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Abstract

We present a novel framework for robust out-of-distribution planning and control using conformal
prediction (CP) and system level synthesis (SLS), addressing the challenge of ensuring safety and
robustness when using learned dynamics models beyond the training data distribution. We first de-
rive high-confidence model error bounds using weighted CP with a learned, state-control-dependent
covariance model. These bounds are integrated into an SLS-based robust nonlinear model predic-
tive control (MPC) formulation, which performs constraint tightening over the prediction horizon
via volume-optimized forward reachable sets. We provide theoretical guarantees on coverage and
robustness under distributional drift, and analyze the impact of data density and trajectory tube
size on prediction coverage. Empirically, we demonstrate our method on nonlinear systems of in-
creasing complexity, including a 4D car and a 12D quadcopter, improving safety and robustness
compared to fixed-bound and non-robust baselines, especially outside of the data distribution.
Keywords: safe learning-based control, conformal prediction, MPC, system level synthesis

1. Introduction

Provably-safe planning under unknown dynamics is crucial for real-world robotics. This poses diffi-
culties for classical planners, which assume precise models; in practice, model error and uncertainty
are unavoidable. Data-driven planners can learn dynamics from data but may exploit model inac-
curacies, leading to unsafe behavior. This motivates uncertainty-constrained planners that quantify
prediction error between true and learned dynamics to ensure robust, safe execution (Knuth et al.,
2021, 2023; Wasiela et al., 2024). These methods estimate spatially-varying model error bounds
to compute reachable tubes, which are used to constrain closed-loop behavior within a “trusted do-
main” where the model is accurate. This domain is typically selected as a bounded region around the
training data, preventing generated plans from straying far from the data. However, in practice, data
scarcity often forces robots to operate temporarily out of distribution (OOD), tolerating degraded
performance while maintaining safety. Moreover, these planners are slow and do not exploit gradi-
ent information to efficiently optimize closed-loop behavior that actively reduces model uncertainty.
To address these gaps, we propose CP-SLS-MPC, a fast optimization-based robust feedback
motion planner that uses the learned dynamics to jointly plan open-loop nominal trajectories and
closed-loop tracking controllers via robust model predictive control (MPC). Our method uses weighted
conformal prediction (CP) to bound the model error and system level synthesis (SLS) (Anderson
et al., 2019) to compute reachable sets, which are used to constrain the true closed-loop system to
be safe with high probability, enabling robust temporary OOD operation. CP-SLS-MPC updates the
model error bounds with online data to encourage cautious behavior when OOD, such as staying fur-
ther from obstacles. CP-SLS-MPC also uses gradient data from a model error predictor to efficiently
guide plans toward low-error regions, enabling near-real-time replanning. Our contributions are:
* A fast optimization-based MPC method with learned dynamics ensuring finite-sample, prob-
abilistic safety of the true system using state-control-dependent CP error bounds in the MPC.
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* Theoretical analysis for high-probability safety and bounding the OOD coverage gap.

* Numerical validation on a simulated nonlinear 4D car and 12D quadcopter, improving safety
and prediction accuracy even in OOD scenarios over uncertainty-unware MPC baselines.

2. Related Work

Predictive Control Learning-based MPC unifies disturbance estimation with planning (Hewing
et al., 2020), but typically lacks state-dependent error bounds and cannot steer plans towards low-
error regions. Robust (Rawlings et al., 2017) and tube MPC (Mayne et al., 2005) ensure con-
straint satisfaction under disturbance, but in typical formulations, directly enforcing constraints on
the closed-loop trajectory is nonconvex, leading to conservative overapproximations (Singh et al.,
2018). In contrast, SLS (Anderson et al., 2019; Chen et al., 2024), or disturbance-feedback MPC
(Goulart et al., 2006), provides a convex parameterization of closed-loop responses for linear time-
varying (LTV) systems, enabling constraint satisfaction under disturbance (Bartos et al., 2025). SLS
also extends to data-driven settings (Xue and Matni, 2021; Furieri et al., 2022) and nonlinear dy-
namics (Leeman et al., 2025b), where the problem is decomposed into an optimization over nominal
trajectories and closed-loop LTV error dynamics. In this work, we inform SLS with state-dependent,
CP-calibrated error bounds to enable safe planning toward low-error regions.

Planning with Learned Dynamics Many model-based reinforcement learning methods plan with
learned models but lack safety guarantees (Moerland et al., 2023). Some methods estimate reach-
able tubes for safe exploration (Berkenkamp et al., 2016), but assume a controller is given. The most
closely related method (Chou et al., 2021, 2022) safely plans with learned dynamics by constraining
invariant tubes to lie in a “trusted domain” near training data. This demands dense data coverage; in
contrast, we enable the robot to move beyond the training data while assuring probabilistic safety.
Subsequent model error-aware planners (Suh et al., 2023) improve planning speed but lack formal
guarantees. Also closely related is Marques and Berenson (2024), which bounds model error via CP
but cannot extrapolate OOD as it uses exchangeable CP. Other methods aim to improve dynamics
predictions in OOD scenarios (Lin et al., 2024) but do not focus on planning.

Conformal Prediction (CP) CP (Vovk et al., 2005) is a distribution-free method for construct-
ing prediction regions from data from black-box models, making it well-suited for safe trajectory
prediction and planning (Lindemann et al., 2023; Dixit et al., 2023; Sun et al., 2023; Muthali et al.,
2023; Muenprasitivej et al., 2025). The most closely related methods are Contreras et al. (2025),
which triggers a safe fallback policy in OOD scenarios for MPC, and Chee et al. (2023, 2024), which
use WCP to address time-series correlations in MPC for tracking fixed trajectories. However, these
methods do not use state-dependent uncertainty, and form prediction sets using a fixed spatially-
invariant norm ball. Thus, the MPC cannot distinguish between state-space regions where the model
is accurate and those where it is inaccurate, thereby degrading performance. In contrast, our method
designs trajectories that are valid OOD and actively encourages uncertainty reduction, steering the
MPC toward regions of lower model error, using a learned state-dependent error covariance matrix.

3. Preliminaries and Problem Statement

Let f: X x U — X be the true unknown deterministic nonlinear discrete-time dynamics,

~

T = f(ag, up) = flog, ug) + (g, ug), (1)

where X C R™= is the state space and &/ C R™* is the control space. Let f : X xU — X denote
an approximate learned dynamics model, where € : X x U — X is the dynamics error. We model f
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with a neural network (NN), though our method is agnostic to model class. The goal is to reach a tar-
get set Xy C X while satisfying pointwise-in-time state and control constraints (zy, ug) € F, where

Fi={(z,u) e R | gj(z,u) + b; <0, Vie{l,...,n.}, forg;:R™ ™ 5 R} (2)

Let B C R™ be the unit 2-norm ball. Let the Minkowski sumbe A® B := {a+b | a € A,b € B}.

Conformal Prediction (CP) We use weighted CP to convert raw non-conformity scores, quantify-
ing a mismatch between between f(z,u) and f(, u), into a calibrated threshold that yields (1 — &)
coverage (Vovk et al., 2005). Let Dealib, := (@i, w4, f(zi,u;));—; and choose a nonconformity score
function s : X x U x X — R>p. Set s; := s(z:i,Aui, f(x;,u;)). Calibration proceeds in three steps.

We (i) form the weighted empirical distribution S with weights, {11, . . . , Wy, West} < [0, 1],

S =" Wiy, + WestOpoo, St Wiest + o Wi = 1, 3)

where J,, is the Dirac delta centered at s;, (ii) calibrate the threshold q1_o = Q1-4(S) with the
1 — v quantile Q1_4(+), and (iii) define the conformal prediction set (CP set) at (Ziest, Utest) aS

C(l'testa Utest ; Ch—a) = {:E ekXx | 5($testa utest,$> < q1fa}- (4)
Traditional (non-exchangeable) CP uses uniform weights, w; = Wy = n%rl, and assumes ex-
changeability, which may fail under spatio-temporal distribution shifts; WCP does not assume this.

We denote (51, 82, - - -, Stest) ~ S; moreover, let S ’ be the joint distribution obtained by replacing
s; with the unknown test score, i.e., (S1, 82, - - -, Si—1, Stests Si+1, - - - » Sn) ~ S*. WCP guarantees

Pr [f(xtesta Utest) € C(xtesta Utest q1—o¢)} >1l—a-— Z?zl 7I)idTV(Sia Stest)’ 5)

where dv(-) is the total-variation distance and Y | @;drv(S?, S'') quantifies the coverage gap
due to distribution shift (it vanishes under exchangeability). In practice, the weights can be selected
to trade off coverage gap size ) , Widry (S, S©) and CP set size |C(@est, Utest; G1—a )|, yielding
uncertainty sets suitable for robust MPC with learned dynamics. WCP is essential for planning
with learned dynamics to account for (1) distribution shifts between training and execution data, (2)
state/control correlations during execution, and (3) visits to OOD regions of the state/control space.
SLS SLS (Anderson et al., 2019) is a robust control framework for uncertain LTV systems

Tp1 = Agxr + Brug + Exéy (6)
where A, € R"*"= B, € R"™*™ and ), € R"*"= and £, € B"= is a disturbance. SLS can
be used to jointly optimize a nominal trajectory, a tracking controller, and a closed-loop reachable
tube overapproximation computed by propagating worst-case disturbances over time. In particular,
we denote a nominal length-T" state trajectory z := {z1,...,27} € R™7T and control trajectory
v:={v1,...,v7} € R™7 satisfying the nominal LTV dynamics in (7). To track the nominal (z, v),
SLS defines a disturbance-feedback controller (8) and closed-loop state response (9), where ~I>27 ; €
RMuxne gnd <I>’,§7 ; € R™=*"= define the closed-loop response of (6) as an affine function of {¢},

Zher = Apzp + Brog, (D wp =0+ X0 B &, B)  mp =z + > B &5 (9)
To ensure that (8)-(9) represent the closed-loop state/control response, <I>>,;’ p and <I>};7 ; must satisfy
i1y = APh; T Br®hy Phpin = B (10)

With SLS, we can guarantee that the closed-loop trajectories of (9) and (8) remain in the reachable
tubes R := {Ry := (RE, RY)M_,,ie., forallk € {1,...,T}, zx € R and uy, € RY, where

Po= (@2 B @ {m), Ry = (DI, ®YB™) @ {vi}. (11
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SLS has also been extended to control nonlinear dynamics (Leeman et al., 2025b; Zhan et al., 2025)
with robust satisfaction of nonlinear constraints, both via optimized linearization error overbounds.
For nonlinear dynamics f of the form (1), we can obtain an LTV approximation using the Jacobian

linearizations of f around (z,v): Ay := Vuf (2, v), and By := Vo f (2, v). To robustly
satisfy nonlinear constraints of the form (2), we can enforce the tightened constraints (12), obtained
by linearizing g;, for all i € {1, ..., n.}, around the nominal trajectory (7):

o [ [V2i(2k: 0k) B 5, Vugi (20, 0k) Y] ||, + 9 (2 vi) + bi + gi" (2, v6) <0, (12)

where ¢!"(zy, vy.) is a linearization error bound term (details are omitted for brevity; see (Zhan et al.,

2025, Eq. (22))). This ensures that the closed-loop dynamics satisfy (2) forall k € {1,...,T}.

Problem Statement We assume that we are given an offline dataset D := {(w;, u;, (7, u;)) }¥ 1,
where each (x;,u;) is drawn from a joint distribution Y. We partition D into a training dataset
Diain == {(x4, w;, f(zi, ui))}fv:“f“, to train the learned dynamics f (1) and a model error predictor
Y XxU — R™*"=_described in Sec. 4, and calibration dataset Deapiv, := { (x4, us, f (i, ul)}N““lh".
Our goal is to 1) estimate calibrated error bounds on the learned dynamics f that hold with high
probability and to 2) use these bounds within a robust MPC framework, with a prediction horizon
of T' steps, to guarantee robust constraint satisfaction with high probability. Specifically, we solve:
Problem 1: Learning and Calibration. Using Dy, learn an approximate dynamics model f : X X

U — X. Using f and Deaip, provide a calibrated high-confidence bound € : X x U — 2% on
the dynamics error € : X' x U — R, such that Pr["}_, (c(zx,uz) € E(zx,0))] > 1 — &, for
nominal state (zj,vy) and for all reachable state/controls (xy,ur) € Ry := (R}, R}), as defined
in (11). Here, a € (0, 1) is user-specified and & € [, 1) absorbs the coverage gap in (5).

Problem 2: Planning. Using the learned model f and error bound £ of Prob. 1, solve a robust MPC

problem for f ensuring that the constraints (2) are satisfied for the true closed-loop dynamics (i.e.,
under f in (1)) with probability at least 1 — @, jointly over 7" prediction steps, for a single MPC solve,
and with probability at least 1 —& for R MPC solves (i.e., R—1 replanning steps), where & € (&, 1).

4. Method

We outline our method, CP-SLS-MPC, which uses WCP for high-probability state-control-dependent
model error bounding (Sec. 4.1) and integrates it into an uncertainty-constrained SLS-based robust
MPC optimization (Sec. 4.2). Finally, we discuss practical implementation (Sec. 4.3).

4.1. Model Training and Model Error Bounding via Conformal Prediction

To tackle Prob. 1, we first train the dynamics f (1) on the training dataset Dy,iy by minimizing a
mean-squared-error loss EN"‘““ | f (@, up) — f(xk, ug)||2. Then, for any nominal state z € X and
control input v € U, we seek to bound the error of the learned dynamics model || f(z, v) — f(z,v)||o-
To encode spatially-varying error, we train a heuristic uncertainty model 3 : X x U — R™=*"=_an
NN, with a multivariate Gaussian negative-log-likelihood (MGNLL) loss (Dasgupta and Hsu, 2007):

LGS £, frsw) = 3 (£ w) = Fo, ) TS0~ (F,0) = o) + In(det(S(e,w) ) - (13)

MGNLL is selected to train 3 to output an uncalibrated covariance matrix which locally approxi-
mates the shape and magnitude of f’s error dispersion at a given state-control pair. WCP’s calibra-
tion procedure reconciles the inexact gaussian assumption (of MGNLL) made of the error dispersion
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by scaling the covariance matrix. To capture the model error at timestep k for a nominal (z, vi),
we adapt the non-conformity score of Messoudi et al. (2022):

Sig i= k(i ui, f(2i,u;)) = \/(f(xuuz) - f($i7ui))T2(Zk,Uk)_l(f(l”i’ui) - f(fﬂz,uz)) (14)

Using (14), we form the (1 — v, )-confidence CP set for some nominal (zj, v), C(2k, Vk; ¢1—ay )» S

C(2hs Ui q1—ay) = {z € X | \/(af — Fer ) "2 v) " (@ = Fen ) < Gioa (e vr)}, - (15)

defining q1_q, (25, vg) = Ql,ak(gk), where S = S wfasi,k + w{gmém is formed using a
set of normalized weights W* := {@k, ... ,fLDJchaub, wEy} C [0, 1)Neaivt! tailored to the nominal
state/control pair (zj, vy ). Intuitively, C(2x, vk; g1—q, ) is an ellipsoid centered at the predicted next
state f (zk, vk ), with a radius given by the quantile of the weighted non-conformity scores from (14).

To construct the normalized weights W tailored for a nominal state/control pair (zj, vg), we
first define a set of unnormalized weights W* = {wf, ..., w§  wiy =1} C [0, 1]Neiv ! where

wi? = pH(Zk,Uk)—(l’muz‘)Hz, (16)

where p € (0, 1], for all (z;, u;) € Deanip- The form of (16) encodes the assumption that model error

is state/control-dependent and changes smoothly, such that nearby pairs have similar errors. We
k

normalize the weights w* as ﬁ)f = szik to be compatible with the WCP framework (Sec. 3).
j=1
k
Denote (81, 82,k - - - Si1,k» Sk Sit Lks - - » SNk Sisk) ~ SF and (81, -+ 5 SNy ko Shik) ~

Skk (ie., S** exchanges sk, With s; 1), where sy, = S5 (2%, Uk, f(2k, vx)) is generally unknown
as f(zk, vr) may not be in D)5, for some candidate (zy, vy). Via the WCP framework, (5) ensures

Pr(f (2k, vk) € C(2ky Vk; q1—ay)] > 1 — a — D1 @F dpy (SHF, SEF). (17)

Starting from (17), we see that the dynamics error is in an origin centered ellipsoid, &(z, vg) =
(f(zk, vg) — f(zk, vk)) € C(2k, Vk: Q1—ay ) @{—f(zk, vg) }, implying that it satisfies Pr[e(zx, vy) €
g(Zk,Uk)] >1— o — Z?:l ’J)f dTv(Si’k, Sk’k), where we set E(zk,vk) = C(zk,vk;ql_ak) D
{—F(2k,v%)}. In essence, by conformalizing the heuristic uncertainty model X, we obtain a cal-
ibrated spatially-dependent model error bound &(zy, vx) that holds with high probability. Equiv-
alently, using the Cholesky factor L(zy,vx) of 3(zx,vx), i.e., 2(2x, vx) = L(zr, vi)L(zp, vi) s
(15)-(17), and selecting a miscoverage rate a, € (0, 1) tailored to timestep k, we can state that

Prle(zi, vp) € V (2, vp)B™] > 1 — ay, — SO Netio i oy (S7K | GHF), (18)
—_———
=& (2k,vk)
where V' (zg,vk) := q1—a, (2K, Vi) L(2k, Uk). (19)

While (18)-(19) bounds model error at (zj, vx), the system may be perturbed during execution
within the reachable tube R . Thus, at every timestep k, we must quantify the coverage of £ (2, vy)
from any (xy, ux) € Ry. This can be achieved by mﬂatlng the coverage gap with an additional term,
yielding Prie(zy, ux) € (2, v)] > 1 —ag — 2 Zz Yalib ¥ drv (S ke, Skk) — Y(Ri), where v(Ry)
is defined in Thm. 4. Here, S; and S} are distributions such that s;;, ~ S;, spx ~ Skk-
Specifically, Thm. 1 derives the probability that e(xy, u) € E(zg, vy) for all (zg, ux) € Ry, for all
ke {1,...,T}, providing our solution for Prob. 1 (proofs in App. A):
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Theorem 1 Given a length-T trajectory of the true dynamics f (1) ¢ = {(zy, ug) }1_, such that
(zg,up) € X X U forall k € {1,...,T}, desired miscoverage {cy}1_,, total miscoverage oy, =
o +2 ZZN:“{’”’ d)deV(S@k, Sk.k)+7(Rk), and independence between Deqjit, and (i, uy,), we have:

PrNi_; (e(op,up) € E(zp, )] > 1= i 0% =1 — @ (20)

Overall, at every timestep, we predict an ellipsoid £ (zy, vx) containing the one-step error &(x, uy)
with high probability. Next, we will use this data-driven, spatially-dependent bound & (zg, vi) to
inform SLS-based robust MPC, shrinking tubes where data is dense and expanding them if OOD.

4.2. Informing SLS-based Planning with CP Model Error Bounds

Using our conformalized model error bounds, we construct an uncertain nonlinear system zx,1 =

f(zr,vk) + V(zk, vk )&k, where & € B™ and V (2, v )&k represent the unknown, bounded model
error at timestep k. Let @* and ®" collect all P} ; and @ .. Then we adapt Leeman et al. (2025b)
to write a nonlinear program (NLP) in (21) to optimize for z = {z1,..., 27}, v ={v1,...,vr_1},
®*, and P", given an initial state g € X:

puin J(z,v) + Ho(®*, ®") + Ju,(z, V), (21a)
s.t. 2p+1 = f(2zk,01), 21 = To, Vek=1,...,T—1, (21b)
By, = APy, +Be®p,, Vi=1,...,T—1, Vk=j+1,....T—1, (21c)

@, =V(zy,v), Vi=1,...,T-1, (21d)

2521 (Vg (zr, v0) @y Vugi(zk, v) 31|, + 9i (26, vk) + bi + g™ (21, 00) <0, (2le)
Vi=1,...,np, Vk=1,...,T.

Here, (21a) penalizes a cost .JJ(z, v) on the nominal trajectory, Jx;,(z, v) penalizes reaching the ter-
minal set X}, and H o(®*, ") penalizes the size of the reachable tubes (see (49), (52), (53)). Since f
is more accurate in the training domain, we modify .J(z, v) to include an active error reduction cost
Jactive (2, V) (see App. D.4) minimizing the distance of (z, v) to in-distribution calibration points.
Constraint (21b) ensures nominal dynamic feasibility, while (21¢) and (21d) enforce SLS conditions
(10) for the LTV approximation obtained by linearizing f around (z, v), with model error bound
V(z;,v;) from (19). Constraint (21e) enforces robust state-control satisfaction using bounds on
the closed-loop response derived by informing SLS with CP. Since SLS guarantees an overapprox-
imation of the true reachable tube, (1) the closed-loop trajectory executing (z, v, ®*, ®") over the
T-step horizon satisfies (2) with high probability, and (2) safety is maintained with high, though
diminishing, probability over iterative replanning steps. The following result addresses Prob. 2:

Theorem 2 Define the forecasted nominal trajectory T](Eq) = {29 0\"NT_ as the T-timestep

future nominal trajectory predicted by the learned dynamiés f at the qth MPC solve (i.e., the (q—1)st
replanning step) in (21b). (a) Then the true closed-loop dynamics (1) under the controller defined
by (21) and (8) satisfies Pr[}_, (=¥, u\") € F)] > 1= 31, o\, where {(z\" , u\")VT_, is the

realized state-control trajectory if executed for the full T timesteps, and (b) defining U%q) as the

miscoverage rate for the first timestep at MPC solve iteration q, we have that by executing (21) over
R MPC solves (i.e., R — 1 re-planning steps), Pr[ﬂf:1 ((xgq), W) e F>1- Zqul o\ =1-a.

Overall, by solving (21), we reduce model error by 1) minimizing reachable tube volume and
2) penalizing distance to data. Coupling planning with CP-informed reachability ensures high-
probability safety for the true dynamics. Finally, refining the CP error set C with online data (Alg. 1)
reduces the coverage gap, improving empirical model error coverage.

6
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4.3. Practical Implementation via SCP

To efficiently solve the NLP (21), we propose CP-SLS-MPC (Alg. 1). CP-SLS-MPC uses sequential
convex programming (SCP) (Malyuta et al., 2022; Messerer et al., 2021). Each SCP iteration solves
a second-order cone program (SOCP) (Alg. 1, line 6), obtained by linearizing f around the current
nominal trajectory (z,v) and convexifying the constraint tightenings in (21e), yielding an update
(z,, Vi) to the nominal trajectory. To solve this SOCP efficiently, we use the solver in Leeman
et al. (2024), which iterates between solving a QP for (z,v) and Riccati recursions for (®*, ")
(line 7). For efficiency, we apply a real-time iteration scheme (Gros et al., 2020), limiting SCP to one
iteration per step (Leeman et al., 2025a), and omit linearization error (Zhan et al., 2025), which is
small in practice (Sec. 6). At each step, we execute the first control input v; (line 9), shift the previ-
ous solution for initialization (line 5), and re-solve via SCP. Moreover, we improve OOD robustness
by updating the error set V with online observations (line 10). Augmenting the error set updates the
quantile g1 _q, (2k, vk ), which in turn alters constraint (21d) via (19), reducing the coverage gap and
increasing the likelihood that the closed-loop dynamics remain within the computed reachable tubes.

Algorithm 1 CP-SLS-MPC

1: procedure CP-SLS-MPC(D_aii1, horizon T, F, T, terminal set Xt)

2 t < 1 and (z,v) + Nominal Solution > Initialize the problem with start state ¢
3 Vo {(zi, ui, fai,u) — f({LZ, ul))}l]\il“‘, V(@i wiy f(2i,1)) € Dealib > Initialize error set V
4 while z; ¢ X; do > Xt is included as a terminal cost (52), App D.3
5: Ty + xy; initialize (z, v) with shifted previous solution > Initialize with the current state
6 Linearize (21) around (z, v); compute V (2, vy) via (19), V; form SOCP

7 (Z5y, Vi), ®%, " <— SOCP solution > Single iteration of Leeman et al. (2024).
8 Update (z,Vv) < (z,v) + (2], Vi)

o: g < U1; Teq1 — [T, up) > Closed loop control; state update
10 Ve VU {(2, up, 2041 — flzp,u)) )it —t+1 > Online data update

11: end procedure

5. Theoretical Analysis: Bounding the Coverage Gap

To bound the coverage gap, we assume non-conformity scores from the calibration set D,j;1, are
independent of the score at the nominal point (2, v), though they may come from different distri-
butions. We also assume a Lipschitz-type bound on the distribution drift between S; ;. and Sj 1, i.e.,

drv(Sie, ki) < elllzn, o0 ] = [z u) ]2, (22)

fore € R,e > 0, where s; ~ S; (14) and S is the non-conformity score distribution of (z,v).
(22) is a practical assumption, stating that the dynamics error distribution shifts gradually over the
state-control space. The next theorem shows a overbound on the calibration error drv (.S; i, Sk k)-

Theorem 3 The Coverage Gap = Zf\i"‘i’“’ W; dry(SF, SER) of our conformal predictor satisfies

Ncalib Pdi . . . dq dmaxpd’"i"
Coverage Gap < ). 71+Z;i“i"” s 2e-d; < 2e =t + (e pmin )2 | (23)
Tight Bound Interpretable Bound
, . , . , o T T T T
where we sort the distance to points in the calibration set such that d; = ||[z;. , v, ] — [z; ,u; ]||2,

di <dg <--- <dp, dpin = minj<j<n—1{diy1 — d;}, and dpax = maxi<i<pn—1{dit1 — d; }.

Thm. 3 (interpretable bound) shows that the gap depends on state-control calibration point density.
Greater point density decreases dp;,, increasing the gap; reducing p mitigates this, but doing so can
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di
- pdmin
reduces the gap, as d; is the minimal distance between Dejip, and (zy, v ). Further discussion of the
intuition and validation of the empirical bounds is in App. E. Online augmentation of VV may violate
independence (due to time-correlation), but for large N5, Thm. 3 suffices. As SLS requires model

error to hold for all (z,u) € Ry, we also provide a coverage bound valid over the reachable tube:

cause the (1 — «)-quantile to diverge. The term I shows that being closer to the training data

Theorem 4 Under the same assumption of Theorem 3, we have that for all (x,u) € Ry, the tube
around the nominal point (zj,, vy), Prle(z,u) € E(z, vg)] > 1—ar—2 1 Widry (Sik, Skk) —
Y(Ryg), for y(Ry) := 26 M (Ry), where M (Ry,) is the maximum axis length of tube Ry, and € < €
is chosen such that (22) holds for all (x,u) € Ry.

Using Thm. 4, we find that the coverage guarantees remain close to the desired coverage level
«, assuming a gradual spatial-drift of the error distribution. Furthermore, the optimization problem
(21) seeks to minimize the tube volume in the cost function, thereby minimizing y(Ry,).

6. Results

We evaluate our method on robust planning with learned 4D Dubins’ (see App. B.1) and 12D quad-
copter dynamics (see App. B.2). Comparisons (see App. C for details) include naive, uncalibrated
MPC on the learned dynamics f without robust constraint tightenings, denoted as vanilla MPC (V-
MPC), and a fixed hyper-ball variant of our method (CP-Ball), where 3(zy, vg) in (14) is replaced
with I, , highlighting the benefit of state-dependent CP-Ellipsoid (our method) uncertainty sets.
CP-Ball is an adaptation of Chee et al. (2024), using the L2-norm of errors as the non-conformity
score. Direct use of Chee et al. (2024) was not feasible, as it only collects online data points, re-
quiring horizon lengths longer than 150 points for successful deployment. Training details, model
architectures, and cost functions are in App. D. Our implementation uses Acados (Verschueren
etal., 2020) and L4CasADi (Salzmann et al., 2024) and is run on an M4 Pro MacBook (12 cores, 24
GB RAM). We report average MPC step time, prediction error | f(z,u) — f(z, )|, and minimum
obstacle distance. All trials use horizon " = 15 with aj, = 0.1/15.

[Dearn| = 2250 [Dearn| = 2750 Deaiin| = 3250 Deaiin] = 3750 [Deatin| = 4250
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Tine s)
Figure 1: OOD Car. (Top) Minimum distance between prediction error and the ellipsoid edge is
plotted for varying D151, with a fixed start and goal; negative values (blue) indicate points inside
the ellipsoid, i.e., valid coverage. (Bottom) Corresponding one-step # tubes are shown. Smaller
De.alib keeps prediction errors inside the ellipsoid more often and results in larger tubes.

Dubins’: In Domain (ID). First, we validate that our approach maintains performance compared
to baselines in ID scenarios without a major loss of computational efficiency. We used the car
dynamics in (39) and selected start and goal states training distribution (equivalently the feasible set
for the ID results). We define F = {(z,u) | p, € [0,5],py € [=5,5], ||[Pz,py] " — [2.5,0]]|2 > 1},



ROBUST OUT-OF-DISTRIBUTION MPC VIA CONFORMALIZED SYSTEM LEVEL SYNTHESIS

with bounds on p, and p, and a 1-m radius obstacle centered
at (2.5,0). Across 10 runs, all three approaches (V-MPC, CP-

Ball, and CP-Ellipsoid) safely reached the goal while avoid- : H{:
ing the obstacle; however, V-MPC does not perform constraint .
tightening and lacks safety guarantees. In Table 1, CP-Ball

and CP-Ellipsoid have larger obstacle proximity—a byproduct |
of the constraint tightening (Table 1). Finally, the one-step
prediction error for f remains inside the ball and ellipsoid over
99.33% = 100(1— Y92 )% during execution-validating the cov-
erage guarantees (Fig. 7 in App. F). In the training domain,
we expect V-MPC to have similar success rates as our method
since f is accurate; this changes in OOD settings. We find that
our approach avoids the obstacle ID, without a major slow-
down from constraint tightening computations.

— CP-Ellipsoid
--= CP-Ball
31 e V-MPC
Obstacle

2o

= 7hn
i
4
&
/-

Dubins’: OOD. To evaluate OOD performance, we train i L i

a dynamics and uncertainty model where p, € [~12,—6] U Figure 2: Friction Car. We plot all
[6,12] and modify the dynamics to steer the car’s angle approaches and forecasted MPC
toward the obstacle for p, € [—6,6] (see App. B.l), steps & tubes for CP-Ellipsoid.
while placing the feasible set of the rollout (same as the

ID experiment) OOD. In this setting, we vary the calibration set size from 2,250 to 4,250
points (Fig. 1) for CP-Ellipsoid, ensuring the start and goal are outside the training domain.
As shown in Fig. 1, the one-step prediction errors initially lie outside the predicted ellipsoid but
gradually return within it as online calibration points are collected. Moreover, with fewer initial
calibration points, the online adaptation occurs more rapidly, resulting in a higher coverage of errors
in the ellipsoid. The plot also shows that the one-step tubes in 6 are wider for smaller Dcayp,
indicating that data scarcity increases conservativeness. The goal is reliably reached, suggesting
that the SLS tubes, when informed by CP, enable robust OOD performance.

Dubins’: Disjoint Training Domains (Friction Car).
To evaluate OOD obstacle avoidance under limited online
data, we construct disjoint training regions (similar to the o
OOD setup) where p, € [—5, —2]U[2, 5]. The start and goal
positions are randomly sampled from different regions, en-
suring that all feasible trajectories must traverse OOD areas
to reach the goal. In the OOD region, we apply the same
steering modification as in the previous experiment, while
adding p, dependent acceleration dynamics (see App. B.1

CP-Ellipsoid:

(4= —158.58,0 = 16.51)
CP-Ellipsoid Active:
(1= —164.04, 0 = 13.97)

Density

—180

—160 —140 —120
Total Log-Volume

—100

for details). Across 10 runs, V-MPC failed twice, the CP-
Ball failed once, and CP-Ellipsoid was consistently suc-
cessful. These differences arise from reduced obstacle
clearance (Table 1) observed in the CP-Ball and V-MPC
cases. Fig. 3 shows that both CP-Ball and CP-Ellipsoid
reach the goal, but CP-Ellipsoid maintains a greater dis-

Figure 3: Active Uncertainty. We
plot the histogram of summed log-
volumes for each forecasted MPC
plan. With active uncertainty reduc-
tion, the distribution shifts left, indi-
cating less uncertainty at runtime.

tance from the obstacle, as evident from its forecasted trajectories and uncertainty tubes. Fig. 3
also illustrates that the state-dependent ellipsoids expand along the direction of motion, as increased
forecasted y-motion leads to higher y-direction uncertainty. A result from an extra run is in App. F.



SRINIVASAN LEEMAN CHOU

Zoom at t = 20 Zoom at t = 40

Obstacle V-MPC t =40

Figure 4: Quadcopter. A roll- e e e — ioe

t=20 —— t=280

- (m)

p- (m)

out of the quadcopter with V-
MPC and CP-Ellipsoid. CP-
Ellipsoid maintains sufficient
proximity to avoid crashing
into the obstacle, while V-MPC
crashes.

(m)

.

Dubins’: Active Uncertainty Reduction. Finally, to evaluate active uncertainty reduction, we
trained f and 3 without sampling data in a circular region centered at (p,, py) = (2.5,0.0) with a
radius of 1 meter, and introduced friction and attractive steering dynamics within this unseen region.
Thus the feasible set contains an OOD region, where rollouts are permitted to traverse. Despite this,
the active uncertainty reduction method achieves lower prediction error by planning a longer path
that remains in the training domain (Table 2 App. F). Moreover, Fig. 3 shows the log-volume of the
uncertainty tubes, showing that the active uncertainty cost ((54) in App. D.4) yields smaller tubes
(Fig. 3, green) compared to the baseline without this cost (Fig. 3, orange).

Table 1: Mean and standard deviation of computation times and prediction errors and the mean min-
imum obstacle distance for vanilla-MPC (V-MPC), the CP-Ball (Ball), and CP-Ellipsoid (Ellipsoid).

Computation Time (ms) Prediction Error (L2) (x1072)  Min. Obstacle Dist. (m)
Model V-MPC Ball Ellipsoid  V-MPC Ball Ellipsoid V-MPC Ball Ellipsoid
Car 53.3+£2.1 126.6 £ 8.4 126.7 £ 8.3 0.28 + 0.54 0.26 + 0.14 0.26 = 0.14 1.152 1.202 1.207

Friction Car 53.7 £2.6 131.1 £ 1.4 129.7 £9.0 1.94 £ 2.87 1.92 +£2.80 1.95£2.69 1315 1376 1.464
Quadcopter 63.1 £4.6 nan nan 222 +20.9 3.89 £ 549 nan+nan 3.30£4.17 0804 nan  0.809

12D Quadcopter To evaluate the scalability of our method to higher-dimensional systems, we
train a 12D quadcopter dynamics model. Using this model, we plan trajectories such that the spatial
coordinates (p, py, p») remain outside a sphere centered at (2.5, 2.5,2.5) with a radius of 0.8 me-
ters — leaving a 0.2-meter-thick shell around the sphere that is out of distribution and characterized
by increased downward acceleration. To improve the performance of the uncertainty model, we
modify its weighting by blending the covariance matrix with the identity matrix to reduce conser-
vativeness, i.e., using ((1 — 7)I + 73(z,v)) instead of 3(z,v) in (15). With this approach, the
CP-Ellipsoid method successfully planned 8 out of 10 trajectories (one failure was due to numerical
instability, which did not result in collision), whereas V-MPC approach succeeded in only 4 out of
10 runs. While this demonstrates improved robustness over V-MPC, the failed case suggests faster
tube expansion may be necessary to ensure consistent collision avoidance. Fig. 4 shows an example
quadcopter trajectory, demonstrating that our CP-informed tubes maintain safe obstacle proximity.

7. Conclusion

In this work, we developed an efficient framework for robust out-of-distribution MPC with learned
dynamics, using WCP and SLS. We provided theoretical guarantees ensuring that the rollout satisfy
constraints with high probability, and introduced an uncertainty reduction cost function to encourage
the system to remain within the training domain when possible. Through experiments on variants
of the 4D Dubins car and 12D quadcopter, we demonstrated that the CP-SLS-MPC framework
achieves robust performance even when using learned dynamics that generalize poorly OOD.

10
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Appendix A. Proofs:
A.1. Proof of Theorem 3 and Corollary 5

Proof (Theorem 3) From Theorem 2 and Lemma 1 in Barber et al. (2023), the coverage gap for
independent data is bounded by:

Nca]ib Ncalib
Coverage Gap < Y ;- dpy (S™F, S¥%) < > by - 2dry (Si g, Skr) 24
=1 =1
Given the normalized weights are 1w; = cand w; = pdi ford; = ||[z] ,v) | — =], 4| |2

+Z Cd]lb
We can substitute into Equation 24, and prove the nght Bound in Theorem 3:

Ncallb .
P )
Coverage Gap < Z (HZC&IIbd) - 2¢-d; 25)

Without loss of generality, we can rearrange the sum to create a decaying series { pdi}f\i“l‘ib, where
d; is increasing. While this series is not purely geometric, we can bound it by two geometric series.
Let din = min{l <4 < Neatip — 1‘di+1 — dz} and dyax = max{l <7 < Neatib — 1’di+1 — dz}
Then, p™ pdmax(i_l) < phi < ph pdmi"(i_l). Thus, we can bound Equation 25,

Nealib d; Nealib dq mm(i—l) . d d ) ]_
Coverage Gap < Z P— 2e-d; < 2 Z pp . ( 1+ 'max(l ))
1 + Z Cdllh d 1 + Zj:cailb pdl pdmax (.771)

Then observe the sum of the numerator,

Neatib
Nom = Z pd1pdman(l*1) (dy + diax (i — 1)) (26)
i=1
L d 1 _ chalib'dmin + d pdmin — Ncahbp mln + (Ncallb — 1)p(Nca1ib+1)dmin
1 1 — pdmin max (1 — pdmin)2
(27)
Similarly, the sum the of the denominator,
Nealib ‘
Dam =14 Y _ pt pme=0 (28)
j=1
1 _ »Neatib dmax
—14ph (p . ) (29)
1 p— p max
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Then, the coverage gap is bounded by,

Nyum
Coverage Gap < QEDL (30)
- <0
< 26 d 1 —_ chalib'dmin + d pdmin _ Calibp]\lz:a]ib'dmin + (Ncalib _ 1)p(NCﬂlib+1)dmin 1 — pdmax
1 1 — pdmin max (1 — pdmin)2 1 — p Neatib* dimax
—_——
L <1
3D
[ dl dmaxpdmin
<2 . 32
=€ T T (1 — ptmin)2 (32)

Hence, we have proved the Interpretable Bound. |

For large N_aip, (i.€., as Neaip — 00), we can achieve a tighter upper bound

Corollary 5 Under the same assumptions of Theorem 3 we have that as N q;, — 00 the coverage
gap is more tightly bounded by,

d 1 dmax pdmin
1— pdmin (1 — pdmin)

Proof (Corollary 5) Taking Equation 31 as n — oo we complete the proof. |

Coverage Gap < 2e 5 (1— pdmax) (33)

A.2. Proof of Theorem 4
Proof (Theorem 4) Using Equation 24, we have that

Neativ Neatib
Coverage Gap S E u?i . dTv(Sl’k, Sk’k) S E QIJ,' . 2dTV(Si,k7 Sk,k)a (34)

i=1 =1
where (51, s ; 5 ; ) ~ Sk, ( Seg) ~ SEF 5 =
Lk> S2.k> Si—1,k> Skk> Sit1k> -+ - » S Noai b s (81,ks+ -5 SN ko Sk ) Skl =

sk(xk, U, f(2k, ug)) is unknown due to uncertainty in f(xy, ux), and 3y, 5, ~ S}, 1, is the distribution
of the non-conformity score corresponding to the observed state and control (xy, uy). Then, using
the triangle inequality we have that,

Nealip Nealip Nealip
Coverage Gap < Y _ wy-dpy (S7%, 5%%) < ™ ;- 2drv (Sik, Sep) + Y Wi - 21 (Sk s Sk -
=1 =1 =1
(*),Bound?d in Eq. 32 ()

(35)
Observing that the left sum (x) is already bounded by Theorem 3, we proceed to bound the right
sum (k). Then, realizing the sum of normalized weights is < 1, we obtain,

Neaiib Nealib
> i 2dry (Sks Skk) = 2d1v (Sk ks Skok) Z i < 2drv (Skk, Skk) (36)
i=1 i=1
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Then, using the Lipschitz-type bound,
2drv (S Siek) < 28|y ug ] — [z, v ]l|2 < 26M(Ry) = 7(Ry), (37

where, (z,ug) € Ri, M(Ry) is the maximum axis length of the tube, and é < e is the local
Lipschitz constant in the tube. The remaining proof follows substituting the bound, y(Ry) for (xx)
in (35). u

A.3. Proof Sketch of Theorem 1 and Theorem 2

Proof Sketch (Theorem 1) Using Theorem 4 we get the probability of error coverage for each
step in the rollout. Using the approach of Proposition 2 and Theorem 1 from Chee et al. (2024) and
Lindemann et al. (2023) respectively we complete the proof. |

Proof Sketch (Theorem 2) (a) Since SLS provides guarantees conditioned on valid disturbance
bounds, Theorem 1 directly implies the result in Corollary 2(a).

(b) Instead of applying the union bound approach across the forecasted MPC plan, we bound
the intersection probability of the first-step errors remaining in the predicted ellipsoids for all R
planning steps. Then, using the same approach as Theorem 4 we get:

T R
ﬂ A7 o) e € 0™ > 1Yol (38)

Notably, we omit the tubes since the tubes at the first step of each replan, R = {(z1 >U1 )} since
the planner knows the initial state. Then, using the same approach as (a) we get the result in (b). H

Appendix B. Dynamics Models

Below we discuss the dynamics models used in our experiments. We provide the continuous time
dynamics which were used to train our models. We obtained the discrete model by using Euler
Discretization.

B.1. Car Dynamics Models

Da v cos(0) 00

Py| _ [vsin(d) 0 0f |w

ol = o |7 olla 39)
v 0 0 1

Equation 39 describes the control-affine dynamics models for Dubins’ car, where p, and p, are the
car’s x and y positions. ¢ and v are the direction and velocity of the car. Lastly, the control inputs
directly steer (w) and accelerate (a) the car. The dynamics model in (39) was used strictly for the
in-distribution experiments.
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OOD Experiment Dynamics For the out of distribution (OOD) Dubins’ car experiment we mod-
ified the # dynamics by adding attractive steering towards the obstacle centered at (2.5, 0) in the
region without training data,

0 = wurl[|py| < 6] +w (40)

d* = (ps — 2.5)° + pj, (41a)

6, = atan2(py, pz) (41b)

Abporm = atan2(sin(0, — ), cos(f, — 0)) (41¢)
k,

Wattr = (;gr) Aenormy (41d)

where the attractive steering dynamics are defined in Equation 41, and atan?2 is the arctangent func-
tion accounting for the x-y quadrant, and 1[-] is the indicator function. For the OOD experiment we
set kayr, the strength of the attractive force to -0.5 (positive values repel). Notably, the strength of
the force increases as the car gets closer to the obstacle.

Active Uncertainty Experiment Dynamics Similar to the OOD dynamics we include attractive

steering (with kae = —0.5, we modify the the v dynamics of the car such that,
0 = Querl[d® < 1] + w (42a)
b= —(1+ cos(rVd)1[d> < 1] +a (42b)
- k
Wattr = <Li2—|éim£)1> Aenm‘m, (420)

where d? and A#,,o,, are defined in Equation 41. We modify the denominator of w,y, to prevent a
singularity at (2.5, 0.0)—this was not a problem in the OOD case since there was an obstacle present
at (2.5, 0.0). The augmented velocity dynamics add a friction term to reduce the speed of the car in
this region.

Friction Car Dynamics Lastly, we modified Dubins’ car such that the velocity dynamics were

modified over the whole state-space, while including attractive steering (with kpyr = —1.5):
0 = Wair1{|py| < 2] + w (43a)
. . 2
0 = a — sign(v) <0.1 cos(gpy)) + 0.1 — agipl||py| < 2]> (43b)
aslip = 0.76_2p5 (430)

In this model, we include a slippage term to increase the velocity of the car for —2 < p, < 2, while
providing a changing friction term over the whole state-space.
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B.2. 12D Quadcopter Dynamics Model

Pz Pz
Py Py
P J2
0 gsin(¢)/ cos(0) + r cos(¢)/ cos(0)
0 qcos(¢p) — rsin(¢)
p + gsin(¢) tan(f) + r cos(¢) tan(6)
;;i = flz,u) = "L (sin(¢) sin(v)) + cos(¢) cos(v) sin(6)) (44)
o 5 (cos (1) sin(¢) — cos() sin() sin(6))
B, g+ t(cos(¢) cos(f)) — agn
b A
i R
_ Lt _
afan = (0.1 + 0.1cos(2md? — 7)) 1[d* < 1] (45)
d* = (px —2.5)* + (py — 2.5)* + (p. — 2.5)? (46)

For our experiments, we used the 12D Quadcopter dynamics model described in Equation
B.2 (Sabatino, 2015). p,,py, and p. describe the x, y, and z positions of the quadcopter while
Dz, Py, and p, describe the X, y, and z velocities. 1), 8, and ¢ are the roll, pitch, and yaw. Similarly,
P, q, and r are the roll rate, pitch rate, and yaw rates, respectively are directly controlled by inputs
u2,u3, and ug. The control input, uy, directly impacts the thrust—z-direction acceleration. Lastly,
the constants g, m, I, I, and I, are the acceleration due to gravity, the mass of the quadcopter,
and the principle moments of inertia. For our experiments, we let g = —9.81m/s?, m = 1.0kg,
I, = 0.5kg - m?, I, = 0.1kg - m?2, and I, = 0.3kg - m?. Notably, the expression for i, includes
arfyn to introduce a falling term for OOD dynamics. The falling dynamics are not encountered while
training the model as described in App. D.1.

Appendix C. Baseline Problem Definitions

We define the baselines used in Sec. 6. First, we define Vanilla MPC (V-MPC) (47), which is
a nominal naive MPC planning under the learned dynamics without any constraint tightenings or
model error calibration:

min J(z,v) + Jx.(z,Vv) (47a)
st zps1 = f(zeove), 21 = %0, Vk=1,...,T, (47b)
gi(zr,v) + b; <0, (47¢)

Vi=1,...,ne, Vk=1,...,T.

We also define CP-Ball (48), which is a variant of our method which computes CP-calibrated
model error bounds, except using a spherical, constant error bound representation, which is more
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conservative than our ellipsoidal bound:

® rgin J(z,v) + Jx.(z,v) + Hy(®*, ®"), (48a)
stz = flanw), a =80, Vk=1,...,T, (48b)
(I))/;-i-l] —sz(Zk,’Uk) (})];,j+vuf(zk7vk) (}E,j? \V’j: 17"'5T7Vk:j+1a"'aTa (480)

@5, =V, Vi=1,...T, (48d)

ijl [[V29i (215 0k) B5 s Vaugi (215 0k) B | + 93 (20, k) + bi + g (2, 01) <0, (48e)
Vi=1,...,n0, Vk=1,...,T.

Surrogate Cost: All SLS formulations use (49) to minimize the volume of the tubes—a surrogate for

. . 11 1
uncertainty, where ®* and ®" collects all &} j and @) j respectively, and P2, Q2 € R"*"= R3> ¢
R™ > are symmetric positive definite matrices.

Ho(@,@") = Y00 (I1Phey I3+ 0] (1QF@r 13 + IRMey3)), @9)

Appendix D. Experiment Setup
D.1. Data Sampling

Dubins’ Car & Friction Car: To train the in-distribution Dubins’ car dynamics and uncertainty
models, we applied uniform sampling to the following state-control space:

[pzs Dy, 0,v] X [w,a] € [0,5] x [-5,5] x [—m, 7| x [-10,10] x [-10,10] x [-10,10].  (50)

Similarly, for the out-of-distribution (OOD) car, we instead sampled p, € [—12, —6] U [6, 12] with
the remaining state and controls remaining the same as (50). For the friction car model, we sampled
py € [—5,—2] U [2, 5], while using (50) for the remaining dimensions. Lastly, for our active uncer-
tainty experiments, we also sampled from Equation 50, and enforced that (p, — 2.5)% + (py)2 > 1
to create an OOD region. For both the OOD car and active uncertainty experiments, we ensured
our learned model was restricted to training on areas where modifications did not impact the car
dynamics model.

Using the sampled points, we computed the ground truth using the expert dynamics model, as
formulated in Equation 39, to create our dynamics training dataset (1,000,000 points), uncertainty
training dataset (1,000,000 points), and calibration datasets (varying numbers of points).

12D Quadcopter: To get informative data points to train our neural-network model, we collected
expert trajectories such that the states satisfied,

D, Dy, Pz € [0,5] s.t. (pr — 2.5)% + (py — 2.5) + (p. — 2.5)* > 1 (51a)
V0,6 € [—m/4,7/4] (51b)
Pz, Dy, Pz € [—5, 5] (51c)
p,q,r € [—2,2] (51d)

up € [0, —2gm] g=—-9.81m/s*, m=1.0kg (51e)

ug, us, ug € [—0.1,0.1] 51D
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to create an OOD region centered at (2.5, 2.5, 2.5) with a radius of 1. Additionally, the goal position
was [p; = 4.5, p, = 2.5, p, = 2.5], while the start positions was arbitrarily sampled from Equation
51. Our discrete timestep was 0.05s and our trajectory length was 100 timesteps. We sampled
100,000 trajectories and included state-control pairs from trajectories that the optimizer (IpOpt)
was able to solve. This resulted in a dynamic training and uncertainty-trained set with 4, 702, 400
points each, leaving up to 100, 000 points for the calibration dataset.

D.2. Model Architecture and Training

For our learned model (dynamics and uncertainty), we use an MLP with one hidden layer and the
tanh activation function. Our uncertainty model was trained to output Cholesky factors, ensuring
the matrices were positive-definite and facilitating faster performance in our optimization problem.

For Dubins’ car and the friction car dynamics models, we used 4,096 and 2, 048 hidden nodes
for the dynamics and uncertainty models, respectively. Similarly, for the 12D quadcopter, we used
1, 024 hidden nodes for both the dynamics and uncertainty models, and were trained for 200 epochs.
Lastly, we used a learning rate of 10~ and 10~ for the dynamics and uncertainty models, respec-
tively.

D.3. Optimization Parameters and Cost Functions

For the SLS forward propagation and constraint tightenings, we used P 7 = 10%1,,,, C_ﬁ =101,
and R? = 101, , as found in Equation 49. For trajectory optimization, we considered the follow-
ing LQR cost,

N

-1

J(z,v):= (z,;erk + (2p41 — zk)TQs(zkH —zK) + u;—Ruk) , (52)
1

e
Il

JXf(ZJV) = (ZT - Zgoal)TQf(ZT - Zgoal) (53)

where Q ¢, Qs, @ € R"*"= are positive-semi-definite matrices, R € R"™**" is a positive-definite
matrix, and zgo, i8 the goal state. For all dynamics models, we used diagonal matrices, represented
as diag(aq, ag, ..., ay) and block_diag(. . . ) representing block diagonal matrices. For Dubins’ car
(excluding the active uncertainty experiment) and the friction car, we let Q; = diag(1,1,0,1),
Q = Qs = 04x4 (the 4 x 4 zero matrix), and R = diag(0.1,0.1). For the Quadcopter, Q =
block,diag(Ig, 03><3, 13, 0.2[3), Q = block,diag(ngg, 03><3, 0.01[3, 03><3), QS = 012><12, and R =
diag(0.01,0.1,0.1,0.1).

Lastly, regarding conformal prediction parameters, we used p = 0.97 for the car model and
p = 0.8 for the quadcopter model, respectively. Outside of the OOD car experiment, we used
10, 000 calibration points for the car models and 30, 000 calibration points for the quadcopter model.
For all the models we set oy, = % s.t. the sum total of o would be 0.1.

D.4. Active Uncertainty

To enable active uncertainty reduction, we sought to minimize the distance to the positional-state
variables (i.e., p; and py) from Dc,j;1,. To achieve efficient performance, we used K-means clus-
tering Hastie et al. (2009) to find a representative set of L points, D = {(pz;, Py l)}f:1 Then, we
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minimized the following cost for Dubins’ car,

Jactive Zav)
T-1 , L ,
_ exp I G Ge PPz goa Py gour Vgoa) = (P Py k)| +Ze Bll(pz 5Py ;)= Pz 1Py )]
k=0 j=1

(54

where Pz goal> Pygoal> and vgo, are the goal x-position, y-position, and velocities, pyy, py;., and vy
are the x-position, y-position, and velocities of the nominal point z; while p.;, and p,, are the
x and y positions of points from D, and G is a weight for the goal node (effectively creating G
points at the goal). Lastly, 5 is a sharpness parameter to ensure that we minimize the distance
to a particular point in D as opposed to minimizing the distance to all points. The inclusion of
the goal point enabled us to provide a high weight to the cost without hinder the MPC optimizer
from reaching the goal. Since our goal is to minimize the distance to the representative points by
minimizing the cost function we scale the internal sum by —1. For efficient implementation we
included this as a part of the quadratic cost, thus requiring the outer-exponential to provide a lower-
bound to the cost. In our experiments we choose L = 800, G = 200, and 8 = 3, and our total cost
was Jiowl (2, V) = J(2,V) + Jx; (2, v) + 1000J5ciive (2, v). For Qf, Q, and R we used the same
parameters as the remaining Dubins’ car experiments and let Q)5 = 0.114.

Appendix E. Theorem 3 Analysis

For completeness we restate the Coverage Gap bound in Theorem 3:

Coverage Gap < ]%b P % . d: <2 [ dy n g pom
v — N . € - ;< € . .
i—1 1+ Z;V:Cailb pdj 1 1— pdmm (1 — pdmm>2

Tight Bound Interpretable Bound

As discussed in Section 5, an increase in the density of state-control calibration points reduces dp;p,
thereby increasing the (interpretable) coverage gap bound in (23). We can reduce the bound by
reducing p. To build intuition, on the results, we consider the following toy example: we have cal-
ibration points uniformly sampled from a unit circle with a test point located at the origin, (0,0),
such that the distribution of the non-conformity score is spatially varying (i.e. dry # 0). Without
defining the distribution, Figure 5 demonstrates that at smaller p values, greater emphasis is pro-
vided to non-conformity scores located near the test point, with smaller TV distances to the test
point. Hence, the coverage gap decreases for a fixed Nyjip as p decreases. The interpretable bound
also implies that when d,;, is reduced, the coverage gap increases, which can be compensated for
by requiring p to decrease. Figure 5, illustrates that the coverage gap increases at larger d,i, stem-
ming from increased data density and Ny, due to a higher weightage being provided to the test
point, represented as a point-mass at oo in the empirical weighted non-conformity score distribu-
tion, resulting in a larger 1 — « quantile value. The larger quantile value then increases coverage,
thereby reducing the coverage gap.

To understand the tightness of the derived bound, we use a gamma distribution to randomly sam-

ple non-conformity scores such that s(z;, y;) ~ S(2,yi) = I'(a = 5 — §(y/2? + 42)*8,6 = 2.0),
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Figure 5: Toy Example. We plot the effect of the calibration set size, N¢ujib, and compare the
weightage provided to points using the exponential weight decay function at different p values. The
results are averaged across 100 trials of randomly sampling N,ip points in the unit circle, with an
example of the calibration data location in the top row. The second row (a histogram) shows that,
under uniform sampling on the unit circle, the number of points at each radius (Distance r) increases
linearly. The remaining rows provide the weight contribution of each histogram bin by normalizing
the weights (as discussed in Section 4.1) and summing the normalized weights for each bin. We
observe that smaller p values place more emphasis on points closer to the test point, and the weight
of the test point, represented by a point mass at oo in the empirical score distribution, increases.
Lastly, in the plot, red denotes the test point, while orange highlights the bin of points closest to it.
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where E[s(z;, ;)] = 10— 2(1/2? + y2)°® and Var[s(z;, y;)] = 20 — 3(y/22 + y2)8. To estimate

¢, we randomly sampled several pairs of points in the unit circle, then computed dT“"((ifx;S’i)(’f;ﬁ’ﬁf))

and took the maximum value computed to be €. Then, we sampled several N.,jip values and p val-
ues on a log scale and computed the coverage across 100 trials. In each trial, we randomly sampled
Nealip points on the unit circle, then sampled a non-conformity score from the distribution defined
by the coordinates of each sampled point. Since we know the distribution, we can directly compute
the TV distance (24) from Barber et al. (2023). We also computed the tight bound in (23) using the
estimated ¢ value.

All Empirical Nealip=500 Neaty=1000

1.0 1.0
0.9 0.9

STESLNAY

0.9

0.8

0.7 0.7 0.7 0.7
—— Empirical —— Empirical —— Empirical
) .| === WCP Bound (Barber et al., 2023) " | ===+ WCP Bound (Barber et al., 2023) ™., | === WCP Bound (Barber et al,, 2023) "
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""" CP-SLS Cov (Tight Bound) +++++ CP-SLS Cov (Tight Bound) +=resr CP-SLS Cov (Tight Bound) «++++ CP-SLS Cov (Tight Bound)
0.9 0.9 0.9 [ rromrmrsrse
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0.7 0.7 0.7 0.7

0.6 | 06 S| 0e " | 06

1077 10°° 102 107! 107 1079 1073 107! 1077 10 1073 107! 1077 10°° 102 107!
p value (weight decay base); € = 0.2470 for CP-SLS (Tight Bound)

Figure 6: Toy Example. We plot the empirical coverage, along with the theoretical bounds from
(24), Barber et al. (2023), and our derived bound (labeled) as CP-SLS cov in (23) for p values
selected on a log scale and several N i, values. We observe that the lower bounds and empirical
coverage increase as p decreases, and that the bounds increase more rapidly for smaller p values.

The results in Figure 6 demonstrate that the lower bound on coverage (= 1 —a — Coverage Gap)
increases for large p as well as the empirically observed coverage. Additionally, the tightness of our
derived bound, relative to Barber et al. (2023), improves for smaller p values. Similarly, we find the
lower-bound increases for fixed p values as N,ip increases. While these results suggest a smaller p
is optimal, for coverage, it is essential to consider the utility sacrifice. Smaller p values lead to larger,
potentially infinite, values being computed as the 1 — o quantile, thereby making the uncertainty set
harder to use and potentially impractical.
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Appendix F. Additional Results
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Figure 7: In Domain Car. We plot the minimum distance of the prediction error to the edge of
the ellipsoid. Both the fixed ball and adaptive ellipsoid method empirically satisfy the coverage
guarantee and remain inside over 99.33% = (1 — 32) x 100% of the time.
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Figure 8: Friction Car. We provide an example run of the friction area where the adaptive ellipsoid
approach is successful in avoiding the obstacle. The remaining approaches fail because they do not
maintain sufficient obstacle proximity and thus crash into the obstacle.
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Table 2: Active Uncertainty. The computation times (ms), and prediction errors when planning
with vanilla-MPC, the adaptive ellipsoid with and without active uncertainty.

Model V-MPC CP-Ellipsoid CP-Ellipsoid + Active Uncertainty
Time (ms) 56.1 £ 1.1 1320+ 9.9 1314+ 8.2
Pred. Err. (L) (x107%) | 2.82 £7.85 2.83+7.89 .34+ .59
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Figure 9: Active Uncertainty. We provide an example run of the rollouts when using V-MPC and
CP-Ellipsoid with active uncertainty. We find that the active uncertainty approach mostly avoids the
OOD region, and thus has a smoother, more certain trajectory.
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Figure 10: Active Uncertainty. We provide another example run of the rollouts when using V-
MPC and CP-Ellipsoid with active uncertainty. Similar to Figure 9, the active uncertainty rollout
is smoother by mitigating time in the OOD region. Although the active uncertainty approach has
more steps in the OOD region than shown in Figure 9, it is near the in-distribution region and thus
encounters limited OOD errors during the rollout.
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Zoom at t =20 Zoom at t = 40
Obstacle e V-MPC t =40
Goal Region o Start — t=060
—— CP-Ellipsoid t=20 —— t=280

Figure 11: Quadcopter. We provide another example run of the quadcopter rollout, with a different
initial condition than in Figure 4. Again, we observe the quadcopter is successful in avoiding the
obstacle when using CP-Ellipsoid (unlike V-MPC) when entering the OOD region.
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