification procedure. Our
idea follows the standard stabilizing MPC for linear systems (Rawlings et al., 2017, Ch. 2), adapted
carefully to the Koopman-lifted space while accounting for the error in (6). Besides the terminal
ingredients V; and Zg, the lifting function (5) and the modeling error (6) also affects the closed-loop
stability in (10). We will compare with the existing Koopman stability results in Remark 2. We note
that we relax the state constraint X in (8) for simplicity in the remainder of this work. When X
contains a neighborhood of the origin, satisfaction of the state constraint can be established through
a more involved discussion, which we defer to future work.

Throughout this paper, for a state = and policy u = 7(x), we denote the successor of system (1)
by x*, with lifted state z* := W(z"). The one-step Koopman prediction is denoted by z 1 :=
AV (z) + Br(z). Note that 2™ # zT unless e = 0 in (7). We make another assumption, similar to
(de Jong et al., 2024; Zhang et al., 2022; Mamakoukas et al., 2022).

Assumption 2 The lifting function ¥ : R™ — R"™= is continuous, with W(0) = 0, and x = C'¥(x)
where C' € R™ ™= In (6), the pair (A, B) is stabilizable and the pair (A, C) is observable.

The conditions on the lifting function can typically be enforced by construction. For the Koop-
man model (i.e., (4, B, C)), existing work has proposed a data-driven identification procedure that
enforces open-loop stability of A (Mamakoukas et al., 2023), while guaranteeing the stabilizability
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of (A, B) with potentially unstable A remains an open problem. We note that assuming (A4, C) to
be observable is without loss of generality, as any unobservable modes can be removed through an
observability decomposition (Shang et al., 2026).

3. Infinite-horizon Koopman LQR

This section discusses an infinite-horizon Koopman LQR problem. The results will facilitate the
design of the terminal set and terminal cost for stabilizing Koopman MPC in the next section.

3.1. Koopman optimal control 0

Consider the infinite-horizon optimal control e Z ek, )
problem (11). We denote uso := (ug, Ugt1, - -) ) h=0 (11)
as the control sequence, x; = x as the initial state subject 0 Zyk1 = f(Zrrk, Urk),
at time ¢. The stage cost [ is defined in (4). Com- r=1z,k€Z>0.
pared with the MPC (3), this formulation (11) has . s
an infinite horizon and no state/input constraints. i Z UC%4k, ur+k)
This nonlinear optimal control problem (11) ) k=0 (12)
is generally hard to solve. We can utilize a Koop- subject 0 2y k1= Az +Buiyr,
man linear model to approximate the nonlinear z=z,k€Z>g.

dynamics in (11), leading to the Koopman LQR problem (12), where z = ¥(x). When the Koop-
man linear model is exact, we can obtain an explicit optimal policy for (11).
Lemma 2 Suppose there exists a Koopman lifting (5) such that e(Cz¢,u) = 0in (7), and Assump-
tions 1 and 2 hold. Then, problem (11) has a globally optimal feedback policy
Utk = KZt+k = K\I’(I't+k), k € 220 (13)

where K is the optimal LOR feedback gain for (12) associated with A, B,C,Q, R, i.e., K = —(R+
B'PB )_IBTPA, with P be the unique positive definite solution to the Riccati equation

P=CTQC+A"PA—- A"PB(R+ B"PB)"'BTPA. (14)

The proof is not difficult as (12) is a standard LQR problem, and we provide some details in
Appendix A.2. Note that the optimal policy (13) is linear in the lifted Koopman space, but remains
nonlinear in the original state space. The associated optimal value function for (12) is VX (z) =
HzH%D While Lemma 2 is not difficult to establish, it actually gives a globally optimal (nonlinear)
policy to a class of nonlinear control problems (11). We can further show that the nonlinear feedback
law (13) globally asymptotically stabilizes the nonlinear system (1) if there is no modeling error.
Theorem 1 Under the same conditions of Lemma 2, consider the feedback law (13). The closed-
loop system x111 = f(xy, KVU(x4)) of (1) is globally asymptotically stable.

The proof needs to establish both globally attractive and locally Lyapunov stable properties.
Establishing the global attractiveness is easy, but the stability in the sense of Lyapunov requires
additional arguments. Due to page limit, we present the proof details in Appendix A.3.

Theorem 1 guarantees only global asymptotic stability of the nonlinear closed loop. Although
the lifted linear system z;11 = (A+ BK)z; is globally exponentially stable, this does not in general
imply global exponential stability of the physical state x;. The reason is that the exponential decay
of z; does not automatically transfer to x; = C'z; unless the lifting W satisfies additional regularity
properties. For example, x; = Cz; = 0 does not imply z; = 0; some components of z; in ker C
may be nonzero yielding x;41 # 0 with the propagation of the dynamics.

3.2. Local exponential stability of Koopman LQR

Under additional conditions, the closed-loop system with the controller (13) is locally exponentially
stable even with Koopman modeling error. In the following, we denote B, = {x € R"™ | ||z|| < r}.

5
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Assumption 3 There exists constants 1y, > 0 and Ly, > 0 such that the lifting function ¥ : R™ —
R"= satisfies | V()| < Lyllx||, YV € B,

Assumption 4 There exist constants v > 0 and L > 0 such that the closed-loop one-step prediction
error éq(xy) = VU (f(xy, KV (x1)) — AV(2) — BKY(xy) satisfies ||eq(x)| < L||z||, Vx € B,.

Assumption 3 means that the lifting function is locally bounded with respect to the physical state
x, which holds for all locally Lipschitz continuous functions (note that ¥'(0) = 0 in Assumption 2).
Assumption 4 requires that the one-step closed-loop prediction is sufficiently accurate.

Theorem 2 Suppose Assumptions 1 to 4 hold. Consider the feedback law (13). There exists § >0,
such that if L in Assumption 4 satisfies L < 0, the closed-loop system x+1 = f(xy, KV (xy)) of (1)
is locally exponentially stable.

The key idea is to show that the optimal value function for (12) i.e., V(z) := ¥ (x)T PW(z), is
a valid Lyapunov function for the nonlinear system (1). In other words, we show that f/(:ﬁ) satisfies
Lemma 1. To prove this, one key step is to decompose the one-step Lyapunov change V (z+)—V ()
as a Koopman decrease induced by the Koopman linear model and a perturbation resulting from
the Koopman prediction error. The Riccati identity ensures a substantial Koopman decrease, while
Assumptions 3 and 4 together guarantee the perturbation can be made strictly smaller than the
Koopman decrease. The proof details are given in Appendix A.4.

We conclude this section with a simple example of Koopman LQR applied to a nonlinear system.

Example 1 Consider the nonlinear system 0 ‘\_ 0000 - Z koopmen |

1’1 + 09 0 1_1 + 0 u+ 0 - \‘ , 7 g 4000 / = = Linearization

- . 8- <
T2 0 15| 22| |1 —5a3 \ /,’ S oo
K \ Koopman
We compare LOR controllers designed from (i) 21 N _ 4 = -Linearisation 0
the exact lifted Koopman model and (ii) the lo- -2 -1 0 .
. . . . . xp

cal linearization, using Q = diag(1,1) and Figure 1: LQR performance: exact Koopman
R = 1. The exact lifted-Koopman linear rep- model vs. first-order (Taylor) linearization. Left:
resentation with the lifting function V(x) = closed-loop trajectory; right: accumulated cost.

col(zy, z2, x%) and the first-order (Taylor) linearization at the origin are

+
X1 09 O 0 x1 0 +
Koopman: [{[]2] = [ 0 1.5 —5] T2 | + 1 u, Taylor: |:§1:| — |:009 105:| |:£1:| —+ |:(1):| u.
o2 0 0 08 [22] [0 2 Bl

As illustrated in Fig. I, the Koopman LQOR yields faster convergence with much better transient
behavior than the linearized LOR. This is because the lifted model captures the quadratic coupling
exactly; by Lemma 2, the Koopman LQOR gives the optimal solution of (11) in this instance. ([l

4. Stabilizing Koopman MPC

Itis well known that terminal ingredients are crucial for closed-loop stability in MPC. In this section,
we design the terminal ingredients for Koopman MPC using the Koopman LQR results of Section 3.

4.1. Design of the terminal ingredients

We construct the terminal cost and terminal set in the lifted space using the Koopman LQR. In the
following, we assume Assumptions 1 and 2 hold unless stated otherwise.

6
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e Terminal cost:ALet K be the op}imal Koopman LQR gain from (13) and Ax := A+ BK. We
choose matrix Q) > 0 such that Q = CTQC + KT RK. We design the terminal cost
Vi(z) :== 2Pz < crp||z|\2, (15)
where P - 0 is the solution to the Lyapunov equation A%JADA Kk — P+ Q = 0 (note that A is
Shur stable) and o 5 is its maximum eigenvalue.

* Terminal set: Let o be the maximum eigenvalue of R. The terminal set is designed as
Ze={z e R" | Vi(z) <7}, (16)
where 7 > 0 is chosen such that , /éBl C U. The existence of 7 is guaranteed as O € int(Uf).

With these terminal ingredients, the Koopman LQR controller u; = K z; = KV(z;) can ensure
a sufficient decrease in terminal cost at each step and guarantee that the terminal set Z; is invariant
for the nominal Koopman linear model.
Proposition 1 (Terminal Controller): Consider the terminal cost Vi in (15) and terminal set Z¢
in (16). For the terminal controller k¢(z) := Kz with K from (13), we have k¢(z) €U, Vz € Zs, and
Vi(2T) — Vi(2) < —1(Cz,ke(2)), Vz € Z, 17
where zT = Az+ Brg(2) is the one-step Koopman prediction.
This is a standard result in linear MPC, and we provide a proof in Appendix A.5 for completeness.

4.2. Asymptotic stability for an exact Koopman model

Since the Koopman MPC problem (8) is designed using the Koopman linear model 2™ = Az + Bu,
it naturally inherits key properties of standard MPC for linear systems (Rawlings et al., 2017), such
as boundedness, decrease of the value function, and recursive feasibility of the Koopman update.
At time step ¢, given a sequence of control inputs u := (u, Ugt1, ..., U n—1) and an initial
state z; = z, we denote the nominal Koopman state prediction at time ¢ + k as ¢(k; z,u) := 2444,
where k € Zjp . We also denote the objective value of (8) with initial condition z and input
sequence u as Vy(z,u) and its feasible region as Zy := {z € R"*|Fu € U such that $(N; z, u) €
Zy and O¢p(k;z,u) € X,k =0,...,N—1}, where U := U x - - - xU. The following properties
are standard in stabilizing linear MPC; see (Rawlings et al., 2017, Ch. 2.4) for details.
Proposition 2 (Continuity and boundedness): Consider the Koopman MPC problem (8) with ter-
minal design Vi(-) in (15) and Z; in (16). Let V; denote its optimal value function. Then, we have:
1. 0 € int(Zy) and V}; is continuous on the interior of its domain Zy;

2. V5 is bounded with respect to z,C'z, and the optimal control sequence u}:
AllCz|I* < Vi (2) < callzl?, ArlluZ(0)I” < Agrfuil® < Vi(2), Vz € 2w,
where c; is a positive constant and \q, A\r € R are the minimum eigenvalues of () and R.

Proposition 3 (Recursive feasibility and cost decrease): Consider the one-step Koopman predic-
tion z¥ = Az + Brk(z), where k(z) is the Koopman MPC law (9). Then, we have:

1. 7% € Zy, i.e., there exists a feasible input sequence to (8) with initial state z+. One such
feasible choice is the one-step shifted input sequence 0 := (u}(1: N —1), ke(¢p(N; z,ul)));
2. The optimal value function V; decreases at the next Koopman prediction z7, i.e.,

Vi (z") < Vv(zh,m) S Vi(2) = AqllC2|f?, V=2 € Zw. (18)

These properties are closely related to the requirements on a Lyapunov function in Lemma 1.
However, we note that the optimal value function V5; only has a decrease in terms of [|C'z||?, instead
of ||z||%. If the Koopman model is exact, the next result shows that the Koopman MPC asymptoti-
cally stabilizes the physical state = of the original nonlinear system (1).
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Theorem 3 Suppose e(Cz,u;) = 0 in (7) and Assumptions 1 and 2 hold. Consider the Koopman
MPC (8) with terminal design Vi(-) in (15) and Z; in (16). Then,

1. The entire feasible region of the Koopman MPC (8), Xy := {x € R" | U(z) € Zx}, is an
ROA of the closed-loop system xi11 = f(x, k(Y (z4)));

2. The closed-loop system is also locally asymptotically stable at the origin.

We prove that Xy is a region of attraction via showing it is invariant and the running cost of
MPC with the optimal Koopman control law is finite. For the Lyapunov stability part, the proof of
Theorem 3 is similar to that in Theorem 1. The detailed proof is shown in Appendix A.6.

Analogously to Theorem 1, Assumptions 1 and 2 do not guarantee local exponential stability of
the closed-loop Koopman MPC system, and additional regularity of the lifting W is required.

Remark 1 (Enlarging ROA via Koopman MPC): With state and input constraints, the MPC N -step
feasible set Xy :={x € R" | ¥(z) € Zn} includes the ROA from the Koopman LQR control law
because Zy C Zp. Consequently, Koopman-MPC naturally enlarges the ROA of the nonlinear
closed-loop system while enforcing constraints. This is in direct analogy with standard stabilizing
MPC for linear systems; see (Rawlings et al., 2017, Ch. 2.5). O

4.3. Local exponential stability of stabilizing Koopman MPC

We show the Koopman MPC locally exponentially stabilizes the nonlinear system under suitable
assumptions, even when the Koopman model is inaccurate. Similar to Assumption 4, we make the
following assumption for the prediction error.
Assumption 5 There exists constants r > 0 and L > 0, such that the closed-loop one-step predic-
tion error e¢)(x) in (7) with the Koopman MPC law (9) satisfies

lea()|| < Lijz||, Vz € B,. (19)

Let p € (0, \g7?] where # := min{r,, 7} with r and 7 from Assumption 3 and Assumption 5

respectively. We choose the sublevel set
S:={z e Xy |Vy¥(r)) <p} (20)

This set S is bounded because of Ag||z||* < p from Proposition 2, which also implies S C B; C
B, N B,. Furthermore, O is an interior point of & because of Vy(®(0)) = Vx(0) = 0 and
V3 (¥ (x)) is continuous (see Assumption 2 and Proposition 2). We will prove that S is an ROA for
the closed-loop system when the Koopman prediction error is sufficiently small.

We first prove the one-step feasibility of the Koopman MPC (8) over the entire S.
Lemma 3 Suppose Assumptions 1 to 3 and 5 hold. Fix p € (0, )\Qf2]. Then, there exists §1 > 0
such that, if L in (19) satisfies L < &1, the Koopman MPC (8) is feasible at V(x™) for all v € S.

Similar to Proposition 3, this result guarantees the feasibility of (8) for the Koopman lifting of
the true physical state 2. The proof is constructive by showing that @ in Proposition 3 is a feasible
solution with sufficiently small §;. The details are given in Appendix A.7.

Lemma 3 guarantees V3 (¥ (z 1)) is well-defined for z € S. We next prove that V3 (¥ (z)) <
V3 (¥(z)) when z € S\ {0} and the constant L in (19) is sufficiently small (see Appendix A.8).
Lemma 4 Suppose Assumptions 1 to 3 and 5 hold. Fix p € (0, \o#2]. Then, there exists c,d2 > 0,
such that if L in (19) satisfies L < do < §1, we have

Va(2(z™)) = Vi (¥(2)) < —cllzf|?, Yo € S.

The proof of this result is similar to the decomposition of the Lyapunov change in Theorem 2.
The one-step feasibility in Lemma 3 and the descent property in Lemma 4 can hold for any state in
S. This leads to the recursive feasibility and local exponential stability of the closed-loop system.

8
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Theorem 4 Suppose Assumptions 1 to 3 and 5 hold. Fix a p € (0, )\QfQ] and define the sublevel
set S in (20). There exists 6 > 0 such that if L in (19) satisfies L < 0, the closed-loop Koopman
MPC system (10) is locally exponentially stable and the set S is an ROA of it.
Proof Consider the optimal value function V,(¥(-)) as a Lyapunov candidate. We next prove that
1) the set S is invariant, and 2) V3 (¥(x)) satisfies the conditions (2a) and (2b) over S in Lemma 1.

We can choose § < d9 < &1, where d; and 2 come from Lemma 3 and Lemma 4. Then, from
Lemma 4, we have the following decent property

VA (¥ () = VR (¥(2) < —cfz]?, Vo €S, 2D

which implies V3 (¥ (zT)) < V3(¥(z)) < pand 2T € S. This guarantees that 1) the set S is
invariant and 2) the Koopman MPC (8) is recursive feasible.

Furthermore, for any x in S, we have

Aollzl® < Vi (¥(2) < || W ()3 < coLilx]|3, 22)
where the last inequality comes from Assumption 3. Inequalities (21) and (22) confirm that the
value function V(W (x)) satisfies (2a) and (2b) in Lemma 1. This completes the proof. [ |

The proof of Theorem 4 closely parallels that of Theorem 2. The theoretical upper bound &
on the error coefficient L provides a sufficient condition on the model mismatch for guaranteeing
stability. It depends on all problem data in the Koopman MPC (8) as well as the set S. While L can
be evaluated a posteriori once the Koopman model and S are fixed, enforcing L < ¢ during iden-
tification (e.g., as an explicit constraint in EDMD) is generally nontrivial. A convenient sufficient
surrogate is a Taylor-like condition on the one-step prediction error e(), with & = col(z, u) as in
(7): limy g0 [le(Z)|/||Z|| = O. This ensures that the constant L can be chosen arbitrarily close to
zero when decreasing r in Assumption 5. Thus, by shrinking the neighborhood, one can ensure the
bound in Assumption 5 with arbitrarily small L, and Theorem 4 applies.

Remark 2 (Comparison with existing Koopman MPC) Our proof strategies for Theorems 3 and 4
are similar to standard stabilizing MPC for linear systems (Rawlings et al., 2017, Chap 2). The
Koopman MPC (8) can naturally stabilize the Koopman linear model ™ = Az + Bu. With As-
sumption 3 and Assumption 5 on the lifting function and the one-step prediction error, the Koopman
MPC (8) can also exponentially stabilize the original nonlinear system. We here compare with
some existing results. Zhang et al. (2022); Mamakoukas et al. (2022) focused on ensuring con-
straint satisfaction and their settings are closer to the robust MPC framework. In Bold et al. (2025);
Schimperna et al. (2025), a variant of Koopman MPC is designed without terminal ingredients, but
based on a cost controllability assumption of the nonlinear system. The closest studies in the liter-
ature are Worthmann et al. (2024); de Jong et al. (2024), where the Koopman MPC formulations
also include suitable terminal ingredients. In particular, Worthmann et al. (2024) mainly focused
on a Koopman bilinear model and its terminal ingredients are constructed based on the original
nonlinear system. In de Jong et al. (2024), the initial condition is interpolated, which may lead
to an unbounded prediction error. Both Worthmann et al. (2024) and de Jong et al. (2024) only
show practical asymptotic stability. Instead, our Theorem 4 establishes the exponential stability of
S—KMPC. This result only requires one assumption for the actual nonlinear system in Assumption 1
and several mild assumptions for the Koopman linear model in Assumptions 2 to 5. ]

5. Numerical experiments

In this section, we illustrate the performance of S-KMPC on a standard inverted pendulum (Strisser
et al., 2024; Zhang et al., 2022). We compare S-KMPC with a standard linear MPC (L-MPC) based
on a first-order Taylor linearization at the origin.
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5.1. Experiment setup

We consider an inverted pendulum with dynamics
n]T 1 Ty [n 0 0 ’
[m] B [0 1-— 2;‘?%] [azJ + LZSQ] vt [ngS sin(:pl)} (23)
where the parameters are m = 1kg,l = 1m, b = 0.2, g = 9.81 m/s2, and T, = 0.02s.

A Koopman predictor is learned via EDMD using the dictionary ¥(z) = col(x1, zo,sinzy).
Specifically, we generate 200 trajectories of length 1000; initial states and inputs are sampled from
[—2,2] x [—8, 8] and [—40, 40], respectively. The identified model that is projected to satisfy As-
sumptions 2 and 5 which makes the derivative of the one-step prediction error in (7) become O at
the origin (see the discussion after Theorem 4), and the Taylor linearization at the origin are

1 0.02 0 0 1 0.02 0
Koopman: A=| 0 0.996 0.1962| ,B={0.02| , Taylor: A= [ ) } ,B= [ } .
0002 0.02 0.998 0 0.1962 0.996 0.02

Both controllers use the stage cost (4) with Q = 10/ and R = I, and a prediction horizon N = 20.

5.2. Closed-loop performance 2 — s
We compare s-kMPC and L-MPC on 1}« Initial State
multiple initial conditions. Both con-

trollers employ terminal ingredients de-
signed according to Section 4.1. Fig- -2 ~ 2/
ure 2 shows phase portraits and accu- 05 0 05 1 15
mulated costs. For all initial states, both a1 [rad]

controllers can stabilize the pendulum, Figure 2: MPC performance for inverted pendulum: approx-
and the accumulated costs converge to imated Koopman model vs. first-order (Taylor) linearization.

steady values. However, as the initial Left: closed-loop trajectory; right: accumulated cost.
state moves farther from the origin, L—-MPC exhibits larger state deviation than S-KMPC and conse-
quently higher accumulated cost. Relative to S-KMPC, the cost increase of L—MPC is approximately
0.13%, 2.2%, and 9.2% for trajectories 1-3, growing with the initial distance to the origin.

The rationale for this behavior is intuitive. For small deviations, both the Koopman model and
the Taylor model are relatively accurate, leading to similar performance. As the initial state moves
away from the linearization point, the Taylor predictor incurs larger modeling error, degrading the
performance L.—MPC. In principle, the EDMD-based Koopman predictor may remain reliable over a
larger region, and thus S-KMPC maintains better trajectories in the transient and lower accumulated
costs. These results are consistent with the simulation in Example 1, cf. Figure 1.

Ty [rad/s]

6. Conclusions

We have revisited the local exponential stability of Koopman MPC. In particular, we have presented
a stabilizing Koopman MPC variant, where the terminal cost and terminal set are designed based
on Koopman LQR. We have shown that the nonlinear closed-loop is locally asymptotically stable
when the lifting function and one-step Koopman prediction error are both Lipschitz at the origin,
with the Lipschitz constants being small. Numerical simulations confirm the superior performance
of the s—-kMPC, which has a faster convergence rate and a lower accumulated cost. Some future
directions include developing data-driven identification methods that can guarantee the satisfaction
of the required assumptions, extending the stability analysis to systems subject to external distur-
bances, and validating the performance of S—-KMPC in practical nonlinear systems (e.g., mixed traffic
systems (Shang et al., 2025b) and robotic systems (Haggerty et al., 2023)).
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Appendix A. Technical proofs

We here present technical proofs for Lemma 1 and the results in Sections 3 and 4.

A.l. Proof of Lemma 1

Following Definition 1, we here demonstrate that the Lyapunov function V' satisfying the conditions
in Lemma 1 leads to local exponential stability.
Let us recall standard definitions for an invariant set and region of attraction.

Definition 2 (Positive invariant set and region of attraction Rawlings et al. (2017)) Consider the
autonomous system xy11 = ().

1. A set D is positive invariant if xy € D implies x441 € D.

2. A set D of initial states xy with lim;_, x+ = 0 is a region of attraction for the origin 0.

Proof of Lemma 1: From the condition (2b), we can obtain
V(@) < V(o) — aslael?
< (1 — Oég/O[Q)V(CCt), Vzs € D,
which implies V (z;) < (1—as/a2)'V (xp). Since the set D is invariant, the function value V (x4 1)
is always well-defined when z; € D.
Then, using condition (2a), we can write

2]l < V'V (2i)/an
< V(1 —ag/az)t/a1V (o)
< \/ag/al(l—ag/ag)tHxOH, Vxg € D.
This implies that states in D converge to the origin exponentially and D is an ROA.

Let ¢ := \/ag/ag and p := /1 — a3/as. We note that there exists a neighborhood ' C D as
0 € int(D). Thus, we have ||x¢|| < cpt||zo||, Vo € N, t € Z>(, which completes the proof.

A.2. Proof of Lemma 2

Thanks to the exact Koopman linear embedding, we can equivalently rewrite the nonlinear dynamics
in (11) in the Koopman-lifted space as (we restate (12) here)

(@)
min Z HCzyk, utyk)
k=0

subject to  zy1 k41 = Az + Bupig,
z=2zké€ Zzo,
where z = U(x) and we have x4, = Czi4k, k € Z>¢. For a fixed x € R™, the cost values in (11)
and (12) are the same given the same input sequence U.c.
Since (12) can be viewed as a standard LQR problem with an initial condition z; = ¥(x;) under
Assumption 2, the controller (13) is an optimal feedback policy to (12). Therefore, (13) is also a
globally optimal feedback controller to the original problem (11).

13
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A.3. Proof of Theorem 1

We need to show that: 1) the system is globally attractive, that is, lim;_,o x; = 0, Vg € R™ and 2)
the system is locally Lyapunov stable, that is, for any € > 0, there exists § > 0, such that ||zg|| < &
implies ||z:|| < €, forallt € Z>y.

We recall the associated optimal value function for (12) is V% (z) = ||z]|% = 2T Pz and we
have the following lower and upper bounds:
AllCz|? < Vi (2) < opliz)?, 24

where )¢ is the minimum eigenvalue of (), and op is the maximum eigenvalue of P (see (14)).

The globally attractive property is easy to show. Since the optimal LQR gain can stabilize the
exact Koopman linear model, we have lim;_,~, z; = 0,Vzy € R™ which implies lim;_,~, ¥(x;) =
0,Vzyg € R™. As x;y = C¥(x;) by Assumption 2, the physical state z; of the nonlinear system
converges to the origin asymptotically.

We next show the local stability. For any fixed € > 0, let p = A\ge. Consider the set

S:={zx eR" |V (¥(x)) < p}.
Using the Riccati equation, for any = € S, we have
VEW () = VE(U(2)) = —¥(z)(CTQC + KTRK)¥(z) <O0.

This implies that VX (U(z1)) < V£ (¥(z)) < p, and thus we have 27 € S. Therefore, S is an
invariant set.

On the other hand, from (24), we have

Aollel? < VL (¥(z)) <p = lz] <eVzes,

meaning that S C B,. Since V (¥(z)) is continuous, we know that the set S is open. In addition,
we have V(¥(0)) = V(0) = 0, implying 0 € S.

Thus, there exists a neighbor A/ C S of the origin such that any trajectory starting from N
remains in S. It is also contained in Be. This establishes the stability in the sense of Lyapunov. We
now complete the proof.

A.4. Proof of Theorem 2

Consider a Lyapunov candidate
V(@) = V5 (U(x)) = U(a) PU(a), 25)
where P > 0 is the unique solution to (14). We show that V satisfies (2a) and (2b) in Lemma 1 over
an invariant set S.
Let p € (0, A\7?], where # := min{ry, 7} with r, and 7 from Assumption 3 and Assumption 4
respectively. We choose the sublevel set
S:={zeR"|V(z) < p}.
Note that 0 € S and S is open as V is continuous. We will prove that S is bounded and invariant.
We first verify the lower bound in (2a). This directly comes from (24) as we have x = C'¥(x)
by Assumption 2:
Aollz|? < VE(¥(z)) = V(z), VzeS. (26)
By our choice p < A\g#2, we have \g||z||? < V(z) < p = |lz|| < #, for all € S. Thus, we have
S C B;, which is bounded.
The upper bound in (2a) is ensured by Assumption 3. As S C By C B,

V(z) < op||¥(z)|? < UPL?/)H{L'HZ, Vo e S. (27)
Combining (26) with (27), our Lyapunov candidate V satisfies (2a) with o1 = A\ and ap = apop.

we have
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We next verify the decrease condition (2b). We see that
V(2 ") =V(2) =V (P(a™h) -V (P())
=V (@) VL)V (2N -V (2), (28)
Koopman error Koopman decrease
where we denote z as ¥(z) and 2T = (A + BK)z is the one-step ahead Koopman prediction. The
Koopman decrease term in (28) can be bounded as
Vi(EY) - VEi(2) = —2T(CTQC + KTRK)z
< =gl
where we have used the Riccati equation (14) and x = C'z.

(29)

Meanwhile, consider the Koopman error term in (28), for any z € S, we have
V(P () = Ve (D) = llea(e) " Pea(a) + 2ea(z) " P2*|
< opllea(x)|*+20p|2*||||ea ()| (30)
< (opL+ 25‘L1/,0'P)L||.7}||2,

where the last inequality uses Assumptions 3 and 4 (note S C B; C B, N B;), and & denotes the
maximum singular value of A + BK. We can now find § > 0 such that, when L < 4, we have

az = Ao — (opL+26Lyop)L > 0.
Substituting (29) and (30) into (28), we have

V() —V(z) < —ag|z||?, Vzes, 31)
which implies z+ € S and S is invariant. Since the Lyapunov candidate (25) satisfies the conditions
in Lemma 1, the result follows.

Remark 3 A key step is the decomposition of the one-step Lyapunov change in (28). This is a
standard strategy in showing the inherent robustness of MPC that uses a nominal model with the
modelling error or external disturbance (Allan et al., 2017; Kuntz and Rawlings, 2025).

Specifically, we first demonstrate the MPC controller can stabilize the nominal model (Koop-
man decrease) and then treat the modelling error as a perturbation (Koopman error). The Koop-
man decrease term is certified by the Riccati identity together with the state inclusion x = Cz,
vielding (29). The Koopman error depends on both the lifting function and the one-step predic-
tion error, thus, we make Assumptions 3 and 4 on them to ensure the Koopman error is sufficiently
small. Assumption 3 (local bound of the lifting function) is used to ensure ||V(z)|| is bounded
by the actual state x locally, which (i) gives the upper quadratic bound on V(:U) and (ii) ensures
127l = [(A+BK)¥(z)|| < 6Lyl|z||. Assumption 4 (local closed-loop prediction accuracy)
bounds the Koopman prediction-error term as in (30), which can be made strictly smaller than the
Koopman decrease by choosing L sufficiently small. Thus L < 6 ensures the quadratic decay in (31)
and, in turn, local exponential stability by Lemma 1. O

A.S. Proof of Proposition 1

We recall that, from the construction of the terminal cost and terminal set, we have
Q> C'QC + K"RK, (32a)
ALPAx —P+Q=0. (32b)
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We first show the inequality (17) is satisfied with the proposed terminal controller. We can write
Vi(2T) = Vi(2) = zT(AI(PA’AK - P)z =—2T0Qz
<—2"(CTQC + K"RK)z
=—1(Cz, ke(2)),
where the second equality and the third inequality come from (32b) and (32a), respectively.
As (Cz, ke(z)) > 0, we obtain
Vi(zT) < Vi(2) < 7.
Thus, zt € Z; and the terminal set is control invariant.

We then present that the input given by the terminal controller satisfies the input constraint.
From the inequality (17) and the designed terminal set (16), we have

Vi(ZH) + 1(Cz, k4(2)) = Vi(ZT) 4+ 2TCTQC + ke(2) T Rig(2)
< Vf(z) <7, Vz € Z.

=
I6e(2)[| </ —, Vz € Zp,
OR

where or is the maximum eigenvalue of R. Since |, /éb’l C U from the construction, we have

This implies that

ke(2) € U,Vz € Z¢. This completes the proof.

A.6. Proof of Theorem 3

We first establish Xy is an ROA, i.e., the Koopman MPC problem (8) is recursively feasible and the
resulting closed-loop states converge to zero asymptotically from any initial state x; =x € X.

Since the Koopman linear model is exact by assumption, we have

t=Czt.
Meanwhile, we know z+ € Zy by Proposition 3. Thus, the Koopman MPC problem (8) is feasible
with the initial state . We can then denote the resulting optimal Koopman control sequence as
= k(T (@1), KU (2e1)); - o K (T400))-

We prove lim; o, 2; = 0 by showing the running MPC cost that 372 o [|¢14 15+ 15 (¥ (z141)) 1 %

is finite (recall that (), R are positive definite). From (18), we have

oo
VR (W (20)) 2 V(U (@) + ol G+ IR @)lF = D el + 1508 () [ 7
k=0
As V3 (¥(xy)) is upper bounded, cf. Proposition 2, we know )7 th+k||2Q+ |60 (zern))||% is
finite. Thus, we have lim;_,, x; = 0, i.e., all states in Ay converge to the origin asymptotically.
We then prove the closed-loop system is locally asymptotically stable. This is equivalent to
showing that 1) the system is locally attractive and 2) stable in the sense of Lyapunov. Point 1) is
obviously true as Xy is an ROA and O € int(Xy).
For point 2), fix any € > 0, let p = A\ge?, and consider S := {z € X | V(¥ (z)) < p}. From
(18), we have
V(@) < Vi(¥(z) <p=zT €S, VreS.
Thus, S is an invariant set. From the boundedness property in Proposition 2, we have
Molle|? < Vi (W(@)) < p= [l <, V€ S,
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indicating S C B,. Since V3 (¥(x)) is continuous and O € S, the origin is an interior point of S
with the associated neighborhood A/ C S. Thus, any trajectory starting in A/ remains in S C B..
This completes the proof.

A.7. Proof of Lemma 3

We show that @1 (see the construction in Proposition 3) is a feasible solution for the initial state
2zt = W(x™), which guarantees the one-step feasibility. We need to prove ¢(N;zt 1) € Z,
which is equivalent to show Vi(¢(N; 21, 1)) < 7. Thus, our goal in this part is to derive an upper
bound for Vi(¢(N; 27, 1)). The key idea for the derivation is to first bound the difference between
Vi(p(N; 21, 1)) and Vi(¢(N; 2T, @)), then derive an upper bound for Vi(¢p(N; z1, 1)), and finally
combine both to obtain the upper bound of Vi(¢(N; 27, @)).

We first derive upper bounds for the optimal control input u}(0), the input sequence @, and
the predicted state z* of the nominal Koopman linear embedding. We will utilize these bounds
later in bounding the difference between Vi(¢p(N; 21, 1)) and Vi(¢(N; 2T, @)). Using the bound
of z (i.e, ||z|| = [[¥(x)|| < Ly|x| from Assumption 3) and the property of Koopman MPC (see
Proposition 2 and Proposition 3), the upper bound of u?(0) and u can be derived as
Vi)

ezl

[uz(0)]* < < < el (33)
AR AR
>+ 7 * 2
HﬁHQS VN(Z >u) < VN(Z) < CZHZH SCIH-THZa (34)
AR AR AR

where ¢; = % € Ris a finite constant. Combining both the bound of z from Assumption 3 and
the bound of u(0) (33), we obtain the bound of ||z, that is:
12 = 1| Az + BuZ(0)]]
< [[A[ll[=[] + [| B][laz O)]
< oaLyllzl + opvalle] = el
where 0 4, 0 are maximum singular values of A, B, respectively and co = 04 Ly, + 0 /c1.
We then bound the difference between Vi(¢(N; 2T, 1)) and Vi(¢(N; 2+, @)). We can write the
terminal state ¢(IV; z, u) with given z and u as
#(N;z,u) = Onz + Tyu,
where, following the propagation of the nominal Koopman linear embedding, we have
On =AY, Ty=[AN"'B AN-2B ... B].
Thus, we can derive the difference between Vi(¢(N; 21, 1)) and Vi(¢(N; 21, 1)) as
IVi(6(N; 2%, 1)) — Vi(o(N; 27, 1))]|
= |(Onzt + Tya)TP(Onzt + Tya) — (Onzt + Tya)"P(Onzt + Ty
< 201||20||[|=* — 2" [ +oullot = 2P+ 200 |all]] 2 — 2|
< 20102 L|z|* +o1 L?|||* + 202y /e1 L | |* = 3|1,
in which o1, o9 are maximum singular values of O}\}PO ~ and O}\—,PTN and we have ¢3 = o1 L% +
2(o1c9 + o24/C1 )L. We note that the difference between 2T and zT is the closed-loop one-step

prediction error in Assumption 5:
Iz =2 | =12 (f (2, u2(0))) — Az— BuZ(0)|| = [lea(@)[| < L]|].

(35)
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We next derive the upper bound of Vi(¢(N; 2T, @)). We consider two cases: 1) 0 < Vi(¢(N; z,ul))
< 5:2) 5 < Vi(¢(N; z,u})) < 7. For case I, we have
Vi(¢(N:2F,1)) — Vi(¢(N; 2,ul)) <0
= V(e(N:zh,0) < 2
For case II, from the design of the terminal cost (see the Lyapunov equation of P in (15)) and its
upper bound Vi(z) < o ||z, we have

Vi(p(N; 21, 1)) — Vi(¢(N; 2,ul))
=—¢(N;z,u})TQo(N; 2, uZ)

AAT
s%&wMa®Ws—§§
where )‘Q > 0 is the minimum eigenvalue of Q > 0. Thus, we have
Vi(p(N;zh 1)) <7 -7, (36)
where 7 = min{Z, ,2\?77} > 0.

P

Combing (35) and (36), we finally have
Vi(¢(N; 2+, 1)) < Vi(¢(N; 24, 10)) + sz
<7 -7+l
We can consider c3 as a function of L such that c3 = a1(L) := o1 L? + 2(o1c2 + ooy/c1)L € K.
Thus, if L < 6 := of (L) where ¢, = sup,cg ||z||%, we have cs[|z||*> < y which means
Vi(¢(N;2H,1)) < 7.

A.8. Proof for Lemma 4

Our goal in this part is to obtain an upper bound of the difference between V35 (¥ (1)) and V35 (¥ (x))
(i.e., V3 (2T) and V¥ (2)) and present it is a negative quadratic function under sufficiently small ds.
From the descent property of the Koopman MPC (see Proposition 3), we can obtain an upper bound
for the difference between Vy(z*, @) and V3 (z). We can then bridge V3 (2") and V3 (z) by
bounding the difference between V3 (2) and Vy (2T, u).

We first bound the difference between Vi (2, @) and Viy(z+, @), which is also an upper bound
for the difference between V(2 1) and Vi (2™, @) from the principle of optimality. Given z and u,
we can express the explicit form of Vi (2, u) as
Vn(z,u) = (Onz + TNu)TQ(ONz + Tyu) + u' Ru
where, following the propagation of the nominal Koopman linear embedding, we have

0 0 0 e 0

B 0 0 e 0
On=1[I A A2 ... AN]T Ty=| AB B 0 - 0|
(AN-1B AN=2p AN=3p ... B

and Q := diag(Q, Q, ..., Q, P) € RWN+Dnx(N+hn: "5 — 0TQC € R"*"= and R := diag(R,
R,...,R)eRNmxNm

18
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The difference between Vy (27, 1) and Vv (2T, @) can be bounded as
VN (2", 1) — V(27,0
_ + \TA + _ =+ \TA —+ _
=[[(Onz" +Tyu) Q(Onz" +Tyu) — (Onz" +Tyu) Q(Onz" + Tyu)||
< 203)|27||||2F = 2T ||+ 03]zt — 2|+ 204 0| |2 T — 27|
< 203co || o3 L?||z]|*+- 204 /e L|2]|* = ca 1%,

in which o3, 04 are maximum singular values of O]TVQO ~ and O} QT and we have ¢4 = o3L? +
2(o3c2 + 044/c1)L. Thus, (37) implies

(37

Vi(zh) = Vn(ET ) < Vn(zh,u) = Vv (2%, 1) < al]. (38)
We then bridge V3 (z) and V3 (2) via Viy (27, @). From Proposition 3, we have
Vn(z",m) < VR (2) = Agllal*. (39)

Combing (38) and (39), we finally have
VR (2) = Vi (2) < —Aqllzll” + callz||.
Again, we treat ¢4 as ¢4 = (L) = o3L? + 2(03¢c0 + o4y/c1)L € K, thus, there exists dp =
a;l(/\Q) and c such that ¢ :== A\ — ¢4 > 0 for L < d2 which implies
Vi(z") = Va(z) < —¢flz|f?, vz € S.
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