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Abstract

Koopman operator, as a fully linear representation of nonlinear dynamical systems, if well-defined
on a reproducing kernel Hilbert space (RKHS), can be efficiently learned from data. For stability
analysis and control-related problems, it is desired that the defining RKHS of the Koopman op-
erator should account for both the stability of an equilibrium point (as a local property) and the
regularity of the dynamics on the state space (as a global property). To this end, we show that
by using the product kernel formed by the linear kernel and a Sobolev radial kernel, the resulting
RKHS is invariant under the action of Koopman operator (under certain smoothness conditions).
Furthermore, when the equilibrium is asymptotically stable, the spectrum of Koopman operator is
provably confined inside the unit circle, and escapes from the unit disk upon bifurcation. Thus, the
learned Koopman operator with provable probabilistic error bound provides a stability certificate.
In addition to numerical verification, we further discuss how such a fundamental spectrum—stability
relation would be useful for Koopman-based control.
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1. Introduction

The pursuit of a generic linearization approach to efficiently solve nonlinear systems and control
problems gives rise to the popularity of Koopman operators (composition operators) (Mauroy et al.,
2020; Brunton et al., 2022). For a discrete-time dynamics with transition map f on the state space
X, the Koopman operator A, which is a linear operator, maps any state-dependent function g € G to
its composition with the dynamics: Ag = go f. For A to be well-defined, the function space G must
at least be invariant under the composition. To use such an operator, we need it to be learnable from
data with provably bounded errors. Moreover, it is desired that the Koopman operator can recover
system properties that are of interest to control—most importantly, the Koopman spectrum should
reflect the stability of an equilibrium point. While such an objective is natural to control theorists,
the spectrum—stability relation of the learned Koopman operator remains underexplored, and we
aim to address this issue with new theoretical constructions in this paper.

Function space defining the Koopman operator. For a measure-preserving dynamics with in-
variant measure 7, the Koopman operator is well-defined on G = L2 (Arbabi and Mezic, 2017). In
this setting, a suitable approach to learn the Koopman operator is extended dynamic mode decom-
position (EDMD) (Williams et al., 2015), where the state data is lifted by a dictionary of nonlinear
functions (which should form a basis of L2 (Korda and Mezi¢, 2018a)), and a linear dynamics is
learned in the lifted dimension. For more general dynamics, Mezi¢ (2020) defined the Koopman
operator on L2 to capture on-attractor measure-preserving dynamics and a Segal-Bargmann space
to capture off-attractor attractive dynamics. However, for the EDMD implementation, it tends to
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be impractical to assume prerequisite knowledge about the invariant measure, basis functions on a
general domain, or location of the attractor set in the state space.

To learn the Koopman operator, it is convenient to adopt a RKHS formulation and use a kernel-
based regression algorithm (Kevrekidis et al., 2016). If a RKHS is not invariant, the operator learned
can only be the Koopman operator composed with some injection and projection operators (Klus
et al., 2020; Kostic et al., 2022; Philipp et al., 2024). Recently, Kohne et al. (2025) found that
the Koopman operator is well-defined on a Sobolev-type Hilbert space under certain smoothness
and non-degeneracy conditions on f. Such a Sobolev—Hilbert space (with a sufficient smoothness
index) is in fact an RKHS (Wendland, 2004). Hence, an RKHS- (and hence L°°-) error bound of
single-step state prediction with learned Koopman operator was deduced (Koéhne et al., 2025).

Stability in Koopman operator modeling. Typically, for the Koopman operator learned from
snapshot sample, the error bound is established on its one-time-step state prediction (Philipp et al.,
2024; Kohne et al., 2025); long-horizon prediction capability can be improved by using long-
horizon data and trajectory-based kernels (Bevanda et al., 2023). Yet, from a control point-of-view,
the stability of an equilibrium point, as a qualitative property, is of special importance.

If an equilibrium point is a priori known to be stable, Bevanda et al. (2022); Fan et al. (2022)
proposed to force the learned EDMD matrix to be stable. Breiten and Hoveler (2023) and Tang
(2025a) used weight factors to create weighted function spaces (P, continuous, and RKHS) to
define the Koopman operator. Specifically, the weight factor is chosen in concert with the con-
vergence rate to the equilibrium point, so as to “modulate” the local regularity or singularity of
functions in scope. As such, Tang (2025a) verifies that the Koopman operator is contractive and us-
able for obtaining a Lyapunov/Zubov function certificate. In a recent preprint, Breiten and Hoveler
(2025) showed the well-definedness of the value function under optimal control. In this paper, we
do not assume such prior knowledge of stability; instead, we only assume the presence (location)
of an equilibrium point (say, the origin) and let the learned Koopman operator disclose its stability
property. In other words, we aim to allow stability analysis based on the learned Koopman operator.

Koopman-based control. A benefit of this work is to bring us closer to a theoretical foundation
of Koopman-based control. Let us briefly remark on this point, with more discussions later in Sec-
tion 6. Indeed, there was such optimism that with a linear operator, nonlinear control problems
could be reduced formally to linear ones (Proctor et al., 2018; Korda and Mezi¢, 2018b). Realizing
that full linearity is untruthful, “lifting” into a bilinear system has been considered (Goswami and
Paley, 2021; Bruder et al., 2021). Theoretically, operator representation for such bilinear systems
can be constructed (Iacob et al., 2024; Bevanda et al., 2024; Tang, 2025b). However, unnecessary
complications often arise from bilinearity, e.g., a state-feedback law guarantees only local conver-
gence (Strésser et al., 2024), while stability for Koopman-based (open-loop) MPC can only be ad
hoc verified (instead of directly synthesized) (Bold et al., 2025).

At this point, a solid foundation of Koopman-based control is still lacking (Berberich and
Allgower, 2024; Haseli et al., 2025). A key reason is the elusive relation between the Koopman
spectrum and stability. If a RKHS is specified by a radial kernel (as in Kohne et al. (2025)), then
||A|| > 1 always hold, regardless of stability. While the Segal-Bargmann space in Mezi¢ (2020) is
an RKHS that gives a clear spectrum—stability relation, its kernel is difficult to calculate from data
due to the use of an implicit homeomorphism that converts f to a complexified linear dynamics.

Contributions of this work. First, we propose a new defining function space for the Koopman
operator. Specifically, we use a product kernel formed by the linear kernel and the Sobolev radial
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kernel, the former of which accounting for the existence of equilibrium point and the latter account-
ing for the regularity of f. Second, by analyzing the structure of the function members of this RKHS
and using diffeomorphism arguments, we find that the stability of the equilibrium point is reflected
in the spectrum of the Koopman operator on the RKHS. Third, building on the error bound of op-
erator learning on this new RKHS, we establish that the finite-rank operator estimated from data
can be used for stability certification and bifurcation detection, which we confirm with a numerical
experiment. Finally, we discuss how this work can be potentially useful towards a Koopman-based
control theory. For brevity of presentation in the main text, all proofs are provided in Appendix A.

2. Preliminaries
We consider a discrete-time dynamical system
ziy1 = f(zr), f:X%XCRd. (1)

For any state-dependent function g : X — R, we refer to its composition with the dynamics f as
g o f, which maps any x € X to g(f(x)). The Koopman operator A of system (1) is defined as the
following linear mapping:

A:G—G,g—gof, 2)

on function space G, which must be invariant: AG = {Ag : g € G} C G. Except for very special
examples, the invariance of G requires it to be infinite-dimensional. Despite this, with regularity
conditions on f, we may choose G to be just “as large as necessary”.

2.1. Koopman operator on Sobolev-Hilbert space

We use the following conclusion in Kéhne et al. (2025), which defines the Koopman operator on
a Sobolev—Hilbert space W*2(X). By this notation, we refer to the space of functions with all
generalized derivatives up to the s-th order being square-integrable on X. The invariance of W*2(X)
requires that the dynamics f be C® (have derivatives up to the s-th order). In applications where f
is governed by physical laws in analytical equations, such a smoothness condition is mild.

Lemma 1 Suppose that X C R is compact. If f € C*(X) and is non-degenerate in the sense of
inf,ex|det Df(x)| > 0, then A is a bounded linear operator on W*2(X).

The smoothness parameter s here can take fractional values; the corresponding W2 is known
as the Sobolev—Slobodeckij spaces. The lemma above still holds, if C*(X) with a fractional s is
interpreted as a Holder function space (Adams and Fournier, 2003). We know from the Sobolev
embedding theorems that when s > d/2, W?2(X) can be compactly embedded into the continuous
function space C(X). In fact, it is possible to make W*?2(X) coincide with an RKHS.

2.2. Sobolev-Hilbert space as an RKHS

We refer to a continuous and symmetric bivariate function x : X x X — R as a Mercer kernel if
for any {x(i)}?zl C X, the matrix G, = [n (x(i),a:(j))]?jzl is positive semidefinite. The closed
span of all kernel functions x(x, -) with z € X, endowed with inner product: (k(z,-), k(z',-)) =
k(x,z') and hence norm: ||k(z,-)|| = s(x, x)'/2, is called the RKHS specified by kernel « (Stein-
wart and Christmann, 2008). We denote this RKHS as H,(X) = H,. The following conclusion
from Wendland (2004) states the equivalence of Sobolev—Hilbert spaces with RKHSs.
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Lemma 2 Suppose that k is a radial kernel, i.e., k(z,2') = p(|x — 2'|) for some p : Ry — Ry,
and that the Fourier transform of p, p(€), satisfies c1(1 + |£]2)7° < |p(&)] < ca(1 + [£]?) ™5 for
some constants ca > c1 > 0. In addition, assume that X is a region with Lipschitz boundary. Then
W*2(X) coincides with H,(X), with equivalent norms.

Wendland (2004) provided the following kernel to satisfy the conditions in Lemma 2.

Lemma 3 For any k € N (including 0), the following function p : Ry — Ry satisfies c1(1 +
1€12)75/2 < [p(€)| < ea(1 + [€]?)%/2 for some constants c2 > ¢; > 0 and s = 3 + k:

p=1%014/24111), where g(r) = max{1 —r,0}* and I¢(r) = [+ ¢(r")dr. 3)
The resulting radial kernel k is hereforth denoted as “xk~ " (without explicitly stating the index k).

Corollary 4 Suppose that (i) X is a bounded region with Lipschitz boundary, (ii) f € C*(X) with
s=9%+k k€N, and (iii) inf ,ex|D f (x)| > 0. Then A is a bounded linear operator on H,~(X).

Importantly, on the RKHS, the reproducing property hold: (g, x(x,-)) = g(z) for all g €
H,.(X) and x € X. Thus, when A : H, — H, is well-defined, we can also define the adjoint
operator A* : H, — H,, called the Perron-Frobenius operator (Klus et al., 2020). On an RKHS
H,, it is easily verified that A* is the operator pushing forward the kernel function: A*k(x,-) =
k(f(x),-), Vo € X. If A is bounded, A* is also bounded. The benefit of considering the Perron-
Frobenius operator is to learn it from data according to the foregoing property.

2.3. Koopman operator learning by reduced rank regression

Suppose that the Koopman operator A is well-defined on H,. Provided an independent and identi-
cally distributed sample of snapshots {2, y(}7_, where y(V) = f(2()) foreach 1 < i < n, an
operator A* from H,. to H,., as an approximated Perron-Frobenius operator, can be learned to match
A*k(z ) with #(y®, -) on the sample. The problem is formulated as a convex optimization one
over the space of Hilbert—Schmidt operators, which, for the sake of controlling the generalization
error, is restricted to operators with rank not exceeding r (Kostic et al., 2022):

A . . 2 o
minA*eHS(HN):rank A*=r % Z?:l HA*K; (‘T(z)’ ) -k (y(l)’ ) HH,; + /BHA*Hl%Is (4)

Since the space of Hilbert—Schmidt operators is a Hilbert space itself, the representer theorem
(Smola and Schélkopf, 2001) applies, which reduces the optimization problem onto a space of
finite-rank operators: Y 1, >°%_, 0y, ) x K(z9),.), where r(y®, ) x k(z\9),") is a rank-
1 operator mapping x(z,-) to x(z9), 2)k(y?,.). We omit the detailed derivations for the final
solution of the optimal solution 6= [éij]?,jzl' Once © is solved, the estimation of A is therefore
A=y", P éijm(:c(j), ) x k(y, ). The statistical error of A was analyzed in Kostic et al.
(2023), which we will utilize in Section 4.

Given an initial state zop = z, the estimated operator A* can be used to predict the next state.
Since 1 (1, ) ~ A*k(xg,-) = > i 0ijk(xV), o)k (y D, ), we have z; ~ > i 0ijk(z), 20)y @,
For t-step prediction, by recursion on A*, we can write

Ty R Zit,jt,---,il,jo Hizl éi‘rj-r,{’ (x(iT), y(]‘l’*l))i| éinOI{ (x(jO)ij) y(lt) (5)

4



KOOPMAN OPERATOR FOR STABILITY ANALYSIS

Clearly, the spectrum of the EDMD matrix representation © plays a major role in the prediction
accuracy. In particular, it is desired that when the equilibrium point at the origin asymptotically at-
tracts the orbits on X, the spectrum of O can be guaranteed to reside on the open unit disk (when the
sample size is sufficiently large). Hence, we aim to make the RKHS be “aware” of the equilibrium
point, for which a radial kernel that is “indifferent” to a special point would be unsuitable.

3. Koopman Operator using Linear—Radial Product Kernel

The “trick” proposed in this paper for the RKHS to be “aware” of the equilibrium point is to use
a product kernel. For this, we recall the definition of the (algebraic) tensor product of two Hilbert
spaces G and H as the completed span of elementary tensors (Lax, 2002):

GRH =span{g®h:g€ G, heH}

which is a Hilbert space endowed with the inner product for elementary tensors (g1 @ hy, goQhg) =

(91, 92)g(h1, ha)3 and hence the induced norm |37, g; @ hillggyy = \/szﬂ(gi, 9506 (hiy hj)n.
We are interested in the case with RKHSs: G = H)(X) and H = H,(Y), where A and p are kernels
on set X and set Y, respectively. Then for any elementary tensor g ® h, we can verify that

(g@h, Mz,) @ p(z,))gan = (9, M, )g(h, (@, )n = g()h(y).

Hence we see that G ® H is actually an RKHS on X x Y, whose kernel function & is specified by
k( (z,y)) = A+, 2)u(-,y) — namely the product of two kernels. In particular, if X = Y, and we
are only interested in taking all members of H) ® H, at one point x rather than a pair of points
(x,y), then we may equate g ® h to gh. That is, for G = H,(X) and H = H,(X),

H\(X) @ H,(X) =span{g ® h : g € Hy(X), h € H,(X)} = Ho(X), where s = Apr. (6

3.1. Linear-radial product kernel

For a special attention on the equilibrium point behavior, we focus on the design of the kernel func-
tion x specifying the RKHS. We know that for a finite (d)-dimensional linear system, the Koopman
operator is well-defined on the space of linear functions on R?, which is equivalent to the RKHS
specified by the linear kernel: x~(z,2’) = z '/, as long as the equilibrium point (assumed to be
the origin) is in the interior of X C R?. (We use superscript “—” to symbolize the word “linear”.)
Thatis, H,.- = {x —clzice X}. In view of (6), we shall put ™ as one of the factors in k.
However, for a nonlinear system, the Koopman operator is not well-defined on H,.—. Then, we
shall have a second kernel as a factor in « that guarantees the invariance of the Koopman operator.
By Corollary 4, assuming knowledge on the regularity of the dynamics, the corresponding Sobolev
kernel in (3) specifies a RKHS that accommodates the Koopman operator. We denote by s~ such a

radial kernel. (The symbol “=" means the translation invariance of the radial kernel.) At this point,
we recall from Lemma 2 that H,.- = W*?2(X). Therefore, we define from now:
k=rk K and H = H,(X) = H,- (X) ® H,=(X). @)

We thus have the following lemma, which describes the function members in the above-defined
RKHS as “W#*2-functions multiplied by linear functions”. Colloquially speaking, g € H if g is
“s-smooth in the generalized (Sobolev) sense” and “locally at least linear” near the origin.
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Lemma 5 Suppose that f(0) = 0, 0 € int(X), and f € C*(X) with s = % + k (k € N). Let k~
be the linear kernel and k= be the k-th Wendland kernel. Then H defined in (7) satisfies:

H={SL eihithi,... ha € W2(X)}. ®)
where e;(x) = x;, 1 = 1,...,d, are projections onto components. Moreover,
—yd 2 _ «d 2
for g =731 eihi € H, we have ||gll3, = > iy [hillg, - -

3.2. Well-definedness of Koopman operator on the RKHS

When defining the Koopman operator on the RKHS specified by the radial kernel <=, namely
W*2(X), it was required that the dynamics f is C* (cf. Lemma 1). To ensure the well-definedness
with the product kernel x = k™ k=, we should adapt the requirement on f. For this, we define the
following function class:

(%) = { S eithi 61, da € C(XR), ©)
which is informally interpreted as the space of s-smooth functions that have zero values at the origin.

Theorem 6 Suppose that (i) X C R? is compact, (ii) the component functions of the dynamics f:
fiyoooy fa € ©%(X), and (iii) f is non-degenerate: inf,cx|det Df(z)| > 0. Then the Koopman
operator A is a bounded linear operator on H (as defined in (7)).

4. Koopman Spectrum and Stability of Equilibrium Point

Now that the Koopman operator is well-defined on the RKHS with the linear-radial product ker-
nel, we examine the role of Koopman spectrum in stability analysis. It is naturally postulated
that if the origin is an asymptotically stable equilibrium point attracting all orbits from X, then
the Koopman spectrum is in D = {z € C : |z] < 1}. Clearly, for all ¢ = Zle eihi € H,
Alg(z) = 34 (f1(@))ihi(fi(z)) — % ,0-hi(0) = 0as t — co. On the other hand, if the
origin becomes unstable, then orbits that move away from the origin shall be used to show that the
Koopman spectrum is not disjoint from the complement of D.

4.1. Spectrum under stability

We aim to show that the spectrum of o(A), when the origin is asymptotically stable, must be a
subset of D, as long as certain hiomeomorphism conditions are satisfied. By assuming the existence
of a homeomorphism between the dynamics f and the d-dimensional linear system f 2z — Fz
governed by the Jacobian F' = D f(0), the characterization of eigenfunctions and eigenvalues Koop-
man operator on L?- and Segal-Bargmann function spaces were dis cussed in Mezi¢ (2020). By a
homeomorphism, we refer to ¢ : X — Z = ¢ (X) such that ¢ o f = f o 1. In particular, we say
that ¢ is a ®*-homeomorphism if ¢ € (®°(X))?, ¢ is invertible, and ¢! € (®%(Z))%.

Lemma 7 Suppose that the conditions in Theorem 6 hold, and in addition, there exists a P°-
homeomorphism 1 such that f = o foypt: 2z Fz Let H = {Z?Zl eihi  hi € Ws’z(Z)}.
Then A : H — H, § — [ o § is a linear and bounded operator. Moreover, o(A) = o(A).
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Roughly speaking, the “homeomorphic-to-linear” condition of Lemma 7 requires that the equi-
librium point at 0 is the sole invariant structure in X. Naturally, if another invariant set (e.g., a
limit cycle) exists in X, then o(A) may be a reflection of attractiveness of such a structure instead.
Following the above lemma, the following theorem states that under the above assumed conditions,
o(A) serves as a certificate of the stability of the equilibrium point.

Theorem 8 Assume the conditions in Theorem 6 and a ®°-homeomorphism 1 such that f =1o
fov™ iz Fz. Then o(A) = (o(F)), where (o(F)) = {[[i—; \i : i € o(F), r € N\{0}} is
the semigroup generated by the set of eigenvalues of F. In particular, if F is stable, then o(A) C D.

4.2. Spectrum upon bifurcation

If the equilibrium point becomes unstable, it may not be guaranteed that o(A) C D. We hope
that o(A) intersects with the complement of D, and in fact, contains the out-most eigenvalue of
F = Df(0). Indeed, if the origin is a hyperbolic equilibrium point, then in a neighborhood X of
the origin, there is a homeomorphism ¢ that brings the system to z;;1 = F'2;. Hence, by finding the
eigenvector v corresponding to the out-most eigenvalue A1 (F’), a Koopman eigenfunction ¢(x) =
v T4 (z) can be found, which belongs to # as long as ) is a ®*-homeomorphism.

To extend the definition of the eigenfunction from Xj to the entire X, we leverage the idea of
open eigenfunctions (Korda and Mezi¢, 2020; Mezi¢, 2020). That is, we backtrack all points x € X
to Xy and define for all x:

p(z) = M (F)"@v Ty (7@ (2)) where 7(z) = inf{r e N: f~7(z) € Xo}.  (10)

The following theorem states that if all points in X is reachable by an “outbound” trajectory is-
sued from X within a uniform time 7 < oo, then the function constructed in (10) is meaningful.
Again, the homeomorphism of Theorem 9 roughly requires that the equilibrium point at 0 is the sole
invariant structure in X considered.

Theorem 9 Assume the conditions in Theorem 6 and the existence of a ®°-homeomorphism 1 on
a compact Xo C X such that f = o fop~' : 2+ Fz. Suppose that sup,cx 7(x) = 7 < 0o and
furthermore f~1 € (®°)%. Then ¢ defined in (10) belongs to H and is an eigenfunction associated
with eigenvalue \i(F).

4.3. Learned Koopman operator for stability analysis

After all, when the Koopman operator is learned from data (i.e., an i.i.d. sample {(z(®, 3(?)) s
there is an error contained in the estimation A. Since A is finite-rank (and hence compact) while A
may not be compact from H to H, it is generally impossible to bound the error on H. Nevertheless,
H can be compactly embedded into L?(X) when X is a compact region of R?, and hence it is
possible to bound ||A — Al|5,_, r2(x)- The following sharp bound is given in Kostic et al. (2023).

Lemma 10 Suppose that the conditions in Theorem 6 hold, and the eigenvalues of the covariance
operator [y k(x,-) x k(z,-)dz on L*(X): p1 > pe > ... such that p; < bj = for some
a € (0,1] and b > 0. Let A be the optimal reduced rank estimation in (4), where the points are
sampled on X uniformly. Then it holds with probability at least 1 — § that

n~V/(1+) 10g(1/6)
oR(A) — o7 (A)

|A— Allpsr2x) < orp1(4) + (11)
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Here 0,11(A) refers to the (r + 1)-th largest singular value of A. When varying the rank r in
the estimation, the decreasing 0,11 and the increasing 1/(02 — o2 1) requires a tradeoff. Such a
tradeoff depends on the desired e and hence its required sample size n. Specifically, larger dataset
allows one to use a higher rank 7 to achieve lower generalization error. In simple terms, we say that
|A - All312(x) = €n,s With high probability (at least 1 — §), and that €, 5 — 0 as n — oo.

We then must consider the problem of applying this perturbation in H — L?(X) to the spectrum.
The following lemma from the perturbation theory of self-adjoint linear operators on Hilbert spaces
(Lax, 2002) shows that the error in the operator norm implies an error in the spectrum. In our
context, we let T' = A* A, which then is a linear bounded operator on .

Lemma 11 Suppose T : H — H is self-adjoint and o(T') is discrete. Let Er be a self-adjoint
bounded linear operator on H. Then o(T + E7) C {A\+e€: X € o(T),|e| < | Er|}.

Comparing T = A*Aand T = A*A, we have |T—T|| < ||A—A|2+2||A||- | A= A| = (ens+
2||A||)en.5. Hence, the spectral radius of T' does not exceed that of 7" added to (€ns + 2||Al)€ns.
Here, we need to guarantee a discrete spectrum of 7' = A* A, for which it suffices to make A a
diagonalizable operator. Under the homeomorphism argument of Theorem 8, we only requires that
the eigenvalues in (o (F')) are disjoint. The proof is given in the Appendix A.

Lemma 12 Assume that the conditions of Theorem 8 hold. If (o(F)) does not have repeated
entries (i.e., one cannot obtain the same value by multiplying \1(F), ..., \q(F) through different
multi-indices), then A* A has a discrete spectrum, with a spectral radius of |\ (F)|%, if o(F) C D.

Finally, we have the following theorem as a natural implication of Lemmas 11 and 12. This
allows us to certify the stability of the equilibrium point based on the learned Koopman operator A.

Theorem 13 Assume that the conditions of Theorem 8 and Lemma 12 hold. If the spectrum of the
learned Koopman operator A from kernel EDMD (4) satisfies o1(A)? + (€n5 + 2||A])ens < 1,
then with probability at least 1 — 6, the equilibrium point is asymptotically stable.

5. Numerical Example

We evaluate the proposed methodology numerically on the Van der Pol oscillator:
T1 = X9, t9 = pu(l — .%‘%)1,‘2 — 1,

with a parameter ¢4 € R. Two qualitatively distinct parameter regimes are considered: (i) for p < 0,
the origin is a globally asymptotically stable equilibrium; (ii) for ¢ > 0, the origin is unstable and
the trajectories approach a limit cycle. The dynamics is assumed unknown while data samples are
available. Specifically, from 40 randomly initialized trajectories with a sampling interval 0.2, we
learn a finite-rank Koopman approximation via (4) using our linear—radial product kernel.

Fig. 1 shows the predicted trajectories compared to ground-truth trajectories when pp = —1. The
predictions resemble the true orbits and converge to the origin in a short time, which indicates that
the estimated Koopman operator successfully captures the attraction toward the origin. This behav-
ior is consistent with the spectrum of the learned Koopman operator in Fig. 2, which lies strictly
inside the unit circle. On the other hand, due to the effect of regularization and rank restriction
in (4), the learned operator possesses many zero eigenmodes as an artifact, causing the predicted
trajectories to converge faster to the origin than the actual dynamics.
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Figure 4: Spectrum of the estimated Koop-

Figure 3: Trajectory prediction based on esti-
man operator when p = +1.

mated Koopman operator when p = +1.

When i = +1, we evaluate the trajectory prediction shown in Fig. 3 with corresponding Koop-
man spectrum in Fig. 4. We observe that the predicted trajectories follow tightly with the ground
truth trajectories, moving away from the origin and falling onto the limit cycle. The fact that the
equilibrium point is unstable is verified by the observation that the spectrum points of A overflows
the unit circle. This confirms the conclusion of Theorem 9. Here, we must sample the initial states
cautiously close to the origin, so that the conditions of Theorem 9 are satisfied; that is, the entire X
is reachable from a small neighborhood X of the origin and X does not contain another attractor
(the limit cycle) inside. (See Appendix B for the results when sampling from a large domain. When
X contains the limit cycle, the spectrum learned is inconclusive about the stability of origin.)
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6. Discussions on Implications on Koopman-based Control

Based on the idea that 0(A) C D when the equilibrium point is asymptotically stable, we hy-
pothesize that a Lyapunov function can be found by the Koopman operator A on our new RKHS
(and hence can be estimated through the learned version A). Specifically, in an analogous man-
ner to finite-dimensional linear systems, a Lyapunov function may be of a “kernel quadratic form”
V(z) = (k(z,-), Pr(z,-)) that satisfies a “kernel Lyapunov equation”,

V(f(z)) = V(2) = (s(x,-), (APA" = P)i(z,-)) = (k(z,-), —Qk(z,")) = —w(z).  (12)

Here the operator () specifying the decay rate function w is a Hilbert—Schmidt operator, which can
be written as Q = Y7, pig; % g; for an orthonormal basis {g;}52; in H with {£;}5°, | 0, i.e.,
w(z) = Y20 pigi(x)?. Since g; = Z?Zl ejpij for some ¢;; € W*2(X) (by Lemma 5), we see
thatw = > 7, Z?Zl pi(ejpi;)? is a “locally at least quadratic function”. Now that o(A) C D, we
should be able to express the solution to the kernel Lyapunov equation (12) by P = >";°, A'QA*,
thus obtaining a “locally at least quadratic but globally generic” Lyapunov function. The extension
to continuous-time systems, using the notion of Koopman semigroup, is natural.

As in linear systems theory (Antsaklis and Michel, 2006; Hespanha, 2018), the controller syn-
thesis can be formulated. For a continuous-time input-affine system & = fy(x) + Z;n:l ujfi(x),
let A; : g — Vg - f; (0 < j < m) be the infinitesimal generators of open-loop Koopman
semigroups. The feedback controller u; = 7;(x) results in a closed-loop Koopman generator
of A= Ao+ Z;n:l M, Aj where My, : g — g-; are multiplication operators. The determination
of a stabilizing control law thus reduces to finding 7; satisfying a kernel Lyapunov equation:

</‘€(£L’, ')7 |:P (AO + ZTzl Mﬂ'jAj> + (AO + Z;nzl Mﬂ'jAj> P] H(xv )> = <’€($7 ')a _QK(:Ca )> :
13)
A rigorous theory on the solution existence, uniqueness, and learning error is left for future effort.

7. Conclusion

In this paper, we have proposed a novel RKHS space, specified by linear—radial product kernels,
to define the Koopman operator for discrete-time nonlinear systems. With only mild assumptions
on a known equilibrium point and smoothness, the Koopman operator is a bounded linear operator,
which can be learned from a (large but finite) data sample with a guaranteed error bound. Most
importantly, we have shown that under appropriate homeomorphism assumptions, the asymptotic
stability of equilibrium point is reflected by a Koopman spectrum confined in the open unit disk,
while upon bifurcation, the spectral radius exceeds 1. As such, the learned Koopman operator’s
spectrum provides a stability certificate.

We underscore that such a certification did not exist with existing RKHS constructions for the
Koopman operator. Due to the our established correspondence between Koopman spectrum and
stability of the equilibrium point, we have discussed, conceptually, the potential use of this novel
RKHS framework for Koopman-based direct synthesis of stabilizing controllers. Another promising
direction is to account for other forms of invariant sets other than equilibrium points, such as an
attractive/repulsive limit cycle. It would also be of interest to examine whether a properly defined
Koopman operator can capture the behaviors of multiple invariant structures simultaneously.

10
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Appendix A. Technical Proofs Omitted in the Main Text

A.l. Proof of Lemma 5

Proof The representation (8) is obvious by definition. For g = Zle eih; € H,

d d d d
lgl? =D fei @ hiy ey @ gy = e, ej)m,_ (hiy hi)n,

i=1 j=1 i=1 j=1
where (e;, €;) H_ =K (ei, e;) = 0;;. By e; we refer to the i-th standard orthonormal basis vector
of R%, and d;; the Kronecker’s delta. The conclusion is hence made apparent. |

A.2. Proof of Theorem 6

Proof By condition (ii), for all 1 < ¢ < d, we have f; = Z;lzl e;j¢ij, in which ¢;; € C*(X)
forall 1 < j < d. Then for any g = Zle e;hi where h; € W%2(X) for 1 < i < d, we obtain
Ag =1 (eio f)(Ahi) = S0 fi(Ahy) = Y0 29 ejij(Ah;). By Lemma S, we have

d d
< const - Z Z H@]Hég

i=1 j=1

1Agl* = Z

7j=1

Z qﬁ,jAh

> HAhinqﬁ—]
=1

in which the C*-norm of any ¢ € C*(X) can be defined by ||¢/|%. = > laj<s SUPzex 10%¢(2))? (a
multi-indices). Since A on H.= ~ W*2 is bounded by Lemma 1 under conditions (i) and (iii),

d
1Ag]1* < const [Z Hhi”fqm] = const - ||g]”
must hold, where we reused Lemma 5. This completes the proof. |

A.3. Proof of Lemma 7

Proof Since the components of ¢ and 1) ~" belong to the ®°-class, analogous to the proof in The-
orem 6, the composition operators Cy, : H — H, g — o gand Cy— H = H, g og
are both linear and bounded. Hence A = CyAC -1 is linear and bounded. Clearly, for any A € C,

Al — A has a bounded inverse on # if and only if A/ — A has a bounded inverse on H. Hence, their
sets of regularity points, and hence the sets of spectrum points, coincide. |

14
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A.4. Proof of Theorem 8

Proof Without loss of generality assume that {el}Z , are the eigenvectors and generalized eigen-
vectors determining a Jordan canonical form of F'. Thus, the linear functions {e; }¢_, are the eigen-
functions and generalized eigenfunctions of A, and the eigenvalues are o (F'). Hence, all monomials
of x of degree 7, e.g., z"* - - - x5, is a generalized eigenfunction of A, with eigenvalue of the form
Ao ANGe Therefore, for all A ¢ (o(F)), (A — A)~! exists and is in fact a bounded linear
operator on the space spanned by the monomials, namely the space of polynomials.

For a compact region X with a Lipschitz boundary, the space of polynomials in dense in
W*2(X) (Adams and Fournier, 2003). It then follows that the space of polynomials with zero
constant terms is dense in #, according to Lemma 5 on the representation of function members
of H. Therefore, by the previous paragraph, for all A ¢ (o(F)), (Al — A)~! is a bounded linear
operator on . Hence 0(A) = (o(F)). Since o(F') contains at most d numbers, if F' is stable, any
A € o(F) satisfies |A| < 1 and hence we have SUD)\ 15 (F)) |)\\ < 1. Then the proof is complete. W

A.5. Proof of Theorem 9

Proof LetX; = f(Xo) = {f(x) : z € Xp} and X; = f(Xy_1) fort = 2,...,7 recursively. All
these sets are compact. On each Xy, the definition of ¢ is given by ¢(z) = A A~t¢(z). Under the
supposed regularity for f~1, A~1 is a linear and bounded operator on H. Clearly, ¢|x, belongs to
H, since 1) is a ®*-homeomorphism. Hence, when restricted to U]_,X;, ¢ is well-defined and still
belongs to 7. The fact that its eigenvalue is A\ (F) is easily verified. |

A.6. Proof of Lemma 12

Proof If (o(F)) does not contain repeated elements, then all eigenvalues of F' are distinct, and
hence F is a diagonalizable matrix, whose eigenvectors form a basis of R It follows that there are
also no generalized eigenfunctions corresponding to any eigenvalue of A, which implies that the
Koopman operator A is a diagonal operator on H. As such, for any h € H with ||kl = 1, we
have [|Ah[|* < maxyc,(a)|A]%. Since 0(A) = (o(F)), if o(F) C D, we have maxye, (4 |A|* =
A1 (F)|2. < IM(F)% ie., (h, A*Ah) < |A\1(F)|?. Therefore, the spectral radius of
A is bounded by |\ (F)|%. [

A.7. Proof of Theorem 13

Proof Considering T" := = A*A as a self-adjoint compact operator from # to H, its counterpart
T := A* A based on estimated Koopman operator A is a finite-rank operator. Since

1T = T < 20| Allps 2 1A = Allgs 2y + 1A = Al p2)s
when H/l — Allysr2x) < €n,s, We have ||T — T < (2||]A]| + €n,5)€n,s. By Lemma 11,
o(T) € {A+e:nea(l),lel < @Al +ensens | -
and hence the spectrum radii satisfy the inequality:
radius o(T) < radius o(T) + (2||A|| + €n.5)€n.s-

Since radiuso (7)) = o1(A)? and radiuso(T) = |A;(A)|? when A is diagonal, the conclusion
follows. u
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Appendix B. Supplementary Numerical Simulations

B.1. Interference by Other Invariant Structures

In Section 5, we verified that for the learned Koopman operator, if the initial states are sampled in a
well-specified X that is small enough to not contain any other invariant structure, then the Koopman
spectrum is loyal to the stability property of the equilibrium point. For the case of u = +1 (when
the origin is unstable), we also evaluated the performance of the proposed approach with initial
states randomly sampled from a larger domain [—2.5, +-2.5], which contains an attractive limit cycle
inside. The trajectory prediction based on the estimated Koopman operator is depicted in Fig. 5
with the Koopman spectrum shown in Fig. 6. The estimated Koopman operator still predicts the
trajectory very well empirically.

In this case, the spectrum still shows an overflow from the unit disk. This indicates that from
the collected data sample, it is possible to construct an approximate eigenfunction of the Koopman
operator with an eigenvalue |A| > 1. This is a reflection of the existence of an attractive limit cycle.

B.2. Empirical Observations under Radial Kernel only

The proposed method in this paper is to use a linear—radial product kernel. The linear kernel serves
as a special treatment of the equilibrium point, while the radial kernel (Wendland kernel) = plays
the role of ensuring invariance of the RKHS under the action of Koopman operator. Theoretically,
if defining A : H,= — Hy=, then it must hold A*x=(x,-) = k=(f(x), -). Since for any ¢,

5= (@, Fr,= = 57 (@,2) = p(0) = K~ (f'(2), f'(2)) = |57 (F" (), )=
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Figure 10: Spectrum of the estimated Koop-
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it is guaranteed that || A?|| > 1 and hence the spectral radius, by Gelfand formula, radius o(A) =
limsup,_,, || A*[|*/* > 1, even if the origin is an asymptotically stable equilibrium point. In fact,
in such a case, k= (0, -) is always an eigenfunction with eigenvalue 1.

The trajectory prediction and spectrum results, when using the Wendland kernel only, are shown
in Figures 7-10. We observed that the spectrum of A inboth two cases of x (Figures 8 and 10) shows
an overflow from D, confirming the shortage of spectrum—stability relation under a radial kernel.
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